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Preface 

This book gives an elcmentwy account of thermal physics. The subject is 
simple, the methods are powerful, and the results have broad applica- 
tions. Probably no other physical theory is used more widely throughout 
science and engineering. 

We have written for undergraduate students of pliysics and astronomy. 
and for electrical ellgilicering students generally. I.l~ese ficlds for our 
purposes have strong cotnmoo bonds, mo5t notably a concern with F e m i  
gases, whc~hcr in semiconductors, metals, stars, or nuclci. \Ye dcvclop 
metl~ods (not original, but not easily accessible elsewhere) that are xe l l  
suited to these fields. W e  wrote Lhe book in the first place because we 
were delighted by the clarity of the "new" methods as coropared to those 
we were taught when we were students ourselves. 

We have not emphasized several traditional topics, same because they 
arc no Iongrr useful and some because rheir reliance on classical rlnLisli- 

cal mechanics would make the course more difficult than we believe s 
first course should be. Also, we have avoided the use of corrrbiilaloiial 
rnetllods where they are unnecessary. 

Notation and units: W e  generally use the Sf and CGS systcms in 
parallel. \Ye do not use the caloiie. The kelvin temperature T is related to 
thc fuirdnmental tcmpcmturc T by T = lr,T atx1 ttic convention:~l calropy 
S is relared to the fundamental entropy w by S = k,,u Tlie symbol log 
will dsnoie nalural logarithm throughout, siniply because in is less rx- 
pressive when set in type. The notation (IS) refers to Equatio~i (IS) of 
lhe current chapter, but (3.15) refers to Equation (18) of Chapter 3. 
111s book is the successor to cour,c notes dev~.lopcd with ~ h c  assist- 

ance of gr;int.; hy tlic University of California. Edward hl. Furcell con- 
tributed nimy ideas lo the first edition. \Ye benefited from rsvie~v of the 
sccond edition by Seyniour Gcllcr, P ~ u l  L. Ricliards. arid Nit:l!nl:is 
\Vheeler. Iiclp was given by lbivliim Adasi, Bernud Black, G. Duirio- 
kos. X4argare: Geller, C;irneron tlayne, K. A. Jackson, S. Justi, Psisr 
Kittel, Ricltard Kirtler, Manin I. Klrin. Ellen Leverenz, BNCC H. J. 
hlcKeilar, F. E. O'hkara ,  Norman E. Phillips, R .  Roswcll Russell, T. AT. 
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Note
k_B = Boltzmann constant
= 1.3 E-16 erg / degK
= 1.3 E-23 J / degK
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Note to the Student 

Snndcir. 8. Stocckly, John Verhoogen, John \Vheattsy, and Eyizind 
Wichmann. \\'e thank Cwol Tung for the typed nianuiciipr and Sari 
Wilde [or her help with the index. 

An elementary treatment of the greenliouse effect in the Emtnh's atnla- 
sphere was added in  1991 on page 115, follow in^ an argument suggested 
by Professor Richard Mutter. A page on atoinic gas experiments on tllc 
Bose-Einstein condensation ujns added to page 223 in 2000. 

For inslmctors who have adopted ths course for ctassroo~n use, a 
solutions manual is available via the freeman web site (http:Ntvhlreenlan. 
codthermalphysics). 

Berkeley ovd Sntrtn Borbora 

For minimum coverage of the concepts presented in each chapter, the authors 
recommend the following exercises. Chapter 2: I, 2, 3; Chvplcr 3: 1,2, 3,4. 8. 
I t ;  Chaptcr 4: 1,2,4, 5,6, 8; Chapler 5: 1, 3.4, 6,  8; Chapter 6:  1,2, 3.6, 12. 
14,lS;Chapter I: 2,3,5,6,7,11; Chaptcr 8: I,?, 3,5.6,7; Chapter 9: 1,2,3; 
Chaptcr 10: I ,  2, 3; Chaptcr 11: 1,2,3; Chaptcr I 2  3.4, 5; Chapter 13: 1.2, 
3,7,8, 10; Chapter 14: 1.3.4.5; Chaptvr 15: 2, 3.4.6. 
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Our approach to thermal physics diners from the tradition fal io~ccl  in beginnin: 
physics courses. lhcrerore we provide this introduction lo set oul what n.c arc 

going to do in the chap~ers that follow. We show the main lines or  tlie logical 
structure: in this subject all the physics comes lrom the logic. In ordcr ol ihcir  
appearance, the leading char&cters inour story are the entropy, tlie teniperarurc, 
the Boltzmnnn factor. the chemical ootealial. ttieGibbr factor. and tlredisiribu- 
tion functions. 

The entropy measurer the number bfquanittm rtnles nccezrible to LI ryrlem. 
A closed system might be in any olihcre quantum statcr and (we assume) with 
equal probability i h c  fundamental staiiatical element, the rundnmcntal lopica1 
assumption, is that quantum states are either accessible or ioaccessiblc to the 
system, and the system is cqiinlly likely robe  in any one accessible r1.m as in . . 
any other accessible sfalc. Givcn g xcesrible staler, rhe enrropy is  defined ar 
o = logg. Thc cniropy thus deriiicd will bs a lunction or llic cnergy U, ihi. 
nuciibci or particles N, and the volume I' of the system, because iiicrc param- 
clcrr colcr lhc dclcrminotion 01 8 :  otlrcr pniamctcir may ciltcr :Is \vcl/. Tltc 
usc a1 the logarithm is a mntlicmatical conveniciice: it is ensicr t o  \rrite 10" 
t hane~p ( lO '~ ) ,  and it is more natural lor two systems l o  speak o l o ,  + o, fhnn 

ofg,g,. 
When two systcms, each orspccificd energy, are biouglit into thcimal contact 

tiley nlay translereoergy: their tol;ll energy remainsconstant, but tlicconstmiius 
an their individual energies are lilted. A lransler of cncrgy in onc direction, or 

pcrhaps in theothci,m;ly increase thcproduct gigl  that measurcstheliumber 01 
accessible states of the conlbined systems. The  fundamental assumption biases 
the outcome in favor of that allocation of the total encrgy Ilia1 maximizes the 
numbei ofaccersiblc states: more is belter, and more likely This slatemcnt is 
the kernel o f t he  law of increase alentropy, which is the general expression of 
the second iarv ofthermodynamics. 

Wc have brought two systems into thermal contact ro tli;lr $hey mny tmnsfcr 
energy. What is the most probable oulcome of the encounter? One sysleni \\ill 
gain energy at theexpense o l t he  other, and meanulrilc the total entropy of the 
two systems will increase. E\,entually the entropy xil l  reach a maximum for 
the given total cnergy.'ll is not difficult to shorv (Chapter 2) that them a ~ ~ i t i u n  ~' 



iz atlnincd hhm ihe value of (r'oiZU),,, lor one system is equal to the value o f  
the same quantity for \be second system. This equality properly lor two systems 
in tl>crn,nl conraciiijusttlic properly wcerpect olthetcmpcraturc. Accordingly, 
we definc the lundatncntal temperalure r by the relation 

The use or i r  3ssurCS thnl Cllcrgy will flow from lliglt T to low 7; no  more con,. 
plicatcd rclatioo is ncedcd. It \\-ill lollod that tlic Kclvi~, 1cillper:tturc 7. is 
directly proporiiond to r ,  \wit11 r = k,T; al,crc f B  is tile iloltzm:iiin co i i s~a~i t .  
Tllc ~ ~ ~ \ . ~ i i l i ~ l i i i l  ciitinpy S i s  givcii by 5 = k,,n. 

Now ct!nbidcr it  Y C I Y  > I I > I I ~ I C  cx:~~s,plc tltc ll<~lt,t,~:~,,~i hct,,r I~C: , ICCI  i t ,  
('I!.s~~lcr 3. I c i  :* r # l i ; ~ l l  %yrlci,i   rill^ l~iily n r ~ ,  \t:~lc%, t i i lc  : I S  cilcr$:y 0 ntbd $n,e :kt 
energy c, bc placed in tlicni~al coritiicl will, a i:ligc ap tcm tl~iit we a l l  tlic 
ier:rvoir. The total energy of the conibinsd syslcnir is U,; wlien the sinall 
system is in the s a t e  of  cncrgy 0, llic rescivoir has encrgy U,  and wiil hnvc 
g(U,I stales3ccssrihle t o  it. Whcn tbesmall syr1r.m is in llie statc oienergy e, the 
reicrvoir n.ili have energy U ,  - e and wiil ha\.e g(U, - E )  slates accessible to 
i t .  Dy the lundameotal assumption, tile rniia 01 \he probability of finding the 
sm211 system uiill cocrfy c to the prab~bilily of finding il with energy 0 is 

The iescri.oir entropy ri ni3y be cxpandcd iil a Taylor serics: 

by the definition (1) of the tcmpcrature. Higher ordzr terms in the expansion 
may be dropped. C~nccilation of tile term crp[o(L~,)], wiiich occurs in the 
numrratoi and dcnoininaloi 01 (2) aRei ti;e subitilutioil of (31, leaves us will1 

This is Boltmiann'r result. To show its use, \vc cslculatc lhz 11icnn:~I average 

eotrsy ((E ofihil \\yo st:ite system in tiieirnal contact with a reservoir a t  tern- 
psrature 1: 

wliere we have impobcd the normaliralion condition on the sum o l  the piob- 
abilities: 

The  argument can be ~eneralized immediately t o  find the average energy of a 
!tarnionic oscillalor at temperature r, and tve d o  this in Chapter 4 as the first 
step in the derivation o l t he  Planck radiation law. 

Tlte most importanl extension ol the theory is lo systems that can transkr 
p:!rtidcs as well as energy with thc rcscrvoir. For two rystcrns in ditlusive and 
thcrmnl contact. tbc cntrapy rviil be n rnnrirnuni rritli iuspect t o  tlie trsnslcr 
o r  p?rticles as \ ~ c l l  as t o  the trnndcr ol crrrgy. Not only must (io!iU),.,. bc 
eqtr.il lor the (\YO syrtans, bnt (Zrr!i'N),,,. most also bc eqool. wlicrc N rclcrs lo 
II,C ,,,,,,,I,cv (4 ,p:trticlcs ,,r :t ~ivctt  s p ~ i ~ s .  .I It< IICW ~~ltc.tti$y ~ , ~ ~ ~ ~ t i ~ i , ~ ~ ~  is 1 1 ~  

,,cu,ric,,, I;.r tl,c i , , l , , , ~ l l , ~ t i , , i ,  , > l i b  l lCIV <I, l . l l l l i l , .   ill^ ~ l , < l l l i ~ . s I  t>~l~~t i l i . l l  6,: 

For iwo systems in thermal and difusive contact. r ,  = r2 and j r ,  = idl. The 
sign in (7) is dioscn to cnsure that the direction 01 particle flow as equiiibriuln 
is approached is froni ltigll cliemical potential to low chemic;ll potential. 

The  Gibbs lactor of Chapler 5 is an extension o l  the Aoltzrnan~~ lactor and 
illlows US 10 treat S~SICDIS tb:$l can 1r:lnsTcr p;rrlicicr. Tiic sinlplest cx:lmpli: is :! 
system with t~vostates,at~c~viihOparliclrsa~~dOcnergy,andone with I parlicle 
and cncrgy e. T b r  rystelil is in contact with a reservoir at temperature r and 
cliernical potential { I .  \Ye catcnd (3) lor thc rcicn'oir entropy: 

Uy analogy nil11 (.I), we have 

lor tlie ratio ofthl: prab:bbilily tlic systcm is occuliicil by I p~r t ic lc  at cncr.'? E 

to tile piobsb~lity the systein is unoccupied, )villi cnergy 0. r h z  result (9) a f t ~ i  
norntalization is readily expressed as 



T!iir pzrlicu!~r result is known as the Fermi-Diiac distribution function and 

is used particularly in the theory of metals to describe the election gar at low 
temperature and high concentration (Chapter 7). 

The cluriical distribution lunctio~l used in the deiivntion o i t hc  i d 4  gar law 
is just the limit of ( l0)  \\hen tile occupancy P(1.r) is much lsss thzn I: 

P(1.s) = exp[(ji - &)!I]. (11) 

The properiiss of ths  ideal gar are developed from this result in Chapter 6. 
The  ~ l e l n h o l t r  irce energy F U - ro appsarr as an  important cornputa- 

tional lut~ciion, because the rclation (ZF/?r),,, = -o offers the easicst method 
lor finding the entropy, once we have found out how to calculate F icon1 the 
cncrgy cigi.nvslucs (Cliaptcr 3). Otlicr powcrlul tools lor llic calcu1:xtion of 
i!~crmodyo~:nic iunctions are dcvclapcd iia thc tcxt. Most a i  ltiu rcm:!ioder oi 
1111. text conccrns apjilications titat are usciul in thcir own right 2nd tirat illu~ni- 
nnte the rncming and ulility of the principal tl~ennodyn:stnic functions. 

Thcrrnal physics connects tile world of evciyd;ty objects, o l  ;,~lronomic;<l 
objccts, and aicl~cinical altld biu1ogic:il pmccsws with !he rvurld olxnnlcct,t:ir. 
atomic, and rlcctronic systems. 11 unitcs lhc two parks d o u r  world. thc micro- 
scopic and the macroscopic. 

Chapter 1 

States of a Rlodel System 
:. :~. : ~.~:::.::.:-:,~,:. :.:,:, ;L.:i.:L:: :>z~:L-~;~T.zL~'?:~7~~.-zr.?.:z7-~~->-;- 

BINARY hlODEL SYSTEAIS 

Enomcration of States and the hfultiplicity Function 
Binary Alloy System 
Sharpness ol the Multiplicity Function 

,\VI<ILACkt VAI.UES 22 
. . Eocrgy o l  t l x  Uindry hlagnetic Systcm 23 

Ennnrpte: Multiplicity Function for Harn~onic Oscillators 24 



Birr alrhoegh, a s  a taarrer o/hislory, rroririicai !~reci,u,lics o,t.cs irs origb, ro 
brvesrigorio~rr irl  ri~emtody~ta~r~icr. ir Sp?!ll5 o~rirre~lrly t~wrrliy ofan h,d',pepcride,it 
drue/api~,e,~r, both o,t occou,ll n/rhe ~ I P ~ O I I C P  03td sintplieiry ofirs prir~ciples, 
utid because il ).ields rte,v restills a~~dplaces  old frur/,s in a ,leiis iiyhr itr 
deparrt~tetrrs quire ourside oJrlicrrrroii~,tar~iics. 

J.  Ii'. Cibbr 

A rlieory is the lliore iriipressii-e the giearer the riir,pliciry ofirr pretliises. rlie 
more difere~ir k i i td~  olihingr ir reiares, orldrbe r~rore e.xre,rded irr oren of 
appiicahi/ity. Tilerifore tile deep i,~~prersio~z rho1 ciossirul rherr~iodyt~o~r~ii.s ,,>ode 
ilpon me. fr is rirr. o,ti). pliysical llieory o/u,6ir~rsol co!ire,tr ,~.lriril I o,rl coriri,~ced 
~riIi,:n-cr br oucrrhroii~t, ttdrhiti rhe/rur,teaork ofupplicobili~~ of irs boric 
cortreprs. 

Thermal physics is the fruit oltltc union ofslatistical and mechanical principlcs. 
htcchanics tcils us the meaningofwork: thermal physics lells us lltc meaning of 
heat. There are three new quantities in thermal physia that d o  not appear in 
ordinary mechanics: entropy, temperature, and lice encrgy. Wc shall raotivste 
their definitions in the first three chapters and dcducc thcir conscqucnccs 
thereafter. 

Our point ofdeparture for thedcicluprnent oftherl i i~l  physics ir thecancrlit 
o l  the stationary quamum states o ! a  ryriem oipartirlcr. \Vlien ive can count 
the quantum states sccersible to a systcm, we know the entropy of thc  system. 
for the entropy is dcfined as the logarithm ofthe numbcr ofstater (Chaprer 2). 
The dependence of the entropy on the cncrgy olthe system delinus the tempcra- 
lure. From theentropy,~l~etcn~~eiatuie.aiiu'~heirceenergy we 6nd the pressure. 
the chemial  potential, and all other thermodynamic propcrtics of the  systcm. 

For a system in a stationary quantum state, all observable pbyrical propertics 
such as theenergy and the nlinrber ofparticles are independent oflhe time. Foc 
brevity we usually omit the trroid stationary; the quantum states that we treat 
are stationary excep1 wlren \re discuss tranrport piocesses in Chapters 13-15. 
The systems we discuss may bc cornpowd ol a single particle or, marc oilcn, 
o r  many particles. 7 1 ~  theory is developed lo handle general ry,lerns ol inlei- 
acting particles, but poiveiful simplifications can be made in special problems 
lor which the intersctions tnay be neelcctcd. 

Each quantum slate has a dcfioitc encrgy. Staler nith ids~ltical energies arc 
said t o  bclong to tile same energy lcvrl. TIie multipllzity or  degeneracy of a n  
enersy ir\.el is the number o r  quantum st;>ti.s with \ti). nearly tlie mnic cncigy. 
it is the number a l  quantlim slates ,hat is importsnt in tliernlal physics, not 
tlie nunibcrofeneiey lz\els. \i"cshall fiequcntly deal nitii sums over nil qu3nium 
stares. Two stales 31 lhc same encrgy must al\vays b: counted as two >r,tIcr. 
not 2s u,,u 1cii.1. 

L C I  US luuh ;11 llis l j i i . i i i $ i i ~ i t  rt.ttc.. ; t i , i l  C S I C I ~ ~  J C \ , ~ I . ~ ~ ~ ~ C ~ C I . I I  . t w w i c  ) p l w i . i .  

Tlic sin,pl~,it is l,ydrogi.n. \ \ i t l ~  onc rlcclroi, ; i i d  ui:u jpioton '1'11~ l~~~<- l>cc>g 
cncrsy i-\sir o! l i ) i l~oyct~  ;ire rhobvn in Figure 1 .1 .  Thi' m u  o!r.ncrpy ii! il,s 
figure is taken a t  the rtate of io\~est  cnwgy. Tlie nun~b t r  of  qu:~silun~ rt:lti:s 
belonging to ths same cncrgy ! c d  is in paicmhcnr. l n  tile lieure \vc orcrluui  
that !he proion has a spin o f i h  31111 itas tiio indtpcndent arientatioiis, p;!rallel 
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that an orbital of a free p:lrticle can be characterized by thrrc positive integral 
quantum numbers rt,. / I , .  , I = .  The energy is 

The mult'iplicilies of the levels are indicated in the Azure. The three orbitals 
\vi~h(~i.,>~,.:s:!cqu~l to(4,l,ll,~l,4,l),and(l,l,4)~lll1~vc1t~~ t 11; + 11: = 18; 
the corrcrpondingenrrgy level has the mul~iplicity 3. 

To describe the statistical properties a l a  system ol i\' panicles, it in essential 
l aknow theset olvalucsollhceocrgy c,(N),wtlere~isthecnsrgy orthequantum 
staterofthe.V paniclesyncm. ludicessuchassm~y bcassi~nrd to thcquantum 
states in any convenient arbitrary way, but two iliileienl staler should not be 
arsigncd i h r  same index. 

i t  ir a good idea t o  start our program by studying the properties o l  simple 
rnodcl sy>tcms lor rvl~ictl theenergies t,[.V) can be calculated exaclly. We choose 
as a model a simple binary system because the gcneral stntiatical propertits 
found lor tltc model system are believed to apply equally well to any realistic 
physical system. This assumption leads t o  predictions tltat always agree with 
experiment. Wtrdt general statisticai propertics are ofconcern will become clear 
a s  we go along. 

BINARY RI0I)EL SYSTERZS 

T h e  binary model system is ill~istratcd in Figure 1.3. \Ye assume there are N 
separate and distinct sites fixed in space, shown lor convenience on a line. 
Attached lo cut!, sitc is an elcmcnlary soagnel Ittat can point only up or down, 
corresponding t o  magnetic moments $ - r r t .  To understand Lltc system Incans t o  
count the slates. This requices n o  kno\vledsc of magnetism: an clement o r t he  
system can bc any site capable ~ i t \ \ ~ o  statcr, lnbdcd as yes or no, red or  blue. 
occu[,icd or unaccupicd, zcin or onc, plus one or ntinus oile. T11c silcs :KC 
nunibcrcd, atld sitcs sit11 diircrcnf nuo~bcrs :ire supposed not to orcrl;ip in 
ptl)siclll spilcc. Yclu migill cicll l i l i i i k o ~ t i ~ c i i t ~ s a s n ~ ~ ~ l i b L . ~ ~ d  1p:lrkingsllilCcs in 
a car p i k i n g  lot, as in Figure 1.4. lI.,ii~ p:irkiog rjrjcc Itas t uo  sl;$lcs, v:$c:int or 

aciupicd by one car. 
Whntcvci llic rialtirc o r  our u1,jccls. irL. mciy dcsignste i1lc I,\." SI;LICS by 

arrows 11131 can only point stiiiight up or i t r~igli l  down. Il rhc iiiagncl points 
UP. we say thui tlie maynetic mobnent is +ill. l i t h e  magnet points dowit, (lie 
magnetic rnomcnt is 

Number of he rile 

Figure 1.3 Model syrlcm composed 01 10 elementary 
rnagncls at fixed rilcr on a 1inc.csch having magnetic 
moment cm. Thc numbers shown are nttached to thc silcr: 
rnch rile has ilr own magneL Wcasurnc there arc no 
inlcrrclionr among the magnctr and lhcit is no cztcrnal 
magnetic field. Each magnetic m~mcnt  may bc oriented in 
two ways. up or down, so chat there arc 2'* distinct 
arrangcmcritr of the $0 ~nagnetisrnornentr shown in the 
fipure. If the 3rrungcments urr ~clectrd in a random proccrr. 
tllc probabttity ol finding tbt panicular airangcmcnt shown 
is l/2'0. 

Figwe 1.4 Slate ala parking lot wilh 10 numbered parking 
rpzccs. n,c 0 ' s  denote spaas  occupicd by a car: lhr 0'1 
dcnolr vawrit sonces. This ~articulur riatr is equivalent to thnl 
shown in Figure 1.3. 

Now considcr N diilcrctlt sitcr, each o l  \\.lticli bcnis n ntom~.nl that t n ~ y  
:~ssuntc thc v:tlues ? M I .  E ~ c I I  moincni may b~. arientcd in two iv.~ys \<ill\ n 
pri>babiiity isidcpcnilcnt 01 ihc aricn1:ttion of xll otlisr o1omenls. Thc totnl 
iriirnbcr o l  irrnngcn,a!tts a i  tlic N mootents is 2 r ? x ? x . . - ?  = 2'. ;I 
st:~tc olllte systcn~ i,. s,xcii<c~l b y  %ivinS tllc oricnt:tlio~> o l  t l ~  t ~ ~ o t l ~ c r ~ l  %,I! c :~ I l  

sitc; tltcre ;trc 2' st:\tcs, \Vc bm:sy ISSC 11tc iollutving s i ~ ~ i p l c  ~ I O I : I I ~ O B I  fur a  sing!^ 
si:ire o l t he  system a f N  silcs: 



Figurc 1.5 n ~ c  four dxllcrrnt icaio ofa 
I)slcii> oiti\o ~ I ~ n i ~ n t s  nilriikicd I and 2. 
ulicic cadi element wn have two condicionr. 
Ttic clcrncol is a rnagiici aliich can be in 

condniaii 1 or condition j. 1 1  I 2  I !  1 2  1 1  I 2  I !  I 2  

The sites themselves are assumed t o  be arranged in a definite order. We may 
numbcrtlietn in sequence from left t o  right, 3s w e  did in Figure 1.3. According 
to lliis conveillion tlle state (2) also can be writtcn as 

Both sets of  symbols 12) and (3) denote the same state of  tlre system. the state 
in which the magnetic momcnt an  ritc I is +,ti; on site 2, the moment is -1-trz; 

on site 3, the moment is -,TI; and so forth. 
It is not hard to convince yourself that every distinct state of the system is 

contained in a symbolic product of iV iactors: 

The multiplication rule is defined by 

The function (4) on multiplication generates a sum 012" terms, one for each of 
the 2' possible stater. Each term is a product of N individual magnetic moment 
symbols, with one symbol lor each elementary magnet a n  the line. Each term 
dcnoter an independent state o l  the systcm aifd is a simple product o i t he  iorm 
T,T2!J...fE, for example. 

For a system o l  two clexnentary magnets, we multiply I T ,  + I , )  by (1, + 1,) 
to obtain tlic lour passiblc stntcs o f  figtiic 1.5: 

(Ti + 1 1 ) ( T 2  + 11) = Ti11 + Ti11 + IITI + l i l t .  161 

Thesum ir not n rldtc but ira way ollirliiig thc four ponriblcrtstcrofthcrystc~~. 
Thc product on  the left-hand side olthcequation is wllcd a gcncrating lutlction: 
it  generates the s t a t a  of the system. 

The  genciating function for tlie st3tcs of  a system o f th i cc  rnsgncis is 

Thisexpression on multiplication gcnci?tcs 2' = S din.crcnt states: 

Three magitctr up: T I T ~ T ~  

T u , o n ~ ~ g n c t s u p :  T I T ~ ! J  T t 1 2 T 3  l t T I T l  
Onen iag~ i c tu l~ :  T I  I r 1 2 1 ~  I1L2T2 

None tip: 1 , 1 2 1 3 .  

The total magnetic moment o i  our model system of N magnets e3ch 01 
magnetic moment ,,I will be denoted by i\l, which we will relate to the energy 
in a magnetic field. The value a l M  varier from Nui to - hrta. Ttie set oipossible 
valucs is given by 

The set of possible values of bl is oblaincd ifwe start \\,itb the state for which all 
magnets are up(M = N,n)and reverseoneat atime. We may reverse N ningncts 
t o  obtain the ultimate state for u.hich all magnets are down (Af = - Ar>>il. 

There are N + 1 possible values o f t he  total moment, whereas there are 2" 
states. When N >> I, we have ZN >> N + 1. There are many more states than 
values o l  the lotal moment. if N = 10, there are 2" = 1024 states distributed 
among I I  ditIerent valuer o i  the total magnetic moment. For large A' many 
dificrcnt states o i  the system may have the same value o i t h e  talal moment nl. 
We will calculate in thc next seaion how many states have a given value of M. 

Only one state o f a  system has lhe momerit hf = A'I,I; that state is 

Thcrc an: N ways lo lorm ;! rl;tte with anc in:tgnul ~IOWII, :  
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El'cry distinct slate o f  a binary alloy system on  N sites ir coniaincd in tlic 
symbolic product o f N  factors: 

in  analogy to (41. Tlte suerage composition o i a  binary alloy is specified con- 
\zetitionally by the chemical formula A,.,B,, which means that out of a total 
of N atoms, tltc nurnbcr o f  A atoms is N, = ( I  - s ) N  and the number o f  U 
alornr is iV, = xiV. Here .Y lies bctupeenO and I. 

The symbolic crprersion 

is analogous to llte restill (12). The coeRicieot of the term in hY-' B' gives tile 
nurnbcr g(N.1) o f  possible arrangements or statcs oi N - r atoms A and r 
atoms R o n  IV sites: 

\ h i c h  is identical t o  the result (15) lor !lie spin model system,cxcept for notntion. 

Sl!lrpness o l  the hlult ipl icity Function 

\\'e know f ro~n  common experience that syslcms held at conslant temperature 
usually have u'ell-defined properties; this stability of physical properties is a 
m3ior prcdictiun o f  thermal physics. The stability lollows as a consequence o f  
theexceedingly i l iarp pcakin tliemultiplicity lunctionandafthestcepvariation 
of tha\  functiuti away lrorn tlie peak. We can s l i o ~  explicitly that for a very 
large system. the luaction y(,\',s) delined by (15) is peaked very sllnrply about 
!lie valiie s = 0. l\'e look for an approximation that allo\r,r us to eaomini: tlic 
iorri i  o f  g(,\'.s) rersr~s s rvlien iV >> I and Is1 << ,V. We canna1 look up these 
\.31ues i n  tables: conritron tables o f  factorials do not 30 ;ibove :V = 100, atid ive 
n n y  be inreicrted in  .\' z IO'", a l lhe  oidci oftlre nunibei  oiatornr in a solid 
spccimcii b ig enouslt to be seen and 14t. An tipproxim-.iion i s  clearly nceded, 
:incl s good oiic is available. 

I t  is convcn ic~~t  to !vut~k w i t l ~  log!/. 1 5 ~ ~ p t  $\l>ctc 6 ~ t l ! c r \ ~ i ~ c  ~pcc i l i c~ l ,  ;#I1 
log;l~itliiiis arc uildcrstoud l o  01: lug b;~rer, rvrilten licrc ;Is 1og.TItc ititcrnational 
standard usage i r  I n  lor log hasc r ,  but it is cle3ier to wiitc log nhco there it no  
nmbiguily ~vli:llci.cr. Whsn )-nu confront :I vcry, very lnrgc tililitbcr socli 8s 

?',ivIicic ?i = 102',il isa siniplification to look at thclogaritlini o i the number. 
We take tlic luzarithm of  both sidcs of(15) t o  obtain 

Iosg(N.s) = l o g N !  - lag(i;V + s)! -- log(jiV - r)! , (22 )  

by virtlie of t l ie cttaracterislic property o f the  logaritlirn o f 3  product: 

l oszy  = logy  + logy; log(.x/y) = lo8.v - logy. (23)  

\\'itli lhc notation 

h', = frV + s; N, = fN - s (24) 

lor the nurnbcr o f  magnets u p  and dawn, (22) appears as 

logg(iV.s) = I o g N !  - IogN,! - IrrgN,!. (25) 

\\'c evaluatc the logarithm o f  N! i n  (25) by  use oft l ie Stirling approrin?:ktion, 
according to which : Z,~T,~GO P ~ Q / )  

.\'! - (2nN)'"N" exp[- N + 1/(12N) + - . .] . (261 

for N >> I. This resull is derived in Appendix A. For sofficienlly large N, the 
teriiis 1,(12S) + . . - in the argurnent may be neglected i n  caniparison willt iV. 
We take the logzr i thn~ o f  bath sides of(26) t o  obtain 

Similarly 

lag,V,! z :log?n + (if', + i l l o g i v ,  - ]\'I; (2% 

Aftcr tcarnngrmcnt of(27). 

0 I ! . , + \ + I - ( V ,  + , (?i,, 

! ~ I i ~ i c ~ % L ~ l i : i i ~  ti>crI A' == .\', I. n'.. \\'c,ill~t,:ict (Ls):III~I L ? ' I ) l ~ u i ~ ~  (.lO) l u ~ ~ l ~ l : b i i l  
for (25): 

l o  z " ( Y )  - \ + ) I " ( , \ )  - v + ) ' ( , , Y .  (? I )  
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AVERAGE VALtJES 

The average value, or  mean value, o f a  function /Is) taken over a 
distribution function P(s) is defined as 

(1) = 1/(4 P(51 , (39) 

provided that the distribution function is normalized t o  unity: 

z P ( s ]  = I. (40) 

Tlic binomial dhtribution (15) has the property (17) Illat 

x( i (N ,r )  = 2" , (41) 

and is not normnlized to unity. l l a l l  states are eqitally piobablc, then P(s) = 
glN.r)/2", and 1r.c hsvc XI ' (>)  = 1. Thc avcragc o l j ( s )  over titis distribution 
rv~tl be 

<I) = 1 f h l  i'(N..rl. (42) 

Consider the lunction J(s)  = 5'. In the spproaimalion that led t o  (35) and 

Ob), we replace in (421 the sum C o\er  s by an integral . ds between - m 
and t m. Theit 

Tile quanlity ((28)') is the nlsnn square spin excess. l-lle roo1 mean sqirarL. 
spin exctrs is 

( ( 2 ~ ) ~ ) ' ; ~  = Jq , (44) 

and the rractionsl fluctuation in ? r  is dsfincd as 

The  larger N is, the smaller is the fractional Oucl~ration. This mcans that the 
central peak of tlie distribution function becomes relatively more sharply 
defined as the size o l  the system incrensej, the size being measured by the 
number o l  sites N. For 10'' particles, F = lo"", which is vcry small. 

Encrgy o l  [he Binary hl;lgt~ctic S:stem 

The thcrnmnl propcrtics oi the niodcl systcn, bcco~nc physir:tlly rclcv;int xlicn 
the c~c!l,cnl;try m:lgilels arc plnrcd in n nl3gnctic tktd, iiir tlrcn the t,,crgics of 
the d ik r en l  statcsitrc no longci 311 equal. iiilieencrgy ohl ,e system is specified. 
~ h c o  o ~ l y  tllc st;tlcs li:kring tl~is cticrgy n ~ i y  occur. The ctrclcy o l  itttri:toiun 
u i a  single magnetic ntomeiit n ln i lh  3 fixed i\lcrnal mngnctic ticld U is 

This is the potential energy of the magnet rn i n  the field B. 
For tile tnodcl systcin of A' cicmcovaiy m:igoea, each with two allovcll 

oiicntations in a uniloim magnetic 6cld B, [lie total potcnlial energy U is 

using theexprcssion A 1  lor the total magnetic monierit Zriti. In tliis exampic tile 
spectrum o l  valucs of the energy U is diwrctc. \\'r sl~ull scc later ihat a con- 
tinuous o r  quari-continuous sp;rtrom u.iil create no dilliculty. Furthermore. 
the spacing bctmeen adjaccnl energy Icvcls o i  this mollcl is constam, as in 
Figure 1.10. Constant spacing is a ~pecisl  feature of 11ie piarlicular model, bur 
this lealure \\,ill not ieslrict the gcnciality of thcar:ument lii31 is devclopcd in 

$hi: iollowing sections. 
The value ,of the eiierev (or motinenls il,,al inlci~icl onlr \vilh tile erIcrl::ll -, 

magnetic liclll i.: r c t~ r l c l c l y  dstcrmined bx t la  value o i  s. Tlsis funcrional 
depcedcnce is ;.ii.;cat~u by t \r i i i t i~ L'(s). Rtvrrsitt$ n siligls tilomclit lolicrs 
2s by -2, lo!\~en the total masnitic nioniint by -?!,a, ;lnd r:~isi.s llic ciiergy 

I 
by 2isB. The  energy dikrence bawse i~  adjacsiit lciels is duiiotcd by A&. i!.Iiire 



/ g(r1 log g ( ~ )  

- 5 + I @  I 0 

- 4 +S . 10 2.10 
-1 +6  45 3.81 

- 2 1 4  I20 4.79 

- I  + 2 210 5.35 
0 0 252 5.53 

i- 1 -2 210 5.35 

+ 2  - 4 120 4.79 

+3 -6 45 3.81 

+ 4  -8 I 0  2-10 

+ 5  -10 1 0 

Figure 1.10 Energy ltvelr oilhe modcl ryslccn or lo 
magnctic momcnir 13, in a magiiclic ficld 6. The lcvelr 
arc labcled by lliieir r vsluer, wherc 2s is ihc spin cxccrr 
vild jN + s = 5 + r i i  lhc numbcr ol up rpinr. Tbe 
cncrgier l J (~1  zliid rnullipllcitics "(A) are rl?ou8,. 17ui lhir 
problcn, i1,c EliCrLY I C Y C I ~  l i e  ,l)il<~d CqwItfi *.ill, 
rcp:r&tian Ac = 2~3111 betacuii ndj;tccnl lcrclr. 

~z,~--.-~':--------- .-  ------ - - ,- . .: 3 

Eronrplr: Afultiplicilyfunctiot~lu~Ir~r~r~n~nii orcillororr. The problcn, orilie binary modcl 
ssrtcm is the l in~plcrt  problem lor whichan exact rolution lor the muhiplicity lunction ir 
liiown. Another exactly rolvablc problem is thc harmonic oscillator, for which the solution 
wdi  originally givsn by M a x  Plmck. Thc oiiginaldciivatian is oficn lrlt lo bc not cnlirely 
simpk. The &%inning nuden1 need no1 worry about this dciivalion. Thc modern way to 
do thc problcnl is given in Chaplei 4 and is simple. 

Tlie quantum s u e r  o f r  hannonis orcillztor have the energy eignvaluer 

wherc ihc quaoturn number r is a poriiivc integer or zero, and w ir rhc angular liequeniy 01 
Ihc arcillo~cr. The numbcr of aatcr is isfinilc, and the mulliplicity o l c ~ c h  ir one. Now 
consider a rystcrn of N such oscillator& all of lhc ramc licqucncy. Wc want to find the 
numbcr olwsyr in whiiil 8 given tatsl rrcitationcnrrgy 

can bc dirtributcd among !he orcillatorr. That is, uc aant  the mullipliii1s lunaion g(N.,il 
lor the s orciihiocr. RIG o r c i l ~ ~ t ~ ~  muli$iii~y runition is no, ibr rzme = rhc spin multi- 
plicity lunclian found enrlici. 

\\'e bcgin the analysis by going back to ,lie nlvltiplicily lunc<ion lor a ringlc orcillrlor. 
lor ivliiih y l l .3  = 1 far all ~ a l u e r o l  lhequaillum number r, here idenriol l o~~ .Toro lvc  !he 
problem ol(51) bsloiu, uc need a iunclioii to rcllrcrccit or gcscirlc thc rcricr 

All run from 0 lo m. Herc r is just a temporary tool that %rill hclp ur find thc rciull 
(531, but r dues tiol appear in ihc final result. The anruei ir 

piovidcd ivc assume \,I < 1. For ihc problcm or N orcilirlorr, ihc gcneraliag lunclion is 

bCr;tise lllc rn~i>,bc~ u l  w:bys icm, I. =;,n :xpj*.;sr i l )  the N.lo1il proJart is prcci>cly lhr: 
aalnh~raloi, lcicd w ; , y ~  in $~ l , i~ l ,  IBC i.tcgcr r r;,s hi. lur!i~cd 115~ ruin or ,\' ~ion.~icb..btirs 

ih$!cgcrs. 
\vc abrurru U,nt 

I 
= -- N(N + 1)(N + 2) - . - (N + n - I). (54) 

, I !  

