


G

Sponsoring Editor: Peter Renz

Project Editor: Nancy Flight

Manuscript Editor: Ruth Veres

Designers: Gary A. Head and Sharon H. Smith
Production Coordinatar: Frank Mitchell
Mustration Coordinator: Balyah Janowski
Artist: Felix Cooper

Compasitor: Syntax Imernational

5,;\,\5
KNS 9
ADR DO

C O‘\L‘ La 1,,\

Library of Congress Cataloging in Publication Data

Kittel, Cliarles. v
Thermal physics.
Bibliegraphy: p.
Inctudes index.

L Smtistical thermodynamics, I, Krocmer,

Herbery, 1928—  joint author. I Tule.
QC311L5.K52 1930 536'7 79-16677
ISBN 0-7167-1088-9

Copyright™ 980 by W. li. Freeman and Company
No pan of this bosk may be reproduced by any )
mechanical, photographic, or efccironic process, or in
the form of a phonographic recording. nor may it be
stored in & retrieval system, transawied, of otherwise
copicd for public or private use, without writien
permission from the publisher.

Printed in the United Siate of America

Twenty-fiest printing, 2000

About the Authors

Charles Kittel has taught solid state physics at the University of California
at Berkeley since 1951, having previously been at the Belf Laboratories. His
undergraduate work in physics war done at M.L.T. and 2t the Cavendish
Laboratory of Cambtidge University. His Ph.D. research was in theorciicul
nuclear physics with Profgssor Gregory Breit at the University of Wisconsin.
He has been awarded three Guggenheim fellowships, the Otiver Buckley Prize
lor Solid State Physics, and, lor contributions to teaching, the Qersted Medal
of the American Association of Physics Teachers. He is a member of “he
National Academy of Science and of the American Academy of Arts a id
Sciences. His research has begen in magnetism, magnetic resonance, sermic: n-
ductors, and the statistical mechanics of solids.

Herbert Kroemer is Professor of Electrical Engincering at the University of
Culifornin at Ssnta Barbara, His background and training are in solid staie
physicy, | e reccived i PhuD. tn physics o 1952 from the University of Gottingen
in Germany with a thesis on hot electron cffects in the then new Lransistar,
From 1952 through 1968 he worked in several semiconducior research lubora-
tories in Germany and the United States. In 1965 he became Professar of
Electrical Engincering a1 the University of Colorwdo; he came |0 UCSH in
1976. His research has been in the physics and technology of semiconductars
and semiconductor deviges, including high-frequency Lransisiors, negative-
mass effects in semiconductors, injection lasers, the Gunn cffect, electron-hale
drops, and semiconductor heterojunctions.



Preface

This book gives an elemeatary account of thermal physics. The subject is
simple, the methods are powerful, and ihe resuits have broad applica-
tions. Probably no other physical theory is used more widely throughout
science and engineering.

We have written for undergraduate students of physics and astronomy.
and for electrical engineering students generally. These ficlds for our
purposes have strong commen bonds, most notably a concern with Fermi
gases, whether in semiconductors, metals, stars, or nuclei. We develop
methods (not original, but not easily accessible elsewhere} that are well
suited to these fields. We wrote the book in the first place because we
were delighted by the clarity of the "new" methods as compared to those
we were taught when we were students ourselves.

We have not emphasized several traditional topics, same because they
are NO longer USeful and some because their retiance on classical statisti-
cal mechanics would make the course more difficult than we believe a
first course should be. Also, we have avoided the use of combinatorial
methods where they are unnecessary.

Notation and units: We generally use the 81 and CGS sysicms in
parallel, We do not use the calorie. The kelvin temperature T is related to
the fundamental temperture 7 by 7 = k.7, and the conventional ¢ntropy
S is refated to the fundamental entropy o by S = k,a. The symbol log
will denote natural logarithm throughout, simply because in is less ex-
pressive when set in type. The notation (I1S) refers to Equation (18} of
the vurrent chapter, but (3.13) refers 1o Equation (18) of Chapter 3.

The book is the successor to course notes developed with the assist-
ance o gramis hy the University of California, Edward M. Purcell con-
tributed many ideas lo the first edition. We benefited from review of the
sceond cdition by Scymour Geler, Pawl L. Ricliards. arid Nicholus
Wheeler. Help was given by Ibrahim Adawi, Bernard Black, G Duomo-
kos. Margaret Geller, Cameron Hayne, K. A. Jackson, S. Justi, Peter
Kinel, Richard Kirtler, Maniin J. Klein, Ellen Leverenz, Bruce H. J.
McKellar, F. E O'Meara, Norman E. Phillips, B. Roswell Russell, T. M.
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Note
k_B = Boltzmann constant
= 1.3 E-16 erg / degK
= 1.3 E-23 J / degK
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Sanders, B. Stoeckly, John Verhoogen, John Wheatley, and Eyvind
Wichmann. We thank Carcl Tung for the typed manuscript and Sari
Witde [or her help with the index.

An elementary treatment of the greenhouse effect in the Banh's atmo-
sphere was added in 1994 on page 113, following an argument suggested
by Professor Richard Mutter. A page on atomic gas experiments on the
Bose-Einstein condensation was added to page 223 in 2000.

For instructors who have adopted ths course for classroom use, a

solutions manual is available via the freesnan web site {(http:/fwhfreeman.
com/thermalphysics).

Berkeley and Santa Barbara Charles Kinel

Herbert Kroemer

Note to the Student

For minimum coverage of the concepts presented in each chapter, the authors
recommend the following exercises. Chapter 2: 1, 2, 3; Chapter 3: 1,2, 3,4, 8,
11; Chapter 4: 1,2, 4, 5,6, 8; Chapter 5. 1,3,4,6,8; Chapter 6: 1,2, 3,612,
t4, 15; Chapter 7: 2, 3, 5,6, 7, i1; Chaptcr 8 1,2, 3, 5,6, 7; Chapter 9: 1, 2, 3;
Chapter 10: &, 2, 3; Chapter 115 1,2, 3; Chapter 12: 3,4, 5; Chapter 13: 1, 2,
3,7,8,10; Chapter 14: 1, 3,4, 5; Chapter 15: 2, 3,4, 6.
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Introduction

Our approach tothermal physicsdiffers fram the tradition follewed in beginning
physics courses. Therefore we provide this introduction io set out what we are
going to do in the chapters that follow. We show the main lines of tlie logical
structure: in this subject all the physicscomes from the logic. In arder of their
appearance, theleading characiers in out story aretheentropy, the temperature,
the Bolizmann factor, the chemical notential. the Gibbs factor. and the distribu-
tion functions.

The entropy measures the number 6f quantum states accassible t0 a system.
A closed system might be in any of these quantum states and {we assume) with
equal probability The fundamental statistical element, the fundamental logical
assumption, is that quantum states are either accessible or inaccessible to the
system, and the system is equalty likely robein any one accessiblestate as in
any other accessible state. Given g accessible staler, the entropy is defined as
o = logg. The entropy thus defined will be a function of the eneragy U, the
number of particles N, and the volume ¥ of the system, because these param-
clers enter the determination 0lg: other parameters may enter as well, The
use of the legarithns is a mathematical convenicnce: it is easier to write 107°
than exp(L0*°}, and it ismore natural lor two systems | o speak of g, + @, than
ol g,g.

When two systems, each of specified energy, are brouglit into thermal contact
they may transfer energy; their total energy remains constant, but the constraints
an their individual energies are lilted. A transles of energy in onc direction, or
perhaps in the other, may increase the product gy¢, that measures the number of
accessible states of the combined systems. The fundamental assumption biases
the outcome in favor of that allocation of the total energy that maximizes the
number of accessible states: more is better, and more likely Thisstatement is
the kerne! of the law of increase of entropy, which is the general expression of
the second law of thermodynamics.

Woc have brought two systems into thermal contact so that they may transfer
energy. What is the most probable outcome of the encounter? One system will
gain energy at the expense of the other, and meanwhile the total entropy of the
two systems will increase. Eventually the entropy will reach a maximum for
the given total energy. Tt isnot difficult to show (Chapter 2) that the masimum
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is alisined when 1he value of (Co /88, - lor one system isequal to the value of
the same quantity forihe second system. Thisequality properly lor two systems

in thermal contactis just the property weexpect ol the temperature, Accordingly,
we define the fundamenial temperalure 1 by the relation

I _{fe
o AUy, (H

The use of §,t assures that encrgy will flow from high 1 to low 1; no more cons-
plicated relation is needed. It will follow' that tlic Kclvin temperature ¥ is
directly praportionsl to t, with t = k, T, where &z is the Boltzmarn constant.
The conventional entrapy § is given by § = ko

Now consider o very simple example of the Bodtzmmm fvor treated i
Chirprer 3oLt wosnadl sysieis with ouly twe stisles, sue s caedpy 3 std one
enargy e, be placed In therma! contact with a farge system: thut we call the
reszevoin. The total energy of the combined systems is Uf,; when the smali
syster iS in the state of energy O, the reserveir has encrgy Ug and will have
g{l,) states accessible toit. When thie small system is in the state of energy &, the
reservoir will have energy U, — £ and will have g{lJ, — &) states accessible to
it. By the fundamental assumption, the ratia of the probability of finding the
small system with encrgy & to she probability of finding it with energy 0 is

ol =) _ el — 1) o
Pl alUy) exp{e(Us)]

The rescrvoir entropy o may be expanded i a Taylor series:
e{ly — &) = 6(Uo) — eldarclg) = 6(Uo) - o1, &)

by the definition {1) of the temperature, Higher order terms in the expansion
may be dropped. Cancellation Of the term exp{o{l/y)], which occurs in the
numerator and denominater OL(2) after the substitution of (3), leaves us with

Plo) P(0} = expl—gf2). {4

This is Boltzmann’s result, To show its use, we calculate the thermal average

energy (e) of the two stute system in thermal contact with a reservoir at tem-
perature

|
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where we have imposed the nonmalization condition on the sum of the prob-
abilities:

Pl0) + Pe} = L. (8)

The argument can be generalized immediately to find the average energy of a
harmonic oscillator at temperature 1, and we do thisin Chapter 4 as the first
stepin the derivation of the Planck radiation taw.

The most important extension of the theory is |0 systems that can transfer
particies as well as energy with the reservoir. For two systems in diffusive and
thermal contac, the entropy will be o maximum with respect to the transfer
of particles as well as to the trensfer of encrgy. Not only must (fa/cU)xy be
cqual for the twa systems, but {o/d N}y must also be equal, where N refers 1o
the menber of particies of 4 piven species. The new equality somdition jsihe

veension for e ntroduction of @ new quantily, the chemical potential po

_n_[ie it
T (5N) U‘s'-

For two systems in thermal and diffusive contact. T, = 7, and yr, = ;. The
sign in (7)is chosen to ensure that Use direction of particle flow as equilibrium
is approached is from high chemical potential to low chemical potential.

The Gibbs facior of Chapler 5is an extension of the Baltzmann [lactor and
allows us 10 teeat systems thit can transfer particles, The simplest example jsit
system with twa states, one with O particles 2nd O erergy, and one with | particle
and coergy & The system isin contact with a reserveir at temperature © and
chemical potential g We extend (3) lor the reservoir entropy:

6{Uqg — £:Ny = 1) = 6(Ug;No) — elfafdUs) — L (Ea{8N,)

it

a{UqgiNp) ~ &1 + gT. (8
By analogy with (4), we have

POLEYPIOOY = expl{pn ~ £)/1} . )
for the ratio of the probability the system isoccupied by 1 particle al energy &

to the probability the system 15 unoccupied, wils energy U. The result @) after
normalization is readily expressed as

Plig) = Lo (1



lniroduction

This particular result is known as the Fermi-Dirac distribution function and
is used particularly in the theory of metals to describe the election gas at low
termperature and high concentration {Chapter 7).

The classical distribution fanction used in the derivation of the ideal gar law
isjust the limit of (10} when the occupancy P{l,e} is much less than |:

P(l,e) > exp{{p - 1] {t1)

The properiies of the ideal gas are developed from this result in Chapter 6.

The Helmholtz free energy F U — 1o appears asan important computa-

tional function, because the refation {6F /¢ty y = — o offers the easicst method
lor finding the entropy, once we have found out how to calculate F from the
energy cigenvalues (Chapter 3). Other powerful tools lor the calcutution of
thermodynamic functions are developed in the text. Most of the remainder of
the text concerns applications that are uselut in their own right and that illumi-
nate the meaning and wtitity of the principal thermodynamic functions.

Thermal physics connects the world of everyday objects, of astronomical
objects, and of chenicut and bivlogical processes with the wortd of molecutar,
atomic, und electronic systems. it unites the two parksof eur world. the micro-
scopic and the macroscopic.

Chapter 1

States of a Model System

. . -

e el

BINARY MODEL SYSTEMS

Enumeration of States and the Multiplicity Function
Binary Alloy System
Sharpness of the Multiplicity Function

AVIERAGE VALUES

Energy of the Binury Magnetic System o
Example: Multiplicity Function for Harmenic Oscillators

SUMMARY

AT ST il 2 PP IS LR LI

22

23
24

24




Chapter 1: States of a Madel System

Birr although, as amarter of histary, statistical mechanics owes irs origin fo
investigations in thermodynamics, It seems eminently worthy of an independent
develapment, both on account of the efegance and simplicity of its principles,
and because if yields new results and places old trughs in @ new light in
depariments quile outside of thermadynamics.

4. Gibbs

A theory is the more iipressive the greater the simplicity of its premises, the
more different kinds of things it relates, and the more extended it7 area d
applicability, Therefore the deep impression that classical thermodynamics made
wpon me. {risithe only pliysical theory of universal content which | am convinced

wifl never be gverthrown, within the framewsrk of applicability & iis basic
conceprs.

A. Einstein

Chapler J: States of a Madel System

Thermal physicsisthe fruit of the union of statistical and mechanical principles.
Meehanics tells usthe meaning of waork ; thermal physicstells usthe meaning of
heat. There are three new quantities in thermal physics that do not appear in
ordinary mechanics: entropy, temperature, and free encrgy. We shall maotivate
their definitions in the first three chapters and deduce their consequences
therealter,

Our point of departure for the development of thermal physics i the eoneept
ol the stationary quantum states of i system of particles. When we can count
ihe quantum states accessible to a system, we know the entropy of the system.
{or the entropy is defined as thelogarithm ef the number of states (Chapzer 2).
The dependence of theentropy on the energy of the system delines the tempera-
ture. From the entropy, the tempeiature, and the flee energy we find the pressure.
the chemical potential, and all other thermodynamic properties of 1the system.

For a system in astationary quantum state, al observabie physicul properties
such asthe encrgy and the number of particles areindependent of the time. For
brevity we usually omit the word stationary; the quantum states that we treat
are stationary except when we discuss fransport processes in Chapters 13-15.
The systems we discuss may be tomposed of a single particle or, marc often,
of many particles. The theory is develaped 10 handle general systems of intes-
acting particles, but powerful simplifications can be made in speciat problems
lor which the interactions tnay be neglected.

Each quantum state has a definite energy. Staler with identical energies arc
said to pelong to the same energy level. The multiplicity or degeneracy of an
energy kvel isthe number of quantum states with very nearly the same enerpy.
It is the number of quanium slates that is important in thermal physics, not
the number of energy lovels, We shall frequently deal with sumsover all quantum
stares. Two states af the same energy must always 0 counted as two states,
not s oste ievel.

Letus fook at the quantui states asd ciergy fevels ol sevesal atamie systeis.
The simplest s hydrogen, with one clegtron zod ove proton. The Jow-{ying
encrgy levels of bydsogen are shown in Figure |1, The zero of encryy i the
figure is taken at the state of lowest encroy. The number of quantum states
belonging t0 the same ¢nergy level isin parentheses. In the figure we overiook
that the proton hasa spin of 1 and has two independent ovientations, paraliel
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Figure 1.1 Low-lying energy levels of atomic hydrogen, fithium, and boron. The
encrgies aze given in electron volts, with | eV = 1,607 x 10~ 2 erg. The numbers in
parentheses give the number of quantum states having the same energy, with no account

taken of the spin of the nucleus. The zero of energy in the figure is taken for canvenicnce
at the Jowest energy state of each atom.

or antiparatle! to the direction of an arbitrary exterral axis, such as the direction

of a magnetic field. To take account of the two orientations UR should double
the values of the multiplicitics shown for atomic hydrogen,

An atom of lithium has three electrons which move about the nucleus. Each
electron interacts with the nucleus, and each electron also interacts with ali the

Chaprer I: States af a Model System
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Figure 1.2 Energy tevels, multiplicities, and quantum numbers
iy, 1, 1, of 4 particle confined to a cube,

other electrons. The energies o[ the levels of fithium shown ir the figure are the

collective energics of the entire system. The energy levels shown for boron, which
has five electrons, are also the energies of the entite systemt.

Theenergy of a system is the total energy of all particies, kinetic plus potentiaf,
with account taken of interactions between particles. A quantum state of the
system is o state of all particles, Quantum states o a one-particle system are
called orbitals. The low-lying energy levels of a single particle of mass Af con-
fined to g cube of side [ are shown in Figure 1.2. We shall find in Chapter 3
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that an orbital of a free particle can be characterized by three positive integral
quantum numbers u., n,, in.. Theenergy is

Bt : -
£ ~2—l;J (—E) 2 + 1?4+ a7) H

The melhiplicities of the levels are indicated in the figure. The three orbitals
with (i, ) equal to (4,1,0, (14,1, and (1,1, 8 atthave n,® T 0 = 18;
the cotresponding energy level has the muliiplicity 3.

Todescribe the statistical propertiesof a system of N panicles, it in essential
1o koow the set of vajues of the enecgy e,(N), where eis the energy of the guantum
state softhe ¥ particle system. Indices such as s may be assigned t0 the quantum
states in any convenient arbitrary way, but two different states should not be
assigned the same index.

1t is agood idea to start our program by studying the properties of simple
mode] systems |or which theenergiese,{N) can be calculated exactly. We choase
as a model asimpic binary system because the general statistical properties
found lor the model system are believed to apply equally well to any realistic
physical system. This assumption leads to predictionsthat always agree with

experiment. What general statistical propertics areof concern will become clear
aswe go aong.

BINARY MODEL SYSTERZS

‘The binary model system is itlustrated in Figure 13. We assume there are N
separate and distinct sites fixed in space, shown lor convenience on a line.
Attached |0 cach site isan elementary magnet tirat can point only up or dawn,
corresponding to magnetic moments + . TO understand the system means to
count the states. This requires no knowledge d magnetism: an clement of the
system can be any site capable of two statles, labeled asyes or no, red or blue.
cecupied Or unoccupicd, zero OF one, plus one or minus one. The sites are
numbered, and sites with different numbers are supposed not to overap in
physicad space. Youmight even thiuk of the sites as numbered parking spaces in
acar parking 10, as in Figure 1.4, Bach packing space Bas two states, vacant or
occupied by one cur.

Whatever the nature of our objects, we may desiunate the 1wo states by
arrows that can only point straipht Up or stiaight down. 1T the magnet points

up, we say that the magnetic moment iS 41 1T the magnet points down, the
magnetic moment is — .

Binary Model Systems

—
[y
[

4 5 & ? 8 S 10
Number of the site

Figurel.3 Model systerm composed of 10 elementary
magnets at fixed sites on aline, cach having magnetic
moment = »2. The numbersshown are attached to the sites;
each sile has its OWN magnet. We assume there are no
interactions anong the magnets and there is N0 ealemal
magnetic field. Each magnetic moment may be oriented in
two ways, up or down, sa that thers are 2% distinct
arrangements of the 10 magnetic moments shown in the
figure. If the arcangements ase selected in arandom process,

the probability of finding the particulsr arrangement shown
is 17219,

Figere 14 Slate of a parking lot with 10 numbered parking
spacgs. The @ 's denote spaces oceupied by acar: the O's

denote vacant spaces. This particular state is euuivalent to that
shown in Figure 1.3,

Now consider N different sites, each of which bears a moment that may
assume the values +m. Each moment may be oriented in two ways with a
vrobubility independent of the orientation of afl other memews. The toial
number of arrangements of the N moments iS22 % 2 2 x -2 2= 2% A
state of the system i specilied by giving the orientation of the moment on each
site; there aee 2Y states, We may use the folfowing simple notation for a single
state of the system of N sites;

T @

11



12 Chaprer 1: States of a Model System

Figure .5 The four differumt states of a
system of 1wo elements numbered | and 2,

A A
where each element can have tWO conditions. i
The element is a magnel which can bein
condition | or condition §.

The sites themselves are assumed to be arranged in a definite order. We may

numberahem in sequence frem left to right, as we did in Figure 1.3, According
to this convention the state {2) also can be written as

TiTalsladstelotatol o . (33

Both sets of symbols {2} and (3} denote the same state of the system. the state
in which the magnetic mement an site 1 is +m; on site 2, the moment is +4-m;
on site 3, the moment is —m; and so forth.

1t is not hard to convince yourself that every distinct state of the system is
contained in asymbolic produet of N factors:

O+ 1002 + LM + L)y (e + L) ()

The multiplication rule isdefined by

Myl sl =t + o+ 0l + Ll {5

The function {4) on multiplication generates a sum of 2¥ terms, one for each of
the2* possiblestater. Each term isa product of N individual magnetic moment
symbols, with one symbol lor each elementary magnet an the line. Each term
denotes an independent state of the system and is a simple product oitheiorm
TilTals -~ 1y, for example.

For asystem of two ¢ciementary magnets, we multiply (1, + 1,3 by {1, + [N
to obiain the lour possible states of Figure 1.5:

(s + 10+ 1 =Tule + Tule + LT+ Lils (5

The sum is Not a state but is & way of listing the four possible stutes of the system,
The product on theteft-hund side of the equation isealled a gencrating function:
it generates the states of the system.

Binary Afodel Svstems
The generating function for the states of asysiem of thiree magnets is

T+ LT+ L + L)

This expression on multiptication generales 27 = 8 different states:

Three magﬁcts up: TiT21s

Twomagnetsup:  1,1,1, Til:ls Lilats
One magact up: 1l 112y Llats
None up: Plalse

The total magnetic moment of our model system of N magnets each of
magnetic moment m witl be denoted by Af, which we will relate to the energy
in a magneticfield. Thevalue of M varies from ¥in to — N The sct of possible
values isgiven by

M= Nm (N—2m (N —-4m (N—06m ---, —Nm N
The set of possible values of M isobtained il we start with thestate for which all
magnetsareup {&f = Nm}and reverse one at a time, Wemay reverse N magnets
toobtain the ultimate state for which all magnets aredown (Af = - Nm).
There are N + 1 possible values of the total moment, whereas there are 2'
states. When N » 1, we have 2* » N + 1. There are many more states than
values of the total moment. If N = 10, there are 2'® = 1024 states distributed
among 11 different valuer of the total magnetic moment. For large N many
different states oi the system may have the same value oithe total moment A1.
We will calculate in the rext section how many states have agiven value of M.
Only onestate of a system has the moment M = Nm; that state is

T 1 &)

Theee are N witys to form a state with ene magnet down:

Ittt ©)

is onc such state; another is

ttoi (10)

A



‘and the other states with one magnet down are formed from {8) by reversing
any single magnet. The states (9) and (10) have total moment M o= Nop o 2y,

Enumeration of States and the Multiplicity Function

We use the word spin as a shorthand for clementary magnet. It is canvenient to
assume that N is an even number. We need a mathematical expression for the
number of states with Ny=1IN 35 magnets up and N, = N
down, where s is an integer, When we turn one magnet from th
orientation, 1¥ + s goes 1o N+ 5 -1 and
The difference (number up - number down) ¢l
difference

- 5 magnets
¢ upte the down
IN — 5 goes to AN — 5 4 1.
wanges from 25 to 25 — 2, The

Ny— N, =2 ()

is cafted the spinexcess, The spin excess of the 4 states in Figure 15052,0,0, -2,
from left to right. The factor of 2 in 1 1) appears to be a nuisance at this slage,
but it will prove to be convenjent,

The product in (4) may be written symbolically as

LD

We ooty drop the site labels {the suBécripts) froin(4) whe o we are interested
only in how many of the magnets in a state are up or down, and not in which
particular sites have magnets up or down, It we drop the fabels and negiect
theorde in which the arrows appear in a given pesduct, then (5) becomes

M+ 0P =11+ 21 + |5
further,
(HF P =107+ 3170 4 310) + 411,
Wefind (1 + )Y for arbitrary ¥ by the binomial expansion
(et 3% = w7 b N0y NN = Yy gy ¥

N N1
1 -
PR LV

TS . (12)

Enumvration of Siates and the Multipticity Function

“We may write the cxponents of x and y in a slightly different, but equivalent,
form by replacing ¢ with AN - 5

(x + P e & N1 AN+ AN (13)
RN e e TR

With this result the symbotic expression (T + |)¥ becomes

N N1 {5 PiN -
i+ —-gmmf L {14)

The coeficient of the term in TH =4 s the number of states having
Ny = {N + 5 magnets up and Ny = 1N — 5 magnets down. This class of

states has spin excess N, - N: =25 and net magnetic moment 2sm. Let us
denote the number of states in this class by g{N,s), for a syslem of N magnets:

D
A
B _ N1 Nt s
>IN = e STEN =51 " NN 13
Ay . )
Thus (14) is written as
T+ = 3 g(Ng) paves v (16)
5w - §N

We shall call g{N,s) the multiplicity function: it is the number of states having
the same value of 5. The reason for our definition emerges when a magnetic
field is applied to the spin system: in a magnetic field, states of different values of
s have different values of the cnergy, so that our g is equal 1o the mubtiplicity
of an energy level in a magnetic field. Until we introduce a magnetic feld, all
states of the model system have the same energy, which may be taken as zero.
Nate frem (16) that the total number of states is given by

1= N

L g(Nsh = 4+ 1) = 2V (7

1=y

Examples related to g(N.s) for N = [0 are gives in Figures 1.6 and 1.7. For a
coin, “heads” could stand for “magnet up” and “tails” could stand for “magnet
down.”
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of5 4 sspinsupand 5 — 5 spins down,
Vatues of gtN,s} arc for N = 10, whcre 25 &5

stites i

The values of 1he g's are taken from a table of
the binomial coeffcients,

2_(2 210
Figre L6 Number of distinet arrangements
the spin cxeess ¥ T— N The total number of
124 _lg(}
5
2= T (10,3
3=~
45 45
10 i0
1 1
l-8]~410226 3810
~16 -5 -2

Binary Alloy System

Chapzer 1: States of a Model Systen

Spin excess 25

To iltustrate that the exact nature of the two states on each site is irrelev
the result, we consider an alternate system—an alloy crystal with N d
sites, numbered from 1 through 12 in Figure 1.8. Eaeh site is occupied by

istinct

an atorn of chemical species A o 2n atom of chemieal species B, with no
sion for vacant sites. In brass, A could be co

a single state of the alloy system can be writ

provi-
ppet and B zine. In analogy to (3),
ten as

AIBIB_}A-‘-'B5A6B‘JBSB§A10AIlf’\n * (18}

Binary Allay System

AU

Number of times in HO throws
a given number of heads occurred

0 1 1L h
0123456780910
Number of heads

Figure 1.7 An experiment was done in which 10 pennies
were thrown 00 times. The number of heads in each
throw was recorded.

1 2 3 Bl
Figure 1.8 A binary alloy system of two
@ @ o chemical components A and B, whose atoms
5 6 i 8
9 10 i1 12

occupy distinet nombered sites.



Chapter 1: States of a Model System

Every distinct slate of a binary alloy systesn on N sites i3 contained in the
symbolic preduct of N factors:

AL+ BitA; + BoAy + By (Ay +BY) {19

in analogy to {4}. The uverage composition of a binary alloy is specified con-
ventionally by the chemical formula Ay _,B,, which means that out of a total

of N atoms, the nurnber of A atoms is N, = (1 --x)N and the number of B3
atoms is Ny = xN¥. Here x lies between 0 and |
The symbelic expression

A+ B)Y = }E LR (20)
SOIN — gl ' )

is analogous to the result {12). The caefficient of the term in A%~ B' gives the
nurnber g{N,1} of possible arrangements or states of N — ¢ atoms A and ¢
atoms Ron ¥ sites:

SN Nt
4 T e s 2T
gIN. = (N= il NJONgt™ @n

which isidentical to the result {1 3) for the spin model system, except for notntion.

Sharpness of the Multiplicity Function

Weknow from common experience that systems held at constant temperature
usually have well-defined properties; this stability of physical properties is a
major prediction of thernial physics. The stability follows as a consequence of
the exceedingly sharp peak in the multiplicity function and of the steep variation
of that function away lrom the peak. We can show explicitly that for a very
targe system. the function g{V,s) defined by (15) is peaked very sharply about
the value s = 0. We look for an approximation that zllews us to examine the
form of g(N.s) versus s when N » | and [s| « N. We cannot look up these
values in tables: comnion tables of factorials do not go above N = 100, and we
may be interested in ¥ = 189, of the order of the number of atoms in a solid
specimen big enough to be seen and felt. An approximation is clearly needed,
and a good one is available,

It is convenient to work with lopg. Except where otherwise specificd, afl
fogarithuns arc understood 1o be lug base e, written here as log. The international
standard usage 15 In lor log base ¢, but it is clearer to write log when there i;ino
ambiguity whalever, When you confront & very, very large aumber such s

Sharpness of the Multiplicity Funciion

2% where ¥ = 1979, jLis a simplification 1o look at the Togarithm of the number.
We take the logarithm of both sides of {15) to obtain

logg(N.s) = log N! — loglNV + s} — lopdN ~1)! , (22)
by viriue of the characteristic property of the fogarithm of3 product:

logxy = logx -+ logy;  log{x/y) = logx ~— logy. (23)
Wiih the notation

Ny=4NTs; N =IN-s {24)

for the nurnber of magnets up and dawn, (22) appears as

logg(N,s) = log Nt = log Nyt = log N, L. (29)
We evaluate the logarithm of N!in (25) by use of the Stirling approximation,
according to which ! Z,’J'Fs’G o J‘v'\GU

N @nNYEN¥expl -N + 128y +-.7. {26}

for N > L. This result is derived in Appendix A. For sufficiently large N, the
terms 1,{12¥) T .. in the argument may be neglected in comparison with N.
We take the logarithm of bath sides of (26) to obtain

log N1z dlag2n + (N + $loghN — N, @n
Similarly

log Nyl = dog2n + (N, T Dlog &, — Ny (283

log Nt = Hlog 2 4 (N 4+ Hlog Ny — M (25)

After rearrangement of (27,
log X! dlog(Zay) +. 0 5 b+ N+ DlogN — WV N, (G0

wherewe have used N == N, LN, Wesubtract (28) and (29 rom (30) to oblaig
for {23}:

| 0= Ylagll/2aN) — (Ny + Vlog(Ne/N) ~ (N, + Dlog(N,/N)L (31}
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This may be simplified because

log(N/N) = log§(1 + 25/N) = ~log2? + log(l + 2s/N)
= ~logd + {25/N) — (26%/N?) {32)
by virtue of the expansion log(l + x) = x — x4 oo, valid for x <« 1.
Similarly,

log(N:/NY = logd{l — 25/N) ~ —log2 — (25/N) — {2s3NY.

{(33)
On substitution in {31) we obtain
logg = $10g(2/zN) + Nlog2 — 2s¥N. . (34
We write this result as
9(N.s) = g{N,Oyexp(—-25Y/NY , ' {35)
where
g{N,0) = (2/nNy1225, (36)

Such a distribution ol values of s is called a Gaussian distribution, The integral*
of {35} over the range _ @ to 4 w for s gives the correct valuz 2¥for the total
number of states. Severat useful integrals are treated in Appendix A,

The exact value of g(N,0} is given by (15) with 5 = ©;

Nt

g(NO} = TRy GRT (37

* The replaczment of a sum by an integral, such as T4 by [ s, usually does not introduce
significant ecrors, For examgple, the ralio of '

=4

isequalto ] + {1/N), which approaches | as N approaches . -

N .
Z s =4N* + Ny 1o _Il:srh' = {N? A

Shurpness of the Multiplicity Function

Fipure 1.9 The Gaussian approximation ta
the binomial cocfficients g(100,5) plotied on &
linear seale. On his scale it s not possible to
distinguish on the drawing the approximation
from the exact values over the range of s
plotted. The entire range ol 5 is from — 5t 10
4 . . - +50. The dashed lines are drawn from the
R R points az 17e of the maximum vaue af g,

£100, ) X 107
(=Y

()

N

For N = 50, the value of g(50,0) is 1.264 x 16'%, from (37). The approximate
value from (36) s 1270 x 10'*. The distribution plotted in Figure 1.9 is centered

in a maximum at s = . When s* = N, the value of g is reduced 10 e™! ol the
maximum value. That is, when

siN = (12N {33)

the value ofg is ¢™ ' of g(N,0). The quantity {1/2N}*? is thus a reasonable mea-
sure of the fractional width of the distribution. For N = 1072, the fractional
widih is of the order of 1076}, When N is very large, the distribution is exceed-
ingly sharply de/ned, in a relative sense. 1t is this sharp peak and the continued
sharp variation of the multiplicity function far from the peak that will ead to 3
prediction that the physical properties of systems in thermal equilibrium are
welt defined. We now consider one such preperty, the mean value of 52

21
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AVERAGE VALUES

The average value, or mean value, of a function f{s) taken over a

distribution function P(s) is defined as prabability
S = Ef_(a‘) P}, £39
provided that the distribution function is normalized to unity:
YPls =1 (40)
The binomial distribution (15) has the property {17) that
Lons =2, {41)

and is not normalized to unity. If ail states are equally probable, then p(sy w

g{N 32", and we have 3. P(s) = 1. The average of f(s) Over this distribution
witl be

Iy =3 s P(Ns). 42)

Consider the functien f{s} = 5%, In the approximation that led to {33) and

(36), we replace in (42) the sum ¥ aver s by an integral [- .. ds between - oo
and + . Then

Ly Y J'zrs st eap{— 25%/N)
(s*) = o T

= (AN} (Nj2P1 ff’ dxxte™®

- (2/'?11’\’}”1 (:\(!/2)3,‘2 {n[‘”!,’z .

whence
G = @ = N @)
The guantity {(25)*) is the mean square spin excess. The rost mean square .
spin excess is
((25}2}”2 . \/:Q , (44}

Encrgy of the Binary Magncetic System
and the fractional fluctuation in 2s isdefined as

29D
FeC e (45)

The larger N is, the smaller isthe fractional fiactuation. This means that the
central peak of the distribution function becomes relatively more sharply
defined as the size of the system increases, the Size being measured by the
number of sites N. For 16*% particles, # = 10", which is very small.

Encrgy of the Binary Magnetic System

The thermal praperties of the model system become physieally relevant when
the elementary magnets arc placed in a maenetic field, for then the energics of
thedifferent states are N0 langer all equal. If the energy of the System iSspecified,
then anly the states baving this cnergy iy occur. The energy of bueraction
of a single magnetic mertent m with 3 fixed external magnetic field B is

L= —m-B LY

Thisisthe potential energy of the magnet m in the field B.
For the model system of A clementacy magnets, each with two allowed
orientations in a uniform magnetic ficld B, e total potential energy U is

X N T
e U, = <R S of —20mB k ~AIB )
(t i>;‘ ! Ez N

using the expression M lor the toial magnetic moment 2snn In this example the
spectrum of valucs of the energy U7 is discrete. We shall sec fater that a con-
tinuous or quasi-continuous spacirum witt create no diiliculty. Furthermore.
the spacing between adiacent encrgy lavels of this model is constant, as in
Figure 110. Constant spacing is a special feature Of the particuiar model, but
thisfeature will not resirict the ganerality of the argument that isdevelaped in
the following sections.

The value »f the enzezy for moments that interact only with the external
magnetic field 0 comrelacly determined by the value oi s. This functional
dependence s wiicaluy by writing Ufs). Reversing a single moment Jowers
2sby —2,lowers the total magnetic moment Dy —2n, and ruises the energy
by 2mB. The energy differcnce between adjacent levels isdenoted by A, where

Ag = L5~ Uis + [} = ZmB. {43}

23
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UisyymB  g(s) log gis)

§ ———— 41 1 9
—4 T 3% . 10 230
-3 —  +6 45 381
-2 — 120 479
-t #2 210 5.3
0 — o0 252 5.53
+ — -2 210 5.3
+2 —— 4 120 4.79
43 —— -6 45 381
+4 — -8 18 230
+y ——  —10 1 0

Figure1.10 Energy levels of the model system OF 10
magnetic moments m 1N @ magnetic fietd B. The levels
are labeled by their s values, where 25 is the Spin excess
and 4N + 5 = 5 F 535 the number of up rpinr. The
cacrgias [/{s) and muliiplicitics g{s) ate shown, For this
problem the energy fevels are spaced equatly, with
separation AC = Zml bebween adjucent levels.

e gy e o gy iy
[ LS P I AR I N S

Exeinple: Nultipticity function for harmonic oscillators,  The problem of the binary modet
system is the simplest problem lor which an exact selation lOr the multiplicity function is
known, Another exactly solvable problem is the harmonic oscillator, for whick the solution
was originally given by Max Planck. The original derivation is ofien feit |0 be not zntirely
simpdz, The beginning student need not worry ubout this derivation. The modern way to
do the problem is given in Chapter 4 and is simple.

The quantum states of @ harmonic oscillator have the energy eigenvalues

£y = shw | {49)

where the quantum number s is 8 positive integer or zero, and «w is the angular fequency of
the osciliatos. The number of sates is infinite, and the multiplicity of cach is one, Now
consider a system of N such oscillators, al of the same frequency. We want tO find the
number of ways in which a given total excitation energy

£ = is,hw = nha {50)

=1

Energy of the Binary Magnetic System

can be distributed among the oscillators. That is, we want the muftiplicity function g{N.r)
lor the Soscitlatats. The osciliater multiplicity funciion isnotthe same 28 the spin mull-
plicity function found earlier.

We begin the apalysis by going back to the multiplicity function for asingle oscillator,
lor which g{1,) = 1 {arall values of the quantum nwmber s, here identical to n. To selve the
problem of {33} bslow, we need afunction (o represent ar generate the series

i glhnt® = }E t, {51)

All 5 run fromO lo ez, Here 1 s just a temporary tool that will help us find the result
{533, but t dees not appear in the final result. The anseer is

t
1~

- i-jn , 52)
n= 0. )

provided we assume lif < 1 For the problem of N oscillators, the generating function is

s=0

becanse the number of ways a e 1" can appear in the N-fold Pm}.iucl is' prcci.-‘cily t_h’u-
munber of ordered ways in which (he ingeger 1 can be forned as The ruin OF N noR-uegtive
fntepers.

W observe thin

-

WA
a(Na) = 15:;1#(‘—) T Ny
i~0 3

nt =)

n 1 d f -N
210~
12’; n'.(d:) =

!

I

NCN+ ¥ +2 (N +a— 1), 549

Fhus lor the system of oscillators,

(N +n— 1}

JU o U AL, .5 {55}
gNw) = al (N — B

This result will be needed in solving a problem in the next chapter.

— 3
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Chapter Fx States of a Model System

SUMMARY

1

The multiplicity function for @ system of ¥ magnats With spin excess 25 =
N; - N, is

NI Nt
Nit = om0
9N = NS AN NN
In the limit s/N « |, with N » |, we have the Gaussian approximation
g{N,8) = (2/aNyHY cxp(w232/N).

il alt states of the model spin system are equally likely, the average vatue of
stis

5 = 7 s |7 dsos = 4w

in the Gaussian zpproximation.

. The fractional fluctuation of s? is defined as ¢s?3Y3/N and is equal

12N
The energy oi the model spin systern in a state of spin excess 2Sis
U(s) = —2smB |

where m is the magnetic maoment oione spin and B is the magnetic field.
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Note on prablems: The method of this chapter can be wsed to solve some problems, as itlustrated
by Problems 1. 2, and 3 Beeause muwch simples meshouds ave developed in Chapiar & wed Laer,
we do aut emphasize problem solving ul this stage.



Chapter 2: Entropy and Temperature

Oune should rot imagine that two gases in a 0.1 liter container, initially vnmixed,
will mix, then again after @ few days separate, then mix again, and so forth, On
the contrary, one finds - - - that not until o time enormously long compared D
J0'%° years will there by any noticeable unmixing of the gases. One may
recognize that this is pracically equivalent to never * **

L. Baltzmana

If ue wish to find in rational mechanics an a priori foundation for the principles

of thermodynamics, swe must seek mechanical definitions of temperature and
eu(ropy.

JWY. Gibbs

The general connection between energy and tempernture may only be established
by probability considerations. { Two systemis] are in statistical equilibrium when
a transfer of cnergy doesg0) increase the prabubility.

M. Planck

Fundamental Assumplion

We start this chapter with a definition of probability that cnables us to
define the average value of a plysical property of a systen. We then consider
systems in thermal equilibrium, the definition of entropy, and the definition of
temperature. The second faw of thermodynamics wilt appear as the faw of
increase of entrapy. This chapter is perhaps the most abstract in the book. The
chapters that follow will apply the concepts to physicad problems.

FUNDAMENTAL ASSUMPTION =~ =

The fundamental assumption of thermal physics is that a closed system is equatly
likely to be in any of the quantum states accessible to it All accessible quantuny
states 8Je assumed 1o be equally probable—there is no reason o prefer some
accessible states over other aceessible states.

A closed system wifl have constant energy, & constant number of particles,
constant volume, and constant values of all external parameters thal may
influence the system, including gravitational, electric, and magretic fields.

A quasium stale is accessible if ils properties are compatible with the physical
specification of the system: the energy of the state must be in the range within
which the energy of the system is specified, and the number of particles must be
in the range within which the number of particles is specified. With large systems
we can never know either of these exactly, but it will suffice to have UU « 1
and SNfN « |

Unusual properties of a system tmay someiimes make it impossible for
certain states 10 be accessible during the time the system is under observation.
For example, the states of the crystalline form of SiO, are inaccessible at ow
temperalures in any observation that starts with the plassy or amorphous
form: fused silica wili not convert to quartz in our lifetime in a low-temperatuse
experiment. You will recognize many exclusions of this type by common sense.
We treat all quantum states as accessible unbess they are excluded by the
specification of the system (Figure 2.1) and the time scale of the measurerient
process. States that are not accessible are said to have zero probability.

Of course, it is possible to specify the configuration of a closed system to a

point that its statistical properties as such are of no interest. If we specily that the

29
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Figure 2.1 A quurely symbolic dingrany: ench solid spot
represents an accessible quantum state of z closed sysiem. The
fundamental assumption of statistical physics is that aclosed
system is equally likely t0 bein any of the quantum states
accessible 10 it. The emply circles represent some of the states
that arc NOt actessible because their properties do not satisfy
the specification of the system, jLov@ “ry -1 &l

SysieIn i3 exactly in a stationary quantum slates, no statistical aspect isiefy in
the problem.

PROBABILITY

Suppose we have a closed system that we Know is equatly likely to be in any
of the g accessiblequantum states. Let s be a general state label (and not one-half
the spin excess). The probability £(s) of finding the system in this state is

Pis) = 1/g (m

if the slate s is accessible and P{s) = 0 otherwise, consistent with the fun.
damental assumption. We shall be concerned later with systems that arc not
closed, for which the energy U and particle number N may vary. For these
systems P(s) will not beaconstant asin{i}, but will kave a functional dependence
on {/and on N,

Probubility

Thesum ¥ Pis) ol the probability over all states is always equal to unity.
because the Lotal probability that the system isin same state is unity:

z')

T P(s) = 1.

The probabilities defined by (1) lead to thedefinition oi the average value of
any physical properly. Suppose that the physical property X has the value
X (s} when the system isin the statc 5. Here X might denote magnetic moment,
energy, square of the energy, charge density near a point r, or any property that
cant be abserved when the system iSin a quantum state. Then theaverage of the

observations of the quantity X taken over @ system described by the proba-
hifitics P{s) is

(XY = z NPy \l 13

E
SO R |

This equation defines the average value of X. Here P(s) is the probability that
the system is in the state s The angular brackets (- - -» are uscd |o denote
average value,

For acioscd system, the average value of X is rpwer »7 - ST

Xy = ¥ X(s)(1/g) , ()

3

because now all g accessible states are equally likely, with P(s) = l/g. The
average in {4} is an elementary example of what may be called an ensemble
average: we imaginc g similar systems, one in each accessible quantum state.
Such agroup of systems constructed alike iscalled an ¢nsembie of systems. The
average of any property over the group is called the ensemble average of that
property. L et U7

An ensemble of systems is composed of many systems, all construeted slike.
Each system in the ensemble is a replica of the actual system in one of the
guantum states accessible to the system. If there are g 2ccessible srates, then
there will be y systems in the ensemble, onesystem for each state Each sysiem
in the easemble is equivalent lor all practical purposes to the actual system.
Each system satisfics al external requirements placed on the original sysiem
and in this sense is “just as good" as the zclual system. Every quantum stale



Figure 2.2 This ensemble o througli j represents sy stem
ol 10 spins with energy — S and spin excess 2y = §
The multiphicity g(&.) is gi10,4) = 10, so that the
fepresentative casemsble must contain 10 systeins, The
order in which the various systems in the ensemble are
listed has no significance.

accessible to the acty

al system is cepresented in the cnsemsble by one systemy ina
stationary quantum

stale, as in Figure 22, We assume that the ensemblic
represents the real system—ithis is implied in the fundamental assumption.

Example: Construction of ay eusemble. W
represent 4 closed sysiem of five spins, cach
cach in a magnetic field is —mg, tDo not
frequent use of s as a state index or lubet) E

¢ construct in Figure 23 an ensemble 1o
system with spin excess 25 = 1. The energy of
canfuse the use of 5 i spin excess with our
ach system represents one of the multiples of

N

Most Probuble Configuration

'l

s allal .i.;uh,..-;

Figure 2.3 The ensemble represents a system with N = S spins and spin excess 25 = 1.

iy

Figure 24 With N = Sand 25 = 3%, single
o 1 Systam may represent the easemble. This is not
a typical situation.

quanhtum states ai this eneegy. The number of such states is given by the multiplicity function
{1.15}: '

.‘1(5'!:] = '.“' a2

= 1.

The 18 systems shown in Figure 2.3 make up the ensemble,

i the erergy in the magnetic field were sueh that 2s = $, then u single systew eomprises
e ensensble, s in Vigure 2.4, 1 vero ngetic fiekd, wll encepios of 3% = 2 = 30 wates
are equak, and the new casemble st repeesent 32 systems, of which | system has 25 = b
5 systemis have 2 = 3, 10 systems have 25 = 1: {0 systems have 25 = —[; 3 systeras
have 25 = —3; and | system has 25 = — 35,

T e w g

Most Probable Configuration

Let two systems 8, and 8, be brought into contact so that encrey can be
transferred frecly from onc to the other, This is called therma! contact {Figure
2.5). The two systems in contact form a larger closed system § = &+ 5,
with constant energy U = U, + U;. What detenmines whether there will be o
net flow alenergy from one system to another? The answer leads to the concept
of temperature, The direction of energy flow is not simply a matter of whether
the energy of one system is greater than the energy of the other, because the
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Tweo closed
systems not
in conlact

Insulation

The systems are in N V2 Ui+ U= U + U,
thermal contact h 2
.S] - b 521

Insulatiog 1 hermal conductor allows
cachange of CRergy

Figure 2.5 Establishment of therma) contact between two systems &; and &,

systems can be dilferent in sireand constitution. A constant total encrgy can be
shared in many ways between two systems.

The most probable division of the t4tal encrgy isthat for which tlie combined
system has the maximum number of dceessible stater. We shall enumersate the
accessible stales of two model systems and then Study what chacacterizes tlic
systems when in thermal contact. We fivst solve in detail the problem of thermal
contact between two spin systems, | and 2,ina magnetic field which isintroduced
inorder to define the eocrgy. The nuimbers of spins Ny, N, may be different, and
tlie values of the spin excess 25, s, may be different for the two systems. All
spins have magnetic moment . The actual exchange of energy might take place
via sorae weak (residual) coupling between the spins near tlie interface between
the two systems. We assume that the quantum states of the total system § cun
be represented accurately by acombination of any Slate of 3, with any state of
3,. We keep ¥, N, constant, but tlic valuesof the spin excess are allowed to
change. The spin excess of ¢ state of the combined system will be denoted by 2s,
where s = 5; + 5, The energy of the combined system is dircctly proportional
to the total spin excess:

Uls} = Uy{(5)) i- Uylsy) = —2mB{s; t 5,) = ~2mBs. {5}

The tetal numbcr of particlesis N = N, + .

Most Probable Configuration

Weassume that the energy splitiings between adjacent eocrgy levels arc equal
to 2mA in bath systens, s0 that the magnetic energy given UP by systemn | when
one spin is reversed can be taken up Dy the reversal of one spin of system 2 in
tlic opposite sense. Any large physical system will have enough diverse modes of
encrgy storage so that encrgy exchange with another system isalways possible.
The value of s = s, + s, isconstant because the total encrgy is constant, but
when the two systems are brought into thermal contact a redistribution is
permitted in the separate values of ,, 5, and thusin the energies U,, U..

The multiplicity function g{N,s) of the combined system $ is related 1 the

product of the multiplicity functions of the individual systems 8, and &, by
the relation;

giNg) = EQL{N:-S:)QﬂNz:S -3}, i)

L3

where the multiplicity functions g,, g, are given by expressions of the formy of
{1.15} The range of s, in the summation is from —iN; to N, if N, < N,.
To sec how (&) comes about, consider first that configuration of the combined
system for which the first system hasspin excess 2s; and the second system has
spin excess 2s,. A configuration is defined as the set of all states with specified
values of 5, and s,. The first system has g,(N,,s,} accessible states, each of which
may occur together with any of the g,{N,,s;) accessible states of the second
system. The total number of states in oneconfiguration of the combined system
is given by the product g,{INy,s,)9:(N,,s,} of the multiplicity functions of &,
and 3,. Because s, = 5 — s, tlic product of the ¢'s may be written as

§1(N51)ga(Nas —~ 5,). {7}

This product forms one term of the sum (6}

Different configurations of the combined system are characterized by different
values of 5,. We sum over ail possible values of 5, to obtain the total number of
states of all the configurations with fixed s or fixed energy. We thus obtain (6),
where g{N,s} isthe number of accessiblestates of the combined system. In the

sum we hold s, N,, and N, constant, as part of the specification oi thermal
contact.

The tesult (6) is a sum of producis of tlic form (7). Such a product will be a
muximum for some value of 5,, say §,, to bc read as “s; hat" or “s; caret”.

The configuration for which g,g; 15 a maximum is called the maost probable
eonfiguration; the number of states in it is

91(N1:fl)9_1(N2-5 - 5. - _ ]
ets=le £
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glih‘l‘ Ul)
X oga N U - U

i
t u
Therma! equilibrium

< —

Figure 2.6 Schematic cepresentation of the dependence of the
configuration multiplicity an the division of the total encrgy
between two systems, 8, and 3.

H the systems are large, the maximusm with respect to changes in s, will be
extremely sharp, asin Figure 2.6. A relatively small number of configurations
will dominate the statistical properties of the combined system. The most
probableconfiguration alone wili deseribe many of these properties,

Such a sharp maximum is a praperty of every realistic type of large system
for which exact solutions areavailable; we postulate that it iz a general property
of all large systems. From the shaspness property it follows that fluctuations
about the most probable configuration are small, in a sense that we will define.

The impostant result follows that thevaluesof the average physical properties
of a large system in thermal toniact with another large system are accurately
described by the properties of the most probabie configuration, tite configura-
tion for which the number of accessible states is a marimum. Such average
values {used in either of these two senses) are called thermal equilibriwm vatoes.

Because of the sharp maximum. we may replace the average of a\)hysical
quantity over all accessible configurations {6) by az average over only the most
probable configuration {8). Inthe example below we estimate theerrorinvolved
insuch a replacement and fird the error to be negligible.

Aost Probuble Configurarion

Example: Two spin systems in thermal caatect.  We insestigate for the mode! spin system
the sharpness of the produect {7} aear the maximum {8) as foilows. We lorn the product of
the multiplicity functions for g 4N ,.s.) and g,(¥,.5;), both of the form of {1.33):

35t 25,70
91N 1,5)g.(N 3,55} = g|(0)93(0)€XP(“‘—"|— - —;*") . (9}

N, TN,

where g, (0} denotes g, (N0 and g,(0) denotes g4(V,.0). We replace s, by s — 5,

e ¥ - z
(N N5 = 500 = Q;(U)ﬂ:(OlCXQ(“:% W S«‘L). {10y
. ! S
This preduct® gives the number of states accessible 1o the combined system when the spin
excess of the combined system is 2s, and the spin excess of the first system is 25,.

We find (he muximum value of (101 as afunction of s, when the total spin excess 25 is held
constant; that is, when the energy of ihe corbined systems 35 constant. It is convenient
to use the properly that the maximum aof log y{x) occurs at the same value of x as the
marimum of y{x). The calculstion can be done either way. From {10],

25,2 Zis ~ 5, )
g g (N 5N s — 5,) = loggd0lg,{0) — ﬁ——-—N‘ — {1
‘ - 3

Thin quantity is an extremum whea the first derivative with respect 10 3; Is zero. An ex-
tresmum May be a maximum, a minimum, or a paint ef inflection. The extrenuum is a

maximum i the second derivative of the function is negative, so that the curve bends
downward.

AL the cxtremun the first derivativeis

8 45, 4(s ~ 5y)
‘é‘s*l“ Hog g, AN, 3)9:N s ~ s} = “R{; + T =

where Ny, N, md rare hdd constant as s, is varied. The second derivative £%/¢s,? of
Eguation {11} is

* The product function of two Goussian funciions is always a Gaussian
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arid isnegative, so that the extremum is a maximum. Thus the most probable configuration
of the combined system is that for which {$2) is satisfied:

5y §— 8§ 5
il B ) SN

NN, TNy (t3)

Thetwo systems are in equilibrium with respect o interchange of enerpy when the fractiopat
spin excess of system 1 is equal | 0 the fractional spin excess of system 2.
We prove that nearly all the 2ccessible states of the combined sysiems satisly O very

nearly saisfy {13017 1, and §; denote the values of 5, and s, at the maximum, then (13}
is written as

- \Q—A.) = 505 5 iy
R NITR TN 0
= . . . . .
2z 72 Fo fitid the pumber of states in the mest probable configuration, we insert (14 IN {9y 10
S Ee otain
VEH
a7z - e -
(9:92)max = 93(5:}g2(s = §) = g.(0)g (D) expl— 257N}, {15)
~
=z To investigate the sharpness of the maximum of g,g, a a given value of 5, introduce 6
< such that
']
¥

=§ +4d, 5 =5 —6 (16

Here 6 measures the deviation of s, 5, from their values g, & at the maximum of g,g;.
Squarer,. s, to form

si2 = 60 258 + 8% st = 5 - 26,8 + 87,

which we substitute in (9} and {§5} 10 obtain the number of states

) 45,8 287 45,6 257
GV s 3aN s = (9162 )s EXP(“:F;_ h NT + J\j? h ?ﬁ:)

Weknow from (19) that 3/, = £.°N,, so that the number of slates in a configuration of
deviation J from cquilibrium is \
- R R 28 24t
GV L8+ 8GN LE ~ 8 = (g8 ) marerpl — > — == | {17
Ny N,

As a numerical examnple In which the fractional deviation from equilibrium is very small,
fUN; = N, = 107 and 6 = 10" that is, &/, = 10739, Then 783N, = 200, and the

Thermal Fguilibrium

product g,g; is reduced 10 e = {0°17* of its maximum vatue. This isan extzemely
large reduction, so that gyg; i truly a very sharply peaked function of s, The probability
that the fractional deviation will bc 107 or furyer is found by integrating {i7) from
6 = 10'? put toa value of the order of s or of N, thereby including the area under the wings
of the probabilty distribution. This is the sublect of Problem 6. An upper limit to the
integrated probability is given by N x 10717 = 10742, siill very small. When two
syslems are in thermal contact, the values of s, 5, that occur most often will be very clast 1o
the values of §;, §; lor uhich the product g,¢, is a maximum. It is extremely rare |o find
systems with values of 5;, 5, perceptibly different from 5, §,.

What does it mean to say that the probability of finding the system with a fractional
deviation larger than § N = 107 %is only 187 1*? of the probability of finding the system
in equilibrium? We mean that U2 system witl never be found with a deviation as much as
| partin 16*°, small as this deviation scems. We would have to sample 10432 similar systems
1o have i reasonabic chanee of suceess in such an expedment. 1{we sampls one system every
10742 5, which is pretiy fast wark, we would have 1o sample for 10995, The age of the
universe is Only 19" s, Therefore we suy with greal surety that the devintion deseribed will
never be observed. The estimate is rough, but the message is correct. The quotation {rom
Boltmnn given al the beginning of this chapier is relevant here.

We tnay expedt (o obsetve substandiad fraviionad deviations onty in the properties of g
small sysiem in thermal contact with @ large system OF rescrveir. The energy of a small
system, say asystem of 10 spins, in thermat contact with o large reservoir may undergo
fluctuations that arc large in a fractional sense, as have been observed in experiments on the
Brownisn metion of smatl patticles in suspension in Bquids. The sverage encrgy of a smalt
syslem in conlack with a lzrpe system can always be determined accuraiely by observations
at one time on a [aege nembes of identical small systeris or by observations an pae ymadi
system over along period of time.

D e s e St I TP TR RPN

e ity et gt et T e e )

THERMAL EQUILIBRIUM

The result for the number of accessible states of two model spin systems in
thermal contact may be generalized to any two systems in thermal contact, with
constant totaf energy U = &, i- U,. By direct extension of the carlier argu-
ment, the multiplicity g{.¥,U} of the combined system is:

gIVO) = ¥ g (N U g (N0 - UL (18)
Ly

summed over afl valves of U, g UL Here g,(N,,U,) isthe number ol accessible
states of systenr 1 at energy Uy A configuration of the combined system js
specified by the value of U, together with the constants U, N, N,. The number
of accessible states in a configuration isthe product g, (&N | U)oV, U - Uy
The sum over wil configurations gives g{N,U)
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The largest term in the ruin in (18) governs the properties of the total system
in thermat equilibrium. For an extremum it is necessary that ihe diffzrential® o
g(N,U) be zero for an infinitesimal exchange of energy:

‘g &7
W = (EITII).\-F”IU‘ i g‘(éa")sf’% =0;  dU, +dU, =0 (19

1

We divide by g.g, and use the result dU, = —dUJ, 1o obizin the thermal

equilibrium condition:
! ach) l(c"-gz)
LY L1 U DY > TN (20a)
Qi(aU: v B2\,

dlogg, dlogyg, -
il A = } 20b
( iU, Jo T a0, (200)

We define the quantity g, called the entropy, by

a(NU) = logg(N.U) | % Ly

where o is the Greek letier sigma. We now write {20 in the final form

o} _[f%
(Hj:)-’"l B (EUI)NJ‘ (22}

whichh we may write as

The sotation

égL

measns that N, s held constant in the differentiation of g N, U,) with respect to U, That is, the
partial derivative with respect 10 U, is defined as

(fgL w lim gNW Uy + AU — (N U
6, J/n, av-0 Al

- For example, if glx,1} = Ix*y, then {2g/3x), = 12xty and (29/25), = Ix*.
2 d J)

Tentperufure

Thir is the condition lor thermal equilibrium for two systems in thermal

contact. Here ¥, and A", may symbolize not only the numbers of particles, but
a1l constraints on the systems.

LY
TEMPERATURE
Thelast equality {32} leads US immediately to the concept of temperature. We

know the everyday rule: in thermal equilibrium the temperatuzes of the two
systems are equal:

T, =T, 23)

Thir rule must be cquivalent to(22), so that 7 st he a fonction of {Ca/fl),.
1f T denotes the absofute temperature in kebvin, this function is simply the

inverse refationship
1 o
P W ey B : 24
T “(w),, : (=4

The proportionality constant &y is o universal constant called the Botsanum
constant, As determined cxperimentally,

Ly = L1381 x 1072 joules/kelvin

il

L3R x HO™ Y crpsskelvin {25

We defer thediscussion to Appendix B hecause we prefer to use @ more natural
temperature scale: we define the fundamental temperature 1 by

(27)

Because ¢ is apure number, the fundamental temperature 7 has the dimensions
of crergy. We can use as a temperature scile the energy seale, in whatever unit
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may be employed |or the latter — joule or erg. This procedure is much simpler
than the introduction of the Kelvin seale in which the unit of temperature is
arbitrarily selected so that the triple point of water is cxactly 273.16 K. The triple
point of water iS the unique temperature at which water, ice, and water vapor
coexist.

Historically, the conventional scale dates from an agein which it was possible
to build accurate thermometers even though the reiation of temperature to
quanium states was asyet not understood. Even at present, it isstill possibleto
measure temperatures with thermometers calibrated in kelvin to a higher
precision than the accuracy with which the conversion factor kp itsedf is known —

about 32 parts per million. Questions of practical thermometry are discussed in
Appendix B.

pm ey — S e e s ek i s

Commuent.  |n 126l we defined the reciprocal of 1 as the partial derivative (o (UL, I is

permissible 10 tike the reciproca] Of beth rider 1o write

1 = ({FU/do)y. ' {28)

The two expressions (26) and (28) have a slightly different meaning. IN {26), the entropy ¢
war given as a function of the independent variables U and & as ¢ = (8,3}, Hence 1
determined from (26} has the same indnptndnm variables, 1 = f{U, N} IN (28], however,
diffierentiation of U with respeat |00 with N constant implies U = U(a,N), so that 1 =
t5,N). The definition of temperature is the same in both cases, Ut it is expressed as @
Tunclion of different independent variables, The question "What are the independent
variables?” arises frequently in thermal physics because in some experiments we control
some vaciables, rod inviber experinents we comrol other variabies.

ENTROPY

The quantity 6 = logg was introduced in {21) as the entropy of the system:: the
entropy is defined as the logarithm of the number of states accessible to the

system. As defined. the entropy is a pure number. In classical thermedynamics
the entropy Sisdefined by

(29)

Entropy

U,
T, cold
o.(initial}

/ U t0 the cooler body when thermial contact s
f’_ Up=sli - U, + 68U established. This is #n example Of the faw of
Ve i(f\-_n;l\) o agltiaal) incegasing ealropy.

4

Energy trunsfer
sp{fnal) + o(fnal) > o (inilial) + o,(initial)

Asa consequence of (24), we see that § and ¢ are connected by & scale factor:

]

S == RBU_ {3’03

We will calt S the conventional entropy.

The more states that are accessible, the greater the entropy. In the definition
of ¢{N,U) we haveindicated a functional dependenee of the entropy on the
number of particles in the system and on the energy of ihe system. The entropy
may depend on additional independent variables: the entropy of a gas{Chapter
3) depends on the volume.

Tn the carly history of thermai physics the physical significance of theentrapy
was not known. Thus the author of the article on thermodynamics in the
Encyclopaedia Britannica, 111h ed. {1905}, wrote: “The utility of the conception
of cntropy ... istimited by the fact that it docs not coerespond directly lo any
directly measurable physical properly, but is merely & mathematical function
of the definition of absolute temperature.” We now know what absolute physical
property the entropy measures, An example of the comparison of the £xperi-
mental determination and theoretical culculation of the entropy isdiscussed in
Chapter 6.

Consider the total entropy chiange Ag when we remove a positive amount ol
encrgy AU from 1 and add the same amount of energy to 2, its in Figure 2.1

Figure 27 1l the temperature 1, is higher
than 14, the transfer of a positive amount of
energy U from system | to system 2 will
increasc the Lotal entropy a: + a, of the
combined systems over the initial value

¢ finitial) T g tinitial). In other words, the
final system will be in a more probable

s, condition if eacrgy flows from the warmer body
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Thetowal entropy change is

Ca, 06, 1 1)
N RGN _ a3 Uy = | ~— ¥+ — 1AL 31
be ({‘:Ul).\‘;( AU (GU),\‘}A ) ( f1 v T ey

When 1, > 1, the quantity in parentheses on the right-hand side is positive.
sothat the total change of entropy is positive when the direction of energy flow

is from the system with the higher temperature to the system with the lower
lemperature.

[ ST

b € gy Ay ey

Example: Entropy inerpuse on brut POX.  This examplc mukes use of the reader's previous
familiarity With heat and specific heat.

(a) Letall-gspecimen of copper at atemperature of 356K be placed in thermal contact
with an identical specinen at a lemperatare of 290 K. Let us find the quantity ol caergy
transfersed when the two specimens arc placed in contact and come to equilibrivm gt the
final temperature T, The specific heat of metatiic copper over the temperature range 15°C
10 100°C is approximately 03893 g™ K 7!, according 1o a standard handbook.

The energy increase of the second specimen is equal 1o the crergy loss Of Lthe first; thus
the energy tncrease of the sceond specimen is, in joules,

AU = (359 JK™'WT, — 290K) = {3.5%) KH350K - T5
where the temperatures ave in kelvin. The final termperature after contact is
Ty o= (350 + 290K = J20K.
Thus

AU, = {389JK"")(—30K) = —11.71,

AU, = —al, = 1171,

(b) What is the change of eatropy of the two specitnens when a transfer of (.17 has
taken place, almost immediately afier initisl contact? Motice that this transfer is a smali
fraction of the final energy transfer as cakeuluted above Because the ener gy transfer con-
sidered is small, we may suppose the specimens arc approximately gt their initial temgpera-
tures of 350 and 290 K. The entropy of the first body is decreased by

-1}
350K

AS, ~286 % 16741K",

Law of Increase of Entropy

The entropy of the second body is increased by

0.1
AS = ETT i 1 R

The total entropy INCreaseSpy

AS, 4+ AS, = {286 Tt 345) « 10"*JK "} = 059 x [079IK "1,

In fundamental units the increase of entropy is

a2 059 % 107 059 x 074K

T TS L 2

where k; is the Doltzmann constant, This result means hat the aumber of accessible states
of the two systems increases by the fuctor explao) = expif.43 x 10"

e e e e e w4 A e s St mam T T e m mms = mam e imavman ot

= g iy

Law of Increase Of Entropy

We can show that the total entropy always increases when two systems arc
brought into thermat contact. We have just demonstrated thisin a special casa,

I the total energy U = U, t U, is constant, the totai multiplicity alter the
systemsare in thermal contact is

#u) = Lilgl(Udaz(U - U, (33

by (18). This expression contains the term g,{U,o}g:{U — U,;) lor the initial
multiplicity before contact and many other terms besides. Here U, is the
initial energy of systern 1and U — U, istheinitial energy of system 2. Because
all terms in (33) are positive numbers, the multiplicity is always increased by
establishment of thermal contact between two systems. This is aproof of the
law of increase of entropy for a well-defined operation.

The significant effect of contact, theeffect that stands out even alter takingthe
logarithm of the multiplicity, isnot just shat thenumber of tesms in tlicsumma-

tion islarge, but that the largest single terim in the summation may be very, very
much farger than the initial multiplicity. That is,

(@102)ane = 0209, = 0 S € )
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U

S Q(U}

Energy
Entropy

Time Time

Fipure 28 A systemn with two pants, T and 2, s prepared ab vero time
with U, = Oand ¢, = U. Exchange of encrgy takes place between two
parts and preszntly the system will beround in or close 1o the most
probable configuration. The entropy increases s the system altains
cenfigurations of increasing mulliplicity or probability. The entropy
cventuaily reacher the entropy o{U} of the most probable coafiguration.

may be very, very much larger than the injtial term
9,010V = Uyo) (35)

Hare U, denotes the value of U, for which the product ¢;43 isa maximum.
The essential effect is that the systems alter contact evolve from their initial
configurations to their final configurations. The fundamental assumption
implics that evolution in this operation will alwaystake place, witl all accessible
finai states equally probable.

The statement

Ceinat = 102(010 2 max = Tramint = 102{8,2)e (36}

is a statement of the Inw of increase of entropy: the entropy of a closed system
tends 10 remain constant or Lo increase when a constraint internal 1o the system
is removed. The operation of eatablishing thermal contact is equivalent to the
removal of the constraint that U,, U, each be constant; after contact only
U, + U, need be constant,

The evolution of the combined system towasds the fnal thermal equilibrium
configuration takes a certain time. Il we separate the two systems before they

Law of Increase of Entrapy

Ways 1o increase the entrops

" A — :'_"'."- . Add partictes
= = = a " . : -
- {

o Add energy
- e

LYClooty vectand

LT fnceease the volome
¢ b ot ©
a = — c e Decompose molecules
) o, 9
ARARMY T e Let alinear polymes curl up

Figure29 Operations that tend to Increase the entropy of a system.

reach this configuration, we will obtain an intermediate configuration with
intermadiate energies and an intermediate entropy. Histhercfore meaningful to
vicw the entropy as a function of thetime that has elapsed since removal of the
constraint, catled the time of evolution in Figure 2.8,

Processes that tend to increase the entropy of a system are shown in Figure
2.9; theargumentsin support of each process will be developed in the chaplers
that follow.
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For alarge system* (in thermal contact with another large system) there will
aever Occut spontancously significant differences between theactual valueof the
entropy and the vatus of the eatropy of the most probableconfiguration of tne
system. We showed this for the model spin system in thearsument following (1 7);
we used “never” in the sense of not once in the entire age of the universe. 108 s.
We can only find a significant difference between the actual entropy and the
entropy of tlie most probable configuration of the macroscopic system very
shortly afier we have changed the nature of the contact between two systems,
which mplies that we had prepared the System initially in some special way.
Special preparation could consist of lining up all the spins in one system paralicl
to ene another or collecting all the molecuics in the air of the room into the
system formed by a small votume in one corner Of the room. Such extreme
situations never arise naturally in systems left undisturbed, but arise from
artificial eperations performed on the system.

Consider the gus in a room: the gas iSonc half of the room might be prepared
initialy with alow value of tlieaverage energy per molecule, while the gas in e
otier haif of 1he room might he prepared initiaily with a higher value of the
average energy per molecule. If the gas in the two halves is now allowed to
interact by removal of a partition, the gas molecules will come very guickiy!
to a most probable confizuration in which the molecules in botk halves of the
room have the same average energy. Nothing else will ever be observed to
happen. We will neves observe the system to leave the mast probableconfigura-
tion and reappear later in theinitiat specially prepared configuration. This istrue

even though theequations of motion of physics are reversiblein timeand do not
distinguish past and future.

LAWS OF THERMODYNAMICS

When thermodysamics is studied as a nonstatissical subject, four postulates
are introduced. These postulates are called the laws of thermodynamics. In
essence, these laws are contained within our statistical formutation of thermal
physics, but it is useful to exhibit them as separate statements.

Zerothfaw. |f two systems are in thermal equilibrium with a third system,
they must bein thermal equilibrium with each other. Thislaw isa consequence

A large of macroscopic system may be taken 1o be one with morc than 167 or 10'* aroms.
' The calcutation of the time required for the process is largely a problem in hydrodynamics.

Laws of Theenwdynamics

of the condition (20b]} fur equilibrium in thermal contact:

(Elogg,) - (5108% . clogg, ~ [floggs
Uy ey Jo) U, Jw o L EUy A,

Inother words, 1, = ¢ty and 1; = ryimply r, = 1,.

First law.  fieat is aform of energy. This faw iSno more than a statement of

tlie principle of conservation of energy. Chapter 8 discusses what formof ensray
heat is.

Second law.  There are many equivatent statements of tlie second taw. We

shall use the statistical statement, which we have called the law of increuse of
entropy, applicable when a constraint internalioa closed system is removed. The
commonly used statement of the law of increase of eatropy is: i a closed system
isin a configuration that is not the equilibrium configuration, the waost probiubie
conscquence will be that the entropy of the systeinn will incresse moenolenically
in successive instants of time” This 15 o losser stcment than the ane we gave
with Eq. (36) above.

Thetraditionat thermedynamic statement is the Kelvin-Planck formulation
of sccond law of thermodynamics: "It is impossible for any cyclic process to
occur whose sole effect i the extraction of heat {rom a reservoir and the per-
Cormance of an equivalent amount of work.” An engine that violates the second
faw by exlracting the energy of one heat reservoir is said to be performing
perpetual motion of the second kind. We will see in Chapter 8 that the Kelvin-
Planck formulation is acensequence of the statistical statement

Third law. The entropy of a system approaches a constant valuc as the
temperature approaches zero. The earliest statement of thislaw, due to Nernst, is
that at the absolute zero the entropy difference disappears between al those
configurationsoi asystem which are in internal thermal equilibrium. The third
law follows from the statistical definition of the entropy, provided that the
ground state of the system has a well-defined multiplicity. lithe ground state
multiplicity is g{0), the corresponding entropy is o(0) = logg(0) as 1 — &.
From a quantum point of view, the law does not appear to say much that is
not implicit in the definition of entropy, provided, however, that the system is
in its lowest set of quantum states at absclute zero. Except for glasses, there
would not be any objection to affirming that g{0) isa small number and «{0)
is essentially zero. Glasses have a frozen-in disorder, and for them s{{0} can be
substantial. of the order of the number of atams N. What the third law tells us
inreal life isthat curves of many reasonable physical quantities plotted against
must come in fiat as r approaches O.

9



Chaprer 2: Entropy end Temperatuse /

Entrogy asa Logarithm

Several useful properties follow from the definition of the entropy as the loga-
rithm of the number of accessible states, instead of as the number of aceessibie
stages itself. First. the entrapy of two independent systems is the sum of the
separate entropies

Second, ke entropy is entirely insensitive—for all practical purposes— to
the precision ¢/ with which the energy of a closed system is defined. We have
never meant to imply that the system encrgy is known exactly. 3 circumstance
that for a discrete speetrum of energy eigenvalues would make the number of
accessible states depend erritically on the caergy, We have simply not paid
much attention to the precision, whether it be determined by the uncertainty
principle 8UJ S{time} ~ I, or determined otharwise. Dafine VLYY as the number
of accessible states per unit energy range: D(U} can be a suitable smaoothed

average centered at U. Then gil/y = D{L 34 is the number of accessible
staies iN the range 3U at U, The eniropy is

g(U) = lop DILISU = log D) + logdll. {37

Typically, as for the system of N spins, the total number of states will be of the
order of ¥, If the total energy is of the order oi A' times some average one-
particle energy &, then T{U) = 28 /NA. Thus

o(U} = Niog2 — log NA + logSU. (38)
Let N = 1029 A = 107" erg;and U = 107" erg.
o{U) = 0.69 x 107 — 1382 — 23, (39)

We see from thisexample that the value of the entropy is dominated everwhelm-
ingly by the value of N; ihe precision 3U is without perceptible elfect on the
result. In the problem of N free padticles in a box, the number of siates jspropot-
tional to someihing like UYL, whence o = Nlog ¥ + logdU. Again the

term in N is dominant, a conclusion independent ©f €VeD the system of units
used for the encrgy.

Lealeaen Tm b 3

Example: P i aof the second kind. Eurly in our stedy of physics we came |o

uaderstand (e bnpossibility ofu perpetual noton machine, a madhine that wilt give forth
maore enerey than o absochs,

Summary

Equally impossible isa perpetual motion machine of the second Kind, as it is called, in
which heat is extracied from part of the environment and detivered t0 another part of the
environment, the diffesence in tempesaiuce thus established being used to power a heat
engine that delivers mechanical work available for any purpose at no cost 10 us. INbrick, we
cannot propet aship by cooting the surrounding ocean to extract the energy necessary to
propet the ship. The spantancous ransfer of energy from the TOW temperature ocean to a
higher temperature boiler on the ship would decrease the tatul entropy Of the combined
systems and would thus be in viclation of the faw of increase of entropy.

i I T T e e A e

SUMMARY

1. The fundamental assumption isthat a closed system in equally likely to be
in any of the quantum stales accessible to it.

2. I P(s) isthe probability that a system isin the state s, theaverage value of a
quantity X is
(X = ¥ X5)P(s).
3. An ensembte of systems is composed of very many systems, all constructed
alike.
4. The number of accessible states of the combined systems 1 and 2 is \.}5
VO e
S
g(s) = 291(51}92(5 = 5, 3 Y
) ~ ¥ S
R0
wheres, T 5, = . <

5. The entropy o(N,U) = logg{N,U). The relation 5 = kyo connecis the
conventions! entropy 5 with the fundamental entropy o.

6. The fundamental temperature 1 isdefined by
/v = (Ca/CU v

Therelation ¢ = kg7 connects the fundamental temperature and the con-
ventional temperatuge.

7. The law of increase of entropy states that the entropy of a closed system

tends to remain constant or to incsease when a constraint irternai to the
system iSremoved,
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- The thermal equilibrium values of the physical propertics of 2 system are
defined as averages over all states accessible when the system i3 in contact
with a large system or rescevoin. 1] the first sysiem uiso is large, the thermal
equilibrium propeeties are given accurately by consideration ol the states in
the most probable configuration alone.

PROBLEMS

|. Entropy and temperature.  Suppose g{U) = CUN2 where Cisa constant
and N is the pumber of particles. {a) Show shat U = {Nv. (D) Show 1hut
{(eta/ Uy is negative. This form of gt U yactually applics Lo an ideal pus,

2. Paramagnetisnr. Find the equilibrium value w lemperature 1 of the s
tional magnetization

M Xm o= 2(sH/N

olthesystem of N spinseach of magnetic moment i in amagnetic field B, The

spin excess is 2s. Take the entropy as the logarthithm of the multiplicity g{N s}
asgiven in (1.35):

G5! = log g{N Oy — 253N, 49

for |s| <« N. Hint: Show that in this approximation
(U} = 64 — U 20BN, 4

with eg = log g{N.0). Further, shew that 1/t = — U/m*B*N, where U denotes
(U), the thermal average energy.

3. Quantum harinonic escillator.  (a) Find the entropy of a set of ¥ oscillators
of frequency w as a function of the total quantum number 2, Use the multiplicity
function (1.55) and make the Stirling approximation log N} ~ NlogwN — N.

Replace N — 1 by N. (b) Let U denote the total energy nhiw of the oscillators.
Express theentropy asa{U,N). Show that the total energy at temperature = is

__ N {#2)
explheft) — |

Thiristhe Planck result; it isderived againin Chapfer 4 by a powerful method
that doer not require us to And the multiplicity function.

Problems

4. The meaning of “never” |t has been said* that "'six monkeys. set to sieym

uninteiligently on typewriters for milfions of years. would bc bound in time
to write all the books IN the British Muscum.™ This statement is nonsense, for
it gives a misteading conclusion about very, very large numbers. Could al the
monkeys in the world have typed out z single specified book in the age of she
aniverse??

Suppase that 10!° monkeys have been seated at typewrilers throughout the
age oltheuniverse, 10 s. This number of monkeys isabout three times greater
than the present human population: olthe earth. We suppose that a menkey
can hit 10 typewriter keys per second. A typewriier may have 44 keys; we
accept lowercase letters in place of capilal letters. Assuming that Shukespeare’s
Humlet has 10° characters, will the monkeys hit upon famfet?

{a} Show that the probability that any given scquence of 10° characters

typed at random wilf come ot in the correct sequence {the sequence of Hander)
is of the order of

(113;100 00 P I.OM Phd 345

where we have used log,, 44 = 1.64345.

{b} Show that the probability that a moenkey-Hamler will be typed in the age
of the universe is approximately 107154315 The probability of Handet iS
therefore zero in any operational sense of an event, so that the original statement
at the beginning of this problem is nonsense: one book, much less a library,
will never occur in the total literary production of the monkeys

5. Additivity of entropyfar swo Spin systems.  Given two systems of Ny =~
N, = 10"" spins with multiplicity functions g,(Ny,5,) and ga{N.5 — s,), the
product g,4; as a function of s, isrelatively sharply peaked at 5; = §,. Fors; =
5, + 10%%, the product g,g, isreduced by 107*7* from its peak value. Use the
Gaussian approximation to the multiplicity function; the form {17} may be
useful,

{2} Compute g192/(¢1G:)mae 107 53 = 5, T 10" and s = 0.

(b} For s = 1¥*°, by what facior must you multiply (g.g)... 10 make it

equal 1o ¥, g,{Ny.5:)g2(N2.5 — s,); give the factor to the nearest order of
magnitude.

® L Icans, Mysterious universe, Cambridge University Press, 1930, p. 4. The statement is attributed
lo Huxiey.

For a related mathematico-fiterary study, scc “The Library of Babel," by the fascinating Argentine
writer Jorge Luis Borges, in Ficciones, Grave Press, Evergreen paperback, 1962, pp. 79--88.
¥ For every persan now alive, some thirly persons have once fived. This Agure is gquoted by A, C.
Clarke in 2064, We are gratefud 1o the Population Reforence Buresn md 1o Dr, Roger Revelie for
cxplanations of the evidence. The cumulative number of man-scconds is 2 x 1020, if we take the
average lifetime as 2 x 10° 5 and the numbes of fives 25 | x 10'', The cumulative number Of
man-seeonds is niuch less than the number of monkey-seconds (107%) taken in the problem.
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{c) How large is the fractional errer in the entropy when you ignore this
factor?

6. Integrated deviation. For the example that gave the result (17), calculate
approximately the probability that the fractionsl deviation from equitibrivm
3/N, is107%° or larger. Take N, = N, = 0%, You will find it convenient to

use an asymptotic expansion lor the complementary error fuaction. When
x » i,

2xexp(x?) Lmexp(th}dz = | + small terms.
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Chapter 3: Beltumann Distribution and Hefmholty Free Energy

The faws of thermodynamics may easily be obigined from the principles of
statistical mechanies, of which they are the incomplete expression.

Gibbs

We are able 1o distinguish in mechanical terms the thermal action of one system
on ancther from that which we call mechanical in the narrewer sense . | . 50 as
to specify cases of thermal action and cases of mechanical action.

Gibbs

57



In this chapter we develop the principles that permit us to calculate the values
of the physical properties of a system as a function of the temperature. We
assume that thesystem 8of interest to us isin thermal equilibrium with avery
large system R, called the reservoir. The system and the reservoir will have a
common temperature © because they are in thermal contact.

The tolal system @ + 8 is a closed system, insiduted from al exsernnl
influences, as in Figure 3.1, The total energy Uy = Uy + Uy iS constant. In

particular, if the system isin a sialc of energy &, then €, — r, isthe energy of
the reservoir,

Total system Reservoir
®
Constant energy U, Uy -
System
b3
14
Figure 3.1

Representatien of 2 ctosed tolal system decomposed into a
reservoir ol in thermal contact with a system 8.

BOLTZMANN FACTOR

A central problem o thermal physics is to find the probability that the system
$ will be in a specific quantum stale s of energy &, This probability is propor-
tional to the Boltzmann factor.