Thus lor !he system olorcillatorr. 

This rcrult will bc ncrJcd in solving a problem in chc nsd rhaptrr. 
. . .  

I:.:. .., , i - . ~ . _ . , . . - _ - + ~ .  z ? - ~ ~ - z T - 7 . . - . ; . . : -  L 2 . J  

. . 



1. The multiplicity function for a system of N magnets with spin excess 2s = 
N ,  - N ,  is 

In the limit S I N  << I ,  with .h' >> I, we havc tlte Gaussian approximation 

g(N,s) = j2)xN)'"?lexp(-2r'/h~. 

Ifall states o i  the model spin rjstem a r  equally likely, the sr,cragc valuc oi 
s2 is 

in the Gaussian approximation. 

3. The fractional fiucttration of 5' is dctinrd as ( r l )" ' /N  and is equal 
l/2NL". 

4. The energy o i  the model spin system in a state of spin excess 2s is 

us) =. -?srnB , 

where ~3 is thc magnetic moment oione spin and B is the magnctic field. 

-r- 
Chapter 2 

Entropy and Temperature 
.. . ~ . . . ~ ~  , .., <>= :w,.<,&A.,-. - -  , ~ .  . .~ , . :; :~~'~z~.:~2..~.<.:~:.-.~>~z~-.-.-~~~z~ : :-.. '.: : . 

FUNDAMENTAL ASSUMPTION 

PROBABILITY 

Example: Co~~struction of an Ensentblt 
Most Probable Configuration 
Example: 'Two Spin Systcms in Thcmml Co~itact 

THERRIAL EQUlLlBRlUiCl 

ENTROPY 

Example: Entropy Increase on Hcat Flow 
Law o i  Increase of Entropy 

I.AWS OF TfIERhlO1)YNhRIICS 

Entropy as a Logarilllrn 
Example: Perpetual Motion of the Sccond K ~ n d  

PROBLEMS 

I .  Entropy and Tcmpcrature 
2 .  I'arzn~agnctism 
3. Quantum i3armonic Oscillator 
4. The Mesning of "Never" 
5 .  Additivity or the Entropy iorT\vo Spin Systcnls 
6 .  lntegiatcd Drxiat~on 
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2 .  A i>urcly ,ymbulicdi:~~~;mt: c;.;l~li rolid spot 
represents a n  accoriblc qudntuin stale a f a  closed ry5iemThe 
lun&lincelul arrunipiiun o~rlalirtial p1,ysicr is llist a closed 
r).ncm ir equally litcly to be in any ofthc qaamum rlxicr 
aci-c5ribIe 10  it. nic  empty circlcr iepicrenr some orthc staler 
Ihal arc not accessible becaerc lhcir propertier do not raiisfy 
llie speciljcdlion olihc ryslcm. i ;ovc '+,ti I .?i~ 

systcm is exactly in a slationary quantum slates, no statistical aspect is left in 
thc problem. 

PROBABILITY 

Supposc we have a closed system that we know is cqually likciy to be in any 
oilbe y accessible quantum states. Let s be a generalstate Iahcltaiid not one-haif 
the spin excess). Thc  probability P(s) of finding the system in this state is 

if tile stale s is accessible and P(s)  = 0 o~hcrwi.ire, corrsiitent with the ion- 
d31nental assurnptio:l. \\'e shall be conccrticd later \vitll syslcrns 1li:it arc not 
closed, (or t\hicli the energy U and particle iiuiitbci A' may vary. For these 
sy>tcms P(r) \\.ill noi be a constant as in ( I ) ,  but will harca fuoctioiial dcpcndctice 
011 11 and on N. 

The sum XPlr) o l  the probability over all slates is always equal to unity. 
becduse thc totll probability that the system is in ronlc rtatc is unity: 

The  probabilities defined by [I) lead t o  the definition o i  tlic average \,aluc o f  
any physical properly. Suppose that the physical propeny X has the value 
X(s)  when the system is in thc statc s. Here X might dcnote m:!gnctic momcnt. 
energy, sqoareoitheenergy,charge density near a point r. o r  any property that 
csn beobscrvcd when the ryslcm is in a quantum statc. Then the avcrage of tlie 
ot,scivatioi~r u i  the qu;antity X taken over a system described by the probn- 
l > i I i t i < ~  I,(,,) is 

This cquation delitics ilie average value o r X .  liere P(r) is tlic probability thlt 

the system is io the state s. The  ungular brackets (- ..) are used lo denote 
average vvaiue. .- . , . 

For a closed system, thc average value o f  A' is i,>.i ,' - . , . ,  

because now all y accessible states are equally likcly, with P(? = lly. The 
average in (4) is an clcrncntary crampic 01 what may bc called a n  cnscnible 
a\erogc: we imagine y similar systems, one in each accessible quanlum state. 
Such a group ofsystcms constructed alike is called an ensemblc ofsyslcrns. Tile 
averagc of any property over the group is called the ensen~ble average of that 
property. .-L ' 1 '  .'. ' !. .' 

An mrcrnble a1  systems is camposcd oC many systems, ali ronstmrtrd nlikc. 
Each system in the ensemble is a replica a i  the actual system in one of 111s 
quantum states nccersiblc to the system. l i  there are g ac~.cssible st:ttes, then 
tilere \vill be  y systems in !lie eiijenible, one systctx, for each state E:!clt ijs;i.iil 
in thc ensemble is equivaleilt lor all practicrtl purposes t o  the ac tw l  s)rlrtn. 
Each system satisfies all crterilal requireinciits placed on  the origirr.il s)itcrn 
and in illis sense is '>us1 as good" as the ;lclual s).sieni. I J ~ c r y  quanluili stale 
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systems can bc diikcciit in sire and constitution. A constant total encrgy can be 
shared in many ways bctn,ece two systems. 

The most probable division ol the tOtal encrgy is that for \vbich tlie combined 
system has the ~n~aximutn number oficccsrible stater. \!'e ahall cnumcmte tlie 
accessible stales of tivo model systems and tlicn study \vliat chai;lctcrizes tlic 
systcrns nhcn  in thermal contsct. \\'c firat roive in dcuii  lie proble!n of tlrenn:ll 
contact btt\vecn lwospin sy~tciiis, I ;xtid 2, inan>ii$t,~tic field wl~icll i~ in t ioduced  
iii order to define the eocrgy. The nu~nbeis ofspi~is N,. .\",ntay be diVcreut,and 
tlie values of the spin excess 3,. 28, tiny bc diilerent for the two systems. All 
spins have magnetic nromeilt rip. Tlic actual e~chaiigc ofc~iergy nliglit take place 
~ ' i a  some tveak (residual) coupling betirccit tlic spins near tlie iotcrface between 
the ti5'0 syctcnls. \\'c assume 11131 the quaotuiil slates al l t ie  loin! systeol Aciin 
bc represct:tcd accuralrly by a coiiibii~atirinofany slate o i  5, with aiiy staic af 
3,. W e  keep IV,, N 2  constant, but tlic values ofilic spin csccss are allo\ved to 
change.Tiiu $pin cacszs o f a  sr;~ti: of  tlic ~.oitrbincd iysrcm \vili  bcdctlotcd by 2s, 
where s = s, + s,.ltreenerey of I I K  cunibinvd system iidiicctly praporlional 
to the total spin excess: 

', 
uis)  = U,(s,) i - ui(si) = -ZOIB(S, t .s2) = -Z , , ,DS.  ( 5 )  

The  total numbcr of particles is N = N, + ,y,. 

We assume that tbe encrsy splittings between adjacent eocrgy lrvclr arc equal 
to 21,iR in bath systcms, so that the magneticeiicrgy given up  by syitcln I ivhen 
one spi" is revcrscd can bc tnkco up by illc icvers;kl a1 uoc spin ofsyricm 2 in 
tlic opposite runso. Any largc pl~ysic;il system will liavc cnougll divcrsc modcs of 
encrgy storage ro that encrgy exchangc with another system is always possible. 
The value o f s  = s, + r, is constant bccnure the total encrgy is conit-rnl. but 
\\.hen the two systems are brought into thermal contact a redistribution is 
permitted in the separate values o i s , ,  s, and thus in the energics U,, U:. 

The multiplicity function g(N.5) o i t he  combined systeni 9 is related to the 
product o l  the multiplicity functioiis of the iijdividuai s).stems 3,  and 3, b y  
the relation: 

v;iiere the multiplicity functions y,, g, are given by cxprcssions of the fom, of 
(1.15). The range o f  s, in tlte suntmation is from -jiVt t o  f N , ,  if N, < IV,. 
To see houi (6) comes about, consider first that caiifiguration of thc combineit 
s).sli.ri~ for rvliich the first systct~r has spin excess 25, and tire second systein has 
spin excess is,. A confi.uration is defined as the set ofal l  slates with specified 
ruluer of$, and s,.'Ibc first system lmrg,(N,,s,) accessible stalrs, each olulr i ih 
may occur together with any of the g,(N2,s,) accessible states of (he sccand 
system. Thc total numbcr oiscstes in one configuration of thecombined systcm 
is givcn by the product g,(N,,r,)g,(N,,r,) of the rnulliplicity functions of 9, 
and S,. Because s, = s - s,, tlic product o i thc  y's mag he written as 

This product forms one term of [lie sum (6). 
DiKercnt coofiguratiotis o f  tbecombinedsys~cmarccharacterized bydirtrenl 

ralues ofs , .  \\"csurn over all possiblevaiucs o f r ,  to obtain thc total inumber of 
st:rter o ia l l  the configiir;itionr with fired s or f i ~ c d  energy. !\" thus obtain (6). 
\\ hcre g(N,>) is the numbcr of accessible states o l  tlie combined system. In the 
sum n.e liold s, N,, and N, constant, as  part of the specification o i  thein131 
CODlaF1. 

The result (6) is a sum ofp ioduct r  of tlic form (7). Sucll a product ail1 be a 
rn:rrirnum for sonic value o f  s,, say j,, to bc read as "s, hat" or "st c~ret".  
The configuration Tor which g,g, is a n~axi rnu~n is called the mast yrohable 
cot,figurntiun; the number ofstarcs in it is 



Cllop'~' 2: En,ro,y ond i'r,r,prior"rc 

Fi~llrc 2.6 Scliemstic ispreirnta$ion oilhe dcp-ndcna 01 thc 
caehgurillioi~ muliiplicity an ihc diiiiion ollhc loial energy 
be:\rem two ryslems.8, and 3$. 

E r ~ , ~ ~ p t r :  ?,la >pio i ) .~vntr  in rhn-eiol run,ocr. \Vc i n v c s l i ~ ; ~ ~ ~  lor llic mod:l rpin i)i!cm 
the rh3ipnesr 01 thc piaduc! (7) nczr lhe msrimum (8) as lu1lou.r. \Vr lorn ihe pioducl o l  
tire muitiplirity luiic~ioni Tor o,(N,.r.l and u,(N,.r:l, both ollhe lorn, ol1135l: 

$vlicsc g,(O) dcnoar y,(Y,,O) and g,(O) dcnolrs p:(.V,.Ol. \\'e rcplvce r, b! r - r , :  

. . 
This product' yvcr thcnumbcr olr~ater  acccssiblc $0 the combined ryriem uhen the rpin 
crcerr olihe cambincd ryrtcm is 2s. and the w i n  cxceir olihc first ryrti'm ir 25,.  

Wc find iher~iilximum rolucollttitar a lunctionolr, when ibc tolal ~p i~exccr r  Zr i s  held . . 
canrani; that is, whcn thc cntrgy ol Ihr comblncd ryilernr i s  constant. i r  is conrenicnl 
lo use the properly that ihc maximum of lag!p\ occurs at ihc same \aluc or r as the 
marimum ali.(r). The crlculaiion can bc done eitlicr *a).. rrdnr (101, 

I I  the systems are large, the rnaniinuo~ with respect to  changes in r ,  wit1 be 
extremely sharp, as in Figure 2.6. A rslativcly small number of configurations 
will dominate the statistical prapenies of the combined system. The most 
probable configuration alone will describe many of these pioperties. 

Such a sharp maximum is a property orevery reaiiriic type of large system 
for which exact solutions are available; !re postulate that it i s a  general property 
of all large systcrns. From the shaipncrr property it lollo~vs thar flucrintions 
about  the most probable cosfiguiation are small, in a sense ibat we ;.ill dslinc. 

TIie imporlantresult lollows Lhat thevalues of thearcrape physical propcrties 
o f  a large system in thermal contact wiih another lnrse system a r e  accurately 
described by the properlies of the most probable configuration, fltc coofigura- 
lion for which the number of accessibic states is a marimum. Such average 
values (used in either of these two senses) are callcd thermal equilibrium \ -aha .  

Because of the  sharp maximum. w e  may replace the average of &\physical 
\ quantity over all accessible configurations (6) by a a  a v e r a p  over only the most  

prabableconRguralion(8). In theexample b d o w  ~vecsl imafe fh r  e r ro r  involved 
in such a replacement a n d  Rnd the error to  be negligible. 

Thin quaillily ir an c~trcmum vIkn the f i r s  drriviiivc with rcipect to 5 ;  is zero X n  cr- 
trcrnum may be u maximum, a miiiimuni, or a paint oi inflection. The ellrcmum is a 
mminiern i l  the rccond dciirrtirc or tite lunctian is ncgi&tiuc, so that the rur rc  hcndi 
downward. 

At  ,tic cxtrsmum ~ h c  6rri derivative ir 

-here N,, N,, md r a r e  held conslant as r,  is varied. The recond deri\a!iiei2iir,'ol 
Equation (U) ir 

Thc lunnian oltuo Gaussian fvnnionr ir alwap a Gaursiin 



arid is negstive,ro that thccxlrcmum isa maxisium.Tl~ur the most probable configuration 
a l  lhe cuntbincit sy5lcm is  Ihal for ahich (12) is ~aiisfird: 

The ruorjrlenirirc incquilibiiumhith icrpecrrointcichinqeofenergy whcnihciiuctionsl 
spioerccrs olsyilmm 1 is equal lo  the liactianzl spin excess ofryrtem 2. 

Wr proic tl,al nrarly all thc ncccrriblc stater o r  the combined ryaemr m~i i iy  or \cry 
ncsily ratiily ill) .  11 I, and i, denote the valuer o i r ,  and r, at the niaxiniuin, ihcn (13) 
is ,,,ri,,en iii 

T Z  . 
q eTio find lhc oun~bci olr lnte i  in ihc niolt p iub~b lc  configuration, ive iiircit (14) in (4) to 

yX obtain 
?C;i 
h t 

ig,g:irn3. 2 U~(f , )g> l s  - i,) = g,lO)g,(O)exp(-2r1/N) 
C 

(15) 

5 To iniciiigalc the sharpncrs o r  the rnaxiti,urn oly,y, at a given v ~ l u e  ols, introduce 6 

2 such ihai - 
< . = 5, + ; i, = $, - 6. (16) 

llcrc 6 nlearurcr the deviation o l r , ,  rx lrom their v$luer 3,. i, at Ihc msrimum orgkg2.  
Squarer,. r, lo fonn 

i\i :< ciurnciic~l ernmplr iii \\liic!i ihc lixction~l dc\,iation from equilibiiuin is \cry rrndl. 
let N ,  = .\', = IO2'slid 6 - 10"; ~l ia i  is, ,dl,\', = Then Zd1:~Y, = ZW, and thi: 

product gigl is reduced to s-"' = lo-"' o i  its niarinium valuc. This is nn cxlremcly 
barge reduction. ro i h n  g,yL ir triily a rely sharply p a i c d  luncLion "isv Tlic probubilily 
that llic liacrional dniacion will bc 10-" or lurger  is louud by iolcgrating 117) lrorn 
6 = 10"uuI toa valueof theordeiolraroiiV,tliereby includingthearea under shcaingr 
oi  the piobabiiny distribution. n ~ i r  is the subject o l  Prohlcrn 6. A n  upper limil to the 
in~egivtcd probability is ~ i i ~ n  by N x lo-"' 10-'", still very mmull. Whcn two 
ryncmr arc in ihcrrnvl conlac,, ihc ia lucrolr , ,  r ,  t h ~ t  occur mon orien wtll bc very do ie  lo  
thc vulucr ol j,, f, lor uhich the product g,gz is a ins\imum. It is ~ ~ l i e m e l y  rare lo find 

incquilibrium? We meanthat the ry r t cm~i l l  never be l&nd nit11 a deviation as much ar 
I part in 10'O,rmsll rrthiidc\irtian iecmr.\Vewould ha\.ctorample l0'"rimil:irryitcn~r 
to 1h;nca rcaronablcch~ncc olrucrcssinrucl~~nc~pcr!n~enl.li~~es:lmpleooesyrtcn~c~cry 
I U  s, >,I,;KI, is pcCta! r4,g WA. ,,c ~ V C ~ , , I ~  I,:,YC I,, S:,,,,~,IC rctr 1 0 ~ ~ ' ~  $, 'I-IX :$GC ,,r I I W  

unireiic is only 10" r. Tli<icfuic we ray wiih gic;~t surely ilia! ihc devi:ttiun ilcscr$bc..il ulll 
nc\ci  bc obicrvcd.The e,iiieare is roush, but ,tic mesrage is curiecl. The quoi;ilion lrom 
U ~ l i o i t ; , i i s  piicn at ihi. birinniiig olthia cl,;~pici ir ~ l m o r n  lhcie. 

\\'c m l y  c \ ~ a  to ubsxir rub>iontirl (rariiunii dc\irtiusr on\). in Illc lrroperlicr of a 
~ ~ , i ~ s l i  ryiiem in ihcimrl coiitact uith a large ryitcm or rcsciroir. The encrsy o l a  szliall 
%)stem. ray a r)ncm o l  10 rpini, in iherm:~l conlact \ ~ i t b  r large icscr\.oir may unilcigo 
fluctualiors lhrl arc lrrcc in1lr3ctiooalrcnsc. sr IYJVC been o b r c ~ c d  in rxpcrin,celr on :!!e 

I,.. ,%r.,,:tt-, : . . : \ ~ l , c . : .  I ;  .! , : ' c$  ~s.. , jw, 5 , ~ "  t:, 1 ; ;  ' . t< I : . , \ ~ r . , & c t . : , c < ~ ,  . id%fw.ll  
!,.,..,.I.><.,-.., ,. 11, , l~ : . : ! , , , : .~ , . c~~ . . . l . \ " ) , l  :~!: c,,,, ,,:,l,,:.~.,.~l~?) I.>, .18>u."l:. r.5 

, . : 1..  . I . .  . ... .I. 1.1 I ... I ,I., ,I, \,>..I,\. r o, ,'>%<,\.,,# 8 , .  .a> L, : >:< : 
rjrlcrn over a long pciiodoitinie. 
,..~.-- . . __,I,-;_ . . . -  .... __ F-.---Tl ~. ~~ . ~ . ~ . ... .  ~ ~~ . 

Tlie resull lor the nunibcr oi3ccessible s ta ics  of t w o  model sp in  systems in 
i l ie in~al  coniaci may bc gcncnl izcd i o  any iwo s).s(ems in liicrrnal contact ,  with 
constant total encrg) U = U t  i- U1. By direct e x ~ c n s i o n  of ihc  earlier 3rsu-  

mcnl, llic n~uliiplicil! g( . ' .U)  of tile conibiiled system is: 

surnmcd o i c i a l l  ra!ues o r  U,  < U. Hcre g,(;\',,U,) is the n u m b e r  olsccc-r iblc  
suites o l  r p i e m  1 at ciicrgy U,. A con l ig i l r~ t ioo  of tbc  combined  syslciu is 
spcsilicd by thcvaiue ill L!,, togethcrwitli  i1ieconst;mis U, rV,. .A',. Thcnuniber  
o l~cccss ib lc  rt=tci in n coiifigurniion is tlie product y,(;\r,.U,)g21N2.U - U,). 
Titc sunt o \c r  :id i.iiiilig~iaiiuxis givcs y(,\",U). 



Tlic largest term in the ruin in (13) go,einr the properties of (he total ryitcnl 
in thermal equilibritirn. For an extremum i t  is necessary that thedilfeiential' of 
g[l\ ' ,U) be zero lor an  infiiiitesimal exchange olenergy: 

We divide by g , g l  and use the result $U, = - i i [ l ,  lo  ob~:,in the ii,cimal 
equilibrium condition: 

whicli we m a y  write as 

W e  define the quantity o, callcd the entropy, by 

Thr noirtion 

rncanr ihai N, i s  held consljlnc in ~ h c  lliltrrcntiriion org,(N,,U,) with rrrp-n to U , .  Thai  is, ,lie 
prriivt dcrivrtivc with re,pcct to U ,  ir dchncd as 

Thir is the coiidilion lor thcrmal eqi~il ibri~im lor two systems in thermal 
conlact. Hcre S, 2nd A', oiny symbolize not only [lie nurnbsrs olpniticlcr. but 
all coilslrairits on the systems. 

The Inst equality (22) lcadr us irnmcdiotcly to thc corloept a1 temperature. \\'e 
know the cvcryday rulc: in thcrmal equilibrium the tempcialures of the ts.o 
systems are equal: 

T, = T, .  (23) 

Thir rulc must hc cr,ciiv:tiunt to (22), so tii tkt  T milst hc o Iunction oI ( io / iUIr .  
II  T dciiotcs the ahsolkite temper:!torcin kclvio. this function is rinipiy tllc 
inverse rclstioi~ihip 

We defer the discussion t o  Appendix B bccausc we prefer t o  use a more natural 
lcrnperature scale: w e  dcfine the fundan~cntal tempcrnture r by 

This temperature differs from the Kelvin rcmperature by the scale lactor. I,: 

(27) 

Becauscvm a pure nunlbci,thc i~~cxd.~mcotal ternperaturc r has thed~mensions 
olcnergy. We can use as a temperature scale the energy scale, in whatever tinti 



Clwprer 2: Llnlropy and Ternperulurc 

may be  employed lor  the latter-joule o r  erg. Tliis procedure is much si inphr  
than tltc introduction of the Kelvin scale in which the unit or temperature is 
arbitrarily sclcctcd so tlliit tlsc tripic point ol\vnter ircx:!ctly 273.16 K.1-hc tiiplc 
point of w:lIcr is the  uniquc l e r n ~ ~ c r ~ l u i e  a t  which watci, ice, :tnd w;tlcr v:lpor 
cocxist. 

Historically, the conventional scalc datcs lrom a n  age in wbich i t  was possible 
to  build accurate tl~crrnomelers even though the relation o f  temperature t o  
qilantum states was a s  yet not understood. Even a t  present, il is still possible t o  
measure temperatures with thcimomeiers calibrated in  kelvin to  a higher 
precision than the a c c u n c y  iiith\vhich tlieco~iversioniactoi ii, itscliis known- 
vbaut  32 parts per million. Questions oipractical therniometry are discurscd in 
Appendix B. 

Conlinen?. I n  1261 we defined the reciprocal or i rr  ihc pnrtinl deririlivc tio <GI,. 1, is 
jxrmisr~bli: to t;ilc thc rccipior~l of bath rider ia \\ria 

Tbc two e~piersions 126) and (231 haie r rlighlly difireiit mcsning In (261. lhc cntiopy o 
war given ;is 3 function of the indcpnden~ rarinbles U and rV ar o = o(U,.\7. itcnce r 
determined fiam (261 has 1hc ramc indcpcndcnt \.ariabtcs. r = IIU.N). In (2s). howcver. 
diiicrenliatian or U wilh rcrpect l o o  witit h'conrtant implicr U E U(o.N),  so that 7 = 
r!o.A'). The dcfinitian of lempralurc is tltc same in both user .  but it  is expiisred as a 
lunclion o l  dillercnt independcni iariabler. Tlie question "What hie rhc indcpeirdent 
variablc>l" a r k s  firquenlly in ihcinisl pityria because in same erpeiimcntr %,e control 
sonic variabtcr, rod in o{bci c\yxriniciii, i\c rontrul oOlcr u~riablcr. 

ENTROPY 

T h e  qoanrity o -- logg  \\.as intioduccd in (?I)  as the entropy o r t h e  sy>tcrn: the 
cntroj8y is delincd os thc logxithrn of the sarnlier of statcs ncccsrible to  thc 
s j s l c n ~ .  1x5 d ~ l i n c d .  Iltc cnt iop)  is a pure nilnibcr. In cliiisical thermodynamics 
t l ~ c  entropy S is dclincd by 

Fi-"rr 2.7 ircllc (ernperaturc i, is higher 
than I>. the trmsier o l a  poiili\c amount ol 
cncrev 6U kern surlc& I to rsrrcm Zuill 

, '.'<.- .. 

Energy ti:~nsfei 

". 
incrcsrc the lalrl entropy s, + o, oflhe 
roinbi8icd ryilemi ovci ihc initial value 
c,(iniiiisl) + o,(initirl). In oihcr words. the 
final ryrtcrn well bc in u inore probable 
condition ifcncrgy flu\\,$ iiom tliu \vaimci body 
to thc cooler body r%hcn !liein,zil cut i ta i l  8 %  

criahlhhed. n i i r  is ne crantple of ihc l,t>v of 
increnii,lg clllropy. 

As a consequence o i  (24), \vc sec tbilt 5 and o ace conriectcd by n scale iactor: 

(30) 

We will call S the conuci~t ional  entropy. 
T h e  morc slatcs that are  accsrsible, the greater the entropy. l o  tlic d~.linirion 

of o ( N . U )  kve have indicated a fnnctional dependence of the entropy on t h e  
inumber afoart ic lss  in the ssstem and  uo the cncrev of  ilie system. 'The entropy -, 

may depend o n  additional iridcpendent variables: the entropy o(s gas(C1liapter 
3) depends on  tlic \'oloiite. 

In  lliecariy Irislory ol l l icrrn;~l  physicstlie sig~iific:liicco~tlleCl~tropY 

was not  known. Thus  tire author  of thc article on  tliermodyii;imics in tlif 
Etic~ciopoe~liiz Urilori i~ico, I 1111 ed. (19051. wrote: '.The utility of the confcplion 
o icn i ropy  . . . is litriitcd by thc fact illat it docs not corresponil directly l o  any 
directly mcnrurable physicitl properly, but is mercly o matl~en~nlic;ll  l i lnaion 
o i  ihe definition oizhsulutc  teiiipemli~re." \\'e noiv kttobv cshzi abjolilte p l i ) j i c ~ l  
property tlte entropy meJsitres. Ati e u m p l c  the comparison uf the eiperi-  

mcot:il dclcrminntion :end tlicarctical ~ - ~ l c ~ ~ l : ~ t i u n  or thcci i t ropy is discusserl in 
Ch:~[,lcr 6. 

Consider the tot:tl cnt iopy cIt:ittge 13s al tcn \ re  rctnove :I positive :inior~nt 0 1  
encrgy A 0  from 1 and add tite snlitc ;%mount ofeitcrgy to  2, its in Figure 2.1. 



T h e  totnl entropy rh.>nyc is 

1. 
When r ,  > r 2  thc  quantity in pzrenthescs on  the ilght-hand side is positive. 
so that the total cllan:e o lcn t iopy  is positive wlien thc direction olencrsy flair. 
is l iom the systcm with the tiidler temperature to  the system with tire lower 

tempsratuie. 

E I Y > V ~ ~ P :  fi$ropj ~RL.ICU>C on brut pox. This crampic m~hcruse of tlic rc;idcr's previous 
faniilirrity with heat atid rpccific heat. 

(a] Lct a 10-gsvcimcn olcoppciat a tcrnpeiatuie ol3SOK bc placed in thcrrnal contact 
r id ,  an idci~t ic~i  rpci-iiilcn at a 1cmlwr;hurc 01 290 K. Lct UI find the qnmtily olciiergy 
traa,rciicd ulien thc IKO ipccirncnr arc placed in conract and camc to equilibriuin at lhc 
find tcnipcnturr T,.'riic rpccifi~ he:,$ ornictnllic coppeiovei the lernvmturc rsngc IS'C 
to IW'C is approiirnalcly 03S9Jg-I K-'. vccoid~og lo J, rlandaid handbook. 

Tlie cnergy iiicrmre of $ 1 ~  rccoed specimen i, cquat to tixe energy loss of (he firrt; lliur 
the energy incrczre of thi: recoud rpzcinicn is. in joitlcr, 

where the lcnipcraturcs orc in kclvin. The 6nst rcmpcinturc alter contact ir 

Thus 

AU, = (3.89JK-I)(-30K) = - 11.71 , 
I 
I 

(b) w a t  is ahc cllungc 01 or ,he specimens u.hcn a transfer or 0.1, hzr i 
lakcn place, alrnort immrdirtcly aRer initial uln$act? Notice that ,his lranrfcr is a small 
fraction d the final mergy transfer as c;ltculntcd above Beuurc the energy tranrlcr coil- 

1 

sidcrcd is rmall. wc may suppox thcrpecimcnr arc approiimrlcly at their initial tempera- 
turcr of 350 and 290K.~l1e cntropy of the lint body is decreased by 

0.1 J 
AS, = ---7 = 3.45 I O - ~ J K - I  

1'10 h 

The total entiony increases by 

AS, + AS, = (-2.86 + 3.45) x IO- ' JK- '  ;- 0.59 x 10- ' JK-I .  

In lundxincnirl units the increase olcncrop) is 

. . 
\\licit t , i r  ihc Dotl,n~ri~n cun~vrr ,~ ,  Tllil rcruli meair tliat tlic numhcr al~ccerrible r,;ttcr 

or the 1x0 r)5lemi  increases by the Factor erplAo) = e\plO43 x t O ' P ~ .  

. _ .. , ..~ . . . . . . . . . . . . . . - . . . .~ 

Lair o i  lncrcanc of Entropy 

\Vc can show that the total emrapy  always incre:lscs tvllcn tivo rystcms :trc 
brought into ~ h r r m a i  contact. We l~i luejust  demonstrated this in a special cars. 
i f  tlic total energy LI = U, + U ,  is constant, the toral multiplicity alter the 
systems 3m in thermal contact is 

by (18). This expression contains the  term g,(U,,)g,(U - U,,) lor  the initial 
nluitiplicity belorc contact a n d  many other  terms besides. Hcre U,, is the 
initial energyolsyslem 1 and  U  - U,, is the initial energy o l sys tcm 2. Because 
all terms in (33) are  positive numbcrs, the multiplicity is always increased by 
establishment of lhertnal contact between two systems. This  is a proof o f  tlte 
law of increase of entropy for a wcli-defined operation. 

Thcrignificant eliect ofcantact ,  the effect that s tands out  even alter takingthe 
logarilhrn o f  the multiplicity, is  not  just that  the  number  o i t c i m s  in tlic summa- 
tion is large, but that the largest single terrn in thc s u n ~ m a t i u n  may  be very, very 
much larger than the initial multiplicily. Tha t  is, 
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U 

l'igurc 2.3 ,\ s)stcm ,\L!!$ tr.~ct%, 1 :btxl 2, i% prct~:mcd :ss xro  r i%nc 
wi th U, = 0 aeJ U ,  = U. Excliangc alcncrgy lakc, plnu: bct\vcen two 
parts and pre~cniiy ihr ryrtcm will be round in or close lo the nloit 
probable canfigurrlion, nsc cnlropy inrrcarcr :as litl: ryalcm ullaiilr 
configiralionr 01 iscrraring mul~ipiicity or probsblli!~. 'nic entropy 
e$,cotually reacher the entropy o ( U )  ai the molt piobablc conBgurrrion. 

rnzy bc very, rcry much larger llian tho initial term 

I fe re  0, denotes the value o f  U, Tor which the product y,y, is a maximum. 
The essential efiecr is tliat the systems alter conlaci evolb~e iron1 lheir initial 
configurations to  tt,sir linal configuraliaos. T h e  iurtdamentni assumption 
implics t l~ztevnlut ion in Ibis operation will always take place. \\it11 all accessible 
final starer eqli;illy probzble. 

The slatemcnt 

is a stntcmeiit o f  ilie 1311 01 ~ ~ C ~ C J S C  ~f entropy: the cnlropy or 3 closed r)slcm 
tcnds to rsilnin cunst:~iit ur to  ilicrcasc hillen a c o n ~ t i a i o l  i i i tern~l  to the r)sleri> 
is remo\ed. The oi*2ration o f  c~tablisltiag t1iurrn;tl conl:~cl is cquii.tlcilt t o  the 
icntoval o r  ilie c o n i r r ~ i n l  that U,, U ,  eaclt be conslalit; aiicr conlttct otily 

U ,  + U i  nctd b t  c1111113:it. 
Thce\alut ion o r  the coi~ibiiied syrlrm taivards $lie i i n ~ l  ilieiinal equilibrium 

conf i~urs t ion  tzhcs s certain tinic. I l w e  seporate 111s l a o  systenis h i ' l ~ r c  they 

Ii1o,.r I0 ;,,c,cnr< ,/IC e,,,r"p! 

...... . - - Add particlcr . . . .. . . .  . ... .... . . . I .  . . .  

1 - 1 ; Add energy 

,Vir.iiy Ir<a,n, 
1 \ 

B - m  Let a lineu poiymrr curl up 

Figure 2.9 Oplralioiir that lend la increasc the cntiopy o i a  ryrlcrn. 

reach this configuration, n e  will obtain an io1crmcdi:~te configuration with 
inlcrmcdiate eneigics and an in1cimcdi;rtc eziliopy. 11 is thc~cforc  rncinin$ful to 
\,ic\v 111s entropy as z iunction o f  the timl: ll\.t' Ih:\r cl:lpscJ since ierno%;il 01 lhc 
constraint, called the time ol evolution in Figire  2.8. 

Processes that tend t o  increase the entropy 018 ryitcin are shaivn in Fireire 
2.i); the arguments in support ofriacli pioccss ail1 be du\cloped in ihc chapters 
tlial follow. 



For a largesystem' (in theimd contact \villi another large system) there uill 
never occur spont:ineously sixaiiicaet diKerences betwecn the actual value of the ~. 
ensropy and ihc voli~e u( llieentropy or \he most probable configuration of the 
systern. \Vcsha\vcd this for the lnodcl soin system in the aicunicnt fo l Io i~ in~i l71:  . . . - .  .. 
we ilsed "never" i n  tliescose ofriot once in the entire age of the universe. 1 C 1 ' ~ s .  
We can only littd a sig!nific;$iil diffcicnce bsi\vccn the actual cntropy and tile 
entropy of tlie most probable coiifiguiation of the rnaciorcopic s).stern \cry 
shortly aflei nr liave ch;~n$ed the nature of the contact bctaecn lira systcms, 
hhiclr implier that rvc hail prepared thc system iiiitially in some special way. 
Special pieparation cauldconrirtof lining upall thespinr i nan t  system parallel 
to onc anoihcr or collecting all the molecules in the air of the room into the 
syrtcm farmcd by a rmsll volume in one coinci of the room. Such ertier.,c 
3ilu;ttioii> ncrcr a i i x  n;ttur;llly in bystcms lcft u~,diitutbcd, but ;iiisc from 
artificial opci:tlioos ~pcrfur$i>cd on tlic systcoi. 

Consider the gss in :t rootn: tlic g;lr is ooc ihalfof IIIC room might bc prcimrcd 
initially xltli a low value of tlie avcragc energy per rnolcculc, wliilc lllc g~s in $tic 
oilicr halioi  [lie raonl might he picpnrcd iiiiti;llly with a higher valilc o f  the 
ayeraze energy pcr molecule. If lhe gas in the two halves is notv aflo\icd to 
interact by rcmoval of a partition, thr gas molcculcs will come wry  qitickly' 
to a most probable confinuration in which the moleculei in both halves of the 
room h s ~ c  the same avciagc energy. Nothing else uill ever be observed to 
happen. \\'e will never observe the system to lcave the mast probable conf igui~ .  
tionand isnppcar later in the iiiitialspccially preparedconligutation.This istrue 
even tliough the equ3tions of motion ofphysics are reversible in time and do not 
distinguish past and future. 

When tlieimodyriamics is studied as a nonstslistical subject, four postulates 
ire introduced. Tliese postulates are called the laws of tliermodyn3mics. In 
ersmce, these laws are contained within our statistical lormulatian of thermal 
physics, but it is useful to exhibit them as separate statements. 

Zeroth law. I f  two systems are in thernial equilibrium with a tliird system, 
they must be in thermal e~luilibriurn u,ith each other. This law is a consequence 

- 
~ t ~ r g c o r  marroscopic~yrtcmmay bctakcnio bconcwilh marc than IO'Ooi 10"nomr. 

' ThccxLulaion ollhs lime rrquiicd tar lhc proccir i i  lrrgcly a problem in hydradynrmirr. 

o f t hc  condition (ZObl fur rquilibiiuiii in tlicrrnal contact: 

In other words, i, = r, arid r ,  = r ,  imply i, = 7,. 

First law. l4c;it is a form ofencrgy. This law is no more tlt:~n a st;ltcrnent o f  
tlie principle ofconservation ofencrgy. Chapter 8 discuircs what form oiencrey 
heat is. 

Second Inw. There are many cqi~ivnlcnt rtalcmcnti of tlie second law. \Vc 
shall use thc rtntir[ical statement. which wc h w c  collcd the taw o i  incrcasc or 
cntropy,applica.blsu hcn rcortrtrair~t iritcriial l o 3  closed syrtcm ir reinovcd.Thc 
co~ r r~~ ion ly  used statemcot oftlie 1;iw o l i c i c r ~ : ~ , c o f e ~ ~ t r o ~ )  is:"Ifa closed xystcni 
is i n  ;I C~~c~figur:ition tl!;st is not tlbc c<tc#ilit~riu#~~ ~ o ~ ~ l i $ ~ ~ t : c t ~ o ~ ~ , ~ ~ ~ ~  ttto>! ~ ~ ~ ~ ~ L ~ . ~ l ~ t c  
conscill~cncc will be tkrl llic cntro~ly of t l i~sys to i~ ,  !\,ill incre:bsc rno~iolooic;tlly 
in sui.ccssive inslanl5 oitinir:'Tl,is is ;i loosci a1;nclociiI tlr:~ii lhc o w  !rc g:iue 
\villi Erl. (36) above. 