When we specify that 8 should be in the state s, the number of accessible
states of the total system is seduced 10 the number of aceessible states of the
teservodr &, al the appropriate encrpgy. That is the number gg, 5 of states

Boltzmann Factor 59

o{tly)

Figure 3.2 The change of entropy when the
o{ly —¢)

reservoit gansfers energy & lothesysic, The
fractional effect of the transfer on the reservoir
is small when the reservailr is large, becyuse a
farge reservoir will hase a high eutrop

Entropy of the reservoir

Energy Of the reservoir ——

accessibleto@® T35 is

gz X 1= ga , (1)

Beeuuse for our preseat purposes we have specified the state of $ .

if the system energy is ,, the reservoir energy is o — C. The number of
states accessibic 1o the reservolr in this condition isga (U — £, asin Figure3.2.
The ratio of the probability that the system is in quantum state 1 at energy

£, to the probability that the system isin quantum state 2 at encrgy &; is the
ratio of the two multiplicitics:

Ple,) _ Muldplicly of G at energy Uy — &, ga(Uy — &)
Pls,) Multiplicity of 6t at energy Uy — &, 9alUq ~ 82}

This result is a direct consequence of what we have called the fundamental
assumption. The two situations are shown in Figure 3.3, Although questions
about the systern depend On the constitution of the reservoir, we shall see that
the dependence is only on ihe temperature of the reserveir

fthe reservoirs ase very large, the multiplicities are very, very large numbers.
We write (2) in terms of the entropy of the reservoir:

Pleyy  explolUy ~ &)

= - = SALa — = Ly U I B 3)
Ple,)  esploglUy — 22}] exploallio = ) = @ ( o) {
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& , it
Energy U, — &, Enerpy Uy — &,

gallly — &) states gal{ly — 2,) states

3 ' 3
State 1 State 2
, Energy ¢, Energy ¢4
1 | ]
{a} (b)

Figure 33 The system in {a), (b} is iN quanturm state £, 2. The reservoir

has gs{Uy — £} galUg — £5) accessible quantun states, in (@) and (5}
respectively.

With
Aog = aglUp — ) — ag(Uy — &2}, (43
the probability ratiolor the two states 1, 2 of the system is simply

Ple,)
Ples)

= exp(Acga) {5

Let us expand the entropics in (4) in a Taylor series ¢xpansion about o4{Uo)-
The Taylor series expansion of f(x} about f{xo}is

: ] 1 dr
f(.‘(‘o + a) = f{xo) + ﬂ(d_j,;)_[mxa ES Egﬂl(ﬁi)xgﬁ E {6}

Thus

g (Ug—e) = Ua([jo) - E(BUm/aU)V.N + -
= gg(Ug) ~— &/t +-- 0]

where 1/t = (dog/¢U) 4 g1ves thetemperature The partial derivative jstaken

at energy Uo. The higher order terms in the expansion vanish in the limit of
an infinitely large reservoir.®

Therefore Ao 5 defined by (4) becomes

Aog = ~(g — &)/t {8)
Thefinal result of {5) and {8} is

Ple) _ expl /o)

Ple))  expl—ey/n)

A term of the form exp{—eg/t) iS known as @ Boltzmann factor. This result is
of vast wility, It gives the ratio of the probabifity of Gnding the system  «
single qunstuny state 1 to the probubility of finding the system in a sinple
quantun state 2.

Partition Function

Itishelplul to consider the function
Z() = Eexp(-—skf'z) . (10}

called the partition function. The summation'is over the Boltzmana factor
exp{—g,/t) lor al states s of the system. The partition function is the pro-
portionality factor between the probability f(~, and the Boltzmann factor
exp{—eft}:

Ple) = °—”p(;"' 2} {1

We see that ) Ple,) = Z/Z = I: thesum of all probabilities is unity.
The result {1} is one of the most useful results of statistical physics. Thr
average energy of thesystem is U = {&) = EE‘P{EEL or

U Zi&%&":ii‘l = @ log Z/2%), (12)

* Weexpand o(Ug — gandnot g(U, ~ ¢} because the expansion of the [atter quantily immediately
gives convergence difficullies.
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0.5

_ _ (=l enpleRn + expl—g/20g - sinh{e21)
C
03 - : . = —ictanh(z/2z} (18)
Figure 34  Energy and heat capacity of a : i
1wo state system as functions of the emperature. 2 The Nedt capacity C'y of a system af constant volumes defincd &
r. The encegy is plotted in units of e ’ l / c ar) {17a)
v Cy = 1{fofit)y , a
01 b b
which by the thermodynramic identity {34a) derived below is equivalent |0 the aliernate
. L/ e definition
0 ! 2
g -

The average energy refers to those states of a system that can exchange energy
wiih a reservoir. The notation ¢---} denotes such an average value and is
called the thetmal average or ensemble average. In {12) the symbol U7 is used
lor (&) in conformity with common practice; U will now refer to the system
arid not, asearlier, to the System 4 reservoir.

Auiaatin

E,rﬁl?f{)fﬂ: Energy and hieat cupacity of @ tvo state spstem. . We treat o system of one parti-
ez with 1we stutes, one of energy 0 and oae of epergy ¢, The particke is in vhermad contagt
with a yeservoir at tempesature v. We want to AN the energy and the heat capacity of the

sysiem as a function of the {emperature 1. The partition function for the two states of
the particle is

Z = exp{—~0/1) + exp{~¢ft) = | + exp{—gfr) {13}
The average energy is

U om (e = LORET exn(=o)

Z = + cxp(—i’?}' (14

This {unction i ploted in Figure 3.4,

If we shift the zcro of epergy and take the energies of the two states as —3e and + g,
mstead of as 0 and ¢, the results appear diffzrently. We have

Z o= explef2ny + expl—e/2t) = 2cosh(ef27) (15)

Cy = (8U/0). {175

Wehold ¥ constant beeause the values of theenergy are daleulased for a sysiem at a speuified
volume, From (14) and (17h),

3 1 e\ exple/n)
= o () C e

The same result follows from {16).
10 conventional unns € is defined as TIES/2T)y of (§U/2T Y, whence

2 ~fl
Cp = k;,(;—) exple/kyT) (13b)

{conveniional) = M[t—:;p(c[ku"f} ;Ml]z

In {undamental units the heat capacity is dimensionless; in conventional unils it has the
dimensions of encrgy per kelvin, The specific heat is defined as the heat capaony per uait
FHpTLS

The humpin the plot of heat capacity versus temperature in Figore 34 is called a Schotthy
ancmaly. Far T » s the beat capacity (18a) becomes

Cp = (5200 (1"

Notice that Cp &t ? in this high temperatore fimit. In the low temperature Hmit the
temperature is small in ¢ompatison with the energy fevel spacing e For 1 « & we have

C, = (s/0) expl{—g/7). (20)

The exponential factor exp{— gty reduces Oy rapidby as T decreases, becavse exp(—tfap - B}
as x — 0.

= b, S e
ERNREA N LR R ARSI P e e et A g i W] o A S g e
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T T T T T T T T TR T A T
Definition: Reversible process. A process is reversible if carried OUt in such @
way thai the system is always infinitesimally close to the equilibrium condition.
For example, if the estropy is a function of the volume, any change of volume
must be carried out SO slowly that the entropy at any volume Viscloscly equal
to the equilibrium entropy «(V} Thus, the entropy is well defined at every
stage of @ reversible process, and by reversing the direction of the change the
system will be returned to its initial condition. In reversible processes, the
condition of the system is well defined at al timcs, in contrast t0 irreversible
processes, where nsually we will not know what is going on during the process.
We cannot apply the mathematical methods Of 1thermal physics to sysiems
whose condition is undefined.

A volume change that Leaves the system in the same quantum state is an
example ol an isentropic reversible process. 1f the system always remains in the
same Stale the entropy change will be zero between any twao stages of the pro-
cess, because the number of states in an ensemble{p. 31) of similar systems does
not change, Any process in which theentropy change vanishes isan isentropic
reversible process. But revessible processes are not limited to isentropic pro-
cesses, and we shall have aspecial interest also in isothermal reversible processes.

B T T L T I I T LT

AT i o S e

IS |

et A s

PRESSURE ﬂ(

Consider a system in the quantum statc s of energy g,. We assume ¢, to be a

function of the volumc of the system. The volume is decreased slowly from V

to V — AV by application of an external force. Let the volume change take

place sufficiently slowly that the system remains in the sams quantum state s

throughout the compression. The "same" state may be characierized by its

quantum numbess (Figure 3.5) or by the number of zeros in the wavelunction.
The energy d the states after the reversible volume change is

eV — AV) = (V) — de,/aviav + ... 21)

Consider a pressure p, apptied normal to all faces of a cube. FThe mechanical
wark done on the system by the pressure in a contraction {Figure 3.6) of the
cube volume from Vto V = AV apgpears as the change Of energy of the system:

UV = AV) — UV) = AU = —[dg JdV)IAY. (22)

Pressure 63
15
\ \ o
‘ PATI
19 3
133
2. \\ \\ 173
E \\ 02 .
2 i3
£ S \ 9 3
208
S
\ T & 3
\..'._“
T 3 1
0 1
0 0.5 1.0 1.5 10

Volume, relative scale

Figare 3.5 Dependence of energy On volume, for the encrgy levels of a free
particle confined 1o a cube. The curves are labeled by n? = a2 + 02 + 02,
as in Figure £.2. The niultiplicities g are also given. The volume change bere
is isoirepic: a cube remaing a cube. The encrgy range d¢ of the states
represented in an ensemble of systems will increass in a reversible
compression, bt we know from the discussion in Chapter 2 that the width
of e encrgy range {tself is of mo practical impoctance. [t is the change in
the average encrgy that iSimpostant.

¢

i

1

! Figure 3.6 Volume change — AV in uniform
IE campression of 2 cube.
i

d
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Here U denotes the energy of the system Lei A be the area of one face of ilie
cube; then

Aax t Ay +an = Ay, (23)

ifall increments AV and Ax == Ay = Az are taken as positive in the compres
sion. The woik done i the compression is

AU = pAlAx + Ay + A) = p, AV, 24

so that, on comparison with {22},

P, = —de,JdV k)]

isilie pressure on a system in ihe states.

We average{25} over all states of the ensemble to obtain the average pressure
(p), usudly writtcn asp:

! (26)

where U 2 (). The entropy o isheld canstunt in the devivative beeause the
number of states in the enseimble is unchanged in the reversible compression
we have deseribed. We have a collection of systems, cuch in some stute, and
cach ramains in this state in the compression,

The result (26) corresponds to our mechanicaf picture of the pressure on a
system that is maintained in some specific state. Appendix D discusses the
result more deeply. For applications we shall rieed also the later resull (30) for
the pressure on asystem maintained ot constant temperature.

We ook for other expressions for the pressure. The number of stales and thus
1he entropy depend cnly on Ui and on V, for a fixed number of particles, so
ihat only the two variables U and V describe the system, The differential of
the entropy is

= PN
I Fo
la(U V) = 1) au + {5 ) dv. (27
da(U, V) (EU)V( (( V)ul
This gives the differentin] change of the entropy lor arbitrary independent
differential chun . JU and 4V, Assurne now shat we seleat dU and ill' intet-

dependently, i sach a way that the two term5 on the right-hand ride of (27}

{
i
!
i

Theemodyaamie Idenrity

cancel, The overall entropy change do will be zero. 1f we denote these inter-
dependent vaiues of dUJ and dV by (38U}, and {5V}, the entropy change wiit

be zero:
Co oo
0= (‘a‘ﬁ),fw" + (é'?)uw” (28)
Alfter division by {6V,
N GANC
0= (au)yiém ¥ (EV)U‘ =

But the ratio (§U/3,/{8V), is the partial derivative of U with respect to | at
constant a;

W), N8V, = (8U/3V),. (39

With this and the definition [/r = {ds/8U)-, Eq. (29) becomes

au oo
e b oz ] 31
(a V), = ’(a V)u Gh

By 26) the kefi-hand side of {31} 1s equat 10 ~ p, whenee

Thermodynamic [dentity
Consider again the differential (27} of the entropy;, substitute the new result for

ilie pressure and ilie definition of ¢ to obtain

do = ~du 4 Tav £33}
T T

wdo = dU + pdV. {34a)
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This useful relation will be catled the thermodynamic identity. The form with N
variable will appear in {5.38}. A simple transposition gives

AU = wdg — pdV,  oc dU = T4S — pd¥, {34b)

If the actual process 01 change of slate of the system is reversible, we can
identify o asthe heat added to the synem and — pd¥ as the work done on
the system. The increase of energy is caused in part by mechanical work and
in part by the transfer of heat. Heat isdefinedasthe transfer of energy between
twa systems brought into thermal contact {Chapter 8).

HELMHOLTZ FREE ENERGY

The function

FelU-— 1o (35)

is called the Helmholtz free cnergy. This function plays the part in thermal
physics at constant terperature that the energy U playsin ordinary mechanical
processes, whicl: are always understood to be at constant entropy, because no
inteenal changes of state are alfowed, The froe energy telts us how t0 bulunce
the conflicting demands of a system for minimum ensrgy and maximum en-
tropy. The Helinholtz free encrgy will be a minimum lor a system & in thermal
contact with a reservoir @, if the volune of the system iS constant,

We first show that £ is an extremum in equilibrium at constant * and V.
By definition, lor infinitesimal reversible transfer from Gt to &,

dF, = dU, — tdo, (36)

at constant temperature. But 1/t = (£ay/Zls )y, SO that dU; = 1do at con-
stant voiume. Therefore{36} becomes

dFg = 0, 37

which 1s the condition lor F to be an extremum with respect to all variations
at constant volumeand temperature. Welike F because we can ¢alculate it from
the energy eigenvalues g, of the system (see p. 72).

{ielmboliz Free Fnergy

Conunent,  We can show that the extremum is a minimum. The to1al encrey s U =
Uy + U, . Thenthetotat entropy is

=Gy + 6y = o5{ll — Ugd + oytlUy)
= Ge(U) = Up(fap UL v + odUs) (38
We know that
Wou/tUgly = 1/t , (39)
so that {38) becomes
g =o,{l'} = Fyfr {40

where Fy = Uy — 10y is the frec energy of the sysiem..Now 6, (U} is canstant; and we
recall that g = 04 + gy INequilibrium s @ maximum with respect o Yy . b follows from
{(40)that £, must be a minimum with respect 1o U5 whea the system is in the mosi probable

configuration. The {ree energy of the system a constant ¢, V will increase for any departuse
from the cquilibsivm confi jurativ ..

Example: Minimum property of the frec eeergy of @ paramagncede spseenn, Consider (h

@
mode] systeim of Chapter 1, with Ny spins up and N spins dowa. La N = N: + Ny
the spin excess is 25 = Ny — Ny, The entropy i the Stiding approximation is found
with the help of an approximate form of {131}

i 1 H 1 ]
a{s) = A(—i:\' + s)log(i + ;\,) — (iN - s)log(vj - ;i\’) (4

The coccpy in s mugaetic fwld 5 is —Zsmf, where m is the magaetic moment of an chemen-
tary maguet. The free encrgy function (to bC called the Landau function in Chapler 10) is
Frlrs,B) = Uls,B) — tals), or

| 1
FitsB) = —2smB + (—;N + s)iloge + Ii\’) + (Esl - S>f503('2“ - ]f}')
{42)

At theminimum of F,(r,s.BY With respect to s, \his function becomes equal ta the equilibrivm
free energy Fr,B). That is, F{1,¢s),B} = F{r.B}, because {s> isafunction o t and B. The
minimum of F, with respect to the spin excess occurs when

N + 2s
(eFfésk g =0= -2mB t tlog N5 4
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Thusin the magnetic field B the thermal equilibrinm value of the spin excess 25 3s given by
N+ {25y exp(2mBf1) — 1Y .
e = pxpl2mB/); 28) = N[ ——te— ] |
N - Qasy T Exp@mBa Qs (exp(ZmB('r) ¥ 1 (44)

or, on dividing numeratat and denominator by exp(mB/r),

(29) = N tanh({mB/1). {49)

The magnetization M is the magnetic moment per UNit volutae. 1a is the number of spins
per uzit volumie, the magaetization in thermal equitibrium iN the mapeetic fidd is

M = QsHmfV = mutanh{mB/). {46}

The free cuergy of the system in cquitibrium can be obtained DY substituting (45) i (421
It is easier, however, o obiain F dircctly from the partition function for one magnet:

Z = exp{mB/1) + expl~mB/7) = 2cosh{mB/). (47

Now use the relation F = —rlog Z asderived below. Multiply by N to obtain the resuit
for N magnets. (The magnetizasion is derived More simpty by the method of Problem 2}

T N T T T,

Differential Relations

The differenttal of F is
dF = dU — 1o — adt
or, with use of the thermodynamic identity {34a),

dF = ~gdt — pd¥ {48}

for which

|
PfEF . FY .
t (“J{)V - (EV) - )

These relations are widely used.
The free cnergy F in the result p = —{3F/8V), acts as the cffective crergy
fer an isuthernai change of volume; contrast this result with (26). The result

T

Calcalation of F from Z

may bewritten as

ca
1(2_—‘7) (50)
by useof F & {J = ta. Thetwo terms on the right-tiand side of {30} represent
what we may call the energy pressure and the cntropy pressure. The energy
pressure —({2U/3¥), is dominant in most solids and the entropy pressure
1{da/2V), is dominant in gases and in efastic polymers such as rubber {(Problem
10). The entropy contribution iS testimony of the importance of the entropy:
the naive feeling from simple mechanics that —dJUMdV must tell everything
about the pressure isseriously incomplete for a processat constant temperature,

because the entropy can change in response to the volume change even if the
cnergy isindependent of volume, as for an ideul gas at constant tempezature.

St A D SRV AT IR

Firs i |

Maxwell relution. W can now derive ane of 2 group of useful thermodynamic relations
catied Maxwell relations. Form the cross-derivatives ¢2FyCV drand 62 F/8c £V, which must
be equal ta each othes. 1t foliows from {49 that

{CofCV), = (p'ct), , (31)

a relatien that is not at al obvious. Other Maxwell relations will be derived later st
appropriate points, by similar arguments. The methodelogy Of obtaining thermody-
namic relations is discussed by R. Gilmore, I, Chem. Phys. 75, 5964 {1981}

T T e T T T T D T IE T e T s S Eax st yvitins
Calculation of ¥ from Z
Because F= U = 1o and ¢ = —(¢F/dt)y, we have the differential equation
F= U + ¢[2F/87),, or ~ 2 8(Floifér = U, {52)
We show thut this equation issatisfied by
Fit = —logZ . (53

where Z isthe partition {unction. On substitution,

S = ~¢logZ it = — U S
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by {12). This proves that

P ———
i

F= —zlogZ (55}

| A

satisfies the required differential equation {52).

It would appetr possible for F/t to contain an additive constant & such that
F = 1tlogZ + xr. However, the cattapy must reduce to jog gy when the
temperature iS S0 low that only the g, coincident states at the lowest energy 8,
are occupied. In that limit logZ — loggs = £o/t, SO that o = —&F/fr —
B{rlog Z)/cr = logg, only if 2 = O.

We may write the result as

Z = exp{—F/t); {56)

and the Baltziann factor {11) for the occupancy probabitity of a quantum
states becomes

expl—e 1)
Z

Ple,) = = expl(F — eyl 57

IDEAL GAS: A FIRST LOOK
One araiin abox. We calculate the partition function Z, of one atom of

mass M freeto move in a cubical box af volume V = L* The orbitals of the
free particle Wave equation — (h32MN™50 = e are

Px,9,2) = Asin(nnx L)sin{nmy/Lysin{n.nz/L} | {58)

where n,, n,, #, are any poshiive integers. as is Chapter 1. Negative integers do

not give independent orbitals, and a zero docs not give a solution. The energy
values are

2 2

We neglect the spin and all other structure of the atom, so that a state of I he
system 15 entirely specified by the valuesof 1, 1, 11,

Tdeal Gus: A First Look
The partition function isihe sum over the siales {39);
Zy = Y Y Y expl ~hrim? 4 0t b 0 2L (80)

Fx By Bg

Provided the spacing of adjacent energy values is small in comparison with ¢,
we may replace the summations by integrations:

Z, = J:c i, f: dn, J:c dijexpl—ain? + #, + 0] (61}

The novation #* = h*n*/28 L risintroduced lor convenicnce. The exponential
may be written asthe product of threc factors

expl - o 2yexpl— 2, Yexpl— xn.?)

so that

. : 3 N Y
Z, = (L dn,exp(—»:xl_n,’)) = (I/at}’(jo d,\'ﬂp(«-—xzj) = ¥} |

whence

1
= Gl = eV = el 2

in terms of the concentration n = 1/¥.
Here

1
ng = (Mr/2nh?p2 % {63)
O |

iscalled the quantum concentration, N is the concentralion associated with one
alom in a cube of side equal to the thermal average de Broghe wavelength,
which is alength roughly equal to A/AM Y ~ BAA Y Here (&) is a thermal
average velocity. This concentration will keep turning upin thethermal physics
of gases, in semiconductar theory, and in the theory of chemical reactions.

For helium at atmospheric pressure at room temperature, n = 25 %
10'%em™* and ny = 0.8 x 1033 em ™% Thus, afuy = 3 x 1075, which is very



small compared to unity, so that helium is very dilute under normal conditions,
Whenever i/ng <« 1 we say shat the £a5 is in the classicat regime. An ideal gas
is defined s a gas of noninteracting atoms in the classical regime. ’

The thermal average energy of the atom in the box Is,zsin {12y,

3. £,exp(-~£,/7)
U= j‘“““‘é‘“‘"""“ = }dlog Z, /i) , (64)

1
because Z, "' exp( {t)isthe probability thes  em iinth estat 1. From {62),
ogZ, = —$leg(l/r) + terms indepen @ Mol

so that for an ideat gas of ove atom

i U =3 ) ((-)5)

If v = kT, where ky is the Boltzmann constant, then U = 3k, T, the well-
known result far the.energy per atom of an ideal gas.

The thermal averape occupancy of a free purticle orbital satisfics the in-
cqualily

Z 7 expl—g 1) < 2,70 = ning ,

which sets an upper Hit of 4 x 107° for the occupancy of an orbital by a
helivm atom at standard concentration snd temperature. For the classical
regime 1o apply, this Occupancy must be « 1. We note that &, as defined by (59)
is always positive for a free atom.

. e - e
5 - T A xS oy = L Sty R TrET—— T
T T T T H 3

Frample: N atoms in a box. There follows now a tricky argument that we will use
temporarily entil we develop in Chapter 6 a powerful method 10 deal with the preblem of
many noninleracting identical atoras in a box. W first treat an ideal gus of ¥ atoms in a
box, all atorus of dilferent species of dJifferent isotopes. This is a simple extension of the
one atom result. We then discuss the mujor correction lactor that arises when all atoms are
identical, ol the sume isotope of the sume species.

fdeal Gas: A First Look

U000

Figure3.7 An N

particle system of free particles with one particle in cach
of X boxes. The e

nergy i N times that for one particle in one box.

4 . .
+g0 Figure 33 Atoms of different species in g
v : single bax,

Hfwe have dne atom in each of

N distinet hoxes (Figure 3.7), the partition funetion is the
product of the separate one atom

partition functions:

Ly = ZY (Y Z (2 Z N {66)

because the product op the tight-hand side includes every independent state of the N
boxes, such as the stage of energy :

0+ gy T udN) (67

where 2 ... 5 denote the arbjia! indices of atoms in the
wlso gives the partition function of N soninteracting
single box (Figrre 3.8):

successive boxes. The result {66}
atems alf of difierent species in

Z;(e) Z‘u(m} Z}‘t*} e Z‘(A) .

this being the sme  problem because thee nergy cigeovalt esare the am o as for (67111 he
misses of all thesc different atoms hame ned to be the sane, the 1ot partivion fure an
would be Z,% whire Z, is given by (62).

When we onsfacr the more commam iprobinm
ave 1o correct Z,Y becyuse it avercounts the dis < staes of the & identical pIr e
isten. Particles of 3 single SPECICS dEe fiol distingur . uble:: dectrons do not CATTY s
on numbers. Far two labeled particles ® und » iny sinel bax, the state ¢4 0) o)

1 the state g fa) + £40@ ) are distitwet states, and b oy cu abinations mu
I& partivon funclion . Bui for

N id atical pantiel . one box Ve

be couen, in
o idantical partices thee state of energy £, +gy Lo
catical stats as f2 T Nardonly or e aniry is 1o be

made it the state sum ) the pasit e
gtio
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If the orbital indices are all different, cach entry witl occur N times in 2, whereas tlic
entry should occur only once if the particles are identical, Thus, Z,¥ overcounts the states by
alaclor of N, und the correct partition function lor N identical pacticles is

- | S 1 .
Z'\- = I\Ti Zl“ == f\._’l (fqu)h (68)

:
H
I
'

in the classical regime. Here ng = (Mr/22h?)¥2 fram (63).

There ts 3 slep b the argument whare we assume that ail N occupied orbitals arc always
different orbitals. 11 ks no simple matler to evaluate dircetly the error introduced by this
approximation, but later we will confinm Dy another method the validity of (68} in the
clussical tegime a « ng. The N! factor changes the result for the catropy of the ideal gar.
The eatropy is an experimemally measurable quantity. and it has been confirmed that the
N factor is correct in this [OW concentration limit.

Energy. The energy of the ideal gas follows from the N particle partition
function by use of (12):

U = t%2log Z,/61) = Nt , {69)
consistent with (65) for one particie, The free encrgy is
Fa —tlogZy = —1logZ,¥ + 1log N {70}

With theearlier result Z, = ngV = {Mz/22h%)**V and theStirling approxima-
tionlogN! = NlogN — N, we have

F = —tNlog[(M124h1%¥] 4+ tNlogN — <N, {1

From tlic freg energy we can calculate the entropy and the pressure of the ideal
gasd N atoms. The pressure follows from (49):

= ~{8FfaV), = NtV , (72)

or

pV = Nz, (13)

Ideal Gas: A First Look

which is called tlicidead gas law. I conventional units,

pV o= NET. (74}

The eatropy foliows rom (49):

g = ~(0FjP0) = Nlog[(My/Zah?)¥*V] + IN — NlogN + N

or

a = N{loglngh + 3], {79

with the concentration n = N/¥. This result is known as the Sackur-Tetrode
equation for the entropy of a monatomic ideal gas. It agrees with experiment.
The result involves h through tlic term #y, so even for the classical ideal gas
the entropy involves a quantum concept. Weshall derive these results again in
Chapter 6 by adirect method tlat docs not explicitly involve the N! or identical
particle argument. The energy (69) also follows from I/ = F 4+ 15; with use of
(71) and (76) we have IJ = 4Nt.

OSSN0 SRR T o ISP S

e - v e gy s g s
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Exmmple: Equipartition of energy. The energy U = 3Nt from (69} is aseribed to a contri-
butian {1 from each “degree of freedom” af each particle, where the aumber of degrees of
freedem 35 the number Of dimensions Of the space in Which the atoms move: 3100 this
example. [N the classical fotm of statistical mechanics, the partition function contains the

¥inetic energy of the particles iN an integral over the momenium components p,, py, Ps-
For onefree panicle

Zy o [ffexel~tp* + p* + p2Y2MTdpodpydp. N

aresult simitar t0 (61). The limitSof integration arc + = for each component. The thermal
average enetgy may becalculated by use of {12) and is equal to +.

The result is generalized in the classical theory. Whenever the hamiltonian of the system
is homogeneous of degres 2 in acanonical momentum compenent, theclassica limit of the
thermal average kinetic energy associated With that momentum will be 4z, Further, if the
hamiltonian ishomogencous of degree 2in a position coordinate component, the thermal
average potential cnergy associated with that coordinate will also be L. The result thus

71
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Figure 3.9 Heat capacity at constant velume of one molecule of H, in

the gar phase. The vertical scais is N fundamental units; 1o Obtain a value
in conventional uaits, multiply by &,. The contribution from the three
translational degrees of freedom is §; the contribution at thigh temperatures
from the two rolalicnal degrees of freedom is | and the contribution

fram the polential and kinelic energy of the vibrational maotion iNthe

high tetnpueature limit §s 1. The classical Hinits are atiained when

1 5 relevant energy level separations’

applies 1o the barmonic osciilator in the classical limit. The quantum results lor the har-
menic oscillatar and |or the diatomic rosator are derived in Problems 3 and 6, respectively.
At high temperatures the classical linsits are allained, as iN Figure 35,

| Pt yamiieiond ettty
sl e L 8

PN el L S R S o R LU DS R L R ORI |

Example: Entropy of mixing, In Chapter 1 we caleulated the number of possible arrange-
ments of A and B isasolid made up ol ¥ — tatoms A and ¢ atoms B. We found in (1.20)
for the number of arrangements:

N .
Q(N,I} = (T\;m-:‘?)'gi—" ' l',TS)

The ertropy associated with these arrangements is
g(N1) = logg(N1) = log Nt — log(N — 1)l — loge!, {19}

and is plotted in Figere 3.10lor ¥ = 20, This contribution |0 (he totsl entropy of an alloy

fdeal Gas: A First Loak

-

Mixing entropy
o [==]
T
F

a B .
G 0.2 0.4 0.6 68 LG

x
Alloy composition A, B,

Figurc3.10 Mixing entropy of a random binary aloy us a function of
the proportions of the constituent atoms & and B. The curve plotted
was calculated for a total of 20 atoms. We see that this entropy is @
maximum when A and B are presest in equal proportions {x = 0.5),
and the entropy is zero {or pure A or pure B.

system is called the entrapy of mixing. The cesult (79 may be putin 3 more convenient form
by use of the Sticling approximation:

alN,)

i

Nlog¥ — N — (N — tjlog(N =) + N — t — 1logt + 1
NlogN — (N ~ Diog{N¥N — ) — tlogt
—{N — fflogll — t/N} — tiog{t/N} ,

]

or, with x = I/N,

alx) = — Nl ~ xMog{l ~ ) + xlogxd 150)

This result gives :he entropy of mixing of an aloy A . B, treated 23 a random thomo-
gencous) solid solut-on The probles is Joveloped In detaif in Chapier 11

Weark: is the homogeacous solid solution the equilibsium condivion of 2 mintare &f A
and B atoms, or is the equilibrium a two-phase system, such 25 a misture of erysiall:
pure A and crystallites of pure B? The complete answes iSthe basis of much of the sciznce
of metaliurgy: the answer will depend on the temperature and on the interatomic mier-
dction energies U, , Uy 2nd U . Inthe special case that the intoraction caczgies botseen
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AA, BB, and AB neighbor pairs are ail equal, the homogencous solid solution will have a
lower free energy than the corresponding mixtuge of crysiales Of 1he pure elemeats. The
frec energy o the solid solution A, B, is

F= Fp— wl(x) = Fg + Nt[(1 — xJleg(l — x) + xlegx], (8]

which we must compare With
Fa{l—xF+xF,=F, {82)

for the mixture of A and B crystals in the proportion {3 — xj 1o x. The entrepy of mixing
is always positive—all entropies are posiiive—so that the solid solution has the lower
free energy in this special case.

There is ateadency for at least @ very small propartion of any element B 1o dissalve in
any other element A, even if 2 strong repulsive encrgy exists between @ B atom and the
surtounding A atoms. Let this repulsiveenergy be denoted by U, a positive quantily. ifa
very small proportion ¥ « | 0f Baloms is present, tlie total repulsive cnergy 18 xNV U, where
a2 is she number of B atoms, The mixiog entropy (80) is approximaiety

o= —xNlogx £%))

iN this limit, so that the frec energy is

Fix) = N(xU + twxlogx}, {34)

which has a minimum when
EFféx = N(U + tlogx + 1} =0, {85}
x = exp{— Pexp(- Uft}. {86)

“This shows there is a ratural impurity content i s dl crystals.

SUMDMARY
1, The factor
Ple) = expl—g, /1) Z

isthe probability ol ficding asystem in astate s of encrgy £, when the system

——

Probiems
isin thesmal contact with altarge veservoir at temperature 1. The number of
particies in the system is assumed constant.

2. Thepartition function is

Z =y expl—g,/1).

L

The pressure is given by

p = —(EUJEV), = «dafeV),,

4. The Helmholtz free encrgy is defined as F = U — 14, It is @ minimum in
cquilibrium lor a syssem beld at constant 1, V.

S.a= —(Feny:  p= —(EERV),

6. F = —tlogZ. This resultiSveey uselud in caloubations of F and of quantitics
such as p and ¢ derived from F.

7. For anideal monatomic gas of N atoms of spin zero,
Zy = {ngVYINY,
iln = N/V « ny. The quantum concentration ny = (Mt/2ah)y*2, Funther,

pY = Noi g = Nlloglgh + 3} Cy = 3N
. A process is reversible if the system remains infinitesimatly close to the
equilibrium state at all timesduring the process.

PROBLEMS

L. Free enevgy &« pwo state system. (@) Find an expression for the free
energy asa lunction of © oi a system with two states, one at encrgy 0 and one
atenerpy & (b} From the [ree energy, find expressions 101 the enerpy and eatropy
of the system, The entropy is plotted in Figure 311.

2. Mugnetic suscepeibility, () Use the partition function to find an exact
expression for the magnetization M wad the suseeptibilisy x = JMAB as a
{function of temperature and magnetic field for the model system of magnetic
moments in & magnetic field. The result for the magnetization is M =

natanh{mBfz), as derived in (46) by another mcthod. Here n iS the particle

81
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Figure 3.1 Entropy of a two-staze system as g functidn
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Figure 312 Plot of the 1o1al magaclic moment as a function
of mf1. Notice that a1 Jow B/t the moment is a Heear function
of mB/t, but at high mB.1 the moment tends 1o saturate.

concentration. The result s plotted in Figure 312 (b} Find the free cnergy and
express the result as a function only of rand the parameter v = M {c) Show
that the susceptibility is % = umtin the Hmit mB <« 1.

43 Free eacrgy of a harmonic oscilloror. A one-dimensional harmonic oscil-
lator has an bifinjte series of equally spaced energy slates, with £, = shus, where

Problenss
2 /
[ /
oy
E—- i
]
i1}
% ! 2 3

1/

Figure 3.13  Entropy versus temperature for harmonic
osaillutor of frequency w,

s isa poositive @ egeor zero, and o s the classial frequen cyof th os A& or.
Weha ve chosen  thzero of cnergy U he stites = 0. 2 JShowt hat for a
hamo nk oscillat orie free energy is

F=rclog[l — exp{~h k] b}

Note thatat high emperatures such:” t1 » wema ex pand the argumant

of 112 logarithm to obtain F ~ tlogt! /o){b)  om(3 Mshow thal the entropy
is

heoft
B s 7 — — w0, 98
¢ explficofz) ~ 1 IO-‘D{I exp{ KU,'T}:! ($8)

The entropy is shown in Figure 3.13 and the heat capacity in Figure 3.14.

1. Energy fluctuations. Considera system of fixed velume in thermal contact
with a reservoir. Show that the mean square fluctuation in the cuerpy of the
system is

e~ e}y = Peujc),. (39)
Here U s the convestional symbol for <ey. Hine: Use the partition function Z

to relate £U/CT 1o the mean square Suctuztion. Also, mubtiply out the term
{-% Note: The temperature t of 2 system is a quantily that by definition docs
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tiaere 314 Houl capacity versus temperature
fug hurmonic oscitlator of frequensy w. The
lrorizostal scale 5 in units of ¢ e, which is
identical with T 8. where 8y is called the
Finstein temperature. In the high temperature
timit €, — kg, or Lin fundamental units This
valuz is known as the classical vulee At low
temperatures G- decreases exponentiaily.
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no! fuctuate in value when the system i in thermal contact with a reservoir.
Any other attitude would be inconsistent with our definition of the temperature
ol a system. The cnerpy of such a systems may fluctunte, but tlic temperature
does not. Some workers do not adiiere to a rigorous definition of temperature.
Thus Landau and Lifshitz give the result

Usn?y = 10y, (50

but this should be viewed as just another form 01(89) with At set equal to
AL Cy. We know thal Al = Cp Az, whence (90) becomes (ALY = 120y,
which is our result (89).

5. Overhauser effect.  Suppose that by a suitable external mechanical or
elecirical arrangement one can add g to the cncrgy of the heat reservoir
whenever the reservoir passes to the system the quantum of energy & The net
increase of erergy of the reservoir is{a — 1)e. Here a is some numerical factor,

positive or acgative. Show that the eflective Boltzmann factor lor this abnormal
system is given by

Ple) ec exp[ {1 — a)efr]. 1)

This reasoning gives the statistical basis of the Overhauser effect whereby the
nuclear polarization in a maganetic field can be enhanced above the thermal
equilibrium polarization. Such a condition reqires the active supply of energy
lo the systemi Irom an external source. The system is not in equilibrium, but is
said 10 be in a steady stare. CI. A W. Qverhauser, Phys. Rev. 92, 411(1953).

6. Roration of diatomic molecufes. | N our first look at the ideal gar we con-
sidered only the translational encrgy of the particles. But molecules can rotate,

FProblents

with kinetic energy. The rotational melion IS quantized; and the energy levels
of a diatomic molecule are of the form

elf) = jtj + lleg (92)

where j is any positive integer including zero:j = 0, 1, 2,.... The multiplicity
of eack rotational level is gij) = 2j t 1.(a) find the partition function Z {1}
lor the rotational states of one molecule, Remember that Z is a sum over ali
stutes, not over all lovels—this makes a dilference. (b) Fvatuate Z,{v) approxi-
mately for t % £y, by converting tlic rum to an integral. {c) Do the snme lor
T <« g, by truncating the rum afier the second term. (d) Give expressions for
the cnergy U and tlic heat capacity C, as [unctions of r, in both Limits. Observe
that the rotational coniribution 1o the heat capacity of a diatomic malceule

approaches | (or, in conventionat unils, Eyywhen o o g fo) Sketch the behavior
of Uz} and Clt), showing 1he limiting behaviors fort - wand ¢ - 0

7. Zipper problem, A pipper kas N links: cach link has a state in which it is
closead with energy 0and w stste in which it is open with energy L We require,
however, that the zipper can only unzip from she kel end, and that the link
wmber 8 caw only epen f al links lo the left (12, ... 5 — Bare aleeady open.
{a} Show that the pastition function can be summed in the lorm

P { his N F 1]

1 - (——a-’t) ©3)

{b) In the limit € » 1, find the average number d apen links. The modet is a

very stmplified model of the unwinding of two-stranded DNA molecuies—see
€. Kittel, Amer. J. Physics 37,917 (1569).

8. Quantum concentratipn, Consider one particle confined to a cube of side
L;the concentration ineflect is# = /L3 Find the kinetic energy olthe particle
when in the ground crbital. There will be a value of the concensration for which
this zero-point quantwm kinetic cnergy is equal to the temperature 7. (At thin
concentration the occupancy of the lowest orbital is of the order of unity; the
lowest orbital always hasa higher occupancy than any other arbital } Show that
the concentralion a, thus defined is equal to tlic quantum concentration 1,
dcfincd by (63). within a factor of the order of unity.

9 Partition functionfor two spstemis. Show that the partition function
Z{1 + 2} of two independent systems I and 2 in thermat contact at a common

temperature z is equal o the product of the partition functions olthe separaie
systems:

za+2) = Z(1zZE). (9H
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10, Elusticity of polymers.  Thethermodynamicidentity for a one-dimensional
system is .

wde = dU — fll {95)

when f isthe external {orce exerted on thelineand J is the extension of the
line. By analogy with {32} we form the derivative to find

[ _ (&
“¥*(HL ©8)

The direction of the force is opposite to the cenventional direction of the
pressure.

We consider a polymeric chain of A links each of length p, with each link
equally likely tobe directed to the right and to the lefi. (a} Show that the number
of arrangements that give a head-to-tail length of | == 2|sip is

gIN,~5) + g{N,5) = WI?%%FTT)T {1
{b) For |sl « N show that
a{fy = ln)g[?g(N,Q)} — P2Npt (98}
(c)Show that the force at extension i is
[ = ltfNp2 (99)

The force is proportional 10 the temperuture. The force arises because the
polymer wants to curl up: the entropy is higher in a randem coil than in an
uncoiled configuration. Warming a rubber band makes it contrnct; warming a
steel wire makes it expand. The theory of rubber elasticity is discussed by
H. M. James and E. Guth, Journal of Chemical Physics 1, 455 (1913); Journal
of Palymer Science 4, [53 (1949); see also L. R G. Trelour, Pliysics of rubber
elasticiry, Oxford, 1938,

1. One-dimensienal zas.  Consider an ideal gas of M partieles, each of mass
AL, confined ton enc-dimensional line of length L. Find the entropy a1 tempera-
lure . The particles have spin zero.
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Chapter 4: Thermal Radiation and Planck Distribution Planck Distribution Funetion

[ We consider} the distribution of the energy U among N oscillators of freguency

PLANCK DISTRIBUTION FUNCTION
v, if U is viewed as divisible without Limit, then on infinite number of UNC
distributions are possible. We consider howeter—and this is the essential point The Planck distribution describes jhe spectrum of theelectramagaetic radiation
of the whele caleulation—U as made up of an entirely determined mumber o . AT s ¥ . ; . .
. ) . ~37 in thermal equilibrium wishin acavity. Approximately, it dcscribcs the emission
finite equal paris, and ire make use of the natural constant h= 6.55 x 16 . L
b e - spectrum of the Sun or of metal heated by a welding torch. The Planck distribu-
erg-sec. This constant when multiplied by the common frequency v of the K . S .
oscillators gives the element of energy e in ergs . . . . lion was the first application of quantum thermal physics. Thermal electre-
Planck magnelic radiation isoften called black body radiation. The Planck distribution
M. Hane also describes the thermal energy specirum of lattice Vibrations in an clastic
solid.

The word "mode" characterizes a particular oscillation amplitude pattern in
the cavity or in the solid. Weshall alwavs refer t 0 0 = 2af as the frequency of
the radiation. Thecharacteristic featureof theradiation probiem isthat a mode
of oscillation of Irequency w may be excited only in units of the quantum of
energy hw. The energy &, of the state with s quanta in the mode is

g, = shw , (1

where s is zero or any positive integer (Figure 4.1). \I'e omit the zcro point
energy thw.

Theseenergiesare the same as the energies of aquantum harmonic oscillator
01 frequency @, but there is a difference between the concepts. A harmonic

l 5= 4
4
s =3
Figure 4.1 Slates of an oscillator that
3 represents amode of {requency w of an
s=2 elecsromagnetic field. When the oscillator isin
t the Orbital of energy sho, the state is equivalent
Z tor photons in the mode.
t s=1
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a Iy

£ = Tho, LR (XN

—_ T~

a Wy
u € = 2w,

Figure 4.2

mesentation in onwlismension of two clectromagnetic
rodes m an

of frequency o, ad w . The amplitude of the eleciro-

magnetic fiEQyr sugpested in the kyr es {or one photon and 1wo phot a
occupancy o ch mode

oscillator is a localized oscillator, whereas the electric and magnetic énergy of

an electromagnetic cavity mode is disl{ibulcd throughout tf
cavity {Figure 42). For both problenis the energy cigenv
multip!
the tw

he interior of the

alues are integral
es ol fies, and thisis the reason for the similarity in the thermal physics of

o probiems. The language used to describe an excitation is different: s for
the oscillutor is called (he quantum number, and s for the quantized electro-
ragnetic mode is called the number of photons in the mode.

We first calculate the thermal average of the number of photons in a mode,
when these photons are in thermal equilibrium with a reservoir at a tem perature
t. The partition function {3.10) is the sum over the states {i:

Z =Y exp{—shawjt). 2)

This sum is of the form Ex‘, with x = exp({— hey/1). Because x is smalier than 1,
the infinite serics may be summed and has the value 1/(1 ~ x), whence

1
r— exp(— ety (3)

Planck Law and Stefun-Boltzmann Low

The probability that the system s in the state s

of energy shw is given by the
Boltzmann factor‘:

pug = SRty

4
The thermal average value of s is
() = ¥ sP(s) = Z 1Y sexp(— shafe) (5
s=0
Wilth y = hey'r, the summation on the right-hand side has the form:
Yex ) "'y‘. "
sexpl — sy} = —:’; 2oexp{—sy)
LA ! ] Sy B
Tyl = ep(— ) T TS e
from {3} and (5) we find-
ey
=
or
1
ot ©
T explhet) - 1 E
1

This is the Planck distribution function for the thermal average number of
photons {Figure 4.3) in a single moda of frequency w. Equally, it is the average
number of phonons in the mode. The resull applies to any kind of wave field
with energy in the form of {1)

PLANCK LAW AND STEFAN-BOLTZMANN LAW

The thermal average encrgy in the mode is

fen

(5) = (S)f?w = W (7}
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1.0

Fizure 4.3 Planck distribution as afunction

of the reduced temperature 1, e, Here {s{w))

is the thermal average of the number of

photons in the mode of frequency w. A plot of

Cstead 4 isalso given, where & s thr effective 05
7er0 point occupancy of the mode; the dashed

4 g
line 15 the classical asymiplele. Note that we ',/ e
write -

e
M+ § = 1cothflenf2). Ve
//l/
s
s
0
0 0.3 1.0
'r/ﬁw ——

The high temperature limit t » he is often called the classical limit. Here
expihes/t) may be approximated as | + hwfe +.... whence the classical
average energy is

(e = 1. (8)

Thereisar infinite number of electromagnetic modeswithin any cavity. Each
mode n has its own freguency w,. FOr radiation confined within a perfecily

conducting cavity in the form of a cube of edge L, thereis a set of modes of the
form

E, = E,psinwrtcos{nmx/Lysin{nny/L) sinfnmzfLy , (9a)
E, = Eysinetsin(nnx/Lcos(nay/L) sin{nnz/L) , {9b)
E, = E.gsin et sin{nnx/Lysin{n xy/L)cos(n,zz/L). (9¢)

Here E_, E, and E, arc the three electric field components, and E,q, #,p and

E., are the corresponding amplitudes. The three components are not indepen-
dent, because the field must be divergence-free:

B, O,  CE,
ES Tt T o

Planck Law and Stefun-Bolizmann Law

When we insert (9) into (10) and drop all common factors,we find the condition
Eqon + Eyohly + Eqgn, = Eq-n = 0. (ny

This states that the field vectors must he perpendicular to the vector n with
tlic components n, i, and n_, SO that the electremagnetic field in the cavity isa

transversely polarized field. The polarization direction is defined as the direction
or Eq.

For 3 given triplet n,, #,, n; we can choose two mutually perpendicular
poliarization directions, so that there are two distinct modes [or cach iriphet

Hy t,

Gu substitution of {93 in thewave equation

51 hd k3] hES NS
! ¢ t . L =
e w3 + oy ] I:: =R
(AN [ [ iy NS |

with ¢ the velocity of light, we find
ettt +a) =l {(y

This determines the frequency w of the mode in terms of the triplet of integers
my, iy, Howe define

now(n? 4+ ,,,2 + P (14}
then the frequencies are of the form
w, = nrc/L. (15)

The total energy of the photonsin the cavity is, from (7).

ho,
U= B = L T e

The sum is over the triplet of integers i, »,, n,. Positive integers &lene will
describe all independent modes of the form (9). We replace the sum over n,,

n,, u, by anintegral over the volume clement du, dn, dn, in thespace of the mode
indices. That is, we set

%0 ')‘=ij;m4ma’du(”‘}' )
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where the factor | w (5)? arises beca
involved. We now multiply
two independent polarizat
se1s of cavity modes), Thus

use only the positive actant of the space is
the sum or integral by a factor of 2 because there are
ions of the eleciromagnetic field (two independent

Usg{*g g2 ®
" fodrn wplhmg} — 1

1
expl) m:;rm '

i

f‘»'{]ﬁ{‘/l.) j;mdn 0’ (18)

with (15) for @, Standard practic is 1o _ansformthe definite imtegrat to one
overadime sion less varidle, W selx = nhenfLy and (18) becomes

O= (nlfzc/:’_)(zl.jxhr)“ j;" dx -w—l:——--h. 119

The déinite ine gral has the value at
such asDwi ght( dle i the general refi

;itis found in goo s ta nen rdables
ences), The energy peounmi v oalme s

tional 1o the fourth Powor of the temperature is knows as the Stefan-Bol tzu am
law of radiation,

For many applications of this theory we decompase {20} into the spectral
density of the radiation, The spectrat densily is defined as the energy per unit

volume per unit [requency range, and is denoted as w,. We can find u,, from
(18) rewritten in terms of oy:

3

hoop (o7
UV = tdou, = < (do — n
i fuc)uw n%JJchxp(hw;'r) — (21

50 that the specteal density is

h [ 22)

Planck Law and Stcfan-Boltzmann Law

A \

04 / : : AN

4 1 2 3 4 b 6 7 8

fi 1

Figure 4.4 Plot of Fffe* ~ withx = hwft. This
function is involved in the Planck radistion law for the
spectrad density uy, The temperature of a black body may
be found from the frequency erg,, at which the radiant
erergy densily is a maximum, per unit frequency range,
This frequency is directly proportionat Lo the iemperalure,

This result is the Planck radiation law; it gives the frequency distribution of
thermat radiation (Figure 4.4). Quantum theory hegan here,

The entropy of the thermal photons can be found from the relation (3.34a)
at constant volume: dg = dUfr, whenee from {209,

dr?y .
110' = m T JL
Thus the entropy is
olt) = (4= V/45)(rihe)?, (23

The constant of integration is zero, from {3.55) and the relation between Fand o,
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A process carried out at coastant photon entropy will have Vi' = constant.
The measurement Of high temperatures depends on the fiux of radiant energy
from a smmall hole in the wall of a cavity maintained at the temperature of
interest. Such a hole is said to radiate as a black body-—which means that the
radiation emission is characteristic of a thermal equilibrium distribution. The
energy flux density Jy is defined as the rate of energy emission per unit arca.
The flux density is of the order of the energy contained in a ¢column of unit
area and length equal to the velocity of light times the unit of time. Thus,

Jy = [eUtr) V] x (geometrical factor). (24)

The geometrical factor js equal to 4; the derivation isthe subject of Problem 15,
The final result for the radiant energy flux is

oy 2t

g e =

4V eonict (23)
by use of {20} for the energy density 1//¥. The result iSoften written as

Joma 2o

the Stefan-Boltzmann constant
ay = nikgt 60N {26a)

has the value 5.670 x 1078 W m~2 K~* or 5670 x 10" * ergcm ™% 7! K%
(Here sz is not the entropy.) A body that radiatesat thisrate issaid to radiate
as ablack body. A small hele in acavity whose wallsarein thermal equilibrium
at temperature Twill radiate as a black body at the rate given in (26). The rate

is independent of the physical constitution of the walls of the cavity and de-
pends only on tlie temperature.

Emission and Absorption: Kirchhoff Law

The ability of a surface | o emit radiation is proportional to the ability of the
surface |0 absorb radiation. Wedemonstrate thisreiation, first for ablack body
or black surface and, second, lor a surface with arbitrary properties. An object
isdefined to be black in a given frequency range if all electromagneticradiation
incident upon it in that rangeis absorbed. By thisdefinitionaholein acavity is
black if the hole issmall enough that radiation incident through the hote will

i
|
i

Estimation of Surfuce Temperature

reflect enough times from the cavity walls t0 be absorbed in the cavity with
negligible loss back through tlie hole.

The radiant energy flux density Jf from a black surface at temperature ¢ is
equal to the radiant energy flux density J,; emitted from asmall holein acavity
at the same temperature. To prove this, let us close tlie hole with the black
surface, hereafier catled the object. In thermal equilibrium the thermal average
cnergy flux from the black abject to the interior of the cavity must be egual,
but opposite, to the thermal average energy flux from the cavity to the black
object.

Ve prove the following: If a nen-black abject at temperature t absorbs a
fraction a of the radiation incident upon it. the radiation flux emitted by the
object will be a times the radiation fiux emitted by a black body at the same
temperatuce. Let a denote the absorptivity and e the emissivity, where the
eniissivity is defined so that the radiation flux cmitted by the object is e times
the flux emitted by a black body at the same tém{)'craturc. Theobject must emit
a1 tl:e SAMe eate as it absorbs if equilibritim isto be maintained. it follows that
a = ¢. This is the Kirchholf Iaw. For the special care of a pesfect reflector. a is
zera, whence e IS zero. A perfeat refiector does not radiate.

The arguments con be gencralized toapply to the radiation at any frequency,
ag belween wand @ 4 dwo. We insert a filter between tlie object and the hele in
the black body. Let the filier reflect perfecity outside thisfrequency range, and
let it transmii perfectly within this range. The flux equality arguments now

apply to the transmitted spectral band, so that a{w) = e{w} for any surface
in thermal equilibrium.

Estimation of Surface Temperature

One way to estimate the surface temperature of a hot body such as & star is
from tlie frequency at which the maximum emission of radiant energy lakes
place (rec Figure4.4). \\'hat thisfrequency isdepends on whether we ook at the
energy flux per unit frequency range or per unit wavelength range. For #,,, the
energy density per unit frequency range, the maximum is given from the Planck

law, EQ.(22), as
-3
4 (_____) -0,
dx\expx — 1

3 - dexp{—x)=nx.

- or



R e Pt PO I U S

98

Chapter 4. Thermal Radiation and Planck Distribution
This equation may be solved numerically. The root is

Mttty s T = -\'m; > 282, 2n

asin Figure 4.4,

-i

Exomple: Casmic black body background radiation. A maor recent discovery is that the
universe accessible (o us is filled with radistion approximately like that of a black body
4t 29K, The cxistence of this radiution (Figure 4.5y is important evidence for big bang
cosmological models which assume thitt the universe is cxpanding and cooling with time,
This cuciation s Seft over from an cusly cpoch when e wniverse wats composed prinusily
or electrons and pratoas at a wwperatnrg of shout 300G K, The plasma of elections sl
pratoas interacted strongly with clectromagnetic radiation 31 all importam freguencics,
so that the macier and tie bluck body radiation were in termal cquidibeium, Ry the tme
the universe had cooted 1o 3000 K, the matter was primarily in the fora of stomic hydrogen.
This interucts with bluck body tadiation only at the requencies of the hydrogen spectral
tines. Most of the black body radistion eoeegy thus was effectively decoupled from the
watter. Thereafier the radiation evolved with lime in a very simple way: the photon gas
was cocted by expansion at constans entropy 1o a lemperature of 29 K. The photon gas will
remain st constant entropy if 1he frequency of each mode is lowered during the expansion
of the universe with the number of photons in each mode kept constant. We show in {58)
below that the entropy is constant if the number of photons in cach mode is constant—the
occupancies delermine the entropy.

Adier the decoupling the evolution of marier into heavier atoms (which are organized
into galaxies, stass, amd dusy clouds) was more complicsted 1han beflore decoupling.
Electromagnetic radiation, such as starfight, radiated by the matter since the decoupling
is supeeimposed en the cosmic black body cxdiution.

ELECTRICAL NOISE

As an important example of the Planck law in one dimession, we consider the
spontaneous thermal fluctuationsin voltage across aresisior. These fuctuations,

which are called noise. were discovered by J. B. Johason and explained by
If. Nyquist' The charactecistic propeny of Johnson naisz is that the mean-

square noise voltage is proportional 1a the value of the resistance R, as shown
by Fizure 4.6, We shalt see that <¥*) s also diceaily proporionad to the tem-

» W Nyquisy, Phiys ftev. 32, 110(1928); a deepor discussion i given by C. Kittel, Elementury statis-
tical physics, Wiley, 1934, Seations 21 39,

Electrical Naise

1930 I

I Microwave

E Imtersieliar CN

[} 1® measurements

IQ—H -

lﬂ—if -

Spectral flux (W /e steradian e

3(}-\',\ - -
2.9 K Black body-"" i
10“‘[‘3 b
- 1 ! |
0o 0.1 ! 10 100

Frequency {cm™*)

Figure 4.5 Experimental measurements of the Epcclrgm of the cosmic back
body radiation. Observations of the flux ware made with microwave heterodyne
receivers at frequencies below the peak, were deduced from opifcal measurements
of the spectrum of interstellar ON molecules near jhc peak, sad were measured
with a belloon-borne infrared spectrometer at frequencics above 1he peak,
Caurtesy of P L. Richards.

serature T and the bandwidih Af of the circuit. (This section presumes 3 knawl-
edpe Of electromagnetic wave propagation at the intermediate leveld
The Nyquist theorem giver a quantitative expression for thie thermal noise
voltage generated by @ resistor in thermal equilibrium. The theorcm isﬂif‘ft‘fﬂre‘
needed in any estimate of the limiting signal-to-noise ratio ©f an experiniental
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Figure 46 Voltape squared versus resistance for various
Linds of conductors, including clectrolyies. Afer
J. B. Johnson.

apparatus. In the original form the Nyquist theorem states that the mean

square voltage across a resistor of resistance R in thermal equilibrium at
temperature % is given by

(VY = ARTAS (28)

where Al is the lrequency* bandwidth within which the voltage fluctuations
are measured; all frequency components outside the given range are ignored.
Weshow below that the thermal noise power per unit frequency range delivered
by aresistor to amatched | 0ad is t; the factor 4 enters where it doer because in
the circuit of Figure 4.7,the power delivered toan arbitrary resistive ioad R’ is

<V2>Ra

2 L B A
UHR = RIRY (29}

which at match (R = R) is¢¥?>/4R.

| 0 this section the word frequency refess Lo cycles per unit time, and Nt to radians per UNIt time.

Electrical Noise

MNoise generator

R'{termination
resistance)

Figure 1.7  Equivalent cireuit for aresisiance R with
a generator of thermal noise that detivers power to a
load R. The current

! V.
TR R

50 that the mcan power dissipated in the foad is

e DR
J:(})fcam,_l_x .

which is a maximum with respect te R when R' = R.
In tns condition the Toad is said to be matched 1o the
power supply. At match, # = (V*)/4R. The filer
enables us to limit the frequency bandwidth under
consideration; that is. the bandwidth to which the mean
square voltage fluctuation applies.

Consider as in Figure 4.8 a lossless transmission line of length L and charzc-
teristic impedance Z. = R terminated at each end by a resistance R. Thus the
line is matched at each end, in the sense that all energy traveling down the line

will be absorbed without refiection in the appropriate resistance, The entire
circuit is maintained at temperature 7.

A transmission lineis essentially an electromagnetic system in onedimension.
We [ollow the argument given above for the distribution of photons in thermal

equilibrium, hut now in aspaceof one dimension instead of three dimensions.
Thetransmission fine has two photon modes fone propagating in cach direction)

of frequency 2af, = 2nx/L. from {15), so that there are two modes in the fre-
quency range

5 =L, (30)
where ¢’ is the propagation velocity on the line. Each mode has energy

e an
explhft) — |
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Figure4.8 Transmission line Of length L with Z =R
matched terminations, as conceived for the

derivation of the Nyquist theerem. The

characteristic impedince Z, of the transmission
line has the value R According to the

fundameatal theosen of transmission lines, ihe
terminal resistors are matched to theline when
their resistance has the szme value R

in equilibrium, according to the Planck distribution. YWe are usually concerned
with circuitsin the classical limit hw « 1 so that the thermal energy per mode
ist.it follows that the cnergy on thetine in the frequency range Af is

20 AfJSf = 2tLAfIC. 32)

The rate at which energy comes off the line in one direction is

1 4. ‘ (33)

The power coming off thelineal one end is alt absorbed in the t¢rminal
impedance R at that end; there are no reflections when the terminal impedance
ismatched to theline. In thermal equilibrium the load must emit energy to the

line at the same rate, or else its temperature would rise. Thus the power input
to the load is

P o= (IDR = 1A, (34}

but V = 2RI, so that (28) isobtained. The result has been used in low tempera-
ture thermometry, in temperature regions (Figure 4.9) where it is more con-
venient to measure {¥*> than 1. Johnson noise is the noise across a resistor

when no dc current is Rowing. Additional noise (not discussed here) appears
when ade current flows.

PHONONS IN SOLIDS: DEBYE THEORY

S0 | decided t0 caleulate the spectral distribution of the possible free vibrations
Jor acontinuous solid and te consider this distribution asa good encugh
approximation to the actual distribution. The sonic spectrum of a lattice must,

Phonons inSolids. Debye Theory

0.3
S oo Figure49 Mean sguare noise « ohage
w ) fluctuations observed experimen:zlly from a
o 3.;10‘ rcsislm_' inthe mixing Ch:x_mbcr ofa
=0 dilution refrigerator as a funciion of magaelic
o 0.1 temperature indicated by a CMN nawder
' thermomueter. Aflter R. R, Giffard, R, A. Webb,
and J. C. Wheatley, | Low Temp Physics 6,
533(3972).
0
Q 106 260 300

Tagr 0 mK

of course, deviate from this as soon as the wavelength becomes compurable to
the distances of the aroms. ... The anly thing which had to he done wus to
adjust to the fuct that every solid of finite dimenusions contains a finite nunber
of atoms and therefore has a finite munber of free vibrations. . .. At low enongh
temperatures, and in perfect analogy to the radiation law of Stefan-
Boltcmann . . ., the vibrational encrgy content of a solid wilf be proportional
1o T

P. Debye

The encrgy of an elastic wave in a solid is quantized just as the energy of an
clectromagnetic wave in a cavily is quantized. The quantum of crergy of an
elastic wuve iscailed a phonon. The thermal average number of phonons in an

elastic wave of frequency w is given by the Planck distribution function, just
as fur photons:

Cleoty = — L (35)

exp{fus/t) — 1

We assume that the frequency of an elastic wave iSindependent of the amptitude
of the elastic strain. We want 1o find the energy and heat capacity of the clustic
waves in solids. Several of the resulis phiained for photons may be carvied
over to phonons, The results are simple if we assume that the velocitics of wlf
clustic waves are equal-—independent of frequency, direction oi propagation,
and direction of polarization. Thisassumption iS not very accurate, but it helps
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account for she general trend of the observed resuits iN many solids, with a
minimum of compultation.

There are two important features of the experimental results: the heat capacity
of a nonmetallic solid varies as 1 at low temperatures, and at high temperalures
the heat capacity isindependent of the temperature. In metals there is an extra
contribution frem the conduction clactrons, treated in Chapter 7.

Number of Phonon Modes

There is no limit to the sumber of possible electromagnetic modes in a cavity,
but the number of elastic modes in afinite solid iSbounded. Il the solid consists
of & atoms, each with three degrzes of ircedom, the total number of modes is
3N, An elastic wave has three possible polarizations, two transverse and one
longitudinal, in contrast to the two possible polarizations of an electromagnetic
wave. In atransverse elastic wave the displacement of the atoms isperpendicular
to the propagation direction of the wave; in a longitudinal wave the displace-
ment is parallel to the propagation direction. The sum of a quantity over all
modes may be written as, including she factor 3,

Z{...):%Iﬁmnl dn(-+ ), e

by extension of (17). Here nisdefined in terms of the triplet of integers 1, ny, 1

exactly as for photons. We want to find #,,, such that the total number of
elastic modes is¢qual t0 3N';

é[;m At dn = 3N, (37}

In the photon problem there was no corresponding limitation on the total

number of modes. It iScustomary to write i, after Idebye, for n__,. Then (37)
becomes

anp® = AN np = (6N/m)'2 (38)

The thermal energy of the phononsis, from {16},

: T
U= 5a) = T, = Fomg e (39)

Number of Plhonen Modvs

or, by (36) and (38},

2 Je 8 explhio, 1} — 0}

By analogy with the evaluation of {19}, with the velocity of sound v written in
place of the velocity of light c,

. _3
U = (3rhof2L)(cLinhe) f o e

expy — [ @y

where x = nfivnfla. Far L? we write the volume V. Here, with (38). the uppee
limit of integration is
xp = mheapfle = hef6rN VY3, 40
usually written as
Xp =0T = ke . {43)

where @1 is calted the Debye temperature:

0 = thufkgi6n? NV % 144)

The result (41) for the energy is of special interest at low temperatures such
that T <« 0. Herethe limit x; on theintegral is much larger than unity, and x,
may be replaced by infinity. We note from Figure 4.4 that there is little contri-
bution to the integrand out beyond x = 10. For the definite integral we have

:.3. +
[N t. (45)
° expx — 1 15
asearlier. Thus the enesgy in the low temperature limit is

3N 3 NET?

U(T)"_"s(kgar =TS (46)

proportional to T. The heat capacity is, lor r « kg or T « 0,

. cu 1228N 7 o \?
Cy == (E;)y o s 3 (IE) . {4T)
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This result is known as the Debye 77 law.* Experimental results for argon are 2 R :
platied in Figure 4.10. Representative experimental values of the Debye tem- g I - o 1= 5
perature are given in Table 4.1 The calculated variation of Cy versus T8 is 2 a8 | >8] 3% 2 EC,-
- — - - . + . . Bs —
plotted in Figure 411 The high temperatuse limit T » & is the subject of 8 o | o 3
- . . . H = o~ =] n
Problem 11 Several relited thermodynuamic functions for a Debye solid are A N = § SR |l szl 253 E:
1, 1 B '\: 4. =d 3 3 A -+ T - b
given in Tabic 4.2 and are plotied in Figure 4.12 FR- R TS B N ol . 5
m oo e 1 AN E AN & Qe | o o
Poin ! SR — .. et -

* P Debye, Annalinder Physik 39, 789(1912), M. Bornand T v. Kirman. Physikadische Zeitschrify
13297 (4912); 14,65 (1913, .
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Figure 411 Heat capacity O of a sofid,
aceording 10 the Debye approximation. The
vertical seale iSin g mel™! K71 The
harizontal scale is the temperature
normahized to the Debye temperature 0. The
region of the T3 law is below G.12 The
asymplotic vaue at high values of 770 is
2943 I mol T K7

Heat capacity, in J mof tK™!
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Table4.2 Vauesel Cy, $, U, and Fon the Debye theory, iN units | mof™# K

;T Cy
0 24943
0.1 2493
0.2 24.89
Q.3 2483
0.4 2475
G5 24.63
0.6 24.50
0.7 2434
03 24.16
[15¢] 1396
10 2374
1.5 2235
2 2059
3 1653
4 §2.53
3 5.20
6 6.3
7 476
8 345
9 253

HY 1.891

5

0.576

$ = kya U0
o L
90,70 2403
7343 1156
63.34 742
56.21 513
50.70 4116
46.22 329
4246 214
9.2 238
36.38 19.5
3187 16.82
2449 9.1
18.30 55
071 13
651 143
4.08 0.8
264 0323
177 0.187
122 0.114
0874 0073
0.643 0048
0.192 0.0096

Fi0

—666.8
-~ 251
—-137
87
—60.3
—44.3
~33.5
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-00032
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sohd, according to the Debye theory. The Debye temperature

of the solid iSg.

SUMMARY

1. The Pianck distribution function iS

sy

t

= explhw/t) - 1

Summary

forthe thermal average number of photens in acavity mode of frequency e,
2. The Stefan-Boltzmann law is

<ia

3.
gt
15032

lor the radiant energy density in @ cavity a temperature 7.

0%
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3. ThePlanck radiation law is

LI
nle? expih/n) — 1

u, =

lor the radiation energy per unit velume per unit range of frequency.

4. The ftux density of radiant energy is J; = 0,7*, where ¢y is the Stefan-
Boltzmann constant n2ky* {60k c?,

5. The Debye low temperature limit of the heat capacity of a dielectric solid

is, in conventional units,
2Nk [TH?
Cp o 8 (m> ,

5 g

where the Debye temperature

& (hofk MGnI N[V,

PROBLEMNS

1. Number of thermal photons.  Show that the number of photons 2(50 in
equilibrium at temperziure T in acavity of volume Vis

N = 2404z~ TV (z/ho). (48}

From (23) the entropy is ¢ == {42 ¥/45}(z/hc)®, whence /N = 3.602. It is
helieved that the total aumber of photons in the universe is 10° larger than the
total number of nucleons (protons, neutrons). Because both entropics are of
the order of the respective number of particles (see Eq. 3.76), the photons
provide the dominant contribution to ihe entropy of the universe, although
the particles dominaie . < total energy. We believe that the entropy of the

pliotens is essentially constant, so that the entropy of the universe is approxi-
mately constant with time,

2. Surface temperature of the Sua,  The value of the total radiunt cuergy Pux
density af the Easth from the Sun normal to the incident raysiscalled the solar
constant of the Earth. The gbserved value integrated over all emission wave-
lengths and referred to the mean Eand-Sut distance js;

solar constant = 0.136)s" Yem ™2 (4%

Problems

(8) Show that the total rate of eneray generation of the Sun iS4 X 1036 [t
{b} From this result and the 3iefan-Boltzmann constant ¢, =567 x
10712 35 em~? K™%, show that theeffective temperature of the surfacesf she
Sun treated asa black body is T = 6000 K. Take the distance of the Earth from
theSunas 15 = 10%* cm and theradius oltheSunas? = 10'¢cm.

3. Average temperature Of the intevior of the Sun.  (a) Estimate by a dimen-
sional argument or otherwise tlie order of magnitude of the gravitational seif-
energy of the Sun, with My = 2 x 10** gand Ry = 7 x 10'% cm. The gravi-
tational constant G is6.6 x 10" % dyneem? g~ 2, The self-energy wili be negative
referred to atoms at rest at infinite reparation. (b} Assume that the total thermai
kinetic energy of the atoms in the Sun isequal to -1 rimes the gravitational
energy. This isthe result of the virial thearemn of mechanics. Estimate 1he average
temperature of the Sun. Take the number of particles as 1 x 107", Thisestimate
gives somewhat too low a temperature, because the density of the Sun is far
from uniform. " The range in central temperature for differemt stars, excluding
only those composed of degenerate matter for which the law of perfect gases
does not hnld (white dwarfs) and those which have excessively small average
densities (giants and supergiants), is between 1.5 and 30 x 10' degrees”
{O. Struve, B, Lynds, and H. Pillans, Elementary astronomy, Oxford. 1959}

4. Aged theSun. Suppose4 x 10%¢Js~'isthetotal rate at which the Sun
radiates energy at the present time. (8) Find the total energy of the Sun available
for radiation, on the rough assumptions that the energy source iSthe conversion
of hydrogen (atomic weight L.0078) to helium (atomic weight 4.0026) and that
the reaction stops when 10 percent of the original hydrogen has been convened
to helinm. Use the Einstein refation £ = (AAfNc?. (b) Use (a) 1o estimate the
life expectancy of the Sun. 1t is believed that the age of the universe is about

10 x 10® years. (A goad discussion is given in the books by Pecbles and by
Weinberg, cited in the general references.)

5. Surface remperature Of the Earth.  Colcutate the temperarurs of the surface
of the Earth on the assumption that as a black body in thermal equilibrium it
reradiates as much thermal radiation as it receives from the SUN. Assume also
Uit the swelace of the Earth is at 1 constant temperature over the day-night
cycle. Use T, = 5800K; Rg = 7 % 10'%¢m; and the Barth-Sun distance of
L5 = 106" e

6. Pressure of thermal vadiation.  Show {or aphoton gas that:

(a) p = ~(CUEYY, = =5 shldodV) (50;
i
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where 5; N the number Of photens in tlic mode j;

{B) deafdV = —aw /3% (51)

() p = UpV. {52)

Thus the radiation prassure iSequal to4 x (cnergy density).

(d) Compare the pressure of thermat radiation with the kinetic pressure of a
gas of H atoms at a concentration of ! molecm™? characteristic of the Sun.
At what temperature (roughly) are the two pressures equal? The average
wemperature of the Sun is betieved to be near 2 X 10' K. The concentralion is
highly nonuniform and rises to near 100 molecm™? at the center, where the
kinetic pressure is vonsiderably higher than tlic radiation pressure,

7. Free energy of a photon gas.  (8) Show that the partition function of a
photon gas isgiven by

Z =10 = expt=heo, /)] BEE

where the product is over the modes n. (b) The Helmhoitz freeenzrey is [ound
directly from (33) as

F et logll - expl—hw,/ol (54)
Transform the sum to an integral; integrate by parts to find
F = —2?Ve¥ash®ed. (55}

8. Heat shiclds. A black (nonreflective) plane at temperature T, is parailel
to ablack plane at temperature T,.The net energy flux density in vacuum be-
tween the two platter isJy = o5(T,* — T,%), where 6, is the Stefan-Boltzmann
constant used in (26). A third black planeis inserted between the other two and
is dlowed to come to a steady state temperature T,,. Find 7, in terms of 7.
and T,, and show that the net energy flux density iscut in hall because of the
presence ol this plane. This is the principle of the heat shield and is widely
used to reduce radiant heat transfer. Comment. The result for & independent
heat shields floating in temperature between the planes T, and T, is that the
net energy fhux density isJy, = #5(T,* — THAN + 1),

9. Photon gar in one dimensign. Consider atransmission line of length £ on
which electromagnetic waves satisfy the one-dimensional wave equation
a2 Ejex? = 2 E/2e?, where E is an electric field component. Find the heat
capacity of the photons on theling, when in thermal equilibrium at temperature

Problems

r. The enumeration of modes proceeds in the usual way for one dimeusion:

tuke the solutions as stunding waves with zero amplitude at cach end of the
line.

10, Hear capacity of intergalactic space.  Intergalactic space IS believed to he
occupied by hydrogen atoms in a concentration = 1 atomm ™2, The space is
also occupied by thermai radiation st 2.9 K, from the Primitive Fireball. Show
that the ratio of the heat capacity of matter t0 that of radiation IS ~ 1472,

11. Heat capacity of solids i high temperanuwe Binit. - Show that in tlic limit
T » 0 the heat capacity Of a solid goes towards tlic timis € 3Nk, in
convenlional units. To obtain higher accuracy when T is only moderately

larger titan &, the heat capacity can be expanded 3s @ power seriesin 147, of
the form

Cy = 3Nkp = [1'9 Zhn,fT“]. (56)

Determine the first noavanishing term in the sum. Check YOUr result by inserting
T = @ and comparing with Table 4.2,

12. Heat capacity of photons and phonons.  Consider a diclectric solid with a
Dsbye temperature equal to 100K and with 10?2 atomsem ™2, Estimate the
temperature at which the photon contribution to the heat capacity would bc
equal to the phonon contribution evalisated at 1 K,

13. Energp fluctuations in a S0lid at fow temperatwres. Consider a solid of N
atoms in the temperature region in which the Debye T law isvalid. Thesolid
ir in thermal contact with a heat reservoir. Usethe results on energy fluctuations

from Chapter 3 to show that the root mean square fractional energy fluctuation
Fir given by

3
77 = e = comat = (). (57

Supposethat T = 1072 K; 0 = 200K; and & = 10'* [or a parlicle0.01 ¢cm on

aride; then & = 0.02. At 107* K the fractiona fluctuation in energy is of the
order of unity for a dielectric particle of volume | cm’.

M. fleat capacity of figuid *He at low temperatures.  The velocity of longitu-
dinal round waves in liquid *He at temperatures befow 0.6 K is2.383 x 1¢# cm
s7% There are no transverse sound waver in the liquid. The density is
0.045gem™™ {2) Calculate the Debye temperature. (b} Calculate the heat
Capacity per gram an the Debye theory and compare with the experimental
value Cp = 00204 x T3,inJg™ K1 The T* dependence of the experimental
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value suggests that phonons arc the Most impariant exciiations in fiquid *He
below 0.6 K. Note that the experimental value hasbeen expressed per gram of

liquid. The experiments are due ta 1 Wiebes, C. G. Niels-Hakkenberg, and
H. C. Kramers, Physica 32, 623 ¢i957)

I5. Angular distribution of radiant energy flux. (@) Show that the spectral
density of the radiant cnergy Bux that arrives in the solid angle 4¢3 is
cu,,cos @ - dQ/4n, where & is the angle the normal ta the unit area makes with
theincident ray, and u, isthe energy density per unit Irequency range. (h) Show
that tliesum of this quantity over al incident rays is 1w,

16. Image of a radiont object. Let alens image the hole in a cavity of area
A, an a black object of area A, Use an equilibrium argument tO refate rhe
product 4,2, to 4,8, where £, and (3, are thesolid angles subtended by the
leas as viewed from the hole and lrom the object. This general property of
focusing systems is casity derived from geometrical optics. It iSalso true when
diffraction is important. Make the approximation that ali rays are nearly
parallel (Al axial angles small),

17. Entropy and occupancy, “We argued inthis chapter that the entropy of the
cosmic black body radiation has not changed with lime because the number
of photons in each niode has not changed with time, although the frequency of
each mode has decreased as the wavetength has increased with the expansion
of the universe. Establish the implied connection between entropy and oc-
cupancy of the modes, by showing that for ene mode el Irequency w the entropy
is afunction of tire photon occupaney (s> only:

g = {5+ Dlogds + 1) — {shlog(s). (58)
It i convenient to start from the partition function.

18, Isentrapic expansion d photon gas. Consider the gas of photons of the
thermal equilibtivm radiation in a cubs of volume Vat temiperature r. Let the
cavity volume increase; the sadiation pressure performs work during the expan-
sion, and the temperatuse of the radiation will drop. Fr om the resuft for the
entropy We know that VY2 isconstant in such an expaasion, (a) Assume that
the temperature of the cosmic black-body radiation was decoupled from the
temperature o the matter when both were at 3000 K. What was the radius of
the universeat that time, compared 1o now? If the radius hits increased linearly
with fime, at what fraction of the present age of the universe did the decoupling

take place? (b} Shaw that the work done by ihie photons during the expansion
is

W (2L AW e — 1))

The subseripts i and f refer to the initial and final states,

Problems

19, Reflective heat shield and Kivehhoff's faw.  Consider a plane sheet of mate-
rial of absarplivity a, cmissivity e, and reflectivity r = 1 — o Let the sheet be
suspended between and parailet with two black sheets maintained at tempera-
tuces T, and r,. Show that the net Aux density of thermal radiation between the
black sheetsis{i — #) limes the Aux density when the intermediate sheet is
also black asin Problem 8, which meanswitha = ¢ = |;r = (. Liquid helium
dewars are often insulated by many, perhaps 100, layers of an atuminized
Mylar Gilm called Superinsulation.

SUPPLEMENT: GREENHOUSE EFFECT

The Greenhouse Effect describes the warming of the surface of the Farth
caused by theinterposition of an infrared absorbent layer of water. as vapor
and in clouds, and of carbon dioxide in the atmaosphere between the Sun and
the Earth. The water may contribute as much 90 percent of the warming
effect.

Absent such a layer, the temperature of the surface of the Eanh is
determined primarily hy the requirement of energy balance between the flux
of solar radiation incident on the Earth and the Rux of reradiation from the
Earth; the reradiation flux isproponionat to the fourth power of the tempera-
ture of the Earth, asin (4.26). This energy balance is ihe subject of Problem
45 and leads to the result T == (Rgf/2 Dy T, where T isthetemperature
of the Earth and Tg is that of the Sun; here R 1s rheradiusof the Sun and D
is the Sun-Earth distance.

The result of that problem is Tz = 280 ¥, assuming T = 5800 K. The
Sun is much hotter than the Earth, but the geometry (the small solid argle
subtended by the Sun) reducesthe selar lux density incident at the Earth by a
factor of roughly {1/200%,

We assume as an example that the atmosphere is a perfect greenhouse,
defined as an absorbent layer that transmits all of the visibie radiation that
falson it from the Sun, but absorbs and re-emits all 1he radiation {which lies
in the infrared), from the surface of the Earth. We may idealize the probiem
by reglecting the absorption by the layer of the infrared portion of 1he
incident solar radiation, because the solar specteum lies almost entirely at
higher frequencies, asevident from Figure 4.4, The layer will emit energy fiux
I, up and 7, down; the upward ffux will balance the sotar dux |, su ihat
I, = |, The net downward flux will he the sum of the solar fux I and the
flux 7, down from thelayer. The lztter increases the net thermal flux ingident
a the surface of tlie Earth. Thus

|1):13+1Lm21 {59)

where /g, is the thermal flux from the Earth in the presence of the perfect

s
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greenhouse effect. Because the thermal flux varies as 74, the new temperature
of the surface of the Earth is

_ , Chemical Potential and
Ty = 20T~ (119 WK ~3INK, (€0) f Gibbs Distribution

so that the greenhouse warming of the Earth is 333 K — 280 K = 53 K. for
this extreme example.'

DEFINITION OF CHEMICAL POTENTIAL

119
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We considered in Chapter 2 the praperties d two systems in thermal contact,
and wewere led naturally to the definition of the temperature. If thetwo systems
have the samc temperature, there is no net energy fow between them. If the
temperatures d two systems arc different, energy will flow from 1he system
with the higher temperature to the system with the fower 1emperature.

Now consider sysiems that can exchange particles as well as energy. Such
systems are said to be in diffusive {and thermal} contact: maolecules can move
fromone systcm 1o the other by diffusion through a permeable interface. TWo
systems arc in equihbrium with respect to pasticle exchange when the net
particle flow is zero.

The chemical potential gaverns the Row of particles between the systems, just
as the temperature governs the Row of energy. If two systems with a singlc
chemical species are st the same temperature and have ihe same value of the
chemical patential, there wilt be no net particle Row and no net energy Row
between them. ti ihe chiemical potentials of the twe systems are different,
particles witl flow from the systemn at the higher chemical potential to the
system at the tower chemical pofentiall As an example, the chemical petential
of electrons at one terminal of a storage battery is kigher than at the othcr
terminal. When the terminals are connected by awire, electronswiil Row in the
wire from high o low chemical potential.

Consider the establishment of diffusive equilibrium between two systems
&£, and 4, that are in thermal and diffusive contact. We maintain 1 constant
by placing both systems in thermal contact (Figure 5.1) with a [acge reservoir
®. We found euarlicr that for a single system & in thermal equilibrium with a
reservoir (&, the Helmhollz free energy of & will assume the minimum value
compatibie with the common temperature ¢ and with other testrainis on the
system, such as the volume and the pumber of pacticles. This result applies
equally to the combined 3, + &, in equilibrivm with &, In diffusive equilib-
riurn between 8, und 3, the padticle distiibotion Ny, N, between the sysioms
makes the total Helmboltz free energy

F=F, 4+ F,=U + U; ~zlo; + 93} {1

aminimum, subject toN = N, + N, = constant. Because N is constart, the
telmholiz free encrgy of the combined system is a minimum with easpect to

Definition of Chenical Potential

AN, yalve Ny
negillve DOsiive
—reii e ]

System 8, | System 8,
LT !\’2‘ - "
t : I ;
: ~
Reserveic @ ; Energy exchange™

Figure 5.1 Example of two systems, §, nod &, in thermal contacs with each other
and with a kurge reservoir @, loraing a closed total system. By owning the valve,
8, aud &, can be brought in diffusive contact white reMainingat the comuion

wemperature ¢, The arrows at he valve have been drawn [0F @net particls transfer
from & t0 8,.

variations N = —dN,. At the minimum,
dF = (EFJ8N,),dNy + (8F /8N, dN, = 0, 2)
with ¥}, V3, also held constant. With d&N, = —dN,, we have
dF = [(EF JeN,), — (eF/EN)JIN, = 0, 3
so that at equilibrium
(@FUEN,), = (FF,/EN ). )
DEFINITION OF CHEMICAL POTENTIAL
We define the chemical potential as Jg Lb\)
Mw_w_m__ g
wev = (5 i (5

e
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Chapter 5: Chesdcal Potential and Gibbs Distribution

where pis the Greek letter mu. Then

o=ty

expresses the condition lor diffusive equilibrivem. If pry > 15, we see fiom (3)
that ¢F wiil bc negative when 4V, is negutive: When partictes are transferred
from &, 10 4, the value of dN, is negative, and #~, is positive. Thus the
[ree energy decreases as pariicles Now from &, to 8,; that is, particles fow
from the sysiem of high chemicel potential to the system of low chemieal

potential. The striet definition of g isin terms of a differcnce and not a deriva-
tive, because particles are not divisible:

W6, V.N) = FV.N) — FInVN — 1. ©

The chemical potential regufates the particle transfer between systems in
contact, and it is fully as important as the temperature, which regulates the
energy transfer. Two systems that can exchange both energy and particies are
in combined thermal and diffusive equilibrium when their temperatures and
chemical potentialsareequal: 1y = 14 1 = pz.

A difference in chemical poiential acts as a driving force lor the transfer of
particles just asadilference in temperature actsas adriving forcefor the transfer
olenerpy.