The  traditiondl tiiermodynamic statcrncnt is tlic Kelvin-Planck forniui~tioo 
of sccorid law of tiicrniodynnmics: "It is inipossiblc for any cyclic process t o  
occur wliosc sole ell'ect is the extraction o l  heat from a rcservoir and the per- 
Cormance ofan  equivalent amount a fsork ."  A n  engine that rioldtes tliesccond 
la\v by extracting the energy of one heat reservoir is said to bc performing 
pcrpelusl riiotion o i thc  second kind. \PC will see in Chaoler 8 that thc Kelvin- 
Planck formulation is a conrequcnce ofthe rlatistical statement 

I h i r d  law. Tlic entropy of a system approaches u constant valitc as the 
Ien~neraturcaDnroaches zcro.Tlie carliestilatcmcolol this!a!v.due to Ncrnst. is . . 
tlr;it a t  the absolute zero the entropy dill'crcnce disappears between all tliorc 
configurations o i a  system nhich are in internal thcrmill equilibrium. Thc lhird 
law iollows from the statistical definition of the entrow. provided that the .. ~ 

ground state of the system has a well-defined multiplicity. l i t he  ground state 
nlultiplicity is g(0). the corrcspondiirg entropy is o(0) = lagg(0) as r -t 0. 
From a quantum poinl of view, the law does not appear to szy much that is 
not implicit in the definition ofentropy, provided, however, that the system is 
in its lorvest set or quantum states at absolule zero. Except for glasses, there 
rvould not be any objection to affirming that g(0) is a small number and o(0)  

is essentially zero. Glasses have a frozen-in disorder, and for them o(0) can be 
substantial. o f  the order of the  number ofarorns N. What the third law tells us , 
in real life is that curvesolmany rcaronable physiwl quantities platted againsl r 
must come in flat as r appioaches 0. 



Etttropy as a Logarithm 

S e ~ e m l  useful propcities follow from the definition olthe entropy as thc loss- 
rithm of the number olacccssiblc stntcs, iostc:ld or 3s t l , ~  numbcc of nccessible 
statcs itself. First. the cntropy of ttro independent systcms is tlte bum of thc 
scparale entropies 

Second, tltc entropy is entirely inrznsiii\-e-lor all prnctical purposes-to 
the piccision SU with wliich tlic energy of a closed system is defined. \Ye harc 
never mcanr t o  imply that llte system encrgy is known exactly. 3 circumstance 
that for a discrctc spcctruta olcncrgy cigcnualucs \\.auld mahe the nunibcr o f  
acccssiblc st;ncs depend eir:~tic:~lly on the cncrgy. We Iiar,c sitilply 11ot [xiid 
rnuch attention l o  tile precision, tvltcthcr it be dslern~incd by the uncert:linty 
principle 5U b(tiine1 - h, or dctcrnlincd othcrtvise. Dclinc 0 i U )  as thc number 
o i  accessible states pcr unit eecrgy range: D(U)  ciin be a suitable sniuuilrcd 
averagc centered nt U. Then g(L1) = P)(U)SU is  lie number o i  occcssibtc 
ssaicr in ihc r3n.e 5 U  at U. Tlic crllropy is 

Typically, as for the system o l N  spins, t l ~ e  total number o f s l ~ t c s  will be o l the  
order o l  'Y. If the total energy is o i  the order o i  A' tinier some average one- 

particlc enersy &, then O(C) - 2\!NA:Thus 

o ( U )  ;. Nlog?  -- lag^^ + IogJU. (38) 

Let N = 10'" A = 10'" erg; and bU = l o - '  erg. 

o(U] = 0.69 x - 13.82 - 2.3. (3% 

\Ve see from this example thai the value ofthe entropy is dominated over\vhelnt- 
ingiy by the ~ a l u e  of N;  ihe precision SU is \<,ithour perccptible erect on the 
result. lii tlic problcm oiiV iiee \ixrliclcs ina box, thenumber ocsiatcs is Ixopor- 
lion31 to soioeihing like U3JII, ahrnce  o - N l o g U  + IopJU. Acain the 
term in iV is doininant, a conclusion independent of even the system of utiits 
U S L ~  for tile encrgy. 

I :  P i  0 1  o I .  Esrty ii1 our rludy of physici a c  calne lo 

c~t>dct>t;u>d tlw : : ;> ;~~35 , r l t l i $~  o f a  !lcrkxt~r~l ~t>otiu~! rn~~ctt#~?c, a zr>:t~i~i~>c th.~t \ \ i l l  gi\c iolll~ 
iimm eiici-y i!i .li  i t  %bruibr. 

Equally imporsiblc is a perpetual motion marhiize of ihcsccond kind, as it ir called, in  
whid, hcrr is e r l r l ~ l ~ l l  lioli) pan ol $he cnviionment and detivcicd to another pait ol ihc 
eilviionmcnt. ihl: diKecci~ce in tcrnpcixlurc tlrur e>t;lbtirf,cd k i n g  u r d  to power u hcrt 
ci~girie that dclivrrs mechznicnl work zr;lil~hlc lor any purposext nocost to us. In brief, a e  
crntiot prop3 a rl~ip by cooling llic surrounding owjn to extract the energy ncccrrary to 
propel ihc ship. The *innlaneour lranrlcr olencrgy rrom ihc tow temperature ocean ro a 
hislirr tempcrvture hailer on tlle ship would decrcasc the toc,tl cntropy of thc ~ombi$icd 
synemr and would titus be in riolntion oltlis law olincrcorc ofentropy. 

1. The fundamental asrulnplion is thnt a closcd syrten, in equally likely to bc 
i i ~  any of tlic quantum stales nccessiblc t o  i t .  

2. IfP(s)  is the probability tltal a system is in theseate r. the avcragevalue o i a  
quantity X is 

3. An ensemble o f  systems is composcd o i  very many systems, all constructc?. 
allke. 

4. Tlie number ofaccessible states ol thecombined ayslcms 1 and 2 is ,$ -, 

where 3, + s2 = S. 
\ 

5. The entropy o(N,U) 5 logg(N.U). Tlie relation S = k,o connects the 
conventioniil eniropy S with the iundamciiral eiiiropy o. 

6.  The fundamental tempcialure r is deiined by 

The  relition r = kBT coiinects tlir fund;,mrntal teniycrature and tile con- 
ventioilal temperature. 

7. Tlir la\%, nf increase of entropy states that the cntiopy o l  a clorcd systcrn 
tctids to remain constant o r  t o  iiicrcnse \\-hen n constr:iint intcrnnl to tlic 
system is rc~tiovcd. 
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crluilibrium propcrtier are giicn accurately by coniidciation o f t h e  states in 
tlie most probable confi~urotion alone. 

I .  Curropy ottd ir~rrtpcrorarr.. Suppose y(U) = CU"", wl,eic C is a ci>orl;inl 
and  N is tlic numbcr o f  p:\rticlci. la)  Shaiv th:tt U = j,l'i. (b) Slio\v tI,;tt 

(310/>U11,, is ttcg:bti\,c. .lIiis i u r n ~  0 f ~ t I U l  :tctt~ally apl>Iics to  ;!n itlc;tl gas, 

2. i .  I:iiid llic erjuilibiiiim vnliic ;$I tclnji~.r;ttiiic r of tlic ir:tc- 
lional m:ignctiz;tlioii 

o l t h e  system 01 N spins each 01 mqne t ic  momcnt rlz in  a magnetic field B. T h e  
spin excess is 2s .Take the entropy as the logarlhilhm o f t h c  multiplicity y(N,s) 
a s  given in (1.35): 

with ri, = logg(N.0). Further. show that l / r  = -- UIIII'B'N, irhere U denotes 
(U),  the thermal averagc energ) 

3. Quonfrrza hoj.aronic arrillaror. (a) Find the entropy of a set o l N  oscillaiors 
olfrequency w a s  a function ol thc total quantum numbern.  Use the multiplicity 
function (1.55) and  make the Stirling approximation logN!  : N l o g N  - N. 
Replace N - 1 by A'. (b) Let U denote thc total cncrgy tlliw of  the oscillatorr. 
Express the  entropy as o(U,N). S h m  that  the total energy a t  temperature r is 

T h i r  is the Planck result; it is derived again in c h a p &  4 by a powerful method 
that  doer  not  require ur to  And rhc multipli~ily function. 

4.  The n~cof~ ing  o/'',IcI.cI.." It has bcen said* that "six monkeys. set to  strum 
o~zii~rclligently on typewriters for rniliionr of years. would bc bound in iinic 
to wri te  all the b o o k  in rhs British hluscum." Thir  slatcmcnl is nonsense, ior 
it g i ~ r s  a misleadinn conclusion about  wry .  very largc numbers. Could all thc 
monkeys in the t ~ o r l d  have typed out  n single specihcd book in the age oft l ie  
anircrse?' 

Suppare t l v ~ i  LO'' rnonkcys h ; ~ ~ e  bccn s tated nt tyncari tc is  tliroud,out the -. 
age o l t h e  universe. 10j8 s .This  niinibsr olmonkcys is about  thrce tim;sgrea~cr 
than the present human  population: o l t h e  earth. We supposc that a monkcy . ~ 

=:in hit 10 typcwritci keys pcr sccond. A typewriter may h;w 41 keys: we 
;lCCCpt lorvcrc~sc lcllcrs in piace olcapi lul  icltcrr. Asrmning lli.ii S l i k c s p a i c ' s  
ifcii,iler has 10' ch:$r.$dcrr, will tlic monkeys hit upon ilttlltler'! 

(11) Show that thc piob;rbility tI1;tt ;my givco scqucncc of 10' cl~nrnctcis 
ty,7c,l ; k t  r:,,,cl,>,,, , ~ i t l  c<,,,,,; ,,,,t it, tt,c c,>rrc<t ~ C ' ~ , t C , , C ~  (,l,c SCL],,C!,CC of l/'r8#,1<~,) 
is ol'tlac order o f  

. . 
(icj)'O" 0 0 0  = 10-'0' 3'3 

rvhcre we have used log,,, 44 = 1.64345. 
(b) Show that  tlie probability that  3 rnorrkepilar,zlrr svill be  typed in the age 

01 lhc universe is npproxirnatcly 10-'6"". T h e  p rob~bi l i ly  o f  l lo#~ilri  is 

will never occur in  ttic t o i d  literary p i o d u a i o n  o i  ihc monkeys 

5. Alldiririty ofcnrropj far raw spin r)~sro,rr. Given two ayrterni of N ,  =: 
N 2  = 10" spins with multiplicity lunctions g,(N,.s,) and g2(AC2.s - s,), the 
product g ,g ,asa  Iunctionofs, is relatively sharply peaked a t  s ,  = Z,. For  s, = 
i, + lo", !tie product g,g, is reduced by 10-"* from its peak value. l i r e  the 
Gaussian approximation to  the multiplicity htnction: the  iorni (17) may be 
uselul. 

(a) Compute g,g,/lg,y,),,, lor  s, = i, + 10" and  s = 0. 
(b) For s = 10'0, by wbat  ktdor must  you multiply lg,g,),,,,, t o  make it 

equal lo Zlg,(N,,s,)g,(Nl.n - s,); give thc factor l o  thc  ncarcil order of 
magnitude. 

J. Ic rns ,  al)lerioirs ulllirrxe, Cambridge unircrriiy Pierr. L930, p.4 Thc st~lcrnrri!  il mribulcd 
lo Huxlsy. 

For a r=tscdmathrrnatico-titcrury riudg,rcc'7hcLibrary olWubcl; bglhcrarcinaiing Argcniiitc 
viilerJorg~ Luis Borger, in Fiiiiu8,~r. Grarr Press. ESCCECCL" pzyerhzck. 1962. ~ 0 . 7 9 - S 8 .  ' For every pcrron now rlirr. some thirty ~ r r o n r  hare ancc l i x d  Thlr figure i s  quolcd by A. C. 
Clarkcin ZWl.\Vr are gssteiul tutht Popula$ion Rrfcr~ncc Durrau md $0 Dr. Rogir Rc~cltcCor 
cxplanatioor ofthr cvidcncc. Thc curnul~tirc numbcr of man.sccundr is 2 x 1OZ0. iiac l a ic  the 
avcrrgi lifnirnc as 2 x 10'r and it,c "umber or livw ar I x 10". Thc curnulr~itc n u r n k r  of 
nirn.rccondr is nlvch less lhrn ~Linunbcr oCmonkry.rrrondl (10") l s k n  in ihc problem. 



(c) IHow large is the lractional error in the entropy when you ignore this 
factor? 

6. Inlegrareddcsinrion. For the exurnple that gave the result (I?), calculnte 
approximately the probability that the lractional deviation rrom equii~brium 
6 / N ,  is 10-lo or larger. Take N, = N 1  = 10". You will find it convenient t o  
use an  asymptotic expansion lor the complementary error fun~tion.  When 
x >> I, 

2 ~ e x p ( x ' ) ~ ~ ~ c ~ ~ ( - 1 ~ ) d ~  c I + small terms. 
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Tihe lowr o/rhcrr,iodj,~a,~r;cs nioy foriiy bc obraittedfia,~~ [he principler 0J 
srorirricul ,riechil,licr, o/,l/iich rhej ore rhr i,~con,plrte expression. 

Cihbr 

IVc are oble ro di~rbtguirb in ,~teclio,iicol rernts rlie rl?ern>nl action o/one i)rrent 
ott a,torher/roni tho! which we eoNnrechanico1 in the tiarroltrr senre . . . s o  or 
lo spec({y cores oJrhern,ol eoion and cores o/rnedonicol ooion. 

Gibbs 



In tliis clia:~tcr we develop tlle priticiples that permit us to calculate the values 
o f  the physiul properties of a system as a function of the temperature. We 
assume tirat the systent 8 o f  interest to us is in thermal equilibrium with a very 
large system M. called tlie reservoir. The system and the reservoir will have a 
common lemperar~irc r becauic thcy are in thermal conlact. 

The tolal iyrtcm 01 + -3 is a cloncd systci~>, insulittcd fioni all exlcrnai 
innucnccs, as in Figure 3.1. The total energy Uo = 0, + U, is constant. I" 
particular, if the sysiem is in a s131C orcncrgy c,, tlien U, - r, is tlic energy of 
I I I C  rcscrvoir. 

Tatal system llcscivoir 

Conrtnnt energy U, 

.4 ceolral pioblcni of tlicrmnl physics is !a find the probability that thc system 
3 >\ill he iii o ,p:cihc ilu:intuni stale r afensrgy E,, This probability is propoi. 
tionai to the Holrr~iiann kctor.  

When ive specify that 9 s!iuuId be in 111s stale 8, the nuniber o f  acccsiiblc 
stsics af tile  tot;^! syste~n is seduced to tlic i~unlber oi;lcccssihle statcs or  tile 
rcser~oi i  WI. a1 itx appropriate encrgy. That is. the nuiitber g,,, or states 

I I 

.~ . 
5olr;nte~m Factor 5 9  

5igure 3.2 l l i c  change olcnlropy when lhc 
rcseruoir lransrcrsenergy r lo the ss).itcm. The 
fractional sr(ec$ ofthc transfer on thc ic&ervoir , ! is rn,r,l whm ihs reicmoir ir lrrcs. brc;losc r 

Cncrgy of lhc rservoii- 

accessible to@ + 8 is 

beczuse for our prcsent purposes ive lhave specified tile state oi.3 . 
If the system energy is E,, tlie rerervoir cnersy is U, -- c,. Tbe number o i  

stalcs~ccessiblelothcrercrvoir iotliiscotidilion isy,(U, - &,).as in Figure3.2. 
Tlie ratio oi the probability that the system is in quanlum state i at energy 
c ,  to the probability that thc system is in quantum state 2 at encrgy E ,  is ibc 
ratio of tlic 1n.o inultiplicities: 

P(E,) hluI$iplicity or67 at energy [I, - r ,  g,(U, - e , )  = - . = 
1 )  Mulliplicity ~ r m  at energy U, - E ,  go(Uo -- zz)' 

( 2 )  

This result is a direct consequence of ivliat a e  ha1.e called llie fuiidanrentnl 
assumption. The two siwationr are s i ~ o ~ ~ o  in Figure 3.3. ALtliou:h qucztioiis 
about tlie rystcrn drpend on the conrtilution af the isservoir, nc slilll rce tii;lt 
the dcpendcoce is aiily on tbc tsmpciatuie uitlie rcssrvoir. 

l f i i iz  rcser\.oirs arc \.cry large, i!ic multiplicilisr are ,cry, very loigi: oil:iibcis. 
\<'e writ2 (2) i n  lcims o i  the entropy ufllie rcicivoir: 



Energy Uo - r ,  hrrg,)' U, - r ,  

ga,(Uo - r , )  states 1 / ge(U0 - ez) st2Ites 

Energy r ,  Energy I 

Figure 3.3 'The ryneca in  [a]. (bl ir in qu~nlum slate 1.2. The rcrer~,oir 
has g,,(U, - r,), g,u(ll, - r,) xcce$,ibic qu,toiuni s;tlcs, in (;I) and (b) i 
" \~" iue l~ .  

With ! 

Anm E aa(Uo - E,) - na(Uo - L ~ )  , (4) 

the probability ratio lor the two states I, 2 of thc system is simply 

Let us expand the entropics in (4) in a Taylor series exparision about o$Uo). 
The Taylor sciies expansion otJ(x) about I(%,) is 

Thus 

where l / r  E ( ~ O ~ / Z U ) , . , ~  glves the temperature The  pantal derivative is taken 

at energy U, .  The higher ordcr trrnir i n  tl,c expansion vanish in ihe limit o i  
an infibiitcly large reservoir.' 

'ILicicrorz Ao, defined by (4) becomcs 

The  final result of(5) and (S) is 

A lcrm o l lhc  form erp(-Jr) is koo~~~\ .n ,ar  a Uoltrmnns factor. This rcruli i s  
or v;tsl ittilily. I1 givcs ,Ire r;tlio or tltc prob;ll,jlily o r  lii>ding thc sy , l~nl  its a 

single qt~:~s>tctnt si;tlc I lo  111c l>rotxtbilily o l  finding IILC syslc~n i l l  :t single 
qu:iotum state 2. 

I'arlitiun runclio~t 

li is lielplul to consider the luoction 

called the partilion function. The summation' is over the Boltmiann factor 
exp(-c,/r) lor all states s o f  the system. Tile partition function is the pro- 
portionality factor between tlie probability f(~,) and the Bolrzmann Eictor 
exp(-~JT): 

We see that LP(6,)  = Z/Z = 1: the sum of all probabilities is unity. 
The result (11) is one of the most useful results of statistical physics. Th r  

average energy of the system is U = (6) = x e , P ( ~ , ) ,  o r  

(, = &%-* = ,2(3 log Z,,2,) 
z (12) 



Figurc3.4 Encrgy and Ileal capacily o l a  
1u.a rtatcsyriem as runclions olihc lcmpci3luie 
r. TI$< cncrgy is plolted in units of r 

T h e  average energy referr to tiinx itatcs o l a  system that can excliaugc energy 
wiih a reservoir. The notation (- - -) dcnoles sucl? an rverage value and is 
called the thcrmai arcrage or ensemble average. In (I?) tlie symbol U is uscd 
lor < E )  in conformity with common praclice; U \\,ill now relcr to  !lie system 

arid not. as earlier, to the system i reservoir. 

.- . _ _ _ _ . - ~ _ _ _ r - .  . L--=zzz ---, --..~7....-..._..-..i .:..;.A L*.. I 

Ernntplc: Etaerg> .yusdliruf ~ n t ~ ~ r i t ~  oJa i x o  ,,ate IJS,FU~. Wc crcat r ryrtcnl oloric p;lr$i- 
t i c  uiill lwo slulcr, aac ofcnergy 0 and "lie uicnc5gy c . I b r  par\icLe is i u  !iiuin,al cuit!;icl 
willla iescrvoic a l  lcnl{rrvturC I. \\'c uan, LO Find ihc criergy acid tlie Ihcnl rapacily o l  (he 
sys%cm as a lunciian of the tcmix.miuri: i. Tlie p.irliiion fuiictioii for llic ii\o rwlci 01 
lllc pirliclc is 

This Cuaclioii is pluiitd in Figure 3.4. 
l i ~ t e  rltii! the i c iu  ~ i e n ~ r g ~  md <>kc itc tncrpicr o i  5i:r i5i.o riaiei as - ji and i)~, 

inileal1 ol3r 0 and E .  the rcr~ills a p p x  difieicnily. \\'c lisve 

i 
and 

me heat ~rpacily C,. a l a  system at constant volume ir defined ar 

cv 3 r(?u/8rlv , I 1  7a) 

uliich by ihc thcmodynarnic idcntity (34al derived below k cquivalml lo (he alicrnalc 
delinilion 

~vehold Vconrvsni M u s e  the\.alumoliheenergy arcalculated ((or asysicrnararpccfied 
volunie. From (14) and (17b). 

Tbc rnmc i ~ r u l l  fi,llnri fiom(161. 
in  conrcntionsl units CI. is dcfincd ar T(iS!?T), oili.U/ETl,-. nlic11cc 

,,,;,ss. 
ilicliuiopin tl>cploc o ( t , c ~ i c ~ p ; ~ ~ i ~ y  i.ci~iii~c~i~yzr.tturl: iii I'igurc3.4 i ~ c l i I z d ~ S ~ i i u n i y  

snonv~ly. Far r ,, L lilt licai up3ciiy (1%) becanlcr 

Cv = ( E / ~ z ) ' .  (19) 

..~ ' . , U ~ ~ C L  ~ h a i  CI a r- '  in this hi& tcrnpci.liure ilmil. In Ilic low fenlpcralilie limil lhe 
t e i i ~ y c ~ a ~ u i e  ir m,rii ia complciron t i i h  the riicrgy lciel rpacsng E.  For i << L \\c have 
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DeJiniiion: I l e ~ . c ~ . ~ i b l i ~ p r o c t r r .  A process is reversiblc if carricd out in such a 
a,ay that tlic syitsii, is always infinitesimsliy close to the equilibriun~ coiidiiion. 
For example, i f  the entropy is a functioii oftlie voluoie, any change ofvolunie 
must bc carried out so slo~vly that theentropy a1 any volume V is closciy equal 
t o  llie equiiihrium entropy o[V). Tlior, the entropy is \veil defined o~ every 
stagc o f  a rer.ersibli: proccss. and by revsising llic direction o f  the change the 
system %ill be returned to its initial condition. In reversiblc processti, the 
condition of the zyslcrn is wcli defined at all tirncr, in contrast to iiicversible 
processes, rviiure usually \vs \ + i l l  not know what is going on during the process. 
\Vc cannoi apply the mmhernutical msthodr of thermal physics to systcnlr 
whose condition is undefined. 

A voluine ch3tige illat Leaves the system in the same quantum statc is a n  
example o i an  isentropic reversible process. I f the  syrtcm always remains in the 
same state the entropy change will be zero between any two stages of the pro- 
cess, becausc the number olslates in an ensemble (p. 31) ofsimilur systcriis does 
not changc. Any procsss in \vhich the entropy changc vanishes is an isentropic 
rcrcisibie process. But reveisihle processes are not limited to isentropic pro- 
cesses, arid \veshallliave a special interest alsoin isothermal revcisible processes. 
r-.-7. . ~ .-- - . .  . . . . -.... _... . . . . 

PRESSURE 

Consider a system in the quantum statc s of energy 6,. We assume E, t o  be a 
iuriction of iile volumc o f  the system. The  voLurnc is decreased slowly from V 
to V - AV by application of an external force. Lct the volume change take 
place suiricifntly slo\vly that the system remains in the sztne quantum state s 
througlioul the compression. The "same" state may be characterized by its 
quantum nurnbcrr (Figure 3.5) or  by the nurnbcr of zeros in the w;~vcfunrtion. 

The energy of (lie states after the rrvcrsiblc volumc change is 

E,(V - AV) = E,(V) - (dc,/dV)AV + . . . . (21) 

Figure 3.5 Dcpndcncc of cilergy on \olurnc, for the ctl~rgy I C I C ~ P  ofa free 
partide conhnrd io r cubc.Tiie cur\.er nrclabel~d by II' = ,I,' + ,I,' + I?:, 

ar in Figure I.?. The n,ul~iplicitiei y aic also giienTbe roluo,e chmge Itere 
is irairupic: r cub< icmain~ a cubc. The cncrgy rmgc Si, oiille rlalcr 
rcpiermled in an ci~scrnhlc ofryrtemi wdl inciezi-. in a iercrrible 
~o~npicrrion, buc \ c  know froin (lie dircurriun in Cbnplcr 2 that the width 
oillie cnccgy ranee itieti is of na practiiat impoilxnce. It is t\je i t h n y  in 
tlic ~ \ c I ; > ~ c  Cncrgy l1i;it is imporlani. 

Consider a presstire p, applied normal t o  all facer o l a  cube. Tbc mechanical 
work done on the system by the pressure in a cont rac t io~~ (Figure 3.6) of the 
cube volumc from V t o  V - AV apwars ar the changr: of energy af the rystcm: 

U(V - AV) - U[V) = A U  = - [ ~ E ~ / ~ V ) A V .  (22) 



llere U denotes ihc energy of the rystcrn Lei A be the area of one fdce of ilie 
cuhe: then 

A(&\ + Ay + Az) = AY , (23) 

ifall increments AV and A x  = Ay = A: are taken as posiiive in tllc cornpier 
sion.?hewoik done irl the comprcsrion is 

A U  = p,A(As t Ay + A:) = p,AV , (24) 

so that, on comparison with ( 2 3 ,  

is ilie pressure on a system in the states. 
We average ( 2 5 )  over all states o l thc  ensemble to obtain the average pressure 

(p), usually !srilten as p: 

whcic U E (c). 71,e cntropy o is hcid co!tal:iot in tlic dcriwii\c bi-c:liirc tiic 
number a1  sl:lter in ihc enscinblc is unclianged in tlic reicrsiblc comprcsrion 
we havc dcscribcd. \Vc ~ : I Y C  a ~ ~ l l ~ ~ t i o n  of systems, e;lrll in samc rtaii'. a i d  
ex l ,  ichnainr in tliis s(:$tc in lllc compicrrion. 

l h c  rcsuit (26) corrcrpulrds to our mcc l~~n i c s l  picture or tllc picsrurG on a 
s y s c n ~  t l~a t  is rnnintaind in mine specific state. Appendix D discus,cs tllc 
i e ~ u l l  morc dccply. Fo r  3pplicalionr we sl,all nced also tlic 1lni.r rcsult (50) for 
the pressure o n  a system iliaintaiiseit a t  constant temperature. 

Wclooit for athcr expressions fuc thc pressure.?Rc rnuillbcr ofsialcs and tlrus 
ilie eiliropy depend only on  U 2nd on V, far a Rxsd number of particles, so 
that only thc two varizbles U and V deicribz the syriem. Tlic diirzreniial of 
the elitropy ir 

?Itis gives t!ie diricreotial clisnge of ilie entropy lor nrbitizry indepzndenr 
diiTercntia1 ch:i:: ,. ,:ti and clV. Assume now that w e  sclsct ilU and ill' inler- 
dtpendenily, iii such a way that ille two term5 on tlie r i~li t-hand ride of (27) 

cancel. TIie aierall entropy change do wtli be zero. If we denote these inter- 
dependent values of dU and dV by (dU). and (SV)., the entropy change u!il 
be zero: 

After division by (6V)., 

But the ratio (SU)e!(dl')s is tiit partial ~lerivalivc of U with rcrpect ta I' at 
COTISlZt>t 0: 

(au) , j (sv) .  = (zu,ev).. (30) 

\Vith !his and the definition l /r  r (?o/?U),.. Cq. (29) bccomcs 

lly (26)  tlic lch-1i:tnJ side of (3 l )  is cijil:>i l o  -I,, ivl i~~ncc 

Thrrnmod)nan~lc Idcnliry 

Coiisidci again !lie diKciential(27) or ihe entropy; subsliiutc the new result for 
ilie picssuie and ilie drfinition of r to obtain 



This urcful relation will bc  call*d the therrnd~nnniic  identity. Tlic form wiih N 
variable will appear in (5.35). A simple transposition gives 

I1 the actual process 01 change of slate of the system is rei.ersib!e, we can 
identify rrdo a s  the heat added to  the synem and -pdV a s  the work done on  
the system. The increase oi energy is caused in part by mecltanica! work and  
in part by the transfer of hcat. Heat is defined as the transfer o f  energy between 
two systems brought into thermal contact (Chaplcr 8). 

1lEI.MHOLTZ FREE ENERGY 

The lunclion 

is called thc Hclmholtr lrce cncrgy. This lunclion phys the part in thcrnlal 
physics a t  constant temperature that theenergy U plays in ordinary mcchanical 
pioccsscr, which are always undeistaod to bs a t  constant entropy, bccausc no 
iotcm;ll cha~igcs orst;rtc arc ; ~ l l o i ~ c d .  Thc rrcc cncrgy tcllr us how to b:ilatice 
t11c cotiflicting demands o r  a syrtcrn [or rninin~uiu cricrgy and maximum en- 
tropy. The Heln~liollr lrcc energy %.ill be a niinimum lor a systcni S i n  lllcrmal 
contact with a reservoir a, il the volumc oi l l ic  systcm is constant. 

\Vc first show that F is an extrcmum in equilibrium at coiiblant r and V. 
By definition, lor infiriitcsimul icvcrsible liansIrr Irorii to  8,  

a t  constant temperature. But l / r  zz (2oJ/2U4),. ,  so that dUl = rdo a t  con- 

stant vo!umc. Therefore (36) becamss 

which IS the condttion lor F to  be a n  extremum w ~ l h  respect to  all variations 
at constant volumeand temperature. We I tkeF because we can mlculale it lrom 
thc energy eigenvalues E, of the system (see p. 72) .  

Co,nrr~cnr. U'e can rliotv $ha1 ilte exticmum is a tni~initini. The tot31 energy i5 U = 
L,, + U,  . Thcn  ihc tala1 entropy is 

\Ve know 11131 

[?cm/ZUa), . . ,  = l / r  , (39) 

so that 0 8 )  bccorner 

o = o m ( L q )  - Fs/z . (401 

bvhcre FA - U, - io, i i  the licc encrgy o l  the ryrtem..N.iow o,,(Lrl is constant: and u.e 
rscali that s = o, i ol in cquihbrium is a mlrinluin uith resped lo U, . I1 lolla\\r lrorn 
(-Vlilh;ll I;, rnuil bcaminimunl nilbrcrpect lo U, vhcn  chcayrtem ir in  il,cmurl prob~blc 
configuiatioiiThe hcccneigy al the rystenl at conrvani I. V will incrcasc lot any dcparcure 
lrom the cqvilibricm confi iiraii 

iiiadcl >ybfi-m ol Cliapici I .  nitli N ,  spins u p  and A', rpiiir down. L a  N = N: + N , :  
thc ipiii crccri is Zr = ,\', - N , .  The ciitrilpy in tlic Stirling apiliniimstion ir iouiid 
si lh  tl~eliclpolnn zppioiimatl: lorm ul(l.3l): 

'The cocrgy in 3. nlaytclir kli( 5 ir -2sneB. \\l,crc I. is >lie m~gnc t i c  r!wrncin ullrli olvn,rn- 
t r r y  m~gticl. n ~ e  ikrc cnrrgy lunccion ($0 bc crt1i.d the Landau lunclion i h  Ciirpicr to) is 
F,(i,r,B) E L'[r.R) - rob), or 

Fi(i,s,B) = -2anB + -N + s log - + - + N - r i l o g  - - -- . (; ) (: i) G ) C i) 
At the rninimumolF,(r.r.BJ with rcrpect to$, this lunctionbccorneicqual to ihecquilibcit~m 
lice encrpy F(7.B). That is. Fdr.<r).B) = F(r.BI, bccaure (3) is a function of r and B. Thc 
minimum ofF; with rerpn to the rpin E I ~ S I  occurs \*hen 

N + 2s 
(?F,j?r),,, = 0 = -2mB t r log --- N - 2s' 



Thus in the magneiic field B the thermal cquilibriurn valuc ofdse spin crccrr 2s is givcn by 

or, on dlvidvng "urncialor and denominator by exp(,aB/r), 

(2s) = Ntanh(~r~B/r) .  

nit mnpncliinion .If ir lhc magnetic moment per unit volume. l f n  is h e  number olrpinr ! 
per unit volurlii the magncliwtion in thcrmal cqultobrium in ttic magiittic field is 

Thc lree encrsy ).I thc r)ncm in rquilibrium can bc obtrincd by rubnituling(15) in(421. 
I1 is easicr, lioncrcr, 10 obtain F dircclty lroiil ihc partition function for one msgnct: 

Now use the relation F  = -c log2  as dcrived below. Multiply by N to obtain thc ierult 
Sol N rnatnctr. (Tlir ma~netilation is dcrivcd more ,iiuply by ihc mcrhod or Problem 2,) 

, . 

DiKerential Relations 

T h e  di(ferential ofF is 

d F  = dU - rdo - odr , 

or, with use o f t l i e  thermodynamic identity (34a), 

d F  = - odr - pilV . 
for iiliich 

Tliesc rel:iiioiis Lire xvidcly used. 
Tllc lice cncrgy F in  tlic result p = - ( iT/ I :V) ,  acts a s  li,c ulicctii'c cncrgy 

lor an  i>vrlieriiiiil cliange o l  voluo~c;  coritrast this result with (26). T h c  result 

may b e  written a s  

by use o f  F E U - 7 0 .  T h e  two terms on  the  right-tiand side ol(S0)  reprci:::t 
what wc may  call the  energy pressure and  the cntropy pressure. T h e  energy 
prcssurs -(ZU/BV), is dominant  in most  solids a n d  the entropy pressure 
r(?o/8V), i s  dominant  in gassr and  in elastic polymers suclt a s  rubber (Probtcnl 
10). T h e  entropy contribution is testimony of the importance of the entropy: 
thc naive feeling from simple mech:lnics tha t  -dU/dV must tell evcrythinr 
about  the pressure is seriously inco~npie te  for a process nt conslal!t tcnipcrature. 
bccause the  entropy can change in response t o  the volume changc even if tliz 
cncrgy is independent of \ rolon~e,  as Tor an ids:tl gzs a t  constant t anpern t i~ re .  

a relation that is not at all obvious. Othcr Max~velt r~lations will be derircd later s t  
appropriale poiillr, by similar argurncncr. The rneihodalagy of obtaining thermody 
namic relations is dircusscd by R. Giirnure, I. Chcm. Phys. 75. 5964 (198t). 

Calculation of Ffrom Z 

Bccause F -- U - ro and o = -(iF/dr),,, u.e have the difTercntial cquation 

\VI: shoiv that tliis c q u ~ t i o n  is rotislieu' by 

F / r  = - 1 ~ 7 ~  % . (531 

!\,here Z is [lie p;trliiion lunctioit. O n  iubstitinlioii, 

i(F/r),Br = - i log Z, 2 = - LJir' (54) 



by (I?). This piovcs that 

F = -z logZ (551 

salisliss the requircd dii1i:iential equation 152). 
It \sould apps:li porribli: for F/i lo contain an additive canstant o: such that 

F = - I  lo;Z + xr. tloivci-cr, tlie cntropy must rcduce to  logg, whcn the 
ternperilturc is so luw that only the go coincident states at the lowcst energy a, 
are occupied. In that limit 1a.Z - 10% yo - r , / r ,  so that o s -2Flir - 
2(rlogZ)jir  = loggoonly $31 - 0. 

\\'c tnay write the result as 

and the Bol t~mann Szctor (I!) for ilir occupancy probability of a quuntuni 
states becomes 

IDEAL GAS: A FIRST LOOK 

One arorn in o box. We calculate the partition function 2, of one atom of 
mass M free to move in a cubical box olvolume V = L'. The orbitals of the 
free particle wave equation -(h2/2.\11Vfi = c$ are 

where ,I,. rl,, I?: are any poritiie integers. as in Chapter 1. Negative integers d o  
not give indcpcndenl orbitals, and a zero docs not give a solution. The energy 
values are 

We neglect the rptn and all othcr structure of the atom, so that a state o f lhe  
syslem IS cnt~rely specrfied by tlte values oftl,, I!,, 11. 

Thc partilion iiinctiuii is the rim, o\.cr lhc stales 159): 

! Z ,  = ~ ~ ~ e ~ p [ - l ~ ~ n ~ ( ~ r ~  + n: + ~ : ~ ) ! 2 1 f L ~ r ] .  ". "" a, 
(60) 

! 
Provid~.d the spacing o f  adjacent cnergy valucs is small in compsihon tvith r ,  
5i.e may replace the summations by integrations: 

Tbc novation z' s h'nz/2i\lL'r is introduced lor coni-cnicnce. The erponcnti31 
may be r\.ritten as !he product ofthrec factors 

so that 

in terms of the  concentration n = l/V. 
Here 

is called rile quantum concentration. 11 is the concentralion associated n.ith one 
p tom in a cubc of sidc eqwal to  i he  thermal nveragc du Broplic \\'avL'lunglll. 
which is a length roughly equal to l~/M(u) - t~,'(~fi)"'. Here (r> is u ihermal 
average velocity. This concentration u,ili keep turning u p  in the thermal physics 
afgarer, in semiconductor theory, and in the theory ofchcmic;ll rcaclions. 

For hdium at atmospl>ert pressure at roont temprature,  n k 2.5 X 

10'9cm-3 and na % 0.8 x I02Jcm-'. Thus, ,,/rra = 3 x which is very 
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tftlte oibiial indicti are 311 d~t:c;col, r x h  entry will occui S !  tirncs in Z,I, shrrear tlic 
cntvrlsoutd occuionl) on= iflhcp~riiclc~nic iJcntical.Thiir,Z,'u~cicounts ti:cit~ter by 
a i.~ctoiof.i'!,xnd ihc caricci p:~ilition fuiiition lor N identical pariictcs is 

T h e  entropy follo~vs from (49): 

in thc clzriiwl rcgimc. Hcrc OQ = (iri2rh'lA' fiom (63). 
Thcic ir arlcp in ihc rigumcni ahrir \ye ariunie thxr all N occupicd orbitals a rc  nlwayr 

difrcrcni aibilrlr. I1  is no rimplc mnlrr lo  eraluate dircc!ly !lit crror introduced by ihir 
approrimnion, but talci we uiii ioiifirni by anothei mciliad the validity oil681 in tbe 
clanicol rcgimc a << , l a .  Thc N! i ~ i l o i  chingcr the rcsutl ior tlie entropy of ihc idcal gar. 
Thecriiropy i i an  rxpciiminl~lly mc~ruiabic quantity. and it hsr been confirincd that the 
N !  factor is correct i n  this low foncrntration tiniil. 

C;. - , .: ;n. . . . ~  .... ,- . ,  . , .. ., . .  .,. . . . .  r . . . :-.. ,..7 

Enel.gy. I he energy o f  the ideal 83s lollows from thc N particle partition 
funcimn by use o f ( l2 ) :  

consistent witli (65) lor onc particlc. Thc  iicc encrgy is 

With the earlier result Z, = ,r,V = (Mr/Znh')'!'Vand the Stirling approxima- 
t ionIogN1 2 N l o g N  - N,aehase  

F r o m  tlic lice energy we can calculate the entropy and the pressure o l i h c  ideal 
gas of N atoms. The pressure foilowr from (49): 

Id<ul Cur: ,I Firs( Look 7 7 

wliicli is cnlied tlic ideal g~s 11~. I n  con\.entionnl lliiits, 

a =. N[ior(na/n) + 41 C -'---yTl (76) 

. . 
with the concentration n E NIV. This result is known as the Sackur-Tetrode 
equation for !lie entropy o f  a rnonalomic idcal gas. It agrees with experiment. 
The result involver $1 through tlic term ua, SO even for the classical ideal gas 
lhc  entropy i n ~ o l v e s  a quan tum concept. We shall derive these resulls a ~ n i n  in 
Chap te r  6 by a direct method that docs not explicitly involve the N! o r  identical 
particle argument. Thc energy (69) alro follo!\,s [ram U = F + ra; with use of 
(71) 2nd (76) we have U = fh'r. 

?---- - . ;1;.~----~-7.7~~.~zc=;=. .. >. ., s... . . . . -L . . . 
Ernmpk: Egu;por:itian ofrner~y .  Thc cncrgy U = #Nr from (69) is ascribed to acontri- 
butiail fr liom each "dcgme of freedom" aicach panicle, where the nuoibcr oidrgreei or 
lrccdom ir tbe numbcr of dimcnrionr of ihc space in which ,tic aioiiir moxc: 3 in rbir 
craniplc. In lhc clarsical lorm oirta~istiwl mcdsar~in, thc partition function contains the 
kinetic energy of thc particl~r in an integral ovcr the momcntum components p.. p,. pi. 
For one free panicle 

a rcsull similar to (6LI.Thc limits olinicgration arc f m for cach component.Thc thermal 
avrragccnergy may be calculated by use 01112) and is equal lo h. 

The result is generalized in theclassical theory. Whcnevcr the hamiltonian oltheryrrern 
irhomogcncow of degree2 in a canonical mamcntum componcnl, the classical l h i t  of the 
thermal avcragc kincliccncrgy arrociatcd with that momcntum will bs h. Further, il the 
hamiltonian is hornogencour ofdcgrec 2 in a position eoordioate mmponcnt. ths thcrmd 
average potcntivl cncrgy associated with that coordinate will alro be fr. Thc result thus 



Figure 3.9 Ileal c3p.1ciiy at conr t~nt  voluinc o lonc rnolciuie oiH, in 
ihe gar phlre. n~hc vertical scale is in lundamcnid uniir, lo obtain r value 
in conucntianal units, multiply by k,.  The coniribuiion liom the thice 
lranrlational degrees o l  licedom ir +, the conuiburion at thigh lempeiaiures 
from thc lwo  rotational degicrr allrecdorn is I: und the coiilribulion 
lrarri lhc polenrial and kinvtic encrgy of iltc ribiaiiund moiiaii in i l k  
hi@ icgi!jxiaturc liii>it is I. Tlic clsiiicrl liinili are aliaincd %lien 
r P r c l ~ ~ ~ i l i l  ciiergy lcrcl ,ep;lmtions 

applicr to rhc hzimorlic orcillator io the ciariical linkit. Thc quantum ierullr lor the liar- 
t r~anicorc~i la~oraad lor lltedia!omicruta,or nredcritcd in Pioblcmr 3 and 6, rcipectivrly. 
. i t  high tcinpcra!urs ihc clasriwl linii~i arc uurincd. r i  in Figurc 3.9. 

-I_-l_--i _--- C 7 L . T - Z Z T - 7  *.-,- ~ .- .zT,3 

Errin,plc: Ennop). of ,nixi~~~.  InCliapter 1 we wlculatrd thc nunibcr alporiible airan&e- 
nicnti a l A  xiid B is a solid madc tip 0l.V - t atoini h and r aroms B. We round in (1.20) 
lor lhc iiumbcr alaiisngcincnlr: 

Thc crtrupy a~rocialed with ihcrc riirogcmcnts is 

and ir plu~ivi! in Figurc 3.10 lor 1'4 = 20. This cootiibution lo (hi: lulri entropy ofyin 3lloy 

I I I I I 
0.2 0.4 0.6 0.3 1.0 

I - 
.Allay comporirian A,., B, 

Figurc3.10 hiking entropy o l a  random binary alloy rr a lunclion of 
the propr l ionr  oliheconniiucnt aiomr h and B.The curve plottcd 
u s  calculated lor a total of 20 atoms. \b"e rre thrt this entropy is a 
maximum uhen A and B are prcreoL in <qua\ pioporiionr (x = 0.8). 
and lhr entropy is zero far pure A or pure B. 

This rcrult girts :he entropy n i  mitin8 of an slioy &,..,B, treaird =r a n n d a m  ti:-to- 
~ci icoui l  solid roii,:ori The piob!:i;i ir Jiiclup;d in rli.l.tiI in Ch,ipici 11. 

\i'e a r k :  is thc liomo&rncour solid rillutioriiheequil~brium coiidi%ion * l a  mirtuic 2: .k 
and B atoms, or b iliccyuilibiium a two-phase ,yrtrin,ruch as n mi\iuif olcr)iil!::;5 of 
pure A and cryslalliter olpurc B? Tilt coniplcte ani\\cr is !he basis olniucii of thc riiriice 
olmelnlluigy: the anriier !rill dcpni! on illc IeiiiFratuie and on the i e i c r~ tomi i  ic::i- 
aclionencrgier U,,. U,,.snd U,, l a ~ h e r y c c i ~ i ~ ~ c t l i , ~ i ! l i ~  inleiacGuiicni.rg\cri~!:i::n 



AA, RE, arid AD nciplibor prim are ail equal, thc lhaniugciieour solid rolutioii bill hove a 
iu\vcr hec cncigy tiinn llic corrcsp4rdiii$ mkiure ulci)bialii>cl of llic pvic clciiirnl%. Tlic 
IICL. encrgy of tlie solid roluiion A , . B .  ir 

xhicli $*c niu5l compare with 

ioi thi. mixture u I A  and B crystals in the proportion (1 - I-) lo I. The cniropy ot  niiiiiig 
is alra)r posilire-all enlrllpicr arc posiiivc-so lhsl lhc solid rululion h x  !lie loiver 
frct energy in tliis rpcial mic. 

Ihmc ir a tcndcnry for a1 least a very small proparlion ol;,ny clcmenl B to dissolve in 
any oihcr clc~ncnt A, ercn if a strong repulsive eoeigy criiir between a B atom and lhe 
suirounding A srontr. Let this repulsive energy be dcnoied by U ,  a poriiiie quanrily. l i s  
\cry rrnsll proporlionr << I ofDnlomr i s  piclenl, ille lola1 rcpul>ivcrlifrfy a .\iYU. !i.l,um 

in this limit, so ,hi,, the free cneigy is 

whicii hrr a minimum when 

This shows lheic ir s natural iinpurily conrcnt i s  all ~ryrlais. 
~:.~:~:.7.~,-~~~T~:~.~~.7:~~-z.7z~-.~:z:-~~~~~2::~-2~~.~.-3 

I .  Thc P.~ctor 

is the probabtltly olfuidlng a system in a s a t e  r orcncrgy &, whcn thc systcm 

is in tliermol conucr  wiih a i a r ~ c  i n n \ , o i r  a t  temperature i. T h c  nuilibsr o l  
pailiclcs in the syrieol is asromed constant. 

2. The partition function is 

Z E XCX~[-E , / I ) .  

4. The 1IcimiioItz free encrgy is defined as F - u - TS. It is a minimom in 
cquilibriurn lor n sysrcnl Ilcld a1 coiisisnt r ,  i'. 

5. a = -(?F/&)"; ,D = - ( ? F / 2 Q .  ' 
. . 

6. i' ;. - r log%. TOir rcsult is w r y  u x l u l  incalcul;~liuns or F 2nd oiqu:~ntiticr 
riirli 3s p nnd o deribcd iium F. 

7. For a n  ideal monatomic gas ol N atornr of spin zero, 

if11 = N / V  e; ny. The quantum canccntration IIQ r (AJI/Z~R~I '~ ' .  Furthcr. 

8. A pracerr is reversibk iC the systcm retrains inEnilesimally close t o  the 
equilibrium state at all times during the process. 

1. F ~ c e  energy of 0 1nt.o slalc ryden,. (a) Find an expression far  the frce 
cncrgy a s  a lunction o l r  o i a  system with two stales, one a t  encrgy 0 and  one  
nt cncrgy c. (b) Fruoi lltc licoc,leryy, firad cxprersioi,~ lor ~ l r c c n c r y  :inJ cnlropy 
of tlic SYSICIII. Tlic ~ t l l r ~ p y  is plutlcd in Figure 3.1 I. 

2.  ~ 1 1 ~ ~ ~ ~ t ~ 1 ~ ~ s ~ ~ ~ c ~ ~ ~ 1 i h i ~ i 1 . s .  [a) Llsc llxc p;brlilior> function t o  fiwl :$I? cx:lcl 
c*picasioa for liic ti~:~gt,clirntiou ill cod thc susccptibiii~y x ;=- tld\l/rlB as a 
lunction o l  tcmpcmlurc and magnctic ficld for the model system 01 mngnclic 
moments in a magnciic field. The result for the magnetiz;ition is A1 = 
I~~~rtanil(rr~B/r), as dcrivcd in (46) by another mcthod. Hcre 11 is [he particle 
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S I  C1laFicr 1 :  Ralt:l~%ona Discri5uiiun and IfcliiiLolt; h-rr  Energy Prublen$r 
! 

85 

! svitli kioetic energy. The totstional tiiotion i s  qtiatiiircd: and tiie energy 1ei.r.I~ 
of n diatomic moltculr rrc olthe loini 

\\liere j is any poritiic inteaer incluiling zsro: j = 0, 1, 2.. . . . Thr  multiplicity 
of e:ich ioiational lerel i s  g(j1 = ?j  + I. (a) f i n d  the partilion lunction % , ( r )  
lor tile rotational stalcs o l  anc itiolcciile. Remcriiber Ilia8 % is a slim over ail 
sliitcs, not 0ir.r all lcicls-lliis n~;\hcs n ililTc;.rcncc. Ib) Evitluatc %,(I) approri- 
~natcly lor r u c,, by cun\citio; tlic rum to nu ittlcgr;tl. (c) D o  lhe snme lor 
r << e , ,  by truncztino the rum alter the szcond tern?. (d) C i ~ c e ~ p r c ~ ~ i o r t s  for 
tlie cncrgy U and tlic heat capacity C. as funclians a l r ,  in ba lh  Limits. Obrerre 
that thi: rotational coniribi~tion l o  the iicitt csp:tcily o f  a diatomic lniolcculc 

! ~ i p ~ ~ c ~ ~ : t c l ~ c s  I (or, it) c o n v c ~ ~ t i ~ ~ ~ ~ ~ l  units, i,,) t\I>sn r >> ~:,,.,(cl SLctcl> tlw b c l ~ a ~ i o c  
ol' U i r l  :\%id C(ri, dmniof  i l ic iitriiiitig bcli.iviors lor r - s and r - 0. 

Fi2"rr 3.1-1 HVJ, u p l i i i y  \er5u5 ,mpcr3,uie 
it,( hiiiaaciic uriiil~tor of lr<qucr:! w The 
liiiiiionl~i rc~lc i s  in units o l  r,hw. iihich i s  
idcntird with 7 n, r h c r c  0, ir calkd the 
Eimtrin Icn!yriarurr. In thc high irmpcriltuic 
liiiiil C, - I,.ai 1 in lul:diiiirni;! uziiir TI>;, 
,dl".: is L"0W" 35 ,!I< c I ~ s s ~ c ~ I  u l c t  ,\, 10," 

~ v a ~ r ~ u r ~ s  Ci llciizrier ilrponri:ially. 

. . 
no! fl~ictuale i:, v:lluc %$lien l l ic syrtcm is in thcrm;il con1;lct $v i l l i  n rcscrvoii. 

7. i p p r  A zippsi 11:~s r V  l iols: c:tcl, link li:ks :I rt;bte in  rvhicli i t  is A n y  otltcr 3iii:udC would bc i~ico~isistcnl \villi O U T  d c l i ~ i i l i ~ n  of thc IZIII~CI:II~VIC 
c l o d  witit coc~gy 0 and :I valc i i t  nlii~.li i t  is opts, wit11 cticrgy I:. Wc rcqairc. o l  a system. The ciicrsy o l  such a sysian mny noctu:~tc, b i l l  tlic Lenipcnture 
!~o~vwcr ,  th:tI Ihc ~ ippc r  c~!l oe~ly unz.ip fro", tltc lclt cnd, zknd th;#t t l ~ c  link do-i not. S o x t  \sorkcrs do not ;tdhcre to J, rigorous dcfiniiion olicmpcmlurc. 
tiicnrbcr s c.111 only open ii:~ll l i i~hs l o  ilic lclt (I,?. . . . .s - IIarc  nircldy op;n. 

Tlii,, Landau 2nd Lililiiir givc llie rcsult 
(a)  SIIOSV tl i l i l  IIIC pxtliiion l ~ i i c t i on  ciui be S U I I I I I I C ~  in the lorm 

( i ~ r ) ~ )  = T~/C,. , (90) 
1 - cxp[-(X + i]z!r] z = 

but this shou!d be viewed as just another Corm 01 (89) with Ar set cqunl to 1 - e\p(-c,k) 193) 

AL;:C,. W e  know that AU = C v A r ,  whcnce (90) bccornes ((AIJ)') = r'C,., 
tshiih is our rzjrili (99). 

5. 0rci.bourrr effecl. Suppose that by a suilable external nlechanicol o r  
ei<itrical arr~iigcmciit one can add ZE l o  l l ic  cncrgy of the heat rcscr\-oii 
nh?ncvcr the reservoir passes l o  the system the quantum ofcnergy e .  The nct 
increase ofcrziey of the reservoir ir (3: - 1)~ .  Here a is some numerical I ~ c l o r ,  
pasilive or ncgltive. Show llrat the elkclive Roltzmann lactor lor this ~ b n a r m a l  
system is given by 

Ttiis rcasonieg gives the statistical basis o l l l t e  Overhat~ser elTect u,hereby the 
nucle=r polariraliori in a magnetic field can be enhanced above the theimal 
equiiibriunt polarization. Such a cotidition requires the active supply o f  energy 
l o  the systcm lrom an external source. The svslem is not in  equilibrium. but is 
said l o b e  in  a steady stare. Cl. A. W. overhauscr, Phys. ~e;. 92, 411 (1953). 

6. Rornrion oJ dialontic nroleculer. I n  our firs1 look at the ideal gar we con- 
sidered only the transl?!ionvl encrgy of  the psrticicr. But moleculcr can rotale, 

(bi I n  the limit E >> r, find the average nuoihcr of open links. The inadcl is a 
very siniplilicd model o l  tlie unwinding af two-straoded DNA molrculcs-see 
C. Kil lel, Amci. J. Physics 37,917 (1969). 

8. Q~~arrfuni concenlralion. Consider one particle confined to a cube o l  ride 
L ;  l l ic concentralion in  erect i s  II = l/L3. Find thc kinelic energy o l the  particle 
ohcn in  the $round orbital.There will bcavalucoltl~cconcenrration for which 
this zero-point quantum kinetic cncrgy is equal to the lcmpcrature r. (At thin 
conccntralion the occupancy ofthe lowest orbival is a l  the order o l  unity; the 
loa.est orbitxl always has a higher occupancy thaaany ottier orbital.)Show that 
the concentralion 11, thus dclined is equal to tlic quantum conceotraiion up 
dcfincd by (63). \vithio a factor of the order olunity. 

9. Po~.rifion funclian for 111.0 r)slo!ir .  Shorn that the partition function 
%(I + 2) of  two independrnc systems I and 2 in thermal contact at a corntnon 
tcmperalurc r is cqud to the product o f t l r r  partition functions o l the  separcttc 
systems: 

Z ( I  + 2) = Z(I)Z(Z). (94) 



when / is the external iorce exerted on  the line and  di is the extension of the i 
line. By analogy with (32) we form tlie derivative t o  find i 

1 
The direction o f  the force is opposite to the conveotional direction of the 
pressure. i 

We consider a polymeric chain of N links each o i  length p, a.ith each link 
equally likcly to bi: dircctedto tlrc right 3nd t o  the leit.(a)Show that tlie number ! 

1 
oiarrangements that give a head-to-tail length of I = ?/s/p is 

(b) For /sl << N show Illat 

(c) Sliosv that the force at extension i is ,. 

The hrcc  i s  propor~ionlil to tlic tcmperntuic. 'liic f ~ ~ r i c  arises bccnure thc 
potymcr wanis t o  curl up: thc entropy is higher in a random coil lhdn in a11 
uncoiled coniio,uration. Warming a rubber b a t ~ d  makes it contrnct; \\arniii~g a 
stccl wire makcr it expand. The thcory ol rubber elasticity is discussed by 
I i .  b1. Janlcr and E. Gull,, Jouii,;~l olCIicmiwl Physics 11. 455 (1913); Joucndl 
of Polymer Scicncc A, 153 (1949); scc also L. R. C. Trcloar, P1ii.sic.s o/riihiier 
elosii~iry, Ohiord, 195s. 

/ I .  Oae-~l i , l i i i lcn~io, in i~n~.  CuiiriJci an ideal $as o i  9 p;~rticlcs, cai.11 or tnass 
d l ,  conf ind  t o n  onc-dimcnsioti~i lint ofleiigtll L. Find tlic ciitruvy 31 icmpcrit- 
lure r. Tlic p..lliclcs lhavc Spin zero. 

Chapter 4 

Thermal Radiation and 
Planck Distribution 
-,7 IZii- ..---.- ,- -. - . . .-- 
PLANCK DISTRIBUTION F U N a I O N  

PLANCK LAW AND STEFAN-BOLTZRZANN I.AW 

Emission and Absorption: KirclihoR Law 
Estimation of Surface Temperature 
Example: Cosinic Black Body Background Radiation 

ELECTRICAL i iO lSE  

PHONONS IN SOLIDS: DEBYE THEORY 

Number of Phonon Modcs 

SUMMARY 

PROBLEMS 

1. Wurnber oiTherrna1 Photons 
2. Surface Temperature of the Sun 
3. AverageTernperature of  the Interior of the Sun 
4, Age of the Sun 
5 .  Surface Temperature o f t he  Earth 
6. I'rcssurc oiThcrmal R3di:ltion 
7. Fice Energy of a Photon Gas 
8. Heat Shields 
9. Photon Gas in One Dimension 

lo. licat Capacity of Intergalactic Space 
1 I. Heat Capacity o i  Solids in High Temperature Limit 
12. Heat Capacity of Photons and Phonoiir 
13. Energy Fluctuations in a Solid a t  Low Temperatures 
I 4  Hral Capacity of Liquid 'tie a t  Low Teinperaturcs 
IS. Angular Distribution of Radiant E i i c r ~ y  Flux 
16, ImaSc ofa  Radiant Ol?jecr 
17. Enliopy and Occupancy 
18. Isentropic E~pan r ion  of Photon Gus  
19. Reflective Heat Shield and Kirchhoff's Law 

SUPPLEhlEhT: GREENIlOUSE EFFECT 



Choprer 4: Thcrrrrul Kodiorion nnd Plonrk Dirvibulion 

[lt'e co,lridcr] riir dirrriburio,~ o/ i ! i r  rriergy U otliorig N orcillnrorr ojjrcqsiericy 
v .  if U is r iered as dil-isib!e trir i~oet lialit. tllen on itl/inire n~e,ribrr 01 
~Iisrribi<riorts or< posxiblc. W e  cor~ii<Ier !towerer-a#~d rizis is ri8e esstn~ia!poi,zr 
o / ~ h e  wi~ole culcu1atior1-U as made itp o/on o~rire ly  dererr,titsrdrilrrr,ber of 
firlire eqtrol porrs, and ire make use o/ihe t,oiurai conrionr h = 6.55 x 10." 
erg-scc. T l i i r  cutirta,r~ a.!ietl t~liilripiied by rile C O ~ ~ ~ ~ ~ ~ O , ~  f i rq t i e~ iq  Y of (he 
oiciI!iirors gices rhe eiurue,,! oferirryy r in ergs. . . . 

A,. Pianck 

I PLANCK DISTRIBUTION FUSCTlOS 

The Pla~ick distribution describes e s ectrum of the elcctromagnctic radiation j'h p 
in thermal equilibrium wilhin a canty.  Approxirnatcly, it dcscribcs the emirrion 
spectrumofthe Sunoio lmeta l  heated by au,eidingtorch.The Plaack dirtribit- 
lion was the first application of quantum thermal physics. Thermal electro- 
niagnctic radiation is often called black body iadialion.The Planck distribution 
also dcscribcs thc thcrnlvl cnergy spcc~rum of lvtticc vibrations i i i  an clnstic 
solid. 

The u,oid "mode" characterizes a particulai orcillation amplitude pattern in 
the cavitv or in the solid. We shall alwavs refer t o o  = 2nf  as the frequency of . . 
the radiation. The characteristic feature of the radiation problem is that a niodc 
of oscillation of lrequency o may be excited only in units of the quamum of 
encrgy fiw. The energy s, of the state with r quanta in the mode is 

where s is zero or any positive integer (Figure 4.1). \Ire omit the zcro point 
energy itto. 

These energies are the same as the energies o f a  quantum h;trmonic oscillator 
01 lrcquclicy o, but llicrc is a diiferciicc bctiveen thc co~lccpts. A 1,nrtnonic 

4r 

36 

1 
2r 

I 
I 

r = 3  
Fioure 4.1 Slates of an orcillator that 
rcpicrmtr a modc ofircqucncy w of an 

r = 2 clci.$romrgnckic hcld. Whco llxc or'itlaror ir in 

rhc orbital olenrrgy sbw. the state is equiralcnl 
t o r  photons in the mode. 

s = l  

r = O  

. : 
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Chootrr #: Thennu1 Rodiirion and Wonck Dirrriburion 

Fi:uir 4.3 Ftrnik dirtribu,ion a i  a function 
ol lhc  rcduccd icmpeiatuie i.liw. Hcrt ( $ 1 ~ ) )  
is the tii~rn>al abeiagr olthc numbci or 
photons in the niodi: ollicqucncy w. A plot ol 
(r(w1) + 4 is aim si\cn. rhcrc + is t h r  ~Fcctirc 
reio point ociup~ncy olihc modc: Ihe d;trhcd 
line is rlsc i l .~$ i i ca I  . I I~ I I IPIDIC.  NOLC lhsi  a c  

%'it< 

(I) + j = caih(liu,Ihl. 

The high temperature limit r >> h o  is often called the classic~l limit. Here 
r*p(ho!r) may be approrimxtcd ar I + holr  + .... whence the classical 
u\.eiage energy is 

There is an infinite number oiclectromagnctic modes within any cavity. Each 
mode n has its own irequer~cy o.. For radiation confined within a pericctly 
conducting cavity in the rorm of a cube of edge L, there is a set of modes of the 
form 

E, = EZo sin ol sin(n,ns/L) sin(n,ny/L) cos(n,nz/L). ( 9 ~ )  

]<ere E,, E ,  and E, arc the three electric field components, and Ex0, E,o and 
Ez,  are the corresponding amplitudes. The three components are not indepen- 
dent, because the field must be drvergence-free: 

\Vhcn ivc inseil(9) inlo (10) and drop all comntoii factors, we firid the coiidition 

Thir nates tliat the CIcld vcctorr mun he pcrpendiculai to  the yeao r  n \vitll 
tlic componcntr I , , ,  I,, and IS:, so that llle rlcctiot~)i~gfietic field in thc cavity is a 
tmns\.cisely polarized ficid. The polarization dirrction ir dc6ried az tfir dircctiort 
or E,. 

For 3 givcn triplet I C .  ji,. 11; \ve cnn choosc tiyo nuitir;lliy peipcndicul:ii 
pol;wiration diisctions, so 1h;tI there are t\vo distinct niodcs lor coch iiiplct 
I , , ,  ,,,, ,!:. 

On aubstitutioii oC(9) in the \ y a w  cquation 

with c the vclocity o l  light, rvc fintl 

c1n2(11,' + 21; i a,') = w'l.'. 113) 

This dcterrnines the iicquency m of the mode in ternis of the  tripict of integers 
I,,, 18,. I , ; .  l iwe define 

tlicn the ircqueocies are o i  the ioim 

The total energy of the  photons in llie cavity is, from (7). 

The sum is over the triplet of integers II,, 11,. n:. Positive integers alone will 
dcscribt all indepcndcnt modcs a1 the lorm (9). We replace the sum O\'cr # I , ,  

I,,, rt, by an integral over thevolume clement hz.d>r,drr, in the space of the  mode 
indiccr. That is, we set 
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A piocsis carried out at conhiant plioton entropy ir.il1 have Vi' = constarit. 
The  measurement o f  high lempcratures depends on the flux ofiadiviit energy 

lioni a small hole in tire wall of a cavity aiaintained at the temperature of 
interest. Such a hole is raid to radiate as a black body-irhich means that ihc 
radiation emission is characteristic of a thermal equilibriuiii distribution. I h c  
encrgy flux density J U  is defined as t l ~ e  rate of energy entission pcr unit aica. 
The flux density is o f  the order of the energy contained in a calurnri of unit 
area and length equal to the velocity of  light times the unit of time. Thus, 

J u  = [ c U ( r ) / q  x (geometrical factor). (24) 

The gconictrical ~dctor  is equal to j; the derivation is the subject of Problem 15. 
Tbc final result for the radiant cnergy flux is 

by usc of(201 for the energy density l l /V. The result is alien written as 

the Stehn-Boltzmlnn conslant 

has the value 5.670 x lo-'  W m-' K-' or  5.670 x 10-Gei em-' s-' K4. 
(Here o, is not the entropy.) A body that radiates at this rate is said to radiate 
ar a black body. A snrall hole in a cavity wliorc walls are in tbernial equilibrium 
at tempcialure Twill  radiate as a black body at the rategiven in (26). The rate 
is independent of the pltysical cotistitution of the walls of the cavity and dc- 
peiids only on tlie temperature. 

Emission aitd Absorption: Kirchlloff Law 

The  ability of a surface l o  emit radiation is proportional to the ability of the 
surface lo absorb radiation. We demonstrate this relation, first for a black body 
or black surface and, second, lor a surface with arbitrary properties. An object 
is defined to be black in a given frequency range ifall electromagnetic radiation 
incident upon it in that range is absorbed. By this definition a hole in a cavity is 
black if the hole is small enough that radiation incident through the hole will 

. . 

! rsflsct enough times lroni the c:tvity i ~ a l l s  to be absorbed in \lie cavity with 
ncgtigihtc loss back tlirough tlie liole. I 

I The radiant energy Rur density J G  from a black surface a t  ternpcrutiire i is 
! cljual tothe ixdi3nt energy flux dsnsity J ,  emitted from a small hole in a carity 

at tlie same lciilperature. T o  prove Ibis, Ict us close tlie Ilalc \villi tllc hlklck 
suriace, licrcaftcr callcd the object. In therolnl cqriilibriuin the tlierin:li avcragc 

i energ). Rur from the black abject t o  thc interior of the cavity must be cqual, 

1 but opposite, to tlie [hernial aveiazc energy flux irom thc cavity to the black 

! object. 
! \ire prow the folloiving: If a "on-black abject at temperature i absorbs a 

! fiactian a of the radiation incidcnt upon it. the radiation flux emitted by the 
object will be (I times llie radiation flux emitted by a black body at the same : 

j tcnipciature. Let o dcnotc the absorplirily and c the cmissluity. where the 
coiiiii\i~y is dcfi~icd so iltnt thc radiaiioo iluh cmitted by tlic objcct is e til1ics 
!lie flux ernittcd by a black body nt the same lemp&ratuie. The  object must emit 
:kt the same rntc as it absorbs ifcquilihrit>m is to bc rnnint:tincd. It fullou,s that 
n = e .  This is the Kiichhoti law. For the special care of a pcr fec~ reflector. o is 
zero, xiicocc e is rero. A perfect rencctor docs not radialc. 

Tlic nigoii~cets con bc gcncr~liccd t o  itpply to the rildi:ttion at any ficqilcncy. i 
3s b c t ~ ~ c c ~  (0 and <o + glw. \Vc inrcit s iiltcr bctwccn tlie objcct and llic lroic in 
the black body. Let tljc hltcr reflect pcrfcctly autridc this frcqilency range, and 
It! i t  tiansmit perfectly within this raogc. The flux equality nrgiirocnts no\\' 
apply to the transmitted s ~ c c t r a l  band, so that n (o )  = e(w) for any surface 

! in thermal equilibrium. 
1 

Esriination of Surface Tempernture 

One ivay t o  estimate the surface temperature o l  a hot body such as n star is 
lion1 tlie frequency at which the maximum emission o l  radiant energy takes 
place (rec Figure 4.4). \\'hat this frequency is depends on  whether we look at the 
energy Rux pcr unit frequency range or per rinit $~aveIength rangc. For is,,,, the 
cnergy density per unit lrcqucncy rangc, the maximuin is givcn from thc l'lanck 
Ia!v, Eq. (221, as  
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This cquation may be solved numerically. Tlts root is lo-'", I I I 

as in Figure 4.4. 

~~ ~. ~. 
. ~. .~ ~. . 7 ... ~b ..,. ... . 

Exnniple: Carrnic brod body borhpoundrodia(ion. A major recent discaveiy is that the 
ilniserse ocrcuiblc lo ur is titcd with radirlion approkimaiel! like ~ l i i i !  o l a  b1;ltk body 
a1 2 9K. Tlic exislenu: of tlrir radiriiori (Fieure 4.51 is important r~irlcnce loi big bang 
cormologicnl niodcir wliich arnirae 1li:ti $tic uoitcrre ir c ~ ~ ~ n i i i n f  rnll cooliag xiiB time. 
Tliir r:dirsioe i5 lch o v ~ r  Fro*$* .,II c.itly cp.ict~ allcs #tic u i i i \ cnc  *:is iocnlrrrcd prii>~.isxly 
or C I C C C ~ U O S  ~d ,ICO~L);IS : ~ t  :< i e t ~ ~ l ~ r : b ~ t , J c  ~ , r  . ~ I ~ ~ , S , ~  W ~ K .  T I ~ C  ~I.,\C~,:,  ',r C I ~ ~ ~ , O ~ , S  :,,ICI 

Prorons ia?~cr.xIcd slrortgly  will^ ~ l c c ~ ~ a ~ ~ ~ ~ g ~ t c ~ i c  rallta\ion 31 .,It imporbmt ~ r c q ~ ~ ~ c ~ c i c ~ ,  
so ih:rl il,c nxtctcr and tlic bl;,ck body r;#dlrlioa ucrv  i t !  ilict~iirl r.qiiilil~rieio. Ily <I,< iiii~r 
llieuniverruh;id coolcd lo3W k, ilil:i%i;ilici ax,  prinriril) i n i l~ i . l u rc i~o l . i~u t i i i c l~~~ l rup i~ .  

This intcroclr uiili blrck boily r.>Ji&iioil uiily at  tic hcqi,ciicir, or $ 1 , ~  It>Jroi;in si*.ctr;tl 
liner. hfoa or ilic black body r:~di;iiion cncrgy itiur cO;cii\el? c)i.coiq,lid rruln \lie 
triaiicr. Tlicrcalici il,c radialcoci evolrcd aitli linic in r very iicnplc ray:  <he ptm<un gar 
\sarroolcOby crpainionat conrlanl cnliop) toa1empcraiurea11.9 K.Tliepholoi> gas aiil 
rclnain s t  coorimt entropy i( tile irequency ofeacll mode ix loaered during tlic expzririon 
of lhc univcise with the number of pbaiunr in cad$ mode icpl consianl. We show in 158) 
below ILat llie ciilropy ir ca!>rlanl i f  the iiumbtr olpholonr incach moJc is co~,>iani--iiic 
occupa~>cier deirrrninc ihc entropy. ' 

Abri the dccoiipliiig tlie evolulion or i:izitcr into hea\icr slomr l>ihicii arc oif;iaired 
into galarici, liars, axid dust clouds) \as more complic~8i.d IhJn ixiore dccouj~ling. 
Eiecironirgnetic radiation, such as slrriighi. rldiaird by iht mallei since #he decouplirig 

Frequency (cm-'1 

ELECTllICXL KOISE ~ 1 ~ ~ ~ 4 . 5  Exprimcnial rncaaircmn,ir oftbc ipclrum 01 ihe cosmic Illxi. 
body radia~iun. Obiervaiionr ~ [ t l i c  flux s c r c  iiiadcuiih n>icro\vare hacrod?nc 
rcceivcir ficquencics below the p a r .  were dcdued (rum opliwl n i e a s ~ c ~ r o c ~ l l s  As an important erainplc o i r h c  l'lanik i:nv i n  onc dirncosion, we coiisidcr tlie 

!lie rpeclrurn olinieirteli~r CN nioieculcr n s k ~  ihc peak. :%rid l i c r c  ~ c ' J S ~ I ~ J  

spontnncoiis thermal fluctuations in volingc across a icsiiiar. Tlierc I ~ U L I U ~ ~ ~ O F I S ,  a bjiloon-borne iniiarcd spciiomcter al ircquiiicies abobc the P k .  
i ~ h i c h  are called noise. were discoiercd by J .  B. Joltilsoi~ and erpl3incd by couriciy or P. L. Richlrds. 
I f .  Nyquist.' ?lie charscicristic prop:ily ol JoBnson noise is t in t  11ie rn~.sn- 

square noise vol i : ip  is proporiion:tl tii iiic \slue o i ihe  rtsislaoce X ,  as slioivi~ pcr;tturs altd tile bnndtvid~lr L f o i t h c  circuit. (-rliir seclion p r e r i ~ n i e i a  ~ ~ u \ ~ l -  

by Figure 4.6. M;c slul l  see tliat ( V ' )  IS nlro di izai)  propuiiion;~! t o  iiie trtn- cilci. e l c ~ ~ s o m a g n c t i s  wave propagation at lilt inlsrl~!cdi;lti: Ictci I 
T),C Nyquist tlieilrern giver a quanlilativc expression for ll!s illcrnisl nokc 

.- voltage gener3~ed by a resistor in thermal equilibrium. The l l icorc~n is lh+r~.fori.  
ti. X!c!ui51, !'!:!s Ik~~ .32 ,  tlOll92Sl~ J 4wp;r ~Ig,cussidn i q i t c n  b) C. Kitt t t ,  E I ~ ~ , ~ C , , ~ , , ~ ~ S , ~ ~ ~ ~ .  

r i m i ~ ~ ~ ~ ~ ~ z , . ~ ,  iva~cy, tq~!i, s ~ a i ~ n ~  11 30, ni.c.di.d in any estimate o i t i i e  ~int i t ing signal-to-noise ratio ol a n  e\~.'ri!t'~clll:~l 



Figvrc 4.6 voltage rquarcd vcrrur rcrisiance ror rariour 
kinds oCronductors. including drclrolytcr. Ahsr  
i. D. Johnson. 

apparatus. In  the original form the Nyquist theorem aratcs that the mean 
square so luge  across a rcsistor 01 rcsislancc I< in lhcrinsl cquilibriuiii iit 
temperature i is given by 

where AJ is tlie lrequency* bandwidth within which the voltage Ructilationr 
are mea5uied; all lrcquency components outside the given range are  ignored. 
We show below that the thermal noise power per unit frequency range delivered 
by a ieiirtoi to a matched load is r ;  the lactor 4 enters where it doer because in 
the circuit o f  Figure 4.7, the power delivcrcd to  a n  arbitrary resistive load R' is 

which a t  match (R' = R)  is < V 2 ) / 4 R .  

l o  ulir wionthcroid iccqurnq rilcir la ~yclrrpci unii lime, and not to radians per unit timc. 

Noise gcnci~ioi  

R 
R'(1erminalian 

rcsisLance) 

Figurc 1.7 Equivslcnt ciiruil far a rcsirtancc R with 
a gcnciator altiirirnal nobe that dciiveis powcr to a 
losd R'. Tlie ctiiicnl 

( V ' ) n '  
.# = <,:>I? m -- 

(K' + XI' ' 

\\hich i s  a maximum with icipccf to R' whcn R' = R. 
l i t  chis cuodilioii thc 1a.d is raid to be ninlcllcd lo Ibc 
p o r c r  supply. At malcli, Y = (V')I4R. Tbe 611cr 
enabicr us $0 limit thc Crcquency bandwidlh irnder 
cansidcralian: that is. tiie bmdwidth to which the mesn 
rqsxc voli.%~i: nuau:hion applies. 

iine is matched a t  each end, in the sense that all energy traveling down the line 
will bc absorbed without reflection in tlie appropriate resiitancc. Tlic entire 
circuit is maintained a t  tcniperature r. 