1f several chemical species are present, each has its own chemical potential.
For speciesj,

f; = (CF[EN Y v n xs 0 M

wherein the differentiation The fumbers of all particles arc held constant except
for ths speciesj

Exampte;: Chemical potential of the ideal gas.  |n (3.70) we showed that the free energy
cf the monatomic ideal gas is

F = ~t{NiogZ, — logNi], 8

Definitivg of Chemical Poteritial

where

Zy = nyl = (M1 2ahiy Y (9}

15 the partition function for a single particle, From {8),

- i
= [CFICN) - = — A oe '
i (FF/ENY i log 2, aN log N (18)

Il we use the Stirling approabmadion lor A and assume that we can differentiate the
fuctarial, we find

d LA e ,
1N e Bon P2 Y+ Dlog N - 8]

i

H 1
N Be ] s .
log N + (N + 4} N 1= fop N + T (i1}

which approaches log N for large values of . Hence the chemical potential of the ideal
gar is

p= —rtllogZ, — log N1 = tloaiN/Z ).,

or, by (9},

]

bop=rtloglnfng) , {12a)

where n = N/¥ is the concentration of particles and ng = (Me/2rh™)* 2
conceniration delined by (3.63)

ITweusep = FIN) = F(N - 1] from (6] as the definition of 1, we do not need 10 use the
Stirling approximaiion. From {8} we obtain p = - 1log Z, — log N}, which agrees with
(12} The result depends on she coacentration of particles, pot on their total number oron
the system volume Separately By use of the ideal gar law p = nr we can write (12) as

is the quantum

p = vloglp/tug). (12b)

The chemical potential increases as the concentration of particles increases. This s what
we expedt intuitively: particles fiow from higher |0 fower chemical potential, from higher to
lower concentration. Figure 5.2 shows the dependence ON concentration of an ideal gas
composed of electrons Of of helium atoms, for two temperatures, the boiling temperature
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Figure 52 The concentration dependence of g, in units of 7, of an ided gas
compased of electrans ot helium stams, 1t 4.2 K and 30 K. Tobein the dassical
regime with n « ny, agas must havea value of —~ g at least 1. For electrons this is
satisfied only for concentrations appreciably less than those in metals, as in the
range Of 1ypical semiconductors. FOr gases it is always satisfied under normal
cendiitons.

of liquid heliwm at stmespheric pressure, $.2K, and room icmperature, 300 K. Atomic
and motecular gases aiways have negative chomical potentiats under physicalty reulizable
conditions: a1 classical concentrations such that nin, « |, we see from (12) that g is
negative,

Internal and Fatal Chemical Potential

The best way to understand the chemical potential is to discuss diffusive
equilibrium in the presence of a potential step that acts on the particles. This

A
Inteenal and Total Chemical Potential

Figure 53 A patential step belween two
systems of charged particles can hi established
by applying a veltage betwegn:he systems. For
the voltage pofarity shows, the potential
encrpy of positive pacticles with charge g > 0
iN system 8; would be raised by gAY wilh
AK respect [0 8,. The potential encegy ol negative

{ particles would be fowered in 8, with respet

Houav

|
=
~
5

03,

ptoblem has wide application and includes the semiconductor p— 1 junction
discussed in Chapter 13. We again consider two systems. 3, und 3,, at the
same temperature and capable ofexchanging panicles, but not yet in diffusive
equitibrium. We assume that injtially p, > gy, and we denote the initial non-
equifibrium chemical potential diffierence by Ap{initial} = 5, — p,. Now tet a
dilference in potential cnergy be established between the two systems, such
that the potential energy of cach particle in system 8, is raised by exactly
Audinitial) above its initial vaiue. If the particles carry a charge 4, one simple

way toestablish this potential stepistoapply between the two Systemsa voltage
A¥ such that

gAY = g{V, — V) = Aptinital) (3

with the polarity shown in Figure 5.3, A difference in gravitationsl potential
also can serve asapotentind difference; when we raise a system of particles each
of mass M by the height F, we establish a potential difference Agh, where ¢ is
the gravitational acceleration.

Onee a potential step ispresent, the potentind encrgy of the pacticles produced
by this step isincluded in theenergy U and in the [vee energy F of thesystem.
ITin Figure 5.3 we keep the free energy of system 8, fixed, the step rajses the
frac encray of 3, by N, Aplinitial) = N g AV relative to its iaitiul valve. In
1he fanguage of energy staies, to the cnergy o each stue of 8, e potenial

- ) e AP OAA . At
eneray ¥, Ap(initial) has been added. The et fidn of the potential bsﬁéscr
speciiied by (130 raises the chemicn! potential of 8, by Apdinitial), to make the
fisal chenzicad potential of 8| cquad to that of 8,

iy (final) = gy {initial) + 7,.Gnitial) — pydinitial)}

= ,(initial) = p,(final} {14)
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Chapter §: Chemical Porential and Gibbs Disteibution

When the barrier was inseried, p; was held fixed. Thus the bartrier gAV =
Ho{initialy = g, (initial) brings the two systems into diffusive equilibrium.

The chemical potential is equivalent to a true potential energy: the
difference in chemical potential between two systems is equal to the
potential barrier that will bring the two systems into diffusive equilibrium.

Thisstatement gives usa feeling for the physical effect of the chemical poten-
tial, and it forms the basis lor the measurement of chemical potential differences
between Lwo systems. To measure p, — gy, we establish a potential step
between two systems that can transfer particles, and we determine the step
height at which the net particle transfer vanishes.

Only differences of chemical potential have a physical meaning. The absol ute
value of tiie chemical potential depends on the zero of the potential energy
scale. Theideal gas result {12} depends on the choice of the zero of energy of a
free particle as equal | o the zero of the kinctic cnergy.

When external potential steps are present, we can express thie total chemical
potential of asystem asthe sum of two parts;

B g = ey b Mg {15)

Here pg,, is the potential encrgy per particle in the external potential, and gy,
isthe internal chemical potential® defined as the chemicud potential that woutd
be present if tlieexternal potential wese zero. The term g, may be mechanical,

electrical, magnetic, gravitational, ete, in origin. The equitibrium condition
p3 = p, can beexpressed as

Ap::l = Aﬁiﬂ{' {16)

Unfortunately, thedistinction between external and internal chemical potential
sometimes isnot madein theliterature. Some writers, particularly those working
with charged particles in the fields of electrochemistry and of semiconductors,
often mean the internal chemical potential when they use the words chemical
potential without a further qualifier.

The total chemical potcntial may be catied the ¢lectrochemical potential if
the potential barriers of interest are electrostatic. Although the term electro-

* Gibbs called p the potential and Hs the intrinsic poteniial. Hc rccogmz;d that a voltmeler mea-

sures d:ﬂ':rcnces in ;.L

Internal and Total Chemical Potential 125

System (2)

-

Figure 5.4 A model of the variation of
atmospheric pressuee with altitude; two
votumes Of gas at diferent heights iN auniform
gravitationa! field, in thermat and diffusive
conlact.

System {1)

.

chemical potential IS clear and unambiguous, we shall use “total chensical
potential.” The use of “chemical potential” without an adjective should bc
avoided in situations in which any confusion about its meaning could occur.

Example: Variation of barometric pressuve with aliftude. Thr simplest example Of the
dilTusive equitibrium between systems in different external poteatials is the cquilibrium
Between ayers at different heights of the Canth's almosphuru asswmed 1o be isothermal.
The real .ltmmivhug iSiNn jmpecfeet equilibrium: it i constanily upset By meteorotogicnl
processes, both in the form of macroscopie air movements and of strong temperature
gradicnss from cloud formation, and because & heat input from the pround. We may
ke an approsimate model of the wmosphere by treating the ditferent air kiyers as
systems of ideat gases in thermut and diffusive equilibsiua with cach other, in differens
exiernal potentiads (Figure 5.4} Hwe place the zero of the potential engrgy at ground leved
the potential energy per molecule at height his Myl where A is the particle mass and g the

gravitational acceleration. The internal chemical potential of the particles is given by (12},
The total chemical potential is

= tlog{n/ny) + Mgh. 7
i equilibrivm, this must be independent of the height. Thus
ttoglnliy/ng} T Mgh = tlog[n(0y/ne]

and the concentration n{k) at height h satisfies

n{ij = nGjexp{ - Alghfa). _ (18)
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The pressure of an ideal gar is proportional 1o the concentration; therefore the pressure
ataltitude h is

p(h} = p(@expl— Mgh{t) = p(®yexp(-~hik) {19)

Thisis the burometsic pressure equation. Tt gives the dependence of the pressure on aititude
in an isothermal sunasphere of a single chemical species. At the characteristic height h, =
1,AMg the stmespheric pressure decreases by the fraction 7' = 0.37. To estimate the
characteristic height, cansides an sothermal mmosphere composed of aitrogen molecules
with s molecular werght of 28, Themass of un ¥, mokeeunte 1548 0 1072 gm Ata lempera-
ture of 290K the value of t = £, T is 40 x 107 erg. With g = 988ums ™, whie dhiarie-
teristic haight fi, is 8 Skm, approximately 5 miles. Lighter molecales, H, and He, will
extend Futher up, bat these have Jargely escapad fram the atmosphere: see Problem 2,

fevawse thie Bank's stmosphere s nol accurately isathesmal, athy has g mere complacaied
behuvior. Figase 5.51s a logarithunic plot of pressare data botween 10 and 40 kitometers,
taken ON rocket flights. The data points ft near a siright line, sugesting roughly iso-

Tnternal and Total Chemical Potential

thermal behavior. The straight line conmecting the data pointsef Figure 5.5 spans apressure

range p{liz):pliy) = 1000:1, over an altitude ranpe from Ity = 2kmi 10 fy = 48km. Now,
from {19},

1 M '
f“"—ffg = ‘ﬁ[hz - Iy}, m
Pifta} T

so that the slope of the line s Afg/z, which leadsta T = 17k; = 227 K. The non-intersection
d theobserved curve with the poimt it = 0, p(4)/p(0) = |, is caused by the higher tempera-
tureat lower attitudes,

The atmesphere tonsists oi more than one species of gas. IN atomic percent, the comn.
position of dry air at sea level is 73 pot Ny, 2t pat O,, and 0.9 pit Ar; other constituents
acconnt |or less than 0.1 pot gacki. The waier vapor content of the atmosphere may be
appreciabler at T = 300K {277C), a relative humidity of 100 pet corresponds to 3.5 pet
H,0. The carbon diexide concentration vagics about @ pominal value of 0.03 per. Inan
ideal static isothermal atmosphere each gar would be in equilibrism with itself Thscon-
centration of tach woutd fatl off with aseparate Doltzmann factor of the form exp(— Mgh/ty,

with A the appropriate molecular mass. Because of the Jdiferences in mass, the different
canstituents i off at differeny ranes.

Exawple; Chemical potential of mobile magnetic particles in @ magnetic field,  Consider
a system of N identical particles cach with @ magnetic moment m. For simp%ipily suppose
each rmoment is directed either parallel 1 or antiparallel | wa an applied magnetic ficid B.
Then the potential energy of a | particle is —mB, and the potential encrgy ofa § pasticie is
+mB. Wemay 1rcat the particles as belonging to the two distingt chemical specics labelied §
and |, one with external chemica) potential g, (1} = ~ w8 and the othes with e {1} = mB.
The pasticles § and | are as distinguishable as twa different isotopes of an clement of as two
diffzrent elements; we speak of 1 and | as distinct species in equilibrium with each other.

The internal chemical potentials Of the particles viewed as ideal gases with concentrations
nyand n, ate

HialT) = tloghn/mg); wadl) = tloglng/ng) . {21y

where rg = {Mr 2ah%)>? is thesame lor both species.
The total chemical potentials air

il 1) = tlog(n; ny) — mB; (234
M) = tloglnng) + wB. [

1 the magnerie fiehd Bonetes inmapnitude over e vofume of the system, the oo centeation
st vury over the voluare i erder Lo neunien g constact total chemeal e ol (4
aner the volwee (Figure 5.0). [The total chemical potential ol a species iScoustant indepen-
dent of position, il these is free diffusion of particles withia the volume.) Because the two

127



Chaprer 5: Chemical Potemtial and Gibbs Distribution

s
= e
g 2 ...::,’:j/ . 70\,\(}__
& i = ]
- g ___,4,_,4 et IR R R 2ot W L
s T
zE P |
5 e S
3 L]
17 108 1o 0w o

Cenecentration @, in particles e~ 3——

Figure 56 Dependence of the chemical potentiat of a gas of mugnetic
purticies on the concentralion, at several values of the mageetic field
intensity. Ifn = 2 x 107 em™* for # = 0, then at @ point where 5 = 20
kitogauss (2 tesla) the concentration Will be 2 x 10% em™*.

species in equitibrium have equal chemical petentials,

He T} = constant = p (1), (23)

The desired solutions ol {22) and (23) are easily seen by substitution 10 be:
nB) = n(O)exp(mB/t);  n(B) = in(0yexp(~mBfa}, (24}

where n(0) is the totzl concentration my + n; at a point where the field 8 = 0, The totat
concentration al a peint at magnetic field B is

n{B) = n{B) + m(B} = () exp(uBit} + exp{~mB/t}];

2151

n{B) = n{0)coshimB/z) = n({})(l + '%;;m + - ) {25)

The result shows the 1endency of magnetic particles 1o concentrate in regions of high
magaetic field intensity. The functional form of the result is not limited to atoms with iwo
magnetic orientations, but is applicable to fine ferromagnetic particles in suspension in a
celioidal solution. Such suspensions are used in the laboratory in the study of the magnetic
fluz structure of superconductors and the domain structuze Of ferromagnetic materials. In
engineering, the suspensions are used to test for fine stroctural cracks in high strength sicel,

such as turbine blades and aircrafl landing gear. When these ar coated with a ferromagnetic

{nsernal and Total Chemical Potenticl

suspension and placed in amagnetic field. the particle concentration becomes enhanced at
the intense fields at the edpes of the crack,

In the preceding discussion we added to s, the internal chemical potential of (ke
pasticles. §f the particles were ideal gas atowms, p,,, wouki be given by (12} The logarithmic
form for g, iSnot restricted to ideal guscs, but is 2 consequence of the conditions that the
pastictas do riot interact and that their concentration 15 sulficiently law, Hence. (12) applies
to macroscopic particles as well 25 1o atoms that satisfy these assumptions. The only
difference is the value ol the quantum concentration ay. We can sherefore write

i = tlogn + constant , (26)

where the constant (= ~ tlog g} doos not depend on the concentration of the pacticles.,

Example; Battevies,  One of the most vivid examples of chemical polentiads and potential
steps is the clectrochemical batiery, in the QU113 lead-acid bastery the negative elecirode
consists Of mictadlic tead, P, and 1he positive clectreds is alayer Of reddish-brown lead
oxide. PbQ,, on a Pb substriie. The olectrodes are immarsed N diluted subfuric acid,
H,50),, which is partiaily jonized into H* ions (protuas) and SO, ionr {Figure 5.7},
1t is the tons that matter,

In the discharge process bath the metallic Ph of the negative electrode and the 'O,
of the positive clectrode are converted 1o lead sulfele, PH50,, Vi the two reactions;*

Negative clectrode:
Pb + §O,”" — PbSO, + 2e7; (27}

Posilive electrade:
PbO, T 2H* + H,50, + 2¢” - PbSO, T 2H,0. (27b)

Because af (27a) the negative electrode acts asarink for SO, tons, keeping the internal
chemical potential p{30,7 7) of the sulfate ions a1 the surface of the negative elecirade
lower than inside the clectrolyte {see Figure 5.7h). Similarly, because of (270 the positive
clectrade acts as asink for H' ions, keeping the internal chemical potential (H ') of the
hydrogen ions lower at the surface of the positive electrode than inside the electrolyte. The
chemical potentiad gradiemts drive the ionr towards the electrades, and they drive the
electricui currents during the discharge process.

I the battery terminals are not tonnesied, slecitons arc depleted from the positive
electrode md accumulate in the negative electrode, thereby charging both. As a result,
electrochemical potential steps develop at the eleetrode-gleciralyte interfaces, steps of
exactly the correct magnitude to equatize the chemical potential steps and lo stop the
diffusion of ions, which stops the chemical reactions from proceeding further. ifan external
current is permitted to flow, the, reactions resums, Electron Row directly through the
electrolyte is negligible, because of s negligible ¢lectron concentration in the elecirolyte.

T h ereactions given arc net seacticns. The sctual teaction steps arc more complicated.
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Figure 5.7 (3} The lead-acid battery consists of s T'b and a PBO; clecirode immersed in
panially ionized 11,50,. One SO 7 ion converts ene Pb atom into Po3G, + 2¢7;
iwo H* ions plus one un-ienized H,50, molecule convert one PbO, molecule into
PHS0O, + 2H,0, v isuming two electrons. (b) The clectrachemical potentials for 567~
and H* before the development of intesnal potential barriers that stop the dilfusion

and the chemical reaction. (¢} The electrostatic potential g{x) afier the formation of the
barcier.

Chemical Patential and Entropy

During Lhi¢ charging processthe reactions apposite ta {37 b take place, because now an
exterzil voltage is applicd that generates electrostatic poleatinl stops ot the surface uf the

clegtrede of sudh magnitude a8 to geverse the sign of the (total} chemical posential gradients,
and henwe the diregtion of ion flow,

We denote by AV. sod AV, the differences in electrpstatic potentind of the negative and
positive clectrodes relative o the cammon clectrolyte, Becanse the sullite tons carry two
negative charges, diffusion will stop when

~2gAV. = Ap(SO," 7). (28a)

Diffusion of the 1™ ions will stop when

+gAV, = Aulli™). (28b)

The two potentials AV. and AV, are called half-cclt potentias o¢ half-cell EMFs
{tleclromeotive forces); their magnitudes are known:

AV. = —04voly; AV, = +1.6volt

The towal clectrostatic potential dilference developed across one full celd of the banery,
as required to stop the diffusion reaction. is

AV = AV, — AV_ = 20volt (29)

Thisis the open-circuit vaitage or EMIF of the battery. [t drives the electcons from the nega-
tive termittal |0 the positive terminal, when the two are connecied.

We have ipnoted flee etecirons in the electrolyte. The potential steps tend to drive
elecirons fromthe negative electrodes into the clectioiyie, and from theelectrolyte into the
positive electrode. Such an electron cureent is present, but the magaitude is so small as o be
practically negligible, because the concentration of electrons in the elecsrolyte is many
orders of magnitude fess than that of the jons. The only effective electron flow path is
through the external connection between the clecirodes,

Chemical Patential and Entropy

In {5} we defined the chemical potential as a derivative of the Helmholiz free
enevgy. Here we derive an alternate relation, needed later:

(U PN ‘o .
e I el N (30
T N Ly

This expresses the ratfo u/z as a derivative of the entropy, similar to the way
/t was defined in Chapter 2,

131



To derive {30), consider the entropy as 2 function of the independent variable
U/, ¥, and N. The dilterential :

i) fils ca
dg = §- dU ) v — dN 31
’ (5 U) v.N N (‘3 V)u..vt i (5 N)L'.V Y

gives the differential change of the entropy for arbitrary, independent differential
changes dU, 4V, and dN. Let dV = 0 for the processes under consideration.
Further, sclect the ratios of do, dU, and dN in such a way that the overall
temperature change dr will be zero, 1f we denote these interdependent values
of do, dU, and dN by (8u),, (84N, and (N}, then dv = 0 when

8u éo
(o), = (aU)N(éUL + (ﬁl}(ﬁf\(}(.

Afrer division by (5N},

G _ (‘“’) 6y, (E‘L) = (32)
e, B em. Y GEN),

The ratio {80),/(6N), 1s (Ecr}&f\'),, and (8L (5N, is (8U/AN},, all at constant
volume., With the original definition of 1/z, we have

ca & da
— == + iz . (33}
I(aN)x.l’ (aa:')r.l’ T(EN)UY

Thi expresses a derivat gat  nsk at U iinterms afterivatives at constant .
Ey the originat de@citio  of th clhemial paential |

aF aur o
= — = — — gl (34}
o= BN): v (6N.)=.V r(@N)' 4

and on comparison with (33) we obtain

u = —{3a/dN)y - (35)

The two expressions (5} and {35) represent two different ways L0 cXpress .lhc
same quantity p. The difference between them is the foflowing. In (5), Fisa

Entropy

TFable 5.1 Summary of relations expressing the temperature
T, the pressuse p, and the chemical potential g in terms of
partial derivatives of the entropy o, the encrey U, and the free
enerpy F,with g, U, and F given as functions of their natural
independent variables

(U VN U(a,V.N) F{r,V.N}
. I (é ‘= 414 t is independent
. EU & fon variable
. P (frﬁ) N (EU) _[éF
s 1 NIV Ly PE\ev e PENT )
u (EU) (EU . (EF)
B L s = b =izz
! t T \el e S V.77 A VT

function of its natural independent variables ¢, ¥, and N, so that p appears as
a function of the swme variables. In (31) we assumed o = o(U,V,N), so that
(35} yields p as a function of U, V, N, The quantity p is the same in both (5}

and {13), but expressed in terms of different variables. The object of Problem 11
is 1o find a third relation for p:

#o,V\N} = (CU[3N}, v (36)

and in Chapter 10 we derive a relation for p as a function of 7, p, and N. Table 5.1

compiles expressions for 7, p, and g as derivatives of o, U, and F. All forms
have thelr uses,

Thermodynumic identity. \We can generalize the statement of the thermo-

dynamic identity given in {3.34a) to include systems in which the number of
particles is allowed to change. As in (31),

8o fc ca
N Sl — v .
do (JU),,_”“'U + (m/)r.x..\rd + (JN)U‘,—‘“ {37}

By use of the definition (2,26} of 1/1, the relation (3.32) for p/t, and the relation
(30 for — i/, we write do as |

_de = dUft + pd¥jt — pdN/fe. {38)
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This may bc rearranged to give

]

I' dU = tdg — pdV + udN | (39)

which is a broader statement of the thermodynamic identity than we were abie
to develop in Chapter 3

GIBBS FACTOR AND CIBBS Stn

The Bolizmann facter, derived in Chapter 3, allows US to give the ratio of the
probability that a system will be in a slate of energy ¢, to the probability the

systemt will be in a state of energy «,, for a system in thermal contuet with a
reservoir at temperature :

f_{f_f} - exp(~gl;‘:)
Ples)  expl—g,1) (40)

This isperhaffs the best known result of statistical mechanics. The Gibbs factor
isthe gcneréﬂ"a’hbn of the Boltzmann factor to a system in thecmal and difusive
contact with a reservoir at temperature? and chemical potentia! . The argu-
ment retraces much of that presented in Chapter 3.

Weconsider avery largebody with censtant energy U, and constant particle
number Ny. The body iscomposed of two pants, the very large reservoir & and
the system &, in thermal and diffusive contact {Figure 5.4}, They may exchange
particles and energy. The contact assures that the temperature and the ehemical
potential of the system are equal to thase of the reservoir. When the system has
N particles, the reservoir has Ny, — N particles; when the System hasenergy &,
the reservoir has energy U, — & TO obtain the statistical properties of the
system, we make observations as before on identical copies of the system +
reservoir, ane copy (or each accessibleguantum state of the combination. What
is the probability in a given pbservation that the system will be found to con-
tain N particles and ta be in asiule s of encrgy .7

Thestate s is a state of a sysiem having ssme specified number of particles.
The energy e,y iSthe encrgy of the state s of the N-particle system; semetimes
we Write only &, if the meaning is ¢lear. When can we write the energy of @
system having N particles in an orbital as v times the energy of one particle
in the orbital? Ouly when interactions bevween the particles arc neglected, SO
that the particles may be tremted as independent of exch other.

Gibbs Factor and Gibbs Sum

Reservoir
®

e lasulution

Figure 5.8 A system in thermal and dilfusive contact with
afarge reservoir of energy and of particles. The totad system
® *+ §isinsulated from the external world, 5o that the
total encrgy and the total number of panticles are constant.
The temperatore of the sysiem is equal 1o the lemperature
of the reservoir, and the chemical potential of the system is
eguah |0 the chemigal potential of the reservoir. The system
may be as small as one atom or it may be macroscopie, bt

the reservoir is dwayS:a be thoughl of as much larger than
the system.

Let P(N.e,) denote the probability that the system has N partictes and is in
aparticular stale s. This probability is proportional to the number of accessible
states of the reservoir when the state of the system is exactly specified. That
is, if we specify theslate of 8, the number of accessiblestates of G + 8 isjust
the number of accessible states of ft:

(@ + 8) = gld) x L B

The factor 1 remsinds vs that we are tooking at the system 3 inasingle spacificd
state, The g{01) states of the reservolr have Ny = N particles and have energy
Uy = &g, Because the system probability P{N,e,) IS proportionil to the nuber
of accessible states of the reservoir.

P(N.,) = g(Ng — NU, — &) +2)

135



Chapter 5: Chemical Poteatial and Gibbs Distriburion

il
Particles ¥y~ N

Gt
Parlicles N, — N,
s 3
Stare | Evergy Uy e, | 51000 2

gN, = Ny — 1))

Encrgy U; — ¢,

N =N U~ ) -
Pasticles h

Purticles N,
Energy ¢,

Encrgy «,

U |

(1) (b}

Figure 5.9 The reservoir is in thermal and diffusive contact with the system. In(a) the
syitem s in quantum state 1, and the reserveir has g{Ng — N, Uy — g) states aceessible
1w it In {b) the system is in quantum state 2, and the reservoic has g(Ny — N,, Uy ~ 1)
states accessibie 10 it. Because we have specified the exact state of the system, the total
number of stales accessible 1o 81 + X s just the number of stutes accessible ta a1,

Here g refers to the reservoir alone and depends on the number of particles
i the reservoir and on the encrgy of the reservoir. '

We can express (42) as 2 ratio of two probabilities, one that the system is in
state 1 and the other that the system is in state 2:

PN ,.z,) - giNg =~ N Uy — £y} (43)
_P{Nzosz) g{Ng — N, Uy — £) "

where g refers to the state of the reservoir. The situation is shown in Figure 5.9.
By definition of the entropy

g{No. Up) = explo{N,,Ugll, (44)
s0 that the probability ratio in (43) may be writien as

PNy} explalNy - N, U, — 2] (43)
P(Nogy)  expla(Ng — N UG — 63)]"

or

P(N, ¢
-P_(hf\i,:;% = expla(Ny — NyUy — &) — o(Ng — Ny Ug — 52)]

= exp(As) (46)

Gibbs Frctor and Gibbs Sum

Heie, Ag is the entropy difference::
86 5 6Ny = NyUp — &) = 6Ny — NauUp — ). (37
The reservair is very large in comparison with the system, and As may be

approximated quite accurately by the first order terms in & serics expansion in

the two quantities N and e that relate to the system, The entropy of the reservoir
becomes

i} ol
oNo = NUg = ab = aliNgUp) — N[5-]  — o ) 4 . @)
(‘E.!\rro Us ('Ug Na
For A defined by (47} we have, to the first order in Ny - Ny and ing, — &,
Ac = —(Ny - N L8 -r_,m”ji (49)
¢ = =Ny — N, ;’N: v (5, -2 al, Nn'
We know that
LA (502)
T LZPYIR

by our original definition of the temperature. This is written for the reseevoir,
but the system will have the same temperature. Also,

p_{ %
T - éNp Us

{50b)

b (30).
The entropy difference (9 ) is

Ag =

(N ~ Nyju n {er ~ &2}
T T ’

51

Here Ag refers to the reservoir, but Ny, Ny, &4, €, refer to the system. The central
result of statistical mechanics is found on combining (46) and (51}

PiNye;) _ expl(Nop ~ )]
P(Nzes)  exp[(Nop — ))/1]

(59
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The probability is the ratio of two cxponential facters, each of the form
expl{vg — g)ft]. A term of this form is called a Gibbs factor, The Gibbs factor
is proportional 1o jhe probability that the system is in a state s of energy ¢,
and number of particles N, The result was first given by J. W. Gibbs, who
referred 1o it as the grand canonical distribution.

The sum of Gibhg factors, taken over ali states of the sy
of particles, is the normalizing factor that conv
absolute probabilities:

stem for all numbers
erts relative probabitities to

N=0 4\

3’“—‘3) = Z Z ex?[(N# - Eslh’})/T] = X EXP[{“\'.“ — Eyx) r]' {53}
ASN

This is called the Gibbs sum, or the grand sum, or the grand partition function,
The sum is to be carried out aver alt states of the system for all numbers of
particles: this defines the abbreviation ASN. We have written ¢, as £y LO
emphasize the dependence of the state on the number of particles \. That is,
£,x i8 the energy of the state (N} of the exact N-particle hamitionian. The
term N = 0 must be Eﬂcl-udcd; if we assign its energy as zero, then the first
termi in 3 will be I. :

The absolute probability that the system will be found in a state Niyogis
given by the Gibbs factor divided by the Gibbs sum:

PNz = SRR — e

g

This applies to a system that s at temperature t and chemical potential p. The
ratio of any two P's is consistent with our central result {32) for the Gibbs
factors. Thus (52) gives the correct relative probabilities for the states N, &,
and N, £,. The sum of the probabilities of all states for all numbers of particles
of the system Is unity:

(54)

E ol el
LEPWNEY = Y P(Ne) = A% =Y =

N s ASN 3‘ 5’ N '

by the definition of & Thus (54) gives the correct absclute probubility *

" Readers interested in prebabifity theory will find Appendix C on the Poisson Jisiribution 1o be
rattcularly helphul, The method used there 1o derive the Polsson distribution deperds on the
Lnbbs sym. See aho ProSiem (6.13).

Gibbs Factor and Gibbs Sum

Average valus averll) ¢ systems in di  sive and theemal cootuct with a
reservolr are easl y found, If X(N,5) is the alue of X when the systermbhas N

particies and is in he quantum state 51 he  the thermal average of X over al)
Nand all s is

3 X{N.syexp[(Np — &, /7]
(X) = E X(Ns)P(Ng) = 23
ASN &

We shall use this result to calculate thermal averages.

(56)

_)U}\.‘}
Number of particles. The number of particles in the system can vary because

the system is in diffusive contact with a reservoir. The thermal averape of the
aumber of particles in the system is

¥ Nexp{Ny ~ e)r]
(Ny = 20 3 , (57

according 1o {56). To obtain the rumerator, each term in the Gibbs sum has

been multiplied by the appropriate value of N. More convenient forms of (N
can be obtained from the definition of :

&3 1

i+ A - 38
B "7 BN el = a)d (58)
whence
(Ny = LOF_ dloeg (59)
97 o

The thermal average number of particles is easily found from 1h.c Gibbs sum
& by direct use of {59). When no conlusion arises, we shall wrile N for.lhe
thermal average (NY. When we speak later of the occupancy of an orbital,
Joor £ will be written interchangeably for ¥ or ¢N3.

We ofien employ the handy notation

{ A = exp(pft), I {60)
1

where 1is called the absolste mctivity. Here J is the Greek Ietter lambda, We
see from (12) that for an ideal gas 4 is directly properiional to the concentration.
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Gihbs Fastor arnd Gibbs Sum 141
The Gibbs SUMis writizn as

. o Figure 510 Adsorplion of an O, by a heine,
F= E:Z"’\ expl—~g,/1) = ,{/’Yg“‘q[\ expl—&,f7) » (&1} MbO, wheze ¢ is the energy of an adsorbed G, refative
o ' loan O, at infinite separation from the site.
. . H eniergy must be supplicd to detach the O,
and the ensemble average number of particies (57) is i ! — 0 fomthe heme, then o will be negative.
s aMb
(N) = 25;1033. (62)

This relation is uselul, because in many actual problems we determine 2 by

finding the value that wili make (N) come out equal to the giver: number of
particles.

Energy. “The thermal average energy of the system is

Y e,exp[ BN — )]
U= o) = 28— . (63

where we have temporarily introduced the notation § = 1/1. Weshall usually
write U for (). Observe that

Nt 63 = (= U e o D lp s (64)

g o
so that {59) and {63} may becombined to give
_{#pe 8 wlen 2
U—(ﬁf,u eﬁ)ioggw-(mﬁ# m)log}. (65)

A simpler expression that is mare widely used in calculations was obtained in
Chapter 3in termsof the partition function Z.

LI e

Example: Occupancy zevo or one,

A red-blooded example of a system that may be
occupied by zero molecules or by ane molecule isthe heme group, which may be vacant or
may beoccupied by one O, molecule-and siever by more than one O, moleculs {Figure
5.10). A single hemie group cccurs in the protein myoglobin, which is tesponsible for the
red color of meat. H e is the energy of an adsorbed molecule of O, relativeto O, at rest at

infinite distance, then the Gibbs rum is

3 =1+ iexpl-g/) {66)

If energy must he added o remove the atom from the heme, 2 rill be negative. The term |
in ibie sum arises from occupancy zer0; the term Zexpi — £1) arises [rom single occupancy.
These are the only possibilities. We have Mb t ©, or MbBO, present, where Mb denotes
myoglobin, a protein of molecular weight 17000,

Eaperimental resulis lor the fractional occupancy versus the concentration of oxygen
areshown in Figure $.11. We compare the observed oxygen saturation curves of myoglobin
arid hemoglobin in Figure 5.12. Hemoglobin is the oxyper-catrying component of blood.
It is made up of lour molecutar sirands, each strand nearly identical with the single strand of
myogtobin, and each capable of binding & single oxygen molecule. Historically, the elassic
work on the adsorption of oxygen by hemoglobin was dons by Christian Bohr, the futher of
Nicls Bohr. The oxygen suturation curve 10r hemoglobin {Hb) has a slower tise at low
pressures, because the binding energy of a single 0, to a moleculeof Hb is lower than for
Mb. At higher pressures of oxygen the Hb curve has a region that is concave upwards,
because the binding energy per O, increases afier the Rest O, is adsorbed.

The @, molecules on hemes are in equilibrivm with the O, in the surrounding liquid, so
that the chemical potentials of O; are equal on the myogiobin and in solution:

pMbO,) = p(0y);  HMbO;) = HOy) {67)

where & = exply/r). From Chapter 3 we find the value of /. in terms of the gar prossuce
by the retation

£ = nfng = pftng. 68)

We assume the ideal pas result applies to O, in solution. At constant temperature 2(Q,) 1
directly proportional to the pressuse p.

The fraction f of Mb otcupied by O, is found from (66) to pe

o expt-elny 1
f= b+ dexpl—gi)  Atexply) + 17

(69)



Figure 3.11 The reaction of a myoglobin
M) molecule with oxygen may be viewed as
the wdsorptien of 3 molecule of O; at a site
on the large myoglobin molecule. The

results follow a Langmuir isctherm quite
accurately. Fach myeglobin molecule can
adsarh one O, moleculs. These cunves show
the fraction of myogiobin with adsorhed Q,
as a function of the partial pressure of O,
The curves arc for human myoglobin in
satution. Myoaiobinis foundin muscles:itis
respansible for the color of steak. After A,
Rassi-Funelii and E. Antonini, Archives of
Biocheaustry and Biophysics 77. 478 {1958),

Figore 512  Suturation curves of O, bound
to myottobin {3b) and hemeptobin (1)
molecules in solution in water. The pastiat
pressure of O, is plotted as the horizontal
axis. The vertical asis gives the fraction of

the moleeutes of Mb which has one bound

0, molecule, or Lha {taction of the strands of
Hb which have ene bouad O, molecule
Hemoglobin has o much larger change in
eaygen conent in the prossure range beiween
the arteries and the veins. This citcumsiance
facilizzles the action of the heart, viewed as a
pumyp, The curve for myoglobin hus the
predicied form for the reaction Mb + Oy e
550, The curve for hemoplobin hus o
differeat form because of interactions betwern
O, molecules bound o the lour strands of the
lib nolecute, The drawing 15 after 5. 5. Fruton

and S, Sunmonds, General biochensdatry, Wiley,

1961.
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Gibhs Factor and Gibbs Sunt

whith in the same as the Fermi-Dirac disteibutian function derived in Chapter 7. We
substitute (68)in (89} 10 obtain

! P
- W T ongrexple/a + p ' (0}
of, with p, = ng7 exple/t),
J
e (7
Po t P

where pg 15 constanl with respect to pressure, but depends on the temperature. The result
(71}is known as the Langmuir adsorption isotherm when used to describe the adsorption of
gases on the surfaces of solids.

Exampie: hupurity afom jonization in a semiconductor.  Atoms 0Of numerous chemical
clements when present as impurities in a semiconducter may lore an elactron DY ienization
1o the conduction band of the semiconductor erystal. In the conduction band the electron
inoves about much as if it were a free pasticle, and the efcctron gas in the conduction band
may oficn be treated as an ideal gar. The imputity atams are small systems § i therma}
and diffusive equilibrium with the large reservair formed by the rest of the semiconductar;
the aloms exchange electrons and energy with the semiconductor.

Let I be the fomization energy of 1the impurity atom. We suppose that one, but only one.
electzon can be bound to an impurity atam; eithec arientation { or { of the eleciron spin
is accessible, Therefore the system § has three allowed stares—one without an electren,
ane with an eleciron attached with spin §, and one with an electron attached with spin L
When 8 haszeroelectzons, the impurity atom is jontzed. We choose the zero of energy of &
a4 this state; the other two states therefore have Uie common energy & = — L. The accessible
states of 8 are summarized below.

Stute sanber Description N £
1 Election detached 0 0
’ Electron attached, spin § 1 -1
3 Flectron attachend, } 1 -1

The Gibbs sum is given by

&=t 4 2exp[(n + D]
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The probability that § is ionized (N = By is

. | 1
jonized) = 0) = — = . 13
Plionized) = P{30) 3 = T3 Zexstin o+ /4] {71
The probability that § is neutral (ua-ionized) is
Plneutsal) = P11, 1) + P(LL~1), {74}

which s just | - P¢0,0).

SUMMARY

1,

)

The chemical potential is defined as p{r.V N} = {CF/¢A), » nnd may also be

found from g = (CUJENY, v = —dfe/fN) . Two sysiems arc in diffusive
cquitibrium il gt = p,y.

. The chemical potential is made up of two parts, external and internal. The

caternal part is the potential encrgy of a particle in an externyd field of foree,
The internal part is of thermal origin; for an ideal monutomic gas plint) =
tlog(n/ng), where 11 is the concentration and ry = (Mc/2rh*)** is the quan-
tum concentration.

. The Gibbs factor

PiNg} = expl(Np — &)/T)Z

gives the probability that asystert at chemical potential p and temperatuse ¢
will have N particles and bein a quantum state s of energy &-

The Gibbs sum

3’ = Z l:?(p[(Ny - 5;1.\';)/"@
ASN

istaken over al states for all numbers of particles.

The absolute activity |. isdefined by |. = expfu/t).

. The thermal average number of particles is

-

g
(Ny =15 loe 3.

Prublyms

PROBLEMS

L. Cenrrifuge. A circular cytinder of radius R rotates about the long axis with
angukar velocity w. The cylinder contains an ideal gas of atoms of mass .\l at
temperature . Find an expression lor the dependence of tltc concentration
n{r} on the radial distarce r from the axis, in terms of n(0} on the axis. Tuke
4 as for an ideal gas.

2. Molecules in ¢he Eavtd's atmosphere.  10nisthe concentration of molecules
at the surface of the Earth, Af the mass of 4« molecule, and g the gravitstional

acceleration at the surface, show that at constant temperature the ot sumber
of molecudes in theatmosphereis

N o= dma{R)exp{— MJR"I)f dr et exp(AyR3frry (75}

with rmeasured ram the conger of the B .utix In.u. R is the radios of the Barth,
The integrasl diverges ut the upper limit, so that N cannot be bounded and the

atmosphere cannot be in cquilibrive. Moelecuies, particslarly Bght molecules,
are adways escaping from the atimosphere.

3. Potentivl enevgy of gas in gravitational fiehd.  Consider it column of 2loms
cach of mass Af at temperature 7 in a uniform gravitational field y. Find the
thermal sverage polential energy per atoms. The thermal average kinatic energy
denssty is independent of height. Find the total heat capacity per atom. The
total heat capacity isthe sum of contributions {rom the kinetic energy and from
the potential energy. Take the zero of the gravitational energy at the botiom
h = 0 of the column. Integrate fromk = 0 toh = o

4. Active transporf. Theconcentration of potassium K. * ionsin the internal

sap ofa plant ceil (for example, a fresh water alga) may exceed by a factor of 10*
the concentration of K.* ions in the pond water in which the eetl is growing.
The chemical potentiaj of the K* ions is higher in the sap because their con-
centration # is higher there. Estimate the difference in chemical potential at
3W K and show that it isequivalent toa voltage of ©.24 ¥ across ke cell wall.
Take p as for an ideal gas. Because the values of the chemical potentials arc
different, theionsin the cell and in the pond are not in diffusive equilibrium, The
plant cell membrane is highly impermeable to the passive leakage of ions
through it. Important questions in cell physics include these: How is the high
concentration of ions built up within the cell? How ismetabalic encrzy applied
to energize the active ion transport?

5. Magnctic concentration, Delermine the ratio m/r lor which Firurz 5.6 is
drawn. I T = 300K, how many Bohr magnetons gy = ehf2mec would the

particles contain to glve a magnetlc concentration effect of the magnitude
shown‘? .
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6. Gibbs sum for @ two level system, () Consider a system that may be un-
occupied with energy zero or occupied by one particle in either of two states,
oncofenergy zeroand one of energy & Show that the Gibbs sum for this system is

& =1+ %+ lexp(—g/n). {76)

Qur assumption excludes the possibility of one particle in each state at the same
time. Notice thut we include inthe sumatermfor N == Oas a particular state of a
system of a variable number of particles.

{b) Show thiat the thermal averape occupancy olthe system is

(N = I + Jexp{—eft)

(7
&
(c) Show that the thermal average occupancy of the State at energy ¢ is
(N> = 2exp(—&f)/ 3. {78)

{d} Find an expression for the thermal average energy of the system,

{e) Allow the possibility that the orbital a1 0 and ai r may be occupied each by
one particle at the sare time; show that

& = 1+ &+ lexp{—gft) + Pexplgiy= {1 + A1 + Jexpl—gm] (79

Because J can be factored asshown, we havein eflect two independent systems.

7. States of positive und pegative fonization. Consider a lattice of fired hy-
drogen atoms; suppose that each atom can exist in four states:

Siare Number of clectrons Energy
Ground 1 —4A
Positive ion 0 —1ié
Megative ion 2 8
Excited | i

Find the condition that the average number of clectrons per atom be nity.
The condition will involve §, 7, and .

Curtion monoxide pofvoniyg. it carbon monoxide poisening tlic CO
reptaces the O absorbed on hemoglobin (B moleeules iy the Blood. Fo show
the etfect, consider a model for which cach adsorption site on a hemie may be
wneent or may be occupied either with encrgy £, by one molecule O, or with
energy g, by one molecule CO. Let N lixed heme Stes be in equilibrium with

Problems

3, and CO in the gas phases at concentrations such that the activities are
A0 =1 % 1073 and HCO) = 1 x 10~7, dl at body temperature 37°C.
Neglect any spin multiplicity factors. (a} First consider the system in thie absence
of CO. Evaluate £, such that 90 percent of the Hb sites are occupied by ©,.
Express the answer in eV per (3,. (b) Now admit the CO under the specified
conditions. Find gz such that only 10 percent olthe Hb sites are occupied by O,

9. Adsorprion of Oy in amagnetic field, Suppose that at most oneO, can be
bound to a heme group (see Prablem 8), and that when A{0,} = 107% wehave
90 percent of the hemes occupied by ;. Consider O, as having a spin of |
and a magnetic moment of 1 y1;. How strong a magnetic eld is needed to change
the adsorption by | percent at T = 300K ? (The Gibbs sum in the limit of zero

magnetic field will diffec from that of Probl em8 because ihiere the spin multi-
plicity of the bound state was neglected.)

10, Concentration fluctuations.  The number of particles is not constant in a
system in diffusive contact with a reservoir. We havescen that

= L[
from (59} () Show that
2 A2
(N?Y = %%}F @1y

The mean-square deviation ((AN)) of N from (N is defined by

[AN)) = (N = <N = (N2) = 2ANDCND + (V)P = LN = (N

YA ialg’ ! 83 : ix?
wn- S 3@]

(b) Show that this may be written as

ANV = 13 NY/Ep (%3

o Chapter 6 we apply this result to the ideal sas to find tha

ANy

T

(84

is the mean sguara fractional fluctuation in the population of an ideal gas in
dilfusive contact with a reservoir. If {N) is of the order of 10?2 utoms, then the
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{ractional fluctuation is exceedingly small. In such a system the number of
particles is well defined even though it cannot by rigorously constant hecause
diffusive contact is atiowed with the reservoir, When (N) is low, this relation
can be used in the experimental determination of the moleculur weight of large
molecules such as DNA of MW 18* — 14'°; see M. Weissman, H. Schindlcr.
and G. Feher. Proc. Nut. Acad. Sci. 73. 2776 {1576).

I1. Egquivalent definivion of chemical potential,  The chemical potential wis
defined by (5)as{¢F/¢N), . An equivalent expression listed in Tuble 3.1 is

o= (CUEN), v (85)

Prove that this relation, which was used by Gibbs to define y, is equivalent lo
the definition (5)that we haveadopted. It will be convenient to make useof the
resulis (31) and {35). Our reasons lor treating (5} asthedefinition of g, and {85} as
a mathematical consequence, are two-fold. In practice, we need the chemical
potential more olten asa function of the temperature v than asa function of the
entropy 4. Operationally, a process in which a particle is added to a sysiem
while the temperature of thesystem iskept constant is a mare natural process
than one in which the entropy iskept constant; Addinga particle to a system at
afinitetemperaturetends to increaseits entropy unless we can keep each system
of theensemble in a definite, although new, quantum state. There is no natural
laboratory process by which this can be done. Hence the dzfinition (3) or (&),
in which the chemical potential is expressed as the change in free energy per
added particle under conditions of constant temperature, iS operationally the
siinpier. We point out that {(85) will not give I = uN 0N integeition, because
p#(N,e,¥F)isafunction of N; compare with (9.13).

12. Ascentd rapin trees. Find the maximum height to which water may risc
in a tree under the assumption that the roots stand in @ pool of water and the
uppermaost leavesare in air containing water vapor at a relutive humidity » =
0.8. The temperature is 25°C. If the relative humidity is r, the actual concentra-
tions of water vapor in the air at the uppermaost leaves iS ragy, where iy is the

concentration in the saturated air that stands immediately above the pool of
water,

13. Isentropic expansion. (@) Show that the entropy of an ideal ens can be
expressed as a function only of the orbital occupancies. (b} From this result

show that T¥*? is constant in an isentropic expansion of an ideal monatomic
gas.

I4. Multiple binding af 03, A hemoglobin molecule can bind four O,
molecules. Assumethat ¢ isthe energy of each bound Q3,, relative to O, at rest at
infinitedistance. Let A denote the absolute activity exp(j4/7) of the free O, (in
solution). {a} What is the probability that oneand only one @, isadsosbed ona

TR

Probloms

hemoglobin molecule? Sketch the result quatitatively asa function of 4, (b) What

is the probability that lour and only four &, are adsorbed? Sketch this result
also.

15, External chemical potentinl,  Consider a system at temperature 1, with

N atoms of mass dl in volume V. Let pl0) denote the value of the chemical
potential at the surface of the earth. (@) Prove carefully and honestly that the

value of the total chemical potential for the identical system when translated
to altitude 1 is

plhy = {0 + Mgh

where ¢ is the acceleration of gravity. (b) Why is this result different from that
applicable to the barometric equation of an isothermat atmosphsre?

HY
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Chapter 6: Lieal Gas

Theideal gas isa gas of noninteracting atomsin the limit of low concentration,
The limit is defined below in terms olthe thermal average value of the number
of particles that occupy an orbital. The thermal average occupancy is called the
distribution functjon, usually designated as fle,r,p), where ¢ is tlic energy of
the orbital.

An orbital is a state of the Scheddinger cquation for only one particle. This
term is widely used particularly by chemists, 1 the interactionsbetween partictes
am weak, the orbitnl modet allows US to approximate an exaet quantum state
01the Schrédinger equation of a system of A particles in terms of an approxi-
mate quanlum state that we construct by assigning the N particles t0 orbituls,
with each orbital a solution of a one-particie Schrédinger equation. There arc
usually an infinite number of orbitals available lor occupancy. The term
“orbltal” is used even when there is no analogy to a classical orbit or to a
Bohr orbit. The orbital model fives an exact solution of the A'-particle problem
only if there are noO interactions between the particles,

It is a fundamental result of quantum mechanics (the derivation of which
would izad us astray here) that all species of particles fail into two distinct
classes, fermicns and bosons. Any patticle with hall-integral spin isa icrmion.
and any particle with zero or integral spin is a boson. There are no interme-
diate classes. Composite particles follow the same rule: an atom of *He is
composed of an odd number of particles—2 electrons, 2 protons, 1 neutron—
each of spin , 50 that 'He must have half-integral spin and mast be a fermion.
An atom of *He has one more neutron, so there are an even numiser ol pnrticles
of spin {, and *#He must be a boson.

The fermion or bosan nature of the particle species that make up a many-
body system has a profound and important flect on the slates of the system.
Theresultsof quantum theory as applied to the orbital model of noninteracting
particles appear as occupancy rules:

1. Anorbital can be occupicd by any integral nunibcr of bosons of the same
species, including zero.

2. Anorbital can beoccupied by Q or | fermion of the same species.

Thesecond ruleisastatement of the Pauli exclusion principle. Thermal averages
ofoccupancies need not beintegral or hall-integral. but theorbital occupancies

of any individual system must conform to one or the other rule.

Feemi-Dirac Diswiburion Function

The two different occupancy rules give rise to two dilferent Gibbr sums lor
each orbital: there isa boson sum over al integral values of the orbital occu-
pancy N, and thereisaicrmion sum in which N = 0or N = § only. Different
Gibbs sums tead to different quantum distribution functions f{ez.u} lor the
thermal average occupancy. 1f conditions are such that § <« 1, it will not matter
whether the occupancies N = 2, 3,...am excluded or air allowed. Thus when
J <« | the fermion and boson distribution functions must be similar. This limit
inx which the orbital occupancy issmall in comparison with unity is catfed the
classieal regime.

We now treat the Fermi-Dirac distribution function for the thermal avérage
occupuncy of an orbital by fermions and the Done-Eingtein distribution function
for the thermal average occupancy of an orbital by bosons. We show the
equivaience of the two functions in the linsit of low occupancy, and we go on
to treal the propertics of a gas in thistimit..In Chapier 7 we treat the propestics
of fermion and boson gases in the opposite limit, where the nature of the
particles is absolulcly crucial lor the properties of the gar.

FERMI-DIRAC BISTRIBUTION FUNCTION

We consider a system composed ol a single orbital that may be occupied by a
fermion. The system is placed in thermal and diffusive cantact with a reservoir,
asin Figures 6.1 and 6.2. A real system may consist of a large number N of
fermions, but it is very helpfu! to focus on one orbital and cal it the system.
All other orbitalsofthe real system arc shought of as the reservoir. Our problem
is to find the thermal average occupancy of the orbital thus singled out. An
orbital can be occupicd by zero or by one fermion. NO other occupancy is
allowed by the Pauli exclusion principle. The energy of the system wilt be taken
to be zero il the orbital is unoccupied, Theenergy is« if the orbiial isoccupied
by one fermion.

The Gibbs sum now issimple: from the definition in Chapter 5 we have
3 =171 dexp(~eh) (N

The term | comes from the configuration with occupancy N = 0 and encrgy
£ = 0, The term A exp(- &/7) comes when the orbital isoccupied by one fermion,
sothat N = 1and theenergy ise. The thermal average value ol the occupancy

ofthe orbital is the ratio of the term in the Gibbssum with N = | to the entite
Gibbr sum:
" lexpl—eg/) t
Ny = 2R L @
14 Aexpl—gfr) - A7 explefr) + |
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Reservoir Rescrvoir

Vacant Geeupied

O fermions
& energy

I fermicn
£ gnergy
s

Ny fermions My — 1 fermions

Uy energy Uy — £ energy

E(Ng Uy E(Ng — L Uy =0

a{ Ny, Uy} = log g(N, U} a{Ny — |, Uy — ) = a(N, U} _.(:;J%)U_‘(%)\'
£

ar
, bad
ol Ny, Uyt =

Figure 61 We consider as the system asingle orbital that may be oceupied at most by one
fermion. The sysiem is in thermul and diffusive contuct with the reservair ot temperature 7. The
energy ¢ d the occupied orbital might be the kinctic encrgy of a free electron of a definite

spin orientation and ¢onfined 1o & fixed volume. Other allowed quantum states may be
cansidered as forming the reservoir. The reservoir witl contain Ny, fermions if the system is
unoccupied and Ny — | fermions if the system is occupied by one fermion.

W e introduce for the average occupancy the conventional symbol f{g) that
denoies the thermal average number of particlesin an orbital of energy C:

Se) = (Nap. (3)

Recatl from Chapter 5 that 2 = explpt), where g is tlie chemical potential
Wemay wrile (2) in the standard form

; N

! ’:
= exp[le — p)/r] 1 | &

Sfle)

8

This result iS known as the Fermi-Dizae distribution function* Equation (4)
gives the average number of fermions in a single orbital of cnergy & The value

= This distribution function was discovered independenily by E. Ferni, Zeitschrift (s Physik 36
Y02 {19261, and P. A, M. Ditag, Praceadiogs of whe Royal Society of London A112, 661 11326}
Both workers drew on Pauli's paper of the preceding year in which the exclusion principle was
discovered. The paper by Dirac 15 concerned wuh the new quantum mechanics and contains g
gencsal statement of the form assumed by the Pauli principle on this theory.

Fermi-Dirac Distribution Function

1ot

Roservoir

System

(1) (b}

Figure 6.2 {2) The obvious mcthod Of vicwing asystem of noninteracting particles is
shown here. The enerty tevils cach refer to an orbital thay is a sofution of a single-
particle Schridinger cquation. The total cacigy of the sysiem is

Lo = E Na’:- .
where N, is the number of particles in the orbital a of znergy £,. For fermions N, = O
or L (b) It is much simpler thua (8), and equaity valid, tO treat a sinple orbital as the
system. The system in this scheme may be the orbitul = of energy £,. All other arbitals
are viewed as \he reservoir. The total encrgy of this one-orbital system is ¥,z,. where
N, i the aumber of particies in the orbital. This device of ¢j, One orbital as the
system works because the purticles are supposed to interact Only weakly with each
other. If we think of the fermion system associated with ihe orbital o, therearc two
possibilitics: cither the system has @ particles and encegy 0, or the system has | parusde
and ¢nergy £,. Thus, the Gibbs sum consists of only two terms:

& =1+ ilexp{~gfr)

The fisst term arises from the orbital occupuncy N, = 0, and (he sceond term arises
from N, = 1
a T

of f always lies between zero and one. The Fermi-Dirac distribution function
is plotted in Figure 6.3.

In thefield of solid state physics the chemical potential it isoiien called the
Fermi Tevel. The chemical potential usually depends On the temperature. The
value of g a1t zero tearperature IS often written as £¢; that is,

it =0) = w0} = g. {5

We cal er the Fermi energy, not to be confused® with the Fermi fevel which

" 1n tie semiconductor fieratuce the symbel ¢ IS ofien used ON yr at any twmper wure, 2ud <, is
then called the Fermi Jevel.
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Figure 6.3 Plot of the Fermi-Dirae distsibution function fig) versus ¢ —~ p in units of
the temperature t. The value of f{c) gives the fraction of orbituls at a given energy
which are orcupicd when the system is in thermat cquitibrion:, When the system is
heated from absolute zero, fermions are transferred from the shaded segion at efp < 1

1o the shaded region at ¢/p > 1. For conduction electrons in a metal, p might
cerrespond 10 50 000 K.

is the temperatare dependent p(r). Consider a system of many independent
orbitals, as in Figure 6.4. At the temperature T = 0, all orbitals of energy below
the Fermi energy are occupied by exacily one fermion each, and all orbitals
of higher eaergy are unoccupied. At nonzero temperatures the value of the
chemical potestial g departs from the Fermi energy, as we will see in Chapter 7.

if there is an orbital of energy equal to the chemical potential € = pj, the
orbital is exactly half-fiicd, in the sense of a thermal average:

1
fe=m =i ©

Orbitals of lower energy 9 [@ more than hal{-filled, and orbitals of higher energy
are less than hatf-filled.

We shall discuss the physical consequences of the Fermi-Dirac distribution
in Chapter 7. Right now We go on to discuss the distribution function of non-

Base-Einstein Distribution Funciion

£

Reservoir

0000

SO

interacting bosons, and then we establish the ideal gas law for both fermions
and bosons in the appropriute limit.

BOSE-EINSTEIN DISTRIBUTION FUNCTION

A boson is a particle with sn integral value of the spin. The occupancy rule
for bosons is that on orbital ean be eccupied by any number of bosons, so that
bosons have an essentially different quality than fermions. Systems of bosons
can have rather different physical properties than systems of fermions. Atoms
of *He are bosons; atoms of 3He ae fermions. The remarkable superfluid
properties of the low temperature (T < 2.17 K} phase of liquid helium can be
attributed to the properties of a boson gas. There is 3 sudden increase in the
fluidity and in the heat conductivity of fiqquid *He below this temperature. In
experiments by Kapitza the flow viscosity of *He below 2.17K was found 10
be less than 1077 of the viscosity of the liquid abave 2.17K.

Photons (the quanta af the electromagnetic field) and phonons (the quanta
of elastic waves in solids) can be considered to he bosons whose number is
not conserved, but it is simpler to think of photons and phonons as excitations
ofan oscillator, as ue did in Chapter 4.

We consider the distribution function for a system of noninteracting bosons
in thermal and diffusive contact with a reservoir. We assume the bosons a e
all of the same species. Lete denote the energy of a single orbital when occupied
by one particle; when there are N particles in the orbital, the encrgy is Ne,
as In Figure 6,5, We treat one orbital as the system and view all other orbitals

157

Figure 6.4 A copvenient pictorial way 1o
think of a system composed of independent
orbitals that ¢ not interact with each other,
but interact with a common reservoir.
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Figure 6.5 Energy-level scheme for non- = 4
interacting bosons, Here ¢ iSthe cacrgy of

un orbital when occupied by one particle;

Neis the enerzy of the same orbital when N=3
occupied by N particles. ANy number of bosons 3
can occupy the sameorbital. The lowest level

of this orbitz] contributes aterm | to e W= 2

! de B 8
grand sum) the next highest level contributes I . Bose-Einstein
3

Je)
exp(-gft}; and the subsequent contributions
are 2Fexpl— 2c/t); At exp(— dgfr) it expf - dgfr); 2
andsoop. The Gibbs rumis 3 . | +
reap{—gft) T ifexp{—2emy T .-,

N=0

[ SO . DV

as part of the reservoir. Any arbitrary sumber of particles may bcin ihe orbital. o] Fermi-Dicac \ Classical tic

nit
TheGibbs sum taken for the orbital is

P \
@ w© 0 ] R
F = Y Aexp(— N = ¥ [rexpl—gir)¥. (7) —2 ~1 0 t 2
- N=G N=0 . .

£ - g in units of ¢
Th([e upper limit on.N should be the total }nl{mber of p'arit_cfes lln the combined Figue66 Compasison o Bose-Einstein and Feemi-Dirac
System and reservoir. However, the rescrvoir may be arbitrarily lacge, so that distribution functions. The classical regime is attained for
N nay run {rom zeroto infinity. Theseries (7) may besummed in closed form. (¢ — &) » 1, whese the two distributions become nearly identical
Let x = 2exp(—¢gft}; then We shall see in Chapter 7 that in the degenerate reghme ot low
temperature thechemical potential i for aFD distribution is
w { 1 positive, and changes 1o negative at high temperature.

~ N ‘

F= 2= ®

N= 1 —~x = 1 - lé?[_;(*ﬁ/l’j ’

This defines the Bose-Einstein distribution function. it differs mathematically
from the Fermi-Dirne distribution function only by having — 1 instead of +]
in thedenominator. The change can have very significant physical consequences,

provided that Aexp{—&/7} < 1. in al applications, ;exp{—eg/r) Will satisly this
inequality ;otherwise thenumber of bosons in the system would not be bounded,

The thermal average of the number of particles in theorbital isfeund from as we shall sec in Chapter 7. The two distcibution functions are cempared in
the Gibbs sum by use of (5.62):

Figure 6.6. The ideal gasrepsesents thelimit ¢ — p » © in which thetwo distri-
: bution funclions are approximately equal, S discussed below. The choice of the
| zero Of the energy & is always arbitrary. The particular choice made in any
| problem will allect the value of the chemical potential g, but the value of the
¢ difference & — 4 has to be independent of the choice of the 2¢70 of & This paint
l is discussed ivriher in (20) below.
i

(9

A gas is in the ctassical regirne when the average number of atoms jn each
orbital ismuch lessthan one. The average orbital occupancy for a gasat room
temperature and atmospheric pressure isof the order of only [07°, safely in the
classical regitne, Differences between fermions (half-integral spin) and bosons

) !
e et
expfle - pfc] — 17|

Sz} (o



160

Chapter 6 fdeal Gas

Table 6.1 Compacison of the orbital occupancics in the classical
and the quantum regimes

Cluss of

Thermal averdge occupancy
Regime parlicle of any orbits}
Classicul Fermion Always much less lh;m‘one.
Boson Albways much less than one.
Quantum  Fermion  Close 1o but less than one.
Boron

Orbital of lowest energy has
an accupancy much greater than onc.

arise only far occupancics of the order of one OF Mare. so that in the classicul
regime their cquilibrium properties are identical. The quantum regime isihe

opposite of the classical regime. These charactezistic features are summarized
in Table 6.1

CLASSICAL LIaIT

An ideal pas iSdefined 25 a system of free noninteracting particles in the classical
regime. "' Free" means confined in a box with no restrictions or external forces
acting within the box. We develop the propertics of an idcal gas witls the use
of th2 powerful method of the Gibbs sum. In Chapter 3 wetreated the ideal gas
by usz of the partition function, but the identical particle problem encounsered
there was resolved by a method whose vatidity was not periectly clear.

The Fermi-Dirac and Bose-Einstein distribution lunctions in the classical
limit lead to theidentical result lor the average number of atoms in an orbital.
Write f{e) lor the average occupancy of an orbital at energy e Here & is the
energy ol an orbital occupied by one particle; it is not theenergy oi a system of

N particles. The Fermi-Dirac {(FD) and Bose-Einstein (BE) distribution fune-
lionsarc

1

g} = P Ty I (N

where the plus sign is lor the FD distribution and the minus sign lor the RE

distribution. In order that f{z) be much smallee than unity for all orbitals. wc
ruust haveinthisclassical rcgime

cexplle-wid» 1, (1)

Chemsical Potengial

for all & Whea this inequality is satisfied we may neglect the term 41 in the

denominator of (11). Then for either fermions or bosons, the average oceupancy
of an orbital of encrgy £ IS

™ N
Si) = expl{ — e)jr] = Aexp{—g/r), ' (13}

with 2 = exp(p/t). The Limiting result (13} is called the classical distribution
function. It is the limit of the Fermi-Dirac and Bose-Einstein distribution
functions when the average occupancy f(g) is very small in comparison with
unity. Equation (1?), although called classical, is still a result lor particles
described by guantum mechanics: we shall find that the expression for % or p
ulways involves the quantum constant .’ Any theory which contains f cannot
be a classical theory.

We use the classical distribution function f{s} = Zexp{—#/z} to study the
thermal propertics of the ideal gas. There are many topics of importance: the
entropy, chemical potential, heat capacity, the pressure-volume-temperature
relation, and the distribution of atomic velocitics. To obtain resuits from the

classical distribution function, we need first to find the chemical potential in
terms of the concentration of atoms,

Chemical Potential

The chemical potential isfound from the condition that the thermal average
of the total number of atoms equalsthe number of atoms known to be present.
Thisnumber must be the sum over all orbitals of the distribution function f(e,):

N o= (NY = Y fle), {14)

where s isthe index of an orbital of energy ¢, We start with a monatomic gas
of N identical atoms of zero spin, and later we include spin and molecular

modes of motion. The total number of atoms is the sum of tlie average number
of atomsin each orbital. We use (13)in (14) to obtain

N = ¥ exp(—e,/t) (L3}

T o evaluate thissum, observe that the summation over free pasticle ocbitals

is just the partition function Z, lor a single Irce atom in volume ¥, whence
N = iZ,.
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In Chapter 3 it was shown that Z; = npV, where ny = (M1/2rh?)*2 is the
quantum concentration, Thus

N=2Zy=ingVs b= NingV = wn, (16)

in terms of the numbcr'dcnsily # = N/V. Finally,

Li. == axp(;zh—-) = nfng ._JI (1%

which is equal 1o the rumber of atoms in the quantum velume 1ng. In the

classical regime U0g is «l. The chemical potential of the ideal monatomic
gas is

F |
o= log(n/ngrli {18

in agreement with (5.12a) obtained in another way. The resuit may be written
out to give

#=rtllogN — logV ~ 2logt + Fog(2nh* /M) (19}
We see that the chernical potential increases as the concentration increases and
decreases as the temperature increases.

Comment: The simple expression (18) for the chemical potential can be subject Lo several
modifications. We mention foug examples, '

(a) 1 the zero of 1he energy scale is shified by an cnergy A 5o (hat the zer0 of the kinetic
energy of an orbital falls at £g = Ainstead ofat gy = 0, then

= A 3 tlog{n/ng). (20}

(5) T the wtoms bave spin 5, the number of arbitals in the sum in {15} is multiplied by the
spinwaltiphicity 7S + § For spia bitis doubled: the value of the partition fanction Z,
is doubded; ng will be replaced everywhere by 2ig, and the right-hund side of {18)
will have an added term - tlog2, The eflect of the spin on the cntropy is treated
below.

(c} 1f the gas is not monatemic, the internal cuergy siates associated with rotational and
vibrational motien will enter the partition function, and the chemical polential will

Free Energy

have an added term — ¢ log Z..., per (48) below, where Z,.1s the partition function of
the internal degrees of reedom of one molecute.

{d) [T the gas is nonideal, the result for p may be considerably more complicated; see

Chapter 10 for 1hic relatively simple van der Waals approximation 10 a gas of inter-
acting atoms.

R e e e T L N e e T

Free Enerpy
The chemical potential is related to the frec energy by
CFeN)y = n £33}
according to Chapter 5. From this,
E(N,V) = f:a;\r#w,r,m - IJ.:JN [log N + -], (22)

where the integrand is found in brackets in (19). Now fdxlogx = x logx — x,
5o that : .

Foo= NiflogN — 1 - log Vv — $logt + Flog(2rh?jrsy] , (23)

or

F = Nr[log(n/ng} — 1]. (24}

The free energy increases with concentration and decreases with temperature,

e A b

s bewn flamorl, 2

Comeoent:  The i gralin (22)sh wld 51 1yb a 1 Because & 15 & discret wari i
Thus, from (5.6),

FINGVY = 3 ) (25)

N=3

which differs from the integral only in the term in log N in {19), for

N
Y log N = lagi ¥ 23x 3% x N)=logN! (26}
P
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where the integral gave Nlog N — N in (23). But for large N the Stitling approximation

jog NV = Nlogh — N | (27

may be used, and now {25} ks the same as (23).

YR T

Pressure

The pressure is related 1o the frez energy by (349):

p= ~{cFiiVix (283
With (23) for F we have

p= NV pV o= Nt (29)

which s the ideal gas Jaw, as derived in Chapter 3,
Enerpy

The thermal encrgy U is found fom F = U — <q, or

N
Us Fttg=F~1({Fithyy= —IZ(L !-) £30)
VN

With (23) for F we have

¢ F
(.iu) LA G
Cttfey i

so that for an ideal gas

(32)

The factor § arises from the exponent of © in 1y because the gas is in three
dimensions; if n, were in one o two dimensions, the factor would be § or 1,
respectively. The average kinetic energy of translational motion in 1be elassical
limit is equal to v or 3T per translational degree of freedom of an atom,

The principle ofequipartition of energy among degrees ol freedom was discussed
in Chapter 3,

feat Capacity

A polyatomic molccule has rotational degrees of freedom, and the average
energy of cach rotutional degree of freedom is ¥t when the temperature is high
in comparison with the energy differcnces between the rotational energy levels
of 1the molecule. The rotational energy is kinetic. A lincar molecule has wo
degrees of rotational freedom which can be excited: a nonlinear molecule has
three degrees of rotational freedom.

Enteopy
The entropy is related to the free energy by
o = —{3FfdtYy u. 133

From {23 for F we have the entropy of an idea! gas:

o = N{loglno/m + (34

5

This is identical with our carlier result (3.76). In the classical reglme ning is
<1, so that foglng/e) is positive, The result (34) is known as the Sackur-Toetrode
equation for the absolute entropy of ¢ monatomic idest gus. M is imporiant
historically and is essential in the thermodynamics or chemicul reactions. Even
though the cquation contains &, the resull was inferred from experiments on
vapor pressure and on cquilibrium in chemical reuctions fong before the
quantum-mechanical basis was {ully understood. It was a great challenge to
theoretical physicists to explain the Sackur-Tetrode equation, and many un-
successful attempts to do so werc made in |be early years of this century, We
shall encounter applications of the result in tater chapiers.

The entropy of the ideal gas is directly proportional 1o the number of particles
N if their concentration n is constant, as we see from (34). When two identical
gases at identical conditions are placed side by side, each system having entropy
@y, the total entropy is 2o, because N is doubled. If a valve that connects the
systems is opened, the entropy is unchanged. Wesee that the entropy scales as
the size of the system: the entropy is linear in the number of particles, at constant
concentration. 1f the gases are not identical, the entropy increases when the
valve is opened (Problem 6).

Heat Capacity

The heat capacity at constant volume is deAned in Chapter 3 as

(35)

165
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We can calculate the derivative directly from the entropy (34) ol an ideal gar
when the expression lor iy iSwritten our:

il =2 3N! L2
B o 3T BT )=y

From this, for an ideal gas

{36)

or €y = Nk, in conventional units.
The heat capacity at constant pressure is larger than Cy because additionat
heat must be added to perform the work needed to expand the volume of the

gas against the constant pressure p, asdiscussed in detail in Chapter 8. We use
the thermodynamic identity tdo = 41/ + pdV loobtain

- fio U av
Cc o= {58} . (52 b 37
‘ i (EI)P (EI )F ¥ ? (ar)ﬂ [ )
The encrgy of an ideal gus depends only on Lhe temperature, so that (U201,

will have the same value as (3U/¢),, which is just C by the argument of {3.17b).

By the ideal 53slaw V¥ = Nt/p, so that the twerm p(3V/21), = N. Thus (37)
becomes

C,=0Cy + N {38a)

in fundamentsl units, or
C, = Cy + Nikg (38b)

in conventional units. We notice again the different dimensions that heat
capacitics have in the two systems of units. For one mole, Nky is usually wriiten
as R, called the gas constant.

The results{38z,b) are writlen lor an ideal gas without spin or other internal
degrees of freedom of & molecule. For an atom (= 3N, SO that

C,= 3N + N =3N . (38¢c)

fIvat Capacity
in fundamental urats, OF
C, = iINkg (38d}

in convenlional upits. The ratio C,/Cy is written asy, the Greek letter gamma.

Example: Experimental tests of the Sackur-Teirode equation.  Expesimental values of the

entropy are ofien found from experimental valuer of €, by numerical integration of (37)
{0 give at constant pressure

lt) — o) = L (C /oM. (39

Here oiD) denotes the entropy at the fowest temperature altained iN the measeremends
of C,. The third law f thermodynamics suggests that a0} way be set equal 1o zet0 unless
there arc multiphcities nor removed a the lowest 1zmperasure attained.

We can caleulate the entropy of 2 monatomic ideal gas by use of the Sackur-Tetrede
equation (34). The value thus calculated at a selected temperature and pressure may be
compated with the experimentat value of the entropy of Lhe gus. The experimentat value

is found by summing the folloning contributions:

Entropy increase on heating solid from shsolute zero tO the melting point.
Entropy increase in the satid-to-liquid transformation (discussed in Chapter 100,
Enteapy tucrease on heating liguid from melting point to the boiling poiut.
Entropy increase in theliquid-to-gar transformaltion.

oo W

Entropy change on heating gas from the bailing paint to the sclected temperaturz and
pressure.

There may fusther be 2 slight correction to 134) 10r the nonideatity of the gas, Com parisons
ofexperimental and theoretical values hiave now been earried OUL for stany gascs, und very
satisfactory sgreement is found between the vwo sas of values.®

We give details of the comparison 10r acon, afier the measurements of Clusius. The
entropy i given in erms of the conventional estropy S = kyo.

1. The heat capacity Of the 0lid was measured from 123K 1o the melting paint 24 35K

under one atmasphiere O pressure, The heat capacity of the solid below 123K was
estimated by @ Debye law (Chapter 4) extrapolation to absolute zero of the meesure-
ments abave 12 3K, The entopy of the solid at the melting point is found by numerical
integration of {TIC, T o be

Seis = 1429 mol VKL

* A classic Sudy is "The hell capacity Of oxygen from 12 K 10 its hoiting paint rod its heat of
vaporization. The eatropy Irom spectioscopic data,” W. F. Giauque and H. . Johnsten, Jouraal of
the American Chemical Socicty 51, 2300 {1929,
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Table 6.2 Compirison of experimental and
eufeutured vatues of the endropy al the boiting
point under one amosphere

Gas T iK  Esperhimental  Caculated
e 2.2 96.40 B6.43
Ar 87.29 139.75 129.24
Kr i19.93 144.36 14506

SOLRCE, From Landole Bornsivin tables, 6th ¢d., Vol, 2
Part 4, pp. 354--399,

The heat input reguired to melt the solid al 24.55 K iSobserved tOhe 335 mol =1 The
associated entropy Of melting is

335)mol™!

5 e -1~
A SAEEK = 1364 mol T KT

mching

3. The heat capacity of the liquid war mieasured from the melying point in the boiling
pointof 21.2 K under one atmosphere of pressure. The entropy increase was found to be

ASjqu = 3.85Fmol” S

4. The hedl input required tO vaporize the liquid a 27.2 K was observed to be 1761 ]
moi™ . The associated entsopy of vaperization 1s

_ 1761 mol ™!

AS\ aporization T 772K

= 6462 Jmol 'K,

The experimentat value of the entropy of neon gar at 27.2K & a pressure of one atmo-
sphereadds up to

Seas = Ssue T ASianeg T 88iquia + ASparizanen = 6401 mol PR
The calculated value of the entropy of neon under the same conditions is
Sgae = 9645Jmol T K

fromthe Sackur-Tetrode equation. The excellent agreement with the experimental value
gives us confidence in the basis of the eatire theoretical apparstus that Ied to the Sackur-
Tetrode equition, The result {343 COUId nardiy Bave beens guessed; 1o find it verified by
obscrvation is a real expericnce. Results for argon and Krypton arc given IN Tablg 6.2,

Chemical Potentinl of Ideat Gus with Inteenat Degrees of Freedom

Chemical Potential of kdeal Gaswith
Internal Degrees of Freedom

We consider now an ideal gasof identical palyztomic molecules. Each molecule
has rotational and vibrational degrees of [reedom in addition to the transia-

tional degrees of freedom. The total encrgy e of the molecule is the sum of two
independent parts,

£ o= E, b B s {483

where g, refers to the rotational and vibrational degrees of freedom and &,
ta the translational motion of the center of mass of the molecule. The vibrational

energy problem is the harmonic oscillator problem treated earlier. The rota-
tional energy was the subject ¢f Problem'3.6.
I the clussical regime the GibbsSumlor the orbital n is

3 =1+ dexpl—e.f1) (4t

where terms in higher powers of 2 are omitted because the average occupancy
of the orbital n isassumed to be «i. That is, we neglect the terms in . which

correspond to occupanciesgreater than unity. In the presence of internal energy
states the Gibbs sum associated with the orbital n becomes

F=1+4AY expl~le, + g )<, 42

inl

F =1+ lexp(~ £./1)) exp{— g0 7). {43

int

The summation is just the partition function of the internal states:

Zim = z exp(“‘gim/f) » (44)

int

which is related t0 the internal free energy of the one molecule by Fi =
-tlog Z,... From (43} the Gibbssum is

& = 1+ AZ, exp{~£,/1). (45)

15¢
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The probability that the translational orbital n is occupied, irrespective of

the state of internal motion of 1he molecule, is given by the ratio of the term
in & to theGibhssum &:

FZ i XD~ £/T)

fled = I+ 2, exp(— /1)

@ AZ expl—£,/1). (46)

Theclassica regime was definedearlier as fit,} « |. The result (46) isentirely
analogous to (13) lor the monatomic case, but iZ;,, now plays the role of I.

Several of the results derived lor the monatomic ideal gas are diffesent lor
the polyatomic idea gas:

{a} Equation {t7) lor A isreplaced by

T

}. = nﬂnqzim) 4 k {47}

With ng defined exactly asbefore. (We shall always use ng as defined (or the
monatomic ideal gas oiatoms with zero spin.) Because & = exp{p/ty we

have
1
1 = loglrifng) — 1097Z;..} ! a8)

{b) The freeenergy isincreased by, for N molecules,

i
Finl = -t §Og Z:n;- \ {49)
{

(c) Theentropy isincreased hy

E Gy, = —(CFicth 1 {50

The former result U = 3Nt appliesto the translational energy alone.

it 5 T ey
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Example: Spin entrapy ia zere ma_anricﬁr!d. Consider an atom of SZ)In l, where | may
represent toih electronic and nuclear spins. The internal partition function associsied

e e ———— e < ey AR

Reversible Isothermaf Expansion

with thespin alone is
=021+ 1, (51)
this being the number of independent SPIN states. The N contributiontothe free energy is

F= —tlog2f t 1y, {52}

-

and the spin entropy is
O = log(2 + 1, (53)
by (501 The effect of the spin entropy on the chemica! potestial is found with the help of (48):

po= tloglnfng) — log(2! + 1 _ {59

e A I IR T A T TR IR
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Reversible Isothernel Expansion

Consider asa model example | x 1027 atoms of *He at an initial volume of
10°em? at 300K. Let the gasexpand stowly at constant temperature untit the
volume iS 2 x 10*em® The temperature 1S maintained constant Dy thermal
contact with a large reservoir. In a reversible expansion the system at any
instant isin itsmost probable coatiguration.

What is the pressure affer expansion?

The fina volume is twice the initial volume; the final temperature is equal

to the initial temperature. From s¥ = Nt we s¢e that the final pressure is
one-halltheinitia pressure.

What isthe increase of entropy on expansion?
'The entropy of an ideal gas at constant temperature depends on velume as

a{V} = NiogV 4 constant . (55)
whence
gy~ a, = Nlog(Vof¥)) = Nlog2 = (1 x 1079)10.69% = B.0E9 x 10%3. {56)
Notice that the entrepy is Larger at thie {arger volume, because the system has

more accessible states in the larger volume than in the smaller volume at the
same wmpc:amre.

1rd
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Direction of motion of
piston in vxpansion
1

Weiphts

Pision

Heat Sow

Gas . Heal flow

o

M-

Figure 6.7 Work is done by the gas in an isothermal
expansion. Here the gasdoes work by raising the weights.
Under isothermal conditionSp¥ is cunstant for an deal gas,
o that the pressure must be reduced to dlow the volume to
expand, The pressare is reduced by removing the load of
weights alittleat a time,

How much work is done by the gas in the expasion ?
When the gas expands isothermally, it does work against a piston, as in
Figuce 6.7. The work done on the piston when the volume is doubled is

f: pdV = jv"’w«f;vw = Ntlog(Vy/V,) = Nrlog2. 57
E)

We evaluate Nt directly as4.14 x 10%erg = 41.4 1. Thus the werk done on the
piston is, from {57),

Nilog2 = (414 I){0.693) == 287 1. {58}

The assumption that the process is reversible enters in (57) when we assume
that aknowledge of Val every stage determines p at every stags of the expansion,

We define Was the work donc en the gas by external agencies. Thisisthe
negative of the wor k donc by the gas on the piston. From {58),

LW = —j'pdv_'= 2871, o s9)

Reversible Expansion at Consienat Eatropy

What is the change of energy in the expansion?
The energy d an ideal monatomic gasis U = 3Nt and does not change in
an expansion at constant temperature. However, thie Helmholiz free energy

decreases by Ntiog?2, which isthe work donc. The connection is discussed in
Chapter 8.

How much heat flowed into the gas from ihe reservoir?

We have scen that the energy Of the ideal gas remained constany when the
#as did work on the piston, By conservation of energy it is necessary that a
flow of energy in the form of heat into the gasoccur from the reservair through
the walls of the container. The guantity Q of heal addced to the gas must be
equal, but be oppesite in sign, to the wark donc by the piston, because

Q4+ W = 0.Thus
Q=271, (60}

from the result (59).

Reversible Expansion at Constant Entropy

We considered above an expansion at constant temperature, Suppose instead
that the gas expands reversibly from 1 » 10%cm® to 2 x 1P em® in an in-
sulated container. No heat flow to or from the gasis permitted, so that (0 = 0.
The entropy isconstant in a system isolated from the reservoir if the expansion
process is carried out reversibly (dowly). A process without a chunge of crnropy
is called an isentropic process or an adiabatic process. The term "adiabatic”
has the specific meaning that there is no heat teanster in the process. For
simplicity, weshall stick with"isentropic."

What is the temperature d the gas after expansion?

The entropy of an ideal monatomic gas depends on the volume and the
temnperature as

a(t,V) = Nlogt®* + log ¥ + constant) . (61}
so that the entropy remains constant if

logt*¥?F = constant;  t¥*F = constant. (62}

In an expansion at constant entropy from ¥ to ¥; we have

rlsll y] = r23}2 v, {63)

for an ideal monatomicgas.
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We usetheideal gaslaw p¥ = Nr to obtain two alternate forms. We insert
V = Nt/pinto (63) and cancel N on both sides to obtain

5
tliﬂ 75 /2

I o
Py Pz
Similarly, we insert t = p¥/N in (63) to obtain
PRIV or PV = p, 1 (65}

Both (64) and (65) hold only lor a monatomic gas.
It isthe subject of Problem 10 to generalize these results for an ideal gas of

molecules with internal degrees of motion (rotations, vibrations). We obtain
lor an isentropic pracess

,It;;l-,'-l — TJVZ?*‘ (GG}
Ay = T, 67 -

¥ = PiVIT-. (68)

Here v = C,/C, is the ratio of the heat capacities at constant pressure and
constant volume,

With T, = 300K and ¥./¥; = % we find from {63):

T, = ($)P(300K) = 189K, {69)

This is the final temperature after the expansion at constant entropy. The gas
iscooled in the expansion process by

T, — T, = 300K — 189K = 111K, (70)

Expansion at constent entropy is an important method of refrigeration.

What is the chunge in energy in the expansion?

The energy change is calcuiated from the temperature change {70). For an
ideal monatomic gas

Uy = U, = Colty — 1) = iz, ~ 1) (71

Sudden Expansion inte & Vacoum

or, in conventional units,

I

UI - Ul %Nk},(T; - T,)

U % 1033138 x 107 erg K~ )~ 111 K}

it

#

-23 x 0%rg = —-231 {12)

The energy decreasesin an expansion at constant entropy. The work done by
the gas isequal lo thedecrease in energy of the gas, which istf, — U, = 23J.