A transmission line isessentially anelectr~ma~ncticsystern in one  dimension. 
We lollow the argument given above for the dirtribulian of ptiotons in thermal 
equilibrium, hut  now in a space or one dimension instead or three dinierrsions. 
The transmission iine has two modrs(one ~ r o p a g a t i n g  incach direction) 
of frequency 2rij. = 2,mjl.  from (1% s o  that there are two  modes in the Ire- 
qucncy range 

61 = c'lL, (30) 

where c' is the propagation velocity on the line. Each mode has cncrgy 



Figure 1.8 Tianrrniirion line of lilii~tl, L with Z, = R 

mnched icm$inutionr, ar conccircd for the 
derivation ofthc Nyquist ilieoicrn. The 
charscterirtic impcd~ncc Z. ofrhr tr3nmmission 
line has $he value R. According lo the 
fundjlnicnial ihsoraa uflranriniiriun lincn, ihe 
leirninal icristorr arc matched to the line wlicn 
tlieir rcriiuncc has thc iame value R. R ~ R  I- 

in equilibrium, according t o  tlic Planck distribution. \Vc are usually concerned 
with circuits in thc  classical limit hw << r so that the thcmml cncrgy pcr mode 
is r. i t  follows tbat  tltc cncrgy o n  the linc in the  frcq~iency [an te  &f is 

'She rate at which energy comes oKth r  line in one dircction is 

The power coming off t he  l i n e a l  one  end is all absorbed in the lerrninal 
impedance R a t  that end;  there are n o  rcliections when the terminal impedance 
is m~ tc l i ed  t o  tlic line. In thermal equilibrium the load must emit energy ta the 
line a t  the same rate, o r  else its temperature would rise. 1-hus the power input 
to the load is 

but V = 2R1,  s o  that (28) is obtained. The  result has been uscd in low tcmpero- 
cure tlierniomctry, io tcinperaturc regions (Figure 4.9) where il is more coil- 
venienl t o  measure ( V 1 )  than  r. Jolinson noise is the noise across a resistor 
when no  dc  current is Rowing. Additional noise (not discussed here) appears 
ivhcii a dc  current flows. 

PHOh'\'ONS I N  SOI.IDS: DEBYE THEORY 

So I decided to r a l c u l ~ ~ i e  tile rpecirol ilisfribiitio,t o j rhe  possiblefiee ~ i l r n f i o ~ i s  
Jor a roritiiiuo:is solid nrid ro cu,i~icler r l~is  dBrribirfior~ as u good elrottgla 
iippro~iiliofioll to ilie octliol ili~fribicriili~. Tile ~0r i ic  specrrunt o/n lattice inusr, 

i. Pliononr in Solids: Dc6p TIgcor). 

Figure 4.9 Milcsn rqwic noise i:liagc 
flucluationr observed expcriinen::~lly from a 
3 ,?n ieiirlor in lhemiriog chnmhi.iofa 
diiution rrfrigcralor as a function uCm~gaclii- 
leinperaluic indicalcd by r ChlN ?dudcr 
Ihcrmomclcr. Afler R. R. GiITarJ. I<, A. \Vebb. 
and 1. C. \Vhc;,iIry. 1. 1 . o ~  Tco;j. Pliysici 6. 
533 (19121. 

oJ nltirse, deriurefiatzi illis ns rooit its tliu !rui.cler~yiI~ hen,,a~rs co~nptriiibie lo 
113~ <ii.~l'r8lces oflI8e catot8rr. . . . Tlw only $l~i!!# \vltid8 110d lo 1~ tlotw \r'#s 10 

udj8tsf lo lI~e/ucl flrof uevy solid oJJi,tilc 'iiwwi~iof~s c o t ~ : ~ ~ i r ~ x  aJz!~ilc  t ~ ~ u ~ t l ~ r  
oJo10~~1s and litel-cfiw 60s ofillire i u o ~ b t ~ .  q/ji.ee t:ibrariorir. . . . At 101s eisorrgh 
re,npcrarures, nil$ in perfect a ~ ~ u l o g y  lo llte roiiioriot~ lo,u c,j  Srefijtl- 
Bolr:iriu!tli . . ..file r'ib~.nfio~zal nio-gy C O I I ~ P I I I  oJ 'I solid \<ill b ~ ' p ~ ~ o p o ~ ~ l i o ~ r o l  
10 TL. 

The energy of an elastic wave in a solid is quantized just a s  the enersy of an  
clcctronlagnctic wave in a cavity is quanlircd. 'Tlte rjuantunl ofcoergy  of an  
elastic \\.a\,c is railed a p$oene . ihe  thcrn>nl average nuiiibcr of phono~ i s  in ni l  
claslic ivave of frequency w is given by the Plat~ci; distribution function, just 

r , , ~  , I I ~ ~ , ~ o , ~ s :  

\\'c :tstcn~c th,st t l ~  rrcq,:ct,cy of:tn elah~ic ~v, ivc  is indcpcn~icnt o f t l ~ c  ~ n ~ ~ ~ l i r o d c  
o i l he  clajlic str:!it~. \Vc svallt l o  end  111c cncrgy ; ~ n d  11c:tl c;$p:icily of tlw cl2itic 
iwvcs in solids. Scverni of !l!e rcrul!s obtolticd ior phoians n u y  hc c i i r i ~ d  
ovcr t o  pllonons. The  rezults a re  siinpIe il ivc :issilrr,c t11:lt ihc \.~.Iocilics 01 :ill 
clnsiic bvnvcs are equ~1--indepeiidcnt o f  frequency, direction oi prop:lg:ltio~l. 
atid direction ofpola i i~a t ian .  This zssiimption is not very accui:rle, but it lhclps 



account for thc gsncral trend of the o b i e i ~ c d  results in many rolidr, ivi;h a 
minimum ofcomputation. 

Thcrcarc.~woirnpuilant  fcaiuicr ofthe chpcrirncntsl reaulis: thclieatcapucity 
o f a  nonmclallic solid varics 3s r 'at  l ox  tcnipciaturcs, and nt high tctiipcmtuics 
tlie Iicat cspacily is indcpcndetit of the tcmpcmturc. In metals thcre is ao er tm 
contribution from thc conduction clcctrons, t r c~ t ed  in Chapter 7. 

Number of Phonon Rlodrs 

There is no  limit to tlic nunibci o f  possible riectromagne~ic niodes in a cavity, 
but the niiiribei ofelzsiic modes in a finiic solid is bouiidcd. Ifilicaolid corisisrs 
of A' atoms, cach wiih three dcgrses o l  ircedom, (he total nttlnbcr of niodes is 
3 5 .  A n  claxtic wsvc iiits tliree possiblc pol>rizations. two tmnsvcrrc and one 
longitudinal, in contrast to thc two possible polarilations o f an  electroni;~gnetic 
wave. In a tiansvcrsc cl;t>tic i m ~ c  llicdirplaccmcntofthc alotns is perpcndiculi~r 
t o  the propagation direction of the wave: in a longitudinal wave the displace- 
ment is parallel to the propagation direction. The sum or a quantity aver all 
modes may be written as, including the fiictor 3, 

or, by (36) and (3S), 

By nn:llogy aitll tllc evaluation of(19). h.ith th t  \slociiy ofsound I: \r-rittcn ill 
place oftlic velocity of l i ~ l i t  r, 

\VilcrC x 2 nhc~,lLr. Far L' we write the volunlc V. Hcre, with (38). llic uppcr 
litnit o f  integration ir 

.YO = nhirt,,/Li = hr(6n2h', I')':'/r , (42) 

usually written as 
i 

r, = D/T = k,Ojr . (131 

I ZI.. .I = 4 J ~ n u l  d t i k .  .) , (36) I wlicrc O is called the Dcbye tempcmture: 
I 
! 

O = (hu/k,)(6n1h'/V)' '. 
! 144) 

by extension of(17). Here 11 is dcfincd in termsolthe triplctofinlcgcis ti,, !I,, ,I:, 
exactly as for pl~otons. \Ve \\.srit to find rt,,, such that the toial number of Tlic rcsult (41) for llie energy is of special inleresl at low ten~pcr:ttures such 

elastic modes is equal to 3.v: that T << 0. Here the limit r, o n  the integral is much larger than unity, and x, 
may be rep l~ccd  by infinity. We note from Figure 4.4 that there is little contri- 
bution t o  the intcgrand out beyond x = 10. For the definite integral rye have * J;-- 4n,12 '!,, = 3,v. (37) 

.Y3 xi 
In  the plmton problem there was no corresponding limitation on the total s ~ " w , , , i ~ i ~ '  (45) 

number of modes. It is customary to write ri,, after Debye, for ,I,,. Then (37) i 
becomes ! as earlier. Thus the encrgy in the low temperature limit is 

I 

The  thermal energy o f t he  phonons is, from(16), propo~tionnl t o  T4. The heat capacity is, lor r << 1,0 or T << 0, 
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I08 Chopicr 4:  Tlicl-eiul Rodiurian and PioniL Di~ir iburio~ 1 ! Suntniory 

Ficuic 4.11 llcai capxiiy C, o l a  rolid. 
accoidiii: la llie Debyc appiorimaiion. i h c  
vertical rcaic is in J niol-' K 1 . T h e  
I~oii~onml scale is ihc tcmpcrature 
norni~l~ztil to tlie Dcbye tcmpcratuic 0. The 
region of tlic T' law is bclow 010. The 
ai)rapLoiic value a1 l,i$ll valucr of 110 is 
24.913 J rial-' K-' .  

-- 
0 

Table 4.2 Values olC,, S, U ,  and F on ihc Debye ilicoi).. in units J mot-' K- '  
- 

0: r C" S = L,s U: 0 I / O  
F i ~ r r e  4.12 Energy U tin4 {ice cneigg F s U - i o  o l o  
solid, ;tccordieglo tllc Dcbyc tlicoiy. Tltc I>cbyr. ternper.liure 
or$l,c solsd is 0. 

SUhIhlARY 

1. The Pianck distribution [unction is 

for tlic thermal average nunibcr olphotons in a cavity mode 01 frequellcy w. 

2. The Stclan-Boitzmann law is 

lor rhc radiant energy densrty in  a c a v ~ t y  at temperature r. 
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3. The PIanck radiaGon law i s  

lor the radiation energy per unit voluine per unit range of frequency. I 
I 

4. The Rux density 01 radiant enerey is J ,  = o,T4, where o, is the Stefan- 
Boltmann constant n'ks'j60h'c1. 

5. The Debye low temperature limit o i  the heat capacity of a dielectric solid 
is, in conventional units, 

I .  i \ ' ~ ~ , ~ b e r ~ r b e r , ~ ~ o l ~ h o r o n s .  Show rliat the number of photons x<s.) in 
equilibrium at temperalurc i in a cavity oivolprne V is 

17rom (23) the entropy is o = ( ?~~V; . l j ) (~ jhc )~ ,  whence e /N  = 3.602. It  is 
bclieved i l i ~ t  thc total niimbcr ofphotons in the uniucise is 10' largci than the 
loi.il nulobcr o i  nucleons (protons, nsulrons). Ucwusc both cnlropics arc of 
the order o i  the respcclivc tiumber o i  psrliclcs (scc Eq. 3.76), tllc photolls 
providc ihc dominant contribution to ihe entropy of the universe, although 
the particles domirr:i:c . 6 total energy. We believe that the entropy of the 
pliolons ir crscntially conr t~ r~ t ,  50 !hat rlic cntiopy of llic univcisc is 3pi~tol i -  
!n>alcly canst:!!~l wilh rin~c. 

2. Surfice len~pci.uisrr ofrlic S,',,. TIx \.sl~ii: 01 llic t01;bI r:iiiixiil uiicigy l lub 
dcnsily at rlic Ear111 l iuin  il,e Sun narinsl to the iilcidcnr rays is coiled liic solar 
canslant of lhe  Earth. The obscn.cd aaliic integiatcd over all ernirzion iv;lvc- 
icilgliir and refcried to ltie mean Eoitti-Sun dislance is: 

(a) Show that the total rate of energy gcneration oi thc  Sun is 4 x is- ' .  
(b) From this result and the Stepan-Boltzmann constant o, = 5.67 x 
10.'' J s-' cnl-' K-4, show that the clTective temperature oithe surface oitlie 
Sun treated as a black body is T 2 6000 K. Take the distance oillie Earth iram 
the Sun as 1.5 r 10" crn and the radius olthe Sun as?  x 10Lo cm. 

3. Asc~.oge tet:lpe~.alro.e of rke inrcrior of rhe Sun. (a) Estimate by a dimen- 
sional argument o r  otherwise tlie order of magnitude of the giavitational seli- 
energy of the Sun, with M, = 2 x 1 0 ' ~  g and Ro = 7 x cm. Tlie gravi- 
tational constant G is6.6 x LO" dyne rm'g-'.The self-energy \rill be negative 
referred to atoms at rest at infinite reparation. (b) Assume that the total tl~errnal 
kinetic energy of lha atoms in tile Sun is equal to - +  rimes the gravilational 
cncrgy.'Ihis is the result oithevirial theorernofrnechanics. Eslirnaiethe average 
iempcmturc oillie Sun. Take tlic ntimber oiparticler ar i x 10". This ustimato 
gives somc\~ l~a t  too low a tenlperalure, because tlie density a i  [lie Sun is far 
lrom uniiorm. "The range in central temperature for dilTcrcnt stars, exelriding 
only those composed of degenerate matter for which the law of peiiect gases 
does not liolti (white dwarfs) and those which have excrrrively rniall average 
densities (giants arid supergiants), is bctsem 1.5 and 3.0 x 10' degrees." 
(0. Slruve, I). Lynils, and 1%. Pillans. Eierraeliinry oriro,ronig, Oxford. 1959.) 

4. Age of the Sun. Suppose 4 x IOZ6Js-' is the total rate at which the Sun 
radiatcsener%y at the present time. (a) Find the total energy ofthc Sun available 
for mdistion, on the rough nssomptionn that thcenergy sourcc is thc convcrsioo 
of hydrogc11 (atomic weiglit L.0078) to lrclium (atomic 1r.ciglit 4.0026) and tliat 
the reaction stops when I0 percmt oitheorigirial hydrogen has been convened 
to helium. Use the Einstein relatian E = (A\l)cZ. (b) Use (a) to eslim:tte the 
liie expectancy o i  the Sun. It is belisvcd that the age oi the universe is about 
10 x 10' years. (A goad discussion is given in the books by Peebles and by 
\\'cinbcig, cited in tllc gc~lcrnl refcicnccs.) 

5. .S~>?fnrr 1eazpct.alrn.e of rbe Emrh. Calcuixte the temperarureoithesuiFdcz 
o f t h s  Earth on the assumption t l~at  nr a black body in thcrm3i cquilibriuti~ il 
reradi:ttcs :rr cmucl> lhcrn~sl radiation ar it iecei~us Trorn klbe Sun. hssikrni: ctlso 
111;tt ~ I , C  S , , , ~ , C C  or I I I C  EJ~I I I  is iit a c o ~ ~ s ~ ~ l , t  tc,,,pcri,tL,r* ovcs I I I C  d:,y-8tig~,~ 
c).clc. Usc 'To = 5S00K; ito = 7 x 10'ocol: and ilic C~I I I I -S I~I I  iii>t:8nci: ~ i i  
1.5 x lo'Jc,,,. 

6. P C  0 1 a 1  a ~ o .  Sliow for a photon gas tllat: 

(a) p = -(?U/?l')s = -1 S,~:[,I~O,:~I~) , (50) 
j 



\\licrc r, in thc ~niirnbci of pllotons in tlic imollc j; 

Thus the radiation prciiurc is equal to + x (cncrgy dcnsit).). 
(dl Compare thc pressure of thernlal radiation with the kinetic pressure " f a  

ens of H atoms at a coitcentratiott of I m o l e c m ~ '  characteristi: of the Sun. 
At what tempsmture (roughly) src tlic two pressures equal? Thc  average 
tcinpeiature of the Sun is bclievcd to be near 2 x 10' K. The co~ccnt ra t ion  is 
highly nonuniform and rises to near 100molecm~ '  at the ceritsr, whcrc the 
kinetic pressure is co~isidcrably higher than tlic radiation prcssilre. 

7. Free energy of opborongor.  (a) Show that the pnrtitioii function of a 

photon g l r  is giicn by 

where the product ir over the modes I , .  (b) The Helnrholtz free energy is loutid 
directly iron1 (53) as 

Tranrrorm the sum to  a n  integral; iiitegrnte by parts to find 

F = - n 1 ~ r 4 / 4 5 / t 3 c 3 .  (551 

8. Hen! rhicldr. A black (nonreflective) plane a t  tempr.ratuie T,  is pninfiel 
to  a black plane at temperature T,. The net energy flux density in vacuum be- 
tween the two platter is Ju = o,(T.' - T;),\sherc is the Stefan-Boltzmann 
constant used in (26). A third black plane is inserted between the other two and 
is allowed to come to a steady state tcrnpciature T,. Find 7'. in tcrms of 7'. 
and T,, and show that the net energy Rux density is cut in hall bzcause ortlie 
presence o l  this plane. This is the principle of the heat shield and is widely 
used to reduce radiant heat transfer. Cornrrirril: The result for h' independent 
heat shields floating in temperature between the planes 'I". and T, is that the 
nct energy flux density is J ,  = oo(T.' - T,')l(N + I). 
9. Plroron gar in one dittrcnrion. Consider a transmission line of length L on 

which electromagr>ctic wavcs satisiy the one-dimensional w z ~ c  equation 
u'J2E/2.x'= Zi'E/&', where E is an electric ficld component. Find the heat 
capacity of thc  photons on the line, when in thermal equilibrium a t  temperature 

r. Thc cnlilll~r~llioil of lllodcs procccds in  the oru:il \\.:I). for  on^! di!iicl!rioil: 
t:bkc 1hc so lu t i o~ !~  2s st:tnding wa\cs $$ill> zero ~ ~ s ~ ~ p l i t ~ ~ ~ l c  :it c:nch end uf tl>c 
line. 

10. flcor capocilj ofi~ircrgalor.ric space. Inlcrgal~ctic space is bclicved to he 
occupicd by hydrogen atoms in a concentration r; latainm-' .  Tllc sp;acc is 
also occupied by thermal radiation st 2.9 K. rrom the Primitive Fireball. Show 
Itrat the ratio of the hcut a i p ~ c i t y  ofe,ntter to that orradiation is -lo-'.  

11. ffcor enpnciry of solid* i,r big6 ro,zperoirtl.c lir~iir. Show that in tlic limit 
T >> 0 the bcot cap~ci ly  of a solid gacs tou,ardr tlic iiciiit Cr - 31\'k,, in 
coo\.cntional units. T o  obtain higher accuracy rvlten 7 is only modciatcly 
larger titan 0, thc heat cap3city can be eapatided 3s a power series in 117, of 
llie lorm 

Dctermincthcfirst nanvanishingterm in thesum.Checl. your resultby inserting 
T = 0 and comparing with Tablc 4.2. 

12. Hcor eapociry ofpholo,8r nndphottons. Cariridcr a dicleoric solid with a 
Dsbye temperatore equal to  100K and with 1 0 1 l a t o n ~ s c m ~ ' .  Estimate the 
temperature at which the photon contribution to the heat capacity u,ould bc 
equal to the phonon contributioo evaluated at 1 K. 

13. Energy flucruorionr it: u solid a! lo,,. terrrpet.oIurer. Coasidcr a solid oi N 
atonis in thc temperature rcgian in wliicli the Debgc T' law is valid. The solid 
ir in thermal contact with a heat reservoir. Use the results on  energy Buctuations 
from Chapter 3 to show that the root meansquare fractional energy fluctuation 
F i r  givcn by 

Supposc thal T = 10"K;O = 20OK;and iV : lor a parlicle0.01 cnl on 
a ride; then F = 00.2. At IO-'K the fractional fluctuation in energy is of the 
order of unity for a dielectric particle of volume I cm'. 

14. Ilcnf capaciry o/liprtid ' l l e  a f  lor" ren,pn.olurrr. The velocity a l  longito- 
dinal round worcs in liquid 4tlc nt tcmpcr;kturcs bslow 0.6 K is 2.383 x 104cn1 
s - ' .  There are no trnnrversc sound waver in the liquid. The density is 
0.145gcm.'. (3) Calculate the Debye tcrnpcmture. (b) Calculatc the hen1 
Capacity per gram a n  the Debye theory and compare wilh the experima,tal 
value C, = 0.0204 x T3. in i g" K-'.The T 3  dependence oithe experimental 



value sugscstz tha: phononr arc the most important excitations in liquid 'He 
below 0.6 K. Note that the experimental value has been expressed per gram of 
liqttid. The experiments arc due ro 1. Wirbes, C. G. Nicls-Hakkenberg, and 
H. C. Kraiiicrs, I'liysica 32 ,625  (1957). 

15. A n ~ ~ i l n r  dirf~.ibrrtion of i-odiunr enerxyflux. (a) Show tli3t the spectra! 
density of the radiant cricrgy llux that arrives in the solid angle tin is 
cu,+cos0.1mj4n. where 0 is the angle the normal lo the unit area makes with 
the incident my, and if, is the enerzy density per unit lrequency range. (b) Show 
tltat tlie sum oltiiis quantity ovci all incident rays is fni,. 

16. Irnoge ofo radinnf ohjeet. Let a lens image the hole in a cavity of area 
A ,  a n  a black object of arcs A,. Use an equilibrium argument to  iclale rhe 
product A,,fl,, to .4,Q, where n,, and fl, arc the solid angles subtcndcd by the 
lcas as vicwrd from tlle !hole and lrom the object. This general property of 
ioc~ising systems is casily derixcd lion> gennictrical optics. It is also true when 
diffraction is important. Make  the approximation that all rays are ncariy 
paiallcl (all axial angles small). 

17. Enlropp anducciipancy. \Vc argucd in iliis chapter that tire entropy oltlie 
cosmic black body radiation has not changed with lime because the number 
of pliotons in each niode has not clmnged ivith time, although the frequency of 
each mode lias decreased as ihc rra~elength has increased with the expansion 
of the universe. Establish the implird connection bettreen entropy and oc- 
cupancy ofthc modes, by s l io \~ i~ i s  ihat for on? mode of lrsquency w the entropy 
i5 a function ol tire photon occupaocp(r) o!ily: 

18. Isr!trl-ogic cxpartriou of photon :.as. Considci tltc E3S or P I I O ~ O I I S  of lhc 
tllrril~al equ~libtiuin radiation in a cubs ol ioiurnc Vat tciitpcrattire r. Let tile 
cavity volume inciense; the raiiiaiion pressure peiiomis work during the expan- 
sion, and tbc teinpcraturs o l  the radiation \sill drop. From lllc rcsulf for tllc 
errtropy we krio~v that rV1"  is consiant in such an expansion. (a) Assume that 
the temper;tture of the cosniic black-body radiation a a s  decouplcd from the 
tcntpcraturc of rite msttcr wlictt both <scie 31 5000 K. What was the radius of 
the universe at t in t  time, compaicd to now? If the raJius has increased linearly 
irith rime, at \1.1131 fraction ofthe ,prcsei1t 3 3 ~  of the ~niserse did t l ~ c  ilec~uplici~ 
take place? (h) SLIO\V tlv~t the \\oil, done by tiic photons duiing the expansion 
is 

19. 11ujIli.crise henrrlrirl<lnnd A~ircbbo~slu,u. Considcr ;I plnnc rheetoTmaic- 
rial oTulisorptivity 1,. cmissivily c, and rcliedii'ity i. = 1 - o. Lct thr. sheet be 
suspended between and parallel rvit11 two black shccts msintaincd at tempcra- 
turcs r. and r,. Sl,o\v tlhal the net flux density a l  rlicrirlnt r;tdi;~tion belrscen the 
black sheets is (I  - r) limes the flux density shell the intermediate rhcef is 
also black as in Problem 8, i\,hicli means ivitlr o = c = I ;  r = 0. Liquid helium 
dewars are often insuisled by many, perhaps 100, layers of an nluminircd 
hf>lar liim called Superinsulation. 

i SUPPI.EMENT: GREENHOUSE EFFECI 

The Greenhouse Effect describes the wanning of the surface of the h17h 
caused by the interposition of a n  infrared absorbent layer of water. as vapor 

l and in clouds, and of carbon dioxide in the atntospliere between llie Sun and 

I 
the Eanh. The water may contribute as much 90 perccnt of the warming 

I effect. 

i Absent such a layer, the temperature of the surface of the Eanh is 
determined primarily hy the requirement of energy balance between the flux 

i of solar radiation incident on  the Eanh and the Oux of reradiation from the 

j Eartit; the reradiation flux is proponionat to  the fourth power of the tempera- 
! lure ofthe Eanh, as in (4.26). This energy balance is the subject of Problem 

! 4.5 and leads to the result T, - (Ry'2US,)u2T, where TE is the lemperature 
ofllie Earth and Tsis thakoftheSun; hereR,is rhe radius oi the  Sun and D, 
is the Sun-Earth distance. 

The result of that problem is TE -- 280 K, assuming Ts = 5800 K. The 
Sun is much ltotter than the Earth, but the geometry (the small solid an@ 
sublendal by the Sun) reduces the s o h i  llux dendty incident at the Eanh by 3 

factor ofruupiily (t/20)+. 
\Ye assume as an example that the atmosphere is a perfect greenhoiise, 

defined as an absorbent layer that transmits all of the visiblc radiation that 
falls on it from the Sun, but absorbs and re-emiu all %he radiation (which lies 
in the infrared), Ciom the suriace of the Earth. \\'e may idealize the problen~ 
by neglecting the absorptiou by the layer of the infrared portion of llis 
incident solar radiation, because the solar s p c t w ~ n  lies almost entirely at 
higher lrequencies, as evident from Figure 4.4. The layer \\.ill emit cnrry? flux 
I, up 2nd I,  down; the up\\,aid flux will balance thc m a r  i;ux I ,  su iLdr 

I, = I, The net dowrlmard flux will he the sum o f t h e  solar flux 1, and the 
nux I, dowi from the layer. The lztter increases the tier tliemial nu* incid?nt 
ar the surface of tlie Eanh. Thus 

I,, = Is 4- 1,. - 21, (59) 

where I,, is the thermal flux from the Earth in the presence of the perlcct 
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greenhouse eEect. Because the thennal flux varies as T', the new temperature 
of the surface of the Earth is 

so that the greenhouse warming of the Earth is 333 K - 280 K = 53 K for 
this extreme example.' 

* For dctaired divurdonr we Climniechonge and Climcchnnge 1992.CambridgeU.P.. 19W 
nnd 1992: 1. T. Houghtdo ct d. cditotr 
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We considered in Cltapter 2 the properties of two systems in thermal contact, 
a i d  we ncie led zia1ur;iIly to  ihedefinition orlhetemperalure. If the isosystems 
have the same temperature, there is no net energy now between ihcm. If the 
lernperatuccr of two systems arc d ikrcnt ,  energy will Ratv from [he system 
with the higher lcrnpernture to  the system ivitli the lawcr lsrnpeialure. 

Now colnsider syslems tllat can exchange particles as \?ell as energy. Such 
systems are said to  be in diiiusive ( a d  ihermal) contact: molecules can tiiove 
from one rystcin lo the olher by dillusion lliruuph a permeable interface. Two 
syilcms arc i n  cquillbriurn with respect to paicicle erchan2e when the net 
particle ilow is zero. 

'rile chemical potential go\,erns ihe Row olparticles bettvcs~l the systems, just 
as lhc Iempeilituie governs the Row of energy. If 1n.o syslcms with a singlc 
chemical species are s t  [lie same torripciature and have ihe same Yalue of the 
cheinicxl potciltial, ilicrc rx'iil be no  net paiticlc Row and no net energy Row 
beween ihcrn. t i  ihe  chrniical potciitialr o f  the two systems are diiicrent, 
particles \\.ill flow iiom the system a t  the higher chemical poleiiiial to the 
system a t  tlis loiver cheinicnl poien~ial: As an example, the chrmical potcniial 
of eiectrons a t  one terminal of a storage battery is higher than a i  the othcr 
teirninal. \Vhen the teirninals are connected by a wire, electrons will Row in the 
wire from high lo low cltemical potential. 

Consider the ert~blishmciit  o f  dillusive equilibrium bstiieen two systcrns 
8, and 9, that sre in thermal and diITusivc contact. U'e maintain i conslant 
by placing botlt sysiems in thermal c o u t x l  (Figure 5.1) svilh a lzi_re reservoir 
a. We found earlici that lor a single system S in thcinml equilibrium with a 
rcserroii M, Ilic l ielmholtr  free energy of S will assume tflc lniltimuin value 
cornpalibis wiih the conimon temperature r and with othcr icsirsints on the 
sys:em, 5 u i h  as tlie \.oluotz anri 1111: oinnbrr oi piltiiies. This rtsuit applies 
equally to tlic coiixbincd 3 ,  + 5 :  in cquilibriuol wiih M. In difiusi\-e cquilib- 
riiirn bctnccn 3 ,  .laid 3 , .  il,e pait i i l t  di,iiiiiuiion N,, .Yr bcl~vccii tlic systc~iis 
nidLi.5 llic i o l ~ l  lkI~itlill~l(Z l rcc energy 

a minimum, subject t o  N = N ,  + I?, = constant. Because N is constal:t, the 
tielrnholtz ircc aicrgy o f  the contbincd syslcn~ is a minimum with ccspect t o  

l'iprc 5.1 Example ol lrvo ryricmr, 5 ,  nod 9,. in ilicmml conlaci wilt, each oclicr 
l n d  b i l h  il large icscr\.oir a. loriuing 3 closed total system. Uy owning ,he \attc. 
8, aiid 9, can be biouglil in ililTusi\c coniact %bile remaining a1 ihc coioii>on 
Ico,pralurc r .  The nrrour at lit< valve h w e  hccn drawn lor a ncl pariiclc tianrfci 
iroiii 8, to 3,. 

variniiotis J N l  = -6N,. At the mitiimi~m, 

= (?F, /6N,)8~fhr ,  .+ (?F2/8Ar2)rdN2 = 0 , (2) 

\ \ i ~ i i  1:. V,, also held constant. !Viih ( I N ,  = - i lN, .  we have 

i f F  = [ iEF,I?N,) ,  - ( iF, ,TN,)cl~INI = 0 , (31 

so th;st a t  equilihriitni 

(??,/?,A',)c = ( i F , / ? X 2 ) , .  (4) 

\\Is dcfine the cheniicsl patentizi as 

i---.-- - -- 1 



wlicrc i t  is thc Greek Icttcr mo. Then 

expresses the condition lor dilTusi\,e cquilibrii~m. If jr, > p l ,  \VC scc ltuni (3) 
that d l -  %\ill bc negative \\'hen d N ,  is nefative: Wlicn pnrticlcs are traiislerrcd 
iron> 8, l o  Al. tile w!uc o f  diZ', is ncg~1ii.e. and dN, is posilivc. Thus [lie 
fiec energy dccroascs :ts pltrlicles now from 8, to  8,; ili;it is, pxt iclcs  llow 
from lhe sysicm o l  liigli clicrnical potcntisl t o  ilic systci~i o l  low c h c m i c ~ l  
potcotial. Tlic siricl dcfioition of jt is in tcrrns of n diKcrcncc orld ti01 a dcriva- 
Live, because parlicles are  not  divisible: 

Tlie chsmical potential regulates tlic particle liansici between systcms in 
contact, and  it is fully as important ar the tcrnperaturs, rvhicli icgulalcs the  
energy transfer. Two systems that can exchange bo th  energy a n d  parliclcs are  
in con~bincd  ihcrmal and  di1Tusit.e equilibrium when their temperatures and  
chemical potentials a r e  eqiiai: I, = 1,; 11, = p,. 

A dilftience in chen~ical  poientidl acts a s  n driving lorcc lor the t i ans f t i  01 
particleijust as a dilierencc in tcrnpeiaturc acts as a driving force for llic transfer 
olenerpy. 

Ilse\.eral chemical species are  present, each h a s  its o n n  chemical potential. 
F o r  species j, 

(7) 

where in the dilTerrnti arc  held constant except 
far ths  species j 

Ex~mplc: C1,cnskuIporrnriolojIhc ideolpmr. In (3.70) wc shobed that the free cncrgy 
oflhc niooatomic idcal gar is 

i c i  
I = I ) ,  = - I ,  - l u g h ' !  

<I.\# 11 (10) 

I1 YC UIC L ~ L I  Stiiling aiiproritnaiion lor K !  and assume ili:!t \vc c;sii dilTcicnti~te llic 
?.bc,c%rial, WC li,,d 

I ii ,I . -. 
I0i:iY! = ,;[I.$,'?" -,- I'r + ~ ) I o ~ . "  - h'] 

<IN 

ivhicli oppiolichcr log ,\' for klrgc idocr o i  \. Ilcrice tl,c ilicmicni porcntbl ol  llic ideal 
gar is 

I 

j ,r = - i ( l o s Z ,  - los.\') = rloy(,V!Z,) . 
or,  by (9). 

-..- 

! ! )L = r iog(t1/11*) , I (i.?a) 

-1 

where $ 3  = N / V  ir the conccntrsiion 01 particles atid ,I, = (dlr/?nh'l' ' is ihe quantum 
conccnlralion defined by (3.63). 

Ifwe urc p = f ( N )  - F(N - I] irorn(61 as ihc dcfinirkm alp, w d o  no1 nced lo use rlic 
Stirling approximali~n. From (81 we obtain p = - i[logZ, - log,Y]. \vl,ich ag i ro  with 
(12). Thc result depcnds on rQe conrcntrstian olpnrlicler. not on llicii lolal nuinhcr or on 
!lie S ~ S I L ~  ~olt imc separately 01 usc 01 th: ideal gar law g = jir we can uritc (12) ar 

The chemical porcntial increarcr ar the conccstrrtion olporticlcr incrcares.Tlrir ir what 
wc expect intuiliucly: paniclcr ilotr from Lxichcr lo la~v\.cr clictniral polenlhl. from liiqhcr to 
loircr conccnlralion. Fipuic 5.2 shows the dcpndencc on concenlr~tian of nn ideal gar 
compared ofcicclrans or or hrliun, alamr, lor rno lernpcralures, 1 1 3 ~  boiling rcmpmluic 



Fi~u r r  5.2 Tlic conci.ntration dependence of{<, in units of r, oian ideal gas 
com~~ored ofclcctmi.i i r  helium morns. xi 4.1 K and 3W K. To be in lhc cl~irical 
re~i$i>e wit11 1 8  e nu. a gar must have a v~lui: of -9 r t  liar1 r. For elcclrons this is 
w1i~5l.d oiil) Tor miicentrationr spprccidbly lcsr tli;m tliosc in tnelali, nr in [he 
izngc of typical senrtconductorr. For garer it is always rstirried undcr nornlal 
ruiidilionr. 

Figure 5.3 A potcnlial ilcp kxlwecn t s o  
rjstcrnr ofcharged pzr:iclcr a n  hi  cri3bliheil 
by npplyirlg a roliagc bctuccn :he rysrcmi. For 
tllc voha&c pol~rily ,boon. the potcnlial 
cncrgy ofimritiic *'~riic:cr rviihd~argc y -, 0 
in ryrtenx 4, ~ o i ~ l d  IX raised by yAliuil!, 
rcapcct lo S,.'rhe potcnual rncrqg olneyzlire 
pdriirles i\,auld be loivcicd in 3, wlh r r i ~ c t  
to 9,. 

probletn has wide application and  includes thc scoricanductor p- l r  junction 
di~cusscd in Chapter 13. Wc again coosidsr two systems. 3, oiid 9,, at the 
s;tiiic tenlperitlurc and  capable ofexchanging panicles, but not yet in dilfusive 
cqi~iiibriiim. W e  assuino that initially I,, > I,, ,  and we dcnote ilic inilial nun- 
equilibrium chetnical potential d i k r e n c e  by Ap(initia1) = p, - 9,. Now Ict a 
dilTsieoce in potcnlial ensray bc eslnblislicd bctrr,ccn the t ~ v o  syslernr. such 
ilist thc patenii.al etierey or caclt psrticle in sysicti~ 3 ,  is raised by cascily 
A!i[iiiitid) above its ini~ial  vaiue. Il t he  pnrliclcs carry a cliarge q, one  simple 
nay  to establish this potei~tial step is t o  apply bet\\,ecii ilic tivo systems a voltage 
A I' such that 

q A V  = y( l5  - V,) = Aj~(iiiitial) . (13) 

nith tlie polariiy sliown in Figure 5.3. A dilTcrence in graviia~ion:il polcnlial 
also can serve as a potcotial diircisncc: \vl>en wc raise a rystcir~ of particles racii 
of inarr .\I by the height it. we establish a potential diirerence 61911, \there g is 
tlic giaiit:rtion;il acccicialion. 

Oiicc s potcniioi >icp is prcserit. tlic potcnti:~l ciicigy oft l ie  p;uticlcs pruilurcd 
b )  this stcp is iiicludcd in the energy U and in the frcc energy F of the  system. 

Internal and Total  Chemical Potential 

of iiguiil licliiun at ilnio\pl~ciic prcisuic, 4.2 K, rl,d room lempcraloie. 3WK. r\lul1lic 
aid  riiolc;uldr garcs a:\\i)\ li-i\.c ncg;hive ihciaicl po~eaiid, u n k r  yh)i i~ily ic.ilic~ble 
caiiilitionr: 31 c l~ s s i c~ l  concentrations hucii i h n t  rr,;i~, << I ,  xvc rcc from (11) tli:it p is 
nrsaiire. 