Sudden Expansionintoa Vacuum

Let the gas expand suddenly into a vacuum frem an initia volume of 1 liter tO
a finad volume of 2 liters. This is wn excellent example of an irreversible provess,
When o hole iSopened in the partition to permit the expansion. the first atoms
rush through the hole and strike the opposite wall. #f N0 heat flow through the
wilis IS permitted, there IS N0 way for the atoms t0 10S€ their kinetic energy.
The subsequent flow may be turbulent (irreversible), with differem parts of the
#as at dJifferent vaues of the energy density. Irreversible energy flow between
regions will eventually equalize conditions throughout the gas. We assume the
whole processoccurs rapidly enough SO tfsat no heat Rows in through the walls.

How much work iSdone in the expansion?
No means of deing exiernal work is provided, so that the work done is zero.

Zero work is not necessarily a characteristic of al irreversible processes, but
the work iszero lor expansion into a vacuum.

Wihat iSthe temperature after expansion?

No work is doneand no hest isadded in theexpansion: % = 0,Q == 0, and
U, — U, = 0. Because the energy is unchanged, the temperature of the idea
gas is unchanged. Ths emergy of a real gas may change in the process because
the atorms are moved farther apart. which affects their interaction energy.

What is the change of extropy in the expansion?

The increase of entropy when the volume is doubled at constant temperature
is given by (56):

Ag = gy — 0y = Nlog2 = 0069 x 107, (73)

For the expansion into a vactum Q = Q

Expansion into a vacuum IS ot @ reversible process: the system is no: in the
most probable fequilibrium) configuration a every stage Of theexpansion. Ouly
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’

Table 6.3 Summary of ideal monatomic gas expansion experiments

U, - U g, - T 14 a
Reversible ¥ v A
isothermal 0 Nieg — —Ntlog 2 Nrlog yr
expansion ) : t
Bentraije )\ TATEY
isentropic w-§Nt,[l - (?) ] 0 —-%I\’r{l - (7> J G
cxpansion z "
Irreversible v,
expansion inta 0 Nlog—= 0 0
vacuum 1

the initial configuration before removal of the partition and the final coa-
figuration after equilibration are most probableconfigurations. At intermediate
stages the distribution in concentration and kinelic ¢nergy of atoms between
the two regions into which the system is divided does not correspond to an

equilibrium distribution. The central resuits of these calculations are sum-
marized in Table 6.3.

SUMMARY: STEPS LEADING TO THE IDEAL
GAS LAW FOR SPINLESS MONATOMIC GAS
{8) fle) = dexp(—¢ft) Occupancy of an orbital in the
classical limit of f{e) « L.

Given N, this equation determines

N
®) 2 = S50
2 exp{—£,/7) 2in the classical limit.

B oan
e} e&a = 5\ T5

{d) Yexpl—g. /o) =in j.dn ntexp{~¢gfty  Transformation ol the sum to an
integral.

Energy of a free particle orbital of
quantum number & in a eube of
vojume V,

(® A= NjngV Result of the integration {d) after

sishsitution in (b).
) ng = {M1/2nk*)*? Definition of the quantum
concentration.

b b

Problems

{m) i = tloglng)
thy F= j:f.'\r;l{‘\',r,V) = Nillog{nny) — 1]

() = —(FJEVY,y = NtJV

PROBLERMNS

1 Derivative of Fermi-Dirac function.  Show that —&f/ée evaluated at the

Fermi level € = p has the value (41)"*. Thus the lower the temperature, the
stecper the slope of the Fermi-Dirac function.

2. Symmetry of filled and vacant orbitals, let & = + 6, so that f{c} ap-
pearsas fizxe T 8). Show that

St o =1-"fta -8 (74)

Thusthe probability that an orbital § abovethe Fermilevel isoccupied is equal

tothe probability an orbital 6 below the Fermilevel isvacant. A vacant orbital is
sometinies known asa hole.

3. Bistribution functionfor double ocenpancy statistics.  Let us imagine anew
mechanics in which the allowed occupancies of an orbital are 0, 1, and 2. The
values of the energy associated with these occupancies arc assumed lo be 0, ¢,
and 2¢, respectively.

(a) Derivean expression lor the ensemble averageoccupancy (N), when the
system composed of this orbital is in thermal and diffusive contact with a
reservoir at temperature 7 and chemical potential x.

(b) Return pow to the usual quanturn mechanics, and derive an expression
for the ensemble average occupancy of an energy level which is doubly de-

generate; that is, two orbitals have the identical energy &. if both orbitals are
occupied thetotal energy is Ze.

4. Energy of gas @ extreme relativistic particles, Extreme relativistic parti-
cles have momenta p such that pc » Mc?, where M is the rest mass of ihe
particle. The de Broglie refation 2 = h/p for thequantum wavelength continues
1o apply. Show that the mcan energy per particle of an extreme relativistic ideal
pasis3tife = pe,incontrast to 3z lor the nonrclativistic problem. (An interesting
varicty of relativistic problems are discussed by E. Fermi in Notes on Thernio-
dynamics und Statistics, University of Chicago Press, 1966, paperback.)

5 Integration d the thermodynamic identity for an ideal pas,
modynamic identity at constant number of particles we have

do = if-f + pY E(E—U) dr + %(ﬂ)dif + ‘”:—V (75)
¥ t

From ihe thee-

7 T\t oV
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Show by integration that foy an ideal gastheentropy is
a = Cplogt -+ NiogV + o, , {76)

where ¢, isaconstant, independent of rand V.

6. Entropy of mixing. Suppose that asystem of N atoms of type A is placed
in diffusive contact with asystem of N atoms of type B at the same temperature
and volume. Show that after diffusive equilibrium is reached ke total entropy
is increased by 2N tog 2. The entropy increase 2N log 2 is known as the entropy
of mixing. If theatomsareidentical (A = B), show that there isnoincreasein
entrepy when diffusive contact is established. The difference in the results has
been called the Gibbs paradox.

7. Retation of pressure and energy density. (3) Show that the averape pres-
sure in asysiem in thermal contact with a heat reservoir is given by

E {00V expl - i f7)
R 7

where thesum is over ail states Of the system (b} Show foragasof free particles

that
CE .. 2&
2 = LTI 78
(ev),,. 3V 78]

as atesult of the boundary conditionsol the problem. The result hoids equally

whather e, refers toastate of N noninteracting particles or toan orbital. {c) Show
that for 3 gas of free nonrelativisiic particles

p=UAY, (7%

where U isthe thermal average energy of the system. This result is not limited
to the classical regime; it holds equally for fermion and boson particles, as
long as they are nonrelativistic,

8. Time for afarge fluctuation. We quoted Bollzmann to the effect Lhat two
gases in a 0.1 liter container witl unmix only in a time enormously long compared
10 10U vears. We shall investigate arelated problem: we et a gas of atoms of
*He occupy a container of volume of 0.1 liter at 300 K and a pressure of 1 atm,
and we ask how long it will be before the atoms assume a configuration in
which ail arz in one-haif of the container.

{a} Estimate the number of states accessible to the system in this initial
condition.

Problerms

{b) The gasiscompressed isothermally to a volume of 0.05 liter. HOW many
states are accessible now?

{c} For thesystem in the 0.1 liter container, estimate the value of the ratio

number of states for which all atomsare in one-haif of the volume
number of states lor which the atomsareanywherein the volume

(d) If thecollision rateoian atom is= 10'%s™* what iSthe total number of
collisions of al atoms in the system in a year? We use this as a crude estimate
of the frequency with which the state of the system changes.

{2} Estimate the number of years you would expect to wait beforealf atoms
arc in onc-half of the volume, starting from the equilibrium configuration,

9. Gus of atoms with internal degree of freedom. Consider an ideal nmon-
atomic gas, bul one for whicly the atom has twoe internal energy stales, onean
encrgy A nbove the other. There are N atewss in volume V at temperature 1.
Find the (s} cbewical potewtial; (03 free encrpy; () enlropy: () pressute;
(¢} hewt capacity @&l constit pressure,

10, Isentyopic relations of ideal gas.  (a) Show that (he differential changes for
an idcal gas in an isentropic process satisfy

dp dv dt dy dp YL
Eppe=l; 4= D=0 b
P“V & Y }V p t-y: 0 (80

where y = C,/Cy; these relations apply even if the metecules have internal
degreesol freedom. {b) The isentropic and isothermal bulk meduli are defined as

B, = ~Vip/eV),, B, = - V(@peV). (813

Show that for an ideal gas B, = yp; B, = p. The velocity of sound in 3 gasis
given by ¢ = {B,/p)}*%; there isvery little heat fransfer in asound wave. For an
ideal gar of molecules of mass M we have p = pr/M, so that ¢ = [yr/M)*?
Here p isthe massdensity.

11, Convective isentropic equilibrivm & the armosphere,  Thelower 10-13km
oi the atmosphere—ihe troposphere—is often in s convective stendy state
at constant entropy, not constant temperitture. Ia such equitibrium piv s
independent of altitude, where 4 = C_,/C,.. Use the condition of mecharical
equilibrium in auniform gravitational Aeld o1 (a) Show that dT/dz = consiany,
where 7 iSthe altitude. This quantity, impertant in meteorology, iscalivd the
dry adiabatic fapse rate. (Do not use the barometric pressure relatien that was
derived in Chapter 5 for an iscthermal atmosphere) (b} Estimate dT/dz, in
“C per km. Take y = 7/5. {¢) Show that p «c p*, where p is the mass density.

i79
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If the actual tempernture gradient is greater than the isentropic gradient, the
atmosphere may be unstable with respect to convection.

12. Ideal gasin twe dimensions. () Find the chemical potential of an jdeat
monatomic gas in two dimensions, with N atoms confined t0 a square of area
A = L The spin is zero. {bj Find an expression for the energy U of the gas.
(e} Find an expression fOr the entropy o, The temperature IS ¢,

13. Gibbs sum for ideal gas. () With the help of Z, = (n;V)*/N! from
Chapter 3, show tkar the Gibbs sum for an ideal gas of identical atoms
iS & = expllngV). {b) Show that the probability there are ¥ atoms in lhe gas
in volume V i diffusive contact with areservoir IS

PN} = (NYNexp(—(ND)/NT (83)

which is just the Poisson distribution function (Appendix C).Hese (S) is the
thermal average number of atoms iN the volume, which we have evsluated
previously as{N) = L¥n,. (¢) Confirm that P(N) above satisfies

PN =1 and 5 NPIN) = (N

N

14, Idval pas caleulations. Consider one mole of an ideal moratomic gas at
300K and 1atm. First, let the gas expand isothermally and reversibly to twice
the initial volume; second, let this be followed by an isentropic expansion from
twice tO four rimer the initial volume. (a) How much heat (injoules) is added to
the gasin each of these two processes? (b) What isthe temperature at the end of
the second process? Suppose the first process is replaced by an irreversible
expansion into a vacuum, to a total volume twice the initial volume. (c) What
is the increase of entropy in the irreversible expansion, in joules per kelvin?

15. Diesel engine compression, A diesel engine is an internal combustion
engine in which fuel issprayed into the cylinders after the air charge has been
so highly compressed that it has attained a temperature sufficient | o ignite the
fuel. Assume that theair in the cylindersis compressed isentropically from an
initial temperature of 27°C (300 K). I{ the compression ratio 1s 15, what iS the

maximum temperature in °C to which the air is heated by the compression?
Takey = t.4.
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It isafundamental result of quantum theory that ail particles, including atoms
and melecuales, areeither fesmions or bosons. They behave alike in the classical
regime in which the concentration is small in comparison with the quantum
concentration,

0<< oy = (M 2ah33 (1

Whenever # = ng the gas is said to be in the quantum regime and is called a
quantum gas. The difference in physical properties between a quantum gas of
fzrmions and oncofbosonsisdramatisand both are uniike a gas in the classical
regime. A Fermi gas or liquid has ahigh kinctic cnergy. [ow heat capucisy, fow
magnetic susceptibility. low interparticle collision rate. and exerts a high
pressure on tlic container, even at absolute zero, A Bose gas or liquid has a
high conscentration of particles N the ground orbital, and sese particies —
called the Bose condensate—may act as a superBuid, With practically zero
viscosity.

For many systems the concentration # is fixed, and tlie sempecature is the

importart variable. The quantum regime obtains when the temperature IS
below

Tg = 22k A0, (2
defined by the condition » = m,. A gas in the quantum regime with 1 « 15
is often said to be a degenerate oas*.

It was realized by Nernst that the entropy of a classical pas diverges aslog ¢
as 1 - 0. Quantum theory removes the difficulty: both fermion and boson
guses approach a unique ground state as ¢ — 0, SO that tlie entropy goes to
zero. We say that the eatropy is squeezed out on cooling a quantum pas (sce
Prablems 3and 8),

In the classical regime (Chapter 6) the thermal average number ¢ particles
in an orbital of energy £ iSgiven by

fe) = exp[ln — 2)jz] (3
* Here wie have the second distinet vsage of the word “degenerate” I siatistica) ghysics. The first

usage was introduccd in Chapler 1, where we cailed an cnergy level degenerate if morg than one
state has the same cusrpy,
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Wit the result for u appropriateto this regime,

fle) = (nfnglexp{—sfz) , {4

with the usual choiceofthe origin of £ at zero for theenergy of the lowest orbital.
The form (4) assures us that the average occupancy of any orbital is always
< h/ng, whichis « 1, consistent with our original picture of the classical regime.

A fermion is any particle-—elementary Or composite—with a hall-integral
spin. A fermion is limited by the Pauli exclusion principle to an orbital occu-
pancy of & or 1, with an average occupancy anywhere between these limits. At
low tempzratures it isclear that many low-lying orbitals will iave one fermion
in each orbital. At absolute zero all orbitals with ¢ < £ C &, will be occupied
with J = |, Heregg isthe energy below which there are just enough orbitats
to hold the number of particles assigned to tlic system., This energy iS called the
Ferwi encrgy. Above rp all orbitals will itve f = Oat ¢ = 0. As t increases tlic
distribution function will develop a high encrgy tail, as in Figure 7.3

Bosons have integral or zero spin. They may be elementary or composite;
il composite, they must be made up of an even number of efementary particles
if these have spin 4, for tiere IS NO way O arrive i an integer from an odd
number of half-integers. The Pauli principle does not apply to bosons, so there
is no limit on the occupancy of any orbital. At absolute zero the ground
athilal—the orbital of lowest energy—is occupied by all the particles in the
system. As 1ke temperature isincreased thelowest sigle orbital losesits popula-
tian oy slowly. and each excited orbital—any orbital of higher enerpy—wil
contain a refatively small number of particles. We shall discuss this poist
carefully. Abave = r, tlie ground orbital loses its special feature, and s
occupancy becomes much like that of any 10\,-lying excited orbital.

FERMI GAS

A Fermi gasis called degenerate when tlie temperature is low in comparison
with the Fermi energy. When the inequality 1 « g is satisfied the orbitals of
energy fower than the Fermi energy £ will he alinost entirely occupied, and the
orhitals of higher energy will be almost entirely vacant. An orbital is occupied
fully whes it contains one fermion. A Fermi gas is said to be nondegenerate
when the temperature is high compared with the Fesmui energy, asin tlicclassical
regime treated in Chapter 6.

The important applications of the sheory of degencrate Fermi gases include
conduction eectronsin metals; the white dwarf stars; liquid FHe; and nuctear
matter, The most striking property of a fermian gas is the high Kinetic energy
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Figure7.1 {a) The energies of the orbitals n = 1, 2,. ... 10 lor an electron
confined to aline of length L. Eath jevel correspands to two Orbitals, one for
Spin up and one for spirs AOWN. (b} The ground state o asystem 0116 ¢lectrons.
Orbitalsabove the shaded region are vacant in the ground state.

of the ground state of the system at absolute zero. Suppose that it is necessary
to accommodate N noninteiacting etectrons in alength L in one dimension.
What orbitals will be occupied in the ground State of the N electron system?
In aone-dimensional crystal the quantum number of & frce €lectron orbital of
form sin(nrx/L} is a positive integer n, supplemented By the SPIN guantum
number m, = -4 for spin up or spin down.

If the system has 8 electrons, then in the ground state the orbitals with
n= 1,23 4 and with sy, = +} are filled, and the orbitals of higher n are

empty. Any other arrangement gives a higher energy. T o construct the ground
state WC £t ihve Orbitals starting ftom » = 1 at the bouom, and we continue
filling higher orbitals with electrons until al N electrons are accommodated.
The orbitals that are filled in the ground state of a system of 16 electrons are
shown in Figure 7.1.

Ground State d Fermi Gar in Three Dimensions

Ground State of Fermi Gas in Three Dimensions

Let the system be a cubeof ride L. and volume ¥ = L' The orbitals have the
form 0l(3.58) and their energy is given by (3.59). The Fermi energy &5 is the
energy of the highest filled orbital at absolute zero; it is detesmined by the
requirement that the system in the ground state hold N electrens, with each
orbital filled with one electron up to the energy

Rt fang\?
S Reid i I 5
& 2:;1( L )

Here n; is the radius of a sphere (in the space of the integers #,, 1, 1.} that
separates filled and empty orbitals. For the system to hold N electrons the
orbitals must be filled up to 1y determined by

N=2x}x %TE ne = g;}fl; T = GNmYR (&)

The factor 2 arises because an electron has two possible spin orientations. The
iactor § arises because only triplets n,, n,, #, in the positive octant of the sphere
in n space are to be counted. The volume of the sphere is 4zng*/3. We may

then write (5) as
KON R s
el Bt o = T

Er 2”1( 7 ) 5 {3m) 15 th

This relates the Fermi energy to the electron concentration N/V = n. The
so-called “Fermi temperature” =, is definedas 15 = &.
Thetotal energy of the system in the ground state is

3 4 2 N
Up=2%Y g =2%x}x 4:;!;'-:1111125,, = »—-~(i) L'dnu“ ., 8

bis
iy 2m\ L

withz, = (h*/2in)(=xn/L)? In{8} and {9), # is an integer and isnot N/ V. Consistent
with {6}, we have let

25 () - 2347 j‘dn n) ©

in the conversion ol the sum into an integral. Integration of (8} givesthe total
ground state Kinetic energy:

A 4 AT I fane\?
= s | e P st = tNeg, 10
Yo = Tom (L) L b il it to
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Figure 7.2 Total ground state energy U, of one mole of
elecicons, versus volume,

using (5) and {8). The average kinetic energy per particleis UU,/N and is 3 of
theFermienergy er. At constant N theencrgy mercases as the volume deerenses
{Figurg 7.2), so that the Fermi cncrgy'givcs a repulsive contribution 10 the
binding of any material; in most metals and in white dwarf and neutron stars
it is the most important repulsive interaction. That is the Fermi energy tends
to increase the volume. 1t is balunced in metals by the Coulomb anraction
between elecirons and ions and iN the stars bY pravitational attraction.

Density of States
‘Thermal averages for independent patticte probicms have the form

(X =3 Jleat)X, 4y

where n denotes the quantwin orbital: X, is the value of the quantity X in
the orbital n; and f{z,.1.4) is the thermal average occupancy, called the dis-

tributicon function, of the orbital n. We often express { X 8San integraf over the
orhital energy a Then (11} becomes

Xy = f de D} (et ) X(e) (12)

R b, e ot

Density of States

where the sum over orbitals has been transformed 10 an integral by the sub-
stitution

Ty fde De)(- - . (13

Here T{edde IS the number of orbitals of energy between ¢ and z + dr. The
quantity ®{e} is nearly always called the density of states, although it is more
accurate to call it the density of orbitals because it refers to the sofutions of a
one particle problem and not to the states of the N particle system.

Consider an example of the calculation of P{e). We see from (7) that the
number N of free electron orbitals of energy less than or equal to some & is

N(E) = (V3D (2oyhipPiied? | (14)
lor volume ¥. Take the logarithm of both sides:
log N = 3loge * constant, (15)
and take differentials of log N and loge:

dN - 3 e

ROt 16
N 2 e

Tlie quantity oN = {(3Nj2&)de is the number of orbitals of eneegy between ¢
and ¢ + de, 0 that

D) = dNfle = 3N 2 {n
isthe density of orbitals. Tlie two spin arientations of an electron have been
counted throughaut this derivation because they were counted in (6). We can
writeD{z) as a fanction of £ alone because

NigYe = (VI3aD{m/h3y2eit | {18

Fom {14). Then (17) becomes

Vo 2my? L,
=T 19
D) 2;:2(}‘:2) 2, (19)
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B

Figure 1.3 Dengty of orbitalsasafunction

of energy, lor afree electron gar in thres
dimensions. The dashed curve represents the
density 16)D(s) of occupied Orbitalsat a finite
temperatuge, DUt such thet ¢ is small in
comparison With e, The shaded area represents
the cecupied orbituls at absclute zero.
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Encrgy, £ ~——w

When multiplied by the distribution function (Figure 63). 1he density of
orbital s} becomes Dielf (s}, the density of occupied orbitals(Figure 7.3). The
total number of electrons in a systetn may now be written as

N = {7 06 e @20
whese f{£} is the Fermi-Dicac distribution function described in Chapter 6. In

problems where we know the total number of particles, we determine u by

requiring that the tatal number of particles calculated from (20} beequal to the
correct vaue. The total kineticenergy of the clectrons is

U= ,‘? dee D (e T ). (1)

If the systern is in the ground siate, al orbitals are filled up to the energy &r,
abave which they are vacant. The number of electrons iSequzl to

N = J.:u'f ) {21

and theenergy is

Uy = J‘D"dam(e}. ' 23

Heat Copacity of Electron Gas

Heat Capacity of Electron Gas

We derive aquantitative expression for the heat capacity of a degenerate Fermi
gas of electrons in three dimensions. The calculation is perhaps the most im-
pressive accomplishment of the theory of the degenerate Fermi gas. For an
ideal monatomic gas the heat capacity is 3&, bur for elecirons in ametaf very
much lower valuesare found. Thecalculation that follows gives excetient agree-
meat with the experimental results. Theiacrease in the total energy of a system

of N clectrans when heated from © to t is denoted by AU = Ut} = U0},
whence

AU = K" deeD(e)fls) — J'D"Ltam(s). (24)

Here f(&) is the Fermi-Dirac function, and ©{c} is the number of orbitals per
unit energy range. We muitiply the identity

N = f: Je fleyOE) = L’ deD{e) (25)

by £ toobtain

(j:r + J.:) deef(E)D{e) = j:rdsef‘{){s}. {26)
We use(26) to rewrite (23) as
AU = [2dele ~ e/ @D + [ deler = D1 - f@] D 27)

The first integral on the right-hand side of (27} gives the energy needed to take
electrons from g to the orbitals oi energy ¢ > &5, and the second integral gives
the energy needed to bring the efecirons to £ from orbitals below ez. Both
contributions |o the energy are positive. The product f{}D{e)ds in the first
integral is the number of electrons elevated to orbitals in the energy range
deat anenergy & The factor[I — f{e}] in the second integral isthe probability
that an electron bas been removed froman erbital £ The function AU is ptotied
in Figure 7.4. In Figure 7.5 we plot the Feemi-Dirac distribution function versus
g, for 9X values of the temperature. The electron concentration of the Fermd
gas mas taken such that &x/kg == 50000 K, characteristic of the conduction
electronsin a metal.

The heat capacity of the electron gas is found on differentiating AU with
respect to 1. The only temperature-dependent term in (27) is fle), whence we
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Figure 7.1 Temperature dependence of the energy of >
2 nonintcracting fermion gasin tiree dimensions. The = g5 -
encrgy is plotted in normalized form as AU/ Ney, -t
where & is the number of electrons. The temperaturs

isplotled as v/fe;.
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Figure 75 Fermi-Dirac distribution function at various temperatures, for

Ty = g5fky = 50000 K. The resultsapply to a gasin three dimensions. Thetotal
number of particles is consrant, independent of temperature. Thechemical potential at
each temperature was calculated with the help of EQ. (20) and may be cead off the
graph asthe energy at which j = }. Courtesy of B. Feldmaa.

Heat Capacity of Electron G

/—chion of degenerate quantum gas
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Figure7.6 Plot af the chemical potential u versus temperature « Ta a
gus of noninteracting fermions in three dimeasions, FOr convenignee in
plotting, the uniis of y and r are 0.763¢,.

ran group terms to obtain

U

Cy fumfls(a - a;)j_{‘ﬂ(s). 28)

dr
At the temperatures Of interest in metals 1/e; < 0.01,and weseelrem Figure7.5
that the derivative dfydt iStarge only <t energies near ;. It isa good approxi-
mation to evaluate the density of orbitals P{e) at £; and take it outside of the
integral:

Ca =06 [[dete ~ e L. @)

Examination of the graphsia Figures 7.6 and 7.7 d the variation of z with «
suggeststhat whent « e we ignorethe temperature dependence of the chemical

potential g in the Fermi-Dirac distribution function and replace px by the
constant £ We have then:

df L ETEe exp[{e — &)/r]
dr @ {explle — e + 11 -
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1.05
One dimcns'mn\
Figure7.7 Variation with wmperature of the {
chemical potential g, fOr free electron Femi
ases in oneand threedimengions. In common 1.00
wmetals /e, = 0.01 a1 r0am temperature, SO 12
that p is closely equal to gp. There curves were £
calculated from SEi€Sexpansions of theintegeal . .
for the numbcr o particles in the system. Three dimensions
0.95 1 '
0 0.1 0.2
L
e
We set
x = {& = ep)fT, (31}

and it follaws from {29) and (30) ihdt

e

C:l = I‘fo.‘r} J‘:ﬁtdx x? W.

(£2)

We may safely replace the fower limit by - oo because the factor e* in the
mtegrand is already negligible at x == —&g/¢ il we are concerned with low
temperatures such that ex/t = 100 or more. The infearal® becomes

1

x ?I2

L
J-_x:\\ PTE 3 (33)

* The integral is not dlementary, bur may be evaluated from the more familiar fesult

or dilferentintion of both sides wirth respect to the parameter a.

.

Heat Capacity of Electron Gax

whence we have for the heat capacity of an eleciron gas, when t « 1,
§ Ca= 3!!7129{5;}?- ‘ ' (34

Co = WOk, T {(35)

In conventional units,

We found that the density of orbitals at the Fermi energy is

Disp)

i

INP2ep = 3N[2s {36}

lor a free electron gas, with tp = £, Do not be dcceived by the notation ¢+
it iswot the temperature of the Fermi gas, but only aconvenient reference point.

For t « 1y the gasis degenerate; for v » 1, the gasisin the classical regime,
Thus (34) becomes

4= NG, 1 7 {37

In conventional unitsthereis an extra factor &, so that
Cop = Jn*Nkg /Ty, (38)

where ks T'r = £,. Again, Fisnot an actual temperature, but only a reference
point.

We can give a physical explanation of the form of the result (37). When the
specimen is heated {rom absolute zero, chiefly those electrons in stales within
an energy range ¢ of the Fermi level are excited thermaly, because the FD
distribution function is affected aver a region of the order of r in width, illus-
trated by Figures 7.3and 7.5. Thus the number of excited electrons isef the order
of Nt/ep, and each of these has itsenergy increased appreximately by r. The
total clectronic thermal energy is thereforeof the order of £,; = Nt¥z. Thus
the electronic contribution to the heat capacity iSgiven by

Cy = dU M = Nujep = Niftg , {39)

which isdirectly proportional to 7, in agreement with the exact result {34) and
with the experimental results.
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Table 7.1  Culculated Fermi encrgy parametess for free electrons

Conduction

Fermi
electron Fermi temperature
concentration Velocity CRETRY Te = &2 ky.
Ni¥, inem™? tp, iNems™! £sineV inK
Li 46 x 1022 i3 x 10% 4.7 35 » 10°
Na 2.5 1.1 13 37
K 1.34 Q.85 21 24
Rb 1.08 0.79 18 2.1
Cs 0.56 0.713 1.5 18
Cu 5.30 1.56 10 8.2
Ag 5.76 1.38 55 64
Au 550 1.3 3.5 54

Fermi Gas in Metals

The alkali metals and copper, silver, and gold have one valence electron per
atom, and the valence election becomes the conduction electron in the metal.
Thus the concentration of conduction electrons isequal to the concentiation
oi atoms, which may be evaluated either from the density and the atomic
weight or Irom thecrystal lattice dimensions.

1 the conduction elecirons act as a free fermion gas, the value oithe Fermi
energy ¢y may be calculated lrom (7):

g = (h*J2m){3ntn) 3. {40)

Values of 1 and of ¢, are given in Table 7.1 and in Figure 7.8. The electron

velocity v, at the Fermi surface is also given in the table; it is defined so that
the kinetic energy is equal to &;:

Imeg? = 5y, {41)
where m is the mass of the election. Thevalues of the Fermi temperature Tr =
eg/ky for ordinary metals ase of theorder of 5 = 10* K, so that the assumpticn
T <« Ty used in the derivation of (35) is an excellent approximation at room
temperature and below.

The heat capacity of many metals at constant volume may be written as
the sum of an electronic contribution and a lattice vibration contribution. At
low temperatures the sum has the form

Cy = 91 + A3, 42)

Fermi Gas in Merals
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Figure 79 Experimenta hical eapacity values fOr potassium, plotted as C/Tversus
T2, After W. H. Lien and N. E. Phillips, Phys. Rev. 133, AL370 {1964},

where ¥ and A are constanis characteristic of the rnaterial. Here y = $n'N/t;

from {37}, and the lattice vibration term 47* was discussed in Chapter 4, The
electronic term isiineas in r and is dominant at sufficiently low temperatures.

Itis helpful to display the experimental values of the heat capacity lor a given
material asa plot of C,fr versus r*:

Crfv =y + 4%, (43)
for then the points should fie on a straight line. The intercept at r = { gives
the yalue of . Such a plot is shown for potassium in Figure 7.9. Observed values
ofy aregiven in Tables 7.2 and 7.3.
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Table7.2 Experimental and free electron electronic
heay capacitiesof monovalent metals

Y {exp), 7o (freed edroq).
Metal  mimol K72 mlmol P K~ s
Li 163 .75 217
Na 1.38 1.14 1.21
K 208 1.69 123
Rb 241 197 122
Cs 3.20 236 133
Cu 0.6%5 0.50 1.39
Ag . 0.646 0.65 100
Au 0.729 0.65 i3
no1#: The vatues of 7 and g are ind mol "KL
sounceE: Cauriesy of N L Philiips.
Table 7.3 Experimental values of clectronic heat capacity constant y of meials
m o x|
Al Si F
. ) 135
- A S X - - U
S¢ 11 v Cr !Mny| Fe | Cp | Nt [Cu |Zn |[Ga | Ce [As
107 1 3351 926 | 140 1920 | 498 | 473} 7.02 10685 064 0596 0.19
Rb 1 5 | Y Zr | Nb b Mo {Te jJRu jRh [ Pd [Ag (G4 |In Sn | 5b
241 1 36 1502 | 280 ] 7791 20 I o 33 | 49 | 942 1064670633 1169 | 138 (011
Cs Ba {La [ H[I |Ta | W Re 0z {Ic ProjAuw W T Pb | Bi
3201 27 110 [ 236159 (13 23 24 131 68 (07291179 | 147 | 298 0.0GS‘

koTE: The value of y isinml mol ' K72, .
source: From compiiations furnished by N. E. Phillipsand N. Pearlman.

White Dwar{ Stars

White dwarf stars have masses comparable to that of the Sun. The mass and
ridius of the Sun are

Mg =20 x 107 g;

Rg = 7.0 x 10" cm.

(44

The radii of white dwatfs are very small, perhaps 0.01 that of the Sun. The
density of the Sun. which isa normal stac, is of the order of 1 gem 2, like that
of water on the Earth, The densities of w hite dwarfsare exceedingly high, of the

i¥hite Dwarf Stars

order of 10* to 10" gem ™3, Atoms under the densities prevatent in white dwarfs
are entirely ionized into nuclei and free elections, and the electron gas is S
degenerate gas, as will be shown below.

The companion Of Sirius was the first white dwarf 10 be discovered. In 1844
Bessel observed that the path of the star Sirius oscillated slighity about a straight
line, as ifit hndan invisible companion. The companion, Sirius B, wasdiscovered
near is predicted position by Clarkin 1862 The mass of Sirius B Was determined
to be 2.0 x 10* g by measurements on the orbits. The radius of Sirius B is
estimated as 2 % 10° em by a comparison of the surface temperature and the
radiant energy Rux, using the properiies of thermal radiant energy developed
in Chapter 4.

The niass and radius of Sirjus B Tead to the meun density

M 2 x 10 R
pE=g= 0 ey = 07 % 10 pem {45)
This extraordinarily high density was appraised by Fddington in 1916 in the
loltowing words: " Apart from the incredibility of the result, there was no
particular reason to view the calculation with suspicion.” Other white dwarfs
hare higher densities: that named Van Maanen NO. 2 has a mean density
L0¥} times higher.

Hydrogen atoms at a density of 10% gem ™ have a volume per atom equal to

I
~ -~ - 30 3 .
(10 molem )6 » lO”atomsmcl”) %2 x 10 cm” per atom

Yy

or 2 % 1078 A’ peratom. The average nearest-ngighbor separation is thea of
the order of 0.01 &, ascompared with the internuciear Separation of 0.74 hina
molecule of hydrogen. Under <onditions of such high density the atomic
electrons are nu longer attached to individual nuclel. The electrons are ionized
aad form an electron gas. The matter in the white dwarls is held together by
gravitational astraction, which isthe binding {orce in ajf stars.

In the interior of white dwarf stars* the electron gas is degencrate; the
temperature is much less than the Fermi energy £p. The Fermi cuergy of an
clectron gas at @ concentration Of § x 10 electronsem ™2 IS given by

gp = (W23 2 05 x 107%eg & 3 % 10%eV (46)

B —

" A peod discussion of white dwar

A [stars s given by W, K. Rose, Astrophysics, Holt, Rinehart, xnd
Winston, 1973, .
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Table 7.4 Fermi energy of depencrate fzrmion pases
(characteristic values)

Phase of matter

Particles Tein K
Liquid 'He atoms Q1
Meltal clectyons 5% to*
White dwarf sturs clectrons 3% 10°
Nuclear matier nucleons 3 x 10%!
Neutron stars neutrons 3 x 10

about 10* higher than in a typical metal. The Fermi temperature e, /ky of the
electronsis= 3 x 10% K, asin Tablc 7.4. The actual temperature in theinterior
of awhite dwarf is believed to be of the order of 16" K. The electron gasin the
interior of awhitedwarf ishighly degenerate because the thermal energy ismuch
lower than the Fermi encrgy.

Are the electron energies in the retfativistic regime? This question arises
because our theory of the Fermi gas has used the nonrelativistic expression

p*2m for the kinetic energy of an electron of mementum p. The energy equi-
valence of the rest mass of an electron is

gp = met 2 {1 % 1077 8)(3 x 10cms P = 1 x 107%erg. (47)

This encrgy is of the same order as the Fermi energy (46). Thus relativistic

erects will be significant, but not dominant. At higher densitiesthe Fermi gas
is relativigtic.

MNuclear Matter

We consider the state of matter within nuclei. The neutrons and protons of
which nuclear matter is composed form a degenerate fermion gas, at feast
qualitatively. Weestimate here the Fermi energy of the nucleongas: Theradius
olanucleus that contains A nucleons isgiven by the empirical relation

Rz (L3 x 107 Yem) x AV, {48)

According to this relation the average volume per particle is constant, for the

volume gaes as B3, which is proportional te A. The concentration of nucleons
in nuclear matter is

A
"= 503 % 10 P em) 4

=011 x 10¥em™3 (4%

Chenvical Potential Near Absolute Zero

about {0* times higher than the concentration of nucleons in a white dwatf
star. Neutrons and protons are not identical particles. The Fermi encrey of
the neutrons need NOt equad the Fermi energy of the protons. The concentri-
tion of one or the other, but not both, enters the familiar relation

n* i R
Ep o= :}7‘7 {JK‘H)LS. (30)

For simplicity let us suppose that the number of protons is eguaj to the
number of neutrons. Then

~ ~ 19 -3
Hpeorons ¥ Mpeyseons = 005 x 0% cm l (5”

as obtained from (49) on dividing by 2. The Fcrmi encrgy is
£r = (317 x 1073902 = 043 x 10 *erg 2 27 Mev. (52)

The average Kinetic cnergy of a particle in a degenerate Fermi gas IS 3 Of the
Fermi energy, so that in nuclear matter the average kinetic energy is 16 Mev
per nucleon.

BOSON GAS AND EINSTEIN CONDENSATION

A very remarkable effect occurs in a gas of noninteracting bosons at a certain
transition temperature, below which a substantial fraction of the tetat number
of particles in the system will occupy the single orbital of owest energy, cailed
the ground orbital. Any other orbital, including the orbital of second lowest
energy, at the same temperature Will be occupied by a relatively negligible
number of particles. The total occupancy of ali orbitals will always be equal to
the specified number of particles in the system. The ground-orbital effect is
called the Einstein condensation.

There would be nothing surprising to us in this result for the ground state
occupancy if it werevalid only below 16~ ** K. This temperature is comparable
with the energy spacing between the lowest and next lewest orbitals in asystem
of volume 1em?, as weshow below. But the Einstein condensation temperature
for a gas of fictitious noninteractinp helium atoms at the observed density of
liquid helium is very much higher, about 3K. Helium is the most famsiliar
example of Einstein condensation in action.

Chemical Potential Near Absolute Zero

The key to the Einstein coadensation is the behavior of the chemical potential
of a boson system at low temperatures. The chemica potential is responsible
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for the apparent stabilization ol a large population of particles in the ground
orbital. We consider asystem composed of 4 kirge number N of noninteracting
bosons. When the systens is at absolute zero all pnrticles occupy the lowest-
cnergy orbital and the systent is in the state of minimum energy. It iscertainly
not surprising thut at ¢ = 0 ull particles should be in the orbital aof lowest
energy. We can show that a substantisl fraction remaias in the ground orbital
at fow, although experimentalty obtainable, temperatures.

if we put theenergy of the ground orbital at zero on our energy scale, then
from the Rose-Einstein distribution function

i
(o) = o 53
/ explle = /] — 1 59

we obtain the occupancy of the ground orbital atc = 0 as

1

f(O.r) = W.

(54)

When 1 — 0 the occupancy of the ground erbital becomes equal to the total
number of particles in the system, so that

. 1 1 T
Ym fi07) = N = i e 32 =
w10 st A YA S Rl iy

Here jre have made use of the series expunsion exp{—x} =1 — x -~ ., We

know that x, which is y/r, must besmall in comparison with unity, for otherwise
the total number of pnrticlcs N could net be targe. From this result we find

N= —tju;  p= —1N, (55)

ast—~ 0 FarN=L10"atT = 1K, wehave x = --14 x 10-"" erg. We note
from (33) that

Jemexplpy 21 — —:—‘; s {56}

a5 7 ~+ 0. The chemical potential in a bosen system must always be fower in

ciiergy than the ground state orbital, in order that the occupancy of every orbital
be non-nezative.

Lample : Spacing of lowest pnd second lowest orbituls of free atoms. The wnergy of an
orbitul of un atom frez tomove in acube Oi volume I = L' s

LA 2 2
£ = ﬂ?(f) bt 4ot 4wty {37}

where m,, n,, u, are positive imegers. The energy £{111) ol the Jowest orbital is

TSI R CAVPRR (58)
T ML ).
and the energy £{211) of one of the sct of next lowest orbials is
B ofa\?
My = el ) 59
(211} 2.\{(L)(4+1+” {59
The tewest excitation enargy of the aom is
Ht fa\?
Ag = {211} ~ = T o B
ef211) ~ efiil) = 3 x 550 (L) {60}
If M{*He) = 6.6 x 167> gand L = | cm,
Az = (3HB4 = 1073I(9.86) = 248 x 107 %erg (61)

INn temperature units, Ak, = L8O = 10714 K,

This splitting is extremely smail, and it is difficult 1o cONCelvethay it can play an important
part N a physical problem even at the lowest reasonably accessible temperatuces such as
VmK, which is 107> K. However, at the | mK temperature {35} gives 1= =14 =
1073 erg for N = 19° atoms, referred to theorbital (58) as the zero of energy. Thus p is
much closer te the ground orbital than iSthe next lowest orbital ¢59), and exp[e(§11} —
nl/e} s much closer to © than & exp{{e(201) — p/r), so that &111) dominates the dis-
tribution function,

The Boltzmann factor exp{— Ag/rjat [ mK s

exp{~1.8 x [0y = | — 1.8 x 107, (62}

which {5 essentinlly unity. By (4) we would expect thateven ifn a m, the oceupancy of the
first excited orbitul would only be of the order 011, However, the Bose-Einstein distnbution
gives an entrely different value for the cecepancy of the first excited orbitat:

L {
SO0 = T R =1 S e T

exp{(de — p¥fr} ~ ¢ {63)
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because Ae » p Thus the occupation of the first excited orbital 5t 1 mK s

i B

f = ‘]“8—";(“?)':-‘—1 = 5% 100 N . {64)
<0 that the fraction of the N particles that are in this erbital is £,N = § x 1019102 =
5 = 1072, whichis very smalk. We see that the occupancy OF the first excited Orbital a1 low
temperatures s relatively very much lowes than would be expected at first right from the
simple Beltzmann fuctor (62). The BoreEinstein distribution is quite stranpe; it favors @
situntion N which the greatest part of 1he population 1s iefi in the pround orbital at suffi-
ciently low temperaiuces. The particies in the ground orbital, as 10N 45 their NUMbEr is 5 1,
are calied the Bore-Einsteincondensate. The atoms in INC condensate act quite differently
from the atoms iN excited states.

How do we undersiand the existence d the condensate? Suppose the atoms were
governed by the Plunck distribution (Chapter 43, which makes no provision for holding
constant the total number O partictes; instead, the thermal average number of photons
increases wath temperature al 72, as found in Problem 4.1, ¥ the laws of naturc restricled the
witad number of photons 10 a value N, we would say that the ground orbitad O the photon
gas contained the dilfereace Ny = N — N(1} between the numbear allotted and the nusmber
thermally excited. The N, nonexcited pholons would be described s condensed into the
ground orbita}, but Ny becomes cssentially zero at a tempersiuge 7, such that st N photons
areexcited. There Is NO actual constraint on the wetul number & photans; however, there
iSa constraint on the total number N of material bosons, sucl as *He atoms, in a system.
This construint iS the origin of the condensution inte e ground orbital, The Jifference
between the Planck distribution and thie Bose-Einstein distribution iy that the lutier will
conserve 1he tod number of pacticles, independent of feaperature, so that noneacited
atoms are really N the ground state condensate.

| G

Orbital Occupancy VersusTemperature

Wesaw in (19) that the number ol free particle orbitals psi unit encrgy range is

V20
®M=E?GF)SW, (65)

for a particle of spin zero. The total number of atoms of helium-4 in the ground
and excited orbitals is given by thesum d the occupancies of all orbitals:

N =Y fo= Nl + N0 = Nofr) + [ deDiafien). (66)
We have separated the sum over n into two parts. Here N{x} has been written

for f(0,x), the number of atoms in the ground orbital at temperaturez. The
integral in (66) giver the number of atoms Nz} in all excited orbitals, with

Grbital Occupancy Versus Temperature

Sl T}

RN

\

1 \Q;

£ —

Figuee 710 Plot of the boron distribution function for twe temperatures, with suflicient
particles present tOensure A = I, The integral of the distribution times the density of
states gives the number N, of particles in excited orbitals; the rest of the particles present

are condensed inte the ground stale orbital. The value of N4 iStoc large to beshown on
the plot

fle,r} as the Bose-Einstein distribution function. The integral gives only the
number of atoms in excited orbitals and excludes the atoms in the ground
orbital, becausethefunction ¥4z} is zera at ¢ = 0. T o count the atoms correctly
wemust count separately the occupancy N, of the orbital with ¢ = 0. Although
only asingleorbital isinvolved, the vatue of Ng may be very large in a gar of
bosons. We shall call Ny the number of atomsin the eondensed phaseand &,
the number of atomsin the normal phase. The wholesecret of the result which
follows isthat at low temperatures the chemical potential u isvery much ¢loser
in energy to the ground state orbital than the first excited orbital is t0 the
ground state orbital. This tloseness of x to the ground orbital 1oads most of
the popalation of the system into the ground orbital (Figure 7.10).
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The Bore-Einstein distribution function when written for the orbital ag
= 015

i

Nylo) = ETT 67

asin (54}, where 4 will depend on the temperature =, The number of particles
in all excited orbitals increases as 1%

2‘1 352 81[2
77 e
Nedr ) ()‘z ) J'“ ¢ A Vexplefr) — 1

or,with x = gfz,

2‘.{ @ X“z .
= (T’) o e (68)

Notice the factor z3/* which gives the temperature dependence of N,.

At sufficiently lOW temperatures the number of particles in the ground state
will be a very large number. Equation (67) tells us that & must be very close lo
unity whenever Ny is > 1. Then j iSvery aceurately constant, because a mac-
roscopic vialue of N, forces 7 to be close t0 unity. The condition for the validity
of the calcutation is that Ny > |, and it is not reguired that N, <« N. When
&= 7 in the integrand, the\alue of the m%cgmnd is insensitive to smail devig-
lionsof 4 from |, SO that we can st £ == | in (68).although nat in (873

The vatue of the integral' in (68) is when i =1,

.12

j" a2 o= L306n!, (69)

G e*

'To cvaluate the integral we wiite

YRS 1/2

J‘:d"‘fﬁ:_’:d 1\:~e - = ZJ‘ dx \Ul

R B A N A AN V= Y
(‘2::.5 )J‘u dyptie™?,

The infinkie F UMis easily evaluited aumericaily to be 2 612, The integral may be fransfosmed with
y=ullogihe

2 [t eapl -y = 1w

S

e a— o ———

Einstein Condensation Temperature

Thus the number of atoms in excited states is
1306V /2M
N, = »—;__-( ﬁt) = 26V, {70)

where ng = (M1/2zh*)¥* isagain the quantum concentration. We divide &, hy
N to obtain the fraction of atomsin excited orbitas:

NN = 2612n5VIN = 2612np/n, (70

The value £ =~ | or | = 1/N which ted to (71) is valid as long as a large
number of atoras are in the ground slate. All particles have to be in some
orbital, either in an excited orbital or in the ground orbital. The number in
excited orbitals is relatively insensitive 10 small changes in 2, but the rest of
the particles have to be in the ground orbital. To assure this we must take i
very close to 1 uslong as Ny isa large number. Even 10° is alarge number lor
the occupancy of an orbital. Yet within Ar/rg = 1075 of the transition, whese
g is defined by {72) below, the occupancy of the ground orbital is > 10'% atoms
cm™* at the concentration of liquid *He. Thus our argument is highly accurate

at Arfre = 1078,
Einstein Condensation Temperaiure

We defing the Einstein condensation temperature* t; as the temperature for
which the numbcr of atoms in excited states is equal to the total number of
atoms. That is, N {r.} = N. Above ¢, the occupancy of the ground orbital is
nol a macroscapic nUMber; befow ry the occupancy is macroscopic. From (70)
with N for N, wefind for the condensation temperature

2aht N O
= . 72
S (z.mzv) {72

Now (71) may be written as

3
NN =~ (t/r 0, 7

wherpe NV isthe total number of atoms. The number of atoms in excited orbitals

varies as 17 at temperatures below 1, as shown in Figure 7.11. The valenlated
watug of Ty for stoms of *He is =3 K.

"A . Einstein, Akadesmic der Wissenschafien, Beckin, Sitzungsberichie 1924, 261; 1925, 3,
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Figure 7.11  Condensed boson gas: temperature dependence
of the propertion No/N of atoms in the ground orbital and
of the praportion N /N of atoms in alt excited orbitals. We
have tabeled the two components as normal and superfluid
to agree with the customary description of liguid helium.

The stopes of all three curves arc intended 1o be zero 3t 1 =0,

0.8

0

The number of particles in the ground orbital is found from (73):
No=N-~N,= N[l - (/5] {74}

We note that N may be of the order of 1872 For t even slightly less than 1z 2
large number of particies will be in the ground orbital, as we see in Figure 7.11.

We have said that the particles in the ground arbital below 1 form the condensed
phase or the superfluid phase.

The condeasation temperature in Kelvin is given by the numerical relation
TelinK) = (LIS/%2°M) (79)

where ¥, is the molar velume in em® mol™! and M is the molecular weight.
For liquid helium Yy = 27.6cm®* mol™? and M = 4; thus Tp = 3.1K,

Liguid Y#e
Liquid “He

The cafculated temperature of 3K is suggestively close to the actual temperature
of 2.17K at which a transilion (o a new state of matter is observed 1o take place
in Hiquid Relium (Figure 7.12). We believe that in fiquid *He below 217K there
is a condensation of a substaatial fraction of the atoms of *He into the ground
orbital of the system. This is different [rom the condensation in coordinate
spuce that oceurs in the condensation of a gas to a liquid. Evidently the inter-
atomic forees that lead to the liquefaction of *He at 42 K under a pressure of
one atmosphere are oo weak o destroy the major effects of the bosen con-
densation at 2.17K. In this respect the liquid behaves as 2 gas. The condensa-
tion into the ground orbital is certainly counected with the properties of bosons,

10
25
- |
20
E /
=45
z /
g
% 19 /
g V \\
- pd ]
0.5 /,
-

0
12 14 16 18 20 22 24 25

Temperature, in K

Figure 7.12  Heat capacity of liquid *He. The sharp
peak near 217 K is evidence of an important transition
in the nature of the liquid. The viscosity of the liquid
above the transition temperature is typicai of normal
liquids, whereas the viscosity below the transition as
determined by rate of Bow through narrow slits is
vanishingly small, at least 10° times stalfer than the
viscosity above the transition. The transition is ofien
called a lambda transition merely because of the shape
- ofthe graph. Afier Keesom et al.
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Thecondensation isnormally Not permitied |0 fermions, but pairsof fermions
may gct asbosens, asin the superconductivity of ¢lectron pairs (Cooper pairs)
in metals. A different type of transitior: |0 complex phases with superfluid
properties has been observed in liquid 'He below 3mK. Atoms of *He have
spin ¥ and are fermions, but pairsof *He atoms act as bosons.

We can give several arguments in support of our view of liquid helium asa
zas of noninteracting particles. A first sight this isa drastic oversimplification
Oltke problem, but there are some important features of liquid helium lor
which the view is correct.

(@ The motar volume of liquid'He at absolute zero is 3.1 times the vaiume
that we caleulate from the known interactions of helium =toms, The interaction
forces between pairs of helium atoms are welt known experimentally and
theoretically, and from these forces by standard elementary methods of solid
slate physics we Can calculate the equilibrium volume of a sratic latiice of
helium atoms. In a typical caculation we find the molar volume to be 9¢m?®
mol ™!, as compared with the observed 27.6 cm® mol ™1, Thus the kinetie motion
ol the hetium atoms has a large effect on the liquid state and leads to an ex-
panded structure in which the atoms to a certain extert can move freely over
appreciable distances. We can sy that the quantum zero-peint motion IS
responsible |or the expansion of the molar volume.

{b} The transport properties of liguid helium in the normal state are not very
different fromt thosc of a normal classical gas. In particular, the ratio of the

thernial conductivity K to the product of the viscosity 1 times the heat capacity
pet unit masshas the values

K (26, a 28K
§Cp 132 a 40K

These vaues are quite close to those observed lor normal gases at room
temperature— see Table 14.3. The values of the transport cocfiicients them-
selvesin theliquid are within an order of magnitude of theose calculated lor the
gas 3l the same density. Normal fiqeids act quite differently.

{c) Thelorees in the liguid are refatively weak, and the liquid does not exist
above the critical temperature of 5.2 K, which IS the maximuny boiling point
observed, The binding energy would be perhaps ten times stronger in the
equitibriom configuration of i staic Littice, hut the apansion of 1the molar
volume by the quantunt zero-point motion of the atoms IS responsible for the
reduction in the binding energy 10 the observed vatue. The valus of the critical
lemperature iS dirceify proportional to the binding enesgy.

{d} The liyquid is stable at absolute vero a prossutes urder 25atm; above
25 aum the solid ismere stable.

LiquidHe

[
(%]

a3

<
i
o=t

W

>

WY
LT |

T in K——m

1n

Rate of mass flow,
in units of 107% 57!

Figure 7 . Comparison of rater of flow of tiguid 'He and
liquid *He under gravity through afine hole. Notice the sudden
onset of high fAluidily or superfiuidity in “He. After D. W,

Osborae, B. Welnstock, and B. M. Abraham. Phys. Rev. 75,
988 (1949,

The new state of matter into which liquid 'He enters when cooled below
217 K has quite astonishing propestics. The viscosity as measured in a flow
experiment* is assentiafly zero (Figuse 7.13), and the thermal conductivity is
very high. We say that liquid *He below the transition temperature is a super-
fleid. More precisely, we denote liquid *}e below the transition temperature
as liguid HeIl, and we say that liquid He 11 isa mixture of normal Ruid and
supesfluid components. The normal fluid component consists of the hetium
atoms in thermally excited orbitals, and the superfiuid compoenent consists of
the helium atoms condensed info the ground orbital. It is knowa that the
radicactive boson #He in solution in liquid 'He does not tzke pan in the
superflow of the latter; neither, of course, does the fermion *He in solution in
e take part in the superfiow.

We spenk of Hguid *He above the transition temperature as Hguid He |
There is no superfluld component in figuid He {, lor here the ground orbital
RIERIFERTIGY IS neptipilile, being of the same order of uagnitude as the veenpiney

INn other srrangements there may be an effective viscosity: this is true of a disk oscillasing in liquid
“He ar any finite feaperiture below (e copdensation temperatue. FOr a combination of o
Foids of ditferve viscositios, some experiments measare e avacage visvosity, wisd uthe expernents
Bwrasuiy Ve average of 1y, or the aversge Tusdiny.
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solid helium (*Hy), and thetransitioncurve

and He 11, The liquid He 1 form exhibits

this graph us it would merge with the zgro

79, 626 (1950).

150
125
Figure 711 Themelting curve of liquid and Melling curve ““/
belween the two forms Of liguid helium, He 1 e 100
=
superflow prapertics as a consequence Of the = /
condensation of atoms into the ground orbital o 5
of the system. Note that helivm isa liquid at = Salid helium
absolute zero at pressures below 25 atm. The 2
itquid-vapor beiling eurve it not included in 50 }
Braph quund He
pressure dine, After C, A, Swenson, Phys. lev. |
25 ;
Liquid He II \ Transition
[ cunc
o
0 4

Tcmperalurc‘ in !\

of any other low-lying osbital, as we have seen. The regions of pressure and
temperature in which liquid He | and 11 exist are shown in Figure 7.14.

The development of superfiuid properties is not an automatic consequence
of the Einstein condensation of atoms into the ground orbital. Advanced cal -
culations show that it is the existence of some form (almost any formy) of inter-
action among atoms that leads to the development of superfiuid properties in
the atoms condensed in the ground orbital.

Phase Relations of Helium

The phase diagram @f “I1¢ was shown in Figure 7.14. The liquid-vapor curve
can be followed [rom thecritical point of 5.2 K down to absolute zero without
any appearance of the solid. At the transition temperature the normal liquid,
caled He I, makes a transition to the form with superfluid properties, called
Hell. A temperature called the A point isthe triple point at which liquid He I,
liquid He 1, and vapor coexist. Keesom, who first solidified helium, found that
thesolid' did not exist below a pressure of 25 atin. Another triple point exists

* Anintercsting discussion of solid helium is given by . Berram and R. A. Guyer, Scientific Amesi-
can, August 1967, pp. 8595, Solid *He custs in lhrcc crystal structures accordmg to the conditions
_ ol temperature and pressure. .

Phase Relations of Helium

160
*He ' /
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£120 /
__:—0 Solid
S 80
£ Liquid
5 a0
o
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o N
G 1 2 3 4
{a) Temperature, in K
a0 % 10° r— T ;
Solid 3He
7 o 3He A~ T
% 20+ 3He B -
_L-;:
-
e Normal liquid |
He
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Temperature, in mk
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Figure 715 Phase diagrams for liquid i, (23 in
kelvin and {b) in milliketvin. In the region of negdive
dope shiown in (8) on the phase boundary the sofid has
a higher entropy than the liquid, and we have to add
tieat 1O the liguid tO solidify it. Supesfluid propertics
appear in (b)in 1he A and B phases of liquid 'He. The
A phase is double—in a magnetic hdd the phase divides

imo two companents with opposite nuclear magnetic
moments.

at 1.743 K. here the solid is in equilibrium with the two liquid modifications.
Hel and He L. Theiwo triple points are connected by alinethat separatesthe
regions of existence of He 1] and Hel.

The phasediagram of *He differs in aremarkableway from the phase diagram
of *He. Figure 7.15 exhibits the impartance of the fermion nature of *He. Note
the negative slope of the coexistence curve at low temperatures. As explained

21t
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in Chapter 10, tlie negative slope means that the entropy of the liquid phase
istower than the entropy of tlie colid phase.

Quasiparticles and Superfuidity, *He

For many purposes the superfiuid component of liquid helium 1 behaves as
il it werea vacuum, asif iy were not thereat all. The Ny atoms of the superfluid
are condensed into the ground orbital and have no excitation energy, for the
ground orbitai by definition has no excitation energy. The superfiuid hasenergy
only when the cenler of mass of the superfluid isgiven avelacity relativeto the
laboratory reference frame— aswhen the superfluid is set into flow relative to
the laboratory.

Thecondensed component of Mg atoms will flow with zero viscosity S0 leng
as the flow docs not create excitations in the superfluid—that is, solong as no
atoms raske transitions between the ground orbital and the excited erbitals.
Such transitions might bc caused by collisions of helium atoms with irregu-
larities in the wall of the tube through which the helium atoms are flowing.
The transitions, if they occur, are a cause of energy ioss and of momentum
loss from the moving fluid, and tlie ftow is not resistanceless if such collisions
can occur.

The criterion for superfluidity involves the cnergy and momentum celation-
ship of the excitations in liguid He 11, If the excited orbitals were really like the
orbitals of [ree atoms, With a free particlé relation

i
£ o= %J\’h.?l = m (hl’\}l {76}

between the energy £ and the mementum Mo or ik of an atom, then we can
show that superfluidity would not be expected. Here k = Injwavelength, But
because of the existence of interactions between the atoms the low energy
excitations do not reserable free particle excitations, but are lengjtudinat sound
waves, longitudinal phonons (Chapter 4). Afterall, it is not unreasonable that a
longtudinal sound wave should propagate in any liquid, even though we have
no previous cxperience of superiiquids.

A tanguage has grown up 1o describe the low-lying ¢acited states of a system
of many atoms. These states are called elementary excitations and in ther
particle aspect the states air called gunsiparticles. Longitudinal phonons are
tlie elementary excitations of liguid Hc fl. We shall give the clear-cut experi-
mental evidence lor this, but first we derive a necessary condition lor super-
{luidivy. This condition will show us why the phonon-like naturz Of tlie
elementary excitations leads to the superfluid behavior of liquid He t.

Quasipariicles and Superfluidity, *He

He ti at absolute zeto.

We consider in Figure 7.16 a body, perhaps a steel ball or a neutron. of
niass M, falling with velocity V down a columin of fiquid Belium at rest at
abzolute zero, so that initially no elementary excitations are excited, if the
sation of the body gencrates elementary excitations, there will be a damping
force on the body. In order to generate an elementary excitation of cnesgy g
and momentum fik, we must satisfy the law of conservation of energy:

MoV = AL gy, 17N

where 7' is the velocity of the body ufter creation of the elementary excitation,
Furthermors, we must satisfy the fuw of conservation of momenium

MoV = MV + bk {78}

The two conservation laws cannot always be satisfied at the same time cven
if the direction of the excitation created in the process isunrestricted. To show

23

) Figure 7.16 Dody of mass M, moving with
M, \d) velocity V down acylinder that contains liguid
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this we rewrite (78) as
MoV — bk = MV
and take the sguare of both sides:
MoiW? — 25MhY <k + B3 = M2

On multiplication by 1/2Af, we have

MV — BV -k + 2;! BERT = MV (79}
]
We subtract (79) from (77) 1o obtain
WYk~ 2;4 WK = g, (80)

¢

There is a lowest value ol the magnitude of the velocity V for which this
equation can be satisfied. The lowest value will occur when the direction of
iS parallel to that of V. This critica velosity is given by

!
LIRS T¥)
TV

V.= m|n|mumof-——ﬁ~k~—~. (g1}

The condition is alittle simpler to express if welet the mass Mg of the body
become very large, for then

V. = minimum of x| {82)
1

A body moving with a lower velocity than ¥, will not beabletocreate excitations
in theliquid, so that the motion will be resistanceless. The viscosity will appear
to be zero. A body moving with higher velocity will encounter resistance
because of the gencration of excitations.

There is a simple geometrical construction for (82). We make a plot of the
energy £, Of an elementary excitation as a function of the momentum #k of the
excitation. We construct the straight line from the origin which just touches

Quasiparticles and Superfluidity, *He

the curve from below. The slope Of this line is equaf to the critical velocity. If
s, = #EI2M, asfor the excitation of a free atom, the straight fine has zero
stope and the critical velocity is zero:

Free atoms: ¥, = minimum of hij2A1 = 0. {83
Theenergy of alow energy phonon in liquid He [1is g, = hey, = frk inthe
frequency regionofsound waveswhere the product of wavelength and frcquency
is cqual to the vclocity of sound v, or where the circular frequency w, iScqual
to the product of v, times the wavevector k. Mow the critical velocity is
Phonons: ¥, = minimum of e k/hk = v, (84)
The critical velocity ¥, is equal t0 the velocity of sound if (84) is vatid for ait
wavevectorss, which it is not in liquid helium if, The obseeved critical flow
velocitics are indeed nonzero, but considerabty IGwer than the velocity of sound
und usually tower than the solid straight line in Figure 7.17, presumably because
the plot of g, versus ik may turn downward at very high fik.

The actual spectrum of elementary excitations in liguid helivm 10 has been
determined by the observations on the inefastic Scattering of slow neutrons.
The experimental results are shown in Figure 7.17. Thesolid straight lineisthe
Lundau critical velocity lor the range Of wavevectors covered by the neutron
experiments, and lor thisline the critical velocity is

V, = &bk, = 5 x 100ems™! {85}

where A and %, are identified on the figure.

Charged ions of helium in solution in liquid helium IE under certain experi-
mental conditions of pressure and temperature have been observed* to move
almost likefreeparticles and to have a limiting drift velocity near § » 10*ems™!
closely equal to the calculated value of {85). Under other experimentat condi-
tions the motion of the ions is limited at a lower velocity by the creation of
vortex rings. Such vortex rings are transverse modes of motion and do not
appear int thelongitudina modes covered by Figure 7.17.

Our result (84) lor a necessary condition lor the critical velocity is more
gencral than the calculation we have given, Qur calculation demonstrates that
a body will move without resistance through liquid He 11 at absolute zero if
the velocity V ef the body is less than the critical velocity ¥,. However, at

L. Meyer and F. Reif, Phys. Rev, 113, 727{194}1}; G. W, Rayficld, Phys. Rev. Letters 16, 934 {1966).
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Figure 7.17  Energy r, versus wavevector k of elemeniary
excitations in liquid helium at 1.12 K. The parabolic curve sising
{rom the origin represents the thedretically calewtaed cutve lor
free helium atoms at absolute zere, The open circkes correspand to
the encegy and momentum of the measured excitations, A smooth
curve has beea drawn through the points, The broken curve

rising lineacly [rom the origin Is the theoretical phonon branch
with a velacity of sound of 237 m 57, The solid steaight line wives
the critical veloity, in appropriate units: The fine gives the mini-
mum of £/ over the region of & covesed N these experiments, Afic
D. G. Henshuw and A. D. B. Woods, Phys. Rev. 121, 1266 (1961).

lemperatures above absolute zero, but below the Finstein temperature, shere
will he a normut Quid component of clementary escitations that are thermally
excited. The normal fluid component is the source of resistance to the motion
of the body. The superflow aspect appears first in experiments in which the
liquid flows out through a fine tubs in the side of a container. The narmal
fluid compoacnt may remain behind iN the contziner while the superfiuid
component feaks out without resistance. The derivation we have given of the

a—

Summary

critical velocity aisa holds for thissituation, with V asthevelocity of the super-
Auid relative to the walls of the tube; A, is the mass of the fluid. Excitations
would be created above ¥, by the interaction between the fiow o the liquid
and any mechantical irsegularity in the walls;

Superfluid Phasesof 'He

Three superfiuid phases of liquid *He are known* {Figure 7.15b), but—in
contrast 1o liquid *He—with transition temperatures of only a few millikelvin.
The superfluid phases are believed lo be qualitatively similar to the super-
conducting state of electrons in metals, where pairs of particles in orbitals near
the Fermi surface form a type of bound state known as a Cooper pair. Such a
pair is qualitatively like a diatomic moiecule, but the radius of the molecule
is much farger than the average interelectron spacing in a metal or the average
interparticle spacing in liquid *He.

1t metallic superconductivity the two electrons that form a Cooper pair arc
in a nonmagnetic {singie} spin state. In the superfluid states of liquid *11e the
wo atoms that form a pair are in the triplet spin states of the two *He nuclei,
so that three magnetic superfluids arc possible, corresponding to spin orieata-
tions A, = 1, 0, and —1. or mixtures of these three stales. The magnctic
superfluids bave been explored experimentally, and both the magnetic and
superfluid properties have been confirmed.

SUMMARY

|. Compared to 3classical gas, u Farmi gar at low temperature has high kinetic
energy, high pressuce, and low heat capacity. The entropy of the Fermi gas
is zero in the ground state. The energy of the highest filled orbital in the
ground state oi a free particle gas of fermions of spin § 1

‘ B2 (3nNNR
ol v

2. The total kinciic energy in the ground state is

UQ - %.NC‘F.

* For chementary revisws, see . C. Wheatley, Physics Today, February 1976, p. 320 A3 Legpett,
Plysics Bulietin 25, 311419750 2ad 1. R, Hook, Physics Builetin 29, 3131978 For deeper reviews,
sen L C. Wheatley, Res, Mod, Phys. 47,915 11975  and A. 1. Leggent, Rev. Mod. Phys. 47,331 {1975}
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+3. The density Of orbitals at g; is

Des) = 3N/2ep.

4. The beat capacity of an electron gasat 1 <« 1, IS

Ccl = %HZ{){EFJL’ X A’I_{‘Ir '
in fundamental units.

5. For a Boscgasst t < 1, the fraction of atoms in excited orbitals is
_N,jN = 2612/ = (z/r 0 %

6. The Einstein condensation temperature of a gas of noninteracting bosons is
WhON OV
Tg o= | e )
A A3612V

PROBLEMS

. Densityd orbitals in one and fwe dimensions. (@) Show that the density
of orbitals of a free electron iN one dimension IS

D) = (Lirf2mhe)t 2, {86)

where L isthelength of theline. (b) Show that in two dimensions, for a square
ofarea A,

Dole} = Amfni® | . i (87)

independent of e.

2. Energpd relativistic Fermi gas, For electrons with an energy ¢ » me?,
where m is the rest mass of the electron, the energy is given by ¢ = pe, where
p isthe momentum. For electronsin a cube of volume V = L3 the momentium
is of the form (rfi/L), multiplied by (n,* + 5,2 e, exactly as for the
nengelativistic limit. (8) Show that in this extreme relativistic limit the Fermi
energy oi agas of N electronsisgiven by

gp = hmef3nfm)H3 |

(88)

Problems

where n = N/V. (b) Show that thetotal energy of the ground state of the gas js
Ug = 3Nep. (59)
The general problemis treated by F. Hittner, Zeitschrilt fis Physik 47,542 (1928}

3. Pressure and entropy of degenerate Fermi gas, {3} Show that & Formi
efectron gas in the ground slate exerts a pressure

(a3 4 AN\
p= 5 m\T {90y

In a uniform decrease of the votume oOf a cube ¢very orbital has its cnergy
raised: The cnergy of an arbital is praportional to 1/L* or to 1j¥**, (b} Find
on expression for the entropy of a Fesmi clectron gas in Lhe region 1 « ¢,
Notice that ¢ - Oast — 0.

4. Chentical potentiol versus temperature.  Explain graphically why the instiat
curvature of g versus t is upward lor a fermion gas in one dimension and
downward in three dimensions (Figure 7.7). Hint: The D,{c} and (e} curves
are different, where D, iSgiven in Problem |. it will be found uselul to set up
the integral for N, the number of particles. and to consider from the graphs
thebehavior of the integrand between zero temperature and a finite temperature.

5. Lignid e or a Fermi gas, Theatom'He hasspin| = §andisaflermion.
(a) Calculate as in Table 71 the Fermi sphere parameters vy, &g, and T lor
'He at absolute zero, viewed as a gas of noninteracting fermions. The density
oltheliquid is0.081g cm ™ *. {b} Cal cul ate the heat capacity at low temperatures
T « T and comparewith the experimental value C, = 2.89Nk,T as observed
for T < 01K by A. C. Anderson. W. Reese, and |. C. Wheatley, Phys. Rev,
130, 495 (1963); see also Figure 7.18. Excellent surveys of the properties of
liquid 'He are given by J. Wilks, Properties of liquid and solid helium, Oxford,
1967, and by J. C. Wheatley. " Dilute solutions of 'He in “He at low tem-
peratures,” American Journal of Physics 36, 181-210 {1968). The principies
of refrigerators based an 'He-'He mixtures are reviewed in Chapter 12 on

cryogenics; such refrigerators produce steady temperatures down to 0.01 K
in continuously acting operation.

6. Mass-radius relationshipfor white dwarfs. Consider awhitedwarf of mass
M and radius R. Let the electrons bedegenerate but nonrelativistic; the protons
are nondegenerate. (a) Show that the order of magnitude of the gravitationat
self-energy is —GM?jR, where G is the pravitational constant. {If the mass
density isconstant within'the sphere Of radius R, the exact potential energy is
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Fogure?.58  Heat capacity of liquid *He and of a § percent solution of
*He in liquid *He. The quantity plotted on the vertical axis is €/ T, and
the herizontal axis is T. Thus for a Fermi gasin the degeneratetemperature
region the theareticat curvesof CfT at constant volumeare horizontal.
The curve |or pure *He is taken at constant pressure, which accounts lor
the slight stope. The curve [0 the salution of *He inliquid *He indicates
that the *He in solution acts as a Fermi gas; the degenerate region at low
temperature goes over tO the nondegenerate region at higher temperature.
The solid line through the experimental points lor the solution is drawn
for T; = 0.331 K, which agrees with thecalculation lor free atoms if the
effective mass is taken as 2,38 timer the mass of an atom of *He. Curves
after L ©. Wheatley, Amer. 1 Physics 36 (1968).

- 3GA5R). (b) Show that the order of magnitude of the kinetic energy of the
clectrons in the ground state iS

RINS hiAgs
T

wheie i1 is the mass of an clectron snd My, is the mass of a proton. (c) Show
thal if the gravitational and kinetic enerpies arc of the same order of magnitude
(us required by the virial theorem of mechanics), M2 R = 10°% ' em. (d) ifthe

Probfems

[

Heuat capacity, in units of N

mass is equal to that of the Sun (2 x 103 g}, what is the density of the white
dwarf? (e} It is believed that pulsars are stars composed of a cold degenerate
gas of neutrons. Show that lor a neutron star M*3R a 10'7 g em. What ie
the value of the radiuslor aneutron star with amass equal to that of the Sur ?
Express the resuit in km.

7. Photon condensarion. Consider a science fiction universe in which the
number of phatons ¥ isconstant. at a concentration of 102? con ™ *. The aumber
of thermally excited photons we assume is given by the result of Probiem 4.1,
which isN, = 2.404¥t3/x* 2, Find thecritical temperaturein K below which
N, < N.The excess N — N, will be in the photon mode of lowest frequency;
the excess might be described asa photon condensate in which there isa large
concentration of photonsin the lowest mode. In reality thereis nosuch principie

that the total number of photons be constant, hence there IS no photon
candensute,

8. Enevgy, heat capacity, aud entropy d degencyute hoson gas.  Find expres-
stoms as i function of temperature N the region v < N lor the enerpy. heat
capacity, mud entropy of a gas of ¥ nenistesicting bosans of spin zero confined
tw it volume V. Pt the dulinite integral in dimeasiondess form; it aeed 1ot be
evaluated. The calcufated heat capacity above and below 1z is shown in
Figure 7.19. The vxperimental curve was shown in Figure 7.12. The differcace

Figure 7,19 Heat capadity of an ideal Bose-
Einstein gas af constant volume,
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between the two curves is marked: It is ascribed |o the effect of interactions
between the atoms,

9. Bosoar gasinone dimnension. Calculate the integral for N,(7} lor a one-
dimensional gas of noninteracting bosons, arid show that the integral does
not converge. This result suggests that a boson ground stare condensaze docs
not form in one dimension. Take i = 1 far thecalculation. (The problem should
redly be treated by means of a sum over orbitalson a finitz line)

I0. Relativissic white ibearf stars. Consider a Fermi gas of N electrons each
of rest massm in asphere of radius R, Conditions in certain white dwarfs are
such that the great majority of elections have exireme relativistic kinetic
energies ¢ = pc, whese p iS the momentum. The de Broglie relation remains
2 = Zak/p. Problem 2 gives the ground state kinetic energy of the N electrons
on the assumption that & = pc for al efectrons. Treat the sphere s a cube
of equal volume. (@) Use the standard virial theorem argument to predict the
value of N. Assume that the whole star is ionized hydrogen, but neglect the
kinetic energy of tlie protons compared to that of 1he electrons. (b) Estimate
the value of N. A carelul treatment by Chandrasekhar leads not to a single
value of N, but to a limit above which astabie white dwarf cannot exist: see
D. D. Clayton, Principles of stellur evolution and mucleosynthesis, McGraw-Hill,
1968, p. 161; M. Harwn, Astraphysical concepts, Wiley, 1973.

11, Fluctuations in @ Feymi gas.  Show for asingleorbital of a lermion system
that

AN = (NML = (NYY 1

if (N) is the average number of feriioas in that orbital. Notice ihat the
fluctuation vanishes for orbitals with energies deep enough below the Fermi
energy so thut (N) = |. By definition. AN = N — (N).

12. Fiuctuationsin a Bose gas. 10 (N) as in (11) is the average occupancy
of asingle orbital of a boson system, then from (5.83) show that

AANY) = (ND(1 + (N {92}

Thus if the occupancy is large, with (N) =» 1, the fractiona fluctuations are
of the order of unity: ¢{AN)*>/{N>* = 1, so that the actual fluctuations can
be enormous. It has been said that ""bosons travel in flocks' The fisst edition
of thistext has an elementary discussion of the fluctuations of photons.

13. Chemical potential Versus concentration.  (a) Sketch carefully the chemical
potential versus the number of particies Ta a boson gas in volume ¥ at

Problems

temperature 7, Include both ¢lassical and guantum regimes. (b) D the same
lor a system of fermions.

I4. Two orbital boson system. Consider a system of N bosons of spin zero,
with orbitals at the single panicle gnergies 0 and €. The chemica potentia is
i, and the temperature is r. Find 7 such that the thermal average population
of the lowest orbital is twice the population of the orbitat at e. Assume
N = | and make what approximations are reasonable.

If the atoms in a gas have integral spin (counting the sum of clectronic
and nuclear spins), they can form a boson condensate when the gas is cooled
below the Einstein condensation temperatere 7 given by (72):

T = QERUMYNI2.612V)¥

For atoms in the vapor phase the Einstein’ condensation temperature is very
low becouse the number densitics are very low: In {1995) early successful
experiments were carried out at Boulder, MIT, and elsewhiere. Such experi-
micnis, which are extraordinarily complex, mark the exciting forefroat of the
quantum gas field. A large titerature on BEC experiments and theery is on
the Web.

One set of experiments (MIT) started with a beam of sodium atoms
exiting an oven at 600K at a concentration NIV of 0% cm~3. What happens
next s the result of a number of clever tricks with laser beams directed on
one pait or another of the beam Of atoms, First the atoms are slowed by one
luser beam from an eXit velocity of 800 m s=' to about 30 m s~' This is
stow cnough for 10% wloms to be trapped within a magneto-opticsf trap.
Further tricks, including evaporation, reduced the temperature of the gas to
2 uX, the uliralow temperature 7 at which the condensate was formed. The
concentration at 7 was again 104 atomsfem®,

The atoms in tlie condensed phase are in the ground orbital wnd expand
only slowly once released from the rap. The atoms in excited states move
relatively rapidly out of their steady-state positions. The positions of the
atoms can be recorded as a function of time after release. using a laser beam.
The number of atoms in excited orbitals is in good agreement with the +’
law, (73). With this technique tlie signatuce of Bose-Einstein condensation is
the sudden appearance of a sharp peak of atoms as the temperature is
decreased through vz The peak comesiron, light scattered by atoms in the

condensate; the wings of the tine from light scattered by atoms in excited
orbitals.
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Note: In (and only in) the discussion of energy conversion devices thal operate in cycles, we shalt
define all encrgy, entropy, and heat transfers as positive, whether the flow js into or out of the device.
This convention aveids neediess difficulties with algebraic signs. The term “reversible™ includes
processes for which the combined catropy of the interacting systems remains constunt.

Energy and Entropy Transfer: Definition d Hearand Work

ESERCY AND ENTROPY TRANSFER:
DEFINITION OF HEAT AND WORK

Heat and work are two different forms of e¢nergy transfer, Heat is the transfer
of energy to asystem by thermal contact with a reserveir. Weork IS the transfer
of energy to asystem by a change in the external parameters that describe the
system. The parameters may include volume, magnetic field, clectric field, or
gravitational potential. The reason we distinguish heat from work will be clear
when We discuss engrgy CONVErsion processes.

The most important physical process in @ modern encrgy-intensive civiliza-
tion isthe conversion of hieat into work. The Industrial Revolution was made
possible by the steam engine, which converts heat to work. The internal com-
bustion engine, which seems to dominate man as much as it serves him, is a
device to convert heal to work. The problem of understanding the limitations
of the steam engine gave rise 10 much of the development of thermedynamics.
Energy conversicn remains one of the central applications of thermal physics
because most electrical energy is generated from heal.

The fundamental difference between heat and work is the difference in the
entropy transfer. Consider the energy transfer 4¢/ from a reservoir to a system
with which the reservq,gr”%n thermal contact at temperature ¢; an entropy
transferdo = dt/fx accompaﬁrer theenergy transfer, according to theargument
of Chapter 2. Thisenergy transfer is what we defined above as heat, and we see
it isaccompanied by entropy transfer. Work, being energy transfer by achange
in external parameters— such as the position of a piston-—-doesnot transfer any
entropy to the system. There is no place far entropy to come from when only
work is pérformed or transferred.

However, we must be careful: the total energy of two systems brought into
contact is conserved, but their total entropy is not necessarily conserved and
may increase. The entropy transfer between two systems in thermal contact is
well defined only if the entropy of one system increases by asmuch asthe entropy
of the other decreases. Let US restrict ourselves for the present to reversible
processes such that Ihe combined entropy of the interacting systems remains
constant. Later we will generalize thediscussion toirreversible processes which

are processes in which the total entropy of the two systems increases, asin the
hcat flow example in Chapter 2.
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We can give a quantitative expression to the distinction between heat and
work. L.et dU be theenergy change 0l asystem during a reversible process; deg
is the entropy change, and ¢ iS the temperature. We define

40 = tdo 8]

asthehealrcceircd by the system in the process. By the principleof conservation
of encrgy,

dU = 4w + d9 , 3]

which says thit the energy change iscaused partly by work done on the system
and partly by heat added to the system fram the reservoir, Then

AW = dU ~ 30 = 4U — o 3

is the work performed on the system in the reversible process. Our reasons for
designating heal and work by @ and £W rathes than 40 and dW are explained
below. Fordo = §, we have pure work; for JU = tds, pure heat.

HEAT ENGINES: CONVERSION
OF HEAT INTO WORK

ity .
Carnot inequality.  Heat and work Have different rolesin energy conversion
processes because of the difference in entropy transfer. Consider two conse-
quences of the difference:

(@ All types of work are freely convertible into mechanical work and into
each other, because the entropy transfer is zero. An ided electrica moter,
without mechanical friction or electrical resistance, is a device to convert
electrical work into mchanica work, An idea electrical generator converts
mechanical work inio electrical work. Because al forms of work are [recly
converiible, they are thermedynamically equivalent to each other and, in
particutar, equivalent to meckanical work. The term work denotes al types of
wark,

(b) Work can be completely converted into bent, but the inverse is riot true:
fieat caNNOt be comptetely converted into work. Entropy enters the system with
the heat, but does not leave the system with the work. A device that generates
work from heat must necessarity strip the entropy from the heat that has been
converted to work. Theentropy rentoved from the converted input heat cannat
be perminted to pile Up inside the device indefinitely; this eniropy must ulti-
mately beremoved from thedevice. The only way to do thisis to provide more

Hear Engines: Conversian of Heot into Work

Fnput

Entropy Hewt

Quiput
work:
H

ap = O/, e

Esntropy Hewt
AN

)

-
Quipul

Figure 8.1 Entrapy and energy flow in ay continuously operating
reversible device generating work T OMheat. The entropy outflow
mist equal the eatropy fnfllow.

imput heat than the amount converted to work, and to gect the excess input
heat as waste heat, it a temperature lower than that of the input heat (Figure 8.11
Because dQ/ds = 1, the reversible heat transfer accompanying one unit of
entropy iSgiven by the temperature at which the heat IS transferred. 1t follows
that anly part of the INPUt heat oeed be cjected at the fower temperature 10
carry away ali the entropy of the input heat, ONly the difference betsocs input
und output heat can be converted 10 work, TO prevent the accumulation of
caleupy there must be sonic output heat; therefore it isimpossible 1o convert
all the input heat to wark!

A prohibition against unlimited entropy accumulation in a device does not
nean entropy cannot accemulate temporarily, provided that it is ultimately
removed. Many practical encrgy-conversion devices operate incycles, and the

29
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entropy contained in the device varies periodically with time. Such a cyclic
device is called a heat engine. The internal CO’?II%RSTIAOD engine is an example:
Theentropy contained in each cylinder is at a minimum near the beginning of
the intake stroke and a maximum near the beginning of the exhaust stroke.
There iSa value d the entropy content to which the device returns cyclically;
the entropy does not pile up indefinitely.

What [raction of the input heat @, taken induringonecycleat thefixed higher
temperature T, can be converted into work? The input entropy associated with
the input hieat is &, = Q)/t,.T o avoid conlusing signs, we define in this discus-
sion all energy, heat, and entropy fiows as positive whether the flow is into or
out of tlic system, rather than folfowing the usual coovenlion according to
which afiow is positive inte the system and negative out of the system. I @, is
the waste heat leaving the system per cycle at the fixed lower temperature 1,

1thé output entropy per cycie is a; = Q,/7,. In a reversible process this oulput
entropy isequa to the input entropy:

g =6, Or

Ot = Qufte» _ )
so that
O = (W/";.)Qﬁ- {5)

The work generated during one cycle of a reversible process is the difference
between the heat added and the waste heat extracted:

T — T

W e 0y 0= [1 - /el = 2220 ©

Theratio f thewor k generated tothe heat addedin the reversible processis
called the Carnof efficiency:

e = }1 = o h e u—————‘T" _ Tl. M
Qh ey Tx Tﬁ

Thisquantity isnamed in honor of Sadi Carnot, who derived it in 1824. It was
a remarkable feat: the concept of entropy had not yet been invented, and
Carnot's desivation preceded by some 15 years the recognition that heat is 2
form of energy,

The Carnot efficiency is the highest possible value of the energy conversion

. efficiencyy = ¥/fQ,, the output work per unii of input heat, in any cyclic ficat

fear Engines: Conversion of Heat into Work

input
('"‘“‘““"“--‘““"'_’*"‘—*""“‘"‘"“"—j
Entropy
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Figure 8.2  Entropy and enerpy Bow i o reat heat engine conlaining
irreversibifities that generate new entropy inside the device. The
entropy outflow at the tower temperature is larger than the eatropy
inflowat the higher temperature.

engine that operates between the temperatures r, and t,. Actual heat engines
havelower efficiencies because the processes taking place within the device are
not perfectly reversible. Entropy will begenerated inside thedevice by irrevers-

ible processes. The energy-entropy Row diagram is modified as in Figure 8.2
Wenow havethree inequalities

9 = ay; 8
0 = Gulnfn) {9}
W &. Qh - _Q: < iU ;; i O = ;]th- {10y .
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The actual energy cenversion efficiency y obeys the Carnot jnequality

g o= WO, < 1 = (n/u) = e

ttn)

We can have i = 5 only in the limit of reversible operation oi a device that
takes in heat at , and gjects heat at 7.

TheCarnot inequality is the basic finsitation on any heat engine that operates
in acyclic process, The result tells us thitt it is impossible to convert aik input
heat into work. For a given temperatuce ratio T/ the highest conversion
efficiency is obtained under reversible operation. The limiting efficiency in-
creases with increasing t,/r,, but we attain 100 percent efficiency only when
/Ty > €O

The low-temperature waste heat of uny heat engine must yltimately %?
cjected into the enviroament, so thit 7 cannot be below the environment
temperasure, Usually about 300 K. Hiph clliciency requires an input lemperature
T, high compared 10 300 K. The usable wmperatures in practice are unfartu-
aately [mited by varieus materials constraints. In power plant steam turbines,
which are expected to operate continuously lor years, the ypper temperature
iscurrently limited 1o about 600 K by prublems with thestrength and corrosion
of steel, With T, = 300X and T, = 600K, the Ciarnot efficicacy js#, = §, or
50 percent. Losses caused by upavoidable irreversibilities ceduce this etficiency

typically to about 40 percent. To obtain higher efliciencies jsa problem in high
temperiture metalloegy.

Sources of irreversibifity.  Figurc 3.3 Hllustrales several common sources of

irreversibility:

@ Part of the input heat @, may flow directly to the low temperature, by-
passing the actual energy conversien protess, as in the heat fiow into the
cylinder walls during the combustion tycle of the internal combustion
engine.

(b) Part of the temperature difference v, — 1, miy not he available as tem-
perature difference iN the pctusl covrgy conversion progess, because of
the temperature drop across theruntd resistances in the path of the heat
flow.

(&) Part of the work generated MUY be converted back to heat by mechanical
friction.

(d) Gas may expand irreversibly without doing work, as in the irreversible
expansion of an ideal gas into o vacuum.

R

Refiiperators

Thermal resistance

frreversible expansion
without work or heat

Hewt ] Net work

bypass

Friction loss

U

Thermal resistance

Figure 8.3 Faur sources of irreversibility in heat enpines; heat Now
bypussing the energy conversion process, thermal resistance iN the path
of the heat flow, frictional losses, and entzepy generation during
irreversible expansions.

Refrigerators

Relrigeratars are heat engines in reverse. Refrigerators consume work to move
beat from a low temperature 7, t0 @ higher temperature 1,. Constder the energy-
“ropy flow diagram of a reversible hear engine in Figure 8.1. Because po
tniropy is generated inside the device, its operation can be reversed, with an
txact reversal of the energy and entropy f:vs. Equations (4) through (6)
femiin valid for the reversed flows.
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The energy satio Of interest in a refriperutor IS not the cacrgy conversion
cflicieney {7), but the ratio 3 = 0,/W of the heat extraced at the low (am-
perature {0 the work consumcd. Thisratiois called the coefficient of refrigerator
performance; itS luniting value in reversible opcration is called the Carnot
coefficient of refrigerator performance, denoted by .. Do not confuse y = /v
with i = W/Q, for the energy conversion cfficiency of a heat engine; although
7 < lalways. ycanbe >1 or <1. From Eq. {5} and ¥ = @, = 0, the work
consumed is

We=0,- 0 = I?T“Eé 0. 12
I

The Carnot coefficient of refrigerator performance is

o T T)
o |t = = e, i3
)C. (W rex =0 T, T 3

This ratio can be larger or smaller than unity.

Actual refrigerators, like actual heat eagines, always contain irreversibilities
that gencerate entropy inside the deviee, In a refrigerater this excess entropy is
gjected at the higher temperature, as in the energy-entropy flow diagram of

Figure 8.4. With the convention that d1 energy and entropy flowsare positive,
we now have

6y = G , 14)
in place of (8). Further,
Q, 2 (LT {15}
and
W= 0= 02 (/) ~ 0= 20, e (16)
so that

7 =W <y

» Conditioaers and Hear Pumps

Output

Entropy Heat

o, = {J,/r,

Input
work:
134

e R
a = O/
Entropy
.

gl

tnput

Figure84 Entropy and enecgy fRow in arelrigerator.

The Carnot coefficient y. isan upper limit totheactual coefficient of refrigerator
performance y, just as the Carnot efficiency 5, iS an upper limit 1o the actual
energy conversion efficiency  of aheat engine.

Both heat engines and refrigerators arc subject to restrictions imposed by the
law of increase of entropy, but the device design problems are totally different.
In particular, the design of refrigeratorsto operate at the temperature of liquid
helium or below isachallenging problem in thermal physics (Chapter 12).

Air Conditioners and Heat Pumps

Air conditioners arc refrigeratoss that cool the inside of a building or an auto-
mobile; the heat is ejected to the outside environment. If we interchange the
insideand outside connections, an air conditioner can bcused to heat a building
during the winrer. Such a device is called a heat pump. If 7, — 7 « 7, a heat
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pumnp can heat thebuilding with a lower consumption of energy than by direct
heating (Problem ).

The limitations on the use of heat pumps are largely economical. They are
much more costly to instali and to mantain than are simpie heaters or furnaces.

Heat pumps make economic sense primarily in climatic conditions in which
air conditioning is required anyway.

Carnot Cycle

The derivation of the Curnot cnergy conversion efficiency and of the Carnot
coefficient of refrigerator performance made no statement about how to
realize a process by which work is generated from heat, or about how refrigera-
tion isachieved. The simplest and best known such process is the Carnot cycle.
In the Camot cycle & gas—or another werking substance—is expanded and
compressed in lour stages, two isethermal and two isentropic, as in Figure 8.5.
At paint 1 the gas hasthe temperature v and theentropy . The gasisexpanded
at constant r until the entropy hasincreased to the value oy, at point 2, In the
sccond stage thegasis furthicr expanded, now at constant o, umil the temperature
has dropped to the value t,, at peint 3, The gas is compressed isothermally to
point 4 and then comgpressed isentropically to the sriginal state 1. We write o
nnd g, for the low and high valuss of the cniropy contained in the working
substance, to distinguish these valuer {rom o; and o4 which are the entropy
flows per cycleat the low and high tetmparatures v, and 7, For the Carnot cydle.
& =6, = ay — 0y,

The work doec by the system in one cyclc is the area of the rectangle in
Figure 8.5;

W o= (1, — )y ~ 6)) ., {18)

which followsfrom

%SdU = 3 :(jj)m’a - (J;pdV .

where £pd ¥ is the work done by the system in one cycle. The heat tuken up ut
1 = 1, during the first phaseis

0, = oy —~ o (19
We cambine (18) and (19) to obtain the Carnot efficiency ye. Any process

deseeibed by Fiwure 8.5 is called a Carnot cycle, regardiess of the working
substince.

Carnot Cycle
a
3 2
ApiFETTTTT T e e I Ememe
H t
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i d
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Figure 8.5 A Carnot oyele, lor the conversion Of heat into work,
illustrated asa plot of entropy versus wmperaiure, 10 an arbitrary
working substance. The ¢ycle consists Of two expansion phases

{1 - 2and 2 — 3)and two compression phases (3 — 4 and 4 — 1),
Oue o the expansion and one of the compression phascs sic
isothermal {t — 2and | — 4}, and one phase of cach kind is
iscntropic {2 -+ 3and 4 — 1% The nct work done isthe area of the

loop. The heat consumied at t,, is the aren surrounded by e
broken line.

The Carnot cycleis a point of reference to indicate what could in principle
be done, rather than what in fact isdone. All energy conversion cycles need a
high temperature input and a low temperature output of keat, but often the
heatinputsand cutputs are not wet!-defined reservoirs at constant temperatuges.
Even where such reservoirs exist, as in steam tucbines, there is invariably a
temperature difference present between the working substance and the resec-
voirs. The heating and cooling processes are never truly reversible

OO SRS ST vl VPR

Example: Carnat cycle for on fdeal gas. Wa carry an ided monatomic gas through a
Carnot eycie. Initially the gas occupies a volume ¥, and is N dhesmial equilibeium with 3
Teservoir 34, at the high temperatuge 7,. The gas iSexpanded isothermaliy 10 the volume
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Vi, asin Figure S63. 1N the process the gas absorbs the heat O, [rom 61, and delivers it a5
work 1, to an external mechanical system connected 1o the piston. For an ideaj gas the
heat absorbed from the reservoir s

Dy = Wg = f pdV = Nt J" dVIV = Nty log(Vy/1). (20)

This work is indicated by the aresiabefed “12." Next. the gas is disconnected rom M, and
further expanded, now isentropically, until the temperature has dropped to the low em-

perature ¢, In the process the additional work
Wis = Uln) — Ufr) = %N{Th -1 1)
is deliverad by the gas. The volume ¥, at theend of the isentropic expansion is related to

Yy by

V5 = 1, L/ ar VlVy = (oo, (22)

{rom (6,63}, After point 31he gar is brought into contact with a temperature reservoir &

at the emperatsre o, and then compressed isothermally (Figure 860} 1o the velume 1)
chosen (o satisly

VW, = (g, = WV, 3

50 that Vy/¥, = 19 ¥, To accomplish this compression, the work

Wy = Nt log(¥s/¥,) = Nr,log(Va/¥,) 24

must be done on iie gas. Thiswork is gjected 10 &, as heat:

0= Wi, (23)

Finally. the gar is disconnected from & and recompressed isentropically until its tempera-
lurehas sisen to theinitial 1emperature 7, Because of the choiee (23) of ¥, the gar volume

at this point has returned to its initiaf value ¥, and the cycle is campteted. In thislast siage
the work

War = §N(m, — 1) (28)

is performed oN the gas; this cancels the work Wi, dene by the gar during the isentropic
expansion 2 —+ 3, by (21).

The net work delivered by the gasduring the cycle is given by the difference in shaded
areas in Figures 8.6a and §.6b, which is the enclosed area in Figure § &¢, The isentropic
curves in the p-V diagram are steeper than the isothermal curves, so that the area of the

Curnor Cycle

®, &,
f"'""""'"A"""""”"”'\.’ - ™
pLvy plvy
i
I
]
i
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!
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i 1
: ! !
3 ! 3
1 § )
: 1 b a
i [ t
1 1 1
V, [ v, V ¥
{1
)

MNet work done &y the
gar during ene eycte

Tl o - ———

Figure8.6 the Carnat cycie for an ideal gar. as ap-V plot. An ideat gas is expanded
and recomprassed in four stages. Two of them are isothermal, at the temperature 1, and
7{t,, > 7). Two of them an isentropic, from 1, to t,, and back. The shaded areasshow
(a) the werk done during the two expansion stages, (b) the work dons during the two
compression stages, and (c} the net work done during the cycle.
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l0op s finite and isequal lo the area of the rectangle in Figure 8.5. We have

W= Wy 4 Wy = W = Way = W, — Wy,
= M, — gjlog(ly/ V) an

The heat absorbed from R, war given iN (20), so that W/Q, = {r, — ©)/r, Which is just
the Carnot relation (7}

Energy Cenversion and the Second Law of Thermodynamics

The Carnot limits on the conversion of keat into wark and on the performance
of refrigerators are direct consequences of the faw of increxse of entropy. The
second law of thermodynamics usually is formulsted without mention of
entropy. We stated the classical Kelvin-Planck formulation in Chapter 7:
"It is impossiblelor any cyclic process to occur whose soleeflect isthe extraction
of heut from a reservoir and the performance of an equivalent amount of work.”

All reversible energy conversion devices that operate between the same teni-
peratures have the same energy conversion efficiency 7 = /@,. Were thisnot
50, we could combine two reversibie devices wiih diffierent efficiencies, iy < 13,
in such a way (Figure8.7) that device 1 with the Jower efiiciency isoperated in
reverse asa refrigerator that moves not only the entire waste heat Q,, front the
more efficient device 2 back to the higher temperature 1, but an additional
amount Q{in} of heat as well. The overal result would be the conversion of
the beat Q¢in) to work W{oum), without any net waste heat. This would require
tlie annihilation of entropy and would violate tlie law of increase of entropy.

Now that we huve established that all reversibie devicesthat operate between
the same lemperatures bave the same energy conversion efficiency, itissufficient
to calculate this efficiency for any particular device to find the common value.
The Carnot cycle device leadsto . = {1, — t,)/1, or the commeon value.

Path Dependence Of Heat and Work

Wehave carefuily used the wosds heat and work to characterize energy transfer
processes, and ot o chacacterize properties of tlie system nsetfl it is not
meninglul t0 speak of the heat content or of the work content of a systen.
We look at the Curnot cycle ance maore: Around a closed toop in tlie p-V
plane, a net ameunt of work is senerated by the system, and a et amount of
heat iS consumed. But the system—-on being taken once around the loop—is
returned to precisely the initial condition; no property of the system has
changed. This weans that there cannat exist twa functions @{w, V) and Wis,V}

i

Path Dependence of Heat and Work

Q=W + 0y + Gfin)
@y = W+ O + 1Wouy)

8 = g{in} — I{cuy

O
Device | Device 2
(= ny o it )
A
Hiouy = {7, — 70,
1 = MG

Oy =0 -7y (e U = (1 - 7.0,

—————

Q(ﬁ‘i) = (]12 - ﬂl)Qn

Figured.7 Iftwo differem reversible energy conversion Jevices operating between the
same lemperatures t5 and T coulid have differcnt energy conversian sificiencies iy > ;)
it would be possible la combene them inta a single device with 180 pet efficiency b
using the less efficient device | as a refrigerator that moves not oaly the entire Wasie
heat @y of the more efficient 0BVICE 2 back 10 the higher temperature, DUE an additional
amount Q(in} of heat as weil This additional heat would then be completely converted

1o work.

such that the heat Q,, and the work 1, required to carry the sysiem from
staie {o,, 1} 1o astale oy, 1) are given by the differences in Q and 1v:

Qo £ QmY) ~ Qlo, V) 1, 2 W(a, ) — Wi, V)

such functions existed, tlie net transkers of heat and of work around a closed
loop necessarily wauld be zero, und we have shown that the 1rsnsfers dre not
FAH e R

The transfers of heat and work between state (1) and state (b) depend on the
path taken between the twe siates. This path-dependence IS expressed when
we say that heat and work are not state functions. Unlike semperatuse, entropy,
and [ree energy, heat and work are not inrinsic attributes of the system. The
increments ¢Q and 11 that we introduced in (1) and (2) canrot bC diflerentials

= ({in}
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3, 8,
'Sl

Figure 88 Two irreversible processes in which mechanical O electrical potential
energy ISused 1o heat a syswem.

of mathematical functions ({a,¥} and V{s,¥). For this reason we designated
the increments by 40 and 3V, rather than by dQ and dW. Without the path

dependence of heat and work there would not exist cyclical processes that
permit the generation of work from heat.

Irreversible Work

We consider the energy transfer processes of Figure 88. In each process &,
isa purely mechanical or electrical system that delivers pure work with zera
entropy change. The energy transferred to &, is converted to heat, either by
mechanical friction or by electrical resistance. The final stale of 8, is the
same as if the energy had been added as heat in the first place. The entropy
of &, is increased by ds, = dU,/x. This entropy is newly created entropy.
Processes in which new entropy is created am irreversible because there is
no way to reverse the process in erder to destroy the newly created entropy.

If newly created entropy arises by the conversion of work to heat, we say that
irreversible work has been performed.

I welook only at the net change in a system, there isno way to tell whether
the process that led to thin change was reversible or irreversible. For a change
dU in energy and do in entropy, we can define a reversible heat #Q,., and a
reversible work #W,,, as the amount of heat and work that would accomplish
this change in a reversible process. If part of the work done on the system is
irreversible, 'he actual work required to accomplish a given change is larger

Trreversible Work
than the reversible work,

A3V, > A1V,

28)

By conservation of energy

dli = d”’itm + ‘ann:v =i, + ‘TQW\' s

ey

so that

JQirn:\' = ‘TQrc\- . {29}

The actual heat transferred in the icreversible process must be less than the
reversible heat.

Example: Swdicn expansion of an ideal gas.  As an examiple O an irreversible process we
consider once more the sudden expansion of an ideal gas into a vacuum, Neither heat nor
work is transferred, so that dU = 0 and 4t = 0. The final state is identical with (hie stale

that results from a reversible isothermal expaasion with the gas in thermal equitibrivm

with a reservois. The work §¥,, done on the gas iN she reversible expansion from volume
¥, to Wy is, from (6.57),

Wy = ~Ntlog(Va/¥). (30}

The work done on the 2as is negative; the gas doer positive work on the piston in an amount
equal to theheat transfer into the system:

Qe = =W >0, W <0 31
The entropy change i equal t0 0, /1, or

0y - 0, = —Wafo = Nlog(V,/¥) (32)

In the irreversible process of expansion into the vacuum this entropy is newly created

entropy because neither heat nor work fows iNto the system from the cusside: 1%, =
Qiseee = 0. From (31} we obtain

Were > Wi, Gire < 0 s {33)

in agreement with (28) and (29)

T e i e e e e ey o
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areq A,~—ei

Pty = pady

Figure89 Systems betweer which only work but no
heat is transferred need not be at the same lemperature
for the process to be reversible,

In our discussion of irreversible work we assumed that the new entropy
is created inside the system during the delivery of wark to the system by other
systems. This is not the only source of irreversibility in energy transfer. Pure
heat transfer, not involving any work, isirreversible if it takes place between
twa systems having different temperatures. We wocked out an example in
Chapter 2. In this process heat is transferred from asystem at 7, to a system
at the fower temperature 1. We have .

dU, = d0, = tyday; dU, = dQ; = 1,do,; 40, t 43, =0. (34)

The newly creuated entropy is

do,, = {do, T do) = dQ,/z; t d0:/%

-1
= (e = Y0, = 2t a0, (35)
Ti12

The heat flow is from high to low temperature; 82, is negative; t; — t, iS
negative, so that doy,, > 0.

The energy transfer between twa Systems with different temperatures need
not be icreversible if only work but no heat is transferred (Figure 3.9).

All actual cnergy transfer processes arg invariably somewhat irreversible,
but reversible processes remain the backbone of thetheery of thermal physics.
They constitute a natural limit, which is the equilibrium timit of vanishing
entropy generation. We shall assume herealter that the words heat and wotk,
without afusther gualifier, refer to reversible processes,

Heat and Wark at Canstant Temperatuse or Constant Pressure

HEAT AND WORK AT CONSTANT TEMPERATURE
OR CONSTANT PRESSURE

Isothermal work. \We show that the total work performed on a system in
a reversible isothermal process is equal to the increase in the Hetmhboliz free

energy F= 1 — 1o of the system. For a reversible process d@ = tdo = d{za),
because dt = 0, so that

AW = JU — dQ = dU - d{rs) = dF. (36}

Thus in such processes the Helmholtz free energy is the natural energetiz
function, more appropriate than the energy /. When we treat an isothesm.ai
process in terms of the Helmholiz free energy, we automatically iuclude the
additional work that is required to make up for the heat transfer from the
sysiem to the reservoir. Often the heat transfer is the major part of the werk:

lor the ideal gas theerergy U does not change in an isothermal process, and
the work doneis equal 10 the heat transfer.

Isobaric heat and work. Wlany energy transfer pracesses—isothermal Of not—
take place at constant pressure, particularly those processes that take place
in systems open to the atmosphere. A processat constant pressure issaid to be
an isobaric process. A simple ¢xample istheboiling of aliquid asin Figure 8.19,

F=pmd

T T T e

Figure 810 When a liquid boils under simospheric pressure, the vapor
displacing the stnsosphere does work apainst the &mospheric pressure,
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where the pressure on the piston is the external atmospheric pressure. If the
system changes its volume by 4V, the work —pdV = —d(pV} is part of the
totat work donc on the system. If positive, this work is provided by the environ-
ment and s in this sense "lree” 11 negative, the work is delivered to the
environment and is not extractable from the system for other purposes. For
this reason it 15 oflen appropriate to subtract —d{p¥} rom the total work. We
thus obtain the effective work performed on the system, defined as

dW' = dW 4+ dipV) = dU + d{pV) — J0Q = JdH ~ 40, {37

where we have defined a new function
H=U-+pV, {38)

catled the enthalpy which plays the role in processes at constant pressure that
the energy U plays in processes at constant volume. The term p¥in (38) is the
work required to displace the surrounding simosphere in order to vacate
the space to be occupied by the system. Implicit in these definitions is the idea
that there are other kinds of work besides thut due to velume changes,

Two classes of the constunt pressure processes are particularly fmportact:

{a) Processes in which noeffective work isdone. Theheat transferis 4@ = 11,
from {37). The evaporation of a liguid (Chapter 10) from an open vessel is
such 2 process, because no effective work is done, The heat of vaporization
is the enthalpy difference between the vapor phase and the liquid phase.

(b} Processes at constant temperature and constant pressure. Then 40 =

tdg = d{ra}, and the effective work performed on the system is, from {36) and
(37,

dW’ = dF + d(p¥) = dG , 5 {39
where we have defined another new flunction

G=F+pV=U+pV -1, ; (4%

the Gibbs free ¢ erpy. Theelfective work perform ed n a teversible process
at constat temslcraui re aw pressure is equal to e change in the Gilbbs
free enery of the sys tenrThis is particularly usecfulin chemical reacticons
where the volume ¢l ngsas the reaction proceedss t a constant presswe.

The Gibls free energ  issed mxtensively in Chaptier?, and the enthalpy is
used in Ciapter 10,

Heat and Worek at Constant Temperature or Constant Pressure

Evample: Efectrolysis and fiel cells,  Electrolysis is a process Lhist is borls isothermial und
ssebaric. Consider an clectrolyte of ditute suffuric acid in which are imunersed platinum

electrodes that do not react with the acid {Frgure B.11). The sulluric acid dissociales into
H* and SO, ions:

H,50, = 2H + 50, . (41)

When & cusrent is passed through the cefl the hydrogen jons move 1o the nepative clectrode
where they tuke up clectrons and form molecular hydrogen gas:

2H* + 2% - H,. (42)

The sullate fons move to the pasitive elecirodes where they decompose water with the
release of molecular oxygen pas and clectrons: N

SO + H,0 - HS0, + 50, + e, (43}
The sum of the above three steps is the net seaction equation in the celt:
H;O - H, + 10,. {(44)

When carried out slawly'in a vessel open to the atmosphicre, the process is at constan
pressure and constant emperature. A negligible part of the eectrical inpul power gods o

I
®
! I
1 [0
|2
,mo °: :/
1o :a'n:
11
3 9 i
°ih
. o

Figure 8.11  An electrolysis cell. An electrical current passes through an electrolyte, such
as dilute sulfuric acid. The overall result is the decomposition of waler into Bascous

hydrogen and oxygen. The process is an example of work being done at constant
temperature and constant pressure,
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resistance heating of the electrolyte. The effective WOr K required to decompose § mole of
water is refated |0 the moler Gibbs free energies of the reaclants:

W' = AG = G(H,0) ~ G{H,) ~ 1G(0,). {45y

Chemical tables 5ist the Gibbs free energy difference AG a5 — 237%] permele at room
temperature.

in efectrolysis this work s performed by a current | that flows under an external voltage
Vo If 115 the time required |0 decompose one make of water, Q = | x ¢is the total charge
(not the heatt) Nowing through the cell, and we have

W = 0¥, (46}

According to {43}, there are two eitcizens involved in decomposing ong water molecule,
hence

Q = ~2N, . = —193 » 10° coulomb. 47

Weequate (46) t0 {45) to obiain the comdition foriﬁccﬁruiysis to ke place. This requires a
minimum vollage

Vi = ~AG/2N e, : {438}

or 1.229 volts. A voltage larger than ¥, must be anplied to obtain a finite current flow.
breawse ¥, 2lone merely reduces 1o 2e50 the potential barrier between the syslems on the
\wa sides of the reaction equation (44). Wien. ¥ > V;, the excess power {V — ¥g) x | will
be dissipated 2s heat in the clecliolyte.

if V < W, the reaction (44) Will procced from right to left provided gascous hydropen is
available at the positive etectrode and gaseous oxygen at the negative clecsrode. In the
simple setip of Figuze 8,11 the gases are permitted to escape, and for V < ¥, nothing will
happen st 3. §Lis possible, however, to construct the glectrodes a5 potous sponges, with
hydrogen and oxygen forced through under pressure {Figure 8.1 23 Such adevice produces a
voltage ¥ between the electeades and, if the electrades are connected, external current wili
flow. This arrangesent is catled @ hydropen-oxypen fuel cell, Fuef celis were used as power
sources on board the Gemini and Apella® spaceeraft and incidentally produced drinking
wateg for the astronauts.

The principal technological limitation of (uel celis iStheir low current per unit electrode
area. In the Apollo cell the curcest density was only a few hundred mA/fem?; hence farge
clectrode arcas are required 1o produce reasonable currents. The current-voltage charac-
teristic of an electrochemical celt in its two operating ranger as fuct cell and as ciectrolytic
cell are shown in Figuze 6.13.

G X A T A P CY SVC T S S |

* The Apollo fuet cotls used Ni and NiO rather than PLas electrades, and KO rather than H, 50,
as chearetyte. For a detailed deseription, and more information on fuel cells, the reader is referred

1§, 9. M. Bockeis and 8. Srinivasan, Fuel colis: Their electrochemistry, McGraw-Hill, New York,
1963,

Hy —

i
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2Ht

-:. Mo H,0
Porous ¢iectrodes

Figure8.12 A fuel cell is SO clecicolysis celi operzied in
reverse, with hydrogen and axyyen supplied us fucls, The
{uels are forced under pressure thwough parous glecitodes
separated by an electeelyte, The hydeogen and exygen react
to form water; the cxcess Gibbs free energy is delivered
oulside asclectrical energy. Water forms at the positive
electrode and is rermsoved there.

Current /

Fuei cell Electrolysis———=

Vollage ¥

Figure 813 The current-voliange characierisiic of an electeoly tic
celf or fue cdl. indicating the two vperating ranges.
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Chemical Waork

Work performed by the transfer of particles to a system is called chemical
work, because it is associated with the chemical potential.

When particles are transferred, the nwmber of particles in the system is one

of the independent variableson which the energy U/ depends. If ¥/ = U(s,V.N),
then for areversible process

dU = zdo — pdV + pdN | {49)

by the thermodynamic identity of Chapter 5. Here we have replaced the partial
derivatives by their familiar equivalents (Table 5.1). By our definition of heat,
the 7ds term represents the transfer of heat and the —pdV and pdN terms
represent the performance of wark, al understood to be reversible:

AW = ~pdV + pdN. (50)

The - pd¥ teem is mechanical work; the pdN term is the chemical work:
dW, = pdN. ' _ . (51}

If there is no volume change, dV = 0. All the work ischemical.

In particle transfer there are usually two systems involved, both in contact
withaheat reservoir, and the total chemical work isthe sum of the contributions
from both systems. I n thearrangement of Figure 8.4 a pump transfers particles
from systern 8, to system 8,. The chemical potentials are g, and ga. If

dN = dN, = —dN, isthe number of particles transferred, the total chemical
work performed is

AW, = dW,, + dW,, = p dN; + g dN; = (1 — g )dN. (52)

Thework that must be supplied to the pump is d%¥, if thereis no volume work
{d¥, = d¥, = 0}, and if all processes are revessible.

The result (52) gives an additional meaging of the chemical potential. We
summarize the properties of thechemical potential:

(@ The chemical potential of a system is the work required to transfer one
particle into the system, from areservoir at zero chemical potential.

{b} Thedifference in chemical potential between two systems isequal to the
net work required to move a particle from onesystem to the other.

Cheprical 13ark

A

Pump

Up 7 ¥ N, Up g Voo My |8

£y

dN
(= +dN,)

Figure 814 Chemical WOrK is the work performed when particles are moved
reversibly from one systen: |0 another, with the two systems having dilfesent
chemical polentials, i the two volumes dO not change, the work is pure
chemical work: the amount per particle is, the difference in chemicai potentials.

{c} Hthetwo systems arein diffusive equilibrium they have the same chemical

potentizl; no work is required to move a particle from one system to
the other.

{d) The difference in internal chemical potential (Chapter 5) between two

systems isequal but opposite to the potential barrier that maintains the
systems in diffusive equilibrium.

e e s mern ey s i s
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Example: Chentical work for an ideal gas.  We consider the work per particle required to
move reversibly the atoms of a monatomicided gar from &, with concentration n,. 10 3,
with concentration ¥, > a,, both systems being al the same temperature (Figure $.13) I
dV = 0. the work contains onlv a chemical WOrk term. which can be calculated from the
difflcrence in chemical potential, no matter how the process is actually performed. The
chermical potential difference between (WO idedl gar systems with different concentrations is

Mz — fi = t{loglnyfng) ~ loginmgl] = tloglnyfmy) (33}

This result is equitl to the mechanical work per particle roquired 1o compress the gas
isothernally from the concentralion ny 1o he concentration sy, The work required 10
compress N particles olan ideal gas from ap indtial volome ¥ 1o a linal volume Ty is

W= —J.pdl’ = —Nrj:!V/V: Nrtlog{¥\/V2) = Niloglny/ny)  (33)

Hence the mechanjeal work per particleis tlogln,/m), identical to the result (53). The
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iV

U Yo Ny Upyn, Voo N, 13,

 Reservoir .

Energy exchanges

Figure 8.15  Lsothermal ehemical work. The amount of chemical work per particle
does not change if the process is pesformed isothermally with both systems in
thermal equilibrium with acommon larpe reservoir,

identity of the chomical work with the isothermal compression WOrk illustrates the equi-
lesos Or converibility of different kinds of work.

RN —
L

o g s

Magnetic Work and Supefcanduciors

An impertant form of work ismagnetic work. The most impertant application
of tmagnetic work iS to superconductors, and this application is treated here.

Below some critical temperature T, that is usually less than 20K, many
electrical conductors undergo a transition from their normal state with 3 finite
electrical conductivity to a supercanducting stale with an apparently infinjte
conductivity.

Superconductors cxpel magretic felds from their interior. If the super-
conductor isfirst cooled below thecritical temperature and then inserted into a
magselic field. we might expect that the infinite conductivity would shield the
interior from tlic penctration by a magnetic field. However, the espulsion occurs
even if the superconductor IS coaled below T, while in amagnetic fidd (Figuse
8.16). This active expuision, called tlic Meissaer effect, shows that supercon-
ductivity ismore than an infinite conductivity. The Metssner effect is caused by
shictding currents that are spontancously generated near the surface, in alayer
about 107 em thick. The maguetic field expulsion is not always complete.
Superconductors oresaid to be of type 11 if the expulsion isincomplete, but stili
nonzero, in a range of ficlds above some {ow ficld. We shall restrict ourselves
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Figure 816  Meissner effect iN asuperconduniing sphere cooled
in a constant applied magaetic field;on passing belaw the

transition tempernture the lines of induction B are ¢jected from
the sphere.

900 \I T
Pb

=
5 600
0 Figure 8.17 Thieshold curves o the critical
= He field versus temperature for sevecal supet-
& ~ conductors. A specinica s superconducting
ov 3607—Sn ~ N below tlic curve and noasi il above the curve.

In™

ﬂ\\

) .
O 2 q 6 ¥

Temperature, in K

hiere to the discussion of type | superconductors, for which the field expuision
iscomplete up to 3 definite field and zero therealier,

A sufficiently strong magnetic field will destroy superconductivity. The
critical field required to do this depends on the temperature and on the super-
conductor. For type | superconductors the fields are usoally a few hundred
gauss {Figure 8.17). In some niobium and vanadium compounds of type 11,
critical ficlds of several hundred kilopauss have been obscrved.

The Meissner magnesic effect shows that tlic normal and the superconducting
states are diferent thermodynamic phases of the same melal, just as ice and
liquid water are different phases of 1,0, except that in the superconducting
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transition it is the electronic system rather than the crystal structure of the metal
that undergoes a phase transition,

The superconducting state is a distinct Ahermodynamic phase, as confirmed
by differences in the heat capacity of the normal and the superconducing stales.
The heat capacity (Figure 8.18) cxhibits a pronounced discontinuity at the oasct
of superconductivity at ¢ = r,; when superconductivity is destroyed by a
magnetic field, the discontinuity disappears. The stable phase will be the phase
with the lower free énergy. Below ¢ = T, in zere magnetic field the free energy

produces a magnetic ficld 8.

_ of the superconduciing phase is lower than that of the normal phase. The free

enerpy of the superconducting phase increases in the magnetic field, as we show
below. The free energy of the normal phase is approximately independent of
the field. Eventually, as the field is increased, the free energy of the super-
conducting phase will exceed that of the normal phase. The normal phase is
then the stable phase, and superconductivity is destroyed.

The increase of the free energy of a superconductor in a magnetic field is
calcufuted as the work required to reduce the magnetic field to zero In theinterior
of the superconductor; the zero value is required to account for the Meissner
effect. Consider a superconductor in the form of a long rod of uniform cross-
section inside a long solenoid that produces a uniform field B, as in Figure 8.19.
The work required to reduce the field to zero inside the superconductor is
equal to the work required to create within the superconductor a counicracling
ficld - B that exactly cancels the solenoid ficld. We know from electromagnetic
theory that the work per unit volume required to create a ficld B is given by

{s1) Waso/V = B 2p,; {35a)
ot
{CGS) B*/8n. {551}

FAM

Figure 819 A superconductor of feagth L and
arca o in a superconducting solenoid tha
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Problems
Figure 8.20 The free cnergy density Fyofa N SUMMARY
nonmagnetic normal metal is approximately : . . .
independent of the intensity of the applied 1. Heat is the transfer of energy by thermal contact with a reservoir. In a
magnetic field 8,. Al a temperature © < 1, the reversible process 49 = 1ds.
tal © i H TN . .
:_;’;d“ 5‘5 i‘f‘:":‘mgd‘“}“" m;"fm ;‘“3‘;‘}"‘*}: = Normal date 2. Work is the transfer of energy by a change in the external parameters that
l'.a‘j’“j‘ s{t.0)is lower than £,(r.01. b 5 describe thesystem. Theentropy transfer in a reversible processis zera when
applied magnetic ﬁcid}mcr_cases Fy by B 2. @ | Ki f dand no heal is transferred
in S1 units (and by B,2/8x in CGS units), sa 5 O only work is performed and no heal is transferred.
i o 2 ; hd = . .. .
:‘hd‘ FolrB,) = Fs(e0) t B 2u0. 1T B, is o @53' 3. The Carnot energy conversion efficiency, ne = (r, = 1)/, IS the uppcr
arger than the eritical feld B, Whe free energy 2 & limit to tlic ratio WfQ, of the work generated to the heat added.
density iSlower in the normal state thun in & i
the superconducting state, snd now the normt @‘3 ! 4. The Carnot cocflicient of refrigerator performunce, v = 1ilr, — 1), istlic
state s e stable state. The origin of the upper limit to the ratio Q,/1¥ of the heat extrucied 10 the work consumed
vertical scale in the drawing is at Fi (0} The

figure equally applics [0 Usand Uy att = 0, ) L 5. The total work performed on sysiem at constant lemperatuee ini reversible
Applied magnetic field &, process is equal te the change in the Helmbohiz fice encray F= U — 10

of the system.

6. The effective work performed on a system at constant temperature and
pressure in a reversible process IS equal 1O the chauge in the Gibbs free
energy G = U — to + pV.

This istheamount by which the frea eaecgy density in the bulk superconducior
israised by application of an external magnetic ficid, in an experiment at con-
stant temperature,

There is no comparable free energy increase for the normal conductor,
because there isno screening of the applied field. Thus

7. The chemical work performed on a system in the reversible transfer of &V
particles to the system is pdN.

. 8. The changein the free energy density of a superconductor {of type |) caused

S0 C[Fa) = Fn)V = BAO 2 (56a) by an external magnetic field B is B*/2j, in 51 and 8%8x in CGS,
PROBLEMS

[CGS) [Fule) — Flu]/¥ = B{0)idn. 136h)

|. Heat pump. (a) Show that for a reversible heat pump tlic energy sequired
In a plot of the free encrgy density of both phases versus the magaetic ficld per unitof heat delivered inside thebuilding isgiven by the Carnat eficiency (6):
{Figure 8.20), the freeenergy of the superconducting phase will ultimately rise i
above that of the normal phase, sa chat in high fields the specimen will bein the i =y = ALITS
nornial phase, and the supercenducting phase is no longer the stable phase. On ta

This is the explanation of the destruction of supercanductivity by a critical

magnetic field B,

With increasing temperature the free encrgy diflecence between normal and
superconducting phase decreases as ¢ - 1, and tlic critical magnetic ficld
decreases. Everything else being equal, a high stabilization energy in 3 type |
superconductor wilt lead to both a high eritical temperature and a high critical
ficld. The highest criticat fieldssre found amengst the superconductoss with the
highest critical temperatures, and vice versa.

What happens if the heat pumpis not reversible 7 (h) Assume that the clectriciy
consumed by arcveraibhle heat puinp must itsell be gentiainnu by a Curnot enp'n
operating between the temperatures r,, and z;. What isthe ratio @,,/0,, of the
hcat consumed at 1, to the heat delivered at ¢,7 Give numerical vajues lor
Tw = 000K, T, = 300K, T,=270K. (c) Draw an encroy-entropy fow
disgram lor the combination heat engine-licit pump, similar la Figures 8.1,
8.2 and 8.4, but involving na external work at al. only energy and entropy flows
at three temperatures.
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2. Absorption refiigerator. In absorption refrigerators the energy driving the
process is supplied not as work, buy as heut from g gas flume at 4 temperature
Tiy > 17, Mobile hame and cabin refrigerators may be of this type, with propane
fuel. (a) Givean energy-entropy fiow diagram similar to Figures 8.2 and 8.4 for
such a refrigerator, involving no work at all, but with energy and entropy flows
at the three temperatuses t,, > 1, > 1. (b) Caleulate the ratio ¢4/Q,,, for the

heatextracied at t = 1, where @, is the heat input at r = 14, Assume reversible
operation.

J. Photon Carnot engine.  Conpsider a Carnot engine that uses os the working
substance a photon gas, (a) Given 1, and 1, as well as ¥V, and V,, determine
and Ve (b) Whatis the heat 0, taken up and the work done by the gas during
the first isothermal expansion? Are they equal to each other, as for the jdes| gas?
{e) De the two isentropic stages cance] each other, as for the ideal gas? (d) Caleu-
late the total work done by the gas during one cycle. Compare it with the hewt

taken up al 1, and show that the energy conversion efliciency is the Carnot
efficicncy.

4. Hear engine-~refrigorator cascade.  The efficiency o[ o bes| engine is 10 be
improved by lowering the temperature of its low-temperature reservoir [0 a
vatuet,, below the environmental temperature 7;, by means of a refrigerator. The
refrigerator consumes part of the work produced by the heat engine. Assuma
that both the heat engine and the reftigerator operate reversibly. Caiculate be
ratio of the net (available) work 1o the heat @, supplied to the bes| engine at
temperatare t,. Is 1t possible 1o obtain a higher net energy conversion efficiency
i this way?

5. Thermal pollution. A tiver with a water temperature T, = 20°C is to be
used as the low lemperature reservoir of a large power plant, with a steam
temperatare of T, = S00°C. 1f ecological considerations limit the amount of
Lieat that can be dumped into the river to 1500 MW, what is the largest electrical
output that the plant can deliver? 1f improvements in hot-steam technology
would permit raising T, by T00'e, what ¢ffiect would this have on the plant
capaciiy?

&. Reom air conditioner, A room air conditioner operates as a Carnot cycle
refrigerator betwecn an outside temperature T, and a roorn at a lower tempera-
ture T, The room gains heat from the outdoors at a rate A(T, — T); this heat
is removed by the air conditiones. The power supplicd to the coaling unit is P.
(a}) Show thal the steady stale temperature of the room is

Ty = (Ty + P24y - [T, + PRA? — T2]'2

{b) If the outdoors is at 37°C and the room is maintained at 17°C by a cooling
power of 2kW, And the bea| loss coefficient 4 of the room in WK ™*. A good

Problems

discussion of room air conditioners is given by TL S, Leff and W. D). Teeters,

Amer. J. Physics 46, 19 (1975). In a realistic unit the cooling coils may be at
282 K and the cutdooer heat exchanger at 378 K.

7. Light bulb in o refeigerator. A 100 light butb is lefl burning inside a

Carnot refrigerator that draws 100 W. Can the refrigerator cool below room
temperature?

8. Geothermel enevgy. A very large mass M of porous bo| rock is to be
utilized Jo generate electricity by injecting water and utilizing the resulting hot
steam 1o drive a turbine, As a result of heat extraction, the temperature of the
rock drops, according 10 4Q, = — MCdT,, where C is the specific bea| of the
rock, assumed to be temperature independent. I the plant operates at the Camot
limi¢, calculate the total amount W of electrical energy extractable from the
rock, if the temperature of the rock was initially T, = T, and if the plant is to
be shut down whea the temperature Bes dropped to T, = T ;. Assume that the
lower reservoir lemperature T, stays cofistant, ™

Atthe end of the calcufation, give a numerical value, in kWh, for A = 10" kg
{about 10km®, C=tdg 'K, T;,=600C. T;=U0C, 17;=20C
Waich the units and explain ali steps! For comparison: The total etectricity
produced in the world in 1976 was between | and 2 tmes 10" kWh.

9. Cooling of nonmetaHic solid 10 7= 0. We saw in Chapter 4 that the heat
capacity of nonmetallic solids at sufficiently low temperatures is proportional
to T3 as C = aT?. Assume it were possible to tool a piece of such a solid to
T = 0 by means of a reversible refrigerator that uses the solid specimen as its
{varying!) low-temperature reservoir, and for which the high-temperature
reservoir has a fixed temperature T, equal to the initial temperature T; of the
solid. Find an expression for the electrical energy required.

15, hreversible expansion of a Fermi gas. Considerg gas of i noninteracting,
spin } fermions of mass A, initially in a volume ¥ at temperature t; = 0. Letthe
gas eapand irreversibly into a vacuum, without doing weork, 10 & final volume
V,. What is the temperature of the gas after expansion if ¥} is suffictently large
for the classical limit to apply? Estimate the factor by which the gas should be
expanded for its temperature O settle to a constant final vatue, Give numerical
values for the final tempeyature in kelvin for two cases: (a) a particle mass equal
to ||IC cicetron mass, and N/V = 10*2em ™3, as in metals; (b) a pasticle mass
equal 10 a nucleon, and N/V = 10°%, as in white dwar{ stars.
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Chapler 9: Gibs Free Energy and Chemical Reactions

GIBBS FREE ENERGY

The Helmholiz free energy F introduced in Chapter 3 dcscribcs a system at
constant volume and temperature, But many experiments, and in particular
muny chemical reactions, are performed at constunt pressure, ofien one atmo-
sphere, 1L is wseful 1o introduce anether function to treat the cquitibrium

configuration al constant pressure and temperature. As in Chapter 8, we
define the Gibbs free energy G als

GT—_U-—m+ij i

Chemists often call this the free energy, and physicists often call it the
thermodynamic potential.

Themost important property of the Gihbs{ree energy isthat it isa minimum
la asystem & in equilibrium at consiant pressure when in thermal contact
with a reservoir . The differential of G is

dG = dU — wdo = odt + pdV + Vidp

Consider a system {Figure 9.1} in thermal contact with a heat reservoir &,
at temperature t and in mechanical gontact with a pressure reservoir M3 that
maintains the pressure p, but cannot exchange heat. Now dt = 8 and dp = &,
so that the differential JG of the system in the equilibrium configuration becomes

dGy = dUy — wday + pdVy _ )
The thermodynamic idewntity (539 is
Tdﬂ'; = de - ]!dNJ + pd;/_; ) (3)

so that (2) becomes 4G5 = pdNy. But 4Ny = 0, whence

*)

Gibbs Free Energy

Heat reservoir Heat reservoir

@, @,

T
\Piungcr to

equalize pressure

insulated.
Piessure feservoir
6l

which is the condition lor G to be an extremum with respect to system varia-
tions at constant pressure. emperatute, and particle number. These are, there-
fore, the natural variables for G(N,z,p}.

That the extremum of G, must be a minimum, rather than a maximum,
follows direetly from the minus sign asseciated with the entropy in (1): Any

irreversible change taking place entirely within & will increase ¢ and thus
decrease G,.

With (2},

dG = pdN — adt + ¥dp. (%)

The differential (5) may be written as

&G &G cG
4G = [ <] dN —1 d =1} dp. 6
(5N)=-p * (at)-\‘.p £ (ap)!‘h: ? ©

Comparison of {5) and (6) gives the relations
{8G/oN), = i U]

@G/ith, = ~o; L @®)

263

Figure9.l A system in thermal equilibrium
with a heat reservoir and in mechanical
cquilibrivm with abarystat or pressure
reseevoir which maintains Qcomsiant pressure
on the system. The barystat is thermally
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(€Gieply, = V. {9

Three Maxwell relations ma
see Problem 1, '
In the Gibbs free energy G = U

y be obtained rom these by cross-differcntiation;
= 16 + pVthe variables r and p are intensive
quantities: they do not change value when two dentical systems are puttogether.
But U, 6, ¥, and G are linear in the number of patlicles ¥: their value doubles
when two identical Systems are put together, apart from interface cffects. We
say that U, ¢, ¥, Nand G are extensive quantities. Assume that only one particle
species s present, If G is directly proportional to N, we must be able to write

O= Nelp), {10)

- 1 - . . .
where @ is indepd dent of N bea use it is a funclion only ol he inmasive
quantities pand 1. 1l two identicaleo fumes of gus atequd pressu® ndi ompora-
ture, coal win 1gN molecules, are puy together, the Gibbs froca crpy

G =3iNo(p.o) + iNe(p) = Nolp,r)
docs not change in the process. It follows from .ﬂ\is nrgum.ent that
(6G/oNY,., = (p.1) (1)
We saw in (7) that
{EG/eNY,, = 1 | {12

s0 that ¢ must be identical with 1, and {10} becomes

GIN.p1) = Nu(p1. (13)

L

Thus the cheicat potential for a single-compoaent system is equal to the
Gibbs free encrgy per particte, G/N. 1'or G for an ideal gas, sce (21) below,

I more than one chemical species is present, {13) is replaced by a sumn over
all species:

G =3 Ny, ' (14)

J

Gibbs Free Energy
The thermodynamie identity becomes
e = dU + pdV — 2 udN (15
and (5} becomes
dG = Zyj-de ~ odt + Vidp. (16}

We shall develop the theory of chemical equilibria by exploiting the property
that G = 3 N, is a minimum with respect to changes in the distribution of
reacting molecules at constant T, p- No new atoms coms into the system in a

reaction; the atoms that are present redistribute themselves from one molecular
species to another molecular specics.

[ --—"H—-f-—.ﬁ_,._,_wv-r———w-—m-m;‘wp_,.qm-.—-“w R s Mt U,
R IRV n.‘__.,‘»_.-.Aﬁw‘._;q_f_LA..L.,Ah___ﬂL.._«.-.,-. B LI TP VUL 0 T s

Exanple : Comparison of G swith F, Lot us e what is ditferent abont the two relations

[EF/BN},‘,, = (N1, V) {17}
and

(CG{IN), , = p(x,p). | {18

We lound in (6.18) that for an ideat gas
N V) = ¢ log{N/¥ng) , (19)
so that u{N,7,1} is not independent of N and therefore we cannot write F = Nu{r, V) as

the integral of {1 7.

That is, F s not ditecily propartional to N if the system is kept at constant valume as the
number of particles is jncreased, lastead, from {6.24),

F(r,V,N} = Ni[log(Nfvig) — 11 (20}
But the Gibbs free energy for the ideal gas is

GlepN) = F + pV = N[log(pfing) ~ 17 + Nt
Neloglp/ing) , (21

i

by use of the ideal gas law in the form N/V = pfe. We readily identify in (21} the chemical
Potential as

#tp) = vlog(pfeng) , (22)

265



266

Chaprer 9: Gibbs Free Energy and Chemical Reactions

by reference to the result G = Npdrp). We see that N appears unavoidably in g(r,V) in
(19), but not in p(z,p) in (223, The chemicul potential is she Gibbs free energy per particie,
but il 15 not the Helmholiz free energy per particle. Of course, we are free to write pas eiiher
{19} or {22}, a5 is convenicat,

e s S PSP L

EQUILIBRIUM IN REACTIONS
We may write the equation of a chemical reaction as

VA R WAL VA =0, {23)

or
ZV}A} = {) 3 ‘24}
i

where the A; denote the chemical species, and the v; 9Je the coefficients of the
species in the reaction equation. Here v is the Greek letter nu. For the reaction
H; + 1, = 2HCI we have
Ay=H;; Ap;=Cly; Ay=HCL wn=1; wn=1 vy=-~2

{25)

The discussion of chemical equilibria is usually presented [0 reactions under
conditions of constant pressure and temperature, In equilibrium the Gibbs free

energy is a minimum with respect to changes in |be proportions of the reactants.
The differential of o is

dG = ¥ uydN; — adt + Vip. (26}
i

Heze g, is the chemical potential of speeies f, as defined by p; = (6G/ON ), , Al
constant pressure Jp = 0and at constant temperature dr = 0;then (26) reduces
T0

dG = ¥ pgN, 2%
i

The change in the Gibbs free encrgy in a reaction depends on the chemical

potentials of the reactants. In oguilibrium G is an extremum snd 46 must be
IETO. .

Lquilibeium for Ideaf Gases

The change 4N in the number of molecules of species j is proportional to the
coeflicient v; in the chemical equation TviA; = 0. Wemay write dNjin the form
AN = v dN | (28)

where dN indicates bow maay times the reaction (24) takes place, The change dG
in (27) becomes

4G = (5; vjp,) A, 29)
J

In equilibrium dG = 0, so that

(30)

This s the condition [oJ equilibsium ia o transformation o[ matter at constant
pressure and temperature.®

Equilibrium for Ideal Gases
We obtain a simple and useful form of |pe general equilibrium condition
Yoviit; = O when we assume that each of the constituents acts as an ideal gas.
We utilize (6.48) to write the chemieal potential of species j as
p; = t{logn; — logc) , (31
where n, is the concentration of species j and
;= ngZ {int) (32}

which depends on the temperature but not on the concentration. Here Z fint)
is the internat partition function, {6.44). Then (30) can be rearranged as

Ei:v, logm, = )J:vf logg, , : (33}

[

* But the result is more general: once equilibrium is reached, the reaction does not proceed forther,
and there is no further chango in.the thermal avetage vatuss of the concanteations. The volums at

£quitibrium will be known, 5o that the condition (30) applics 28 well when ¥ and v erc specified as
when p and 1 arc spesified. |

2467
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or as
S loga; = }; log e, (331)
The left-hand side can be rewritten as
Z lognt = log] s, {33¢)
7
and the right-hand side can be expressed as
ngﬂf M o= log K(1). (330

Here K{7}, called the cquilibriuvm constant, isafunction only of the temperature.
With (32) we have

Kt) = Hng - exp{-— v;E{int)jt] , {34)

because the internal [tee energy is Flint) = —1logZfint} From {33cd) and
(B34 wehare

[T e Kty (35)

i

known asthe law of mass action. The result saysthat theindicated product of the
coneentrations of the reactants is a function of the temperature alone. A change
in the concentration of any one reactant Will force a change in the equilibrium
concentration of one or more of the other reactants.

Ta calculate the equilibrium constant K{z} in {34), it iSessential to choosein
a consistent way the zero of the iniernal energy of each reactant. We need
consistency here because the value of each partition function Z(int} depends
on our choice of the zero d the energy eigenstates. The different zeros for the
different reactants must be related to five properly the energy O free energy
dilference in the reaction, It is not difficult to arrange this, but it docs nut
happen without aconscious effert an our part. For adissociziion reaction such
ast, = 2H, the simplest procedure isto choose the zero of the internal encrgy
of cach composite particle (here the H, molecule) to coincide with the encegy
of the dissociated particles {here 2H) at rest. Accordingly, we place the energy
of the ground state of the composite particle at — £, where E, is the energy

Equilibriumfor Idea? Fases

required in the reaction t o dissociate the compaosite particle intoits constituents
and is taken to be positive.

e A e T et ettt it
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Example : Equilibrium of stemic and molecular Aydrogen. ThS statement of the law of
mass zction lor the reaction Hy, = 2H Or H, — 2H = 0 for the dissociation of mol

ecular
hydrogen into atomic hydrogen is

[H,3{R]}? = (e _ K{r). (38)

Here [1,] denotes the concentsation of molecular hydrogen, and [H1 ihe concentrntion
af womic hydrogen. it follows that

L ;
(]~ TR "

that is, the relutive concentratica of alomic hydrogen st a given temperature is inverscly

propertional |o the square root of the concentration of molecular hydrogen. The equitib-
tium constant K is given by

log K = togng(H,;) — 2logng(H) — F(H, )t , {38)

interms of the internal free energy of H,. per molecule. Spin factors air absorbed in FiE L),
Hece the zero of eoergy is taken lor an H atem at rest. The more tightly bound is H,. the
mare negative s F{H,), and the nigher is K, feading t0 @ higher proportion of H; in the
mixture. The energy la dissaciate H, is 4476 eV permolecule, at absolute zero.

¥t rmay be said that the dissociation of molecular hydrogen into atomic hydrogen is an
example of eniropy dissociation: The gain in eatcepy associated with the decomposition
of H; into 1wo independent particles compensates the loss iN binding encrgy. It is believed
that most of the hydrogen in intergalactic space is present as H and not H,: Theteaction
equilibrium is theown in the direction of H by the fow values of the concentration of 1.
Hydrogen is vecy dilutein intergatactic space.

Example: pll and the ipnization of warer, Tn liquid water the ionization [roCess

HyOerH" 4 O~ (39

proceeds to a slight extent. At room lemperstuce the reachon equitibrium s described
approxinudely by the concentration product

[H'J[OH ] = 10" ¥ mol? 177, {40y

249
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where the lotic concentrations sre given inmoles per liter, INpurewater [H*] = [OH~] =
167 mol1"*. An acid s said t0 act as a proton depot. The concentration of H* ions is
increased by adding an acid to the water and the conceniration Of OH ™ 10NS will decrease
as required |0 maintain the product [H7 {0 "] constant. Simitasly, the concentration
of OH ions can be increased by adding & base 1o the water, and the H * concentration will
drerease accordingly. The physical state of water is more complicated thas the cquation
of the ionization process suggests—the H* ions org not bare protons. but are associated
with groups® of H ;O molecules. This does not significantly affect the validity of the reaction
equation.

Itis often convenient 1o express the acidity or alkalinity of & solution in leems of the pH,
defined as

i
pH = —log,o[H*] 1 {41
i

The pH of a solution is the negative of the leparithm base len of the hydrogen ion concentra-
tion in moles per liter of solution. The pH of pure water is 7 because [H*] = 107 "mol 174
The strongest acidic solutions have pH near 0 or even negative; znapple may have pH ~ 3.
Human bicod plasma hasa pH of 7.3 to 7.5+ it is slightly basic.

Example: Kinetic model of mass action.  Suppose that atoms A and B combine to form a
molecufe AH. We suppose that AB is formed in abiatomic collision of A and B. Let #,,
ny, fap denote the concentrations of A, B, and AB respectively. The rate of change of nggis

dnagfdt = Crang — Diyy (42)

where the rate constant C describes the formation 0f AB in acellision of A with B, and the
rate constant D describes the reverse pracess, the thermal decay of AB into its component

aloms A and B. In thermal equilibrium the cancentrations ol all constitutents are constani,
5o that dneg'dt = 0and

Ciptig = Dayg; niig/fae = DJC 43

afunction of temperature only. This result is consistent with the law of mass action that we
derived earlier by standard thermodyramics.

Supposs AB is not formed principaly by the bimalecutar collision of A and B, but i
formed by some calalytic process such as

A+E~AE; AE+Be«AB+E {44)

The dominant specics present is mat likely FL*: 411,0, 2 complex of 4 water molecules sursound-

ing enc proton. A review js given by M. Eigea and L. De Macyer, Proe. Roy. Soc. {London) A24T,
505 (1958).

Equilibrium for fdval Gases

Here E is the catalyst which is returned to its original stais at theend of thesecond step.
So lang as the intermediate product AE i5 so short Sived shat no significant guaniiy of A
is tied Up as AE, the ratio a,n, /i, in equitibrium must be the sume as If AR were formed in
the direet process A T Ber AB treated above. NO matier by what route the reaction
actually proceeds. the equilibrivm must be the same. The rates, however, may differ.

The equality in equilibrivim ef the direct and inverse reaction rates is eatled the principle
of detatled balance.

[ S

Connent: Reaction rates.  Thelaw of mass action expresses the condition satisfied by the
concentrations once afcaclion has gone 10 equilibrium. T tells us nothing about how fast
the reaction procecds, A reaction A + B = C may evolve enesgy AJF as it procesds, but
before the reaction can oCcCUr A snd B may have o nggotiate a potential barrier, 25 in
Figure 9.2. The barrier height is called the uctivation energy. Only molecules ON the high
energy end of their energy disteibution Will be abje 1o react; others Will not be able to get
over the potential hill, A catalyst speeds UPa reaction by offering ag aliernate reaction path
with alower epcrgy of activation, but it doer not change the equilibrium concentrations,

D R e, R R T T T T IR =X

A+ B—C

Aciivaiion
energy

Potential energy

A+ B

Schematic coordinate

Figare 92 Thequantity Afl measures the encrgy evolved in the reaction
and determines the equilibrium concentration ratio [AJ{B}/{C]. The
activation energy is the height of the potential basrier to be negotiated

before the reaction can proceed, and it determines the rate at which the
reaction takes place.
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SUMMARY
I TheGibb  fre energy
=0 10 +p
is a minimum in thermal auilibrium atcg nstatte
2 (E6fony, = ~a; (2 GEply,e = ¥
3. GlrpN) = Nufr,p)
4. The law of mass action fo achemical reaction is

ﬂnj‘" = K{1),

afntio ofihe i€mx<ratore alone,

PROBLEMS

operature and pressure,

(€GB, p == p.

at

1. Thermal expansion Hear absolute zero.  (z) Prove the three Maxwell rela-

tions
evfen), = —(2ofop), ,
{GV/EN), = +(au/ap)y
{Epfdn)y = —(Eo/dN),.
Strictly speaking, (45a) should be wrillen

(@Vfen),n = —(Gajop),y ,

{45a)
{451

(43c)

and two subscripts shoulg appear simitarly in (45b) and {45¢). Tt is common to
omit those subscripts that occur on both sides of thege equalities. {b) Show with
the help of (452} and the third Juw of thermodynamics that the volume coefli-

cient of thermal ex pansion

approaches zero as v - G,

(46)

Problems

2. Thermal ionization of hydrogen. Consider 1he formation of atomic hy-
drogen in the reaction e + H* = H, whete ¢ is ad electron, as the adsorption
of an electron on 3 proton H™. {a) Show that the 5equilibrium conceniritions
of the reactanis satisfy the relation :

fellH*1/[H) = tgexp{—Ift) , 47

where Iis the energy required to jonize atomic hydrogen, and i, = {mr/2zh2pn
refers to the electron, Negleet the spins of the particles; this assumption does
not allect the final result. The resuly is known as the Saha equation. I 4| the
electrons and protons arise from the jonization of hydrogen atoms, then the

concentration of protons is equal 1o 1hal of the ¢lectrons, and the electron
concentration is given by

[e] == [H]”lna”zcxp(—lﬁ b {48)

A similar problemy arises in semiconductor physics in connection with the
thermal jonization of impurity atoms that are donofs of electrons.
Notice that:

(1) The exponent involves 1 and not 7, which shows that thisis not a simple
“Boltzmann factor” problem, Here ! is the ionization energy,

{2} The electron concentration is propostional io the square root of the
hydrogen atom concentration, ‘

{3) Ifwe add excess electrons (o the system, then (Ke concentration of protons
will decrease. ‘

(6) Let fH(exc)] denote the equilibrium concentration of H atoms in the
first excited electronic state, which is 3/ abave the ground state, Compare
[Hexc)] with [e] for conditions at the surface of the Sun, with [H] ~ 16?* ¢y 2
and T =~ S0 K. i
|
3. fonication of donor impurities in semiconductors. 'A pentavalent impurity
{called a donor) introduced in place of a tetravalent silicon atom in crystalline

silicon aets like a hydrogen atom in free space, but with e*/e playing the role of
€* and an effective mass m* playing the role of the electron mass m in the
description of the jonization energy and radius of the ground state of the
inpurity atom, and also for the free electron. For siticon the dielectric constant
€ = 11.7 and, approximately, m* = 0.3 m. Il there are 107 donors per em?,
estimate the concentralion of conduction clectrons at 100 K.
i

4. Biopalymer growth. Consider the chemical equilibrium of a solfution
of finear polymers made up of identical units. The basic reaction step is
monomer + Nmer = (N + 1)mer, Let Ky denote lilg equilibrium constant for
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this reaction. (s) Show fram the law of mass action that ihe concenlrations |- - )
satisfy

N 1) = [)TVYK KGR - Ky | {49)

{b) Show from the theory of reactions that for ideal gas conditions ({an idedl
solution):

Ra{Nns(1)
Ky = o S PP = Fu = Fi) (50)

Here

HANY = (uh?/ My 3% | (51

where M, is the mass of the Nmer molccule, and Fy iS the free energy of one
Nmer molecule. {c) Assume N > 1, so that #y{N) ~ ng{N t 1. Find the
concentration ratio [N + 1]/[N] at room temperature ii there is zeo free
encrgy change in the basic reaction step: that Is, ifAF = Fy, | = Fy =~ F, = 0.
Assume {11 = 10%® emy™ 2, as for amino acid moleculesin a bacterial cell. The
molecular weight of the monomer is 200. (d) Show thit lor the reaction to goin
the direetion of long miolecules we need AF < —~0.4c¢V, approximately. This
condition is not satisfied in Nature, but an ingenious pathway is foliowed that

simulates the condition. An elementary discussion is given by C. Kittel, Am. J.
Phys. 40.60 {1972).

5. Particle-antiparticle cquifibrivm. () Find a quantitative expression for the
thermal equilibrivim concentration n = p* = 1™ in the particle-antiparticle
reaction A* T A~ = (. The reactants may be electrons and positrons; protons
and antiprotons; or electrons and holes in a semiconductor. Let the mass of
either particle be Af; neglect the spins of the particles. The minimum energy
releasewhen A' tombines with A~ isA. Take the zero oi theenergy scaleasthe
energy with no particles present. (b) Estimate » in cm™? for an electron {or a
hole) in asemiconductor T = 300 K with a A such that Ajz = 20. The holeis
viewed asthe antiparticle to theelectron. Assumethat theelectron concentration
is equal to the hale concentration; assume also that the particles are in the
classical regime. (€} Correct the result of {a) to jet each particle have a spin of §.
Particles that have antiparticles are usualy lermions with spins oi §.
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VAPOR PRESSURE EQUATION

The curve of pressure versus volume lor a quantity of matter at constant
temperature is desermined by the free energy ol the substance. The curve is
called an isotherm. We consider the isotherims of a real gasin which the atoms
or molecules interact with one another and under appropriate conditions can
associate together in a liquid or solid phasc. A phasc is a portion of a system
that is aniform in composition.

Two phases rnay coexist, with adefinite boundary between them. An isotherm
ofareal gasmay shaw aregion in the p—¥ plane in which liquid and gas coexist
in equilibrium with each other. As in Figure 10.1. part of the velume contains
atoms in the gar phase. There are isotherms at low wemperatutes for which
solid and liquid coexist and isotherms for which solid and gas cosxist. Everything
we say for the liquid-gar equitibrium holds also for the solid-gar equilibrium
and the solid-liquid eguilibrium.

Liguid and vapor' may cocfist on a section of an isotherm only if the
temperature of the isotherm lies below a critical temperature .- Above the
critical temperature only a single phase—the fluid phase-—exists, no matter
how great the pressure. There is no more reason to eall this phasc a gas than
aliquid, so weavoid theissue and call it afluid. Values of the critical temperature
for several gases are given in Table 10.1.

Liguid and gas will never coexist along the entire extent of an isotherm
fram zero pressure to infinite pressure; they coexist at most only along a
section of the isatherm. For a fixed temperature and fixed number of atoms,
there will be a volume above which all atoms present are in the gas phasc.
A small drop of water placed in an evacuated sealed bell jar at roowm temparaiue
wiil evaporate entirely, feaving the bell jar filled with H,0 gas at some pressure.
A drop of water exposed to air not already saturated with molsiure may
evaporate entitely. There is a concentration of water, however, above which
the atoms from the vapor will bind themselves into aliquid drop. The volume
relations are suggested by Figure 4.1,

The thermedynamic conditions lor the coexistence of two phases ara the
conditions for the equilibrium of vwo systems that are in thermal, diffusive,

Vapar is a 1erm used for a gas when the gas is In equilibriva with its liyuid or selid form

e

Vapor Pressure Equation

Curve taken at
constant !f.:mpcr;zwrc
Lo
K=}
o,
=3

\ b Liquid + gas—w—e]

Liguid - Liguid + gas Gas

Figure 101 Pressure-volume isotherm of a real gar at @
temperature such that liquid and gar phases Ny coexist, that
is, 7 < .. Inthe two-phase region of iquid + gas the pressure
is constant, but thevolumendy change. At agiven temperatare
there is only asingle value of the pressure for which a liquid
and its vapor are in equilibrium. If at this pressure we morethe
piston down, same Of the gas is candensed 10 liquid, but the
pressure remains unchanged as fong as any pas remains,

Table101 Critical temperaiures of gases

T.in K T.in K
te 52 H; 332
Ne 44.4 N, 1280
Af 151 0, 154
Kr 20 H,0 647.1
Xe 2897 0o, 1042




and mechanical contact. These condilions are that 1, =1,

Hy = Mo Py == p,
or, for liquid and gas,

LI IR ,[11. = fi,) Pi = Pg (1}
where the subscripts | and g denote the liquid and gas phases. Note that the
chemical potentials of the same chemical species in the two phases must be
equal il the phases coexist. The chemical potentials are evaluated at the common
pressure and common temperature of the liquid and:gas, so that

T = y(pr) (2}

At a general point in the p-t plane the two phases do not coexist: If iy <
the liquid phase alone is stable, and if B, < py the gas phase alone is stable.
Metastable phases may occur, by supercooling or superheating. A metastable
phase may have a transient existence, sometimes brief, sometimes long, at a
temperature for which another and more stable phase of the same substance

has a Jower chemical potential.
Deos wtion of the Coexistence Curve, p Versu «

Let. p be the pressure for which two phases, liquid and gas, coexist at the
ienupcature ro. Suppose that the two phases also coexist at the nearby point
Po -+ ipi1q + dt.The curvein the p, r plane along whist the two phases coexist

diviide the p, t plancinto a phase diagram, as given in Fi  re 10.2 for H,0.
it iss aondition of coexistence that

#elPote) = wipetal . {3}
and also that

(o + dp, 7o + d1) = lps + dp, 1o + d1) 4

Equations (3) 2nd (4) give a relationship between dp and dr.
We make a series expansion of each side of (4) to obtain

aug a‘uﬁ' s
t(po.to) + (59).dp + (ﬂt y‘h +

. ny ?ﬁt_
: 3 EIFP'P'TO.) * (“ap)ﬁp +' (ar)rdt ®

Tthe Curve, p Versus t

279

250 i T f
P
2061 o
=R
By ow Figure 10.2  Phase diagrum of H,0Q. The

150+ ] relutionships of the chemical potentials gy, oy,

i and p in the solid, liquid, and gas phases are

Satid Liquid

B <y ay <pgh oy <

Pressure, in atm

100 - -1 International Critical Tahles, Vol 3. and P, W.
Bridgman, Proc. Am. Acad. Sci. 47, +41 {1912);
) Gasﬂ for the several forms of ice, see Zemansky,
p. 375.
B Wy
5G- -1
- G | l

- 100 G 0 200 300 400
Temperature, in °C

In the limit as dp and dr approach zero,

E_lu_g ?fﬁ dr = .fi)[ + (%) e, {0}
(c‘p),dp + (E‘t), ' (6;3 :p iy p‘

by (3) and {3). This result may be rearranged to give

) _ (1)
dp \év/, ft /p

&0 o, "61) '
pj. \dp/):
which is the differential equation of the coexistence curve or vapor pressuie
curve,

The derivatives of the chemical poicmiaf which eccur in {7} may be expressed
in terms of quantities accessible to'measurement. In the treatment of the Gibbs

4|

shiown, The phase boundary here beiween ice
and water is not exacily vertical; the siope is
actually negative, although very large, Aler
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freeenergy in Chapter 9 we round the refations

' 6G éG :
G =N . Y = Ll R
o () v (©) - w
With thedefinitions

V= VN, s=o/N 9

for the volume and entropy per molecule in each phase, we have

N\& v NTT\E) N\E), T TN g 1O
Then (7} for dp/dv becomes

e e s

dp 5, ~ 5

g

Here 5, — 5, is the increase of entropy d the system when we transfer one
molecule from the liquid to the gas, and 5, — ¢, iS the increase of volume
of the systern when we transfer one molecule from theliquid to the gas.

Tt is essential to understand that the derivative dfp/dr in (11) is not simply
taken from the equation of state df the gas. The derivative refersig the very
special interdependent change of p and ¢ in which the gas and liquid continue
to coexist. The number of molecules in each phase will vary as the volume is
varied, subject only to N, + N, = N, a constant. Here N, and N, are the
numbers of molecutes in the liquid and a s phases, respectively.

The quantity s, = 5 is related directly to the quantity of heat that must
be added to the system ro transfer one melecule reversibly from the liquid
to the gas, while keeping the temperature of the system constant, (1f heat is
not added to the system from outside in the process, the temperature will

decrease when the molecule iS transfecred to the gas) The quantity of hent
added in the transfer is

dQ = 1(s; ~ 35, (12

by virtue of the connection between heat and the change of entropy in a
reversible process. The quantity

L=1s; - 5) {13)

Derivation of the Caexistence Curve, p Versus x

defines he latent heat of vaporization, and is easily measured by elementary
calorimetry.

We let
Av = v, = o {14}

denote the change of volume when one molecule iStransferred from theliquid
to the gas. We combine {113, {13}, and (14) to obtain

{15)

This s kKnown as the Clausius-Clapeyron equation oy thic vapor pressure equation
The derivation of this cquation was a remarkable early accomplishment of

thermodynamics. Both sides Of (15) are easily detesmined cxpeeimentally, and
the equation hasbeen verified to high precision.

We obtain a particularly useful form of {15} if we make two approximations:
{a) We assume that », > 1,: the volume occupied by an atom in the gas

phase is very much larger than ja 1he liquid (Or solid) phase, SO that we may
replace Av by v,

Av = UF = ng;\fﬂ. (:6)

At atmospheric pressure v, fy, = 103, and the approximation is very good.
{b) We assume that the ideal gas law p¥, = N,c applies to the gas phase,
S0 that (16) may be written as

Av = 1/p. an

With these approximations the vapor pressure equation becomes
L
= —apr —logp = 5, e
ip dt Ep 72 )

where L. isthe latent heat per molecule. Given |, as a function of temperature,
this equation may be integrated to find the coexistence curve,
If, in addition, the latent heat L is independent of temperature over the

temperature range o interest, we may take L = |,, outside the integeal. Thus
when we integrale (18} we abtzin
d di
[ f5, (19)
P 1
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whence 2600 ’4
1600 o —nfoed L g
logp = — Lyt -+ constant;  pfr) = pgexp{~Lq/1) (24 7/'(
W
o 500
where p, is & constant. We defined L, as the latent heat of vaporization of e Ly atm pressure
one molecule. f L, refers instead to one mole, then 200 ,/ {boiling point)
PAT) = poexp(—Lo/RT) 2 100 //
Liguid /
where Ris the gas constant, R = Ngkg, where Ny is the Avogadro constant, For &5
water the latent heat at the liquid-gas transition is 2485 J g™ at 0°C and 2260 E /
J g~} at 100°C, a substantial varialion with temperature. s W
The vapaor pressure of water and of ice is plotted in Figure 103 as logp o / . Vapor
versus 1/T. The curve is linear over substantial regions, consistent with the % 16 ' i
o 5 o
108 T T T 2 /
\ T Critical point s : o /—-—-—AEong this curve the liquid and vapor
o ! are in equilibrium and coexist. Any- 7|
10° / where ol the curve the system is all
\ 0.5 ligeid or all vapor. AL wmuch higher —|
\ : / pressures a solid phase occurs.
HY
\q/ Liquid water : 0.2 —
. ¢l
2 10° pt 0 1 2 3 4 5 6
= s k Temperature, in K
€
. = - i . .
Figuee 0.3 Vapor pressure of water and of ice G 1o : Figure 104 Vapor pressure versus temperature for *He. After H. van Dijk
plotled versus 3/T. The vertical scalr:lls ) p et al, Journat of Research of the National Bureau of Standards 634, 12
logarithmic. The dashed line s a siraight line. i v {1939).
ﬂ': Y \/0"(: '
\ approximate result (20). The vapor pressure of “He, plotted in Figure 10.4,
1 N o is widely used in the measurement of temperatures between | and § K.
\/Ice _ I The phase diagram of “He at low temperatures was shown in Figure 7.14,
10 ‘ Notice that the Hquid-solid cocxistence curve is closcly horizontat below 14K,
\ = We infer from this and (11) that the entropy of the hiquid is very nearly equal
. \ - to the entropy of the solid in this re
-2
0757790 25 30 35 40 45 50

gion. It is remarkable that the entropies
because a normal fiquid is much more disordercd than ot
solid, so that the entropy of a normal liquid is considerably higher than that

should be so similar,
/T, in K
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of a pormal solid. But *He is a quantum liquid. For another quantum liquid,
'He, the slope of the liquid-solid curve is negative at low temperatures
(Figure?.13), and in this region theentropy of the liquid isless than the entropy
of the solid. The solid has more accessible states than the liquid! Liquid 3He
has a relatively low entropy lor a liquid because it approximates a Fermi gas,
which generally has a low entropy when t <« t» because a large proportion
of the atoms have their momenta ordered into the Fermi sphere of Chapter 7.

Friple point.  The triple point ¢ of a substance is that point p,, 7, in the p-t
plane at which all three phases, vapor, liquid, and solid, are in equilibrium.
Herey, = y; = y,. Consider an equilibrium mixture of liquid and solid phases
enclosed in a volume somewhat larger than that occupied by the mixture
alone. The remaining volume will contain only the vapor. in equitibsivm with
both condensed phases, and at a pressure equal to the common equilibrivm
vapor pressure of both phases. This pressure isthe triple point pressure.

The triple point temperature is not identical with the melting temperature
of the substance at atmospheric pressure. Melting temperatures depend
somewhat on pressure; the triple point temperature isrhe melting temperature
under the common equilibrium vapor pressure of the two condensed phases.

For water the triple point temperature is 0.01K above the atmospheric
pressure melting temperature: T, = 001°C = 27316 K. The Kelvin scale is
defined such that the triple point.of water isexactly 273,16 K ; see Appendix B.

Latent heat and enthalpy. The latent heat of a phase transformation, asfrom

the liquid phase to the gas phase, is equal to t times the entropy difference
of the two phases at constant pressure. The latent heat is alsa equal to the
difference of H = U 4 p¥ between the two phases, where H is called the
enthalpy. The differential is dH = dU + pdV + Vdp. When we cross the
coexistence curve, the thermodynamic identity applies:

o = dU + pdV - (g, —~ p)dN (22
On the coexistence curve y, == yr,. Thusat constant pressure
L= tAg = AU T pAV = AH = H, - I, (23}

Vitlues of If arc tabulated; they are found by integration of the heat capacity
at constunt pressure;

Fa\ 5 v AH
o)), o e
T ), ac /, dt /, T fy

Desivation of the Cocxistence Curve, p Versus ¢

or

H=[C,d | (25)

| T AL S S A v I e e TSR Y
I e T T B i e =

Esample: Model systerm for gas-sofid eguiftbrium.  We congtruct a simple mood to de-
scribe a S0lid in equilibrium with a gar. as in Figure 10.5. We can casily derive the vapor
pressure curvg for this moddl. Roughly the same moddl weuld gpply lo a liquid.

Imagine the solid to consist of N atoms, each bound as a harmonic oscillator of fre«
quency o t0afixed center of force. The binding energy of each atom in the grouad stae is
o) that is, theenergy of an atom in itS ground state is — g referred to afree atom at rest.
Theencrgy staws of a single oscillator are s — £y, where i is a positive integer or zero
(Figure 10.6). For the sake of simplicity we suppose that cach atom can oscillate only inoz.e
dimension. The result lor osciliators in three dimensionsisleft asa problem.

The partition {unction of a single osallator in the solid is

Z, =y eapl - (ahw — g)/t] = explegf) Zcxp(—nhmh) = ﬁ%fé%{%;m

(26)
Thefres enerey F, is

Fy= U, — 1w, =—-1logZ,. (27}

The Gibbs free encrgy in thesolid is, per atom,

G,=U,—1a, + pr,= F, + pr, = .. {28}

Figure 105 Atomsin asolid in equitibrivm
with atoms in the gas phase. The equilibrivm
pressure is @ function af temperature. The
energy of the alems in the solid phase is Jower
L Gas than in the gar phase, hut theentropy of the

B atoms lends to be higher in the gar phase. The
equilibrivm coafiguration is determined by the
counterplay of the two cliects. At low
tempersture niost of the atoms are in the solid;
at high temperature all o1 most of the atoms
may hein the gas.

3 /S(ﬂ%d
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4]
Figure 10.6 States of an atom bound as a
harmanic oscillator of frequency w. The g — #iff: — &g
ground state is assumed 10 be g, below that of a
free atom at rest iN the gas phase.
v — gy
W 1
fiw — £y
— !

Ground skute of
bound aton

The pressure in the solid IS equal to that of the gar with which it is In contact, but the
volumes, per atom in the solid phase ismuch smalier than the volume =, per atom in the
gar phase: &, <« v,

Ifwe neglect the term po, we have for the chemical potemtial of the solid z, = F,, whence
the absolute activity is

A5

Bl

expls,/1) = exp(F,f7) = exp(—log Z)

-%— = exp(~—eo/t)[ L ~ exp(—hwft}]. {29)

We make theideal gar approximation to describe the gar phase, and we take thespin of
theatom lo be zero. Then, from Chapter 6,

PRSI 2 e 0
*ong g T\ Mi)

The gar isin equilibrium with thesolid when1, = ,, or
p = tngexp{=egofti1 — exp(~huwym)l {(31)

If we insert i, from (363):

M an
p= (-imr;f;i) M exp(—eo/0[1 — exp{—haft)). {(32)

G LN I A £ I AL D TN N A RS P E - Pyt U W RS S

A I I Sy i T OB |

Van Der 1Waaly Equation of State

VAN DER WAALS EQUATION OF STATE

The simplest model ofz liquid-gar phase transition isthat of van der Waals, who
modified the ideal gas equation p¥ = Nr to take into account approximately
the interactions between atoms or molecules. By the argument that we give
below, he was led to a modified equation of state of the form

(p T N3a/VHY - Nb) = Nt , (33)

known as the van der Waals equation of state. This is written lor A atoms in
volume V. The a, b are interaction constants |0 bc defined; the constant « is
a measure of the long range attractive part of the interaction between (wo
maotecutes, and the constant b is a measure of their short range repulsion
(Figure 10.7). We shall derive (33) with gl hetp of the general relation p =
—(2F[2V), 5. We shall then teeat the thermodynamic properties of the model
in order to exhibit the liquid-gas transition.
For an ideal gas wc have, from (6.24),

Flideal gas} = — Ne[loglug/n) + 1. (34)

The hard core repulsion at short distances can be treated approximately as
il the gas had available not the volume ¥, but the fre¢ volume V — Nb, when
b is the volume per molecule. W e thercfore replace the concentration n = NV
in (34) by N/{(V — Nb). Thus, instead of (34}, we have

F = —Nt{log[ng(V - Nb)/N] + 1}. (35

T o thiswe now add acorrection for the intermolecular attractive forces

Potential energy, @
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Figure 107 Theinteraction energy between

two malecules consists of a short range

repulsion plus along range attraction. The
short range repulsioncan bz described

\ - approximately by raying that each moleeule

\/ has a hard, impenetrable core.
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Mean Field pMethod

There exists a simple approximate method, called the mean field method, for
taking into account the efiect of weak long range interactiong among the
particles ol a system. The most widely known applications of the method areto
gases and to ferromagnets. Let ¢(r) denote the potential energy of interaction
of two atoms separated by a distance r. When the concentration of atoms in

the gas is u, the average value of the total interaction of all other atoms on
theatomat » = Qs

w

j; dVpirin = n J:chcp(r) = —2na, (36)

where — 2u denotes the value of the integral {4V (). The factor of two isa
useful convention. We exclude ihe hard core sphere of volume & from the
volume of integration. In wiiting (36) we assume thas the concentration n is
constant throughout the volume accessible to the molecules of the gas That is,
we use the mean value of n. This assumption is the essence of the mean fiald
approximation. By assuming uniform concentration we ignore the increase
of concentration in regions of strang attractive potential energy. In modern
language we say that the mean fidd method neglects correlations between
interacting molecules,

From (36) it follows that the interactions change the energy and the free
energy of a gas of N moleculesin volume V by

AF = AU = —§(2Nna) = — Na/V. 37
The factor 4 iscommon to self-energy problems; it arranges that an interaction
"bond" between two molecules is counted only once in the total energy. Fhe
exact number of bonds iSYN(N —~ 1), which we approximate as { N2,

We add (37} to (35) to obtain ihe van der Waals approximatien for the
Helmholtz free encrgy of 2 gas:

FIvAW) = — Nrllop[n(V — NRYN] + 1} — N2V 38
The pressurz is
= —(eFfiV Ne N (39)
p= —AEFfeV )y = VN, TV

Critical Points for the van der Waels Gas

ey

AN
pet

-{?\

9
/é,:
& ¥

_ P

o0

V
o 155
o O
@b_@
O
o O
o ]
O

or

{p + Na/V ¥ ~ Nb = Nt‘.’-}

Figure108 Directions of intermolecular
forees that @an on motecules near the boundary
of avolume¥. The van dor Waals argusnent
sungests that thess forees contribute an internal
pressitre NEayv? which is [0 Peadded 1o the
exterpal pressute g, sa char p + Nia/V?should
be usad as the pressure in the gar faw,

Figure109 The container of volume V has N
moteeules, each of volume & The volume NO
occupied by moleeulesis¥ — Nb. Intuition
suggests that this free volume should be used in
the gas faw in place of the container volume V.