The best way t o  tiiidersinnd the cliemical polential is to discuss diNurise 
equilibrium in the  presence of a potetitial step that acts on the parlicles. This 

I f  in Figuie 5.3 we keep the free energy ofsysteni S 2  fired, the stcp mires the 
free c n c r ~ y  of S ,  by ,\',A/<Iini~i;tl) = ~\ ' ,qAl '  rclativc t o  its it1iti:tI v:elt!c. 111 

llle I ; l ! i~u~gc  o f  etisrgy st:ltes. to lltc cncrgy of cacll sl;ite or 3 ,  tile polciilinl 
snercy jV, A,,(iiiiti;iI) lhas been added. Tlie&cft%n of tlie potciitial b&% 



When the barrier \\,as inicrted, p2 was held fixed. Thus thc b ~ i r i c i  q h V  = 

p,(initial) - ii,(initiol) brings the 1x0 sysiemr into diITu5ive equilibrium. 

The  chemical potential is equivalent to a true potential energy: the 
diirerencc in chemical potential bct\rr-een iivo systems is equal t o  the 
potentinl barrier that will bring the two systetns into dilTusiveequilibrium. 

This statement gives us a fzcline for IBL. physical ~ i rec t  of the chemical poten- 
tial, and it (ornis tlic basis lor the measursnient ofclicniical potetitial dillercaccs 
between ttvo systems. To measure p,  - {I,, we establish a potential stcp 
between two systems that can transfer particles, and u.e determine the step 
height a t  tqhich tllc nct particle transfer vanishes. 

Only diRerences olchemical potential have a physical meaning. The  absolute 
value of tlie chemical potential dcpends on the zero of the potential energy 
scale. The  ideal gas result( l2)  depends on the clioicc of the zero of energy of a 
lrcc p;!rliclc 3s cqunl l o  the zero of thc kinctic cncrgy. 

When cxlernal potential steps arc present, tve can express tlic total chentical 
' 

potential o f a  system as the sum ol two parts: 

Hcrc p.., is the potcntial encrfy per particlc ia tlic cncio:tl potenti;tl, and ,lint 

is the isterndl cl~crnicnl patcntinl' dclincd as tlie chciiiical patcnti:ll th:rt would 
be  presciil if tlie cxter~vsl potential ivcrc zero. The tcrni lie,, may bc mcciinnical, 
clcarical, magnetic, g ravik~l ion~l .  clc. in origin. I h e  equilibrium condition 
p, = pi can be cxpiesrcd ar 

Unfortunately, the distinction bct\seen external and internal chemical potential 
sometiines is not made in the literature. Son~eu;riters, particularly those working 
with charged particles in the fields of elcctrochernistry and ~Tserniconducton.  
often mean the internal cheniical potential ulicn they use the words cheii~icnl 
potential without a further qualifier. 

The  tolal chemical potcntial may be cvllcd the elcc~racl~cmical  potcntinl if 
the potential bariicrs o r  interest are electrostatic. Although the term electro- 

Fi.urc5.4 A niodcl o l ~ h c  raiiation or 
airnoipliciic picsrucc uilh aliiiudc: l i i o  
\olumer of gas at dilicicnc hcishcr in a i>oifoim 

/ grsvilrtianal ficld, in  thcirnrl and ditlu,i\c 

clicniical potcritial is clear and  unambiguous, \I.? shall use "totnl chen>icaI 
potential." The  use of "diemical potential" without an adjecliw should bc 
svoidcd in situations in \rhich any confusion sbout its nic:~liio: could occur. 

Exontple: l'nrinrion of boronxrri<prrnu~.e a.ir6 olrirurle. Thr riri,plcrt crnrnpie of thc 
diirurire equilibriun, bcluccn ryrtcrnr in dircrcnl ekicrnvt polc~~tirls is ~lic cquiltbiitim 

I ~ ~ t ~ ~ c c ~ ~  t:cycrs ;XI diflctcnt hcigI>ls of tlw E:tr~l~'$ ai~t>oq~t~crc, a s s~ t t n~~ t  to bc isotltcrrn.~t. 
The rc;ll mniorphcrc is in iht~grrlcct cq~!iliihrita,~: it ircunrt;tt~tly al>rci by 8aetiornlogic:tl 
Procerrcs, both in the lorm ol mncroscopic air niavcnicsir and or strong IcrnpcrJluic 
br:ldicnlr from cloud loitnotion. 2nd bi.c:,orc of hcxl input lroni ihc grouc~d. \\'c m;$y 
"LAC :$ti :tpprohitn:$tc zn)odcl of ~ I I C  i ~ t t~~os~~ lwrc  by tcc.\!ing the <titrc$c$~t air Ikqcn 2s 
ryncli,r ol idcat p:trcr in $hcinl;it rind diNurivc ciloilibciuni \ t i i l l  c;lct, urticr. in  dirrcicti, 

Tbc tolnl chemical poicntizi is 

I n  cquiiibriutn, lliir must bc indqxndcnt oltlie hsi$h~. Thur 

r log[?a(li)lr~,] + hlyls = r lag[rr(0),'uO] , 

and thc concentration tr(11) at hcight 11 satisfies 

Ihr intrinsic polcnihl. Hc iccognizcd that a roltmelcr mca- , , ~  ,". . .. . 



Figure 5.5 Dccieare oi atrnorphcric pressure 
uiih allitudc, D c  ciorrer icprcieni ihc aycraze 
aunoiphcie as rainpiid on rocket Biighlr. 
Tlie connccling straight linc has a slope 
roireipondii,g to a tempers~ure T = 227 K. 

Tnc preiruie alsn idcal gar ir proponionai i o  <lie coiiccntiaiion; lbcrelure 1hc pieSsuiE 
ai altitude ii is 

t 

(19) p(1i) = p(fl)exp(-.Zfgk(r] = p(fllexp(-hjli,). 

This is ,lie l;lronlr$iic piclrurc c ~ u z ~ ~ o ~ .  It ri,ei ihc depcndclioe oill ie piersilic on alliiude 
i I 

in an irolliecmrl dtirialplicre ora chcmicrl rprcicr. A t  tlic d ~ a r a c l r r i r ~ i c  hcislll A, = ! 
i:.llg the zlmurp..;:ic prerruic dencsics by ,lie Iiaction e-' = 0.37. To esiiii~aie 1llr 
chaiacteriilic lieiglii, c o i a i h i  an iroiberrnal atiiioiphi.re composed o i  niliogcn a~olcculcs 
\ i i l I i  .$ n~olcculnr a c l g l ~ $  ui 28,Tlicml\,olrii .XI n\olccu!cis 43 x 10""gln. At:, tciilycn- 
IU,C oi 290K 1 1 , ~  YAIUC o i c  ze h;r ib  4.0 x !O-i'crg, \Vtth ~ I V , O C ~ > > - ~ ,  the cl~.~s.tc- 
t<ris,ic 1,cigItt I,, is s 5i.m. app r0~ in ,> ,~ ly  5 ,,,,!cs~ 1.ir1,tcc , , , O I ~ C < ~ I < S .  I!> :>LI'I F!*, <\>I! , 
c r i r f~ i l  ?iithci tzjh lmt t l ~ r \ c  1 , ; ~ r ~  l:ligcly ~ r c i j u d  i n l ~ n  11ic :itttiilrl>licrc: rcc Prnhleio 2. 

l~~~. , , , ,~ , l ,<E~~, , l> '>~,~ ,>~>~>l ,~~~i , , , " , , ,~<, ,~ , , ,~ l~ i~<~, l ,c~, , , . , l , ,~ , l ,~ l , . ,~ ,~~LL<, ,c<~ l t , ,~~ l~~~, ,<~ l  

h,:l,xiior. f iburc 5.5 il :) i a ~ ~ r i i l ~ , ~ , i ~  i31ul ui piohurc i1al.1 bcluccii I0 2nd 30 iiloiiiclcii. 
taken on ru,i.ci f l i ~ h , ~ .  The puiois i,l!i "car a r l i ~ ~ g h t  line, ruggcating roughly iso- 

thermal bcharior. l l icrlraighi lincconncctingihedata points of Fisurc5.5 spans a pressure 
r;ln&cp(I~~I:plb,l = 1OW:l.ovei aaaldlude range from 11, -- 2 t m  io 11, - 4 s k m   ow, 
~IO, , ,  (t9L 

solhat thrrlop;oithe lincirAfg/r,ivhich leads lo T = r;k, = 227 K.Thenon-intciiectio, 
o! l l~eahsencd  c u m  u.ith thc poi.! 11 = 0, y(IiJ,'p[O) = I, inuurcd by i h t  higher tempera- 
ture at IOUCC allitudc~. 

The atmoiphere consisis o i  mnre than on: species orgas. In  atomic percent. the corn. 
position o i d q  air urea lcrcl is ;J pct NI. 21 pct O > .  and 0.9 p i t  Ar; other conrliiueii~s 
arcoutit lor less ihan 0.1 pci caclt. The natr i  vapor content o l  ilic nlmospherc may be 
appirciublc: at T = 3WK (27~C1, a relatiic huniidity or IW pct corresponds io 1.5 FI 

H,O. The carboil d i o r i d ~  conccncrstion ~ a r i c i  zboul a noriiinal value of003 pa. In a n  
idea! slntic i > a ~ h e m s l  atn,arphere each gar would be in cquilibriunl with i t r e i ~  T h s  con- 
c e n t i a l i o n ~ I r ~ ~ h a o u l d ~ a l l o ~ u ~ i t h a r e p ~ r a t e  Roltzmann b c t o r a l  t h e i o r m s ~ p ( -  .!lyh;r), 
wiili .Sf the rppiopi i~tc  niolccukll nizss. Bcc ju~c  or lli< Ji:?eirrciicer in iiiars. the diiiurent 
coiirlitucntr i j l l  uRat dillercnl i j l cr  

Emrr>plr: Chenlirol polc~~l iu l  of uiubilr nmgnctir punir1r.r in a nzap,icliefild. Conrkler 
r iyilem o l  .V illrolical pnrllclcs rach ~ i t h  a aiognciic moment nl. For rimpltity supplrr 
rach rnornent is diicitell citlicr paiallel 1 or antiparallel ! l o  an applied magnetic field B. 
Then ihe pottntial energy ora I partide ir -t~iiJ, and rhc potealial energy a f a  1 pariicic ir 
+ i , , t l .  Wcrnayirrrt lhc panicles as belongingto i l ietwodistinc~cliemical rpecics labelled! 
and l.ooc~i~he\iimaldiroricdl potcntia! ji,,,(t) = -1118and ~heotlirrwithj~..dll  = ,,ID. 
The particlcr! and 1 arc ardiriinguiihablc as two d i k e a t  irofoprr ofan clctnuiit or as i iro 

diiicrcnt cli'iiicnl5; ue speak of 1 and ! as diilincr rpccier in eauilibrium will, tach other. 
The internal chcmical potenl i~l i  oi the pziiicier kicwrd as idcal gasci uith conccncra~io~ir 
8 , )  and ,I: are 

\\here n~ - [>I< lih'J1" ir the raste lor bo;b iprcies. 
Thc ioiel r h i m i ~ ~ l  poteslislr air 

I! , l , c , , , ~ ! g ~ ~ ~ , i , ~ i i ~ l ~ l  I l%. l , i<~ i # b  , ,>.><,,~*~,<IC<>,C' , ~ , c , < ~ I ~ , , , ~ c ~ ~ ~ , I , c > ~ > ~ < , , , ,  , I ~ c < ~ . ~ ~ ~ ~ . ~ ~ , , & . , ~ , L ~ , ,  

s i:,ti,t \:riyu\crilir.~uliii i i i. i~lvrilui ill III:IIIII:<II~.I CUI~>I . I I : I  I ~ ~ I ; I I C ~ ~ C ~ ~ ~ ~ L . ~ I  I ) , '  :.I$ ,c~,,~(ll 
o u r  the ~ O I U ~ I ~ ~ I ! ' ~ ~ ~ ~ ~  5.6)~ i r h c  total C I I ~ I I , , C ~ I  poicotialoi.~ qwcics is a > o ~ t , ~ n t  hJcpt!>. 
dent oiparilion, i i  !h<rs is ircc diiiusiao ol p~i1iili.s uiih!n the valuinc.1 iluc.luie lhc two 



Conccnliaiion a, in particles cei-3- 

Tigurc 5.6 Dc~ndcricc  of ,hi; chcmical polcnlini o l r  gas ofiaagntiic 
p~ilicles oii llie conccntralion, at revcral uxluer o l lhe  mamclic 6cld 
iiiiensiiy. l i n  - 2 x Io'cm-' for Ll = 0, then n s point \$liere n = 20 
litognuii ( 2  icilz) ihr  conccntra<ion will be 2 x 10' rm-'. 

sixcicr iii equilihiium h r \ e  equal rlictnical poten~i~lr .  

Thc desired rolulianr ol(22) and (23) are easily seen by rubni!ution to be: 

whcie iii0) is the loVal concentration a, + n, at a point where ihc field B = 0. The tots! 
concentralion a1 a pain1 at magnetic field B is 

Thc relull shows lh t  lcndcncy ofmvgnetic parlicler lo concentrate in rceionr of  high 
rna~nclir  6cld inrcnriiv. l l ~ r  functional form of the result is not limitrd ro atoms with two 

flux aruclure olrupcrcondunorr and [he domain strucluie of fcnomngnctic maleiinls. In  

i u spn i ion  and placed in a magntlic field. $lie particle ronccn~iarion bccome~cnhoi~ci:dat 
lhc intciirc fields ot  ihc cdgcr o i ibc  crack. 

In ihc preceding dirckxrion \we added lo ji.., the internal chemical potential the 
p=rl~clcs. If lhe parlirlcr wcrc idczl gnr atoinr, jt,., xould be given by (I?). Tlic logarithniic 
iorm [or {t,., is "01 icltricccd to idcal g ~ s c s ,  but is s conrcqisciicc of lhc cocidiiioiii ihat [he 
pailicier do  riot inicrsct and ihal l l i~ i r  concentration c i  sunicicnlly low. Hence. (12) abiplicr 
to inacroii'opic paitidcr as ucll n i  lo atoms 11r.t~ r~t i r iy  ihcrc aisumptioiir. Thc only 
difiiciicc is tlic \;ilsc of ibc  qi iantun~ cuiicct!,ia!los xiy.  \\'c car) i1,trclorc uriic 

E~rn,rn8plc: Bnlh.ci~.v. Oiic or lhc cilosi ririd c&riiipl$r ofil,cn,icdl poLesii:~lr 2nd potmlial 
ncp i  ir !lie clcclrocl~eniic~l baticiy. In llic 011111131 le3d.aclil blllcry [he neealive cleclrode 
comi.tr of mct.tllic Ic;ld. Pb. ;lsd ihc pori,irc clir~ii*lc ir a ki)cr of rcddisb-brunn Ic:~~l 
oriilc. l'hO1. ail a Pb rubr~r:,te. l ' be  cicctrollcr xrc is,m,ii.rred in ddutcd sutruric ;,cu. 
FllSO,. which is partially ioniied into t i+  ions (procuiir) and SO,-- ionr (figurc 5.7). 
I, is ,I," i0,n ,I,>, nv4,,cr. 

In llic dirctwrgc process bolli the iiiei;~llic Ph o l  llic ecwlive cicclrolli. acid llic i'bO: 
of llic positive elecirodc :ire convcrtcd go 1k;id rull~lc,  PbSO,.  id llie $no rcariiun,:. 

I Negaiivc eieciroile: 
I 
I Pb + SO;. - PbSO, + 2e'; (27a) 
I 

1 PbO, + 21-i' + H,SO4 + 2e- - PbSO, + 21f,0. (27b) 
I 
I Bccvusc or  (27aI the ncgaliue elcctioda aclr as a rink for S O , '  ions. keeping the internal 

1 chemical poteolial p(S0,'-) of  the s u i t ~ l e  ions a1 the ruilacc of the negative elecliadc 
! loiver lhan inridc the clectroly~c (see Figure 5.lb). Similarly, because of (27bl the positive 

I eicclrode acts as a rink for H *  ions, keeping tlie iiilcinal chcmical polenti;ti jt(li*) of liie 

j hydrogen ioiis lowcr ill :licsurl&ce o l l h c  poriiivc clrciiode lhan inside $lie clcarolyie.The 
chcrnical poleatial gradieiirs drive [he ionr towards ihc elcctiader, and they drive !he 

$ citctricrl cucrcntr during lhc discharge process. 
Il  ihc batlccy t ~ r r n i e ~ l s  arc iioi cooncrtcd, elrclrons arc depleted from ,he poritivc 

clcclrodc m d  :xccumulalr in llic ocgo~ivc elearode, thereby charging  boll^. Ar a rcrull. 
clccliochcn>ical poccnlial steps dcvslap ui the elecliodc-rlcclrolyle inleiFacer, slrps of 

i cxnctty the currccl n > r ~ n i t v d s  to squalire tibe chsniiol poicnlial Ilspr and lo slop tlic 

! . dillusion olionn, which rlopr tl~cchcrnicvl reactions lrom procccdingfurtl~er. l f sn~x tc rna l  
current is permitted to flow, the, reactions resume. Eleclron Row directly through the 
electralytc is negligible, because a l a  negligible electron canccntralion in the clectroiyle. 

T h e  rraclionr gircn arc net rr~clionr. Thc aclual rcrclion rlcpr arc more complicatd. . . 



(t) clcctmdc 

I. ' i 

1;igure 5.7 (o) l~ l i c  lk.irlii!d b:;rcciy consists o r a  Pb and a PbOl clectrudc immcised in 
p~nidlly ionifcd ll,SO,. Dzic 50; -  ion coriici~r onc ~b aiom inlo PbSO, + 2 r ;  
,!to ii' ions pius oiic ur\-ionircd H,So, niolccule canvcil one PbO, rnolciulc iilto 
PbSO, i. 211,O. r . 7  imiiriiig tiro elccironr. (b) Tlic elccirociiemkal polcnliali for SO;. 
and II * bciorc {tic dciclupmciit oli,iicri;il puieritial bairieir lhal $top [be dillusion 
and I!,.: cli~mical ic:iciion. (c! The ~ I C C W O ~ I L L ~ C  por~iitiiil q(11 i l&r ihe ioirnalion oi ihc 
barricr. 

Chonirol Petirnriu! and Enlropy I J I  

During thcchargiiig process lhcrc~~ionro~posile!o(?7a.~~laic place, bccaure norv a n  
cricrit;il voll:tgc is ;aplitieil ilia1 pcilcmcr clcctioll;~lic palcoti~t uspr nl ilic sur(.>cc lil ttxc 
cle~!rudc uC~cxc11 ~ ~ ~ , ~ g z ~ i ~ ~ ~ ~ l c  :IS to rc\'cc>c lhc 5igtt o i  clw (tt>,t81)ct~c~t~ic.kl potct>,i:d gr:!dicsbt5. 
;,s<1 ilcnic ,I," dircilio. ur ion tluw. 

\I'e rlcuote by AV. arlid AV. the ditrcrenccr inclcclrorv.~tic potenliol of tkc ticg;ilirc and 
positi\e elcctiodcs relative lo thc conimas clectrol~le. Uccausc 11lc rulhts ions carry iuo 
ncga:nli\r charges. difiusion will stop when 

DiRurion oflhe H *  ionr will rtop uhen 

The ltvo potentials A V .  and At', are called halkell potentials ai  half-cell EMFr  
(clcclromoli~o loicrs): Ihcir magnitudes are known: 

711" loid clc:lruslalic polenlial difkience devclopcd across ooe full ccll o i  ihc h,ncry. 
as required to rtop lhc dilTuiion reaction. is 

This ir ilieupeni.irruit tol l~ge or EXIFofthc batteiy. 11 drives tlueledronr Cram tl,e n c ~  
livc ieiiiiiiial lo the poririre icrrninal, ahen the two arc connected. 

We have ignored hcc clectionr in the elrctiol!lc. The potential steps tend to drive 
eleriioiir from the negative slcclrodcr inlo llie cleciiol!?c, and from the clrctrolylc inlo the 
poiili\eclcclcode. Such nneleclron currcril is preirrit. bullhcmzgniti~deisrosmill as tobc 
prac~ic~lly negligible, because the conccritration ai  eleclronr it) tl%e clecliolyle is many 
orders U( rnagniludc lcir tliin that of she ionr. The only rIirc~ive electron flow pal11 is 
through the erlernal connection between the cleiliodrr. 

Chemical Patcntisl and Entropy 

In ( 5 )  \ye defined lhe chemical patcnlinl as a dcriunti\e of tlic Hc ln i l~o l tz  ffcc 
cncrgy. Heie  w\.s ilciivc an  :tltcriiati: relalion, nccdcd Inter: 

This cxpicsics the ratio )i/r 3E a derivative o / t h e  cnlropy, similar t o  LhC \Yay 

111 was dclincd in Chapter  2. 
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Cl,apfrr 5: Clie!nirul Polrntiul ond Gibbr Dirrr;bution 

Tliis may bc rcarrangcd to give 

wiiich h a broader statcmcnt ofthe thermodynamic identity than wc were ublc 
to develop in Clrilptcr 3. 

GIBBS FACTOR AND CIBBS SUh1 

The Bollzmann tactor, derived in Chaptci 3, ailoivs us to give the ratio oftl te 
probability that a system will be in a slate ol energy r ,  to the probability tlie 
system will be in a state of energy c,. lor a system in thermal contact with a 
reservoir at temperalure r :  

This is p e r i w e  best kaown result olststisticai mechanics. The Gibbs factor 
is thegenera tza Ion ollhe Bollzmann fac!or toa system in thennal and diKusiue 
contact with a reservoir at temperature? and chemical potential p. The argu- 
ment rrlraces n1uc11 or that presented in Chapter 3. 

We consider a very large body tvith constant energy U o  and constant parriclc 
number N o .  The body is composed oft\vo parts, the very large reservoir rR and 
lhc system 8 ,  in thcrmal and diffuiire conuct (Fizure 5.8). They may exchangz 
particles and eocigy.The contact assures that the temperature and tlie cheinical 
potential o f t l ~ c  system arc equal to tl~ose of the reservoir. When the system has 
IV pnrticler, the reservoir has N O  - iV pariiclcr; whcn the system has encrgy E, 

the reservoir has energy U ,  - E. To obtain the statistical properties of tliz 
systcin, wc make observations as bzlore oil identical copies of tile systcm + 
reseruoir, one copy (or eacb accessible quantum state oilhe combination. \\'hat 
is tile probability in n given ubrznation t1,sl ilic system will bc loulirl to con- 
tain N particles and to be in a s~:ltc J ulcner~y E,? 

The state s is ;I >late o f a  systcm having some sprcified nunibcr oip3rtictes. 
Tlic energy is the cncrgy of the rt:>tc s aftlie i\'-p.trticlc systct~~; sooictimcs 
we write only e,. i T  the meaning ii clcui. \\'hen caii wu \vri!c the cl~eigy of a 
system hwing S pxrticlss in an orbital as .\' times ihe energy of one p;iiticle 
in tlle orbital? Ooly when interactions b c t w ~ ~ ~ ~  ilie particles arc ocglected, so 
th:11 the p~rticlcs niay bc t i c~ ted  as initqicndtnt o i e x b  otlicr. 

Reservoir System r b  
,.- Inriilarion 

1:igwrc 5.8 A ryrtem in tl,crnx,l and diliurivc conlact i u i ~ b  
a large rcrenoir oicnergy and olparliclcr. Thc lotal rysieiii  
M + 8 is iiirutnled Tiom (he exlcrnal world, l o  ihai tbe 
lolzl cncrgy arid lhc lolni liurnbci ol  parricicr are conrlaot. 
Tlic temprsluie oilhc system ir equal io ihc lcmi*.rsluie 
oilhr reiciroir. and  the chemical polciitial ofthe ryslrrn is 
equal lo ihc chemical potential of ihc rrrcr\.oii. The ryitcm 
,nay be sr small as one &:om or it may be marrorcopic, b l  
the rcicrroii is always lo bc !tiought olar niuch laigci than 
tl,c sysicm. 

! Let P(N,E,)  denore the probability that the system has N pnrlicles and i s  in 
! 
! a particular stale e Tliis probability is proportional to the number ofacccsiible 

statcs of  the reservoir when the slare,ol rite system is exactly specified. That 
is, if we specify the slate o i  8, the number of accessible slates or f 3 is just 
the i~untber of accessible states of LR: 

The factor 1 reminds ui  I1131 ae ;ire looking :it l l ! ~  systcni 3 i l l  a lil!~i.: sp:iirkd 
slate. Thc y(m) stales oftl ie rcscrroir t t n ~ c  No - N particles a i d  11:lre coersy 
U, - 8,. Occsi~se ihc s.;slcrn prokibility l'(X,i.,) is pn,poitional to 111s !iunibcr 
ofaccsiribic staler oii l ir  reservoir. 
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Clioprcr 5:  ChrriiirulPoriniinlvridGibbs Dblriboiion 

T h e  Gihbs sum is \\ii:;cn 3 E  

8 - l : ~ i e ~ p ( - ~ l n  = c ;:y~~i,(-z,/i) , 
\ 1 AIN 

(61) 

and the ensemble average number o f  particles (57) is 

2 
(N) = j.-=logs. 

CI. (62) 

This relation is oselul, because in many actual problems we determine j. by 

finding the value t h a ~  will make (N)  coinc ou t  equal  t o  the given n u m b e r  o f  

particles. 

Energy. The  thermal average energy of the system is 

where \\,e h u e  lernpoi~ri ly  introduced the notat ion P E I/r. We shal l  usually 
a.iite U for (c). Obreiic that 

s o  that (59) and (63) may be combined t o  give 

A simpler expression that is more  widely used in calculations was ob ia incd  in 
Chapter 3 in terms o f t h e  partition function Z. 

r-T--..-.--- ~ ...-.-.--I ~ ..... : : .-..: . -.. . . I.;.-- 3 

Emrr,plr: Ocrupmr)' :em or oar. A rcd.bloodcd exaniplc of a ryrtcm that may be 
ocrupicd by zero rnolccules or by one rnaleculc is tlrc heme group, which may bevacant or 
may be occupied by one 0, molecule-and ncvei by more than one 0, malccule[Figuie 
5.10). A single heme group occurs in the potcin myoglobin, which k rcrponriblc for the 
rcd color ofmcat. I l r  is lhc rncrgy ofun adsorbed molrculc of O2  relative to 0, at rcrl at 

Cibbr Fuctur oridGibbr Snm Id1 

MbO, 
Figure 5.10 Adsorpiion olan 0, by a hcme, 
\~licii: c ii lhc energy of an adsorbed O> iclaiiic 
lo an 0, 11 infinite rcp~ration from !he riic. 

n Ilesergy murk be iupplicd to dtt;lcIi the 0, 
0 liom the hernc, then c will be negatiw. 

hl b 

infieitc distance, tlicn the Gibbi rum is 

lfincrcv niud he added to removc ihc s,am ironi aiic licnic. r. rill  bc occrli>c. The tcrin i -, . . 
in ihr suin arises from omupuncy zero; llic tcim ierpi--&'I) arisri irom single occupmcy. 
Thcre Die tttc only posribilitier. \\'c have Mb t 0,  or hlbO, present. \\here hlb denotcr 
myoglobin, a protein of moleculrr ,wight 17WO. 

Eipeiimcntal rcrultr lor the fraition~i occupancy rcrrur !he concentration o f  orygen 
aier l iaan in Figure 5.11. Wecompaietheobi~r\cd orygenr~turation curves oirnyoglobin 
arid hemoglobin in Figure 5.12. Acmoglobin is ihc or)gcn-carrying componcnl of  blood^ 
I t  is n~ndeupof  lour molcrular rtiands,rachrtrandnearll ideainl~vi t i i  tl!eringlerliand oi 
myo&lobin, and csch c~pab lc  of binding u ringlc oxygen molecule. Historically, Ihc classic 
warkon thcadsoiptian a foxyg~n  by hcnioglobin uar doiic by Christian Bollr. lhcbther of 
Niclr Bahr. Ths arygcn slluiution curvc lor hclnaglobin (Hb) bar u rloncr rise a1 low 
pressures, because the binding energy ofa  ringlr 0, to a molecule o l  l i b  is lou'er thrn lor 
Mb. At higher pressures of oxygen the tlb cune has a region that is concave upiwidr. 
bccaure ~ l i c  bindine exitrev ocr 0. incrcarcr shei the first 0, ir adsorbed. " -. . . 

The 0, molecules on hemer are inequilibriurnrith thc 0, in the surrounding liquid, so 
that the clitrnical polentialr of 0, are equal on ltlc m)oplob'in and in rolutioil: 

ahcre ;. r exp(p/r). From Ch.ptsr 3 wc find the valuc or ;. in tcrnlr o l  rllc gar prersuiir 
by the rrlation 

i We nrrume the ideal gar result applies to 0, in roluti~n. At ronriant tempei.atore j.[O2l ir 

i directly proportiotlnl to llic picrruie p. 

i The iraction {of Mb ocrupicd by 0, is round from (661 lo be 



F iy re  5.11 Thc r raa iun of. iit).aglobio 
l i l b l  niolecule n i th  oxyg<n rilay be sicscd as 
the ad5ocptiun o l a  molecule of 0, at a site 
on Ihc larbc m)oglobin molecule. Tl ie 
iciulcr iollow a L.ngmiiir i lol l>erm quite 
3ccuia$rly. Ezcll inyoglobin n,olccule c.\ii 
rdrorb one 0, moiecdo. Th i rc  curt es shov 
the liaclion oloiyoglobin with ndrarbcd 0, 
;is a fu~lction 01 the pnilial pressure 0 1 0 ~ .  
lhr  curvcs arc lor !human !nyoglobin iij 
ruluLioa. hl)o:lubin is found i n  mu,clo: i t  i s  
n>poosible for the color olrtezk. ARcr A. 
Roisi-Fi~iel l i  and E. ,\ntoilini. Aicl i i rcs o f  
niocl~ci l t i~lry asid lliopllyricr 77. ,178 (IUSS). 

C o n c c n t i ~ t i o n  or OZ,  relativc scale 

Figuie5.12 S3turatian cuncr  a f 0 ,  bound 
to e i j o~ lob i i i  \!.lbi and i~crouglob,n ( l i b1  
mo1cculi.r in aoluiian i n  w;rier. The par t i r l  
prc'lure o f 0 :  is ploltcd as the lhoiiromiil 
;i\ir. i ts icr t icd &\is gives the fractioil 01 
thr molccuici of hlb \viiich l i ~ s  one bound 
O2 molcculc, or lhe lraction o l I h e  stiatids of 
I lb  i\Iliili 1i;iic onr. bouiid 0, i~iolccifilc. 
kicnioptobin lh;bi 3 n~uc l l  l:>rgci cbaiigc in 
ur)gi.o cootcnt in il ic pressure range hctnrcn 
~IIC arhciizr atid the wins. 'This d l c ~ i n ~ l d ! ~ ~ ~  
1~~i i i ta~; r  action o i i hc  licaii. vicued 3s :% 

pu:iq,. F l i t  cu rbc  lor io).oglobiri li.~, the 
p r c d ~ t c d  h < n ~  Id< tlw rc;8~ti~u> h l b  + 0* *.* 
i lbo, .  rl lc rui\c for hcoiogloilis ha5 a 
diiTcrcni iuirn bcc~u ic  o l ic~era i t io i ia  bctiveen 
0: m o l ~ c u l o  bourlJ to clis lour strands oiclic 
l i b  !iioleculc.Thc dr::ving ii sftcr J. S. Fiuioli 

and S. Siininocds, Ccsiraitl liuillelliili~y. \\'iley, 
1961. 

which in ihc ranlc as thc Fcrmi-Dimc dirtribulion function dcrired i n  Chapter 7.  \Vc 
subililulc (681 i n  (691 lo obtain 

or, ei th  pa i. uor exp(c!il, 

i\iiui. isu is conrt2thl tiilh resvct t o  prcsruie. h a  d q n d r  oil (lie tcn>pL.ralurc. Thc rcrult 
(711 is inoun as the Langmuir rdrorytion iwtlterrn r h c n  used t i ode rc i i k  the adiorp~ia i> u l  
~ ~ < c i  on $be ruifaccr ofrolidr. 

£zoritpfc: Irripurir) #tom ionirorion in o rctnicondr~rlor. Aloms of nulneiour chemical 
clcn,colr when present ar impuiitier in a ~emicanductor may lore an c l ~ c ~ r o a  by ionization 
l u  ilic conduction bznd a1 the semiconductoi ciyrtal. In  the conduction band the election 
mosrr about much as if it ~vcrca iree arid lhc clsctrun gs, i u  ihs  conduction barid 
way o w n  k treated us an ideal gar. Tlie iilipurity stanis are small system$ S in lher i~ ia l  
and diniirire equilibrium with the iarLc reservoir lurmcd by the rest o f  the remiconductor: 
,be nlon,r exchangc electronr and energy with $be rcn~iconductor. 

Let I be tltc ionimtioncnergy 01 tltc impurity atom. Wc suppose that one, but only one. 
c l ~ r l r o n  c m  be bound to  an impurity atom: ci thrr oticotation 1 or I of ihe cleclron spin 
i s  accessible. Tliercioie the system 8 has three allatved stares-one <vithout nn clcctron, 
one a i i h  an eleclron attachcd n i th  roin I, and one with an electron attaclicd wi th  sniri 1. 

St,ite iitiilihcr Dcrcriptioli ,V c 

I Election detached 0 0 

, EIsi i ioi i  :itta~hcd. rpilr t 1 - I  

3 I I "  , I  i 1 I - 1  



l l i e  probability lliat 3 is iuniied (,Y = 0) is 

The probability ilia1 S is ncutial (uo-ioniid) is 

which is just I --  i'(0.0). 

..-_- .. . . . . . . . . . . . __ .. .~ - ' ;. .. . . ... . . . . ~  ~ . . .  , .  . , ~ .  . 

1. Tile chcmicol potcntial is dcfiiled as p(r.V,K) E (il:;il\'):,v :~nd may also bc 
found from p = ( iUj iN) , , ,  = - r ( lo / iN) , , v .  TXYO s)ncms arc in din'usivc 
cquilibriucn i l j i ,  = p2 .  

2. The chcmisal potcntial ir madc up of two parts, c r t c rn~ l  otid internal. The 
catcrnnl p:irt is tlir potcntial rncrgy "fa p3iticIe in an cxtcrnal ficld of force. 
The intcrnal pait is of  thcrmal origin; for at, idcal moostomil: gas ~11iol) = 
r log(!i/nu), \vlicie 11 is the concentration and l ip r (.\~r!?nli')~" is tile quan- 
tum concentration. 

3. The Gibbs factor 

gives the probability that a system nt chemica! potential ,I and temperature 1 
will have N particles and be in a quantum state s of energy 8,. 

4. The  Glbbs sum 

is takcn over all btatcs for all numbers ofparticlcs. 

5. The  absolute activity I. is defined by I. 5 erp(ji1r). 

6 .  The thermal average number ofparticlcs is 

1. C A circular cylindcr ofradius R rotatcs about llir long axis with 
sngul;tr velocity w. The cylinder contains an ideal gas ofntonls or niasr .\I at 
tempcraturs r .  Find an  cxprcssion lor the dcpundcncc of tltc conccnrrstion 
rilr) on the radial distance ,- from the axis, in terms of ra(0) on r!rs ;i\ii. T ~ k e  
j' as for on idcnl gas. 

2.  hfulerrrler in rhe Earth's at<so,phei.r. 10s is tl~cconcentration oimol~cules 
at the surface o f  the Earth, hl the mass o f a  molecule, and g tltc giavitatioo;~l 
acceleration a t  the surhce, show that a t  constant temperature thc tot:il nuiobci 
ofmolcci~les in the atmosphere is 

iV = 4nrl(lOcrp(- hlyl:!r).~: rh-r.'crp(Alyl:'/rr) , 175) 
' ,  . 

will, r. ~ ~ i C i l s t l r c d  f1Oll t1sc c(r.nIcr of tlxc ll;trtl~: I ~ c ~ c  I< ih  tllc rikcliti~ of tlic li;sltl>. 
'l'llc inlcgr:~! divcrfcr ;kt tlrc 11191cr lin~it. so 1l);tt N r.;tnout bc L>ouiiilsd ;terl tlic 
iltmosphere canrrol bc in cquilibriom. Molcculcs. panicul;~rly liglit oiulccolcs, 
itre i~I\\,ays cscitping frotrt the ittriro~plicrc. 

3. I l l  t r y  o f  ; 1 1 1 1 .  Cott~itlcr it coliipii~ of 310111s 
cach o f  inass '21 31 t c t t r p c m l ~ ~ c ~  z in il uniform gravitiltional fitld 9. Find tlic 
thcrmnl avcr;rgc poIcttti,il cncrgy pcr  ito on^. Thc rhcrmal ;inrr;lgc kin& i'nergy 
d .  . ' ' ~i is i ty  i s  ~iidependent of tleigltt. Find the total lical cap;iciry per atom. The 
total firdl capacity is the sum afcontributio!is from tbr kinetic cncrsy and lronl 
the potential eocrgy. Take the zero of tbc gravitational energy at tlie buiiom 
h = 0 ofll te column. Integrate from 11 = 0 to  1, = a. 

4. Acri~.e trairrpol'f. The concentration ofpotassi~im K t  ions in the inteioal 
s3p o f 8  plant ccll (for example, a fresli water alga) may exceed by a hc torof  10' 
the concentration o f  K t  ians in the pond water in which rbe ccll is gio\~ing. 
T11e chemical potet~tial of the K t  ions is higher in the sap  because r l i i  '31 con- 
cenlrarion 11 is higher there. Estimate the diiicrence in chemical potential at 
3W K and show that it is equivillcnt t o  a voltage of 0.24V across the cell !\.all. 
Take p as  for an  ideal gas. Because the values o f  the chemical potentials arc 
diiierent, the ions in thecelland in the pandarenal  in diKusiveequilibiium.Thc 
plant cell membrane is tlighly impermeable to  the passive leakage of ions 
titrough it. l t~iportant  questions in ccll physics include these: How is 111s high 
concentration of ions  built up within the cell? How is me t~bo l i c  enersy spplicd 
to energize the active ion transport? 