{40)

the van der Waals equation of stale. The terms in a and b ase interpreted in

Figures 108 and 109

Critical Points for the ran der Waals Gus
We define the quantities

p. = af27b*; V.= 3INb;

. = 8af27h.

(41}
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Figure 1010 The van der Waals equation of state near
the critical temperature. Courtesy of R, Cahn.

In terms of these quantities the van der Waals cquation becomes

Vv o1 8
L _3@5 AR WL )
pe (VIRY AW 3 3z,
This cquation is plotted in Figure 10.40 lor several temperatures near the

temperature .. The equation may be written in terms of the dimensionless
variables

P=plps V=WV f=1, “43)

. -3 n_s_ & 3 “
ot 7 g) =38 = -, )
-; Feglr-3)-5s Py ‘

This result is known as the law of corresponding slates. In terms of 3, 715

. al gases look alike—if they obey the van der Waals equation. Values of a

Gibbs Free Energy of tire ran der Waals Gas

and b are usually obtained by fitting to the observed p, and <, States of two
substancesat thesame p, ¥, i are called corresponding states of the substances.
Real gases do not obey the equation to high accuracy.

At one point, the critical poiat, the curve of § versus ¥ at constant i has a
horizontal point of inflection. Here the local maximum and minimum of the
p- V curve coincide, and there is no separation between the vapor and liquid
phases. At ahorizontal point of inflection

& a’g;)
- T ZEY =0,
(evl - (aw , )

These conditions are satisfied by (44)ifp=1; ¥ = 1;i = . Wecdl 5, ¥,

and t, the critical pressure, critical volume, and critical temperature, respectively,
Above 7, no phase reparation exists.

CibbsFree Energy of the van der Waals Gas

The Gibbs [ree energy of the van der Waals gas exhibits the characteristics of
the |,quid-gas phase transition at constant pressure, Wih G = F + pV¥, we
have lrom {38} and {3%) the result

NtV 2N?
G(r.V.N}y = i’_:m - —vv—a — Nr{log[nyV — Nb)/NJ +1). (46)

This equation gives & as a function Of ¥, 1, N; the natural variables for Gor e
£ 7, N. Unfortunately we cannot convenfently put G into an analytic form asa
function of pressure instead of volume. We want G{z,p,N) beciuse we can then
obtain p{r,pyas Glr,p,N)/N by (9.13). It is p that determines the phasecoexistence
retation gy, = . The resulis of numerical éateulations of G versus parc plotted
in Figure 10.11 for temperatures below and at thecritical temperature, At any
temperature the lowest branch represents the stable phase; the other branches
represent unstable phases. The pressure at which the branches cross determines
the transitior between gas and liquid; this pressure is caled the equilibrium
vapor pressure. Resultslor G versus © are plotted in Figure 10.52.

Figure 10.13shows, on a p-V diagram, the region V < ¥, in which anly the
liquid phase existsand the region V > ¥; in which only the gas phase exists.
The phases coexist between ¥, and ¥. The value of ¥ or ¥; isdetermined by
the condition that p(z,p} = #,(r,p) along the horizontal line between ¥; and
¥,. This will occur if she shaded area below thelineisequal to theshaded area
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Figure 10.11 (3 Gibbr free enecgy versus pressure fOr van
der Waals equation Of state; v = 095, Courtesy of R. Cahn,

{b) Gibbs free energy versus pressure for van der Waals equation of
statel v =g,

above theline. To seethis, consider
dG = ~qgdt + Vdp + pdN. 47

Wehave 4G = Vdp at constant « and constant total number of particles. The
difierence of G between ¥, and ¥, is

{43)

G, G = [vip,

By

E
E

oF
BN
o

A

e

Tt

s

G/Nr,

~2.436

7 =095

ﬂQb = |
—2.440 \

Unstiabie
s N
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-2.448 . . .
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Figure 10.32a Gibbs {ree energy versus temperature for van der Waals equation
of state at p = 0.95p,. Courtesy of A. Manoliu.
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Figure10.12b  Gibbs free energy versus temperature [Or van der Waals equation
of state at the critical pressure p,.
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T = constant

s Liguid

Coegxistence line

{

D e e = =

:ﬁ
~
S

Figure 1013  fsotheem Of van der Waals gar at a
temperature balow the critical temperature. For voiumes
less than ¥, only the liquid phase exists; lor volumes
above ¥ only the gar phase exists. Beiween ¥ and ¥;
thesysiem in stable cquilibrium Ties along the coexistence
lineand is an inhomopenceus mixture of two phases. The
liquid and gas phases totxist. The proportion ofthe
liquid and gar phisg; st be such that the rym of their

volumes equals the volurie V that is avaitable.

but theiategralis just the sum of the shaded areas, one negativeand one positive.
When the magnitudes of the areas are equal, G,{r.p) = G{r.p} and p,(v.p) =

i{r.p) along the horizontal coexistence line drawn in the figure. In equilibrium
we require iy, = .

Nucleation, Let Ap = p, — 41, be the chemical potential dilference between
the vapor surreunding asmall liquid droplet and the liquid in bulk {an infinitely
targe drop). If A is positive, the butk liquid will have a tower free energy than
the gas und thus the liquid will be more stable than the gas. However, the
surface free energy of aliquid drop is positive and tends to increase tile free
energy of the liquid. At small drop radii the susface can be dominant arid the
drop can be unstable with respect to the gas. We calculate thechange in Gibbs

freeenergy when adrop of radius R forms. If n, isthe concentration of malecnles
in the liquid,

AG = G, — G, = ~(An/AR*mAu + 43Ry @)

Ferromagneiism

where 7 IS the surface free energy per unit area, or surfuce tension. The liquid
drop will grow when G, < G,. An unstable maximum of AG iS attained whea

dAG/AR = 0 = —4zR%m Ay + SxRy {(50)

R = 2y/m Ay, (513

This isthe eritical radius lor nucleation of adrop. At simalter R the drop wiil
tend | o evaporate spontaneously because that will lower the free energy. At
lurger R the drop will tend to grow spontancously because that, 100, wilj fower
the free energy.

The free energy barricr (Figure 10.14) that must be overcome by a therma!

Huctuation in order lor a nucleusto grow beyond R, in found by substitation of
(51) in [49):

(AG) = (16n/3) [y} Aapy]. (52)

1f we assume that the vapor behaves like an ideal gas, we can use Chapter 5
lo express A as

Ap = clog(p/p..) .

where p is the vapor pressure in the gas phase and p,, the equilibrium vapoer
pressure of the bulk liquid {R - ao). We use y = 72ergem™? to estimate R,
for water at 300K apd p = 1.1p tobet x 107*cm.

Ferromagnetism

A ferromagnet has a spontaneous magnetic moment, which means a magnetic
moment even ia zero applied magnetic field. We devel op the mean field apprexi-
mation o the temperature dependence of the magunetization, defined as the
magnetic moment per UNit volume. The central assumption is that each magnetic
atony expetiences an effective ficld B proportional to the magnetization:

Bp = iM | {53)

where / isaconstant, We take the external applied field aszero.
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Figure10.14 Excess fice encegy of drop relative to gar. a5
function of drop radius R, both in reduced units. The gas is
supersaturated because the liquid has the lower free energy for
this curve as drawn, but the surface energy of small drops ereates
an energy barrier that inhibits the growth of nuclei of the liquid

phase. Thermal fluciuations eventuatly may carry nuclei over the
barrier.

Consider a system with aconcentration # of magnetic atoms, each of spin %

and of magnetic moment x. In Chapter 3 we found an exact result far the
magnetization in afield B:

M = nutanh{pB/z} (54
I'n the mean field approximation (53) this becomes, for aferromagnet,

M = nptanh(uiMf), . (55

Ferromagnetism

wanhim /1)
for £ = 0.5
0.8 fort = |
0.6

for ¢
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]
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0 1
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Figure 18,15 Gruphica! solution of Eq. (36) for the
reduced magnetization m as a function of temperature.
Thereduced magnetization is defined as m = M/ The
lefl-band side of £4. (56} is plotted as a straight tine m
witlh unit slope. The right-hand Side is tanh(uy/z) and is
plotted ¥ersus m: lor three different values of the reduced
temperature 1 = tfmp®A = ¢f1,. The three curves
cotrespond to the temperatures 2t,, 1, and O5t,. The
curve lor | = 2intersects the straight fine s only at

# = 0,25 appropriate |0r the paramagnetic region {there
is no external applicd magnetic field). The curve for: = 1
{ort = 1.} istangent tO the siraight line m at the origin:
this teaiperature marks the onset of eccomagnetism. The
curve for 1 = 0.5 {5 in the ferromagnetic region and
intersects the straight line sn at about m = 0.94 np. As
1+ 0 the intercept moves UPtOm = |, so that all
magretic moments arc lined up at absolute zero.

a transcendental equation for M. We shall see that solutions of this equation
with nonzero M exist in the temperature range between £ and . T 0 solve{55)

we write it in terms of the reduced magnetization s = M/ sy and the reduced
temperature t = t/np?l, whence

m = tanh{m/r). {56}

We plot the right and left sides of this equation separately as functions of m,
as in Figure 10.15. Theintercept of the two curves gives the value of m at the
temperature of interest. The critical temperature is ¢ = 1, Or 7, = uu*i, The

curves of M versus t obtained in this way reproduce roughly the features of the
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Figure 1016  Saturation mzgnetization of
nickd as a function of temperature, topether
with the theoretical curve for Spin } on the

mean field theory.
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experimental results, as shewn in Figure 10.16 lor nickel. As t increases the
magnelization decreases smoothly tozero al © = r,, called the Curie temperature.

LANDAU THEORY OF PHASE TRANSITIONS

Landau gave asystematic formutation of the mean field theory of phase transi-
tions applicable to a large variety of systems exhibiting such transitions. We
consider systems at constant volume and temperature, so that their Helmholtz
frez energy F = U/ — 1o isa minimum in equilibrium. The big question is, a
minimum with respect to what variables? It isnot helpful toconsider all possibls
variables. We suppose here that the system can be described by a single order
parameter £, the Greek xi. whick might be the magnetization in aferromagnetic
system. the dielectric polarization in a ferroelcetric system, the fraction of
superconducting electrons in asuperconductor, or the fraction ol neighbor A-B
bondsto total bonds inan aloy AB. Inthermal equilibrium the order parameter
will hare a certain value & = &,(x). lathe Landau theory we imagine that §
can beindependently specified,and we consider the Landau free energy function

Flé = Ula) — wetée), {57

where the encrgy and entropy are taken when the order paramcter has the
specified value £, sot necessarity &5, The equilibrium value £(z) is the value of

Landau Theory of Phase Trausitions

¢ that makes Fy aminimum, at a given 1, and the actual Helmholtz {ree energy
Flz} of the system at 7 is equa 1o that minimum:

Flt) = Fiffor) s Fl&)  if & # &g {5%)

Plotted asalunction of £ for constant «, the Landau free encrgy may have more
than one mintmun, The lowest of these determines the equilibrium state. In a
firstorder phase transition another minimum becomesthe lowest minimum as
7 iSincreased.

We restrict oursetves 10 systems lor which the Landau function is an even
function of 5 in the absence of applied fields. Most ferromagnetic and ferra-
electricsystems areexamplesof this. We also assumethat F,(£,r) isasufficiently
well-behaved function of £ that it can be expanded in a power serigs iN &

something that should not be taken lor granted. For an even functien of &, as
assumed,

Fga) = gole} + 30200087 + da.(01* + Lgolris® + -, (39)

. The eatire temperature dependence of F,(&,1] is contained in the expansion

coefficientszs, 91, 44. 9. Thesecoefficientsare mattersfor experiment or theory.

The simplest example of a phase transition occurs when g {1} changes sign at
atemperature 1y, With g4 positive and the higher terms negligible. For simplicity
we take g;{t) linearin :

gaft) = (v — tdx (60)

over tlietemperature range of interest, and we take g, asconstant in that range.
With these idedizations,

FEs) = gl + (e ~ 13T 4+ dgult (61}

The form {60} cannot be accurate over a very wide temperature rasge, and it
certainly fails at low temperatures because such a linear dependence on tem-
perature is not consistent wiik: the third law.

The equitibrium value of & is found at the minimum of Fi({;1) with respect
to&:
(6FL/6:§)r = (f — l’o}:xi 4+ g_=.;:j =0 . (62}

which has theroots

E=0  and £ = (1, — Ofafga) (63)
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With aand g, positive, thie root £ = 0 corresponds to the minimum of the ffze
energy funclion {61) at temperaturesabove y; here the Helmbholsz freeenergy is

Fiiy = goln). (64)

The other root £ = (2/g,){zy — 1) corresponds to the minimum of the free
energy lunction at temperatures below 14, here the Helmholtz freeenergy is

Landau free enerpy

Fa) = golty - (32/494‘1(1 — ¥ {63)

Shevariation of ¥{t} with temperature is shown in Figure 10.17. The variation
of Fi(&;7) as afunction of &% lor three representative temperatures is shown in
Figure 10.18, and the temperature dependence of the cquilibrium vajue of £ is
shown in Figure 10.19.

Our modeldescribcsa phase transition in which the value of the order param-
eter goes continuously 1o zero aSthelemperature iSincreased t0 ¢y, The entropy

Figure 1018 Landau free energy function versus &2 at
- - represeniative fomperatuses, As the temperature dropSbelow t,
1 the equilibrivm valoe of £ graduaily increises, as delined by the

: position of the minimum of the frec crergy.
|
i
Il 10% <
-
} ~
1
- | C.8 \
L ] - !
& t
Eo 1 \
&0 1
gl : 0.6 3
5 Curve of 3
‘E minimum % 0y
{ree energy 1l 0.4 ™,
I
i
i
Region of order ! . 0.2
parameter £ >0 Refg:gneﬂf
\ =4,
1 no erder o
B ! Q¢ 0.2 0.4 0.6 0.8 1O
e . A
T
5 Figure10.19 Spontanecus polarization versus
Fetre 1017 Temperature dependence of the free energy temperature, for a second-order phasc traasition. The
fer an idealized phase transition of the second order curveis not redisticat low temperatures because of the

p use of Eq. (60): thethird law of thermadynamics requires
that déjdr — Oar ¢ — 0.
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—dFfdt is continuous at 1 = Ta, 30 that there is no jatent heat at the {ransition

lemperature 1, Such a transition is by definition a second order transition.
Transitions with a nonzero latent heat are called first order lransitions; we
discuss them presently. The real world contains a remarkable diversity of

second order transitions; the best examples are ferromagnets and siper.
conductors.

M e e A e e
.-,._....u.;_-.....x_;d.‘;w_;..;..ﬂ.u._'.;...-,‘_...:u“u.yq B

Example: Ferromagnets.
Landau theory, To show th
which we shall set equal 10

In the mean field approximation, ferromagaets satisly the
is, consider an atom olmagnetic moment p in 4 magnetic field B,
the mean field 2 M as in {33} The interaction energy density is

UMY = —IM - B = —17A12 (66)

where the factor L is common 10 self-cne

1gy problems. The entropy densily is given approxi-
mately by Problem 2.2 g

(M) = constant — M?/2uu? {67)

in the regime in which Af « nge. Thus the free energy function per unil volume is

. T R
F (M) = constant — —}Mz(/'f'r- ——3) + terms of higher order. (68)
N
At the transition lemperature the coefficicnt of Af? vanishes, so that
1o = nmpli {69}

in agreement with the discussion lollowing {56).

L e T T M Ay

TR A AP

£ gy
S P

First Order Transitions

A latent heat characterizes a first order phase transition. The liquid-gas transi-
tion at constant pressure is a first order transition. [n the physics of solids first
order transitions are common in ferraelectric crystals and in phase transforma-
tions in metals and alloys. The Landau function describes a first order transition
when the expansion coefficient gs is negative and g, is positive. We consider

FED = 90(0) + bl — ) < g0 4 dgel® 4. (70)

First Order Transitions

}.‘LM

Landau free energy

Figure 1020 Landay free energy funclion versus fina
first order transition, at represcatative temperatures. At t,
the Landau function has equal minima at £ = Qand at a
finite £ as shown, For ¢ below 1, the absaluie minimum is at
larger values of € as ¢ passes through ¢, there is 2
disconlinuous change in the position of the absolute
minimum, The arcows mark the minima,

The extrema of this function are

given by the roots of EF /8 = 0 as in
Figure 10.20;

AT = 1) — lgu(OfE® + g,¢f = 0, (71)

Either & = Qor

ot = o) — lgu(0lfe? + g = 0, (72}

Al the transition temperature 7, the free energies w

il be equal for the phases
with & = ¢ and with the roor &

# 0. The value of 7, will not be equal 1o 7,

303



Figure 1021 Dependenceof{ont — 7 fora
typical first ordee phase transition,
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and the oider parameter £ (Figure 10.21} does not go continuously to zero at
.. These results differ from those in the second order phase transition treated
carlier, where & went to zero continuously at =, = t,. A first order transfor-

mation may show bysteresis, as in supercooling or supersaturation, but no
hysteresis exists in a second ordcr transition.

SUMMARY

1 The coexistence curve in the p-t plane between two phases must salisly the
Clausius-Clapeyron equation:

dp _ L

dt  tAv’

where L 15 the fatent heat and Av 1s the volumedifference per atem between
the two phases.

2. Thelatent heat L = H, — H;,whereH = U + pV is theenthal py.
3. The van der Waals equation of state is

(P + N/VHV = Nb) = Nr
4. Inthetandau freeenergy function
Ftx) = Ulgs) — i),
the energy and entropy are taken when the order parameter has thespecified

value &, not necessarily the thermal equilibrium value &,. The function ¥
is a minimum with respect ta £ when the system isin thermal equilibrium.

Problems

5. A first order phase transition is characterized by @ latent heat and by
hysieresis,

PROBLEMS

| Entropy, energy, and enihalpy of van der Waals gas. (a) Show that the en-
tropy of the van der Waals gasis

o = Nilog[ny(F — NBYN] + 1} {(73)
{&) Show that the energy is

U = germ Nafv, {14
{¢} Show that theemthalpy H = U + pVis
H{t,V) = SNt + N3b/V - 2NV, {13y

Hap) = Nt + Nbp — 2Nup/r. (76}

All results are given to firstorder in the van der Waals correction terms ¢, b,

2. Calenlativn of dT[dp for water. Calculate from the vapor pressure equa-
lion the value of d7/dp ncar p = | atm for the liguid-vapor equilibrium of

water, The heas Of vapotization at 100°C is 2260 g~ . Express the result in
kelvinfatm.

3. Heat of vaporization of ice. Thepressure of water vapor over ice is3.88 mm
Hgat ~2°C and 4.58 mm Hg at 0°C. Estimate in Jmol "2 the heat of vaporiza-
tion of iceat —1°C.

4. Gas-solid equilibrizmn, Consider a version of the example{26}-(32) in whick
we |et the oscillators in the solid move in three dimensions. (a) Show that in the
high temperature regime{t » fw) the vapor pressure is

AN )3
p= (ﬂ) 17z eXp{~ LofT) (7%

(b) Explain why the latent heat per atom.is £y — 1.

3. Gas-solidequilibrium. , Consider the gas-solid equilibrium under the ex-
treme assumption that the entropy of the solid may he neglected aver the tem-
peraturerange of interest. Let — g, be the cohesiveenergy of the solid, per atom.
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Treat thegasasideal and monatomic. Make the approximation that the volume
accessiblel 0 the gasisthe volume V of the container, independent af the much

smafler volume occupied by the solid. (a) Show that the total Hetmboltz free
energy of the system is

Fo= F 4 Fy= ~Ng + Na[log(NVag) — 17, {19)

where the total aumber of atoms, N = N, + N, isconstant. {b) Find the mini-
mumolthe free energy with respect to N,; show that inthe equilibrium conditien

Ny = npVexp(—e/fe). (79
{c} Find the equilibrium vapor pressure.

6. Thermodyuamics & the superconducting transition. (a) Show that

b J4(B2) B.dJdB
G WV e e L el 2
(o5 = ax)f e dv | pig dt ] 50)

in St units for B,. Because B, decreases with increasing temperature, the right
sideisnegative. The superconducting phase hasthe lowerentropy: it isthemore
ordered phase. Asr ~» 0, the entropy in both phases will go to zero, consistent
with the third law. What docs this imply lor the shape of the curve of B, versus 17
{b) Atz = 7, we have B, = Ound hence oy = ay. Show thut this result has the
following vonsequences: (1) The two free energy curves do not cross at =, but
meige, asshown in Figure 10.22. (2) The two enerpies are the same: Uyt =
U{x. (3) There is NO latent heat associated with the transition a1 ¢ = 7.
What jsthe tutent heat of the transition when carried out In a magnetic ficld,
at t < t.? {c) Show that €, and Cy, the heat capacities per unit volume, are
related by

t d¥B2)

= [ ST
AL = Cs N 2y di?

{81)

Figure 8.18 is a plot of C/T vs T? and shows that Cy decreases much faster
than linearly with decreasing ¢, white C , decreases as 3, For v « 1, AC is
dominated by Cy. Show that this implies

LB 1)

Probiems
ol 1
\

0.2 o
3 )
é \Normi‘-i
=3
E g4 Fy
1=
ey Superconductor
EB \\
g 0.6
L5
L —0.8

--i.DD 53

Tempetature, K

Figure10.22 Experimental valuer of the free energy usafunction of
temperature for duminum in the superconducting state and in the normal
state. Below the transition temperature T, = 1180 K the free energy is lower
in the supercanducting state. The two curves merge at thetrasition
temperature, 50 that the phase transition is seeond order (there is nolatent heat
of transition at T} The curve Fy is measured iN zero magnetic fiedd, and Fy is

measured in amagnetic field sufficient t0 pUt the specimen in the normal state,
Courtesy of M. E Phillips.

7. Simplificd model of the superconducting transition.  The Bolr)curves of most
superconduclors have shapes close to simple parabolas. Suppose that

Bx) = Bufl — (s/5] (83)

Assume that Cg vanishes faster than linearly ast — 0. Assume also that Cy is
linear in r, asfor a Fermi gas (Chapter 7). Or awon theresulis of Problem 6 to
caleulate and plot thet dependences of the two entropies, the two heat capacities,
and the fatent heat of the transition. Show thut Cyfz y/Cu{t) = 3

8 First order crystal fransformativn,  Consider 2 erystal that con existincither
of twe structures, denoted by aand . We suppose that the « structure is the
stable low temperature form and the # structure is the stable high temperature
form of the substance. If the zero of the energy scale is taken as the stale of
separated atoms at infinity, then the encrgy density U{0} at © = O wiil pe
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negative. The phase stable at 7 = 0 will have the lower value of U(0); thus
U{0) < U40). I the velocity of sound 1y in the § phase is lower than v, in the
« phase, corresponding t0 lower values Of the elastic moduli for j, then the
thermal excitations in the £ phase wili have larger amptitudes than in the o
phase. The larger the thermal excitation, the larger the entropy and the lower
the free energy. Soil systems tend to be stable at high temperatures, hard
systemsat low. {a) Show {rom Chapter 4 that the freeenergy density contributed
by the phenons ina solid at atemperature much jesg than the Debye temperature
is given by ~=r?t*/306%3, in the Debye approximation with s taken as the
velocity of all phonons. (b) Shew that at the transformation temperature

1} = {3{)113/7{2}[L'ﬁ(0) — U,(U}],f{vﬂ'l — 5,7 ). {84)
Therewill beafiniterea solutionif v; « v,. Thisexampleisasimplified model
of a class of actual phase transformations iN salids, {c) The latent heal of trans-

formation is defined as the thermal energy that must be supplied to carry the
system through the transformation, Show that the Laent heat lor thismedel is

L = a{u o — U0 ~{85)
In (84) and (853, U refersta unit volume
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Ckapter 11: Binary Mixtures

Many applications of materials science, and large parts of chemistry and
biophysics, are concerned witl1 the properties of multicamponent Systems that
have two or more phases in coexistence. Beautiful, unexpected, and important
physical effects occur in such systems. Wetreat the fundamentals of the subject
in this chapter, with examples drawn from simple situations.

SOLUBILITY CAPS

Mixtures aresystems of two or more dillerent chemical speeics. Binary mixtures
have anly two constituents, Mixtures With three and four constituents are called
ternary and quaternary mixtures. If the canstitugnis are atoms, and nat mole-
cules, the mixture iscalled an aloy.

A mixture iShomogeneous when itsconstituentsare intermixed on an atomic
scale to lorm asingle phase, asin asolution. A mixture is heterogeneous when it
contains two or more distinct phases, such as oii and water, The everyday
expression "oil and waler do not mix" means that their mixture does not forr
asingle homogeneous phase.

The properties of mixtures differ fromthe properties of pure substances. The
melting and solidification properties of mixiures are of special interest. Hetero-
geneous mixtures may melt at lower temperatures than their constituents.
Consider a gold-silicon aloy: pure Au melts at 1063°C and pure Si at 1404°C,
but an alicy of B pct Auand 31 pet S melts(and solidifies)at 370°C, Thisis not
the result Of the formation of any low-melting Au-Si compound: microscopic
investigation of the solidified mixture shows a two phase mixture of almost
pure Au side by side with aimost pure S (Figure 11.1). Mixtures with such
properties arecommon, and they are ofpractical importance precisely because
of their lowered melting points.

What determines whether two substances farm a homogeneous or a hetero-
geneous mixture? What iSthe composition Of the phases that are in equilibrivm
with cach other in & heterogeneous Mixture? The properties of mixtures can be
understood from the principle that any system at a fixed temperature wiil
evolve to the configuration of minimum free energy. Two substances will
dissolve in each other and form ahomogeneous mixture if that is the configura-
tion of lowest free energy accessible to the components. The substances will

Selubiflity Gaps

HERTIY

Fgure11.t Heterogeneous gold-sliconaliey. Whea amixture 0169 pct Au and 3L pet
Si is mdted and then sotidifted, the mixture segregates into a phase of almast pure Au
(light phase) coexistent with a phase of almost pure S (dark phase), Magaificd about
800 times. The composition given is that of the lowest-melting Au-$i misture, the

so-called eutestic miniure, & CONCEPL explained later in the text. Photograph courtesy
of Stephan Justi.

form a heterogeneous misture if the combined free energy of the tweo separate
phases side by sideislower than the freeenergy of the homogencous mixture:
then we say that the mixtureeshibits a solubility gap.

A heterogeneous mixture Will melt at a lower temperature than the separate
substances if the [tee energy of the homogeneous meit is lower thar the com-
bined freeenergies of the two separate solid phases.

Throughout this chupter we assume for simplicity that the external pressure
niay be neplecied. and we set pV == 0. Then volume changes do not involve
work, and the appropriate free energy is the Helinholtz free energy F rather
than the Gibbs frez energy G. We will usudly simply speak of the free cnergy.

We discuss binary mixtures of constituents that do not form well-defined
compounds with cach other. Our principal interest isin binary alloys. Consider
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Mauny applications of materials science, and large parts Of chemistry and
biophysics, are concerned with the properties of multicomponent Systemsthag
have two or more phases in coexistence. Beautiful, unexpected, and important
physical effects occur in such systems. We treat the fundamentalsof the subject
in thischapter, with examples drawn from simple situations.

SOLUBILITY GAPS

Mixtures are systems of two or more different chemical species. Binary mixtures
have only two constituents. Mixtures with three and four constituents ase called
ternary and quaternary mixtures. If the constituents are atoms, and not mole-
cules, the mixture iscaled an alloy.

A mixtureis homogeneous when itsconstituents are intermixed on an atomic
scaleto form asingle phase, asin asolution. A mixture isheterogeneous when it
contains {we or more distinct phases, such as oil and water. The everyday
expression "oil and water do not mix'' means that their mixture does not form
asingle homogeneous phase.

The properties of mixtures differ from the propertiesof pure substances. The
melting and solidification properties of mixtures are ofspecial interest. Hetero-
geneous mixtures may melt at lower temperatures than their constituents.
Consider agold-silicon alloy: pure Au melts at 1063°C and pure Sj at 1404°C,
but analloy of 69 pet Auand 31 pet Si melts (and solidifies) at 370°C. This is not
theresult of the formation of any low-melting Au-Si compound: microscopic
investigation of the solidified mixture shows a two phase mixture of almost
pure Au side by side with almost pure Si (Figure 11.1). Mixtures with such
propertiesare common, and they are of practical importance precisely because
of their lowered melting points.

What determines whether two substances form a homogeneous or a hetero-
geneous Mixture? What is the composition of the phases that arein equitibrium
with each other in a heterogeneous mixture? The properties ol mixtures can be
understood from the principle that any system at a fixed temperature will
evolve to the configuration of minimum free energy. Two substances will
dissolve in each other and form a homogeneous mixtuieif that iSthe configura-
tion of lowest free energy accessible to the components. The substances will

Solubility Gaps
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Fgureil.t Heterogenreous golddlicon dloy. Whea a mixtureal69 pet Au and 31 pet
Siis melied and then sotidificd, the mixture segregates into a phase of almost pure Aun
(tight phase) coexisteat with a phase of almost pure 3t (dark phase). Magnified about
800 times. The composilion given is that of the lowest-melting AU-S mixture, the

so-called eutectic mixture, aconcept explained later in the text. Photographccurtesy
of Stephan Justi.

lorm a heterogeneous mixture if the combined freeenergy of the two separate
nhases side by side islower than the free energy of the homogencous mixture:
then we say that the mixture exhibits a solubility gap.

A heterogencous mibxdure will melt at alower temperature than the sepasate
substances if the free energy of the homogencous melt is lower than the com-
bined free energies of the two separate solid phases.

Throughout thischapter we assume for smplicity that the external pressure
may be neglected, and we set p¥ = 0. Then volume changes do not involve
work. and the appropriate free encrgy is the Helmbholtz free enerpy £ rather
than the Gibbs free encegy ¢, We will usually simply speak of the {rec cnergy.

We discuss binary mixtures of constituents that do not form well-defined
compounds with each other. Our principal interest isin binary alloys. Consider
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Chapter 11: Binary Mixtures : Selubility Gaps 33
amixture of N, atoms of substance A and Ny, atoms of substance B The total . f
number of atoms 15 .
N = Ny + Ng. (1)
Wec express thecomposition of the system in terms of the fraction v of B atems:
ke FAVH
8
x = Ng/N; I —x = NyfnN. (2) . T e it T TS :
' !
Suppose the system formsa hormogeneous solution, with an aver age free energy {
per atom given by f '
f“_ LTI I A !
[ = FIN. (3) : N '
i
I i i
Suppose further that f{x} has thefunctional form shownin Figure 11.2. Because fa ; { j
this curve contains a range in which the second derivative df{dx?* is negative. tap” ! : i
we can draw a line tangent to the curve at two points, at x = X, and X = x;. i : 1
Free energy curves of this shape are common, and we will see later what may i' L }
cause this shape. Any homogeneous mixture in the composition range t ' :
. H H I
X, < X < Xp (4) . ¢ Ya X Xa !

A e

. . _ ition x. and x.. W _ .
is unstable with respect to two sepdr:{.le phases of composition x, an | xp- We Figure 112 Freeenergy per 20M a5 a function of composition, for a
shall show that the average frez enerfy per atom of the segregated mixture is _ system with asolubitity gap. 1f the free energy per atom of a

given by the pointi on the straight lineconnecting thepointsz and 8. Thusinthe

; homogenecus mixture has ashape such that atangent €an be drawa
entire cComposition range (4) the segregated system hasa lawer freeenergy than that touches the curve at two different peints x and g, the composition
the homogencous system.

rangz between the two points is unstable. Any mixivre with a

Proaf: Theiree encrgy of a segregated mixture of the two phases 2 and g is S composition IN this range will decompose into two phases with the
- composition x, and x,. The free energy of the two phase mixture is
B given by the point § on the straight line, below the point h,
Fom= N flx)+ Npfixg) . (b) :

where N, and ¥ arethe total numbersof atoms in phasesx and 8, respectively.

From {5} we obtain
These numbers satisly the relations

i3 i

N+ Ny= N N, + XNy = Ny, (6) Jdx) = [ = $)f0x) + (5 = x)x] ()

N xy~x,
which may be solved for N, and Ny: lor the frec ensrzy ol the two phase system. This result is linear in x and isa
. straight ling in the fox plane, [fwe set x = x, Or x,, we see that the line doesgo
through the points « and 8. Thus f; I the interval between x, and x, iSgiven by
the point i on thestraight line connecting z and g.

Np — X : X — X
N, = i N, Ny = 1N, M
Ay o X Xg - Xy




Chapter 11: Binary Mixtures

Wehavenot yet madeuse of the assumption that thestraight Tize is tangent to
Jix) at the points x and 3, and thereforz our result holds for any straight line
that hastwo pointsx and £ in common with f{x). But for agiven value of x, the
lowest free energy isobtained by drawing the lowest possible straight tine that
hastwo points in common with: f{x}, on opposite sidesof x. The lawest possible
straight line is the two-paint tangent shown. The compositions x, and x, are
the limits ol the solubility gsp of the system.

Once the system hasreached its lowest free energy. the two phases must bein

diffusive equilibrium with respect to both atomic species, So that their chemical
potentials satisfy

Haa = faps Hpa = Hyg- %

We show in Problem 1 that u, and p5 are given by the intercepts of the two-
point tangent withk the two vertical edges of the /(*) plotat x = ¢and x = 1,
asin Figure 11.2.

ENERGY AND ENTROPY OF MIXING

TheHelmholtz frecenergy F = U — 16 hascontributionsIrom the energy and
Irom the entropy. We treat'he effect of mixing two components A and B on
bothterms. Let «, and u, bethe ensrgy peratom olthepure substances A and B,

referred to separated atoms at infinity. The average energy per atom of the
constituents is

wom (N ugNgN = uy g - udx (10

which defines a straight line in the u—x plane, Figure 11.3. The average energy
per atom of the homogeneous mixture may be larger or smaller than lor the
separate constituents. In the example of Figure11.3, theenergy of the homoge-
neous mixture is larger than the energy of the separate constitwents. The
energy excessiscalled the energy of mixing.

Ifthe — zo term in the free energy iSnegligible, asat 1 = 0, a positive mixing
energy means that a homogeneous mixture is not stable. Any such mixture will
then separate into two phases. But at a finitetemperature the —vo term in the
free encrgy of the homogeneous mixture always tendsto lower the free energy.

Theentropy of a8 mixturecontains acontribution, called the entropy oimixing,
that is not present in the entropies of the separate components. The mixing
entropy arises when atomsof the different speciesare interchanged in position;
this operation generates a different state of the system. Because of such inter-

g

Energy and Entropy af Mixing

L.
G
x

Figure113 Energy per atom as afunction of composition
in @ system with a positive mixing energy. A simple
example for Which & solubility gap mey occur iSthat of a
system in uhich the encrgy per 0om of the homogeneous
minture is greater than that of the separate phases, S0 that
dufdx® < 010r all compasitions. The mixing encegy is the
difference between the u(x} curveand the straight line.

changes @ mixturehas more accessible states than the two separate substances,
and hence the mixture has the higher entropy.

In (3.80} we calculated the mixing entropy o, of a homogeneous alloy
A, _.B,.tofind

oy = —N[(1 = ¥)logll - x) t xlogx]. ()

as plotted in Figure 11.4. The curve of 6, versus x has the important pzoperty
that the slope at the ends olthe composition range is vertical. We have

1
%%ﬁ = log{l -~ x) — logx = log x

' (12}

which goesto +was x -» Gand to —coasx — L.
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Figure 11.4 Mixing eatropy. |n any mixtureaf two constituents an
interchange of two atoms of different species leads 0 a N state of the
system. The logarithm of the number of states related in this way is the : ) .
mining extropy, o . Figure1l5 Free energy per atom versuscomposition, at three

- temperatuces. The curve fy is the fiee energy per atom without the
mixing entropy contribution. For itlustration a parabolic compositicn
dependence is assumed, and the temperature dependence of £ is
neglected. The theee solid curves represent the free cnergy induding
the mixing cntropy, lor the temperatures0.8t,,, 1.0 ¢,,, and .11,
where 1y is the maximum temperature lor which there is a solubility
gap. The phase separation at 0.8 ¢, is apparent.

X -

Consider now the quantity

Jolx) = ulx) ~ (¢ — ay/N, {13)

our argument thisis irrelevant. Three important deductions follow from the

which is the {ree energy per atotn without the mixing entropy contribution. The construction of the f{x} curves:

nen-mixing part of the entropy, ¢ = g, is usually nearly the same lor the

mixiute . ] _ . . oo () At al! finite temperatures f{x} turns up at _ba_lth ends of the Ct?mpps%aion
oo 5t cormton £ v i s e v || b e i opeof h vy coiion
shape as the u(x) curI\)/e but ﬁ  verticall ' o ¥ iy Belowacertain temperature z,, there isa composition range within which
s ulx : . = < . . L .
If we add the mx’xiné entroo;; c::i;:iggulyi-cm Tdy N 10 fofx), we obtain at 3 the negative second derivative Of the foix) curve IS stronger than the
T BN : : ositive second derivative of the - rgy, contribution, thereby making it
various temperatures thie f{x) curves showr in Figure 1L.5. In drawing the - P H y 5

possible to draw a common tangent to f(x} at two different values of x,

figure w& have ignored the temperature dependence of f{x} itself, because for . . -
(€}  Above 1y the curve has a positive second derivative at al compositions.
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We conclude that the A-B system with positive mixing energy will exhibit a
solubility gap below the temperature 7,,. The composition range of the gap
widens with decreasing temperature, but the gap can reach tlie edges d the
composition range only as « -+ {. At any finite temperature there is a finite
solubility of A in Band of B in A, aresuit obtained earlier in Chapter 3. The
new result is that the mutual solubility is limited only below 1,,. Positive
mixing energies arise in different ways. We now discuss three examples.

Lxemple: Binary alloy with nearell-neighbor interactions., Consider an alloy A, _,B, in
which the atiractive interaction between unlike atoms is weaker than the attractive inter-
action between like atomr. For simplicity wespeak of the interactions as bonds. Therc are
three different bandr: A-A, A-8,and B--B. Let u, ., r,g and 1y, Dethe potential energies of
each bond. These binding energies Will usually be negative with respect to separated atoms.

We assume the atoms arc randomly distributed among the lattice rites. The average
energy of the bonds surrounding an A atom is

up = {l — xhgp + Xupg (14}

wheee (L — x}is the proportion of A and x is the propottion of B, This resultis weitien in the
mean field approximation ef Chapter 10. Similarly. for B atoms,

uy = £ — xlupy + Xugy. {15

The total energy is obtained by summing over both atom types. I each atom has p nearest
neighbors, theaverage energy per atom is

H

n

3[4 = xuy + xug]

#

{01 — Xuan + 2360 — Xuag + gyl (18}

The factor  arises because each bond is shared by thetwo atoms it connects. The result (16)
can be written as

we=dpl(l = S, + o] oy {17
Here

N

= pxll — xMu, iy — %(U,\A + gl {18)

is the mixing energy. On this model the mixing energy as afunction of x isa parabola, asin
Figure 115,

5

v R

eo R T R

Energy and Entropy of Mixing

A solubitity gap oceurs whenever d°fdx? < 0, that is, when

Fu_ Ly Lo Loy ?
dxt T gyt II\J =T “dx? .
From (1S).
d2u
u:imﬁg = ‘—2!‘{“.-\3 - iz(“M. + uﬂﬂ)}' (20)
From {12},
1 d*ay, 1 T
e s < e 2
N Tz 1= 4 o

The equal sign holds [ or. = 4. With these results {19) yiclds

ta = dp[uas — Huan + Honl] {22)

45 the lower timit of the temperature far a solubility gap.

There are many reasons why mixed bandr may be weaker than the bonds of the separate
censtituents. 1f the constituent atoms of an alloy differ in radius. the difference introduces
clastic strains that raise the encegy. Water and oil " do not mix™ beciuse watcs meleculos
carry alarge electeic dipole moment that leads to astrong electrostutic attraction between

walter molecules. Thir attsaction IS absent in water-pif bonds, which are only about as
strong asthe weaker oil-oil bandr.

Example: Mixture of two solids with different ceystal structures, Consider a  homopge-
neous crystalline mixture of gold and silicon. The stable crystal struciure of gold isthe face-
centered cubic structure in which every atom is surrounded by twelve equidistant nearest
neighbors, The stable crystal structure of silicon is the diamond structure in which every
atom issurrounded by only four equidistant nearest neighbors. If in pure Auw wereplace a
smatl fraction x of the atoms by Si, we obtain a homogeneous mixture Au, _,Si, with the
fee erystal steuctuze of Au. Similarly, if in purr §i we replace & small fraction 1 — x of the
atoms Dy Au, w2 obtais ahomogencous mixwte Aup ., Si,, but with the diamond crystal
structure of Si. There are two different free energics, one for cach erystal structure {Figure
EL.6). The two cusves must crass somewhere in the composition range, or eise pure Au and
Si would not crystallizein different structures. The equilibrium curve consists of thelower
of the two curves, with akink at the crassover point. Such a system exhibits a sofubility
pap on either Side of the crossover compositien. The curves shown in the figure ace sche-
matic; in the actual Au-§i system the unstable range extends so close | o the edges of the
diagram that it cannot be represented on a full-scale plot extending from x = 0lax = 1,

319
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Figure 116 Free encrgy versus composition for erystalling
homogeneaus mixtures fOr which the two constituents of the
mikture crystallize in different crystal structures. TWO different
free energy curves arc involved, ang 10r each crysial struciure.

Drifferent crystal structores for the pureconstituents are an important cause of sotubility
gaps in crystalline solid mixtures. Gur argument applies to mixtures of this kind, provided
the two structures do not transform confinuausly Wnto each other with changing composi-
tion. This Is atacit sssumption inour discussion, sn assumplion not always satisfied when
the two crystal structures are closely similar. The other assumption we make throughout
this chapter is that no stable compound formation should oecus. In vhe presence of com-
pound formation the behavior of the mixture may be more complex.

I I e e e T e

Example: Ligiid *He-3 He wisnues at fow emperatares. . The mostinterestiog fquid mix-
ture with a solubility gap is the mirsture of the two helium isotopes 'tic and *He, atoms of
the former being fermions wnd of i fatier bosons, There is a solubility gap o she mixture
befow 0.87 K, as in Figure [1.7. This property s utitized i S the helium dihnion refrigerator
{Chaprer 13). The mixing energy must be positive to kave asolubitity gap. The origin of the
posilive mixing energy is the following, *He aioms are bosons. Atsullicienlly low lempera-
tures almost all *He atoms occupy the ground state orbital of the system, where they have

Fhase Diagrams for Simple Solubiliy Gaps
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Figure 117 Liguid muxtures of *He and 'He.

zero kinetic energy. Almast the entire Kinetic energy of the mixture IS contributed by the
'He atoms, which are fesmaions. The encrgy per atom of a dagenerate Fermi 085S increases
with cancentration asa®, us in Chapter 7. This energy has a negative second derivative
&refn? @ Etupéx?, which by (19} is equivaient 10 a positive mixing energy.

g B e Rl ———————— = A
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Phase Diagrams for Simple Solubility Gaps

A phase disgram represents the temperature dependence of solubility gaps, asin
Figure [1.8. The two compositiens x, und x; are plotted havizowndly, the
corresponding temperature vertically. The x, and v, branches merge at the
maximum temperatuse 1, for which asolubility gap exists. At a given tempera-
lure any mixture whose overall compositien fulls within the range enclosed by
the curve is unstable as a hornogcneous mixture. The phase diagrams of actual
mixtures with solubility gaps muy bs more complex, according (o the actual
formof the {ree energy relation f{x), but the underlying principlesare the same.
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Figure 118 Phasediagram lor abinasny system with asolubility
gap. A homogencous mixture of composition x will be unstable at
temperature T if the point {x,z} fails below 1he stability boundary
curve, The mixtute rill thens form two separate phases of the
compositions given by the intersections of the stability boundary
curve With the horizontal line lor temperature r. The stability
boundary cur+e shown herewas caleutated quantitatively for the
system of Figure 11.5, with a parabolic fyfx).

PHASE EQUILIBRIA BETWEEN LIQUID
AND SOLID MIXTURES

When a smalt fractionofa homagencous liquid mixturefreezes, the composition
of thesolid that farms is almest always diffecent from that of the |iquid. The
phenomenon is readily understood from the fres energies for liquid and solid
mixtures. We consider asimple model, under two assumptions: (a) Neither the

Phase Fquitibrie Between Liquid emd Selid Mixtures

solid nor the liquid hasasolubility gap. {b) The melting temperature 1, of pure
constituent A is lower than the melting temperature 15 of pure constituent B,
We consider a temperature between 1, and «,.

The free energies per atom, fi{x} lor the solid and f,{x) for the liquid, arc
shown qualitatively in Figure 11.9a. The two curves inlersect af some com-
position. Let us draw a tangent common to both curves, touching f; at x = x;
and f;. at x = x;. We can define three composition ranges, cach with difiercnt
internal equilibria:

(@ When x < x,, the system in equilibrium IS a homogeneous liquid.

(b} When x; < = < x5, the sysvm in equilibrium consists of two phases, a
solid phase of compesition x5 and aliquid phase of composition x,.

(c) When x > x4 the system in equilibrium is a homogeneous solid.

The compositions x; and x, of s solid and a liquid phase in equilibrium are
teperature dependent. As the wmperiture decreases the free encrgy of the
sofid decreuses more ripidly than that 6f the liquid. The tangentinl points in
Figure FE92 move t0 the lefi, This behavior is represeated Dy a phase diagram
similar to the carlier representation of the equilibrium composition eurves lor
mixtures With phase separation. in Figore 11.9b the curve lor x, is called the
tquidus curve; thecurve lor x; isthe solidus curve,

The phase diagrams have been determined experimentally for vast numbers
of binary mixtures. Those for most oi the possible binary aloys are known.*
For most metal alioys the phase diagrams are more complicated than Figure
11.9b, which wasdrawn lor a simple system, germanium-silicon.

When the terperature is lowered in a binary liquid mixture with the phase
diggram of Figure 11.9b, solidification taken place over a finite temperature
range, not just at afixed temperature. T o see this, consider a liquid with the
initial composition x;;, shown in Figure 11.10. As the femiperature iSlowered,
solidification begins at = = 1;,. The composilion of the solid formed is given
by x5, so that the composition of the remaining liquid is changed. In the
example x;y > x,;, S0 that the liquid movestowardslower valuesof x, whereshe
solidification temperature is lower. The temperature has lo be lowered if
solidification is to continue. The composition of theliquid maves along the
tiquidus curve until the solidification iscompleted at r = t,. Thesolid formed
is nonuniform in composilion and isnot in equilibrium. The solid may homoge-
nize afterward by atomic diffusion, particularly if the temperature remains

high lor afong time. But for many solidsatomic diffusion is too slow, and the
inhomogeneity remaias “frozen in" indefinitely.
The standard tabulations srz by M. Hansen, Consritution of binary aflays, McGraw-Hill, 1958;

R. P Eliiot, Constitution of biriary alioys, first supplement, McGraw-Hill, 1965, F A. Shunk,
Constitution § binary alioys, second supplement, McGraw-Hill, 1969,
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Figure 119 Phase cquilibrivm between liquid and s0lid mixtures, In

this example ncitbwer phase exhibits a solubility gap. We assume

T4 < T < Ty The UPPEr hgure (u) shows the free encryivs foc the two phases;
thelower figure (b} shows the corresponding phase diagram. The curves x,,
and xe IN the phase dizgram are called theiiquidus and the setidus curves.
I he phase diagram is the Ge-Si phasediagram, with Tg, = 940°C and

Ts = 1412°C,
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Phase Equilibria Berween Liguid and Solid Mixqres
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Figure 11,30 Most liquid mixturesdo not solidify at a sharp
wemperature, but over a finite temperature raneefrom 1, 10 1, The
higher-melting constitucat precipitates fisst, thereby enriching the
lower-melting constituent in theliquid phase and thus lowering the
solidification tempeyatues of the Yiquid.

Advanced Treatment: Eutectics. There are many binary systems in which the
liquid phase remains a liquid down to temperatures significantly below the
lower melting temperature of the constituents. The gold-silicon alloy issuch a
system: amixtere of 69 pet Au and 31 pet Si starts to solidify at 370°C. At other
compositions solidification starts at a higher temperature. When we plot the
temperature of the onset of solidification as a function of aloy cemposition,
we obtain the two-branch liquidus curve in Figure 11.11. Mixtures with two
liquidus branches arecailed entectics. The minimum solidification temperature
is the eutectic temperature, where the composition is the eutectic composition.

The solidifiedsolid at the eutectic composition is @ two phase solid, with
nearly pure gold side by side with nearly puresilicon, 3sin Figure (1.1, In the
salid Au-Si mixture there isa very wide solubility gap. The low micliing point
occurs for the cutectic cemposition boeause the free energy ol the homogencous
melt is lower than the free encegy of the two phase solid, far temperatores at
or above the cutectic temperature.

Such behavior iscommon among systems that exhibit a solubility gap in the
solid but act in theliquid. The bchavior of eutectics can beundesstood from the
frce energy plotsin Figure | 1.12a. Weassume f3{x) for the solid asin Figure | 1.6,

325



326

Chapter 11: Binary Mixtures

1600 —r
. 1404°
1400
/
1200
JEGJ s
1000 p—=n<

N s

600 \ / /
400 \&/ 3710°

~-31
200 i

G 10 20 kit 40 36 &0 0 80 90 100
Pure Au Atomic percent Silicon Pure St

Temperature, *C

Figure 1111 Eutectic phase diagram of gold-silicon allays. The liquidus consists of 4O
branches that come 10gether af the cutectic temperalure T, = 370°C. The horizontal
fine and the experimental data points at 370°C indicate that throughout the enlire

composition range the mixture does NUE complete itSsolidification until the cutectic
temiperatore i5 reached.

corresponding to different crystal structures @ and g for the twe pure con-
stituents. Figure 11.12a is constructed for a temperature above the cutectic
temperature but below the melting temperature of either constituent, so that
the free energy of the liquid reacher below the common tangent 1o the solid
phase curves. We can draw two new two-point tangentsikat give ¢ven lower free
energies. We now distinguish five different composition ranges:

{8} and {¢). For x < x,5 0r x > x5, the equilibrium state of thesystem is a
homogeneoussolid. I n the first range the solid will have the crystal structure a;
in the second range thestructure is g.

{cl. For x,; < x < xy, theequilibrium state isa homogeneous liquid.

(b) and {d). Fur x;s < x < X;p O x5 < X < xp5, & liquid phase is in
equilibrium with a solid phase.

As the temperature is lowered, f,s and f,s decrease more rapidly than f;,
and the range of the homogeneous liquid becomes narrower. Figure 11.12b
shows the corresponding phase diagram, including the two solidus curves.

Phase Equitibria Beoween Liquid and Solid Mixtures

(a)

(k)

Figwel1l1?2 Free energics (8) and phase dingram (b) in @ simple eutectic
system.

At the euteclic temperature 7, the freeenergy of theliquid phase istangential
to the common tangent to f.c and fgs, as in Figure 11.13. The composition at
which f; touches the tangent is the eutcctic composition. At t < 1,, the free
energy f;, lies above the tangent, although f; may be below the free energy of
a homogeneous solid.

A mixture of composition equal to the eutectic composition solidifies and
melts at a single temperature, just like a pure substance. The solidification of

i
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f

f}.s"

Figure11.13 Fret enerpics in a eulectic ystemat t = r,andat ¢ < 1.

compositions away from the eutectic composition starts at a higher temperature
and ends 21 the eutectic temperature. Melting starts at the eutectic temperature
and ends at a higher temperature.

The minimum properly of the mci{ing temperature of eutectics is widely
utilized. The Au-5i eutectic plays a Yarge role in semiconductor device tech-
nology: the cutectic permits low temperature welding of electrical contact
wires made of gold | o silicon deviees. Lead-tin alloys cxhibit o eulectic (Figure
11.14} a1 183°C lo give solder a mekting tempesaiute below that of pure tin,
232°C. Accordingl o whether a sharp melting temperaiure or a melting range is
desired, either the exact eatectic composition {26 pet lead} or a dilferent com-
position is employed. Salt sprinkied on ice melts the ice becauvse of the low
eutectic temperature ~21.2°C of the H,O-NaCl cutectic at 8.£7 mol pet NaCl.

The solidus curves of culectic systems vary greatly in ¢hasacter. For the
Ph-Sn system (Figure 1114} the solid phases i equilibrivm with the melt
contain an appreciable fraction of the minority constituent, and this fraction
increases with decreasing temperature. |n other systems this [raction may be
smali or may decrease with decicasing temperature, or both, The Au-Sisystem
ts anexample: The relative concentration of Auin solid Siin equilibrivm with
an Au-Siomelt reaches a makimum value of enly 2 x 147 % around 1300 C, end
it drops oilrapidly at lower temperature.

In our discussion of the free energy curves of Figures 11.12 and 11.13 we
assurnied that the cornposition at which the liquid phase free energy touches the

350
| | o
- 300 —
/
//
250 - -
133 /
b=
3z 145 26.1 183° T
& 150 : =
§ N\
p
100
50
(2} 0 L l
0 10 20 30 40 30 &0 0 20 v 100
pure So Alomie percent lead pure I’b

10 um

Figure 1114 {2} Phasc diagram of the Ph-Sa system, after Hansen. {b] wlicrophotograph

of the Pb-Sn cutectic, magnilivd about 800 times. Courtesy oil. D. Huntand K. A.

Jackson,
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tangent to the solid phase curves lies between the composition; x5 and xgq,
In some systems this point lies outside the interval, as if either f,c and £, or f5

and j; were interchanged in Figure i1.12a. Such systems are called peritectic
SYyStems.

SUMMNARY

1. A mixture exhibits a solubility gap when the combined free energy of two

separate phasesside by sideislower than the Iree energy of the homogeneous
mixture.

. The mixing entropy arises when atoms of different species are interchanged
in position. For thealoy A, _.B,, we have

gy = —N[{l — x)log(l — x} T xlogx).

3. The mixing energy for nearest-neighbor interactions is

g = px{E = X)[itag = Hluaa b uggd]
for p nearest neighbors.

4. The liquidus is the composition curve x, versus r for a liquid phase in
equilibrium with a solid. The solidus is the composition curve xg versus t
lor asolid phase in equilibrium with a liquid.

8. Mixtures with two branches to the fiquidus curve are called eutectics. The
minimum solidiiication temperature is called the eutectic temperature.

PROBLEMS

|. Chemical potentials in two-phase equilibrium. Show that the chemical po-
tentials p, and p, ol the twe atomic species A and B ol an equilibrium iwe
phase mixture are given by theintercepts of the two-point tangent in Figure 11.2
with the vertical edgesof the diagramat x = Gand x = 1

2. Mixing energy in *He~* He and Pb—Sn mixtures. Thepharediagram of lig-
uid 'He-"He mixtures in Figure 11.8 shows that the solubility of 'He in “He
remains finite (about 6 pet) as ¢ -+ 0. Similarly, the Pb-Sa phase diagram of
Figure 11.14 shows a finite residual solubility of Pbin solid Sn with decreasing

Problems

t. What do such finite residual solubilities imply about the formol the function
1fx)?

3. Segregation coefficient of impurities.  Let Bbeonimpurity in A, with x < |,
In this limit the nor-mixiag parts of the lice energy can be expressed as linear
funcrions Of x, as folx} = ful0) 4+ xfo'(0), for both liquid and solid phases.
Assume that the liguid mixture is in eqailibriom with the sohd mixture, Caleuluie
the equitibrium concentration ratiok = xg/x, called thesegregation coefficient.
For many systems k < 1, and then a substance may be purified by melting
and partial resolidification, discarding asmall fractionol themett. This principle
is widely used in the pusification of materials, asin the zone refining of semi-
conductors. Give anumerical value lor & for fo' — fo' =1eVand T = 1000 K.

4. Solidification range of a binary affay. Consider the solidification of a binary
aloy with the phase diagram ol Figure 11.10. Show that, regardless of the
initial composition, the melt will always become fully depieted in component B
by the time the last remnant of the melt solidifies. That is, the solidification
will not be complete until the temperature hasdropped to T .

5. Affeying of gold inta silicon. (a) Suppose a1000 A |ayer of Au isevaporated
onto a $i crystal, and subsequently heated to 400°C. From the Aw-5i phase
diagram, Figure 11.11, estimate how deep the gold will penetrate into the

silicon crystat. The densities of Au and Si are 19.3 and 2.33gcm ™% (b) Redo
the estimate for 800°C.,
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Chapter 12: Cryogenics

Cryogenics isthe physics and technology of the production of low temperatures.
We discuss the physical principles of the most important cooling methods,
down to the fowest temperatures.

The domianant principle of low temperature generation down to 10mK is the
cooling of a gas by letting it do work against a force during an expansion. The
gas employed may be a conventional gas; the free eiectron gas in a semicon-
ductor; or the virtual pas of *He atoms dissoived in liquid *He. The force
against which work iS done may be external or interna to the gas. Below
10mX the dominant cooling principle is the iscntropic demagnetization of a
paramagnetic substance,

We discuss the cooling methods in the order in which they occur in a
labaratory cooling chain that starts by liquefying helium and proceeds from
there to the lowes! laboratory temperatures, usually 10mK, sometimes i #K.
Household cooling appliances and automobile air conditioners utilize the
same evaporation cooling method that is used in the laboratory for cooling
liquid helium below its boiling temperature, to about | K.

COOLING BY EXTERNAL WORK
N AN EXPANSION ENGINE

In the isentropic expansion of a monatomic ideal gas from pressure p, to a
lower pressure p,, the temperature drops according to

Ty = Tl{Pn’Pl}HS, _ Q)

by {6.64}. Suppose p, = 32atm; p, = latm; and T, = 300K; then the tem-
perature will drop to T'; = 75K. We are chiefly interested in helium as the
working gas, and for helium (1) is an excellent approximation if the cooling
processis reversible.

The problems in implementing expansion cooling arise from the partial
irreversibility of actual expansion processes. The problems are compounded
by the nonexistence of good low temperature lubricants. Actual expansion
cooling cycles follow Figure 12.1. The compression and expansion parls of

Cooling by External Work in an Expansion Engine

Compressor Heal ejection

T

Hem exchanger

[——
—iian,
anr—

/ Expansion

N AR LR R P TR

QHHIIHIIHIH

———

T

P A S T o e B e S S A AT e N

]
S

Working .
volume

TR T

i b

Figure12.1 Simplecxpansion refrigerator. A working gar is
compressed; the heat of compression is gected into the
environment. The compressed r00M temperature gar is
precooled further in the counterflow heat exchanger. It then
docswork inzn expansion engine, where it cools to a
temperature below that Of the working volume. After extracting
heal from thewocking volume, the gar retusas to the compressor
viathe heat exchanger.
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the cycle are separated. The compression iS performed at or above room
temperature. The hot compressed gas is cooled to near room temperature
by ejecting heat into tlie environment, The mas isfurther nrecooled in acounter-
flow heat exchanger by contact with the cold return gas stream at the low
temperature of Ll cooling load. The gasis then cooled to itstowest temperature
in the expansion engine, usually a low [riction turbine. The cold gas extracts
heal from the cooling load and then returns to the compressor via the heat
exchanger. The heat exchanger greatly reduces tlie cooling requirements im-
posed on theexpansion engine. Tliedesign of the heat exchanger isasimportant
as the design af the expansion engine.

Tlie work extracted by the expansion engine is the enthalpy diflerence
between the input and output gas: Tlie tatal energy {lowing into tlieexpunsion
engine is the internal energy i/, of the gas plus the displaccment work p, ¥,
done by the compressor, where poth U, and ¥, refer to a given mass of gas.
The total energy leaving the engine with the gas is the cnergy U, of the gas
plusthe work p,V, required to move the gas against the pressure p;. The work
extracted by theengine is the difference

W= (U, + p, Vi) = (U + pa¥a) = H, — H. )

For a monatomic ideal gas U = 3Nt and p¥ = Nr, hence H = #Nt. The
work perlormed on the engine by the gasis

W = iN{t, — 7). 3

The counterflow heat exchanger is an enthalpy exchange device: it is an
expansion engine which extracts no external work.

Maost gas liquefiers use expansion engines to precool the gas close to its
liquefaction temperature. It isimpractical to carry the expansion cooling to
the point of liguefaction: the formation of a liquid phase inside expansion
engines causes mechanical operating difficulties. Tlie final liguefaction stage
is usualy a Joule-Thomson stage, discussed below. Helium and hydrogen
liquefiers usuxily contain two or more expansion engines at successive tem-
peratuzes, with multiple heat exchangers.

Tlieprinciple of cooling by isentropic expansion of an idea! gasisapplicable
to tlie electron gas in semiconductors. When electrons flow from a semi-
conductor with high electron concentration into a semiconductor with g lower
electron concentration, the clectron gas expands and does work against the
potential barrier between the two substances that equalizes tlie two chemical
potentials. The resulting electronic cooling, calied the Peltier effect, is used

Gas Liguefaction by the Joule-Thomsan Effect

dawn to about 95K quite routinely; in muitistage units temperatures down
to 135 K have been achicved.

Gas Liquefaction by the Joule-Thomson Effect

Intermolecular attractive interactions cause the condensation of all gases. At
temperatures slightly above the condensation temperature the interactions arc
strong enough that work against them: during expansion causes significant
cooling of the gas. IT the cooling is sufficient, part of the gas will condense.
This process is Joule-Thomson {iguefaction.

The practical implementation issimple. Gasat pressure p, isforced through
a constriction called an expansion valve into space with a jower pressure p,,
as in Figure 12.2. The work is the difference between the displacement wark
- p,d¥, done on the gas in pushing it through the expansion valve and ihe
displaccment work + p, f ¥, recovered from the gas on the downstream side,
Here dV, is negative and 4¥; is positive.

The overall process is at constant enthalpy. T0 see this, notice that the
expansion vave acts as an €Xpansion engine that extracts zero work. With
W = 0in(2), we have H, = H, in the Joule-Thomson effect. For an ideal gas
H = §Nt, 50 that 1, = 1, in the expansion. There is zero cooling effect lor an
ideal gas.

In real gases a small tempcrature change occurs because of the internal
work done by the molecules during expansion. Tlie sign of the temperature

P

P ¥

Expansion viulve

Figure 12,2 The Jovle-Thomson effect. A gar is pushed
through an expansion vaue. if the gar is nonideal, there with
bcatemperature change during the expansion because of work
done against the intermolecuiar forcer.If the temperature is
initidly bdow a certain inversian temperature. t,,,., the gas
will cool an Joule-Thomson expansion.
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Table 121 tiguefaction data for low boiling gases

Ty, § To Tis AH, i v, AHY,
Gas K K K . kljmol | om*/mol watt hr/Titer
co, 95 | 304 (2050) 252 ‘\ 223 314
CH, 112 i {1280y 8.18 t 344 66
O, 302 155 893 682 | 281 67
N2 713 126 621 - 557 ‘ 346 45
H, 04 333 05 050 l 286 83
‘He 418 5258 51 0082 | 320 071
'He 10 H 335 23 0025 508 0.i4

NOTE: T, = utmospheric-pressure boiling temperature; T, = critical temperature: T,,, = Joule-
Thomson inversion temperature; AH = molar latent heat of vaporization; ¥ = molar volume af
the liguid. The fass COUMN. A H/V, indicates the haat in walls that can he 1skea up for o sefrigerant

consumplion of 1 liter per hour; T, values IN parentheses arc van dee Waals values caleulated
from 7, and net measured vatue.

Carbon dioxide selidifies when coeled at atmospheric pressure, because its triple point accurs
wbove atmospheric pressure. Solid CO | s hnown as dry Jce. Methane, CH,, s tlie prigipal con-
stitueat of natural gas, which is fiquefied in huge quantitics for shipping 05 LNG lugl. Liguid

oxygen and aitrogen are separated IS the liquefaction of air. For helivm, we give data baih fot the
common isotope *He and for *He.

change during a Joule-Thomson expansion depends on the initial temperature.
All gases have an inversion temperature t;,, below which such an expansion

cools, above which it heats the gas. Inversion temperatures lor cornmon gascs
are listed in Table 12.1,

N TN T RN AL -

AR N
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Example: Toule-Thamson effect for van der ianls gas. We found in {10.75) that
H = §Nt + (N¥V){bt — 20) 4

lor avan der Waals gar, where ¢ and b are positive constants. The fast two terms are the
corrections caused by the short range repulsionand thelong range attraction. Fhe correc-
tions bave opposite sigas. The total correction changes sign at the temperature

T, = 2a'b = %1, (5}

where 1, is the critical temperature, defined by (10.46).

The temperature 1,,, is the INVErsion temperatuse. For 1 < t,,, the enthalpy at fixed
temperature increaser asthevolume increaser; hiers in expansion the work done against the
atiractive interactions between molecules is deminant, | o a process at constant eathalpy
this increase is compensated by a decrease of the §M1 jerm, that s, by coaling the gas. For

Gas Liqucfuction by the Joule-Thomson Effect

T > 1, the enthalpy af a fixed temperature decreases because now the work done by the
strong short range repulsive ttecactions is dominant: at the higher 1empersure the
modecules penetrate farther into the reputsive region.

b ks s TR Ay

Linde cycle.

In gastigueficrs the Joule-Thomson expansion is combined with
a counterflow heat exchanger, as shown in Figure 12,3, The combination is

calicd a Lindc cycle, alter Carl von Lindc Who used such a eycle in 1895 to
liquefy air starting {rorm room temperature. In our discussion we assume that
the expanded gar returning from theheat exchanger is at the same temperature
as the compressed gas entering it. We neglect any pressure difference between
the output of the heat exchanger and the pressure above the liquid.

To and from compresser
or precooling stages

- Heal exchanger

Figure 12.3  The Lindceycle. Gar is liguefied
by combining Joule-Thomson expansion with
a counterflow heat exchanger.

/JT expansion valve

Liquefied gas
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Liguefaction cotfficient A

- Refrigeration load @, in I mol

; i |

9 10 20 30 40
Input pressure, atm

Figure 124 Perlormance of helium tiguefiers operating by the Linde cyde
as a functionof the input pressure, for an output pressure of 1 atm and

for various values of theinput temperature. The solid curves give the
tiquefaction coelficient, The brokencugves give 3y, = Ho — Hinthe
internal refrigeration load available at 4.2 K if the Joad is placed inside the
Yiquefier and the stil! cold helium gas boiled off by the losd isseturned
through the heat exchianger rather than boiled off into the atmosphere.

See Problem 1 After A. 5 Croft in Advanced cryogenies {CL AL Bailey, cd),
Plenum. £971, p. 187.

Evagoration Cbah'ng.' Pumped Helium, 10 8.3 K

The combination bewt exchanger-expansion valve is a constant enthalpy
arrangement, Let one mole of gas enter the combination; suppose that the
fraction 2 istiquefied. Constant enthutpy requiresthat

”in = )-Hliq + “ - ;—)Hour . (6)

Here &y = H{Tiupiad and H,,, = H{T,..p..} are the enthalpies per mole of
gasat the input and output pressures, both at the common upper temperature
of the heat exchanger. Hy, istheenthalpy per moleof liquid at its boiling tems-
peratore under the pressure p,.,. From (6)we obtain the fraction

. Hau{ - H'm

= , 17
Hom - an
called the liguefaction coefficicat.
Liguefaction takes place when H,,, > H.,; that is, when

H{TiPou) > HETiaa)- ()

Ounly the enthalpies at the input temperature of the heat exchanger matter. 1§
the Jouk-Thomson expansion at this temperature coals the gas, liquelaction
will take place.

Thethree enthalpies in (7) are knewn experimentally. Figure 12.4 shows the
liquefaction cocflicient cateutated from them for kelivm. The liquefnction
coeflicient drops rapidly with increasing T;,, because of the decrease of the
numerator in (7) and the increase of the denominator. T 0 obtain wseful ligue-
faction, say 4 > 01, input temperatures below ong-third of the inversion
femperature are usually required. For many gases this requires precooling of
the gas by an expansion engine. The combination of an expansion engine and
a Linde cycle is caled a Claude cycle. The expansion engine is invariably
preceded by another heat exchanger, asin Figure 12,1

Evaporatien Cooling: Pumped Helium, 1a0.3 K

Starling fram liquid helium, the simplest route to fower temperatures iy *
evaporation cooling of the Hquid helium, by pumping away heflwn vapor, 4
fatent heat of vaparizstion of the figuid helium is extracted along withthe vav o,
‘The heat extraction cavses the furthes cooling: work isderne against the inter-
atomic forces that caused the helium to liquely in the first plice. In Joule-

Thomson cooling the initial state is a gas, while in cvaporation cooling the
initial state isaliquid.

¥
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Table 112 Temperatures, is kelvin, at Which the vapor pressures of *He and
'He reach specified valuer

p{tom) 107 1673 1072 191 I 10 100
“He 0.56 0.66 079 098 127 174 2464
'’ 023 0.28 0.36 047 0.66 103 179

The lowest temperature accessible by evaporation cooling of liquid hetium
isa problem in vacuum technology (Chapter 14). As thetemperature drops, the
equilibrium vapor pressure drops (Table 12.2) and so daes the rate at which
helium gasand its heat of vaporization can beextracted Irom the liquid helium
bath.

Evaporation cooling is the demingnt cooling principle in everyday cooling
devices such as household reflrigerators and freezers and in air conditioners.
Theonly difference is in the working substance.

Helium Dilution Refrigerator: Millidegrees

Once the equilibrium vapor pressure of liquid 'He has dropped to 1462 1orr,
classical refrigeration principles lose their utility. The temperature range from
Q06K to 04! K isdominated by the helium dilution refrigerztor, which is an
evaporation refrigerator in a very clever guantum disguise.’

We saw in Chapter 7 that *He atoms are bosons, white'He atoms are fer-
mians. This distinction is not important at temperatures appreciably higher
than the superfluid transition temperature of “He, 2.17 K. However, the two
isotopes behave as altogether different substancesat lower temperatures. Below
087K liquid *He and *He arc inmmiscible over a wide composition range, like
oil and water. This wes discussed in Chapter 11 and is shown in the phase
diagram of *He-*He mixtures in Figure 11.7. A mixture with composition in
the range labeled unstable will decompose irto two separate phases whose
compositions are given by the two branches of the curve enclosing that area
Theconcentrated *i{e phase Aoats on top of the dilute'He phase.

As T — 8, the *He concentration of the phase dilutein'tie drops to about
6 pet, and the phase rich in *He becomes essentially pure*Hz, Consider a liquid

For good reviews, see 1, §. Beits, Contemporary Physies 9. 97{1568): 1. C. Wheatley, Am. L Pyr.
36, 181 (1968}, for a general review of cooting techniques below 1K see W. J. Huiskamp and 0. V.
Lounasmaa, Repts. Prog. Phyr. 36, 423 (1973); O. V. Lounasmaa, Experimental principles and
methads below | K, Academic Press, New York, 1974 A very ctementary accountis O, V. Lounasmaa,
Scientific American 221, 26 (1969). .

Helium Dilution Refrigeratars Alillidegrees

*He
| -“evaporation”

Figure 125 Coaling principie of the helium dilution refrigerstor. Liquid
*tie is in equilibriom with a'tie’'He  mixture. When *He isadded to the
mixture, *He gvaporates from the purr 'He fiuid and absorbs heat in the
protess.

*He-*He mixture with more than 6 pet *He at a temperatuse in the millidegres
range, near the bottom of Figure 11.7. At these temperatures almost al the *He
atoms have condensed into the ground state orbital. Their entropy is negligible
compared to that of theremaining *He atoms, which then behaveasif they were
present alone, as a gas occupying the velume of the mixture. | the *He concen-
tration exceeds 6 pet, the excess condenses into concentrated liquid *He and
latent heat is liberated. If concentrated liquid *He is evaporated into the"He
rich phase, the latent heat is consumed. The principle of evaporation cooling
can again be applied: 1his isthe basis of the helium dilution reirigerator.

To see how the solution of *He can be employed to obtain relrigeration,
consider the equilibrium between the concentrated 'He liquid phase and the
dilute *He gas-like phuse (Figure 12.5). Suppose that the *He*He ratio of
the dilute phase isdecreased, as by dilutionwith pure*¥e. In order to restore
theequilibrium concentration, 'He atoms will evaporate from the concentrated
'He liquid. Coaling will result.

T 0 obtain a cyclic process the *He~*He mixture must he separated again.
The most common method is by distillation, using the different equilibrium
vapor pressures of 'He and *He {Table 12.2). Figure 12.6 shows a schematic
diagram of a refrigerator built on these principles. The diagram IS highly
oversimplified. In particular, in actual refrigerators the heat exchanger between
the mixing chamber and the still hasan elaborate multistage design. Analternate
method* to separate the. *He--*He mixture utilizes the superfluidity of *He

below 2.17¥. For a variety of practical reasons it iS less commonly used,
although its performance is excellent.
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Figure 12.6  Hellum dilution refrigerator. Precooted liquid *He enters @ mixing
chumber at the lower end of the assenbl y, wiicre cooting takes place by the quasi-
evaporation of the'He atoms into the deaser *He-“He mixed phase undernearth.

The quasi-gas of *H atomsdissolved in liquid *#e thes diffuses through @ counterfiow
heat exchanger into astith, There the'tie is distitled from the *He-*He mixture
selectively,and is pumped off. TO obtais a usefut *He evaporation and civculiution
rate, hear must be added to rhc silt, to raiseits temperature to about 07 K, at which
temperature the *He vapor pressureisstill much smaltee. Thus, the'we doesnot
cireulate to any appreciable extent: the'Hc mores through a nearly stationary
background of 'He. The pumped-off *He isreturned t0 1he system and is candensed

To pump

in acondenser that is cooled to about 1 X by contact with a pumped *He bath. The
Pumped cpnstric}ion below rhe condenscr takes UP the excess pressure generated by the
$f1e bath cucu_lmxon pump over the pressure in the shit. Theliquified *He is cooled {urther,
B S vae first in rhc stiil, then in the counerfiow hest exchenger, before re-cntering the miving
g wuua chamber,
Condenser

9 Heuat shields

Constriction

Sl

Heater The helium dilution refrigerator has a low temperature limit. In the conven-
o tionat evaporation refrigerator thislimit arose becauseof the disappearance of
the gas phase, hut the quasi-gas phaseof *He persists down to r = 0. However,
the heat of quasi-vaporization of *He vanishes proportiondly te 2, and as a
result, the hear removal rate from the mixing chamber vanishes as 2, Tt-e
practical low temperature imit iSabout 10 mK, In one representative deviec
a temperature of 83m¥K has been achieved: the same device was capable of
removing 40 ;W at 60mK.
Itie Temperatures below $mK cun be schicved by single shot opcmxiou. i, in
the design of Figure 12.6, wa shut ofT the 3He supply aftersome time of opezation,
there is no need te cool the incoming *He ielf, and the temperature of the
mixing chamber drops below its steady state vatue, until ali *He has becn
removed from the chamber.

The dilution refrigerator is not the onty cooting methed in the raiflikcelvin
range that utilizes the peculiar propertics of *He. An ahernate method, known
as Pomeranchuk coaling, utilizes the phase diagram of *He, as shown in Fig-
urc 7.15, with irs negative slope of the phase boundary butween liguid and
solid *He. The interested reader IS referred to the reviews by Huiskamp and
Lounasmaa, and by Lounasmaa, cited carlier.

Heat exchanger 4o

Mixing chamber-—p—=yj jrmomrmm s l
*He + ‘He

Ligmd
Liguid 1‘}‘:1[“.;;
cey,. Bas T e

» SRBES

* N. M. Peanings, R. de Bruyn Ouboter, K. W. Taconis. Physica B 81, 101 (1976), and Physica 0
84, 102(1976). . .
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ISENTROPIC DEMAGNETIZATION:
QUEST FOR ABSOLUTE zERO

Below 0.01 K the dominant cooling process isthe isentropic (adiabatic) demag-
netization of a paramagnetic substance. By this pracess, temperatures of 1 mK
have been attained with electronic paramagactic systems and | 2K with nuclear
paramagnetic systems. The method depends on the fact that at afixed tempera-
ture theentropy of a system of magnetic moments islowered by application of a
magnetic field—essentially because fewer states are accessible to the system
when thelevel splitting islarge than when thelevel splitting is small. Examples
of the dependence of the entropy on the magnetic field weregiven in Chapters 2
and 3.

Wefirst apply amagnetic field B, at constant temperature ¢,. The spin cxccss
will attain a valuc appropriate to the value of B, /r,. lithe magnetic ficld isthen
reduced to B, without changing the entropy olthc spin system, the spin excess
will remain unchanged, which means that B,/r, will equal B,/z,. I{ B, « B,
then 1, « t,. When tile specimen isdemagnetized iscniropically, entropy can
flow into the spin system only From the system of lattice vibrations, asin Fig-
ure 12.7. At the temperatures of interest the entropy of the lattice vibrationsis
usually negligible; thus theentrapy of the spin system will be essentially constant
during isentropic demagnetization 0ithe specimen.

|
| \
|
|
1‘ © Lattice
3 | . ,
= o
& | Total ; £
N =
Spin- Spin
Lattice § Time —— ! Time ——
Before | New equilibrium Before | New equilibrium
Time at which Time at which
magnenc field magnetic field

is removed is removed

Figure127 During isentropic demagnetization the total entropy of the S
specimen isconstant, The initial enteapy of the fattice should besmall in
comparison With the entropy olthc spin systemin order to obtain significant
cooling of the lattice.

Tseatropic Demagnetization: Quest for Absolute Zero

07
.
ER
= 08k
=
£ 04}
£ osf
g paj-
_ﬁ:
a, 0l
v
0
0

T, in mK

Figure i2.8  Entropy foraspin § system as a function of temperature, assuming
on internal random Magneticlicld £, of 500 purr. The specimen is magnetized
isothermalty dONg ¢k, and is then insulated thermally, The external magnetic
field is turned off along he. ISorder 10 keep the figure ON & ressonuble scule

the initial temperature T, and he externut magnetic fichd are Jower than wouid by
wsed in praciice.

The steps carried out in the cooling process are shown in Figure i2.8. The
field is applied at temperature 7, with the specimen in good thermal contact
with the surroundings, giving the isathermal path ab. The specimen is then
insulated {A+ = 0} and the ficld removed; the specimen follows the tonstant
entropy path be, ending up at temperature ;. The thermal contact at ¢, is
provided by helium gar, and the thermal contact is broken by removing the
gas with a pump.

The population ol a magnetic sublevel isa function only d mBft, where m
is the magnetic moment of a spin. The spin-system entropy is a lunction anty
oithe population distribution ; hence thespinentropy isalunctiononly of mB/z.
Il B is theeffective field that correspondsto the diverse local interactions among

the spins or of the spinswith thelattice, the final temperature ¢, reached in an
isentropic demagnetization experiment is

t2 = 1,(B,/B), )]
where 8 istheinitial field and t, the initial temperature. Results are shown in

Figure 129 for the paramagnetic salt known as CMN, which denotes cerous
magnestum nitrate.
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Final magnetic field, in 10° gauss

0 (L8] .2 43 a4 0.5 0.6
Fina temperature, in K

Figure129 Final magnetic field B, versus final
temperature T, for magactic cooling of cerous magnesium
nitrate. In these experisments the magneticiield was not
removed cntirely, but only |0 the indicated values. The
initial fields und teapesmtiires were identicat in slf runs,
Afer unpublished results of 5, S i and 3. i Miloer,
as cited by N. Kurti. Mucve Cimento (Supplementol 6,
1105 (1957},

The process described so far is a single shot process. It iseasily converted
into a cydlic process by thermally disconnecting, in one way or another, the
demagnetized working substance from: theload, reconnectingit | o the reservoir
at z,, and repeating the process.*

Naclear Demzgnetization

Because nuclear magnetic moments are weak, nuclear magnetic interactions
are much weaker than simitar clectronic interactions. We expect to reach 2
temperature 100 times lower with a nuclear paramagnet than with an electron
paramagnet, The initial temperature of the nuclear stage in a nuclear spin-

* . V. Heer, C. B, Barnes, and 3, G, Daunt, Rev. Sci. Inst. 28 1088 {(1954); W. B. Praut, S, 5.
Rosenbluny, W. A Steyert, and J. AL Basday, Ciyopeaies 17, 381 (1977},

Nuclear Demagnetization

initial magnetic field in kG

s 10 20 30
“g ¥ 7 I T
4 _
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Figure 12180 Nuclear demagnetizations of copper
ruclel in the metad, starting from 0012 K and varions
fictds. Aler MUV, Hobden sad N. Kurti, Phil, Mag.
4. 1902 (145w,

cooling experiment must belower than in an electron spin-cooling experiment.
Iiwestartat B = SQkGand T, = 0.01 K, thenmBky T, = 0.5, and theentropy
decrease on magnetization is over 10 percent of the maximum spin entropy.
This is sufficient to overwhelm the lattice and from (9) we estimate a final
temperature T, = 1077 K. The firsl nuclear cooling experiment was carried
out by Kurti and coworkers an Cu nuclei in the metal, starting from a first
stage at about 0.02K as attained by electron demagnetization cooling. The
lowest temperature reached in this experiment was 1.2 x 107® K. The results
in Figure 1218 it a line of the form of (9): T, = T,(3.1/8) with Bin zauss, so
that B, = 31 gauss. This is the effective interaction field of the magoetic mo-
ments of the Cu nuclel. The metivation for using nuclei in ametal rather than
in an insulator is that conduction electrans help ensure rapid thermal contact
of lattice and nuclel at the femperatuse of the first stage.

Temperatures below | gk bare been achieved in experiments in which the
cooling load was the system of nuclear spins #sell, particularly in experiments
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that were combinations of cooling experiments and nuclear Magnetic resonance
experiments.*

SUMMARY

1 Thetwo dominant principles of the production of [OW teniperatures are the
cooling of a gas by fening it do work aguinst a force during an expansion
and the iscntropic demagnetization of a4 paramagnetic substance,

. Joule-Thomson cooling is an irreversible process in which work is done
against interatomic atiractive forces in @ gus. 1t is used as the kst cooling
stape in liquefying low-boiling guses,

3. Inevaporation cooling the uork iSalso dene against the interatomic forces,
but starting from the liquid phase rather than the gas phase. Using different
working substances, evaporation coaling forms the basis of household

cooling devices, automaobile air conditioners, and taboratory cooling devices
(in the range 4K down to (0 mK).

The helium ditution refrigerator is an evaporation cooling device in which
the gas is the virtual gas o 'He atomsdissolved in *He.

Isentropic demagnetization utitizes the lowering of the temperature of @
system of magnetic moments, when an external magneticfield is reduced in
strength. The magnetic moments may be electronic or nuclear moments.

By using nuclear moments, temperatures in the microkelvin range may be
achieved.

PROBLEMS

1. Helium asa ran der ¥Waals gas. (a) Estimate the liquefaction coefficient 2
lor helium by treating it as a van der Waals gas. Select the van der Waals
coefficients a and b in such away that lor one mole 2Nb is the actual motar
volume of liquid helium and that 2u/b is the actual inversion temiperatuce,
Use the data in Table 12.1. Approximate the denominator in (7) by setting

How ~ Hy, = AH + i — Tr;q) ’ (10}

'See. far cxample, M. Chapcliies, M. Geldman, V. H. Chau and A. Abragam, Appl. Phys. 41,

‘

it

Problems

where All isthe latent heat of vaporization of liquid helivm, (Exptain how this
approximation arises if one treats the expanded gas as ON ideal gas), The
tesulling expression gives & as a function of the molar velumes ¥, and V.
Convert to pressures by approximating the F's via the ideal gas faw. (b) Insert
numerical values lor T = ISK and compure with Figure 12.4,

2. ldeal Carnot liguefier.  (a) Caleulute the work 1%, that would be required to
liquefy one mole of a monatomic ideal gas if the liquelier operated reversibly.
Assume that the pas is supplied at room temperature 7,. and under the same
pressure pg at which the liquelicd gas is removed, typicalty | atmosphere. Let
T, bethe boiling temperature of the pus at this pressure, and A the latent hewt
of vaporization. Show that under these conditions

T . T
W, = iRT, = (logﬁ - ""T;‘ Tf)j To 7 b x AlL (1)
To derive {1}) assume that the gas is first cooled at fixed pressure po from Tg
to T, by means of a reversible refrigerator that operates between the fixed
upper temperature T, = T, and avariable fower temperature equal to the gas
temperature, Initialy T, = T, and at theend 7, = T,. After reaching 7, the
refrigerator extracts the latent heat of vaporization at the fixed lower tempera-
ture T,. (b) Insert 7, = 300K and values for T, and AH characteristic of
helium. Re-express the result as kilowalt-hours per liter of liquid helium.
Actual helium %iquefiers consume 3 to 10kWh liter.

3. Claude eycle belium liguefier. Consider a helium liquefier in which 1 mols™?
of gas enters the Linde stage at T,, = 15K and at a pressure p;, = 30atm.
{a) Calculate therate of liquefaction, in liter hr ~*. Suppose that all theiguefied
helium iswithdrawn to cool an external expesimental apparatus, releasing the
boiled-off heliven vapor into the atmosphere. Calculate the cooling load in
watts sufficient |0 evaporate the helium at the rateit isliquefied. Compare this
with the cooling load obtainable i the liquefiet isoperated as a closed-cycle
refrigerator by placing the apparatus inte the liquid collection vessel of the
liquefier, so that the still cold boiled-off helium gasisreturned through tlie heat
exchangers. {b) Assume that the heat exchanger between compressor and ex-
pansion engine (Figure 12.1) is sufficiently ideal that the expanded return gar
that leaves it with pressure p,,. isat essentially the same temperature 7', as the
compressed gas entering it with pressure p,. Show that under ordinary liquefier
operation the expansion engine must exfract the work

W, = H{T,.p) — H(Tapin)

'“ (I - }'}[H(Tmpws) - H{Tin'pout)} = %;‘ R(Tc '—.Tin} ] {12)
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per mole of compressed gas. Here Tiy,, pio. Powe @Nd 4 have the seme meaning
as in the Linde cycle section of this chapter. Assume the expansion engine
operates isentropically between the pressure-temperature pairs (p.,T.) and
{Pin: Tin)- From{t2) and the given values of{p,,, T,,), caleulate (p,, 7). (c) Estimate
the minimum campressor power required to operate the liquefier, by assuming
that the compression is isothermal from p,, to p, at temperature T, = 50°C.
Combinethe resuit with the cooling loads calculated under a} into acocfiicient

of reftigerator performance, for both modes af aperation. Compare with the
Carnot limit.

4. Evaporacion cooling Himil.  Fstimate the lowest temperature T, that can
be achieved by evaporation cooling of liquid 'tie if the cosling load is0.1'W
and the vacuum pump has a pump Speed § = 107 liters ™% Assume that the
helium vapor pressure above the boiling helium i cqual 10 the cquilibrium
vipar pressure corresponding to T, wid assume thas e helium gas wirms
up to room temperature and cxpunds accordingly before it enters the pump.
Note: The molar velume of an ideal gas at roam emperature and atmospheric
pressure {760 torr) is about 24 fisers. Repeat tlic caleutation for a much smaller

heat loud (1072 W) and a faster pomp {107 liter s71). Pump speed isdefined in
Chapter 14,

5 [tnitial temperature [OF demagnetization cooling,  Consider a paramagnetic
salt with a Debye temperature {Chapler 4) of 100K, A magnetic field of 100G
or 10 tesla isavailable in the laboratary, Estimate the temperature 1o which she
salt must be precooled by other meansin order that significant magnetic cocling
may subsequently be obtained by the isentropic demagnetization process. Take
the magnetic mement of a paramagnetic ion to be t Bohr magneton. By signifi-
cant cooling we may understand coolingto 0.1of the initial temperature.
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Note: This chapter s written for students with aprofessional interest in semiconductors. We assume
familiarity with conductionand valeace bmdr, efectrons @ holes; dosers and accepnors. The
notation is that:

n, = concentration of conduction elecirons;
n, = concenlration of holes;
= value of n, or n, lor an INNSCsemiconducior:

i
h, = effective quanium concentration [0r conduction clectrons;
n, = eflective quanium conceniration for holes,

In the semiconductor fiterature #; and », ate calted the eficclive densities of states for the conduction

and valence bands, Notice thal we vse g for the chemical polential os Fermi level, and we use Ji for
carticr mobilities, .

5

Energy Bands; Fermi Level; Etectrons and Holes

ENERGY BANDS; FERMI LEVEL;
ELECTRONS AND HOLES

The application of the Fermi-Dirac distribution | o electrons in semiconductors
is central to the design and operation of al semiconductor devices, and thus
to much of modern electranics. We treat below those aspects of the physics
of semicanductors and semiconductor devices that are parts of thermal physics.
We assume that the reader is familiar witk the basic ideas of the physics of
electrons in crystalline sotids, as wrcated in the 1exts on solid state physics
and on semiconductor devices cited in the general references. We assume thie
concept ofenergy bands and of conduction by electronsand holes. Our principal
aim is te understand the dependence of the all-important concentrations of
conduction electrons and of holes upon the impurity concentration and the
temperature.

A semiconductor is a system with electron orbitals grouped into two energy
bands separated by an energy gap (Figure i3.1}. The lower band isthe valence
band and the upper band is the conduction band.' In a pure semiconducior at
1 = § all valence band orbitals are occupied and al ¢conduction band orbitals
are empty. A lull band cannot carry any current, so that a pure semiconductor
at r = Q isan insulator. Finite conductivity in a semiconductor follows either
Irorn the presence of electrons, called conduction clectrons, tn the conduction
band or from unoccupied orbitals in the valence band, called holes.

Two different mechanisms give rise to conduction electrons and holcs:
Thermal excitation of electrons from the valence band | o the conduction band,
or the presence of impurities that change the balance between the number
oforbitals in the valence band and thenumber of electrons availabletofill them.

We denote the energy of the top of the valence band by e,, arid the encrgy
of the bottom of the conduction band by ¢,. The difference

& = — £ (n
istheenergy gap ol the semiconductor. For typical semiconductors g, is between

0.1 and 25 electron volts. In silicon, g, = 11eV, Becauser = 1/40 eV at room

* We treat both bands s single bands; for sur parposes it dees not matter that both may be groups
of bands with additional gaps within each group.
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Figme 131 Egergy band struttufe of a pure semiconductor Or insulator
The etectron orbitalSoccur in bands which extend through thecrystal,

At = Qall orbitalsup to the top of the valence band are filled, and the
conduction band is empty. The energy interval between the bands iScalled
the energy gap.

temperature, we usually have g, » 7. Substances with « gap of more than about
25¢V are usually insulators. Table 13.1 gives the energy gaps for selected
semiconductors. together with other properties necded later.

Let n, denote the concentration of cenduction electrons and », the con-
centration of holes. |o @ pure semiconductor the 1we wiil heequal:

N, = My, {2}

il the crysial is clectrically peutral,

Most semiconductars as used in devices have been intentionally doped with
impurities that may become thermally ionized in the semyiconductor at room
temperature. Impurities that give an electron to the crystal (and become
positively charged in the process) are called donors. Impurities that accept

Encrgy Baads; Fermi Level; Elecirons and Holes

Table 131 Band structure data of some important semiconduciars

Density-of-states Dielectric
Energy Quantum concentrations effective masses, congants.
gaps at of elecirans and holes in units of the relative to
300K at 0K free clectron mass vacuum
[ R T m e mtm Eleg
::.V em™? cmY X X
5i Bid 2.7 % W? Lt x 1g'* 1.06 0.58 1.7
Ge 0.67 10w 107 5.2 x 108 .56 035 158
CraAs 143 46 » 1047 8.5 % 10'° 0.07 071 £3i3
InP L35 49 x W7 65 = 10 0.073 .42 12.37
InSb 0.18 46 % W 82 x 10" 0015 039 17.58

an electron from the valence band (and become negatively charged in the
process) are caled acceptors.

Let #;" be the concentration of positively charged donors and n,” the
concentration Of negatively charged acceptors. The difference

An = ngt o~ n” . {3

iscalled the net ionized donor concenteation. The electrical neutrality condition
becomes

n, = oy = An =yt -7, (4

which specifies the difference batween electron and hole concentrations.
The electron concentration may be calculated from the Fermi-Dirac dis-
tribution function of Chapter 6:

1

o= a1

(5

where g iSthe chemical potential of the elecirons. The subscript e refers to
clectrons. In semiconductor theory the electron chemical potential is always
caled the Fermi fevel. Further, in semiconductor theory the charseter u s
almost always reserved For the electron and hole mobilities, and the Fermi
level is designated by &7 or by; To avaid confusion with the Fermi energy
of 2 metal which we designated as g and which stands for the Fernii level
in the limit  — G, we shall maintain our previous usage of the |etter 1 for the
chemical potential at any temperature,
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Given g and 1, the number of conduction efectrons is obtained by summing
the distribution function f{e) over all conductioti band orbitals:

N, =3 fie {6)
%)

The number of holes is

Ny =2 [1 -~ fue)] = g%f,,(a). ' 't

Yi

where thesummation isover all valence band orbitals. Here we have introduced
the quantity

1

Sy =1 — f{e) = Sl AT 8
which is the probability that an orbital at energy & is unoccupied. We say
that the unoceupied orbital is“cccupied by ahole”; then fi{e} is the distribution
function for holes just as f.{e} is the distribution function for electrons. Com-
parison of (8) with {5} shows that the hole occupation probability involves
# — £ where the electron eccupation probability involvese = p.

The cancentrations n, = N/V and n, = NV depend on the Fermi ievel,
But what is the value of the Fermi level? It is determined by the electrical
neutrality requirement (4}, now written as n{u) — n{g) = An. This is an

implicit equation for p; to solve the equation we must determinethe functional
dependences n,{u) and n,{).

Llassicat Rogime

We assume that both electron and hole concentrations are in the classical
regime defined by the requirements that f, « 1 and f, « 1, as in Chapter 6.
Thiswill betrue if, asin Figure 132, the Fermi level liesinside the energy gap
and is separated from both band edger by energieslarge enough that

exp[ (e, ~ W)fe] «< 13 exp[—{x — &)c] « L. ©)
To satisfy (9) both {g. — p) and {§ — ¢,) have to be positive and a least a
few times larger than <. Such a semiconductor is called nondegenerate. The
inequalities (9) place upper limits on the electron and hole concentratiom and

are satisfied in many applications. With (9) the two occupation probabilities
SfLe} and fi{e} reduce to classical distributions:

Classical Regime

Conduction
baad

Nr_ ",

n
Valence 7

band

1 fle, )<< 1

1) o

Figure132 Occupancy of orbitals a1 4 finite temperatuce, according te the Fermi-
Dirac digtribution function. The conductionand valence bands may be represented
in terms of temperature-dependent eflective NUMbES N, N, of degeneratz orbitals
located at the 1wo band edges &, €,. The n,, 1, arc the corresponding quanium
concentrations,

fue) = exp[ (e — @)fr]; i) = exp[—(u — &)/r]- (10}

We use (6)and (10) to write the total number of conduction electrons i the
form

N = Eexp[——(g — p)fr] = exp[—{& — ;g)[z]{c):sexp{n—(e — £, /r]} .
or

- Ne = Ncexp["(sc - y)[’f}. o (1”
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wherewe define
CN= Séxp[ ~te - s)rel B
. B :

Here ¢ — &, isthe energy of a conduction electron seferred to the conduction
band edge =, us origin.

The expression lor &, has the mathematical form Of @ partition function
for one electron in she conduction band. In Chapter 3 weevaluated a similar
sumn denoted there by Z,, and we can adapt that result 10 the present problem
with an approsimute modification lor band siructure effects. Because of the
rapid decrease of expl ~{e = &)/t] as ¢ increases above its minimum value
at &, only the distribution of erbitals within a range of afew 1 above g, reatly
maters in the cvaluation of the sum in {12} The orbitals high in the band
make anegligible contribution, The important point iSthat near the bund edge
the glectrons behave very much hike free particles. Not only ire the clectrons
mobile, which causes the cenductivity of the semiconductor, but the cnergy
distribution of the orbitals near the band edge usualy differs from that of free
particles oaly by a proportionality factor in the energy and eventually in the
sum for Z,.

We can arrange for a suitable proportionality facior by use of a device
callcd the density-of-states effective mass. FOr free particles we caleulated the
partition function Z, in {3.62), but R_)f zero spin. For pasticles of spin § the
result islarger by a factor of 2, so that {12} becomes

Ne= Z) = IngV o= Horf2nh?)2 v, (13

Numerically, this gives

NV = 2509 % 10°9 x (TR0K¥em™?, (14)

where T isSin kelvin,
The quantity N, for actual semiconductors exhibits the same temperature

dependence as (131, but differs in magnitude by 3 proportionality factor. We
exprass this formally Dy writing, in acalogy t0 (13},

N, o= 2m 2y, (13)
where m* IS cafled the density-of-states effective mass for rlectronr. Experi-

mental values are given in Table 13.1, The introduction of effective masses
is miare than a fermality. In the theory of electrens ia crystuls it isshown thist

Clussical Regime

the dynamical behavior of electrons and holes, under the inftuence of external
forcessuch as etectric fields, is that of particles with effective masses different

from the free electron mass. The dynamical masses usually are different from
the density-of-states masses, however.

We define the quantum cencentratian 1, for conduction electrons as

1; n, /= NJV = 2m 2t /2xh?3, (16}

By {11} the conduction electron concentration n, = N /¥ becomes

{ e = mexp] —{e, — pit] (17
Tire earlicr assumption (9) in equivaient to the assamplion Wt #, « 1, SO
that the conduction electrons aet as an ideal gas. Asan aid to memory, we may
think of N, as arising from N, orbitals at £, with the Fermi tevel at g Worning:

In the semiconductor literature », is invasiably called the effective density of
states of the conduction band.

Similar reasening gives the number of holes in the valence band:
N, = Y expl ~{px — £)/1} = Noexp[—{p ~ &)/7], (18)
A )

with the definition

N, = Y expl—{s, — &)t} (19

va

We define the quantum concentration , lor holes as

ttv = NV = 2(1::,,*:/27:)‘11)3”] (0

whese n* IS the density-of-staies effective mass for holes. By (1S) the hole
concentration n, = NV is

L n, = mexpl - — glfc]- {21)
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Like (17), this gives the carrier concentration in terms of the quantum con-
centration and the position of the Fermi level relative to the valence band

€dge. In the semiconductor literature n, is called the effective density of states
of the valence band.

Law of Mass Action

The praduct n s, is independent of the Fermi fevel so long as the concentrations
a[e in the classical regime. Then

i = nn,expl ~ (s, — g)/t] = nnjexp(-e, /1), {224}

where the energy gap e, € - E. In a pure semiconductar we boue #, = 1,
and the common value of the 1w concentrations is calied the intrinsic carrier

concentration n; of the semiconductor, By (22a),

m = (na, ) exp{— £,/27). {22b)

The Fermi level independence of the product nn, means that this product
retains its value even when n, # n, as in the presence of electrically charged

impurity atoms, provided both concentrations remain in the classical regime.
We jno then write (22a) as

1 My=h;

{22¢)

ny, = nl,
The value of the preduct depends only on the temperature. This result is the

mass action law of semiconductors, similar to the chemical mass action law
(Chapter 9).

Intrinsic Fermi Level

For an intrinsic semiconductor n, = n;, and we may equate the right-hand
sides 0f {17} and {22b):

neexpl — (e, — pyr] = (1) exp(—e,/2). 23)

Inseri g, = ¢, — ¢, and divide by n_exp{~ /1)

- explgft) = s,/ explle. + )]

Donors and Aceeptors

We take logarithms to obiain
po= e, + &) + rloghn/n) = d(e + ) + Irloglm/m*),  24)

by use of (16) and (20}, The Fermi tevel for an intrinsic semiconductor lies near

the middle of she forbidden gap, but displaced rom the exact middie by an
amount that is usually small.

n-TYPE AND p-TYPE SEMICONDUCTORS
Donors and Acceptors

Pure semiconductors are an idealization of little practical interest. Semicon-
ductors used in devices usually have impurities intentionally added in order (o
increase the concentration of either conductian electrons or holes. A semicon-
ductor with more canduction electrons than holes is called n-iype; a semi-
conductor with more holes than elecirons is called p-type. The letters nand p
signily negative and positive majority carriers. Consider o silicon crystal in
which sojme of the 5i atoms have been substituted by phosphorus atoms.
Phosphorus is just to the right of i in the periodic table, hence each P |les
exactly one electyon more than the Si it replaces. These extra clectrons do not
fir into the filled valence band; hence a Si crystal with somce P atoms will contain
more conduction ¢lectrens and, by the luw of mass action, fower holes than a
pure 5i erystal. Next consider aluminum atoms. Aluminum is just 1o the teft
of 8iin the periodic table, hence Al has exactly one clecteon fewer than the 5i
it replaces. As a result, Al atoms increuse the number or holes and decreasc the
number of conduction clectrons.

Most impurities in the same columns 0f the periodic table as P and Al will
behave in Si just as P and Al behave. What matters is the number of valence
electrons relative to Siand not the total number of electrons on the atom.
Impurities from other columns of the periodic table will no| behave so simply.
Similar reasoning can be applied to other semiconductors, {or example GaAs,
For the present we assume that each doner atom contributes one ¢lectron which
may enter the conduction band or fill one hole in the valence band. We also
asswine that each acceptor atom removes one electron, either from the valence
band or from the conduction band. These assumptions are called the approxi-
mation or fully jonized impurities: all impurities when ionized are either posi-
tively charged donors D* 0| negatively charged acceptors A7,

The efectrical neutrality condition (4) told us that

A’_T=n¢"'."h'_—“r"d+_j“nnj . I {25}
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Because n,, = n?fir_ from the mass action law, we see thal {251 leads toa quadratic
cquation lor n_:

2

- w o= o (26

The positive root is

ne = Pl + 2]+ Ay, {27a)

and becausen, = n, = Anwe have

n = AR} + 407190 ~ An), 275

Mort efien the doping concentration is laree compared to the intrinsic con-
centration, so that either =or u, ismuch farger than s:

lAn » {28)

This condition defines an extrinsic semiconductor The square toots in (27)
can then be expanded:

[Am? + 4] = 41 4+ 2 fan]1?

= Al + 2¥/An {29)

I'n an n-type semiconductor Ax is poriiiieand (27) becomes

no= An ot oatidn = Any o, > nYAn « n, 30

In ap-type semiconductor An isaegative and (27) becomes

i, YA «ony ony = A 4 et 0] = jtsnl. {31)

The majority carrier concentsation in the extrinsic limit {28} isnearly equal to

the magnitude of An, while the minority carrier concentration is inversely
proportional to jAn}.

Fermi Level in EXtrinsic Scmiconductor

By use of the mass action law we calculated the cartier concentralions without
having 1o calculate the Fermi level firs. The Feemi level isobtained {rom », or
a, by solving (17) or {21} for 4:

Begenerate Seaticonifucters

[T T

: . “Eonducion bang

0.0 T q T .
w

¢
10

T e e g ety

02+~
0.3
D4 n-dype, A o= 1012 et

intrinsic level

p-iype, A = — 1032 g3

M
0.0 1 4 H
Vi DLl Valnes band ot oo
i 3 t ] ]
0 100 200 i) 300 306

T inK

Figure13.3 The Fermi fevel in silicon as a function of temperatuce, for
variousdeping concentzations, The Ferm{leve!s are expressed relstive lo

the band edpes. A INAl decrease of the energy gap With temperature has
been neglected.

po= g, = tloglngn) = & + zlogligm). 57

We may now use (27) to find g as a function of temperature and doping fevel
Air. Figure 13.3 giver numerical results for Si. With decreasing temperature the

Fermi level in an extrinsic semiconductor approaches either the conduction or
the valence band edge.

Degenerate Semiconductors

When one of the carrier concentrations is increased and approaches the guan-
tum concentration, we may no tonger use the classical distribution (10)fur that
carrier. The caiculation of the carcier concentration now follows the treaiment
of the Fermi gar in Chapter 7. The sum over all accupied orbitals, which &
cqual to the number of electrons, iswritten as an infeeral pver the deasity o
states times the distribution function:

N = ftfl,ﬁ{t:}f{{.) . (33)
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where for free particles of MUSSyi the density Of statesis

Vo2
‘D(e}=§;§(ﬁ') gif?, (34

That is, D{elde is the number of orbitals in the cnergy interval (sg + dej. TO
make the transition to conduction electrons in semiconductors we replace N
by o,V m by m*;and £ by & — g We Obtain

o= 1 (2»13)”1 J‘:, defe ~ g )2
T\ « T+ explie — 5]’ (33)

Lel x = (g — e)randy = (p — £)/r. We use the definition (16) of 1, to obtain

) 2 r= dx x*
i, = I = — [
) N f“ b+ explx — 1) (36)
The imegraf () in (36) isknown as the Fermi-Dirac integral.
When e, — g 3 1 wehave -y » |, SO that explx — #} » 1.In thislimit

2 ©
e 2 e“.fo dee Tyt = % TR = expl( — cyel, ()

the familiar result lor theideal gas.

In semiconductors the electron concentration rarely exceeds several times
the quantum concentration n,. The deviation between the value of y from (35)
and the approximation (37) then can be expanded into a rapidly converging
pouer series of theratio r = n,/n,, called the Joyce-Dixon approximation:*

1 3 3 :
n - logr = -—r — (-_ - £)rz +on r=mn/n, {38)
8 s @

Figure 13.4 compares theenact refation (36) with the approximations (37) and
{38).

* W, B. Joyce and R. W, Dixon, Appl. Phys. Leit. 31, 354 (19771, 1§ the right side o!‘{SS& iy written
as g;ft,r‘. the first four eocllicicnts arc A, = 3.51551 x jg~1. A, .. 495009 % 107 Y4 -
148386 % E074; A, w —4.42561 x 1g-s. ' '
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Figure 134 Elcctron concentration as a function o Fermi level, for j near Or

above conduction band edge e,. The dashed curve represents the firsst term of the
Joyce-Dixon spproximation (38).
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When », isne longer small contpared to n,, theexpression of the massaction
law MUSt be modified. IN Problem 4 we ask the reader t0 show that

na, =0t exp[-—n‘,/ﬁ”‘ o)

(39)

1i1he gap itself depends on the carrier concentrations, the value of 1; to beused
here will depend on concentration,

Impurity L.evels

The addition of impurities to a semiconductor moves same orbitals from the
conduction or valence band into the energy gap, where the orbitalsSnow appear
as localized bound states, We consider phosphorousin a silicon crystal. lithe
P atom has released its extra electron to the $i conduction band, the atom
appearsas a positively charged ion. The positive ion attracts the electrons in
the condueiion band, and the ion can bind an election just as a proton can
bind an electron in a hydrogen atom. However, the binding energy in the
semiconductor isseveral ordersof magnitude lower, mostly becausethe binding
energy is to be divided by the square of the static dielectric constant, and
partly because of mass effects, Table 13.2 gives the ionization energies for
column V donors in $i and Ge. The lowest orbital of an electron bound to a
donor corresponds to an energy jevél Az, = 5 — s, below the edge of the
conduction band (Figure 13.5), There is one set of bound orbitals for every
donor.

A pardlel argument applies to holes and acceptors. Orbitals are split off
from the valence band, as in Figure 135. For each acceptor atom there isone
set of bound orbitals with ax ionization energy Ag, = ¢, — &, of the same order
as Ae,. Jonization energies for column {1t acceptorsin S are listed in Table 13.2.

In GaAs the ionization energiesfor nil column V1 donors except oxygen are
close to 6 meV. For zinc, the most important acceptor, Ae, = 24 meV. Some

Table 132 lonizdion ewergics of column V donors and
column {1 aeeeptors in 8i and Ge, in meV

Acieptors
it Al Gu in
45 57 . 63 16

10.4 16.2 108 1.2

— AZ'HJJ.}

Oceupation of Donor Levels

€= no=
_\f T "f
€ ey, ny

Figure 135 Donor aad acceptor impurity evels in the cricrgy
gup af & semiconductor,

impurities generate otbitals deep inside the forbidden gap. sometimes with
multiple orbitals correspanding to different jonization slates.

Occeupation of Donor Levels

A donor leve can b2 occupied by an electron with either spin up or spin donn.
Hence there are two different orbitals with the same energy. However. the
occupations of thess two orbitals are not independent of each other: Once the
level iSoccupied by ane electron, the donor cannot bind asecond electron with

opposite SPiN. As a result, the occupation probability lor a donor level is not

g given by the simple Fermi-Dirac distribution function, but by a function
treated in Chapter 5. We write the probability that the donor orbital jsvacant.
0 that the donor is ionized, in a form dightly diffetent from{5.73):

DY) = e (40

Here gy is the energy of a singly occupied donor orbitdd relative to the origin
of the encray. The prabability that the donor erbital is occupied py an cleciron,
s0 that the dosor isnculral, isgiven by {5.74):

1

/D) = 1 ¥ jexplieg ot

Hy
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Acceptors require exira thought. In the ionized condition
each of the chemical bonds between the
semiconductor atoms containg a pair of el
is only one such state, hence the jonized condition contributes only one term,
exp[(p — g,)/t], to the Gibbs sum for the acceptor. In the neutral condition A
of the acceptor, one eleetron is missing [rom the surrounding bonds. Because
the missing electron may have either spin up or spin dow,
is represented twice in the Gibbs sum for the acceptor

Hence the thermal average occupancy is

A7 ofthe accepter,
acceplor atom and the surrounding
eclrons with antiparallel spins. There

n, the neutral condition
Lbyaterm2 x | = 2,

o 'cxp[[iu - £¥7] H
A il BT e 42
AA7) Ztexplip ~ e )t] 1+ 2explle, - ] “2)
The neutral condition A, with the neceplor orbital unoccupied, occurs with
probabiiity
1
JiA)

2
- - - ] 43
2rexpliy -l 14 Lexpfip - &)/t “3)

Thevalueof An = n,* —

. 1s the difference of concentrations of D* and AT,
From (40) or (42) we have : :

nat o, J(D*) = m (a4)
me o= ATy Mo (45)
- U+ 2explle, = i)

The nevtrality condition (4) may be rewritten as
- = b =y +ongt o= ot {46}

This expression may be visualized by a logarithmic plot of 1™ and n* as func-
tions of the position of the Fermi level (Figure 13.6). The lour dashed lines
represent the four terms in (46); the two solid lines represent the sum of ali
positive and all negative charges. The actual Fermi level accurs where the total
positive charges equal the 1otal negative charges.

For m,* wn,” » #, as in Figure 13.6, the holes can be neglected; for
" g™ o the electrons can be neglected. If one of the two impurity
species can be neglected, the majority carrier concentration can be calculated

in closed form. Consider an n-lype semiconductor with no acceptors. The
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Figure 13.6 Graphica! determination of Fermi level and electron concentration in
an n-lype semiconductor costlaining both donors and accepiors.

nee  ality point in Figwe 3.6 is now gi varby thein rse cion paint of the: #
curve with the a, curve. I the donor ¢o neitr ation is nottoo high, the in tiI:'-
section will be on the s tight portion of th 1 curve, alon gthich the appr oi-
mation (17} holds. We rewrite this as

xplu/) = {ne/n eple.fr); “4n

exf{{p—¢ 1] = {nefnJexp{(e, — efc] = n/n, (48)
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where

nr* = noexp[—(g, ~ £t} = n.exp(—Ag,f1) L)

is the electron concentration that would be prcsém in the conduction band if
the Fermi fevel coincided with the donor level, Here Ag, = &, — &, isthe donor
ionization energy.

We insert {48} into (44) and set a, = n,* to obtain

- 1y
S TR R G0

n? + o * = dngn* {51

This isa quadratic cguation in n,; the positive solution is

a, = M0+ B )0 - 1L (52)

For shallow donor levels, n,* 1s large and closeton,. Ifthe doping is sufficicntly
weak that 8n, <« n.*, the square root may be expanded by use of

{1+ x)'? >~ S L i LA (83

for x « 1 With x = Buy/n,* weobtiin

M, 2 oy — 2l = ngdl — 2ng/n,%). (54

The secand term in the parentheses givesthefirst order departure from complete
ionization. Far example, for P in S at 300K, We have Ag; ~ 1,74t from
Table 13.2, so that n.* = §.175a, from (49). If n, = ©.01n,, Eq. {54) predicts

that 11.4 pit of the donors remain un-ionized. Thelimit of weak ionization is
the subject of Problem 6.

I = T T T T T T I
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Example; Senv-inswlating gallines arseaide,  COUd pure Gas be prepared, it would have
an intrinsic carricr concenteation at room temperature of, < 107 em™ Y, With such 3low
concentration of carriers, 10717 Jess than a metal, the conductivity would be closer to an
insufator than tO 3 conventional semiconductor. [ntrinsic GaAs would be uscful as on
insulating substrate on which to prepare thin layers of doped GaAs os needed for devices.
There does not exist a technology 10 purify any substance to 107 impurities per cm®

p-re Junctions

However, it is possible to achievenear intrinsic carrier concentrations in GaAs by dopisg
with high concentrations {16°*-107 cm ™) of oxygen and chromium together, two impu-
rities that have their impurity levels near the middie of (the energy gap. Oxygen enlers an
As site and is a donor iN GaAs, as expected from the pogition of O in e periodic table
relative to As; theenergy level* is about 07 2V bdow &,. Chromium is un acceptor with an
cnergy levd about 0.54 ¢V below g,

Consider a GaAs crystal doped With both oxygen and chromium. The ratio of iz two
concentralions is not ¢ritical; anything with an 0. Cr ratio between about 1:10 and 10:1
will do. Hthe concentrations afall other impurities are smull compared with those of 3 and
Cr, the position of the Fermi lovel will be governed by the equilibrium belween elect ons
on O and holes on Cr. The construction of Figure 13.6 applied to this sysiem shows that
over theindicated cancentration rztia range the Fermi jevel is pinned to arange bat #sen
1.37 above the © Jevet and 1.51 below the Cr level. With the Fermi level pinned near the
riddie of the energy gap, thecrystal must act as nearly inteinsic,

Gallivm arsenide doped in this way is called semni-insulating GaAs and is used extensively
as & high-resistivity {10% to 10'° £ ) subsirate for GaAs devices. A simifur doping pro-
eedure is possible IN InP, With icon Laking vhe place of chramium

-t JUNCTIONS

Semiconductors used in devices are almost never uniformly doped. An under-
standing of devices requires an understanding of ronuniformly doped :mi-
conductors, particularly of structures called p-# junctions in which the doping
changeswith position from p-type ton-type within the same crystal. We consder
a semiconductor crystal inside which the doping changes abruptly at x = 0
from a uniiorm donor concentration n, 1o a uniform acceptor concentration
Nq. asin Figure 13.7a. This isan exampie of 3 p-a junction. More complicaied
device structures arc made up from simple junctions: a bipolar transistor has
wwo closely spaced p-# junctions, of the sequence p—n—p or a~p—i.

p-1t junctions contain a built-in electrostatic potential step V. even in the
absence of an externally applied voltage (Figure 13.7b). With no exterually
applied voliage, the electrons on the two sides of the junction sre in diffusive
equilibeivm, which meansthat the chemical poteatials (Fermi levels) of the twa
sides are the same. Because the position oi the Fermi level within the band
structure depends on the local duping, canstancy of the Fermi level forces a
shift in the clectron energy bonds in crossing the junction {Figure 13.7¢). The
shift isel,. The potential step of height ¢¥,; isan example of the potential siep
requited 10 equalize the total chemical potential of twe systemis when the
intrinsic chemical potentials are unequal, as discassed in Chaptee 3.

* R Zucer, L Apph Phys. 48, 1987 (1977). The coergy assigament issomew het uncertain,



Hy - n i
B p-n Junctions
ny -

(&) . We assume that the two doping concentrations ny, 1, lic in the extrinsic but
: nondegenerate range, as defined by

n; € Ny <« N ;€ n, € H,. {55}

glx} : : If the donors are fully ionizcd on the n side and the acceptors fully ionizcd on
the p side, then the etectron and hole concentrations satisfy

S Mo gL oM, oM, {56)
© ) L :
. : oneon then sideand the other on the pside. (We have dropped the superscripts
+ iron ng, 1.} Theconduction band energies on the i and p sides follow frem
(UK
& = 2 — tloglnfnd; (57)
By o= oqr— tloging/n) = n — tlog(nimn,), (58)
o by {22<} Hence
(c} : .
eV = &, — £, = tlog{nn,/n?) (59
or
el = 6, ~ tloglun,/nm,) {60)
For dopingconcentrations n, = 0.0tn, and », = 001n,, wefind e¥; = ¢, — 9.2z,
. which is091¢V insilicon at room temperature.
_ en, — A stepin electrostatic potential isrequired to shift the band edge energieson
{d) § the two sides of the junction relative to each other. The electrostatic potential
R (x} must satisfy the Poisson equation
_a 2 x '
“ (s1) ' Lo .- (51)
dx? T e

3
&
7]

Figure13.7 A p-n junction. (a) Doping distribution. 1t is assumed
that the doping chunges abruptly from a-type to p-type. The two P where p isthe space charge density and ¢ the permittivity of the semiconductor.
doping levels arc usually differcnt. {b) Electrostatic potential, The Space charge must be present whenever @ varies. In the vicinity of the junclion

built-in valage ¥ cstablishes diffusive e(Z]UI'|IbI’I um between the the chargecarriers nolonger neutralize the impurities asin the bulk material.
two rides with different electron concentrations as well as hole

coneenteations. (<) Encrgy bands. Becruse the Fermi fevel must be ' The space charge must be positive an the « ride and negative on the p side
constant throughOUL the structure, the bands on the two sides ars (Figure 13.7d}). Positive space charge an the n ride means that the electron

shifted relative (o €aCh other. {d) Space charge dipole required to concentration is less than the donor concentration. Indeed, as the conduction
generate the built-in voltageand to shifi the energy bands.
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band edgeis raised relative to the fixed Fermi level, {17} predicts an exponential
decrease of the electron concentration n,,

Take the origin of the electrostatic potential at x = — oo, 30 that (- o) = 0,
Then g{x} = £,{— w0} — ep(x), and (17) becomes
n(x) = neexpleplx)/l. {62y

The Poisson equation (61)is

4
X

o
[

P e .
o= ol nd] = =T eplepra]l (6

Multiply by 2de/dx to obtain

5 de A d {do\? Zeny d T
R L e O
fntegrate with the initial condition @ - «) = O;
dp\t - 2en, Tt '
(ﬁ;) i £ + o ;exp(etp,'r) . ‘ {65}

At the interface x = U we assume that'
—p0) = ¥, > t/e, {66)
where V, isthat part of the built-in electrostatic potential drop that occurs on

then side. The exponential on the right-hand side of {63} can be neglected, and
we obtain

E = [QengoV, — 1o (67)
forthe x component of the electric ficld E = —di/dx at the interface. Similarly,
E = {{Q2enfe}t¥, — /)], (68)

where ¥, isthat part of the built-in electrostatic potential drop that occurs on
the pside. Tlietwo E fiekds must be the same; fromthisand from V, + V, = Wy
we find

E Ny 4+ Ny

172
E= (35 - 2:/4) ’ (69)

Reverse-Biased Abrupt p-n Junction

The held £ is the same as if on the i-type side all electrons biad been depleted
from the junction |o a distance

e£ 1 2¢ n, yz
W, = 51: (ErT(V - t/e)) = (—;m(%i 2:[@) . )

with no depletion at }x] > w,. The distance w, is used in semiconductor device
theory as ameasure of the depth of penetration of the space chargetransition
fayer into the n Side.

Similarly, on the p side,

E tiz 2 n 12
iy = (;;;(V - rm) = ( R — lrfe)) D)

e nln, + ny)

The total depletion widih w, + w, is

e ‘ Vi —
v ( €, My 2r,’e})ﬁ _ AW = 2/} 72)
e Wy E
Hweassumen, = m; = 10 em ™% e = 10y and ¥,; — 2rfe = 1 volt, weiind

E=425 x 10*Yem~'and w = 470 < 10°3

Reverse-Biased Abrupt p-a Junction

Let a voltage V be applied ta a p~1 junction, of such sign that the pside isat a
negative vollage refativa to the s Side, which means that ¥ raises the poteatial
energy of the electronson the p side. This voliage wilt driveconduction electrons
from the p side to the » side. and holes from the # side to the p side. But the
psidcin bulk contains a very low concentration of canduction elections, and the
it side contains a very low concentration Of holes, consistent with the mass
action law. Asa result, very little current flows. The distributions ofclectrons.
holes, and potential are appreximately the same as if the built-in voltage were

increased by the applied voltage, Figure 13.8. The field at the interfuce is now
given by

2 N 51z
E = (: - ”: - T+ W) - 2:,’2]) , {73)
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Figure 138 Reverse-biased p-n junction, showing the guasi-Fermi
levels g, and pp.

and the junction thicknessis given by

IR | + W - 21/e]
w = (e Py v+ v - Zt‘/e]) = e {14}

In the semicondunor device literature we oftenfind (73) and (74) without the
term 2t/e, because certain approximations have been made zbaut tho space

charge and field distribution; We have solved the Poisson equation with the
correct electron dinribmion (62).

=

4.
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Curreat Flow: Drift and Diffusion

NONEQUILIBRIUM SEMICONDUCTORS
Quasi-Fernti Levels '

Whea a semiconductor is illuminated with light ol quantum energy greater
than the energy gap, electrons are raised Irom the valence band to the conduc-
tion band. The electron and the Liole concentrations ereated by illumination
arc larger than their equilibrium concentrations. Similar nonequilibrium con-
centrations arise when a lorward-biased p-n junction injects electrons into a
p-type semiconductor or holes into an n-type semiconductor. The electric
charge associated with the injected carrier type attracts oppositely charged
carriers from the external efectrodes of the semiconductor so that both carrier
concentrations increase.

Theexcesscarrierseventualiy recombine with each other. The recombination
times vary greatly with the semicanductor, from lessthan 1072 s tolonger than
107 5. Recombination tinyes in high purity Si arc near $0™*s. Even the shortest
recombination limes are much longer than the times (— 107 %5} required at
room temperatuse 10r the conduction electrons to reach thermal equilibrium
with each other in the conduction band, and foz the holes to reach thermal
equilibrium with each other in the valence band. Thus the orbital occupancy
distributionsef electrons and of holes are very close toequilibrium Fermi-Dirac
distributions in each hand separately, hut the total number 0i holes is not in
equilibrium with the total number of electrons.

We can express this steady state or quasi-equilibrium condition by saying

that there are different Fermi levels y, and p, lor the two bands. called quasi-
Fermi levels:

f
U+ eaplle — nyry’
T S
1 + expile — gy

Sler) =

{75}
Jile) =

Quasi-Fermilevels are used extensively in the analysis ol semiconductor devices.
Current Flow: Drift and Diffusion

If the conduction band quasi-Ferini level is at a constant energy throughout a
semiconductor erystal, the conduction electrons throughout the crystal arc in
thermal and diffusive equilibrium, and no electron current will flow. Any
conduction electron Bow in asemiconductor at a uniform temperature must be
caused by a position-dependence of the conduction band quasi-Fermi level.
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If the gradient of this level is sufficientlyweak, we may assume that the con-

tribution of conduction electrons to the total electrical current density is
proportional to thisgradient:

X, = grad u,. {76)

HerelJ, isan electrical current density, not a particle Rux density. Because each
electron carriesthe charge — e, we have

J, = {—e} % (electron flux density), (77

where the electron flux density is defined asthe number of conduction electrons
crossing unit arca in unit time. The close connection of (76) to Qhuw's law is
treated in Chapter 14. Becausc the flow of particles iskam high tolow chemical
potential, the conduction electron fluis opposite 1 grad p_, but because
electrons carry a negative charge, the associated electrical current density is

in thedirection of grad p,, We view grad g, as the driving force for thiscurrent.
For & given driving force, the current density isproportional to the concentration
n, of conduction electrons. Thus we write

3, = g grady,, {78)

where the proportionality constant j, is the electron mobility. The symbol 7,
should not be confused with the conduction band quasi-Fermi level, y..
If the electran concentration is in the extrinsic but nondegenerate range,

oo, Ko, , (7%

the cortduction band quasi-Fermi level 1s given by (1S), which can be written
in terms af the electron concentzation as

1, = ¢, T clogln ). (30)
Thur {78) becomes
‘}r = ﬁe”e graj £ + ﬁ:r graj Hpe {gi)

A gradient in the conduction band edge arises from a gradiznt in the efectrostatic
potential and thus frow: an ¢leciric field:

gradg, = —earadg = ¢E. 59)]

i DI e DU RO ot

Current Flow: Dirift and Diffusion

We introduce an election diffusion coefficient D, by the Einstein relation

D, = fle :} {83)

discussed in Chapter 14. We now write {78} or (81) in the final form

{ I, = efin,E + eD_gradn,.

(84}
There are two different contributions 1o the current: ene caused by on slectric
ficld and one caused by a concentration gradient.

Anatogous results apply toholes, with one difference. The valence band quasi-
Fermi level isnot the chemical potewtinl for hotes, but is the chemicud potaatial
for the clectrons inthe valence band. Holes nre missing electrons; st bole current
to the right is reaily an etectron current to the left. But holes carry & positive
tather than anegative charge. The two si gn reversals cancel, and we may view
grad p, asthie driving force for the contribution J, of holes to the total electrical
current densily. We write, analogously to {78),

Jy = funy grad . (8%}

Carrying through the rest of the argument leads to

J, = +efiynB — elygradny J {86)

as the analog of {84}, with the Einstein relation D, = ji,t/e. Note the different
signl in the diffusion term: Holes. like electrons, diffuse from hih to tew con-
centrations, but hole diffusion makes the opposite contribution to the electric
current, because holes carry the opposite charge.

T S D R T e L A T T e AT A T

7 S APPRMOERNR RSN SR Y I ML AN ST

Example: Infection laser.  The highest nonequilibrium carrier concentrations in semi-
ounduciers ooour in injection lasers. When by electron injection the ccoupntion fie} of
the lowest conductionband orbital becomes highee than the occupation f{g) of the highest
valence band orbital, the population is raid to he invected. Laser theory 1ells us that light

with @ quantum energy £, — £, = ¢, can then be amplified by stimulated emission. The
candition for population inverson isthat

Sled > file). {87)

With the quasi-Fermi distributions(75} this condition is expressed an

b~ > & — &, =&, ) (38)

TITTESTES
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Fiectron flow

114

TP

Figure 139  Double-heterostructure injection taser. Electroas flow from the
right into the active layer, where they form adegenerate lzctron gar. The
potential barrier provided by the wide energy gap oa the p side prevents the
clectrons from escaping to the left. Hales Aow from the lel into the anive

layer, but cannot escape 1o the right. When (88} is atlained, faser action
becomes possible.

For laser action the quasi-Fermi levels must be separated by more than the energy gap.
The condition (88) requires that at feast one of the quasi-Fermi fevels fie inside the band
to which it refers. This is @ necessary, but not a sufficient condition for laser operaticn.
An important additional condition is that the erergy gap isadirect gap rather than an
indicect gap The distinction is treated in solid state physics tens The most important
semiconductors with a direct gap are GaAs and 1nP,

The population inversion is most casily achieved in the deubie heterostructure of Fig-
ure 39; here the dasing semiconducios is embedded between two wider-gap semiconductor
regions of spposite doping. An exampte is GaAs embedded in AlAs. In such a steucture
shere is @ potential barrier that prevents the outflow of electrons to the p-type region, and
an oppesite potential barrier that preveats the outflow of holes to the: miype region,
Extept lor the current caused by the recombination iself, the electrons in the active fuyer
arc in diffusive equilibrivin with the electrons in the n contact, and the electron guasi-
Fermi level in the active fayer liner up with the Fermi level in the n contact. Similarly, the
valence band quasi-Fermi level lines up with the Fermi level in the p contuct. frversion
can be achicved if we apply a bias voltage Jarger than the voliage equivalenr of the active
layer encegy gap. Most injection lasers utifize this double heterostructure principle.

B s ——
e s i Bt e T

Curreat Flaw: Drift and Biffusion
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Example: Carrier recombination through an imparity level,  Elecirons and holes can re-
combine either by an electroa falfing directly into a hole with the emission of a photon,
or they can recombine through an impurity level in the energy gap. | he impurity process
is dominant in silicon. We discuss the process s an instructive example of quasi-equilibrium
semiconductor statistics. Consider an impurity recombination erbital at energy ¢, in
Figure 13.10. Faur transition processes are indicated in the figure, WC assume that the

rate R,, at which conduction elecirons fall into the recombination orbitals is described by
alaw of the form

Rn = (1 - fr}"a/zr » (89}

where f, is the fraction of secombination orbitals already occupied by an efectron (and
hence not available), and 1, is @ characteristic time constant for the capturc progess, We
assume the reverse process proceeds at the rate

ch = Jf;"c/’er » (90}

wherep !’ is the lime constant lor the reverse process. We take R, independent of the con.
centration of conduction electrons, because we assurne that u, << n,. The time constants ¢,

[ T

e f

Figure 1310 Electron-hole recombinaticn through
_ impurity recombination otbitals at ¢, inside the energy
" gap. o '

JYJ
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and! are reiated, becanse in equilibriumihe two rates R, and &, must cancel, Thug

n, 1~ fion,
IR ‘ on

wiih £, and », evaluated in thermal equilibrium,which means we use (i 7) fot 1,. We ignore

the spin multiplicity Of the recombination levels, Wiih the equilibrium Fenmi-Dirac
distribution for f,, we have

(= 2)f = expl (g = e} (92)
Thus (%%) becomes
x
-?-‘: = I:-Eéﬁuz'[“(s{ ~ g)fr] = 33;* . 93]

where n,* is defined a5 the conduction electron concentration that weuld be present iithc
equilibrium Fermi fevel g in {17) coincided with the recombination level. 1 (923 and (93)
arc inseried into {89) and (90), the nz1 electronsecombination rate becomes

Rz = R” - Rn = ;[(1 - j;)”r - r”(t]' {94}

The analogous recombination rate for holes is ohtained by the subslitttions

" ' * .
Rev ne: ne t I: —* R.lu "h; na * rh:

and
Lo l=fi 1= f ], (53)

Hese 1, is the lifetime of holes N the limit that al recombination centers are ocoupicd by
electrons, and #,* is, by definition,

m* = o exp] —~lg, — £} = nimt (96}

With these substitulions the net hole recombination rate is

Ry = [fimy — (1= ¥l o7

To steady state thetwo recombination rates Must beequat: R = B, = R. Equations {34}
and {97) are two equations {or the two unknowns f,and R, We eliminate f, 10 find

nty — 02

Ao, B — (98)
(. + nn + (2 + i,

Summary

This is the basie result of ihc Hait-Shockiey-Read recombination theary.® Applications
are developed in Problems LOand |1

SUMMARY

1 In semiconductors the efectson orbitals are grouped into a valence band
[completely occupied at t == ( in & pure semiconductor) and a conductian
band (completely empty at ¢ = © in a pure semiconductor). separated by
an energy gap. Electrons in the conduction band are called conductir =
electrons; empty orbitals in the valence band are calied holes.

2. The probability of occupancy of a band orbital with energy & is goverped
by the Fermi-Dirac distribution function

1

& = e

Here g isthechemical potential of the elections, calied the Fermi level.

3. The energetic location of the Fermi level in an electrically neutral semi-
conductor isgoverned by the neutrality caadition

n, — n, = An,

Here 1, and 5, are the concentrations of conduction electrons and holes,
and An is the excess concentration of positively charged impuritics over
negatively charged impurities.

4. A semiconductor issaid to be in the classical regime when n, « #, and
1y « 1, Here

ng, = 2m, Fe/2xh?

are the quantum concentrations lor electrons and holes; »t.* and ,* arc
effective masses for electrons and holes. in the semiconductor Iiterature,

an, and n, are called the effective densitites of siates lor the conduction and
valence bands.

* R.M. Halh, Phys. Rev. 87, 387{1532); W. Shockley and W. T, Read, Jr., Phys. Rev. 37, 833 (19382).
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5. In the classical regime

1

n, = nexpl —{e, — pifr],
ny = noexpl~{g - £.)/7]

where £, and ¢, are theenergies of the edgesof the conduction and valence
bands.

6. The mass action law states that in the classical regime the product
na, = 1)t = na,expl -z, /1)

is independent of the impurity concentration. The intrinsic concentration
a, isthecommon value of n, and n, in an intrinsic (= pure) semiconductor.
The quantity

is the energy gap.

7. A semiconductor is called s-type when negative charge carriers (=con-
duction electrons) dominate; it is caled p-type when positive charge
carriers (=hales) dominate. The sign of the dominant charge carricrs is
opposite to the sign ol the dominant tonized impuritics.

8. A p-u junction is a rectifying semiconductor steucture with an internal
transition from p-type 10 n-type. A p-un junction contains internal electric

fields even iN the absence of an appiied voltage. FOr an abrupt junction the
field at the p—n interfaceis

i2

Eo (‘EE Ay [(M + ¥y - 2?]8])1

€ My, + Ny

Here € is the permittivity, n, and n, are ionized acceptor and donor con-
centrations, and [ and ¥, arc the applied and the built-in reverse bias.

9. Theelectric current densities due to electron and hole flow are given by

J, = e E + el gradn,
g, = efinE — eD gradn,

Here ji, and , arc the electron and hole mobilities, and

eyl
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Problems

D, = jfit/e, Dy = fi,t/e

are the electron and hole diffusion coefficients.

PROBLEMS

|. HWeakly doped semiconductor. Calculate the election and hole coneenira-
tions when the net donor concentration is smal compared to the intrinsic
concentration, {An| « n,.

2 [Intrinsic conductivity and minimund conductivity. The electrical conduc
tivity is -

o= elnj, + nji 59)

where ji, and fi, are the electron and hole mobifitics. For most scniiconductors
ji. > Ji,. (@) Find the net ionircd impurity concentration An = »n,* — n,~ for
which the conductivity is a minimum. Give a mathematical expression lor this
minimum conductivity. (b) By what fzctor isit tower than the canductivity ofan
intrinsic semicanductor? (¢} Give numericul vatues ut 3W K lor $i for which the
mobilities are /i, = 1350 and i, = 460em? V=4 s™!, and lor InSb, for which
the mobilitiesarc fi, = 77000 and fi, = 750em? V¥~ 's~*, Calculate missing
data from Table 13.1

3. Resistivity and impurity concentration. A manufacturcr Specifies the re-
sistivity p = 1/o of & Ge crystal as20 ohm cm. Take fi, = 39W em? V™' 57!
and ji, = 190 cm? ¥t 57 What is the net impurity concentration a} if the
crystal is n-type; b) if the crystal is p-type?

4. Mass action low for high efectron concentrations. Derive{39), whichisthe
form of the law of mass action when n, is no longer smatl compared to ..

5. Electronand hole concentrations in In§b. Calculate n,, n,, and p — ¢, for
n-type InSh at 300 K, assuming 1#,* = 46 « 10! em™* = n,. Because of the
high ratio n,/n, and the narrow energy gap, the hole concentration is not
negligible under tiwess conditions, nor is the nondegznerate gpproximation
n, « n, applicable. Use the generalized mass action law (39). Solve the tran-
scendental equation fur n, by iterationor graphically.

6. Incomplete ionization of deep imparities, Find the fraction of ionized
donor impuritiesif the donor ionization energy islarge enough that Ae, islarger
than log(n/8r,) by severa timesr. The result explains why substances with
large impurity ionization energies remain insulators, even if impure.
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7. Built-in field for exponential doping profile. SUPPOSEe 1hai in a p-type
semiconductor the jonized acceptor concentration gt x = X, is n,~ = 1y << n,
and fails off exponentiaily to & value n,” = 1, » n; a x = x,. What is the
built-in electcic field in the interval {xy,x,)? Give nurmerical values for u,fn, =
10* and x; = x, = 10™*cm. AssUme T = 300K, Impurity distributionssuch
as this occur in the bare region oi many n~-p-n transistors. The built-in field
aids in driving the injected electrons across the base.

8. Linstein relationfor highelectron concentrations. Use the Joyce-Dixon
approximation {38) to give a series expansion of the ratio B, /fi, for electron
concentrations approaching or exceeding .

9 Injection laser.  Use the Joyce-Dixon approximation to calculate at T =

3W K the electron-hole pair concentration in GaAs that satisfies the inversion
condition {24}, assuming no ionized impurities.

18, Minorisy carrier lifetime.  Assume both electron and hole concentrations
in asemiconductor are raised by dn abovetheir equilibrium values. Define anet
minority carrier lifetime £ by K == duft. Give expressions for ¢ in terms of the
carrier concentrations n, and n,; the energy of the recombination level, as
expressed by 1, * and m,*; and the time constantss, and 1, in thetimits of very

small and very large values of &s. Under what doping conditions is ¢ indepen-
dent of &n?

1. Electror-hole pair generation.  Inside a reverse biased p-n junction both
electrons and holes have been swept .out. (a) Calculate the election-hole pair
generation rate under these conditions, assuming #,* = 5,* and t, = t, = I.
(b} Find the factor by which this generation rate is higher than the generation
rate in an n-type semiconductor from which the holes have been swept out,
but 1n which the electron concentration remains equal to#, ™ » n;. {c¢} Give 3
numerical valuefor thisratio for Si with »,* = [0¥*cm ™3,
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6. Flow Through a Tube
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7. Speed of aTube 421

f ant conscious af being anly an individunl strugghing weakly against the siregm
d time. BUt it still remains in my power to contribute in SUCh & way that, when
the theary of gases is again revived, not too much wili hace 10 be rediscotered.

L. Boltznann

o

Kinetic Theory of the ldeal Gar Law

In thischapter we give a kinetic derivation of the ideal gas law, the distribution
of velocities of gas molecules, and transport processes in gases. diffusicn,
thermal conductivity, and viscosity. The Boltzmann transport equation is
discussed. We als0 treat gases at very lOw pressures, with reference to vacuum

pumps. The chapter isessentially classical physics because the quantum theory
of transport isdifficult.

KINETIC THEORY OF THE IDEAL GAS LAW

Weapply thekinetic method to obtain anelementary derivation of the ideat gas
law, p¥ = Nr. Consider molecules that strike a unit area of the walj of a
container. Let v, denote the velocity component normal to the plane of the wali,

asin Figure I4.1. If a molecule of mass Af iS reflected specutarly (Mirror-like)
from the wall, the change of momerium of the molecule is

=M. )

Thisgivesanimpulse 2M|v.{ to thewall, by Newton's second law of motion. The
pressure on thewdl is

(momcmum change)\ /number of moleculas striking I
7=\ per molecule ( unit area per unit time

Let a{s )dp, bethe number of melecules per unit volume with the z component
of the velacity between o, and », + do. Here f{a{v)dv, = Nj¥ = n. The
number in this velocity range that strike a unit area of the wall in unit time is

a{vJv, dv,. The momentum change of there moleculesis —2Afr,afe. e, dv,, SO
that the total pressure is

p= f;’21\4&;,1(1{1!,)@z =M J._E:U‘za{(‘:)dt‘,. (3)

Theintegral on theright is the thermal average of v,? times the concentration,
sa that p = Mn¢u,*}. The average vaiue of §Mv,? is s, by equipartition of
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Figure 4.1 The change of momentum of a
molecule of velocity v which is reflected from
the wall of the comamer 1s —2Ms .

Chapter 14: Kinctic Ti.-coéy

‘ Pressure

.U/\u :

I ans
{
energy (Chapter 3). Thus the pressureis
= nM(r-:z} = nr = {N/V)z; plV = Nt {4}

Thisisthe ideal gaslaw.
The assumption of specular reflection isconvenient, but it isimmaterial to the

result. What comes into the surface must go back, with the same distribution,
il thermal equilibrium iSto be mainained.

Maxwelt Distribution of Velocities

We now iransform the encrgy distribution function of an ideal gas into a
classical veloeity distribution function. Often when we mean “speed” we shall
say “velocity”, as this is the tradition in physics when no confusion is caused,
In Chapter 6 we found the distribution function of an ideal gas 1o be

fed = Lexpl-efr) : (5

where fie,) isthe probubility of occupaney of an orhital of encrgy

o T 6
En“iﬁ‘f ()

in a cube of velume V = L' The average number of atoms With quantum
number between nand » + diz is(the number of orbitals in thisrange) x (the
probability such an osbital isoccupied). The number Of orbitals in the positive

gl £

Maxwel] Distribution of Velogities

octant of a spherical shell of thickness da in §{dmn?)dn, whence the desired
product is

Gt da)f(s.} = fmin? expl — £, fe)dn. (h

We take the spin of the atom as zero.

To obtain the probability distribution of the classical velocity, we must
find @ connection between the quantum number » and the classical velocity
of a particle in theorbital .. The classical kinetic enerzy $Mv? iseelated | 0 the
quantum energy (6)by

W2 fanh\? } ML
Mt = ;(f'l) D o= i n,  on= S %)

T

We consider asystem of N particles in volume V. Let N P(t)dv be thenumber of
atoms wish velocity magnitude, or speed, in the range dv at e This jsevaiuated
from (7) and (8) by setting dn = (du/dr)de = {MLhn)dv. We have

- i
NP(Yv = irin? exp(~&,/1) %g dy
i

fr\3
= %nf(%) v¥ expf — Mo/ 2e)d. {9)

hin

From Chapter 6 we know that J = 1i/ng = {NJLOY b3 M, 5o that the
fuctor standing 1o the left of £ hecomes

(931 3ag37 3 YRR
ANERMILT MY (10}
2NN RES)
Thus
Pip) = 3x{M/2n0) el eap(-- AMo?f2e) ‘ (n

This isthe Maxwell velacity distribution {Figure [4.2). The quantity Plr)dr isthe
probability that a particle has itsspeed in v at r. Numerical values of the root
mean square thermal velocity and the mean speed arc given in Table 4.1,
using the results ¢, = (3¢/M)V? and © = (Su,aM)V* fror Problem L.

™
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Figure .2 Maxwel! velocity distribution os @ o /
function of the speed N units of the most g T
probable speed ., = (2 t/A}'% Also shown 3 L — Y
arc the mean speed © and the root MEAN square & N
velocity v, -
=
0 i 2
_w
{2r /M2

Table 141 Motecutar velocities at 273K, 1n 10* cms™?

Gas s I Gar Prme E

H, 184 153 O, 46 42

He 131 121 Ar 43 40

H,0 62 57 Kr 2.86 2.63

Ne 5.8 5.3 Xe 227 209

N, 49 4.5 Fire electron 11860, 1013,

Experimental verification. The velocity distribution of atoms of potassium
which exit from the slit f an oven has been studied by Marcus and Mc¢Fee *
Thecurvein Figure 14.3 compares the experimental results with the prediction
ol {12} below; theagreement isexcellent. We need an expression for the velocity
distribution of atoms that exit from a small hole' inan oven. This distributionis
different from the velocity distribution within the oven, because theflux through
the hole involves an extra factor, the velocity component normal to the wall.
The exit beam is weighted in faver O atoms of high velocity at the expenseof
those a1 low velocity. In proportion to their concentration in theoven, fastatoms

® p. M. Mareus gnd J. H. McFee, Recent research in moleoular beanis, cd. |. Esterman, Academic
Press, 1955,

! In such experiments a reund hate is said to be small if the diameter i less than a mean freg path
of an atom in the gven. If the hele & BOF small in this sensc, the Row 6f &$ from 1t will be governed

AeILy YRIvytia

by the laws of hydrodynamic fow aid 194 by a8 kinctics,
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Figure 14.3  Measured transnission points and caleubted
Maxwell transmission curve for potassium atoms that exit from
asoven at atemperature 157°C. The horizontal axis is the transit
timeof the stoms transmisted, The intensity isin arbitrary units;
the curve and the pointsare normalized tO the same manimum
value Afier Marcus and McFee,

strike the walls more often than slow atoms strike the walls. The weight factor
is the velocity component v cos§ normal to the plane of the hole. The average

of cos & over the forward hemisphere isjust a numerical factor, namety 4. The
probability that an atom which leaves the hole will have a velocity between
vand v T dv defines the quantity Py, (vkls, where

Pbeam(”} == vp?\iuwell o ’)3 exp(w}\dvz/Zr) y (12)

with Pagewen given by (E1). The distribution (12} of the transmission through a
hole iscalled the Maxwell transmission distribution.

Collision Crass Sections and Mean Free Pathg

We can estimate the collision rates of gas atoms viewed s rigid spheres. Two
atoms of diameter d will collide if their centers pass within the distance d of
each other. From Figure 14.4 we see that one collision will occur when an atom
has traversed an average distance

fe 1nmd® {13)
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the mean free path under standard conditions:

W

— 1 — 1 — -5
= P T (B2 % 0 Fem e x 107 em3) 24 x 1077 em. (163)

Figuret4.4 (a) Two rigid spheres Will collide
it thelr centers pass within a distanced of each
cadi vther. (b) AN atom of diamezer d which
travels along distance L Will sweep out a
valume rd?L., N the sense that it Will collide
with any 80M whase center lies Within the
vofume. If n is the concentration of atoms, 1he
average number of atoms iN thiSvolume IS
and*L, This iSthe number of collisions. The
average distance between colliSons js

This length is about 000 times larger than the diameter of an atom. The
assoctated collisionrate is

3 =1
e 107cms™ " LI

I 710 em 5o (16b)

At apressure aof 107%atm or ldyneem ™2, the concentration of atorms s
reduced by 19~ and the mean [ree path isincreased to 23 cm. At 107 atm the
mean {ree path may not be small in comparison with tlie dimensions of any
particular experimental apparatus, Then we are in what iscalled the highyacunm
region, also caled the Knudsen region. We assume below that the mean free

path is small in comparison with the relevant dimension of the apparatus,
exeept in the section on laws of rarefied gases.

L {

- rz‘rﬁ = nnd?

TRANSPORT PROCESSES

Consider a system not in thermal equilibrium, but in a nonequilibrium steady
statewith aconstant Row from onecnd Of the svstem to the other. Far example,
we way ereate a steady stute noncquilibrium condition in a system by placing
opposite ends in thermal contact with large reservoirs at two diffecent tempera-
wheren isthe number of atoms per unit volume. The length | is called the mean tures. If reservoir t is at the higher temperature, energy will flow through ihe
free path: it isthe average distancetraveled by an atom between collisions. Our system from reservoir 1to reservoir 2. Encrgy flow in this direction will increase
result neglects the velocity of rhe target atoms. the total entropy oi reservoir 1 t+ reservoir 2 + system. The temperalure
We estimate the order of magnitude of the mean free path. If tlic atomic gradient in the system is the driving force; the physical quantily that is trans-
diameter dis2.2 A asfor hetium, then the collision Cross section 4, is ported through the specimen in this process is energy.
v There is a linear region in maost transport processes in which the flux is
a.= il = (344)(22 x 1073 em)? = 152 x 107 5¢cm, {14) L directly proportional to the driving force:

g ame et

The concentration of molecules of an ideal gasat 0°C and 1 aim is given by the flux = (cocflicicnt) x (driving.force) + {7
Loschmidt number ;
)

provided tlic fotce is not teo large, Such a retation is called a lincar phenome-
nological law, such as Ohiny's law for theconduction of electricity, The definition
of the fux density of aquantity A is:

e = 269 x 10%slomsem ™%, {15} ~.
defined asthe Avogadro number divided by the niolar volume at 0°C and 1 atm,
The Avogadro number is tlic number of molecules in one mole; the molar

J, = flux density of 4 = net quantity of 4 transporicd across
volume isthe volume occupied by one mele. We combine {14} and (13) to obtain

unit area in unit time. (1%}




Table 14.2  Summary of phenomenclogical transport laws

Approximate
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=
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d]
=€
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@ = electrostalic potential
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p = mass per unit volume

heat capacity PSi unit volume
thermal energy per unit volume
shear foree per UNit arsa B
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Particle Diffusion

The net transport s the transport in one disection minus the transport in the
opposite direction. Various transport kaws are summarized in Table 14.2,

Particle Diffusion

In Figure 14.5 we consider a system with one end in diffusive cantact with a
reservoir at chemical potential #y; the other end is in diffusive contact with a
reservoir at chemical potential y,. The temperature is constant. If reservoir |
is at the higher chemical potential, then particles will flow through the system
from reservoir 1 1o reservoir 2. Particle flow in this direction will increase the
total entropy of reservoir | 4 reservoir 2 + system.

Consider particle diffusion, ficst when the difference of chemical potential js
caused by a difference in particle concentration. The flux density J, is the
aumber of particles passing through a unit ar
ofisothermal diffusion js usuaily t
tion along the systemn;

ca in unit timse, The driving force
aken is the'gradient of the particle concentra-

J. = —Dgradn. {9

The relation is called Fick's law; here D is the p
diffusivity. :

Particles travel freely over distances of the order of the mean free path |
before they coflide. We assume that in a collision at position z the particles
come into a local equitibrium condition at the focal chemical potential #zyand
local coneentration #(=). Let I be the 2 component of the mean free path. Across
the plane at 2 there is 2 particle fux density in the positive z direction equal to
dn{z - 1)¢, and a flux density in the negative z direction equal to —ialz +
Lje,. Here niz — 1) means the particle concentration at z — I,. The net particle

article diffusion constant or

Reservoir 1
B

Figure 14.5 . Opposite ends of the system are in diffusive
contact with reservoirs at chemical potentials py and ;. The
temperature is constant everywhere b :
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Chapter 14: Kineric Theory

fiux density isthe average over al directionson ahesmisphere of

JF = G — 1) <tz + e = —%‘m_ (20)

We want to express the average value of ¢,f, in terms of 2. Here | = icos@
isthe projection of the mean free path, and ¢, == F<os @ is the projection of the
speed on the z axis. The average is taken over the surface of a hemisphere.

because all forward directions arc equally likely. The elemen: of surface area
iS2xsin 0 dd. Thus

2 f;"coslasin 0do
(O o e el (21)
so that
1
b= el ;;f (22)

On comparison with (19) we see that ihe diffusivity is given by

The particle diffusion problem iS the modet for other transport problems. In
particle diffusion we arc concerned with the transport of particles; in thermat
conductivity with the transport of energy by pariicles; in viscosity with the
transport of momentum by particles; and in electrical conductivity with the
transport of charge by particles. The linear 1ransport coefficignts that deseribe
the processesare proportional to tlie particle diffusivity D.

Let p, denote the concentratian or the physical quantity 4. If 4 iSa quastity
like charge or mass that has the same value for all the molecules, then the flux

density of .4 in the z direction is
N LEMIN (24

where (e3> is the mean drift velocity of the purticles in the 2 direction. The Jrift
velocity IS zero in thermad equilibrivm,

If A isaquantity like energy or momentum that depends on the velocity of
a malecule, then we always find a similar expression:

N PO S S

M\WJ

Theemal Conductivity

where f, isafactor with magnitude of theorder of unity. Theexact valueof f,
depends on the velacity dependenceaf A and may be calculated by the method
of the Boltzmann transport equation treated at the end of this chapter. For
simplicity we s&f f,, = 1 in this discussion. By analogy with (19) lor particle
diffusion, the phenomenological law for the transport of A is

I m ~Degradp, , {28)
with the particle diffusivity D given hy {223.

Thermal Conductivity

Fourier's law
3, = ~Kgradr {n

describes the energy llux density I, in termsof the thegmat conductivity K and
the temperature gradient (Figure 14.6). This form assumes that there isa net
transport of energy, but not of particles. Another term must be added if addi-

tional energy is transported by means of particle flow, as when electrons flow
under the infiuence of an electric field.

Theenergy fux density in tlie z direction is

5= plry {28)
where (v} is the mean dyift velocity; p, is the energy density. This result is
valid within a factor of the order of unity, as discussed. By analogy with the
diffusion equation, the right-hand side isequai 10

—Ddp fdx = - D{ép, jevildi/dx). (29}

I PR
Ruscrvoir 1 Ruservoir 2

T .
T 2

System

[

FHoure11.6 Oppasite ends of the system are in shermat
conlact with reservoirs at temperatures 1, and 0.

e ot ST
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This describes the diffusion of energy. Now ép,/Ct is just the heat capacity
per Unit volume, denoted by ¢,.. Thus

J, = —DC,gradr; {30

on comparison witk (27) the thermal conductivity is

31

The thermal conductivity ol a gas is independent of pressure until at very low
pressures the mean free path becomes limited by the dimensions ¢f the appara-
tus, rather than by intermolecular collisions. Until very low pressures are
aytained there is no advantage to evacuating a Dewar vessel, because the heat
lasses are independent of pressure aslong as(31) applies.

Viscosity

Viscosity isa measure of thediffusion of motentum parallel to theflow velocity
and transverse to the gradient of the flow velocity. Consider a gas with Row
velocity in the x direction, with the fow velocity gradient in the z direction. The
¥iseosity coefficient 1 is defined by

dr,

K= —nt = dip) (32)

Here v, is the x component of the flow velocity of the gas; p, denotes the x
componentolmomentum; and X, isthe x component of the shear {orce exerted
by thegason aunit area of the xy plane normal to the z direction. By Newton's
second law of motion a shear stress X, actson the xy plane if the plane receives
anet flux density of x momentum J_{p,), because thisflux density measuresthe
rate of change of the momesntum of the plane, per unit area.

In diffusion the particle Aux density in the z direction isgiven by the number
density # times the mean drift velocity ¢z.) in the z direction, so that J.7 =
n{v,» = — Ddnjdz In theviscosity equation the transverse momentum density
is nMu,; its flux density in the z direction is¢nMu, 3¢, >. By analogy with (26)
this flux density equals -- Ird{nMy,d-, within a facter of tlie erder of unity.
With g == nM asthe massdensity,

Jdkp) = prde)y = ~Dpdufds = —ndvfiz. 33)

-

Viscosity

Fhus, with I given by (23),

( = Dp = jpel (34}
gives the coefficient of viscosity. The CGS unit of viscosity is called the peise.

The mean free path isl = 1/ad?n from (13}, where d isthe molecular diameter
and n istihe concentration, Thus the viscosity may be expressed as

1§ = Mgf3nd® | (35)

which isindependent of the gas pressurc. The independence fails at very high
pressures when the molecules arc nca-_r_iy always in contact or at very low
pressures when the mean free path is longer than the dimensions of the
apparatus.

Robert Baoyle in 1660 reported an early observation on the pressure inde-
pettdence df the damping ol a pendulum in air:

Experiment 26. ... We observ’'d also that when the Receiver was full of Air,
the included Pesdulum contind'd its Recursions about fifieen mbstes (or &
quarter of an hour) before It Ieft off swinging; and that after the exsuction of
the Air, the Vibration of the same Pendulun {being fresh put into motion)
appear’d not (by @ minutes Watch) to last seusibly langer, SO that the event of
this experiment being oilier than we expected, scarce afforded us any other
satisfaction, thau thut of our aut havieg emiized 10 try if.

Although at first glance implausibie, this result is readily understood, With
decreasing pressure the rate f momentum-transfer collisions decreases, but
each colliding particle comes {rom fasther away. The larger the distance, the
larger themomentum difference ; the increasing momentum iransfer per collision
cancels the decreasing collision rate.

It is easier {0 measurethe viscosity tkan the diffusivity. 1§D = 5/p as predicted
by (34}, then & iszelated to g by

K = 58y /p. (36)

The observed values of the ratio Kp/nC, given in Table 14.3 are somewhat
higher than the value unity predicted by our approximate calculations. Im-
proved calculations of the kinetic coefficients K, p, 3 take account of minor,
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Tablel4.3  Experimeral values of K, D, . and Kp/nC, & OC and 1 awg

Gas  KijnmWem ™' K™? D,in¢m¥s~?

i ingpoise  KpmQ,

tic 158 - i56. 2.40
Ar 018 0.158 210. 2,49
H, 182 128 84. 191
N, 026 — §67. 191
Gy 027 — 189. 1.40

%oTe: Valoes of the thermal conductivity are at 300 K.

but difficult, effects we have neglected: sce the works cited in the general
references,

B e e etk 8 e e
BREIE eI T TR e

diffusivity of a particlesuspended in a liquid or gar is adifferent problem: the viscosity of
the solvent opposes the diffusion of the suspended particle. We Ard D & t/y, where D
refers to the particles and ¢ refess to theliquid, The StakeS-Eindein rets iqn fo, SUSPENded
paticlesis & = tffunk, where R is the radius of the Sphere in suspension.

LA At = = e 2 g
LA S S N ke @ PO e Vot S

Comment. The Quantity v = n/p is called the kinematic viscosity; if (34) kolds, v should
be cqual ta thediffusivity D, The ratio 4/p enters inta hydrodynamic theory arid into the
Reynold's number criterion for laminar flow.

| i it

Generalized Forces

The transfer of entropy from one part of a system to another is aconsequence
of any transport process. We can relate the rate of change of entropy to the

fax density of particles and of snergy. By anglogy with the thermodynamic
identity at constant volume,

1
do = - dt) - L | (37)
T I

we write theentropy carrent density J_ as

i

i
= 1), — g
Jo=2di =23, (38)

ALy e

Generalized Forces

Let & denote the entropy density; let #6/&t denote the net rate of change of
entropy density st a fixed position r. Then, by the equation of coutinuity,

Gafot = g, — divl,. (39)

in a unit velume element the net rateol appearance olentropy is equal o the
rate of production g, minus the loss — div J, attributed to the transport current.

In atransfer process U and N are conserved. The equatian of continuity lor
the energy density v is

W divay {40)
ol

the equation of continuity lor the pariicle concentration nis

f';‘ = —div],. (1)

Let ustake the divergence of J, m {38):

divd, = zd'i\.‘ 3, + I, . grad{l/)
T
- {pfrydiv g, — J, - grad(u/o). 42)

Let {37) refer to unit volume; we take a partial derivative with respect to time
to obtain the net rate of entropy change:

Zolard @)

We use (10)-(43) to rearrange (39) in & form suggestive of the ohmic power
dissipation:

e = J, - grad(l/o) T J, - grad{—u/r} ()

or
q, = ‘}u . Fn + Jn " Fn- (45)

Here F,and F, are generalized forces defined by

F, = grad{{/ty;  F, = grad{—p/1). (46}

£05
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Einstein relajion
In an isothermal process F, in (46) may be written as F, = {— I,7)grad u Of,
in terms of the internal and external parts of the chemical poiential, as

Fo = —(1/0{grad g, + gradp,,] {7

For an ideal gas u,, = tlog(n/ng), so that gradp,, = (v n)grada; lor an
electrostatic potential grad p,,, = g grad g = —gFE. Thus

Fo= =/t gradn — gE] {48)
Now the particle flux density also has twa terms, written as

Jo= ~D,gradn t ujiE , {49)

where B, is the diffusivity and 7 is the mobility, which is the drift velocity per
unit electric field. The ratio of the coefficientsof grad n to E is i, /nz in (49)
and z/ng in (48}, These ratios must be equal, so that

| D=t (50)

U |

which is called the Einstein relation between the diffusivity and the mobility
far aclassica gas.

WU — U — et
T YT | siAmcane TR

T TV

Comment. We gain an advantage, |0r reasons related t0 the thermiodynamics of irrevers-
ible processes, if we use F, and F, in (46) as the driving forces [OF the linear transport

processes. We write
J|-| = L“Fu + LIZFn; Jn = LllFu +L11Fn L] {51}

The Onsager relation of irreversible thermodynamics is that

LB} = Ly(—B) (52)

whete B is the magnetic fild imensity. 1t B = 0, then Ly = L, always, For (52) 10 hold.
thedriving forces Fmust b¢ defined as in {46}, Other definitions of the forces are perfectly
valid such as the pair grad + and grad #, but do NOt pecessarity lead o coefficients L that

sphisfy the Onsager relation. Far a derivation see the book by Landauand Lifshitz cited
N rCenMMBreferences,

eihiad -
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Kinetics af Detailed Balance

KINETICS OF DETAILED BALANCE

Consider a system with two states, one at energy A and ane at energy — A.In
an ensemble of N such systems. &% arec at A and N~ azre at --A, with N =
N* 4 N7.Toestablish thermal equilibrium there must exist some mechanism
whereby systems can pass between the two states. Consider the rate equation
for transitions into and out of the Upper stae:

UN*jd = aNT - BNT, (53)

where , § may he functions of the temperature. The transition rate Irom = to
t isdirectly proportional to the number of systems in the = state. The transi-
tion rate lrom -+ to — isdirectly proportional to the number of systems in the
+ state.

In thermal equilibrium (4N Jdty = 0, which can besatisfied only if
aff = {NTI(NT) = exp(—-24/T), 134)

the Boltzmann factor. This result expresses a relation between x{r) and B{z} that
must be satisfied by any and every mechanism that assists in the transitions. 4s
an example, suppose that the transition + -» — proceeds with the excitation
ola harmonicoscillator Irom a state olenergy sz to a slate of energy {s + 1)e;
in the inverse process — -» t the oscillator goes from sz to (s— 1)e. In the
quantum mechanical theory of the oscillator it isshown that

B _ Problsss+ 1) st

aumb[sh¢5%1}M s

for the excitation and de-excitation of the oscillator, 2 result derived in most
texts on quantum theory. The value of ¢s) is found from the Planck distribution:

L | = exple/t)
() = exple/n) — 1 <2 T explefey - |
so that, with ¢ = 24 to conserve energy.
aff = {sy/{s T 1y = exp{—24f1). (35)

This satisfies the cendition (54).
Theprincipleofdetailed balanceemergesas a generalization ol this argument:
in thermal equilibrium the rate of any process that leads to a given stale must
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equal exactly the rate of the inverse process that leads from the state. One Here f; is the distribution function in thermal equilibrium. Do not confuse 1,
common application of the principle isto the Kirchhoff law Tar the absorption

lor relaxation time with 1 lor temperature. Suppose that a nonequilibrium
and emission of radiation by asolid, alrexdy discussed in Chapter 4: radiation _ distribution oivelocitiesisset up by externa forceswhich are suddeniy rcmorcd.
of a wavelength that is absorbed strongly by a solid will also be emiited The decay of thedistribution towzrds equilibrium is then obiained from (61) as
strongly—otherwise the specimen would heat up becauseit could not come into

thermal equilibrium with the radiation. Af-rL -5

62
€t 1, 3

ADVANCED TREATMENT: - L - o .
B’OLTiL\'IANN TRANSPORT EQUA‘HON . if we note that e/t =10 by definition of the equilibr%um distribution. This
: equation has the solution
Theclassical theory oftrarspert processesis based on the Boltzmann transport
cquation. We work in the six-dimensional space of Cartesian coordibates r and _ = Joh = Uf = Sahwoexpl=t/c) 63
velocily v. The classical distribution function f{r,¥) iSdefined by the relation It is not excluded that +. may beafunction of r and v.
Jirs)drdy = aumber Of particles in dr dv (56) ] We combine (56}, (G0), and (61} to obtain the Boltzmann transport cquation
: : . in the relaxation time approxinution:
The Boltzmann cquation isderived by the following argument. We consider
the cffect of a time displacement dt an the distribution function. The Liouvitie
theorem oOf classical mechanicstells usthat if we foilow a volume element along

%L:+agrad. Sy gad, f= L~1o

. (64}
T‘
aiflowline thedistribution isconserved:
S+ dor T dey b dvy s ey (57) ¥ In the steady state &f/¢t = O by definition.
in the absence of collisions. With collisions ' Particle Diffusion
N . . Consider an isothermal system with a gradient of the particle concentration.
JU + dry Todey b d8) — (108 = A omm00 (58) i The steady-state Baltzmann transport equation in the relaxation time approxi-
Thus - i mation becomes
i .
di(éfjery + dr. grad, [+ dv. grad, f = d(Zf/81), . (59) vedfldx = —{f = foll%e> )
Let a denote the acceleration dv/d:; then ; where the nenequilibrivm distribution function f varies along the x direction.
We may write (65} to first arder as
L .l - 66
Effee + v . grad, f+ x- grad. f =/ {60} - fr= fo = waedofibe 9

wherg we have replaced &f/dx by df,/dx. We can iterate to obtain higher ordey

This is the Boltzmana transport cquation. solutions when desired. Thus the second order solution is

Inmany problemsthe collision term {5f7ét), ., may be treated by the introduc-
tion ol a relaxation lime t (¢,v}, defined by the equation

fr= fo = vetedfyfdy = fy — v dffde + v tr 2 di o fde (67

B

A"

iy

(& /et = —~(F — falfte. H33) The iteration is necessary lor the treatiment of nonlinear effects.
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Classical Distribution

Let fg be the distribution function in the classical limit;

Jo = exp[{p — gy}, {68)

as in Chapter 6. We are ay liberty to take whatever normalization for the
distribution function is most convenient because the transport equation is

linear in f and f,. We can take the normalization as in (68) rather than as in
(56). Then

dfofdx = (fofdu)dpfdx) = (oo dufels) , (69)

and the first order solution (66) for the nonequilibrium distribution becames

S = fo = e o/ dpgdx), {10)

The particte flux density in the x direction js

Jr= fesome, (1)

where D) is the density of orbitals per unit volume per unit energy range:

_ NIVACL
Die) &?47{5(?) el (72)

as in {7.65) for a particle of spin zero. Thus

17 = [o,;DleMe — (duidy) fo2 e fo D (73)

The first integral vanishes because v, is 2n odd function and £, is an even func-
tion of v,. This confirms that the net particle flux vanishes for the equilibrium
distribution f£,. The second integral will not vanish,

Before evaluating the second integral, we have an Opportunity to make use
of what we may know about the velocity dependence of the relaxation tims T..

Only for the sake of example we assume that z, is constant, independent of
velocity; T, may then be taken out of the integral;

J = —(dp/dx){z 1) fv,’fu‘D(s)a'e. (714)

R

e A N,

Fermi-Dirac Distribution

The integral may be written as

NI TEIS m;ﬁ 61949 dew o | (1)

becase theintegral is just th i kinctic ¢ cnegg deosity 3 1 ofthepa 4 fes, Bae

Yok le =nis the comentrrion. T he pable flux de s ityis
JE o ROdufds) = —(z/An Ndoy, (B

because ¢ = tlogn + co rsten . The reu [ {76)d of thie fomof the S Msion
equation with LNe d HTuniviily

D =; t/M = v, {77

Anolhe(;posgblc assum.ption ggout 1he.“ lagtio timeislal i is inversely

proportio altothe velocity, as inq. = I/, ergdhe meanfree p ah! isconstant,
stead of| 74) we have

T = (@i [ g Dieye (78)

and now the integral may be written as
%fvj}]‘f)(s}ds = iz, (79

wheze T is the average speed. Thus

I = —Ytenfr)du/dx) = —3Ie(dn/dx) (80)

and the diffusivity is

(=]
It
iee
1

(81}
Fermi-Dirac Distribution
The distribution function is
R — 32
o~ explle — ] + 17
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To form dfy/dx as in (69} we need the derivative dfy/dpe. We argue below that

dfoliln = (e - i, {83)
at low temperatures © « g Here 6 s the Dirac delta function, which has the
property lor a general function Flg) that

I:CF(a)é(a — )de = Flg). (34)

Now consider theintegral [ Fiejdf, /dyle. At low temperatures dfy/dy isvery
large for & = u and issmall esewhere. Unless the function F(g) is very rapidly
varying neaf g we Ny take Fig) outside the integral, with the value F{pu):
[ Fedaornde = Fip [ fosdite = = Fig [ (fofiede
= ~ Pl A8 = Ffi0), (85)

where we have used dfy/dp = —dfy/dz. We have also used f; = 0 for e = w.