5. hfofopaeric concenr~.oriorr. Dclerniine the ratio ti i /r lor which Firure 5.6 is 
drawn. If T = 3WK,  how many Bohr magnetons / I ,  - ett/21ric nould the 
particles contain to give a magnetic concentration eil'ect o f  the magnitude 



6. Gibbr su,rr/or n rwo let~elrjrlcnt. (a) Consider a systcm that may bc un- 
occupied uith cnergy zero or occupied by one particle in either o l  tu.0 statcs. 
oncoiencrgy zero and one olenerzy $.Stlow tt~aLthcGibbrsum for thissysiem is 

system o la  unriablc ttuniber olparticles. 
(b) Show tliat the thermal avcrage occupancy olthe system is 

I. + j.exp(-e/r) 
(,V) = 

;t 
(771 

(c) Show that the thermal average occupancy ofthe state nt energy e is 

(d) Find an  expression (or thc thermal average encigy of the system. 
(el .Allow thepossibiliiy illat theorbitillaLOand a i r  may bzaccupied each by 

one particle at the sornc time; show that 

Because J can be lactored as shown, we have in cRect two iiidepende~it systems. 

7. Sfores oJpo>ifivr. und n6gnrit.e ioairafion. Consider a lattice 01 fired hy- 
diogen atoms, suppose that e ~ c h  atoni w n  exist in Sour states: 

S ~ a i r  Niiaiibrr ofelerrio~ir Eiieig). 

Ground t - ib  

Posiiivc ion 0 - $8 

Nrg~iive ion 2 !J 

Ilciicd I 4.". 

. C l .  l i t  c:$rl,oe nioi~oriilc poisottitig tlic CO 
rcplacch tlx O2 : ~ i i ~ ~ > i I u d  01, lic~noglol~it~ (llh) I I ~ ~ J I C C L ~ I C ~  in tlic hluotl. .I.<> S I I ~ ~ I V  
11:c ctTcct, consider a model lor iuliich cach adsorption sitz oti a licmc tnay bc 
?, . iant .. or may bc occupicd citlier i i i t l i  energy <, by one niulrcule 0, or with 
cncrgy i, by oiic iiiolccule CO. Lct S fixcd lhunic sites be in cqiiilibriuin \villi 

0,  and CO in ihe gas pliares at concentrations such tliat the nctivities ure 
L(0,) = 1 x 10.' and i ( C 0 )  = t x 10.'. all nt body tcrnpcratuic 3TC. 
Neglect any spin multiplicity [actors. (a) First consider the systcm in tlie absence 
of CO. Evaluate E ,  such that 90 percent or the Hb sites are occupied by 0,. 
Express the answer in eV per 0,. (b) Now admit the CO under the spccilicd 
conditioos. Find&,such that only IOprrcen! olthe Hbsiiesare occupied by 0,. 

9. Adrolprion of 0, in a tno~nericjirld. Suppose that at most one 0, can be 
boutid to a heme group (see Problem B), and that \%,hen i(0,) = 10.' we iia\.c 
90 percent or the berries occupied by 0,. Consider 0, as h a v i n ~  a spin of 1 

magnetic field will differ from t l~a t  o( Problem 8 because there tbe spin mulzi- 
plicity ofthe bound slstc war negicctcd.) 

10. Conce,rrrnrionJucrunlionr. The number of particles is not constant in a 
systent in difiuske contact with a reservoir. \Ve have seen that 

Siom (59). (a) Show that 

The mean-square dctiaiion ((AN)') o i  N lrom (iV) is defined by 

{(AN)') = ((N - ( . \ ; ) ) I )  = ( N 2 )  - 2 ( N ) ( N )  + (iV)' = ( " J 2 )  - (i'i)'; 

(b) Show tliat this nioy be written as 

is tlic mean square lractioiial fluctuation in the of an ideal gas in 
dilTusivc contact x i t l ~  n rcicrvoir. II (.\I) is of  lie order of 10"' ;itotns, tlieii tlic 



li3ctiansl fluctuation is exceedingly small. In sucli a system the number of 
psrricler is \\,ell dcfincd evcn though it cannot bc rigorously constant bccause 
diifurive contact is allowed with the rcscrroir. Wlicn (X) is low, tliis rslation 
czn be used in ihechpcrimemnl determination o f  the molecular xrcighr of llirgs 
molcculcr such as DNA o l  M W  10' - 10"; see M. \\feisiman, H. Schindlcr. 
and G. Feher. Proc. N;it. Acnd. Sci. 73. 2776 (1976). 

I I .  Eqrrii,aleer d ~ ~ e i r i o n  o/~honiculpororrio(. The chemical potential iv;ts 
defined by (5) as (iF/;'iA'),,,.. An cyuii.;llent eiprsrsion listed in Tsble 5.1 is 

Prove thal lliis relation, which was urcd by Gibbs to define ji, is equivalent lo 
the definition (5) that we have adopled. It will be convenient to make use of Lhc 
rcsults (31) and (35). Our reasons lor treating(5) as the definition ofp,and (55) its 
a mathematical conscqucnce, are ttvo-fold. In practice, u.e nscd the ciicniic:il 
potential Inore olten as a lunction o l  the temperature r than as ii lunction of the 
CiitroDV o. Oncralionallv. a DrOCeiS in which a particle is added to  n ssslcm . . .~ . 
while the tenqxrsture of the system is kept constant is a more natural process 
thanone in which thcentropy is kept cons~ant:  Addinga particle to a system a t  
a finite temperature tends to  increase itsentropy unless wecan keepeach system 
of the ensemble in a definite, although new, quantum state. There is no natural 
laboratory process by which this can be done. Hence the definition (51 or (61, 
in which the chemical potential is expressed ar the change in free eneioy pcr 
added particle under conditions of constant tempcr;iture, is opci;~tianally tlic 
!,iinplcr. \Se point out that (551 will rial givu U = ,th' on inlcgr:,tioii, bcollisc 
p(hl,o,V) is a function o l  N ;  compare will1 (9.13). 

12. Arcrnt of rap i ~ r  rl.ccs. Find tile marimurn hcight to \\hiclr water ntay rise 
i n n  tree under tlic assilniption that the roots sland in a pool of\vatec and !he 
uppermost leaves are in air conlainin% water vapor nt a rclalive humidity r. = 
0.9. The temperature is 25°C. If the relative humidity is r, tlic actual concentrib- 
tion o f  water vapor in the air at the uppermost leaves is nt,. where ti, is the 
concentration in the saturated air that stands immediately above the pool of 
\vatcr. 

13. Isenrr-opie expousion. (a) Show that the entronv of an ideal ens can be . . - 
expressed as a function only o l  the orbital occupancies. [b) Froni this result 
show that rVU' is constant in an isentronic exnansion of an ideal monatomic . . 
gas. 

14. hlulriple binding o/O, .  A hemoglobin molecule can bind four 0, 
molecules. Assume that c is theenergy ofcach bound O,, relative to  0 2 a t  rest a t  
infinite distance. Let i denote the absalulc activity exp(lr:i) of the free O2 (in 
solution). (a) What is the probability that one and only one O1 is adsorbcd on  a 

hcmogiobin nrolcculc'! Sketch thc result qualitatively a s  a lunction of;.. (h) 1i'Ii;il 
is  the probability 111~1 lour and only four 0, are adsorbed? Skctch this rcsult 
also. 

13. Cxrn.nn1clicniicolporpnlinl.1~1. Conridcr a system a t  tempernturc r. with 
h' atoms of mass dl in volume V. Let p[0) dcnote the vvluc o f  the chemical 
potciitial at tbc surfacc o l  the eartli. (a) Pravc carefully and honestly 11131 tlic 
valuc o l  thc Iota1 chetnical potential for thc identical system when translated 
to altitude ii is 

wlierc g is the accclcration afgravity. (b) Why is this result dilTcrcnt from 11131 
applicable to tl!c baroinctric equation o fan  bothernial atmosphsre? 
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The ideal gas is a gas olitonintcractitlg atoms in tlic limit oflaw conccntintioo. 
The  liniit is dsfincd below in tcrnms o l t he  thernial average value of the nunibcr 
olpnrticles th;!t occupy an orbital. The thermal avcragc occupancy is cnllcd the 
distribution funciion, usit:illy designated as f(~.r,,i). wltere E is tlic cnctgy o l  
the orbital. 

An orbits1 is a state o l  the SchiGdingcr cqiintion for only one particle. This 
term is widely urcd particulsrly by cBcmists. If,he interactions hi.twcc.o particlcr 
am  weak. lhc orbitnl modtl nilows us to spp ro~ ima tc  ;in exact rlis:mti,m state 
01 the S~ l~ iod ingc r  cquiltion o f a  aynem of h' p;trticlcs i n  ternis olnxr appiori-  
niatc qo;rntucn statc that \r,c coii>truct by au ip i ing  tlic N p;irticlcs to urbii:$ls, 
with each orbital :I solution o l a  onc-particis Scl~rSdin$er cquotion. Thcie arc 
usu3lly an  infinite number 01 orbitals available lor occupancy. T h e  term 
"otbival" is used even when there is no analogy to a cl;tssical orbit o r  t o  a 
Bohr orbit. The  orb i td  model fives an  exact solution o l t h r  A'-particle problem 
only ilthere are no intcr;~ctions betxseo the particlcs. 

It is a lundanicnial result o f  quaiiturn mechanics (the derivation 01 wliich 
\\.auld Itad us astray here) that all species o l  particles rail into two distinct 
classes, lermions and bosons. Any paiticlc with hall-integral spin is a icrmion. 
and any particle with zcro or integral spin is n basoo. There are no intcimc- 
diale classes. Composite particles lollow the same rule: an  atom o l  'He is 
composed 01 an odd number 01 particles-2 electrons, 2 protoils, I neutron- 
each ofspin 3,  so that 'He milst have hall-intcgral spin and must be a lcrteion. 
An aiotn o l aHe  has one more neutron, so there are an even nunlber olpnrticles 
ofspin i, and "He must be a bosan. 

The  leimion o r  bosan nature of the particlc species that niake up  a many- 
body system has a profound and imporiant eiTect on  the slates o l  the system. 
The  results olquantum throiy as applied to the orbital model ofnoointeracting 
particlcs nppcnr as occupancy rulcs: 

1. An  orbital can be occupicd by any integral nunibcr o l  bosons olt l lc  same 
species, includ~ng zero. 

2. An orbital can be occupied by 0 or I lcrrnion of the same species. 

The  second rule is a statement ofthe Pauli exclusion principle. Thermal averages 
ofoccupancies need not be integral or  hall-integral. but the orbital occupancies 
of any individual system must conlarm to onc o r  the other rule. 

The tsvo difirent occupancy rules gi \e rise t o  ttvo dilTcrent Gibbr sums lor 
eacli orbital: there is a boson stun o$.er all intcgral v;!iocs of the orbital occu- 
pancy N ,  and there is a icrmion sum in which N = 0 or N = 1 only. I>iKeieiit 
Cibbs sums lead to difierent quantum distribution lunctionr /(~,r .p)  lor the 
tlicrnial avcragc occupancy. Ilconditions are sucll Illat/ <i I ,  it uill not niatter 
\?\>ether ihe occupancies N = 2. 3,.  . . a m  e~cluded  or a i r  alloned. Thus when 
/ i< I llis lerrnion and  boson distribution functions m u s ~  be similar. This limit 
in ahich tiis orbital occup.lncy is slnall in cumjmiison ivith unity is c:$llcd the 
rlalsirll regime. 

\Ye now treat the I'crmi-Dirnc distribuliort function for lltc tlicrnml avCr.b~c: 
occtt ixn~c)~olvn orbital by ftrmionr nud thc Done-Einstein distribution function 
lor I\IC ihcrni:rl avcrage occupancy ol an orbital by basoar. \Vc show thc 
cq~~ iv :~ l c t~cc  o l  t l ~ c  two r~$nctiotis it, the lirnil or low occtvp:>t?cy, :tnd LVC go 011 

to treat thi: propertics o l a  gss in this 1iniit:ln Chnl>tcr 7 \vc treat thc propcrtics 
01 Icri~iion 3114 bosof~ ~ : I S C S  in ti): opposite linlit, U B C W  tiic tlilturc 01 ~ I X C  
particlcs is absolutely crucial lor the properties o l  the gar. 

\\'e consider a system composcd o l a  single orbital tli:kt niay be occupied by a 
krnmio~~.Tlic systeni is placed in thermal and difiurive contact with a reservoir, 
a s  in Figurss 6.1 and 6.2. A real system may consist of a large number N, o f  
fcrmio~ts, but it is very lielplibl t o  focus on one orbital atid c~ill it tlie system. 
All other orbitals of thc  real system arc thought o l a s  tlie reservoir. Our  problem 
is to find the thermal average occupancy of the orbital thus singled out. An 
orbitnl can be occupicd by zero o r  by one lermion. No othci occupancy is 
:~llo\rcd by [lie Pauli cnclusion principle. The encrgy oltlte system will be taken 
to bc zero i l the  orbital is unoccopicd. The  energy is c if the oibival is occupied 
by one fermion. 

The Gibbs sum now is simple: liom the definition in Chi~pter  5 we have 

= I + lexp(-c/r). (1) 

Tlic tcrtrt I comes lrom thc configuration witli occupancy i\' = 0 and encrgy 
E = 0.The tern? A e x p ( - r j r )  comes when the orbital is occupied by one izrmion, 
so that N 5 1 and the energy is E. The thermal average value o l t he  occupancy 
o f t h s  orbital is the ratio of thc  term in the Gibbs sum with N = I to the enlire 
Gibbr sum: 



Rcrcrvoir 

No !cimions N, - 1 lernlionr 
U, energy U, - r energy 
w(N". 4 )  g(No - 1, Uo - t )  

4'VO. U") = log s(.",,. U,,) 

= o(,\L. IJ,,) + : - + 
Figuir 6.1 \\'c conrider as the iyncm a ringlc orbital that mzy bc occupied at most by one 
femiion.Thc ryittm is in thermal and dilTuritr: cont:~rt uiih the rcrenoir m tempcialurc i.The 
energy r of the occupied orbital might be tlic kinctic cncrgy of a i r ~ c  clertron o f a  detlnitc 
spin orientation and ronfincd to s fixed volume. Otircr ailooed quantum states may be 
conridcred a5 (oirning $tit reser~oii.?he reservoir >\$ti conrain N ,  lcrmions ilthc r)itcm is 
unaccupicd and N o  - I fei~nionr ii the system is occupicd by one lerrnion. 

. . 
W e  introduce for  the  average occupancy the conventional symbol J(E) tha t  
dcnoies the  lherinal  average number a l  particles in a n  orbital orenergy c: 

Rccall from Cliaptcr  5 tllat i. 5 cxp(,t,'r), ivliere p is tlie clictnical poten1ial 
W e  may  wrile (2) in tile s t andard  iornl 

/._ 

Titis result is kno!\,n as t h e  Ferini-Dirac disiribulion iunciion.' Equat ion (4) 
~ i v c s  the average rtomber o f  fernlions in LI single orbiral oictiergy E. Tlie value 

-- . Tlur diriiibui:os runition urr dirca$cral iltdcFzadieclg by E. Fciini. Zcitrc1,iill f"i Phsrik 36 
902 (lR:61, and P. A, 51. uiiac. Pructcdinpr o(;l:c Y,o)rt Sociri) o! t.ondun \111. 661 (1926). 
R d i h  isoiieri drov  on ~'autl's papc, oi ilic piricdisp ) c J i  in shklt ~ a c  ciclurian priscipii isas 
d~>co\<rcd. rtic paper by ~ i m c  $5 ~ooccmcd n i t h  itit n c v  ilurniui~i mtchsnii> siid conirinr a 
&ciicial nricmeni i~ ! ih i  Corm aiiunltd by l i i i  P ~ l i  piiaciplc oii ihir ihcory. 

Figuie6.2 la)Tlie obvious mcllrod of \ icu.ing a system orsoninteracting pvnictcs is 
rtlown here. The cecrgy tcrclr C~ALII rercc to an orbitill that i i  J S O I U I ~ O Z I  o f a  siri$i~. 
p~itictc SchrMingcr cqusiion. Thc iub t  oncrgy ol ihc ryhiem is 

ZSO, = N-6. . 
whcrc N. is the number of particles in thc orbital n afcncigy 6.. For tciniiotir .S. = 0 
or I .  lb) It ir much simpler than (a), and cqually valid. to trcat z single orbital ar ihc 
systrrn.Thesyslcm in this scheme may be tticarbitill n ofencrgy r.. All other urbilatr 
are viewed as lhc reservoir. The total energy of this one-orbital system is N.c.. \$her< 
N. ir the number ofparlicier in llic a rb i~a l .T l~ i s  device of using one orbital as thc 
system works brcaurc the l~articler are supposed to interacl only weakly with each 
olhci. I f u e  think of ille icio!ioo ryslcrn arrociatcd wit!, the orbital n, there arc tno 
possibilities: ci!lacr 11ac system lhits 0 p:crticlcs :d ct~ccgy 0, or tltc system lh;~s I VJ:~LL;: 
and encigy c.. Tl,ur, lhc Gilibs rum cansi,lr olonly tvo  tcimr: 

o f f  al\i8ays lies bel\rceti zero and  one.  Ti le  Ferlni-Dirnc distribution function 
is plotted in 1:i:oie 6.3. 

In the  field o f  solid s tate  physics the  chemical porenti;ll ,c is oi ien cdllcd !he 
Fcrmi level. Tlie citen~ical potcnlial tisuully depends on tlic tctnpcraiuic. D: 
v d u e  o f j i  :it zcro tcii~pei.\tuie is o!wn a.r i t tc i~ as cr; rlixt is, 

147 = 0) E {!(a) = CF. 15; 

\3"e call EF tlie Fcr~t i i  energy, not  t o  be  confused' i r i t l ~  t i i t  R r o i  lcrel xh ich  

~ 

' it1 llic irmicotidui!or lilcralurc the syo~liai r ,  is ohto  i l lc l l  for ;( rt any ii$>iiwr i la>rr. 1:;d z, is 
llicn r~llcd ihc reririi I C \ ~ I .  
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I58 Chnprrr 6: Ideal Gar Lfure-Einrrcin Dirrribucion Function 

Figute 6.5 Encigy-level scheme for non- 
intciacring boronr. Ncre r is the cncr~y  of 
r n  oibital when occupicii by onc prriic~c; 
Nr i s  ihc cner&y uf the same orbital aheik 
occupicd by N particles. Any nurnbcr of boron5 
can occupy the same orbital. The lowerr level 
ofihir oibilal canliibuics a term I to tltc N = 2 

T 
4r 

grand sum; The ticrt higltest level contributes 
crpl-clrl; and tlic subrcqucnt contribulionr 

arei 'cxp(-2ci i ) ; i 'crpi-~/r) : i 'exp(-~t /r) ;  
and soon. The Gibbs r u m  is = I + 
ie*p(-c/rI + ~ ? c x P ( - ~ c / $  + . . .. 

a s  part olllic reservoir. Any arbitrary nutnbcr ofpxrticlcs may bc in ihc orbital. 
T h e  Gibbs sum taken for the orbival is 

The  upper limit o n  N should be  the total number ofparticles in the combined 
system and  reservoir. Howevcr, 11i.e rei~rvoir  may be arbitnrily large, so that 
N may run  from zero t o  infinity. The  series (7) may be sutnmed in closed form. 
Let x - Lexp(- €11); then 

provided that i.cxp(-i:/r) < 1. in  all applications, i.erp(-cii) will sittirfy tijis 
ii~cqualiiy:otherwise the nu~~ ibe ro lha soa r  inihesystem\sould not be boutidrd. 

The thermal average of the number ofpardcles in the orbilai is found froin 
the Gibbs sun, by use of(5.62): 

Figure 6.6 Cornpariron of Bose-Einstein and Fcrmi.Dirnc 
dir~riburion lunctionr. Tllc clsraiul rcgirnc is auuincd for 
(C - p) >> 1, wi>tie !he two distribuiionr becoe~e nearly idei>lical 
\\'c shall see in Ct>upter 7 that in lliedrktnerate rcgirne a% low 
telnpcrhture the chcmical potential p for a FD distribulion is 
positive, and clrangcr lo ricgative at high tcmpiaruic. 

i This defines the Bozc-Einstein distribution function. It difiers mnllicm:~ticaily 

I 
lroin tllc lYcrnli-Diiac dirtribulion function olily by having - 1 iortcad or + I  
in the denominator. Thcchnngccanl~ave  vcry si~oificsntpbysicalconsequenccs, 
a s  ive shall see in Chapter 7. The  t s ~ o  distribuliorr functions are comp.~rtd in 

i Figure 6.6. The ideal gas represents the limit c - g ,> r in which the livo distii- 

i 
bution functionsare approximately equal, as discussed belatv.Thechoicsof tk.s 
zero of ihe energy 6 is always oibitrnry. The particular choice made in any 

1 p roblcn~ a,i!l o k c t  the v:lIoc a f t h e  clrcoiic:ll putcnti:il j r ,  but the rsli:i: of I I I C  
I diiTcicocc E - j; lias 10 bc indspcrident of tire of the zcio of&. This jioirlt 

i is discussrd iurilier in (20) below. 
A gas is in ilie cllssical rcgirne when the average number o l  atoiils in eJcl1 

orbital is much less than one. The  average orbifal occupancy for a gas at rooin 
! teo>peralure and atmospheric pressure is or tlie order o f o t ~ l y  safely in the 

classical regime. Difierenccs belrveen fcrniions (haif-iniegral spin) and bojotis 



.- - 
Clhrricxl Frnnion A1ra)r n1oc11 lcsr ih;m one. 

Doson Aiva)s n ~ c h  lcrr lhan one. 

Quantum Fermiolr Clorc to but less than one. 
Boron Orbital ol loivrrt energy lizr 

an occupancy much grcatcr than anc. 

arirc only lor occupuncicr o l  tlic order a l o n e  or mare. so that in the cl;~sric;tl 
rcgir.: their cquilibri~tni properties are identical. The  quantum rcgime is ihe 
opposite of the classical regime. These chsractcristic leaturcs are sumo>nrircd 
in Table 6.1. 

CLASSICAL LIMIT 

An ideal gas is defined as a syrtcm ollrec nonintersrting pzrtirlrs in tlte clarsic;ll 
regime. "Free" means coitlinsd in a box ivitli no restrictions o r  external forces 
acting within thc box. We develop the propertics of an  idcal gas with tlic use  

o l  the poweriul method of tltcGibbs sum. In Chapter 3 we treated the ideal gas 
by uic of the partition f<~iiciion, but the identical particle problem cncounlered 
there was resolved by a method whose validhy was not perlccily clcar. 

Thc Fermi-Dirnc and Bosc-Einstein distribution lunctions in the classical 
limit lead to the identical result lor the average number ofs to tns  in an  orbital. 
Write /Is) lor tlie average occupancy of an orbital a t  energy E. Mere E is the 
enere). o l an  orbital occupied by one particle; it is no t  the energy o i a  system of 
N p~rt i i lcs.  The Fcroii-Diritc (I'D) and Bosc-Einstcin (BE) distribution luric- 
lions arc 

where the plus sign is lor the FD distribution and  thc minus sign lor thc RE 
distribution. In ordcr that I(c) be mucli smollcr th;m unity lor all orbitals. wc 
must have in this classical rcgime 

lor all t .  Wlicn tltis inequality is satisfied ive may neglect the tcrrn + _ I  in tile 
dcnoiiiinntoi o f ( I  I). Th tn  for eithcr fcrmionr or borons. lhc nvcmgc occupnncy 
ul; in u!hil:!l olclieryy c is 

with i - cxp(jr/r).  The limiting result (13) is callcd tlic rlassiml dislribulion 
function. It is the limit of  thc Fcimi-Dirac and Bose-Einstein distribution 
lunctions whcn the s v e r a g  occupancy f ( ~ )  is very mmall in coniparison with 
unity. Equation (I?), altllougl> callcd classical, is still a rcsitlt lor p3rticlci 
described by quantum? niechanics: wc sh;tll find that thc cxprcssion for ;. or [ I  

al\\.;iys iilvolvcs llic quantum conslntil li.'Aoy thcory uh i c l~  conlnins ii cnniioi 
bc a clnssical theory. 

Wc use the ck~ssicnl distribution lunction J(c) = i cxp(- r / i )  t o  study the 
thcrinal propcrtics o l  the ideal gas. Tlicre arL. n,any topics or  ioipoilancc: the 
entropy, chcrnical potential, heat capacity, the prersurc-volumc-lcoiperature 
rekition, and the distribution of atomic velocities. To  obtain rcsults froin the 
classical distribution function, w e  need firs t o  find the clirmical patential in 
terms o r  the concentration alatoms.  

Clicmical Potential 

The  chemical pol~nl ia l  is found front the condition that the thermal average 
o l  tlie toliil number olatoms equals the number olatomsknown to he  preseot. 
This uunibcr must be the suru over all orbirals ofthe distribution function J(c,l: 

\r,lierc s is thc index o l a n  orbital olcncrgy 6,. Wc start witli a nion:ilornic gas 
o l  N identical atoms of zero spin, and later we include spin and molccuisr 
modes 01 motion. The total number o f  atoms is the sum of tlie avcragc numbcr 
of atoms in each orbital. \\'e use (13) in (14) to obtai~l  

T o  evaluate this sum, observe that the summntion over free pxrticle orbirals 
is jttst the partition runition Z, lor a single lrce atom in volume V ,  whence 
N = LZ,. 

. . 
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We can calculate the  derivaiive directly from the entropy (34) o l  an  idcal gar 
\?lien (lie expression lor 11, is written our: 

From this, for a n  ideal gas 

o r  C, = $h'k, in convenlional units. 
The  heat capacity a t  constant pressure is larger than C ,  because additional 

licat milst be  added t o  perform the work needed t o  expand the  volume of lhe  
gas against the consrant prcssure p, as discussed in detail in Chapter 8. We use 
t11e thermodynamic identity rdo = d U  + pdV l o  obtain 

The  cncrgy o l  a n  idc:~l g ~ s  dcpcods only on  thc tctilpcmturc, s o  tI1;tt ( S U / 2 r ) ,  
w1!1 havet l~esnmevaluc  as(dU:2<),, which isjust C, by theargumctlt oI(3.17b). 
Dy lhc idcal 53s 1aiv V = NrIp, SO that t he  term p(JV/ar), = N. Tllos (37) 
becamcs 

in iuridarnental units, 01 

c, = c,. i- itVkg (39b) 

in conventional units. i'i'c notice z ~ ~ i n  the  diKertnt dirncnsions that lical 
capsciiics l iaic in thc ttvo systeriis olunits .  Fo r  one mole, Nk, is usually written 

in fundamental umts, or 

C, = $ ~ j i ~  (38d) 

in convenliona! units.The ratio C,/Cv is rvritten a s  y, the Greek  lettcr gamma. 

Eruslplr: Exprrimrnrol icsfr ofrhr Sa3ur-Terra& tquorion. Expciirnentat vatucr of the 
cntiopy are oben lound lrom crperin,ental valuer of CI by numcricill intcgntion of (37) 
to g i v ~  8t conitant preigure 

itere oiO) denolrr lilt cnlropy at tllc lou.crt lecnpccature atmined in ills measurernciiis 
of C,.Ihe third lasr of rhermodyttarnicr suggests that ~ ( 0 )  tn ry  h 5-1 c q u l  to l r io  unless 
lhcrc arc rnuhiplrilier nor removed a: the lowest lemlrrature attained. 

We cm calculrlc ihc enlropy o l a  monalomic ideal gar by urc of the SacLur.Tciro\le 
equ;itian (34). Thc value thus calculated a1 a rclccicd tempcrawre and prcrrurc niuy be 
sarnpzicd uiih 1hc nperi~nrnlal value uf the cnrropg a l  11,c gor. 'lrtic e\perinieoul \slue 
is found hg sunlrninq the lolluning conlributions: 

1. Entropy irtcreaie on healing solid [ram abralutc zero to the mclring poini. 

2. E~ilropy icrcrcare in the satid.to-liquid !ran%loim;llion (discurred in Cllapwr 101. 
3. Eiitropy intcrcasc on hcniltg liquid rro,a tarilling pniivr lo rllc h~,ilic!g poitit. 

4. Enlrupy inciczre i n  the liquid-to-gar traerform~tioa. 
5. Entropy changc on healing Far fiom [he bailing paint to lheselcctcd tanperalurc and 

I"C'*U'" 

Tlcre i i i ~ y  hiithcr k r rliehl coircciion to (34) lor cltc nuitidc;\lity of!hc gar. Cooipxironr 
ulckpcriaienlrl aodthc~retical ralutr hrvc now been cairitd out lor iiiaiiy garcs. and rcry 
srlirlictoiy agrccmmt i, round bchwccit il!r iwo %cis ufraliisr: 

\Vr give derailr of ihc conip~riron lor ncon. a8i.r the nicllruicmctrir of Cluriur. Tlie 
cnrropy is giren in tcirni oflhc conventional cntiopy S = k,o. 

I .  Tlie heal wpacily of tlic solid war rncsrured from 12.3 K to Ibc mclring paint Y 5 5  ii 
under one almorphrre of pressure. The hcat capacicy of the rolbl bcloiv 12.3K \\as 
cliioisied by e Debye t a r  iCilttpiei 4) csti>poi~rion to sbrolutc zero of (hi. mcr>urc- 
rncnu%bo\e I: 3K.?hccnlrop).ufrhebuitd ar ~ h e m e l r i ~ i g ~ ~ u i ~ : ~  irlound Li! nuii.,i.:ical 
in~cgrziion of iilTiC,jT) 10 be 

! as K, called the 3 s  constant. 
The results (iXa,b) are written lor an  ideal gas without spin or other internal 5 ,,,,, = l i . ? Y J m o i ~ ' K ~ ' .  

dcgiees or freedom o i a  molecule. For an  ntom C, = f N ,  so that 
' A claisic study ii "The h e l l  rag~ciiy of oxypcn from I 2  K to i ~ r  hjlling paint rod ili hcrt oi 
tspti,ibon.Tl,ccntrop) [ r~m r j i d i ~ i c o p i c d ; ~ i ~ . "  \\I. F. G i ~ u q i i c  and 11. I.. Juliil~Ian.Jouiil~1 of 

; rhc A~ui.iicin CticniicllSocitl? 51. ?IOU (1929). 



Gas T i  K E\piiiiirnial Calculated 

ruixcr: Front Luticful& i3Lg,.\irb, irblur. 6th ed.. \'oi. ?. 
Pail  4, pp. 191399.  

-2. Ttielic:tl input rrcluircd to mclt !lie solid 21 21.55 K is obicncd to be 135 1 n,ol-'. Thc 
ar,oci;kled cntropy of nieiting is 

335J mol" AS . =-.-- 
miiinl - 13.64Jniol-' K- ' .  24.55 K 

3 Thc hcat capacity or the liquid war me~iured from tiic inchina point in ihc boiling 
pointol21.2 K under onealinosphere olprerruieTlieentrop, incrcareiws lousdio be 

4. The heal input iequirrd to rnpoiizc the liquid at 27.2K war observed to be 1761 J 
The associaled entropy of uaporiralion a 

The expsiirncnrzl value oithc entropy olncan gar a1 27.2 K at a prciiure of one etrno- 
sphere adds up to 

Sw SsStia + AS,.,,i., + ASeiquid + ASnpoSiYlian = 9 6 . 4 0 l m o l ~ ' K ~ ' .  

Thc alcutaled value olthc cnliopy of "ran uoder the same condicionr i i  

S,,, = 96.45 J rnol-'K-' . 
from the Sackur,Tetrode equation. The errcellenl asieerncnt with the cxpiimencal value 
gives us confidence in the basis of the cntirc lheaieiical appawtur th=t icd to tlle SJckur- 
Tctrallc cqu;tlion. T l~c  rcsult (14) could li;lnlty tt:lvc Iwa* guorcd; lo litid il vcrilicd by 
ohwrvation ir a zc.1 ~xp=ricnce. RESUILI for arson and krypton arc givcn in Table 6.2. 

.. vzz7T~ --.,.. 
~ . . - .. . .. ...-...,., 

Clrrrntcal Potential of ldenl Gas vith 
Internal Degrees of Freedom 

We consider now an ideal gas oridcntical polyatoinic muleculrs. E:icli molcculc 
tias rotational and vibrational d e ~ r e e s  a1 lreedom in addition to the tiansin- 
lional dcgrcrs of freedom. The total encrgy E or  the rnoleculc is the sum of two 
independent parts, 

whcre E,., rereis 10 the rotaiion:~l and vibrational d c ~ r c e s  of irecdom and c, 
lo the translational motion orthe ccnler olm;lsr o i thc  n~oleculc.Thevibrationdl 
encrgy problem is the harmonic oscillator problem trcatcd earlier. The rota- 
tional energy was the subject o i  Problem'3.6. 

111 tlic clnssiwl rcgitnc ihc Gibbs sum lor tltcurbiktl n is 

whcre terms in higher powers or;. are omitted because thc averagc occupancy 
of the  orbital n is assumed t o  be <<l.Thal is, wc neglcct the terms in which 

correspond to occupancies greater than unity. In the presence olintcrnal energy 
states the Gibbs sum associated u,ith the orbital n becomes 

Thc summation is just the partition function o f t h e  internal states: 

which is related to the internal free energy of the one molccule by F,., = 

- r  log Z,.,. From (43) the Gibbs sum is 



The probability that the translational orbital n is occupied, irrespective of 
the state 06 inrcrnai motion of the molecule, is given by the ratio of the tcim 
in A to the Gibhs sum 3:  

LZ.  exp(-aJr) f[cJ = L.-~- = 2Zjn,exp(-~./r). 
I + iZh,  exp(- c.11) (46) 

The classical rcgimc was defined earlier as f(r.) << I. The result (46) is entirely 
analogous to (13) lor the monatomic case, but j.Zin, now plays the role of I.. 

Several or the rcsultr derived lor the monatomic ideal gas are dikrent  lor 
the polyatomic ideal gas: 

(a) Equation (I?) lor 1 is replaced by 

;. = n/(llOz:",) i (47) 

-- 
with n, dciincdenaclly as beforc.(Weshailaiwaysusc a@as defined (or the 
n~onatomic idaal gas oiatoms with zero spin.) Because j. - chp(p/r) we 
have 

p = i[log(i/rtQ) - log Z,,,]. 1 (48) L '  
(b) The free energy is increased by, lor N molecules, 

F,,, = -91 log ,,,. i (49) 
L A 

(c)  The cntropy is increased hy 

I 1 
; o<*< = -(?F,",J?t)*. I (50) 

- 

The loilner iesuli U = i N r  applies to tltc transljtionai energy 81011~. 

Ermrtple: Syin mrroyy in :ego ~ ~ ~ ~ ~ ~ i i r / i r . i d ,  Consider an atom of spin I, irhcie I inilY 
represent both eienruoic 2nd nudcar ~ ~ i ~ , i .  TIN i n t r r n d  paigiiioll function arrociaied 

Niih the spin alone i s  

z;,, = (21 + 1) . ( 5 1 )  

this being the number ~[independent spin slalcr.The spin contribution to tlie iieecncrgy ir 

F;,,, = -zlop(21 + I) , (52)  

and therpin entropy is 

a>,, = log(Z1 C 1) . (53) 

by ISO).'il~eellectalthc spinentropy on thcchcmical poien~ialiifound uiih the hclpo1148): 

Rercrsible Isothcrrnal Expansion 

Consider as a model example 1 x LO2' atoms ol ' t ic at an  initial volume of 
10'cm3 at 300K. Let the gas expand slo\\ly at cunstant temperature t~nlil the 
volunie is 2 x IOJcm'. The temperature is msioiaincd cotlsialit by Ihcrn1:ll 
cont3ct with a large reservoir. In a ic\.snible expansion the syslern at any 
i~istatit is in its most probable coatiguration. 

Ilrltui is rlie prersure uJer e.r;po,rsion ? 
The final volume is twice the initial volume; the final temperature is equal 

to tile initial temperature. From p V  = Sr we see that the final pressure is 
one-hallthe initial pressure. 

I 
i iir18nl is ilte ir~crease ofer~lropy on e.rpipuusiort? 
1 'The entropy of an ideal gas a t  constant temperature depends on volume as 
I 
i o(V) = Nlug V 4 constant . (55) ! i i\ hence 

i 
I Notice tllat the cntropy is Larger at tbe larger volulns, because ihe system has 
i nlore accessible staies in the larger volume than iit thc mmallcr volume at the 

same leiuperalure. 



Chnplrr 6: idcol Car 

Fiouic 6.7 Work is done by thc glr in a e  irotlicrm~l 
crpanriun. Hcic tlxc gas do25 u.ork by raihing the iveightr. 
Under irothcimal conditions pl' is conslaiit for an idcnl gs, 
So that the plcrrure muit bc icduccd to allow thc rolunie to 
expand. Tlie prcsrure is rcduccd by rciauving tbi: load or 
ueiahti a little at  a tiine. 

Horv elllch n.ork is done by rite yos iri !lie E Y ~ O I I J ~ O ~ ! ?  

When the gas expands izothcimally, it does work against a piston, as in 
Fizure 6.7. The work done on the piston when the volume is doubled is 

\\'e evaluate N r  directly as 4.14 x 10Serg = 41.4J.Thos the work done on the 
piston is, from (57), 

The assumption that the process is reversible enters in (57) when we assume 
that a knowledgeof Val every stagcdctcrminespat every stageoftheexpansion. 

We define W a s  the work donc a,, the gas by external agencies. This is the 
negative of the work donc by the gas on the piston. From (58). 