At low temperatures f{0) = 1; thus ihe right-hand side of (85} is just F{u),
consistent with the deltafunction approximation. Thus

dfofdx = 3e — p)dufdx. {86}
The particle fux density is from {71}

37 = ~{hy)e, [ 2250 - wOEMe , @n

where 1, is the relaxation time at the susface & = 3 of the Fermi sphere. The
integral has the value

20302 = i, : (8%}

by use of D{u) = Inf2e; at absalute zero. from (7.17), where gr = by
definesthie velocity ¢y on the Ferrni sutface. Thus

S5 o= =t adptdx, (89
At absolute zero u(0) = (A% 2m)(3z%ny" *, whence

dpfide = (AR 230 M dn/dx
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Laws of Rarefied Gases
S0 that (§7) Beomes
| IS = — Qe 3mep dnjdx = —fv;r’rc dnfdx. 1Y
The diffusivity isthe coeflicient of dufdx:
D = ez, 92)

closely similar in form to theresult {77} for the classical distribution ef velocities,
In (92) the relaxation timeis to be taken at the Fermi energy.

W e see we can solve transport problems where the Ferm:i-Dirac distribution
applies, asin metals, aseasily aswhere theclassical approximation applies.

Electrical Conductivity

The isothermal electrical conductivity a folipws from theresult for the particle
diffusivity when we multiply the particle flux density by the particle charge g
and replace the gradient du/dx ol the chemical potential by the gradient
gdg/dx = ~gE, of the external potential, where £, iSthe x companent of the
electricfield intensity. The electric current density followsfrem (76):

J, = (ng’r /m)E; = ngtjm , {93)

lor a classical gas with relaxation time «.. For the Fermi-Dirac distribution,
from (893,

J,o=lngltmiE; o = ngie/m. (94)

LAWS OF RAREFIED CASES

Thus far in this chapter the discussion of transport has assumed that the
molecular mean free path is short in comparisen With the dimensions of the
apparatus. Al a gas pressure of 13~ %atm a1 room temperature, the mean free
pathof amoleculeisof the order af 23 ¢m. The dismeter vf a laboratory vacuspm
system connection may be of the order of 25 cm, thus of the order of the mean
free path. We may usefully draw a line here and denote pressures lower than
| x 16~ %atm as high vacuum. This pressure is approsimately 01N m™* or
1x 107%kgem™ or 76 x 10" *mmHg or 76 x 10 *terr. The Knudsen
tegion of pressures iSunderstood to be the region in which the mean free path
is much greater than the dimensions of the apparatus. A knowiedge of the
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Chapter 14: Kinetic Theory

behavior of gases in this pressuce region is important in the use of high vacuum
prmps and allicd equipment.

The terminology recommended by the American Vacuum Society isexpressed
in terms of torr, where 1 tosr = 1 mm Hg= 1333 x 10 bar = I333Nm"? =
1333dyneem™; here 1 bar = 108
Then:

w3

dyneem™* = 0.987 standard atmospheres.

high vacuum 1073-107° torr

very high vacuum 10751079 torr

uftra high vacuum  below 1677 tosr.

Flow of Molecules Through a Hele

In the Knudsen regime we do not need 1o solve 4 hydrodynamic flow problem

in orders to gel the rate of efftux of gas molecules through a hole, because the
malecules do not see cach other, We have mercly to caleulate the rate J, at

which molecules strike unit area of surface per unit time. We find for the flux
density : : :

{95)

where 1 is the concentration and  is the mean speed of a gas molecule. To
prove {95}, consider & unil cube containing n molecules. Fach molecule strikes
the +z {ace of the cube {7, times per unit time, so that in unit time 1%, molecules
strike unit area.

We salve for 7, in terms of 2. Because ¢, = ccos (), we require the average of
cos§ over a hemisphere: -

n J‘mcos faidd
{cosd > hﬁr;ﬁﬂ =_. : (36)

2n | si naip 2

Therefore 7, =7a nd (95) is obtai ed. Th exp ression ($5) for the fJux forms
the bast for maye alculations of g s flow iva cuum physics in the Knudsen
Tegime,

If 4isthe a® of t  hole,

lotal part
molecules per ufit time, is

flux, which is the mumber of

T =1t = aS (97 .

VG Ay eyt

Flow of Mulecules Through a Hole

where

S = LAE {98}
The conductance S of the hole is defined as the volume of gas per unit time flowing
through the hole, with the volume taken at the actual pressure p of the gas, The
conductance is usuaily expressed in liters per second. For the average air
molecule &t 7 = 300K we have & = 4.7 x [0%em s71; for a circular hole of

10 cm diameter, (98) leads to a conductance of 917 literfsec, roughly 1000
liter/sec,

For a hole with a given conductance the total particle flux is proportional to

the concentration u or, becanse p = &, lo the pressure p:

2. (99)
Here we have defined the quaatity
Q=ps, {100)

sometimes called the throughput, which is widely used by vacuum physicists as
a convenient measure of the flow. The quantity @ is numerically (not dimen-
sionally) equal to the gas volume flowing per unit time, but referred to the
volume at unit pressure, in whatever units are used to ex press pressure, Vacuum
physicists like to express pressure in torr, hence they usually express flux in
torr-liters per second. From the ideal gas law one finds that 1 torr-liter at
300K is equivalent to 5.35 x 1075 mole or 3.22 x 10'® molecules.

Our calculations have expressed the fiow of gas through a hole into a perfect
vacuum. With gas on both sides, the net flux from side [ to side 2 wili be

z ¢
AD = LA(n,E, — n,7) = .{Eiﬁ_‘ p_u). (1o1)

T 12

The condition for zero net flux —

ﬂmﬁ?=cﬂ” (102)
Pz Tz¢ L]

w ng te proportionality of #to t' !, In the K cudsen regione equal pressures
(!5 no t mply zero net flux if the teodp—atures on the two sides are different.

AI equd pressures gas will flow frant):e cold side to the hot side; zero gas
fio  requires a higher pressure on thelll side.

4i5



Chapter 14: Kinctic Theory

Hz, = 1,, Eq. (101) can be written

i 13
AD ={m; — n)5 r-..;(p, —pz)Sm-‘EAQ ,

(103)
where

AQ = p, 8§ — p8S =0, — ;. (104
L T T T T T R T T T

Exawple: Flow through along tube. \We assume that the molecutes which strike theinner
wail of the tube are re-emitted in al directions; that is. the refiection at tlic surface is
assumed 10 be diffuse. Thus when there s a net flow there is a net momentum transfer to
the tube, and we must provide a pressure head to supply the momentumteansfer, Let u be
the veloity component o the gas molecules parallel to the wali before striking the wall.
We estimate the momentum transfer to the wall on the assumption that every collision
with the wall transfers momentum M <), The rate of flow down the tube is ndu), wherg
A isthe area of the opening, The rate @ which molecules strike the wall is, from (95}

aldng, - . {103)

where dis tlic diameter and L. the tength Of the tube. The mamentum tsansfer 10 the tube
must equal the force due 10 the pressure differential Ap:

LeLdneMdu) = A Ap. (106)
We solve for the flow velocity ¢u) to obtain

Ap 1 44 Ap 1 d

R ta _ap L& a7
n Ménld n ML {an
The net flux is
Ad Ap
Al = = e = § 108
A = Ap g = 8 HOS)
T Ad
o = 109
S = ¢ AD/Ap Wil . (109

is the canductance Of the tube, defiaed analogously to the conductance of a hote, Eqg. {97).

SETCPRPINY ST v
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Speed d a Pump

A more detailed calculation, with averages aver the velocity distribution taken mare
carefully, leads 1o & condustance differing Trom (109) by a fuctor 8/3x:

8 tAd 2rd?
S = 30 = AL (110

The conductancs of a tube vannot be larger than that of a hole with thesame area. From
(98), {110}, and {121} belaw,

32 4d
SrubelShote = oo s
SuwvelShoie = 30 g7aE7 < 51 iy
This ratio will be larger than unity for 3L < 4 ln writing (106} we assumed implicitly
that every malecule hits the tube wall, This will not be truc for a short tube. For our result

to be valid we must suppose that the tube is long enough to make the ratio {111} be small
eompared to unity, which means

L {d {112}

Using our earlier example for the ¢conductance of 2 hole. we find that the conductaace of
alubet meter longand 10 em in diameter is about 122 literfsec, for sir at 300 K.,

' T ¥ - e,
FRATATAR Y LS 1 0 A Ao P £ Ry R I W)
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Speed oi a Pump

The speed of 5 pump isdefined similarly tothe conduciance oi aholeorol atube;
it is defined as the volume pumped per unit lime, with the volume taken at the
intake pressure of the pump. The same symbol § is used as for conductance;
somelimes the conductance of an apertureor atube s referred to as its speed,
The product Q = pS for a pump is often called the throughput of the pump.

1fa pump of speed 5, evacuates a vacuum system through o tube of conduc-
tance S,, the effective pumping speed 3, of thecombination isgiven by

1 1 +
Self B Sp

1 —

. (113)

oy

1

just aslor the conductance of two electsical conductors in series.

Proof: Lel p, denote the pressure at the input ¢nd of the tube, and let 2

denote tlic pump intake pressure at tlic output end of the tube. Contiuuity of
flux requires that

P15 = (7~ S, = piS, (4
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so that

'\':!!'t:
[l oy

S, 58, {1 1
- Ser S, bp(§ - 3:) ‘ . )
equivalent to{113).

The relation {113) lor §,,, explainswhy in high vacuum systems the connec-
tions between the pump and the vessdl to beevacuated must beasshort and of
aslarge adiameter as possible. A long and narrow connecting tube makes poor
use ol ahigh speed pump. Further, thespeed of the pumpizself cannot be larger
than the conductance of its awr aperture.

How rapidly docsa pump with efiective Speed § evacuate avolume V? From

the ideal gaslaw pV = Nz, and from the definition of pump speed analogous
to Eq. (99)we find

s
u\(/g = %u, {116)

If the pump speed is independent of pressure, this differential equation hasthe
solution

o) = pjexp(—tfte); 1o = ¥/S. (117}
For a volume of 100 litersconnected to a pump with a speed of 106 fiter/sec, the
pressure should decrease by 1'e per sceond,

Any user of vacuum techaoclogy soon discovers that the pumpdown of a
vacuum system proceeds much more slowly in the high and ultrahigh vacuum
regions than expected on the basis of pumping speed and system volume. The
desorption of surface gas predominates— oftenby many ordeis of magnitude-—
over volume gas. The surface emits adsorbed molecules as last as the pump

evacuaies molstules from the volume,
SUMMARY
1. The probability that an atom has velocity in du at » is

Ploddo = $={Mf2nt)?6? exp{— Me*20dv ,

Vthe Maxwe]l velocity distribution.

P A e
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Problems it

2. Diffusion is described by

J, = —Dgradn; D =&t

where © iSthe mean speed and | isthe mean free path

3. Thermal conductivity isdescribed by

J, = —~Kgradr; K =il ,
where €, refets to unit volume.
4. The coefficient of viscosity isgiven by
w'= 8P,

where p is the mass density.

3, According to the principle of detailed balance, in thermal equilibrium the
rateof any processthatleadsto agivenstate must equal exactly the rate of the
inverse process that leads from thestate.

The Boltzamann transport equation in the relaxation time approximation is

J-1

T,

il
:f‘t-+a-grud,f+v-grad, J=-

<

7. The clectsical conductivity of a Fermi gas is

o = ng*t.fm ,

where 1, iS the relaxation time.

PROBLEMS

|, Mean speedsin a Afaxweflian distribution. (a) Show that the root mean
square yelocity vy, is

v, = (oM = (3MYVE, (118)

Because (¥* = {p,*> + () T {5,*> and {v,"> = {v,*) = {v,*}, it fol-
tows that

DY = MR = 0, ()
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The results can also be obtained directly from the expression in Chapter 3 for

the average kinetic energy of an ideal ges {h) Show that the most probable
valueof the speed vy, is

D = (21/MP2, {120)

By most probable value of the speed we mean the maximum of the Maxwell

distribution as a funwtion of ». Noticethat e, < v,,.. (c) Show that the mean
speed Z is

T = fo” drLP{e) = (82/xM)V2, (21

The mean speed may also be written as (J4{>. The ratio

Vo T = 1086, (122

(d) Show that 7., the mean of the absclute value of the z component of the
velocity oian atom, is

oD =1e - {ﬁr/n;‘si)”z.. S {1.23)

2. Mean kinetic encrgy ina beam. " (o) Find the mean kinetic energy in o beam
of molecules that exits froma smatl holein an even at temperature . (b} Assume
now that tk:e moleculesarecollimated by asccond hote farther down the beam,
so that the molecules that pass through the second hole have only a small
velocity component normal to the axis of emission. What is the mean kinetic
energy? Conment : The molecules in the beam do not collideand are not in real
thermal equilibrium afier they have exited rom the oven. The gas feft in the
oven jsdepleted with respect to fas: molecules, and she residual gas witl cool
down if it is not rehieated by heat flawingin through the walls of the even.

3. Ratio d therwmal te electrical conducriviry.  Show for a classical gas of
particles of charge 4 that

Kfte =32,  or  KiTa = 3kz*/2¢ (124

inconventional units lor K and 7. This isknown asthe Wiedemann-Franz ratio.
4. Thermal conductivity of metafs, The thermal conductivity of copper at

room temperature islargely carried by the conduction electrons, one pcr atom.
‘The mean free path of theelectronsat 300K isof she order of 400 x 10 ®cm.

Lk
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Problems

The conduction electron concentration is 8 x 10"* percm". Estimate (a) the
electron contribution to the heat capacity ; (b} the electronic contribution to the
thermal conductivity; (C) the efectrical conductivity. Specify units.

5. Boltzmann equation and thermal conductivity. Consider a medium with

temperature gradient dt/dx. The particle concentration is cotistant. (a) Employ

the Boltzmann transport equation in the relaxation time approximation to
find the first order nonequilibrium classica distribution:

3 £ dt
N ) (125)

(b) Show that the energy fiux in the x directionis

(t'I 2 3E Ez
TR TR 126
I (dx)r‘ J‘t’ ( It + {z)fog(s}ds s {(126)

where n,2 = 2g/3m. {c) Evaluate the integral to obtain lor the thermal conduc-
tivity KX = Sntx /.

6. Flow through a tube. Show that when aliquid Rowsthrough a narrow tube

under a pressure difference p between the cads, the total volume flowing through
the tube 10 unit thue is

V = (ra*/3L)}p , (127)

where 3 isthe viscosity; L isthelength; a is the radius. Assume that the flow is
laminar and that the flow velocity st the walls of the whe jszero.

7. Speed of a rube.  Show that for air at 20°C ihc speed of atube in liters per
sccond isgiven by, approximately,

{128)

where the length L and diameter 4 are in centimeters; we have tried to cotreet
for end effects on 3 tube of finitelenath by treating the ends as two halves of a
hole in series with the tube.

R it
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Chapter 15: Propagation

The purpose of this terminal chapter isto bring within the compass of the text
the most important problems in the propagation of heat and the propagation
olsound, both ¢lassicaf subjects that are part of an education in thermal physics.

HEAT CONDUCTION EQUATION

Causider first the derivation of the diffusion equation, which IS found from the
Fick law (14.19) for the particic lux density:

J, = —~D,gradn | m

where D, s the particle diffusivity and i the particleconcentration. The equation
of continuity,

a .
Ei;% divJ, =0,

assures that the number of particles is conserved. Because div grad = W2,
substitution of {1} in (2) gives

cu 2
5 =DV (3

This partial differential equation describes the time-dependent diffusion of ihe
particle concentration u,

The thermal conductivity equation is derived similarly. By {14.27-14.30) we
tave in ahomogencous miedium

J,= —~Kgradr. {4

The equation of continuity for the energy density is

P e e
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Dispersion Relation, s Versus k

where € isthe heat capacity per unit volume. We combine (4) and (5)tooblain
the heat conduction equation

ot -
a-D‘V T:

D, = KJC. &)
This equation describes the time-dependent diffusiont of the temperature. The
equation is of the form of the particle diffusion eguation (3). The quantity £,

iscalledthe thermal diffusivity; lor agar it isapproximately equal to the particle
diffusivity, as in (14.23).

v SUOTTN PR ST -

Comuwent,  The eddy curent equation of clecttomagnetic theory® has the sune form as
(3) aued (6} H B &5 the magnctiie fisld intensity, then

M pvs @
¢t

The constant Dy may beecalled the magnetic diffusivity and in S1 is equal to You: in CGS,
Dy = c¢Yjdnaw |t has the dimeasions length) (time} ™! and is directly proportional to the

(skin depth)? times the frequency. When we have solved one equation, say (3), we have
sobved three problems.

e et T g o
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Dispersion Retation, & Versus k
We look for solutions of the diffusivily equation

DV29 = (0/ct (3}
that kave thewavelike form

@ = Ogexplitk-c — wt)], &

with wasthe angular frequency and k as the wavevector. Plane wave anuslysis s
an excelleat approach to this problem, even though it will turn gul that the
Jiffusion waves or heal waves are so highly damped that they are hardfy waves

Sez, for cnample, W. R Smythe, Stutic and dynamic eleriricity, MeGraw-Hill, 3rd cd,, 1968, p. 249,
This book has an unusuudly full weitment of eddy current problems.

425



428

Chapter | S: Propagation

at all. Substitute {9} in (8) to obtain tlic relation between k and w:

DR = jw, {10
A refation ex(k) for a plane wave iscalled s dispersion relation.
Penetration of Temperature Oscillation
Consider the variation of temperature in the semi-infinite medium z - (when
the temperature of the planer = 0 is varied periodicaly with time as
0{0,1} = 9 cos 001 , {11}

which is the real part of J,exp{—iwn), for real &,. Then in the medium ; = ¢
the temperature is

0{z,t) = G5 Refexplifkz = wn)]}
= 0, Relexpli*(w/D}y 1z = fwt]} s (1

where Re denotes real part and i"™ = {i = 1y/3. Thus, with § = (2D/w)1,

0(z,1} = 6, Relexp{—z/8yexpli(z/8) — iwt]}
= Byexp{—z/8)coslwt — 2/5). {13)

Thequantity 6 = {2b/w)*? has the dimensions of alength and represents the
characteristic penetration depth of the temmperature variation: at this depth the
amplitude of the oscillations of # isreduced by £~ !, The characteristic depth is
caled the skin depth if we are dealing with the eddy current equation. The

wave is highly damped in the medium—the wave amplitude decreases by ¢!
in adistance equal to a wavelength/2x.

If the therma) diffusivity of soil istakenasD = 1 x 10~*cm?s™ !, then the
penetration depth of thediurnal cycle of heating of the ground by the sun and
cooling of the ground by the night sky (w = 0.73 x 107 %57 !} is

L{diurnal) = 2D/w)'"? = Scm.

For theannual cycle,

Lfannuall = Im

2 w...m'n"u)

Sk b
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Development of a Pulse

A layer of 10cm of carth on top of a eellay will lend 1o average out day 'night
varintions of surface temipecature, but the summer/winier variation o the top
of tlic cellar requires severad meters Of ewrth, Actual vilues of the thermud
diffusivity arc sensitive ta the composition and condition of the soil or rack.
MNotice that 3 figure of merit for cellar construction involyves tiC thermad
diffusivity, and not the conductivity alone.

Development of a Pulse

In addition to the wavelikesolutionsof the form (9}, the diffusion equation has
several other useful forms of solutions. We confirm by insertion in {8} that

O(x,7) = (d4aD1}" 1 oxpl — x*/4D1) (1)

isa solution. The proportionality fuctor has been chosen so that

{7 00 dx = 1. (15)

Thesolution (14} correspondsto thetime development of a pulsewhich att = 0
has theform of a Dirac delta function 8({x}, sharply localized at x = O,and zero
elsewhere,

The pulse might be a temperature pulse, as when a pulsed laser Or pulsed
eleciron beam heats asurface briefly. Let @ bethe quantity of heat depositedan
tlic surface, per unit area. The temperature distribution is then given by

Bx,1y = (AQ/C N dnDD~ Y exp(— x¥4Ds) {16)

where Cy, is the heat capacity per unit volume of the material. The function is
plotted in Figure 15.1. The factor 2 arises because all heat is assumed to flow
inwards from the surface, while for the solution (14) symmetrical flow was
assumed. Another example of the application of {14} is the diffusion of impurities
deposited on the surface of a semiconductor, to form a p—& junction inside the
semiconductor.

The pulse spreads out with increasing time. The mean square value of x is
given by

(xS = J' ¥20(x,1)dx / f O(x.)dx = 2Dt , an
after evaluating the Gaussian integrals. The root mean square value is

(18)
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1 =035

0.4

: NN
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L 10 1.5 2.0 2.5

Figure 5.1 pigt of spread of temperature pulse with time, for 4n = |,
from Eq, (16}. A+t = 0 he pulse 15 a defta function.
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Comment. This result shows that the width of the distribution increaser &5 «*72, which is
a general characteristic of diffusion and random walk problems in one dimension. It is
quite unlike the mation of a wave pulse in a nondispersive medium. which is a medium
for which w = vk, where v is the constant vetocity. The connection with Brownian motion
or the random walk problem fallows if we a1 1, be the duration of each step of 4 randem
walk; thenr = Nry, where N s the eumber of sieps. 1t foliows that

1) == QDI VINYE {19

I - ; .
that the cms displacement is propoctional 10 the square raot of the number of sieps.

This is the result observed In studics of the Brownian motion, the random motion of
suspensians of small particles i fiquids.
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Time-Independent Distribution

Diffusion with a Fined Boundary Condition at x = 0

If » solution of (8) is differentiated or integeated with respect to any of its
independent variables, theresult may again bc asolution. An imporiapt example
is obtained by integrating (14) with respect to x:

O(x.t) = (AzDry~¥ f;‘ dx"exp(—x'}/4D1)
= ﬁ J.:dscxp(wszl =ierfu, {200

where 4 = x/{4D12, Here we have introduced the errar fuaction defined by
2 N
erfu = -———J. ds exp(— 57} 21
iR

Tables of the error function are readily available. The error function has the
propertics

erfil) = O; [im erf{x) = 1. (22}

X

Of particular practical interest iS the diffusion of heat or of particles inte an
infinitesolid fromasurfaceat x = 0, with thefixed boundary condition & = 3

at x = aand0 = Oat x = 0. (For t < 0 we assume 0 = 0 everywhere} Tlie
solution is

80x,1) = 8,01 — erf(x/{4D0) )L 23)

Again s see that thedistance at which 8(x,t) reaches aspecified value js propor-

tional to{4Dn)'"*. Tlie application of this solution ta the diffusion of impurities
into a semiconductor is discussed in a problem.

Time-Independent Distribution

Let uslook at a solution of {8} that is independent of the rime. The diffusivity
equation reduces to the Laplace equation

V¥ = G, (24

Cansider 2 semi-infinite medium bounded by the plane z = @ and extending

along the positive z aiS. Let the temperature vary sinusoidally in the boundary
plane:

8(x,5.0) = Bgsinkx. (25)
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The solution of {24) in the msdium is

0{x,y,2) = O sinkxexp( - kz). 26)

Thetemperature variation is damped exponentially with the distance from the
boundary pfane. The temperature distribution in the time-independent problem
must be maintained by constant heat sources on the boundary plane z = O.

PROPAGATION OF SOUND WAVES IN GASES

Results developed earlier in thisbook can beapplied to the study ol sound waves
in gases. Thermal effects are important in this problem. Let ép(x,1} denote the

pressure associated with the sound wave; the form of the wave may be written
as

dp = Spgexplitkx — wn)], an

where k is the U'avevector and e is theangul ar frequency. The wave propagates
in the « direction.

We suppose the equation of state is that of an ideal gas:

p¥V = Nr | or p=pyM, (28)

where p = NA{/V is the mass density, and Af is the mass of a molecute. The
force equation referred to unit volume is

fu p —1dp &
[N = 29
e as Max ~ax' 29)

Here u isthe x component of the velocity of a volume element. The motion is
subject to the equation of continuity

Jdp/dt + div(py) = 0 , (30}
or, 11 one dimension,
dpar T pw/lix = 0 {31)

The thermodynamic identity is

dU + pdV = e, (32a)

N ..u—u{
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which can aso be written

dU+ dl-"_ do %
ey =ty (320)

If we assume (pending discussion below} that there iS NO entrapy exchange
during the passage of a sound wave, EQ. {32b} becomes

Coldnfony + (pIYYEVIED = 0, (33

where ¢, is the heat capacity at constant volume, per unit volume. We can re-
write thesecond termin termsof 8p/éz becausep = NM}V and (1/V)(@Vid) =
—{1/p){&p/dt). Now the thermodynamic identity appears as

Cy(cfor) — (plp)eplet) = 0. (39

Let us defineshe fractional deviations s, § by

p o= poll + 35); T = To{l + ), {35

where pg, Ty are the density and temperature in the absence of the sound wave.
Weassumethat «, s, § have the form of a traveling wave: exp{itkx — o)} The
three equations {29}, {31}, (34} that govern the motion now become

—~iwpu + k[ (tpa/M)s + (pro/MIO] = O; (36)
—itpas + ik(pous + pu) = O (37)
—iwt,Cpll + iw(p/plpgs = 0. {38

We assume that at sufficiently small wave amplitudes it is a good approxima-
tion to neglect in these €QUALions terms iN the squares and Cross products of
u, 5, and 8. For example, pu = po{t T s)w becomes pqu if the cross product su is

neglected. The equations thus reduce to, with the subscripts dropped from
pandr,

wu — (kifM)s — (ke/MY = O; (39)
ws — ku = 0; {40)
100 — ps = 0; ot Cf—ns=0, (41)
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where n is the conceniration. These equations have a solution only if
w = (AL, 42)

wherey = (G, + )/l = C,/Cy inour units. Thevelocity of sound is

{
u, = dw/ek = {yr/M)M2,

{43)
This result applies to monatomic gases from the lowest frequencies up to high
frequenciesiimited only hy the requirement that the acoustic wavelength should
be much larger than the mean free path of the atoms. This requirement is the

criterion for the applicabiiity of the hydrodynamic approach embaodiced in the
{orce equation (29},

Thermal Relaxation

With pelyatomic gases {43) is valid at low frequencics, but as the frequency is
increased there is a transition frequency region above which the velocity oi
sound increases. The transition region between low frequency and high fre-
guency propagation isassociated with relaxation effects.

Thermal relaxation describes the establishment of thermal equilibrium in a
system. Energy dissipation results when al paris of a system arc not at the same
temperature; the dissipation is strongest when the period of the heating and
cooling half-cyels in the sound wave is compacable with the time required for
heat exchange between the different degrees of [freedom of the system. In
polyatomic gases under standard conditions there are timedelays of the order
of 107%s in he transfer of energy between the internat vibrational states of a
molecule and the external translation sates.

L ettheheatcapacity C, and temperature 1y = t,{1 + #,}1efer to the internal
stales, while ', and © = 74t -+ 8} xefer to the transiational states, Then (34)

becomes

Cilen/én) + C (8 - (p/p)dp/ér) = 04 a4}
or, in place of {38},

~ et Cy 0y = it Cod + ifw(p/plpgs = 0. (43)

Suppose ihat the transfer of energy between the internal and external states has
the characteristic tme defay £, such that

Bry et = ~{t — 1)1y {46)

PR L g T L,

XX

Thersnnl Retaxation

ot

il = {0 ~ 0,)/1,. (47

Here 1, iscalled tlic relaxation time. There witl beseparate relaxation times for
the retational-translational transfer and the vibrational-translational transfer.
We combine {39}, {40}, (45) and (47) to obtain the dispersion relation

Cy + C, -+ f(ufﬂCy

-2 g A Ay 48
& ‘”(A/rlcp+c,+imrocp (48)

where Cp, C, refer to the translational stater al one. In the low frequency limit
ol <2 L and

Oy 4+ €

k= wl(Mfr) CaE T WM yer) {49)
P 1

where y, is the low irequency limit of the total heat capacity ratio (C, T C,Y
(c, + Cy). The low frequency limit of the veloeity of sound is

0,(0) == {yor/ MYV, (50)

In the kigh frequency limit i, > 1 and
kT = @M MPNCIC,) = My 1) {31}

Here y,, refersonly to the translational stater; at high frequencies the internal
states arenot excited by the sound wave. The high frequency limit of the velocity
of sound is

vfw) = (7,1 (52

Yalues of 3, arc given in Table 15.1; if no internal states at ail arc excited,
Yo = 4

The wave is attenuated when k is complex; the fmaginary pari of k gives tlic
pressure attenuation coefficient a. From {48) it is found that the maximum
absorption per wavelength occUrswhen w = 2x/fty and is given approsiguasly
by

AL S (53)

. e
{:‘"’)nux =
&

o~
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Table 131 Ratin C, Cy = ¢ |0 gases

Gas Temperature, °C
Air 17 1103
H,O 100 1.324
t, 15 1410
0, —181 1450
15 1101
200 1.396
2000 1.303
co, 15 1.301
Ar 15 1.668
He -180 1.660

NOTE: For amonatomic ideal gas, C/Cy = 3 = 1667, a8
for Ar and He. For a diatomic §ar at @ temperature high
enoughto excue the rotational mevion, C,C, = TS = 1.44
as for 0, and H; al room temperature; at lemperatures
sufficiently high e excite also the vibrational motion,
CfCy = 911 = 1.286, as for O, a1 2000°C. The values given
are of 75, 2pplicable 1o static processes and to FOUND waves
IN the limit of low fequencies. FOr very high frequency
round waves only the translatienal molion is excited and
7= = 3 3is apphicabie.

For CO; gasat the relaxation frequency of 20kHz under standard conditions
the intensity is abserved to decrease by liein about 4 wavelengths— a massive
absorption, in agreement with theory.

B e
e

Example: Heat transfer in @ sound wave.  Equation (33) expresses the isentropic assump-
lion: the equation neglects the thermal conductivity which gives rise 10 seme transfer of
thiermal energy within the round wave between successive warm and cool half cycles. The

assumplion that de = 0 must be modified to 1ake account of heat flow, The heat conduction
equation (6) may be writien as

K &t/éx? = t26/6t (54)
where & is the entropy densily. Then {34) becomes

CAEH2) ~ (plpNE0/o) = K(3Pe)ax?)

or

—iwtl, 0 + iwps = w'Krlc?& . R )

R A NE

Summary
When we use this in place of £41), the dispersion relation ok} becomes
Cp - ilVaT
k2 e (M) S —
@l m(c,, ¥ m’k*) (56)

with 3 = K/e. At low [requencies Wk? is much smalier than €y, so that the sound velocity
is equal lo the isentropic result v, = (yo1/A)' %, as before. The condition §¥A* « £y is
essentially the candition { <« 7, where { is the molecular mean ftee path and 2 is the wave-
length of the sound wave. The altenuation of the pressure oscillation is given by theimag-
inary part of the wavevector & and is denoted by 2. The resutt from {56} iN the low frequency

region WY « () ds that
z = {yp — DpKw'j2,'C, | 157
where C, refers to UNr volume.

VU g
H -

e e Tt e e e e e 4 =y
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SUMMARY

1. Theheat conduction equation isthe partial differential equation that follows
when the phenomenological transport equation (here the Fourier jaw) is
cembined with the equation ofcontinuity. We abtain

ot 2. = A
= =DV D= K/C

2. The time-dependent diffusion equation and the eddy current equation have

the same form, so that their selutions may be transtated from thesolutions

of the heat conduction equation, there being often more familiar in the
literature.

3. Frequently it is useful lo construct solutions in the form of superpositions
of plane waves of the form

6 = Ogexp[i{k-r — wi)]

The differential equation then gives the relation between ¢ and k, called the
dispersion relation of the prablem.

. The propagation of sound waves in gases depends an the rate of exchange of
energy between the translational, rotational. and vibrational motions of a
molecule. A low frequency sound wave is described by isentropic, and not
isothermal, parameten — aresult that seems paradoxical at first sight.
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PROBLEMS

L. Fourier analysis § pulse. Consider a distribution that at the initial time
t = 0 has the form of a Dirac delta function §(x). A delta function can be
epresented by a Fourier integral:

: .
000} = 3] = 5 f 7 dkeapliks). (58)

At later times the pulse becomes

1 fa )
O(x,t) = 3 f_m dkexplithx — wn)}, {39
or, by use of (10},
1
o) = 5- [ arexpiitx — pi2o, (60}
Evaluate the integral to obtain ihe result (14). The method can be extended to

describe thetime development of any distribution givenat ¢ = 0. If thedistribu-
tion is f{x,0), then by thedsfinition of the delta function

fix0) =Id’x‘ i 038t - x). 61}
The time development of é{x — xyis

Ol = x'1y = @nD) " Fexpl -~ (x — x}4Di], (62)

by (14). Thus at timet the distribution f{x,0) has evolved to

Food) = (@xDg™4 [ fx' Oexpl ~(x — ¥J4Dr) (63)
Thisis a pewerful general solution.

2. Diffusion in o anmd three dimensions. (1) Show that the diffusion equation
in two dimensions admits thesolution

840 = {Cy/nexpl -1 /4D) {64)
and in three dimensions

038) = (C3 /1%y expl —r*alt) {65)

o TN

PR

o=t

Problems

{b} Evaluate the constants €, and (. These solutions are analogous to (14)
and describe the evolution of a defta function at 1 = 0.

3. Teniperature vaviations in soil.  Consider a hypothetical climate in which
both the duily and the annual variations of the terperature are purely sinusotdal,
with amplitudes ¢, = 10°C. The mean annual temperature g = 10°C. Take
the theemal diffusivity ofthe soil tobe | x 1079 em? 57, What isthe minimum
depth at which water pipes should be buried in this climate'!

4. Cooling d a slah. Suppose a hot slab af thickness 2a and initial uniform
temperature 8, is suddenly immersed into water of tempersture 0, < @,,
thereby reducing the temperature at the surface of the slab abruptly o @, and
keeping it there. Expand the temperature in ike slab in a Fourier series. Afier
some time 211 but the longest wavelength Fourier component of thetemperature
wili have decayed, and then the temperature distribution becomes sinusoidal.
Afier what time will the temperature diffesence between the center of the slab
and itssurface decay to 0.01 of the initial difference 0, — 057

5. p-n junction: diffusion from a fixed surface concentration.  Suppose a sili-
con crystal is p-type doped with a concentration of n, = 10**em™* of boron
atoms. If the crystal slab is heated in an atmosphere containing phosphorus
atoms, thelatier will diffuse aSdonors with aconcentration n,{x} into the semi-
conductor. They wili form a p-a junction at that depth at which #, = u,.
Assume that the diffusion conditions are such that the phosphorus cancents:-
tion a the surface is maintained al my(0) = 107 an™> Tahe the diffusion
cocfficicat of donors tobe b = 1073 em? 571 What isthe value of the constant

€ in theequation x = Cr'2 where x is the depth of the p-» junction and t is
the time?

6. Heat diffusion wirh internal sources.  When internal heat sources are prcs
ent. the continuity equation (5) must be modified to read

¢ g +div), = g, , (66)

where g, isthe heat generation rate per unit volume. Examples include foule
heat generated in @ wire; heat frem the radioactive decay of trace efements
inside the Earth ot the Moon, Give an expression |Or the temperature rise at the
center of (g} acylindrical wire and (b) the spherical Earth, on the assumption
that g, IS independent of position and IS constant with time.

7. Critical size of nuclear reactor.  Extend the considerations of the preceding
problem 10 parlicle diffusion, and assume that there iSa net particle generation
rate g, that is proporiional to the local particle concentration, g, = n/ty, where
1, isacharacteristic timeconstant. Such behavior describes theneutron genera-
tion iNN nuclear reactor. The value Of 1, depends on the concentration of 3y
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nucle; i€ no surface losses took place, the neutron concentration would grow
asexp(t/ts). Consider a reactor in the shape of a cubeaf valume L' and assume
that surface losses pin the neutron surface concentration a: zero. Show that
Eq. {3}, if augmented by a generation t€rm g, = #/tg, has solutions of the form

alx, .z, o exp(t/ig)cos(k x) cos(k sycosk 2} , (67}

where k L, kL and kL are integer multiples of n. Give the functional depen-
dence of the net time constant ¢, on k,, k,, k, and ¢,, and show that for at least
oneof thesolutions of the form (67) the ncutron concenteation grows with time
il L exceeds a critical value L_,,.. Express L., as a function of D, and 1. In

actual nuclear reactors this increase is ultimately halted because the neutron
generation rate g, decreases With increasing temperature.
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Appendix A
Some Integrals Containing

Exponentials
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THE GAUSS INTEGRAL

Let

[, = J-f:-epr—xz}dx = ZS exp{ ~ x?) dx. N

The following trick is used to evaluate I,. Write (1) in terms of a different
integration variable:

1= [T expl—yhar. {2)

Multiply (1) and €2} and convert the result to adouble integral:
Il = Jj: exp(—x?)dx fj: exp{—y3)dy = f:: J.j: exp ~ (x? + yP)dxdy
' {3)

Thisisan integra over theentire x-y plane. Convert te polar coordinatesr and

o, asshown in Figure A1, Then, x7 + y* = r?, and the area element dAd =
dx dy becomes dd = rdrde:

Ig = J‘:“[J‘: exp{—r?} rdr]dzp = 2 J-: exp{—r?) rdr

Because of d{exp{~r?)] = MZeXp{wrl)rththeintegral aver riselementary:

Y O
r=0
Thus
tm @
Iy = J‘_m.exp(“x?)dx = 2Jo exp(~x¥)dx = 2. o




Figure A1 The area element JA = rdrdip,

Some Integrals Containing Exponcatials

GENERALIZED GAUSS INTEGRALS,
AND GAMMA FUNCTION INTEGRALS

Integrals of the form

I == 2 J';x”’cxp{—xz)dx, {m> ~1}, {5}

swhere i need not be an integer, may be reduced to the widely tabulated gamma
function I'(z), by the substitutions x* = p, 2dx = "t dy:

o= [Sve "y =T+ 1), n=(n- 1o 6)

Theintegral in {6} may be viewed asthe definition of I'(2) |0r noninteger positive
values Of.
‘The gamma function satisfies the recursion relation

Cin + 1) = ") . (%

ltiseasily obtained far 17 > O from {6) by integration by parts, and it isused to
extend the definition (6) of T(z) to nepative values of. By using (7) repeatedly

it is always possible to reduce I'{z) for arbitrary argument to a value in the
imtenval 0 < £ < 1,

i it B

The Stirling Approximation
Form = 0,1t = —14; from (4):

Iy = [Zy™terdy = T = n* (®)

Iimisaneveninteger, m = 21> 0,nisahaf-integer, and n == | — 1, then we find
by repeated application of (7}, with the aid of (8), that

Iy = Zf;x“cxp{-xz}dx = ID y TR dy
=T +) =(I—+)x{1—#)X...x%x+xn"'. (9)

Form = 1,1 = 0:

[, = '.’.j:xexp{wxz)dx = J‘:e”zi}- = T(l) = |. (1m

I{misanaddinteger, m = 21+ § = I, aisan integer,n = [ 2= §, and we find
similarly, with the aid of {10),
faper =12 f:xuﬂ expl{—xdx = f:y"e”dy
=T+ BsIxl~Dx---x2x1:=1 {11}

The gamma function far positive integer argument is simply the factocial of
the integer preceding the argument.

THE STIRLING APPROXIMATION

For targe valuer of n, 1! can beapproximuted by

1 i
{~ Uhprexpl —n + — + 0| 12a
nl o 2oyt exp( n+ I O(nz)] (12a)

or

{ i
tognt = Yog2n + {n + Dlogn —n + T + O(J"i)- {12b)

Here the term 1/12n is the first term of an expansion by powers of 1/, and
0(1/1?) stands for omitted higher order teems in this expansion, of order 1n?
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or higher. |n practicg, even the term {13 isusualy omitted. 1ts principal rale
is to check on the accuracy of the approsimation, I the effect of the 1/12a-

correction introduces only a change below the desired accuracy. the entire
expression has the desired accuracy.

To derive {12) we write, in accordance witk (1),
nl = J:f‘e“"dx = jﬂwcxp[ f)dx (13)
where

f{x}) = nlogx — x. {14}

We make the substitution

X=n4+ it =pll Cyn™%),  dx = ntdy

15)

Then
J(x)=nlogn — u t g(3}, (16)

where
g(y) = uflog(l + yu=3) — yu~¥]. (amn

With these,

expl fl)] = n"e " exp{g(y]. (18)
nt = ntire _fi‘,; exp[g(y)]dy. {19

The lunction g(y) has its maximum at ¥ = 0: g(0} = 0. Using the Taylor
expansion of the logarithm, o

log{l + s = s~ 42 T — &t + ..., {20)

with § = (¥%/m}*'2, we expand g(y}:

ly2 1 yl 352
"[’5‘,:*"3(7; -

—b 06 ey

It

aty)

Cf

Ly ] S I
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The Stirling 4pproximation

In the limit 1 — w0, 5 - 0, and al but the first term in (21} vanish, and the
integral i {19) becomes

Jovenplotntay = 77 expt—y/2dy = @ni'” (22)

with the aid of {4}. If (22) is inserted into (19} the result isidentical ta {12a) except

lor the correction term 1/E2n. Its derivation is a bit tedious. We work with
fogat and write

logn! = $log2n + (n + $}logn — n + :?« + D(—)%) {231}
1

ffwereplacen by n = 1,

logln ~ 9t = $log2m + (v ~ Plogfer — 1} — (0 — 1}

i1
-ty o(n—,). (23b)
n—1 i ) :

We subtract (23b) from {23a):

|
lognt — loglr — 1\ = log " i ) = logn
= {n + Dlogn — (n ~ Hlogln — 11~ 1
A A 1
A vof), 2
T a T AT i.—O(n’) @9

where all omitted terms are now at least of order I/na« The two terms in A
can be combined:

A A A A 1
- - = e 4+ O 5 ). 25
. n— | n(n — 1 n* ("3) =

if thisis inserted into {24), wefind

: n
F:(u—%)[og

. n -

P Lt 0(}-5-;). (26)
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For large n the logarithm may be expanded according ta {20), withs = = t/u:

R N1 t {
o — o dopd 1 e 2y b S 2 3
O8I ‘ 1%(5 n) 1 + pry + a7 + 0(?1"’) en
S S T S S SN L Y .
ta = 3) log | + M 2n + It 4n? +0 n
1 I
=} ey — 2
* 12n? + 0(113)' 28)

If this isinserted in (25) weseethat A == /12

Weare olten interested not in ! but only in log !, and only to an accuracy
such that the relative error bewwzen an approximate value of logn! and the
true value decreases with inereasing n. Such an approximation is obtained by
neglecting dl terms in (12b) that increase less rapidly than lnearly with u:

logn! = nlogn — n (29)
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Appendix B
Temperature Scales
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DEFINITION OF THE KELVIN SCALE

Numerical valuesof temperatuse* - are not expressed in practicein termsof the
fundamental temperature 1, whose unit isthe unit of energy, but an the({absoluie)
thermodynamic temperature scale 7, the Kelvin seale, whose unit is the kelvin.
symbol K. The kelvin was defined in 1954 by international agreement as the
fraction 1/273.16 of thetemperature T, of the triple paint of pure water. Hengez,
by thisdefinition. T, = 273.16 K, cxactly. This temperature is 0.01K above the
aumospheric-pressure freezing point of water (the ice point). T, = 273.15K.
The triple point is more easily and accurately reproducible than the ice point.
The triple point esiablishes itsell automatically in any clean evacuated vessel
that is partially backfilled with pure water and cooled until part ux not al of
the water is frozen. leading to an equilibrium between solid ice, liquid water,
and the water vapor above ihe ice-water mixture.

The Celsius temperature scale i is defined in terms of the Kelvin scale, by

t= T - 27315K, N

Temperatures on this scale are expressed in degrees Celsius, symbol 'C. Tem-
perature differences have the same value on bath Kelvin and Celsiusscales.

The conversion Factor k, between the fundamental temperature t and the
Kelvin temperature,

1= kT, (2)

We appreuate the assistance of Norman E. Phillips in the preparation of this appendix.
 The ultimate survey of the state of development of precise temperature measuremenis is the
proceedings of aa interpational symposium taking place every fow years under the title Temperature,
irs measurement and conirol in soence and indusiry. The proceedingi are published ender the same
fitle. Vol |; C O, Fairchild, editor: Reinhabd, 1940, This volume is targely obsolete. Vol. 21 E, O
Walfe, editor; Reiabold, 1955 Althuugh no loager refiecting the state of the ar, 1his volume s stild
weful for jts thorough introduciory discussions of priaciplas of vasivus methods of temperature
measurements, rot sl of which ace repeated in the fater volumes. Vol 3 (3 pasts): C. M. Herkld,
cditor; Reinhold, 1962 Perhaps the most useful velume becaase of iis introductory diseussivn of
principles of various methods of temperature measurements. Yol. 4 (3 paris): H, H, Planb, cditor;
Instrument Society of America, Pitisburgh, 1972, Most useful lor representing the state of the art

of varigus methods of \emperature messurements; containg less itroductery review malteriat
than Vol 3.
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is called the Bolizmann constant. ts numerical value must be determined
experimentally; the best current value* is

kg == {1.350662 + 0.000044) % 10" FergK ™", 3}

The value of the Bolizmann constant is determined with the aid of certain
model systems whose structures are sufficiently simple that one can calculate
the energy distribution of the quantum states, and from it the entropy as a
function of the energy, ¢ = a{l/}. The fundamental temperature as a function

of the energy is t{U) = {¢5/éL/)" ", Examples of mode] systems used in the
determination of £, are the following:

(a) Ideaf gas. In the Iimit of low particle concentration al gases behave as
ideal pases, satisfying p¥ = NkyT.Oneobtains kz by measuringihe p¥ product
of a known amount of gas at a known kelvin temperatuse T, extrapolated to
vanishing pressure. The detzrmination of the number of particies N invariably
involves the Avopadro constunt N, independently known,

(b) Black body rudiation, We can obtain &, by fitting the meusured spectral
distribution of a Black body of kuown Kelvin temperature T to the Planck
radiution law (Chapter 4). Because this baw invelves 1 through the ratio hwft =

fiwfkp T, this determination requires the independent knowledge of Planck's
constant.

(<) Spin paramagnetissn, In the limit of vanishing interaction the magnetic
moment M of a system of N spins in a magnetic held B, at temperature z, is
given by Eq. {3.46). Various paramagnetic salts, such as cerpus magnesium
nitrate {CMM) are good approximations to noninteracting spin systems if the
temperature isnot too low. By fittingsmeasured values of M asafunction of B/T
to (3.46) we can determine the ratio m/kz, where s is the intrinsic magnetic
moment of the electron, known independently. Usually oniy the low-field
portion is uscd, in which case the number of spins must also be known, which
involves again & .. Precision results require correction lor weak residual spin
interactions, similar to corrections for particle interactions in a gas.

The kg value given in {3) is a weighted average of several determinations.
With an uncertainty ofabout 32 parts per million, itisoneof theleast accurately
kaown fundamental constants. Mast of this uncertainty isdue to thedifficulty
of the measurements and to the nonideality of the systems used lor these

measurements. About 5 parts per million are due to the limited accuracy witl
which fiand & 4 are known.

E. R. Coher and B. M. Taylor. J. Phys. Chent. Reference Data 2, NO. 4 {1973},

.
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Primary and Secondary Thermometers

When expressing temperature as conventional Kelvin temperature T rather

than fundamental temperature 1, it is customary to absorb the Boltzmaun
constant into the definition of a conventional entropy S,

S = ko 4

The relation 40 = 1do belween reversible heat transfer and entropy transfer
then becomes

40 = TdS. (5}
PRIMARY AND SECONDARY THERMOMETERS

Any accurately measurable physical '_propc:uy X whase value is an aceurately
krown function of the temperature, ¥ = X{T), may be used asa thermometric
pirumeter o meusure the temperatuse of the system possessing the property
X and of any system in thermal gquilibrjum with it. Used in this way, the
system with the propesty X is a thermometer. The principles underlying
the most commonly used shermonicters are listed in Tables B and B2 The
thermometers listed in Table 8.2 are called secondary theymometers, defined
as thermometers whose temperature dependence X(T') must hc calibrated
empiricaly, by comparison with another thermometer whose calibration is
already known. Thecalibration of alf secondary thermometers must ultimately
be traceable to a primary thermometer. But once calibrated, secondary ther-
mometers arc easier to use and are more reproducible than the primary ther-
mometers available at the same temperature.

Any calculable model system that can be used to determine the value of the
Boltzmann constant k5 can be used as a primary thermometer, and the three
model systems discussed above are the most important primary thermometers
(TableB.1).

The precision and accuracy of thermometers vary greatly. Precision is
expressed by thevariation AT abserved when the same temperaturei smeasured
at different rimes with the same instrument. Accuracy is expressed by the
uncertsinty AT with which the thermometer reproduces the true Kelvin scale.
Secondary thermometers based an electrical resistance measurements may
achieve a precision of 1 part in 10% The precision of thermometers based on
mechanical pressure measuremenls is much poorer, particularly at low pres-
sures. For example, helium vapor pressure thermometers at the lower end of
their useful range have a precision d about 1 part in 10%, The accuracy of
secondary thermometers islimited by theaccuracy of the primary thermometers
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Temperature
range used
{X]

4— 1400
2-20
0.001-4
<0.001-0.05
> 1300

Typical
working
substances
Metals; Cu, T, P

“He, N,
‘He, *He

CMN'!

(3.713)
(1543
(3.46)
(4.22)

H

3

cguation
explhw/ty — 1

Defining
L= [yrfM)YE
x = nm¥z;
Tiew,

pV = Nt;
T, GC

Principles of the marl important primary Lhermometers

property utilized

Model system and
Static pressure at constant velume

Specd of sound
31 Electronic sping
Nuclear spins

b)
Biack body radiation

b) )
Magnetic susceptibility of noninieracting

spin system

aj

Table B.1
Ideal gas

e s
< ; r

Thermodynamic Thermornetry

Table B2 Princi

thermometers

%w%

ples of the mast important sccandary

£ 3
§ E . Useful range

£ %‘é Physical property in K

g 3

= U S
£z, Thermoelectric voltage of thermocouples® 400--1400

E;E : Thermal expansion of liquid ia glass 200400
b Electrical resistance
= 33 metals* 14-700

§.: = semiconductors (germanium)? 0.05--77

gez commercial carbon resistorst 0.05-20
- “3 5 Vapor pressure of liquefied gas

S8 “He 1-52

%.2E .

28 = *He 03-12
3Bz l__h__ﬁ.._ -

=3

ﬂ_Ej _‘-:‘ NOTE: The temperature fanges are approximaie ranges of wide utility,
=8 5 ) not ultimate limits,
LD * Used as interpolating insteument in the IPTS.
‘é ?—P.’é’ i ! Widcly_ us;(% 15 Cryogenic Iabnrnlol_'y thermomeler] cach specimen

a8E I musi he mdxvzdualiy calibrated 1o deljver usable aceuracy.
Zaoa =

5= Mo
S5 o3 :

e3:E I8 i .

o == . » . .

E Bz oy E“ 4 used {o calibrate them. The accuracy of primary thermometers is limited by
L o their relatively poor recision and by residual variations between different
3 B = # & kS Y

o= zs i thermometers. As g rough estimate, the present-day accuracy of primary
S ¢F 3% : thermometers is ahout | Part in 10* above 100K, about } part in 10 around

3 AT EB -

Sig 22 LK, and about I part in 10? near 0.01 K.

gEd 3z

QB s
B2, 8505
T ]

wfa = :“;: TI'iER;\’EODYNAMIC THERMOMETRY

= - -
£5E 2

TR =2

§§ 22837 Itis possible to perform primary thermomelry without celying on the theoreti.
FuE I g : cally known praperties of simple model systems, by somehow utilizing the

= — 2 " - -

S 53F 25“}_5- i relation {5). We give three examples.
QB 5335 5 .
Py 1 {a) Carnot cyefe.  Consider a Carnot eycle operating between a known tem.
532 283 3 perature T, and the unknown temperature T, Because ol entropy conservation
82 EZE 3 :

SedzT i ihe heal trunsfers at the two emperatures satisfy Q,/T, = 22/T,. The un-
=i g 3z 3 ! known wemperature cun be determined b measuring the ratio of the (wo e
T 923353 i ¥ 4

g § 5’ =58 1 transfers. The method is not Very practical,

Z U . N

: (6Y Magnetic calorimetry, Suppose a paramagnetic substance is initially at a
: known temperature Ty, i a magnetic fiefd By. Let the substance be cooled by
isentropic demagnetization to the unknown temperature T;. I now a known
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small amount ¢ of heat is added to the substance, itsentropy is raised by
dS = 40JT,. The substance is then isentropically re-magnetized, arid rho
magnatic field B; is determined at which the temperature has returned exsetly
lo T,. The feld B, will be found slightly different than B,:B, = B, + dB.
Entropy conservation requires

A5 = dQ[T, = S(T,.By) - S(T..B,) = (5/6R),dB. {6
From the thermodynamicidentity forthe Helmholiz free energy |Or dmagnetiz-
able substance.

dF = —8dT — MdB , 7
one obtains, by the usual cross-differentiation, the Maxwell refation

(35/3B)r = (OM/ET)s. (8)

We insert (8} into (6) to find the expression lor the unknown temperature:

| T = (QUBIOM/OT),. ) ©

Thequantitiesd@at T = T,anddBat T = T, are known, and thetemperature
derivativecfAfat 7 = T, and B = B, is zasily measured. The method makes
no assumpiions about the ideality of the paramagnetic substance, and it has
therefore been used extensively at low temperatures.

{c) Clausius-Clapeyron thermometry, The melting tcmpcrature T, of a sub-

stance varies with pressure p according to the Clausius-Clapeyron equation of
Chapter 10:

AT, fdp = T AV/AH , 1o

where AV is the volume change during melting, and AM the latent hieat of
fusion. If both quantitizs have been measured as functions Of pressure, {10} can
be integrated:

T T, = expj:(c.mmdp. (1

T, and p, areknown, a measurement of the pressure p, at which theunknown
temperature T, is the equilibrium melting temperature permiss calculation of

International Practical Tenperature Seale UIPTE)

T, from {11} By utilization of the strong temparatire dependenze Of the
solidification pressure of liquid 'He. themethod has been used as an aliernative
to magretic thermometry al low temperatures.

INTERNATIONAL PRACTICAL TEMPERATURE
SCALE (IPTS)

Many known phase equilibrivm temperatures can be reproduced far marc
precisely than the accuracy with which their exact location on the Kejvin scale
can be detersuined by primary thermometry. To facilitate practical thermometry,
a number of easily reproducible phase equilibrium temperatures have been
determined as accurately as possible and have been assigned best values to
define an International Practical Temperature Scale (IPTS). On the [PTS the
selected equilibrium pointsare treated as if their temperatures were known to be
exactly equal lotheir assigned valuer. Intermediate temperatures are determined
by a precisely specified interpolation procedure that ischosen to reproduce the
true Kelvin scale as accurately as possible. The present version of the scaleis

- YPTS68, adopted in 1968 by international agreement, covering temperatures

from the triple point of hydrogen {1381 K) upward.* Table B.3 gives the
assigned temperaturesfor EPTS68.

In the range between 13.81 K and 903.89 K, which iS the melting paint of
antimony, a platinum resistance thermometer iS used as the interpolsting
instrument. In the range from 903.89 K t0 1337.59 K, the melting poiat of gold.
a platinum-platisum/shodium thermocouple iS used. Above 1337.55K black
body radiation is used.

Below 13.81 K no precisely defined procedure has been agreed, Tn the ringe
between 52K and 13.81K various scales based on the vapor pressure of
hydrogen arein practical use. Below 5.21 K, the critical point of *He, down to
about .3¥, the 1958 and 1962 helium scales* arc widely used as de [acto
extensions of 1PTS68. The 1958 *He scale relates the vapor pressure of *He to
thetemperawure T; the 1962 ¥1i¢ scale uses the vapor pressure of 'He.

AsS the accuracy of primary temperature measurements impProves, errorsin
practical scalessuch as|PTS become uncovered, leading eventually to revision

of the practical scales. Table B.3 lists some errors now believed to exist in
IPT3568.

* See, for example, American [nstitute of Physics handbook, 3rd ed,, MeGraw-Hill, 1972; Section 43
Heat, Ml W. Zemansky, cditor. Contains complete original references.
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TableB.3 Assigned temperatures of the International
Practical Temperature Scale of 1968

Equilibiumpoint | 7. | 70, - 7

Substance Type in¥ inK
fhiydrogen ¢ 1341

hydrogen 5 (250 10rg) 11042

hydrogen b 20.28

neon b TLADY

oxygen P AL

oxygen b 297%:{%3

waleg t

watcr b 37315 6%
iin [ 5051161 (14

zine I 69243 806%
sitver is 1235.68

gold f 133758

wote: Except lor the sriple points and the 17.042 K POIMt. al
equihibria are those at 2 pressure of one standard atmasphere,
Pp = 10LI2S Nm™? (=760 10rrh The 17042 K point is the
ling point of hydrogen at 25016cr. The notations r, b, md
£ in the sccond column eefer 1o wigle points, DOIING points,
and freezing poines.® The last column comtains estimates of
errars known |0 exist, fom Physics Today 29, No. 12, p. 19
{Dec, 1976},
* Al duta from the American luscitate of Physics handhook,

3rd ed., McGraw-Hill, 1972; Section 3 Heat, M. W, Zemansky,
edjtor.
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Appendix C
Poisson Distribution
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The Poisson distribution law is a farous result of prabability theory, The resuit
is useful in the design and analysis of counting experiments in physics, biology.
operations research, and engineering. The statistical methods we havedeveloped
lend themselves | oan elegant derivation of the Poisson law, which is concerned
with the occurrence of small numbers of objects in random sampling processes.
It is also called the law of small numbers. If on the average there is one bad
penny in athousand, what is the probability that N bad pennieswill befound in
a given sample of one hundred pennies? The problem was first considered and
solved in a remarkabie study of the role of tuck in crimina and civil law trials
in France in the early nineteenth century.

We derive the Poisson distribution law with the aid of a modet system that
consists ofa large number R of independent lattice sites in thermat and diffusive
contact with a gas. The gas setves as a reservair. Each lattice site may adsorb
zero or one atom. We want to find the probabilities

POY, (L, PQZY,. L PN
that atotal of 0,1, 2,..., N,..., atoms are adsorbed on the R sites, if “¢ are
given the average number (N) of adsorbed atoms aver an ensemble of similar
systems.

Consider asystem composed of a single site. It is convenient to set thebinding
energy clan atom to the site as zere. The identical form for the distribution is
found if a binding energy iS included in the calculation. The Gibbs sum is

Gi=t4i, )

where the term A is proportional to the probability the site is occupied, and
the term | isproportional tothe probability the site isvacant. Thus the absolute
probability that the site issccupied is

T )

[

The actual vaiuz of 2 is determined by the condition of the gasin the reservoir,
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becausefor diffusive contact between thelattice and the reservoir we must have

Allattice) = A(gas), 3)

by the argument of Chapter 5. The evaluation of /(gas) for an ideal gas was
given in Chapter 6.

We now extend the Lreatment t0 R independeat sites. Then

G ™ Fide - Fa=1 + AR @

By the argument used in Chapter 1 we know that the binomist expansion of
{C + @) or 1 + A® counts once and only once every state of the system of
R sites. Each site has two alternative states, namely € lor vacant or & lor
occupied, which corresponds in the Gibbs sum to the 1erm 1 for 2* and the
term 4 lor AL,

In the low-occupancy limit of f « | we hare f = , whence

(Ny=fR=IiR (3)

is the average total number of adsorbed atoms. The Poisson distribution is
concerned with thislow-occupancy limit. We car: now write {4) as

~ AR\F (NY\R
Fow = (1 + ?) = (1 + ”E“) ) (6)

Mext we let the number of sites R increase without limit, while holding the
average number of occupied sites(N) constant. The Paisson distribution is

concerned with infrequent events! By the definition of the exponential function
we have

. NP
glj_&,(l + i_R)H) = expd{ND Y]
so that
(AR}
o = XPCN) = exp(IR) = W {8
N H

Thelast step hereistheexpansion of theexponential function in a power series.

N T i

Poisson Distribution 455
The term in ¥ in ,,, is proportional to the probability P{N) that ¥ sites
are occupied. Witk the Gibbs ruin as the normalization factor we have in the
limit of kurge R:
“XpN NpN .o A
P(N) = AR 1 AR exp(—iR) . 5
N 3 Nt
or, because iR = (N} from {5),
NY¥exp(—¢N
PV = S_)_E_EM (10)
NI
This is the Poisson distribution 1aw.
Particular interest attaches t0 the probability P(0) that none of the shes
is occupied. From (10) we find, with (N> = | and 0 == 1,
P} = exp(—{N3};  log P{0) = —{NJ. (1y)
Thus the probability of zero occupancy is simply telated to the average number
{ N of occupied sites. This suggesis a smple experimental procedure lor the
determination of {N}: just count the systems that have no adsorbed atoms.
Values of (N} for severat vaues ol (N) are given in Table C.1. Plots arz
givenin Figure C.l lor {N) = {5, 1,2, and 3.
o NYM exp{—~ (N
TableC.1 Vauesof the Poisson distribution function P{N) =~ ”+w
{N)
04 0.3 0.3 07 09 i 2 3 4 5
POy 09048 Q7408 06065 04966 04066 03675 01353 0098 0OEE3 00067
P{1) 00803 02222 03033 03476 03659 03679 02707 01494 00733 00337
P o045 00333 00758 . OR2E7 01647 04839 2707 02240 00465 (0842
P{3} 00002 00033 00126 00284 00494 00813 01804 02230 01954 0.1404
P{4} 00003 00016 00050 00811 0013 00902 01680  0GI954 01755
Pi3) 00002 0007 00030 00031 00361 01008 04563 01755
Ple) 00001 00003 60005 00120 DOSGY 04042 0.1452
P(7) 00001 00034 00216 00595 0.1044
P{8) 00009 00081 (0.0298  0.0653
P{ay R 00002 60027 00132 00383
P10} 00008 0.0053

0.0181
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Figure C.1 Poisson distribution, P versus N, for several values of (N,
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Example: Incorrect und correct counting of stefes.  (a)The Gibbs sum for the R sites iSpor

G =1+ 4+ 00323 -4 )8 {12

Why not?
(b} The corrcct SUMIS

_ R
Fra =0 + A% =1+ Ri+ 5%—%9}.2 o+ A= ¥ g(RNEY
- n=90
{13
where
R!
RN} =
SR = g

is the binomial cocflicient. Note that g{R,N) iS the number of independent states of the
system for @ given number of adsorbed atoms N. The Gibhs sum is @ sum over alf states.
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Example: Elementary devivation of P(9). 1ot @ tetal of R bacteria be distributed at
randoin among L dishes, Each dish isviews  asasystem of many sites 10 which abacterium

Poisson Distribution

may attach.The L dishestepresent an ensembie of L identical systems. Theaverage nunioer
of bacteria per dishis

(N) = R/L. (14)

Each time abacterium is distributed, the probability that a given dish will receivettat
bacterium is |/L. The probability the given dish will not receive the baceerium is

i
(1-1). a3

The prohabifity in R tries that the given dish will receive no bacteria is

Py = (1 - 35)3 (16)

bacause the factor (15)enters on eack try.
We may write (16) as

"
o - (1 -2
R
by Use of (N3 = R/L. Weknow that in the limit of farge R,

exp(—{NY) = lim (1 — Smf—z—z)ﬂ ,

R~
by the definition of the exponential funciion. Thus for 8 » §and L >» |

P(O) = exp(—{N?)

in agreement with (11).

e e e = e s A e g
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PROBLEMS

|. Random pulses. A radioactive source emits alpha particles which are
counted at an average rate of one per second. (3) What is the probability of
countingexactly 10alpha particlesin 5s?{b} Gfcounting 2in 1 s? (c)Of counting
none in 5s? The answers to (a) and (b} are nut identical.
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2, Approach to Gaussian distribution.  Show that the Poisson ~ti n o
{NYMexpl—(NY)/NY closely approaches a Gaussian functlfgﬁ"liﬁo?c{:%}[&
large {N). That is, show whsn ¥ isclose to ¢ that

PN}y = Aexp[ — Bl — (WD)

where A, Bare quantities to be determined by you. Hinr: Work with log P(N):
use the Stirling approximation. In the Gaussian form both A and B are functions
of {N}; in the development of the Poissan function you may fing A, B are
functions of N, but the twoforms ol 4, B are closely equivalent over therangein
which the exponential factor has significant values,

Appendix D
Pressure
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Let a pressure p, be applied normal to the faces of 2 cube tilled with a gas or

liquid in quantum state s. By elementary mechanics (Chapter 3) the pressure
isequal to

py = —dUJdV | {1

where U, iStheenergy of thesystem in thestates. We can also write the pressure
as

where (di//4V), denotes the expectation value* of LV over the siate s at
volume V. 11 is important that we can cateulate p by (2) which is at a fixed
volume with no ambiguity about the identity of the selected state s, whereas
(1) invelves following thestate through two volumes, ¥ and V 4V, with some
possible doubt whether the state remains the same. The ensembic average
pressure p is the average of p, over the states sepresenied in the ensemble:

p=<p2 = —{dUfaV)) ' {33

Because the number of states in the ensembie is constant, the entrapy is constant,
SO that the derivative is at constant entropy. We may therefore write

au
7= (3), N

The result (4) uses the energy of the system expressed as U{s,V, .. .); that s,
asa function of the volume V and the entropy a— not the temperature z. It is

the entropy and not the temperature that is to be held constant in the
differentiation.

* The equivatence of {1) and (2) is an example d the Helimann-Feynman theorem of quantum
mechanics, according to which the derivative of Lthe hamillonian ¥ snd enecgy sigeavalue U with
ttspect 10 @ parameter £ arc refated by dUML = (W dA]>. The desivation may be found on
p. 1192 of C Cohen-Tannaudji, 8. Dy, and F. Lalof, Quantum mechanics, Wiley, 1971, see also
E. Merzbacher, Quantum mechanies, 2nd ed., Wiley, 1970. p. 442.
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Appendix E
Negative Temperature
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The result of Problem 2.2 Tar the entropy of a spin system as a function of the
encrgy in a magnetic field is plotted here in Figure E.1. Notice the region in
which {de /U3y is negative (Figure E.2). Negative r means that the population
of theupper slate isgreater than the population of the lowar stale. When this
condition obtains we say that the population is inverted, as illustrated in
Figure E.3.

The concept of negative temperature is physically meaningful for a system
that satisfies the following restriciions: fa} These must be a finite upper limit to
the spectrum of energy states, for otherwise a system at a negative temperature
would have an infiniteenergy. A freely moving particle or aharmonic oscillator
cannot havc negative temperatuces, for thereisnoupper bound on their energies.
Thus culy certain degrees of freedom of a particlecan be ai a negative tempera-

DR —
s <
/1‘: <] - r:'—\
o o
z N
804 |
o .
1] ; o _
Q.2
T = 40 . if = -0
0
0 0.2 0.4 0.6 0.3 1.0

Eaergy U~

Figure EI  ENtropy as funcrion of energy l0r a two state system,
The separation of tse states is = | in this example. In the
lefi-land side of the figure ¢ /¢ U is positive, SO that t is positive.
On the sight-hand side 80/21 1 negative and 1 is negative,

Nepative Yemperature

Temperature 7
&
o
=
-y

iy b

Figure E2 Temperature versus energy for the two
stae system. Here

t t

TEF&M—"E‘T":“U'
F17] M NT

Notice that theenergy ISNOta maximum d 1 = +a
but is 2 maximum at ¢ = —O0.

ture: the nuclear spin erientation in a magnetic ficld is the degree of freedon:
most commonly considered in experiments at negative temperatures. (b) The
systcm must bein isternal thermal eguilibrium. This meansthe states mugt have
occupancies in accord with the Boltzmann factor taken lor the appropriate
negative temperature. {c} The states that are at a negative temperatuce must be
isolated and inaccessible to those states of the body that are at a positive
lemperature,

The ordinary translational and vibrational degrees of freedom of a body
have an entropy that increases withaut limit asthe energy increases, in contrast
to the two state or spin system of Figure E| . If ¢ increases without limit, then ¢
is always positive. The exchange of cnergy between a system at a negative
temperature and a system that can only have a posutive temperature (because of
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Figure E3  pussible spin distributions for various positive acd
negative temperatures. The magnetic field is directed upward. The
negative spin temperatures cannot fast indefinitely because of weak
coupling between spins and the latiice. The lattice can enly be at a
pasitive temperature because its energy level spectrum 1S unbovnded
on top. The downward-directed spins, &sat t = 1, turn over one
by one. thereby releasing energy t0 the lauice and approaching
equilibrium with the luttice at @ common positive iemperature. A
nuclear spin Sysem at negative temperature MY relax quite slowly,
over atime O minutes OF hours; dUring this timeex periments at
negative temperatures Nay becarried out.

an unbounded spectrum) will lead always to an equilibrium configuratian in
which both systemsare at a positive temperature.

Negative temperatures correspond ta higher energies than positive tempera-
tures. When a system at a negative temperatureis brought into contact with a
system at a positive temperatuce, energy will be transierred from the negative
temperature to the positive temperature. Negative temperatures are horter
than positive temperatures.

The lemperature scale from cold to hot runs +OK,. . .0 + 300K, . .o+ w0 K
—wK ..., ~300K,..., ~0K. Note that if a system at —300K is brought
into thermal contact with an identical system at 304 K, the final equilibrium
temperature isnot OK, but is + w« K.

Nuclear and electron spin systemscan be promoted to negative temperatures
by suitable radio frequency techniques. If @ spin resonance experiment is

Negative Temperature

carried out on a spin system at negative temperalure, resonant emission of
energy is obtained instead of resonant absorption.’ A negative temperature
system isuselul as an rf amplificr in radio astronomy where weak signals must
be amplified.

Abragam and Proctor' have carried out an elegant series Of experiments on
calorimetry with systemsat negative temperatures. Working with a LiF crystal,
they established one temperature in the system of Li nuclear spins and another
temperature in the system of F nuclear spins. In a strong static magnetic field
the two thermal systems are essentially isolated, but in the Earth's magnetic
field theenergy evels overlap and the two systems rapidly approach equilibrium
among themselves (mixing). It is possible to determine the temperature of rhc
systems beforeand alter the systems are allowed to mix. Abragam and Proctor
found that if both systems were initially at positive temperatures they attained
s common positive temperature on being brought into thermal contact. If both
systems were prepared initially at negative temperatures, they attained a
common negative temperature on being brought into thermal contact. [f
prepared one at apositive temperature and the other at a negative temperature,
then an intermediate temperature was sttained on mixing, warmer thas the
initial positive temperature and cooler than the initial negative temperature.

FURTHER REFERENCES
ON NEGATIVE TEMPERATURE

N. F Ramsey, “Thermodynamics and statistical mechanicsat negative absolute
temperature,” Physical Review 103. 20{1956}.

M. J, Klein, " Negativeabsol ute temperature,” Physical Review 184, 589 {1956).

* £ M. Pureell and &. V. Pound, Physical Review 81,219 [1951),
t A Abragam ad W. G. Proctor. Physical Review 108, 160 (1957); 109, 1441 (1958}
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Abragam, H., 350.163
Abraham, B. M., 209
Absolute activity, 138
Absorption refsigerator, 258
Absorptisity, 97
Acceplor, 357. 363
Accessibie state, 29
Aclivation energy, reactions, 271
Active transport, 145
Activity, absolute, 139
Age, Sun. 1il
Air conditioners. 235
room, 158
Alloy, binary. 6, 310. 331
gold in stiicon, 331
mixing enzrgy, 318, 330
solidification range, 331
system, 16
Anderson. A. C., 219
Astonint, £, 142
Almospherg, 126, 143, £79
Atloms, inabox, 74
velocity distribulion, 394
Average value, 22
Avogadro constant, 282

Barclay, I. A., 315

Baraes, C. B,, 345

Burometric pressure, 115
equalion, 126

Battery, electrochemdeal, 129

Bertram, B., 210

Belis, D. S, 342

Binary zloy, 16, 310, 331

Binary model systems, 10

Binomial distribution, 22
expansion. 14

Biopolynwrs growth, 273

Black body radiation, 98
Bockeis, J. O, hi., 248
Boltzmann constant, 41, 45, 45
Boltzmann facior, 58, 61

Boltzimenn transport equation, <408, 421

Born, M.. 106
Bose-Einstein condensate, 202
Bose-Einstein distribution, 157, 159
Bosen, 152
Boron gas. 199
cendensation, 205
degenerate, 221
fluctuation, 222
one dimension. 222
Boson system, 223
Bridgman, P. W., 279

CMN, 348, 448
Carbon moneside poisoning, 146
Camaot coefficient,

refrigerator performance, 234
Camot cycle. 236

ideal gar. 237

thermodynamic thermometry, 449
Carnot efficiency, 230
Carnot engine, photon. 258
Carnot inequality, 228, 232
Carnot liquelier, 351
Carrier concenization, inirinsic, 362
Carrier lifetime, 388
Carrier recombination, 383
Cazalyst, 271
Celsins temperature scale. 445
Centrifuge, 143
Cerium magnesium pitrate, 318, 448
Chapeliier, M., 350
Chandrasckhar hmit, 222
Characteristic height, atmosphere, 126
{au, V. H., 350
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Chemical cquitibria, 266
Chesnical potential, 118, 119, 148, 161

and entropy, 131

equivalent definision, 148

exwernal, 14

ideal gar. 120, 149

internal, 122, 124

mobik magnetic particles, 127

near absoluie zera, 199

total, 122, 124

two phase equilibrism, 330
Chemical reacuion, 266
Chemical work. 250

ideal gas, 251
Classical distribution, 410

function, 161
Classical imit, 160
Classical regime, 74, 153, 159, 358
Claude cycle, 341

helium liquefice, 351
Clausius-Clapeyron equation, 281
Clayton, D. D., 222
Closed systern, 29
Coeflicieat, refrigeraios pedformance, 234
Coefficient, viscosity, 402
Coexistence curve, 278
Cohen, E. 1, 446
Cohcnﬂ‘ammudji, C., 459
Collision cross sections, 395
Collision rates, 395
Concentration fluctuations, 147
Condensed phase, 203
Conductance, hole, 415

tube, 416
Conduction band, 355
Conduction electrons,

semiconductors, 355
Conductivity, efectrical, 413, 421

intrinsic, 387

thermal. 401, 421
Configuration, most probable, 33, 35
Coavective isentropic equilibrium, 179
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external work. 334
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of slub, 437
Cooper pair. 250. 257
Corresponding states, law of, 290
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Counterflow heat exchanger. 336
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van der Waals gas, 289
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Curie temperature, 298
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Debye temperasure, 105
Debye theory, 102
Degenerate Fermi gar. 219
Pegenerate gas, 182
Degenerate semiconductors, 358, 365
Demagnetization, cooling, 357
isentzopic, 346
nuclear, 348
Density of orbitals, 187, 218
Density of states, 186
alfective, in semiconductors, 360
effective mass, 360
Detailed balance, kinetics, 447
principie of, 271
Deviation, integrated, 54
Diatomic molecules, rotation, 84
Diesel engine, 180
Differential refations, 70
Difusion
current flow, 319
equation, 437
fixed boundary, 429
heat, 437
internal heat sources, 437
particle, 399, 409
£-n junction, 437
Diffusive equilibrium, 120
Difusivity, 300, 428, 437
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Dispersion relution, 426
Distribution. classical, 16, 410
Bose-Einstein, 158
Fermi-Dirac, 154.41 14
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fevels, 369
Donor impurilies, ionization. 273
Doping cencentrations, 373
Doping profile, 358
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Eddy current equation, 425
Effective density of stages, 361
valence band. 362
Effective mays, 360
Effective work, 246
Efficicney, Carnot, 230
Eigen, M.. 270
Einstein condensation, 199
temperature, 205
Einstein relation, 406
high electron concentrations, 388
Einstein temperature, solids, 84
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Electrical conductivity, 413, 421
Elecirical noise, 98
Electrochemical batiery, 129
Electrolysis, 247
Election-hole pair generation, 388
Election mobility. 380
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Elliott. R. P.. 323
Evussivity, 97
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conversion efficiency, 230
degenerate boron gar, 221
equipartition, 77
Fermi gar, 185
fluctuations, 83, 113
geothermal, 259
ideal gas, 76
magnetic. 252
mean kinetic, 420
miring, 314, 330
thermal average, 140
transfer. 227
two state system, 62
van der Waals gar. 305
Encrgy gap, 355
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Enthalpy, 246, 284
van der Waals gas, 305
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degenerate boson gas, 224
degencrate Fermi gas, 219
free energy, 165
heat flow. 44
law of increase, 54
as Jogarithm, 50
of mixing, 78, 178, 314
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and temperature, 52
transfer, 227
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Equation of continuity. 424
Equation of state, van der Waals, 287, 289
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*~ phase, 322
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vapor pressure, 291
Equilibrium constant, 268
Equipartition of energy. 77
Error function, 429
Eulectic, 325
Evaporation cooling. 341
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Expansion. cooling. 334
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Fermi gas. 259
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isothermal. 17t
Extensive quantities, 264
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Feher, G.. 148
Fermi energy, 155, 183
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fiuctuations, 222
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irveversible expansion, 259
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relativistic, 218
Fermi level, §55, 357
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exirinsic semiconductor, 364
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Fick's law. 199
First law. 49
First order transition, 302
Flow, through hote, 415
through tube. 416.421
speed, 422
Fluctuations, Bore gar, 222
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encrgy, 83. 113
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time of, 178
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Fourier analysis. 436
Fourier's faw, 461
Free energy. 163
Gibbr. 246, 262
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Lwo state system, §1
Free energy functicn, Landau, 293
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Fundamental temperature, 41
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Gar constant, 166
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degenerate boron. 221
degenerate Fermi, 219
ideal, 72
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quantum, 182
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Heat. 44, 68, 227, 240
definition. 227
isobaric, 215
path depenrdence, 245
vaporization of ice, 305
Heat capacity, 63, 165
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phiotars and phonoas, 113
solids, 113
Wwo state system, 62
Heat conduction equation, 424
Heat engine, 228, 230
refrigerator cascade, 258
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Heat Row, 44
Heat transfer, round wave, 434
Heat pump. 235, 257
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internal degree of freedom, 179
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Kelvin. 445
law, 77
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two dimensions, 180
fmpurity atom ionization. 143
Impurity level, 368, 383
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Injection laser, 381, 388
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Inversion lemperature, 336
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Pratt, \v. 2., 348
Pressure. 64. 163
degenerate Fermi gas, 219
thermal radiation. i1
Priuciple of detailed balance, 271
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Ramsey, N. F.. 463
Rarefied gases, laws of, 413
Reaction, chemical, 266

Index

Reaction rate, 271
Read, W, 1., 185
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Refrigerator performance,
Caract coefficient, 234
coefficient, 234
helium ditution, 342
light bulb in, 259
Reif, F. 215
Relativistic Fermi gas, 218
Relativistic white dwarfs, 222
Relaxation, thermal, 432
time, 433
Reservoir, 58
Resistivity, 387
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Thermal ¢xpansion, 272

Thermal ionization of hydrogen, 272

Thermal photon. 110

Thermal pollution. 253

Thermal radiation, |1t

Thermal relaxation, 432
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Weissman, M., 148
Wheatley, 7, C., 217
White dwarf siar, 196
miass-radius relationship, 219
refativistic, 222
Wicbes, 1., 114
Wiedemann-Franz ratio, 421
Wilks, 1., 215

Index

Woods, A, D. B., 216
Wark, 227, 240

chemical, 251
constant pressurs, 345

constant temperature, 245
definition, 227

irreversible, 242
isobaric. 245

It
path dependence, 240

Zemansky, M. W., 279, 451
Zzroth law. 48

Zipper problem, 85

Zucea, R., 373

473



R . i
708 7565 OOA 0oy ;
i
Unit conversions 2 : Table of Values
Energy ;
11 =10"erg - o : ; Quantity _ Symbol Value €cs S
Leal = 418431 - ’ ;
= TR 1z _ -1 Velocity of light c 2997925 10f%cms™? 105ms™!
LeV = 160219 = 1077° | = 160719 « 10 erg = 23.061 kcal mof Proton charge e 160219 — 10718 C
1kWh = 36 x 1041 3 480325 H sy —
1 BTU = 1055 3 ' i Planck’s constant h 662618 107 ergs 107345
, ; B=Rk2r 105459 107 ergs 1073
Power ‘
: Avogadra's number N 602205 % 10 mol"? — -
i -1 . 7 -
IW=1)sT"=1 107ergs? ] Atomic mass unit amu L66IST 107y 1072 yg
1bp = 746 W = S50t Ibs™? ‘ Electron rest mass m 9.10951 10728, 107 kg
. 3 Proton rest mass M, ) 1.67265 107 g 10737 kg
Pressure : Proton massfelectron mass Mym 18362 — —
= 2 = 1o-3 = -2 : -
LPa=1Nm"? = 001 mbar = 107% bar = 10 dyn cm Reciprocat fine structure Va 111016 . _
= 1501 » 1073 mm Hg or torr o constant hc/e?
Tbar = 108 dys em™? = 105 Nm~2 = 750 mm Hg ; Electron radius e*fmc? r, 281794 10" om 10 m
) _ -2 2 C : : : Electron Compton ke 3.86159 107" em 107 m
mm Hg = I. torr = 1333 N m~2 = 1333 dynem _ ; wavelengih fme .
talm = 760 mm Hg = 1013 x 105 N m~? ‘ . Co Bohr radius #%/me? s 529177 107%em 107,
= 1.013 x 10°dynocm™2 = 1.013 bar i Bobr magneton eb/Zme Ha 9.27408 107 erp G1 10-2y1-!
) E Rydberg constans me*[2ht R, or Ry 217991 107 erg 1078
* A0°C where the acccleratios of gravity has the standard value 980665 m 5™, 13.6038¢v
T3
] Tel ciro wolt ev 1600219 107 e 1049
§ A 2411797 10°* H: -~ —
3 W 8.066548 10° cmt ™ 10%m~
F 3" 199 1.166045x 10* K — —
Boftzmann constant kg L3 8066 10 ‘ergK- Lo gt
Permittivit y of flrecpace € — 1 1 0%dnc?
Peqmeabitl ty of frespace Ho - 1 dax 077
P Molar gas «constaniv, R 8.31 44 107erg mol'? J omol it
E Molar volusme idedgas, at 14 13 10%emimol ' 0 mimol !
To= 2T3IS K,
pae 101325 M I?" 1 atm
Source: R Cohedl -B.N.Tayl 1 J ur alof Phys icha d Cheoical Reference  Datad(d), 663 (1573