1Vl~~n i x  l i~e  cizonge 01 energ1 i r j  tile e . ~ p o t ~ s i o ~ , ?  

The energy of an ideal monatoniic gas is U = ~ N z  and does not change in 
an expansion at constant temperature. llowevcr, tlte tlclmlioltz free encrgy 
dccreascs by h'r tog2. *l.iiici$ is the work donc. The connection is discussed in 
Clinptcr 8. 

f low rhillrli lica~pos.cd irlio the gas Jroilt rite rcserioir? 
\\'c hxvc seen tliat the cncrey of tlic idehl gas rernaincd conrtant \\.lien the 

gas did work on the piston, By conservation 01 energy it is ncccssaiy that a 
flow ofenergy in the form ofheat into the gas occur from thc rcscrvoii throu~l l  
the \\,nllr of the container. Thc quantity Q of heal addcd to tlte gas must be 
equal, but be apposite in sign, to the work donc by the piston, because 
Q i- N' = 0. Thus 

from the result (59). 

Rc>ersiblc Expansion at Constant Entropy 

We conbidered above an exp~nsion at constant temperature. Suppose instead 
that the gas expands reversibly from 1 x 10'cml to 2 x 103cm' in an in- 
sulated container. No heat flow to or from the gas is permitted, so that (! = 0. 
The entropy is constant in a system isolated from the reservoir if the expansion 
piuec~s is carriedout icvilcsibty (slowly). A pioccss without a chnngc olcntropy 
is called an isentropic process or an adiabstic process. The term "adiabatic" 
has the specific meaning that there is no heat transfer in the process. For 
simplicity, we shall stick with "isentropic." 

IVlial i s  lllc to~aperalure of (lie gos a j e r  E . Y ~ ~ ~ S ; D , I ?  

The entropy of an ideal monatomic gas depends on the volume and the 
temperalure as 

a(r,V) = N(logr"' + logV c constant) . (61) 

so that the entropy remains constant if  

logrW2V = constant; r"'V = constant. (62) 

In  an expansion at constant entropy from V, to V, we have 

1 , for an ideal monatomic gas. 
. . 
. . 



Chop,~'. 6:  Ihul  Gar 

We use the ideal gas law pV = N r  to obtain two alternate forms. We insert 
V = N r i p  into (63) and cancel N on  both sides to  obtain 

Similarly, use insert .I = pV/N in (63) to  obtain 

Both (64) and (65) hold only lor a monatomic gas. 
It is the subject o l  Problcrn I0 to gcoeralire tlicse rcsults for an ideal gas of 

rnoluculcs wit11 internal dcgrces o l  motion (rotations, vibrations). W c  obt:li~> 
lor an ircntrapic proccss 

Here 7 r C,/C, is the ratio or the hear capacities at constant pressure and 
constant \,olume. 

With T, - 300K and I',/V2 = we find from (63): 

TItis is the final temperature aner the expansion at  constant entropy. The gas 
is cooled in the expansion process by 

Expansion at constant entropy is an import:in: n>ctl~oii o i  rciiigcration. 

IVJ?LI! is 11te clz'tttge it! euergy i j ~  11,e e.vpu,t~iotc? 
The energy cliatiye is calcuiatcd lrom !lie temperature change (70). For 3n 

iiical monatomic gas 

or, in conventional units, 

The energy decreases in an expansion at constant entropy. The work done by 
the gas is equal lo the decrease in energy ofthe gas, which is U, - U, = 23 J. 

Sudden Expansion into a Vacuum 

Let the &as expand suddenly into a vacuum irom an initial volu$nc o l  1 liter to 
:I lici:~l V O I I I I I I C  012 litcrs. This /I :in1 cxc~llc:it C X ~ I ~ I ~ P I C  of311 ici~\.ctsiblil ~ ~ O C C S S ,  

Whcn :i holc is opcncd in tlic p:irlition to pcrmit ihc expansion. the first :%toms 
rubb lhrough thc bole and strikc tlic opposiic ws!l. If  no hcnt flow tllrottglr thc 
w:1I1s is pcrnmincd. tlierc is no  wny for tile atoms to lose their kinetic cncrgy. 
1 . 1 1 ~  subrqucnl Rov: m:iy bc Iurbulctit (irrcrcr~ible). with diKcrct!t p:trts alt l lc 
gas at JilTerent values ol thc  cncrgy density. Irre~ersible energy flow between 
regions will eventually equalize conditions throughout the gas. We assume the 
whole process occurs rapidly enough so tl~at no heat Rows in through the rvalls. 

I lo~t ,  rrmch work is dogie in the e.~pnt,sion? 
No means oldoing rxiernal work is provided, so that the work done is zero. 

Zero work is not necessarily a characteristic o l  all irreversible processes, but 
thc work is zero lor cxpxnsian into a vacuum. 

IViiul is ihe ten,permol-e ojcr  e-rpmrriorr? 
No work is done and no heat is added in the expansion: i4 = 0, Q = 0, and 

U ,  - U ,  = 0. Because the energy is iinchangxl, the temperature of the ideal 
gas is unchanged. The energy o i a  real gas may change iin the process because 
[lie atoms are moved fartlier apart. which a k c t s  their i~itei;~ction energy. 

IVBar i5 the i-hiilige o/eiilropy 01 tlie e.xpnlrrion? 
The iocrcaseo~cntropy \vl:cn tlie volume is doubled at constant temperature 

is gi\,en by (56):  

For the cxp~nsion into a vacrlum Q ;- 0. 
Ehpat~sion into a r;icuum is tiat a rcversibic process: tliu system is no: in the 

inost probablr(cquilibiium) con6gomtioil at eicry staEe of the cry~iisioii. Oi11y 



Table 6.3 Summary of idcnl r n o n n i o r n i c ~ a s ~ ~ ~ ~ n r i o n  expciirnenir 
- 

u,  - u,  - 6, 11' a 
Reveiriblc I V, I< t'~ irotl,cim~l 0 Ntog- -Nr log - rPrlog -- 
cxpanrion r', I; v, 
R i b l  irenlrapic [ (3m1 

--+A%, 1 - - 0 - ( 0 
crp~nriaii 

Irreversible I v, 0 0 expansion inlo N log - 
vacuum v, - 

the initial configuration bclore removal of the partition and the final con- 
figuraiion after equilibration are most probable configurations. AI inlcrmediatc 
rvagcr the distribution in concentration and kinelic erlcrgy olatomr betwccn 
1he two rcgions into which tlic rystcm is riividcd docs not correspond to  a n  
equilibrium distribution. Tile central rcsults o l  ihese calculations are sum- 
marized in Table 6.3. 

SUMMARY: STEPS LEADING TO THE IDEAL 
GAS LAW FOR SPINLESS MONATOMIC GAS @) f ( ~ )  = I.exp(-E/T) Occupancy o l an  orbital in the 

classical limit or/(;) << 1. 

N 
(b) 2 = Given N, this equation determines 1  ex?(-^./^) A in the classical limit. 

" '("")' (c) E. = - - Energy o l a  lree particle orbital or 
2M V't' quantum number n ill a cubc or 

volumc V. 

(8) 1, = 7 log(~t:lt~) 

(13) F = J~I .S ,~( ,Y,~ ,V)  = N~[log(rr!tn~) - 11 
(i) p = -(?F)?V)z,s = N c / V  

PROBLEhIS 

1. Del-ivarire ofFcr~~~zi-Di~~a~f,~r~~~ion. Show that -?J/Cc ev;llit;ltcd at riic 
Fermi levcl c = p has ttte valuc (41)-'. Thus the lower tltc lemperaturc, the 
steepcr the slope o l  the Fermi-Dirac lunciiotl. 

2. S~ntmerrf  ofjil(edatrd vacant or.biluls. Let E = !I + 6, so tlial /(c) ap- 
pears nsJ(j' + d). Show that 

f(p + 6 )  = 1 -!J()~ - 2). ( 7 4  

Thus the probability that an  orbital d above the Fermilcvel is occupied isequal 
to tile probability an orbital 6 bclaw tile Ferrni level is vacant. A vacant orbivsl is 
sanietinies kn0u.n as a hole. 

3. Disrt~ihrrfionfunction for double oerrrpancy ~tnrlrtics. Let us imagine a ne\v 
n~ech:tnics in which the allowed occupancies of an  orbital are 0. 1, and 2 .  The 
values of the energy associated with these occupancies arc assumed lo be 0. c, 
and 26, respectively. 

(a) Derive an e~prcssion lor the ensemble average occupancy (N), when llle 
system composed o f  this orbital is in thermal and diiiusive contact with a 

I reservoir a t  temperature 7 and chemical potential 11. 
(b) Return no\$, to the usual quantum mechanics, and derive an expression 

for :lie ensemble average occupancy o f  an energy level \\.liicl~ is doubly dc- 
generate; that is, two orbitals have the identical energy E. IT both orbilals are 
occupied the total energy is ZE. 

4. Energy ofgar of esrrenre relntirirric particles. Extreme relativistic parti- 
cles have momenta p such that pc >> Mc', where M is the rest mass of the 
particle. The  dc Brogtie relation i. = h/p lor the quantum wavelength conlinues 
lo apply. Show 111at tlre mcan cncrgy per particle o l a n  extreme re1;~livirlic ideal 
g:ts is 3 r  ilt: 2 pc, in contrast to j r  lor thc nor>rclativistic problem.(An ioturcsting 

I 
(d) ~ c r p ( - ~ . / ~ )  = i n  Jd t~~ , ' ex~ ( -E / i )  Trans~orm~t io l l  ofthc slim to an I v;~iioty o f  rcl;tti~istic problems ;Ire discussed by E. Fer~ni  in A'otes or1 Tlicrt~~o- 

integral. ~I,rr i~r~~~b-s (111~1 Srl~tistics, Univ~rsity olCbicago Prcss, 1966, p;ipcrb:bck.) 

(e) .I = N/na V Result of the integration (dl aftcr I 5. lrrtegrarion of fhc tl~rrrnodynarrric identit)~for an  irlmlgas. From Ilic thcr- 

subsitution in (b). modynamic identity at constant number o f  particles we have 

(f) na = (Mr/2nh')''2 Definition olthe quantum i 
I 

P ~ V  
concentration. do = -- + - = - - dr  + - - d V  + -. (75) " 7 *" ) : (;:), 7 

. . , ,  . ' 

j ~: 
i 

I 



Choplrr 6: Ideal Gar 

Show by inte~ration that lor an ideal gas the entropy is 

o =  C,logi t N l o g V +  51, (761 

where o, is a constant, independent o f r  and V. 

6. Enrrop~. of !r~i.rins. Suppose that a system o l  iV atoms of type A is placed 
in difu5ir.e contact with a system of N atonlr of type B at the same temperature 
and volume. Show that aiter difusive equilibrium is reached the total entropy 
is increased by 2N log2. The entropy increase 2Nlog2 is known as the entropy 
of mixing. I f  the atoms are identical (A r B), show that there is no increase in 
enliopy t h e n  diRusive contact is established. The difeience in the results has 
been called the Gibbs parailox. 

7 .  Relution of pvcssu~~e und cnersy r/or~iry. (a) Show that thc average pprcs- 
sure in a s)stem in thermal colitact with a beat reservoir is given by 

ohere the sum is over ali states of  the system (b) Show for a gas o i  free particles 
that 

(e2) 2 5  
iv,. 3 Y '  

as a result of the boundary conditionsol the problem. The result holds equally 
wl~cther E, relrrs to a state o iN  noiiinteracting particles or to an orbital. (c) Show 
Illat lor 3 gas of free nonrelativistic particles 

where 11 is the tliernlal average encigy of the system. This result is not limbed 
to the classical regime; it holds equally [or fermion and boson particles, as 
long as they are nonrclativiztic. 

8. Tir,re for a loigefl~rooorion. \\'c quoted Bollrmann to the elicct that ta.0 
gabcs in a0.1 litercontainerwill onmix only inatimeenoimoudy longcon~pnrcd 
io i"""'"l !cars. We shall investigate a related problem: \\.e let a 81s o[alorns 01 
"Hc occupy a container ofvoluii,e oi0.1 liter at 300 K and a pressure of l atm. 
and we ask how long it \$,ill hc before the atoms assume a configuration in 
vliich ail are in one-half of the container. 

(nl Estimate the numbcr oi states accessible to the s)stem in this iiiitirl 
condition. 

(b) The gas is compressed isothermally to a volume 010.05 liter. How many 
states are accessible now? 

(c) For the system in thc 0.1 liter container, estiniale tlie value of the ratio 

number ofstates for which all atoms are in one-lialfafttic volume - -. 
number ofstates lor which the atoms are anywhere in the volumc' 

Id) If the collision rate o i a n  atom is s IO'"S-~, what is the total numbcr of  
collisions of all atoms in the system in a )-car? We use this as a crude estimate 
of the irequcncy with which the state ufthe system changes. 

(c) Estimate the nurnber of years you would expect to wait before all atoms 
arc in onc-half u[ tlic \,oluttic. st:irting lrom tlic equilibrium configitration. 

9. Cur o f  rrtot,is wirb i,~tn?~rrlde,srre offilj.~lj.~du~t. Consider an ideal mon- 
atomic gus, but one Tor ~i,liicli the atom has tivo internal energy stales, one an 
cncrgy h : i ho~e  tllc othcr. Tllcrc :,re N :Itoms i j r  voliltnc V ;lt t cs i ,~xr :~l t~~ '  7. 

I..iud tlw (;,I clic$nic;kl 1p~~tc~hti:tl; (1,) l'rcc c n c r ~ y :  (c) c#tt$u(>y: Id) p t c ~ ~ t ~ ~ c :  
(c) I I C . ~ ~  c:~p:icily i l l  C O I L S L ~ L L I ~  p i c ~ u r c .  

10. lrcntropic rrlatio,tr of illrolg~r. (a) Show that tlrc dircrcntial clinngcr for 
an ideal gas in an isentropic process satisly 

t i  V dV ;, ilr " ~ + ~ - = 0 ;  5 + ( ? _  f ) - = O ;  tP+--= 
P v i v p l - ? r  0. (SO) 

wlieie y = C,/Cv: these relations apply even if the moleculei have inturiial 
degreesol frcedom.(b)The isentropic and isothermal bulk rnoduli aredefined as 

Show that for an ideal gas B, = ;.p; 8, = p. The velocity ofsoutid in 3 gas is 
given by c = (B,/p)"'; ihcre is very little heat transfcr in a sound wave. For an 
ideal gar or molecuies of rnass hl we have p = pr/,V, so that c = i;,rj.il)"'. 
ticre p is tlie mass density. 

11. Con\,rctire irenrropie eqiiilibi.iur,r of rhe oonnrphcre. The loucr 10-15 k m  
o i  the stmosphcre-the troposphere-is oiten in 3 convrctive stc:~dy iiatc 
at const;rt~t cntropy, not constant tciiiper:~rurc. In such cquilibriuni p i "  is 
indcpcndcnt of altitude, ahere i. = C,;C,-. Use the condition ol mechanical 
equilibrium in a uniform gral itational ricldto:(a) SLiow that dT/d: = conanat, 
u,here : is tllc altitude. This quantity, iinportaiit in ntetcorology, is csiicd the 
dry ;idi;tbatic lapse rate. (Do not use the barometric pressure relation th31 was 
derived in Cliapter 5 for an isotliertnal atmospheir.) (b) Estirnntc d 7 / d : ,  in 
'C per km. Take 7 = 715. (c) Show that p r py, \vlterc p is the mass dcnsity. 



If tile acttial tempemlure gradient is greater that1 the isentropic gradient, the 
atniospllere may be unstable with respect to cotivection. 

12. Ideolgor in t l l .0  dir,>enrio,,r. ( a )  Find the chemical potential of an irical 
monatomic gas in two din~cosions, ivith N atoms confined to a squaic of  area 
A = L'. Thc spin is zero. (b) Find an  expression for the energy U of the gas. 
(c) Find an  crprcsrion for tile cntropy o. Tlic tcnipcruturc is r .  

13. Gibbrsu,n/o~~idcolgor. (a) With the help of Z ,  = (r>Ql')'irY! frorn 
Chapter 3. show [ha[ the Gibbs sum for an ideal gas of identical atoms 
is 8 = C%{IV!~,V). (b) Show tl,at tlic prob;~bility thcic arc S atoms iil tlic gas 
in volutne V ill diITurivc conv~c t  with a reservoir is 

which is just the Poisson distribution function (Appendix C). Herc (S) is the 
lltcrmsl average number of atoins in the volumc, ~rl i i rb we lia\.c oa lua tcd  
previously as (N)  = IVlra. (c) Confirm tliat P(N) above satisfies 

P(N)  = 1 and 1 NP(N)  ;. (,v) 
h 

14. Idcnlgor ~alculario,tr. Conridcr one mole of an  idcd nionatomic gas at 
300K and I atm. First, let the gas expand isothermally and reversibly to twice 
the initial volume; second, let rliis be followed by an isentropic expansion from 
twice t o  four rimer rllc initial volume. (a) How much hear (in joules) is addcd to 
the gas in each of these two processes? (b) What is the temperature a t  theend of 
the second process? Suppose the first process is replaced by an irreversible 
expansion into a vacuum, t o  a total vo lu~ne  twice the initial volume. (c) What 
is the increase of entropy in the irreversible expansion, in joules per kelvin? 

15. Dicselcn~Lre e o n ~ p r e s ~ i o ~ ~ ,  A diesel er~girte is an iniernal conlbusiion 
engine in which fucl is sprayed into the cylinders aner the air charge has been 
so highly compressed that it has attained a trmperaturc sufficient lo ignite the 
fuel. Assume that the air  in the cylinders is compressed isentropically from an 
initial terilperature of27'C (300 K). I l t h e  compression ratio is 15, what is the 
maximum tcmperaturc in 'C to which the air is licnted by the conipicssion? 
Take y = 1.4. 
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It is a fundamcnt31 result ofquantum theory that ail particles, including atoms 
and iiiolecules. are either iermions or bosons. They behave alike in the classical 
regime in wliich the: concentration is small in comparison with the quantum 
concentration, 

\Vheneuer 8: t IIQ the gas is said to be in the quantum reginie and is celled a 
quantum gas. The dillcrcnce in physical properties between a quantum gas of 
lcrmionr and oncofbosons isdramatisand both arc urtlikcagas in the classical 
rcginic. A Fcrmi g:ts or liquid 113s a high kinctic cncrgy. low ircut capocity, low 
tiiagnelic susceptibility. low interparticle collision rate. and exerts a high 
pressure on tlic container, even at absolute zcro. A Basc gas or liquid Ills a 
llisl: coaccntr:itiun o l  particlcs in 1111: groutid orbital, ttnd tl loc p:trtiulus - 
called thc Basc condcnsalc-m2y act as a supcrfluid. with practicitliy zero 
rircoiily. 

For many systems the concentratiori 81 is fixed, and tlie temperature is the 
important variable. The quantum rcbme obtains when the temperaiurc is 
bclotv 

dc6ned by the condition tt  = up. A gas in the quantuo, regimc \iitli r c< ro 
is often said to be a ilcccncrafe P ~ s * ~  - n 

It was realized by Nernst that the entropy o f a  classical pas diverges as logr  
as r - 0. Quar~trlni tlleory removes the difiiculty: both fcnnion and bosun 
g8scs ;~pproacIt :I unique ground state as r -t 0. so that tlie entropy goes to 
zero. We say illat llle entropy is squeezed out on cooliiig a quantum pas (sce 
Probleiiis 3 and 3). 

In the classical regime (Chdpier 6) [he [hernial average number particles 
iii a n  orbital of~.nergy c is given by 

l l i i c  uc hrrr: Ihc recand dblinct " r a g  ol lhc  uocd"de&cnrrr,C. in  r ~ m t i a a i c ~ l  phJricr. The iii,c 
"uw " L *  i r l l r o d u ~ J  in chrp ic i  I. uilric uc ~ ~ i t e d  an cncrgy levei rlcgcncir,e iimoic ,ha" one 
"2'C 133s lllc mn,c c , , : :gy .  

\\(ith ihe result for p appropriate to this regimc. 

with the usual choice ofthe origin of& at zero for the energy oftlie lowest orbital. 
The form (4) arruies us that the average occupancy of any orbital is slivays 
< f t / ~ l ~ ,  which is << 1, consistent with our original picture of tile classical rrgimr. 

A fermion is any particle-elemcotary or compositc-with a hall-integr;il 
spin. A fermion is limited by the Pauli exclusion principle to an orbital occu- 
pancy o I 0 o r  I .  with an average occupancy anywhere betu,een these limits. At 
low lernp:nturcr it is clear that many low-lying orbitals will have one icrmiun 
iii each orbital. At absolute zero all orbitals with 0 c E c e,  will be occupied 
with J = I. Here c, is the energy below which there are just c~iougli orbitals 
to hold [lie nunibcr ofparticles assigned to tlic system. This energy is cnllcd the 
t'erwi cnvrxr. Abwc r., ;11I orbii;ils will li;ivc ,f = 0 ; I \  r =; 0. As r iourc;tscs tlic 
di,tribution funciion \ \ i l l  dcvclop a liigh csicrgy tail. its in i igurc 7.3. 

Bosons ha\,e inte~ral or zero spill. They may be clemc~ltary or compaiite: 
ifcoinpositc. tlicy niust be ni:~Je up of;tn cvcii nolnbcr olcltmcntary \varticlcs 
i f  tlicsc have spin 1. lur tlicrc is no w;iy to arrivc :,I nti iutcgcr from :In odd 
lnumber ol half-inteo,rrs. The Pauli principle does not apply to  bosons, so there 
ir no liniit on the occupancy of any orbital. At absolute zcro the ground 
orbiul-the arbiul ol lot~est energy-is occupied by all the particles in the 
system. As tlie tempsralure is increased the loivest single orbital loses its popul;t- 
tioil ooiy rioivly. 2nd ~3dl excited arbilal-any orbital of liigher ciicrgy--will 
contain a relali\eiy small number of particles. We shall discuss this point 
carefully. Above r = r, tlie ground orhit:il loses its special feature, :ind its 
occi~pancy beconies niucb like that or oily lo\\,-lying excited orhihl.  

FERhll GAS 

A Ferrni gas is called degenerate when tlie temperature is low in comparison 
with ihe Fewmi energy. When the inequality r << cr is satisfied the orbhais of 
eacrgy loner than the i'crmi encigy E, will he almost entirely occupied, and the 
oibiiah ofliigirer cnerey \\.ill be aln~ost entirely vacant. An orbital is occupicd 
fully \vhm it contains one fermion. A Feitni gas is said to bc noridcgenciate 
when the tempraiuic ishigh compared with the Fernti energy, as in tlic classical 
regime ireatcd in Cliaptcr 6. 

l'lic impirtanr uppiicalio~~s ofthe thcory ofdcgcnciatc Fcrmi gascs iiicludz 
coilduction electrons in nietdls, ibe white dwarfsiars; liquid 3We; and nuclear 
matter. The most striLitig property of a ferrnion gas is the high kinetic c!iergy 
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Figure 7.1 (a1 The cncrgies oftbe orbitals n = I, 2, .. . . 10 lor an elcctron 
confined to a line oilenglh L. Each lcrcl coirerpondi to tira orbitals, one for 
spin up and one far spin down. (biThc ground rlarc of a ryrtem 01 16 clcctranr. 
Orbitals above the shaded region are vacant in the ground itate. 

I 
ol the  ground state olthe system 31 absolute zero. Suppose that it is necessary ! 
to accommodate N noninteiacting eiectronr in a length L in onc dimension. I 
What orbitals will be occupied in the ground state ofthe N electron system? I 

In a one-dimensional crystal the quantum number 013 Cree electron orbital o l  1 
! 

Iorrn sin(an.~/L.) is a positive intcger I,, ruppicn~cnted by thc spin quantunl j 
number III, = +i for spin up or spin down. I 

If the system has 8 electrons, then in the ground state the orbitals with 1 
t, = 1, 2, 3, 4 and with st, = i+ are filled, and the orbitals o l  higher IZ are 

empty. Any other arrangement gives a higher energy. To construct the ground i 
state wc 1111 11s orbitals starting from n = 1 at thc bouom, and we continue 
filling higher orbitals with electrons until all N electrons are accommodated. 
The orbitals that are filled in the ground state ofa  system of 16 electrons are 
shown in Figure 7.1. 

Ground State of Fcrrni Gas in Three Dimensions 

Let the systcm be a cube o l  ride 1. and \,olume V 5 L'. Thc oibitals have the 
forin ol(3.58) and their energy is givcn by (3.59). The Fermi energy EF is the 
energy o l  the highest filled orbital at absolulc zero; it is detcrrnined by the 
requirement that the system in the ground state hold N electrons, with cach 
orbital filled with one electron up  to the energy 

Here n p  is the radius of a sphere (in the space of the integers ti,, ti,, 11:) that 
separates filled and empty orbitals. For the system to hold N electrons the 
orbitals must bc filled up to it, dclermincd by 

The factor 2 arises because an electron ha5 two possible spin orientations. The 
iactor & arises because only triplets n,, n,, n, in the positive octant of the sphere 
in rt space are to bc counted. The volume or the sphere is 4nnr3/3. We may 
then write (5) as 

This relates the Fermi energy to the electron concentration N/V E 11. The 
so-called "Fermi temperature" r, is defined as r,  % cr .  

The total energy o l  the system in the ground state is 

with E. = (h2/2iti)(i l~~/~)2. In@) and (9),,t isan inicger and is not N/V.Consistent 
with (6). wc have let 

2 1 (. . .) -t 2(b)(4x) 1)d)i nZ(. . .) (9) 

in the conversion o l the  sum into an integral. Integration or(8) gives the lotal 
ground state kinetic energy: 
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Volume, in cm3 

Figuie7.2 Total ground state energy U, of oirc mole or 
d c ~ i C O n S .  \'ErsU5 volume. 

using (5) and (6). The average kinetic energy per particle is U,/N and is 4 01 
the Feirni eileify c ~ .  At cotisiant N the el~ergy iiicreascs as the volumc dccrcnses 
(Figurc 7.21, so ihat lbc Fcrrni encrgy gives a rcpulsi\.c contril>ukior> to the 
binding of any matcrinl; in most mctals and in white dwarf and neutron stars 
it is the most iniparlant rcpulsivc interaction. That is. the Fcmii energy tends 
to increase the volume. 11 is b;tl;lncctl in nicti~ls by ilic Co1i101i1b i~itr;~ction 
bciu.ccn elcclronr and  ions and in llic siarr by graiitation;~l ~klr:tolioii. 

Density o l  States 

'Thermal averages for independent pariicie pioblcins have ilie lorn1 

(X) = J I E ~ , T , ~ ~ ) ~ Y ' ~  , (11) 

\+tiere rr dcnotei the quantum orbital: X. is the valuc of tliz quantity X in 
the orbiial n; and J(c,,r,fl) is [lie ilierm;~l a \ , e i ag  occupancy, called [lie dir- 
tribution lunciion, ofil>e orbitaln. \Vcoften cxpiess (X) as an inrcgial ovcr ttic 
orbitsl energy a. Then (1 1) bccomes 

shere the sum over orbitals has been transionned to  an integral by the sub- 
stilution 

kiere '€l(i)de is the nurnber of orbitals 01 energy between E and E 4- dr. The 
quantity D(E) is nearly always called the density of states, although it is more 
accurate to call it the density of orbitals because it rciers to the salutions of a 
one particle problem and not to the states of the N parkicle system. 

Consider an example of the calculation of Q(c). Wc see lroni (7) that the 
nun~her N of free electron orbitals of energy less than o r  equal to some & is 

lor volume 1'. Take ilie logarithm 01 both sides: 

logN I f log6 + constant, 

and take rliKerentials of logN and loge: 

Tlie quantity dN = (3N/2~)ilr is the number 01 orbitals of energy bci\vcen & 

and c i LIE, so [hat 

B(r) 1 $N/ile = 3A7[r)/?c (17) 

is tlic deiisily o l  orbiials. Tlie two spin orieiiiatioiis of an  electron have been 
coiintcd ihroughoui this derivation because they were counted in (6). We can 
write 9 ( z )  3s a funciion o l  e alone because 

Ar(c)/& = ( V / ~ X ~ ) ( ~ ~ ~ ~ ~ I Z : ) ~ ' ~ ~ ' ~ ~  , (1s) 
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fipre 1.3 Density of orbitals as a function 2 oreneigy, lor a (res elmron gar in threc L 

dimcnrionr. Thc dashed curve represents the 
X deniiiy f(rllD(rl ofociupicd orbitals at a finite ?,  

tzrnpratuie, but such that r is m a l l  in c 

compliiion with r,. The sltadcd aica rcprcrents & 
the occupicd orbP;llr 31 nbrolutc zcro. 

When multiplied by the distribution function (Figure 6.3). the density of 
orbitals Q(E) becomes O(c)f(t), tlie density of occupied orbitals (Figure 7.3). Tlle 
total number o i  electrons in a systetn may now be written as 

. . 

where/(&) is the Fermi-Dirac distribution function described in Chapter 6. In 
probieliis where w e  know the total number of particles, we determi~ie p by 
requiring that the total numbcr of particles calculated fro%n(?O) be equal to the 
correct value. The total kinetic energy of ttie clcctions is 

If the system is in the ground slate, all oibitalr are filled up to  the energy S F ,  

above isliich they are vacant. The nuolbsr of clcctrons is equal to 

and the energy is 

Heat Capacity of Electron Gas 

We derive a quantitative expression for the heat capacity o f a  degenerate Fermi 
gas of electrons in three dimensions. The calculation is perhaps the most im- 
pressive acwmplishment of the theosy of the degenerate Fermi gas. For an 
ideal monatomic gas the heat capacity is SN, bur for electrons in a mcval very 
much lower values are found. The calculation that follows givescxccllent agrec- 
meat with the experimental results. The incrcase in the total energy of a system 
of N cleclrons when heated from 0 to r is denoted by AU r U ( r )  - L1(0). 
whence 

Hcrc J(c1 is llic Fermi.Dirac iitrtction, and O(c)  is the nuniber of orbitals pcr 
unit energy range. We multiply the identity 

by t, to obtain 

I We use (26) to rewrite (23) as 

The first integral on the right-hand side of(27) gives the energy needed to take 
elcctrans from ri to the orbitals o i  energy c z E ~ ,  and the second integral gives 
the energy needed to bring the eleclrons to  E, lram orbitals beiow CF. Both 
contiibutions lo the energy are positive. The product J(c)Q(r)dc in the first 
intcgial is the number of cleclrons elevated to orbitals in the cnergy range 
d~ n\ an  cnergy c. Thc botor [I - ((E)] in the second iotegml is l l~c  probability 
that anelectron bas been removed from an orhital e.The function AU is plottcd 
in Figure 7.4. In Fisure 7.5 we plot the Fermi-Dirac distriburiirn function vrnus 
E,  Tor six values 01 tile temperature. The electron concentration of the Fermi 
gas mas taken such that eFlh8 = S n O K I K ,  characteristic of the conduction 
electrons in a rneial. 

The heat capacity of the electron gas is Iound on difkrentisting AU \\it11 
I 
i respccf to r. The oiily lcmpcralure-depcndcnt tcrni in (27) is f(c), wliencc we 
! 



Figure 7.1 Temperature dependence of the energy of 
a noninfsractrng ierrnion gas in rhree dimensions. The 
energy is plottcd in normalixd form as AU/AYC~,  
uhcrc N is the numkr  of electrons. The lempcralure 
is plotkd as r/cF. 

~ / k ~ ,  in units of ID4 K 

Figure 7.5 Fcrmi-Dirac distribution function at various iemperalurcs, for 
T,  rn cF/k* = S O W  K. The results apply to a gas in three drmensions. The total 
n u m b  of parliclcs is  consrant, independent of tcmgersture. The chemical potential at  
each tcmperaturc was catculatcd with thc help of Eq. (20) and may bc rcad off ~ h c  
graph as the energy at which j = 4. Courtesy 018. Feldman. 

Figure 7-6 Plot af the chemical po%entisl p vcrsu, temperature r Tor a 
p i  ornonintcracting rerrnions in lhrcc dimensions. For co~~renicncc in 
plotting. thc units o l p  and r are 0.7638,. 

ran ErOilp terms to obtain 

dU C,, - - = d f  
dr 

 LIE (6 - 8fj - ~ X E ) .  
d r  (28) 

At the tcmperitures of interest in nie[als T / E ~  < 0.01, and we see from Figure 7.5 
that the derivative is Inrge only st energies near  c,. I t  is a good approxi- 
malion to evaluate the density o forb i i a l s  'El(&) at and  take it outside of the 
in~cgrel: 

Examination of the graphs it] Figures  7.6 and 7.7 of the variation ofp with r 
suggests that when r << &,we ignore the temperaturedependenceofthechemical  

potealinl ir in the Fermi-Dirac distr ibut ion function and rcpiace by the 
constant c,. Wc have thcn: 



192 Chnprer 7: Ferati and Bore Carer 

Figure7.7 Variation u.ith temperature olthe 
ciiemicaill potcnlinl #, for lice eleclron Fermi 
gasesin one and three dimensions. In camman 
rnerilr TIC, r; 0.01 a1 roam 16mpernturc. so 
ilia1 1, is E I O P C I ~  <qua1 LO cp. There currer =.ere 
calculaicd from series ex~anrions of the intepral 
lor ihc numbcr of parlirtcr in lhcryrtern. 

We set 

T E (6 - EF)/r , (31) 

and it lollaws from (29) and (30) ihdt 

Wc may sztfcly replace the lower limit by -m because the factor ex in the 
integrand is already negligible at x = -+/r if we are concerned with low 
tenipcratures such that . IW or more. The integral' becomcs 

*The  inlegral is no1 clemenl~r~, bur may bc e r ~ l u r t c d  (ram t i l t  moic bmiliar ierutt 

I \\hei~ce we have for the heal capacity of an election ~ v s ,  wlien r << r,. 

I In conventional unils. 

I C,, = Jn20(~,)L,'T. (35) 

i We found that tllc density of orbitals nt the Fcrmi energy is 

lor a free electron gas, with r,  - EF. DO not be dcceivcd by tllc notation r , :  
it is riot the lcrnpcraturcofthe Fermigas. but only a canvenicnt rcfcrencc point. 
For r w r, the gas is degenerate; for r >> r, llic gas is in lltc classical nlgimc. 
Thus (34) becomes 

I L - - 1  

In convcntional units there is an enira k~ctor k,, so that 

where k,Tf E c,. Again, TF is not an actual temperature, but only a reference 
point. 

We can g i x  a physical explanation o f the  form 01 the result (37). When the 
spccirnen is heated lrom absolute zero, diieAy those electrons in stales witllin 
an energy range r of the Fermi levcl are excited thermally, beca!lse the FD 
distribulion function is aRecled o w r  a region oftlie order of r in width, illus- 
tr3reil by Figures 7.3 and 7.S.Thus the number olexcitcd electrons is oilhe order 
of iVr/c,, and each of these has its energy increased approrirnalely by r. The 
total clcctronic thermal energy is therefore of the order of U,, z Nr'/cf. Titus 
iltc electronic cootribution to the lieat c.apacity is given by 

c,, = d ~ , , / d i  2 Nr,'c, .; Nijr, , ( 39 )  

i \vhich is directly proportional to r ,  in asreement with the exact result (31) and 

I with the cxptrimental results. 

I .  



19s Chopcr  7: Fcmri orxd Bore Cosrr Fcrmi Gnr in ,Alriarr I I Y j  

Table 7.1 Caiculaii.d Fcrmi enuigy p:lr3meteir ior rrcc clccironr 

Coliduclion Fcimi 
cIc~t1011 Feirni temperalure 

conci.ntialion Vclocity encigy Tp = r: P,, 
h'i I', in c m  ' a,r, in crn i-' c:, in eV in K 

Fermi Gas in R'letals 

The alkali metals and copper, silver, and gold have one valence electron per 
atom, and the valence election becomes tile conduction electron in the metal. 
Tlius the concentration 01 conduction elcctrons is equal to the concentration 
o i  atoms, which may bc evaluated either from the density and the atomic 
weight or lrom the crystal lattice dimensions. 

I l t hc  conduction elcctrons act as  a lree icrmion gas, the value o i the  Fermi 
energy c, may be calculated lrom (7): 

Values of ti and 01 E, are given in Table 7.1 and in Figure 7.8. The electron 
velocity u, at the Feimi surface is also given in the table; it is defined so that 
the kinetic energy ir equal to z,: 

where nl is the mass of  the election. The values o l the  Fermi temperature T, - 
eF/k8 lor ordinary metals are of the order 01 5 x IO'K, so that the assumption 
T << T ,  used in the derivation of (35) is an excellent approximation at room 

1 0 - ' 2 u  
5 2 5 lo?' 

Elcction concentration, in cmr3 

Fioure 7.9 Experimental hcat capacity valuer for polnrrium. plottcd as CITvcrrur 
T1.After W. H. Lien and N. E. Phillips, Phyr. Rev. 133, A1370(19M). 

where y and A  are constatits characteristic o l  the rnaterial. Here g E + ~ ' N / I ~  
from (37), and the lattice vibration term Ar3  was discussed in Chapter 4. The 
electronic term is linear in r and is dominant at  sufficiently low temperatures. 
It is helplul to display the experimental values 01 the heat capacity lor a given 
material as  a plot 01 C,/r versus r z :  

temperature and below. 
The heat capacity of many metals at  constant volume may be written as 1 Cv/r = y + A r 2 ,  (43) 

. . 
the sum of an  electronic contribution and a lattice vibration contribution. A t  
low temperatures the sum has the form 

lor then the points should lie on a straight line. The intercept a t  r = 0 gives 
the value oly. Such a plot isshown Tor potassium in Figure 7.9. Observed values 

C, = yr + Ar3 . (42) o f ?  are given in Tables 7.2 and 7.3. 
. . .. . 
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Table 7.2 Experimental and free cleclron electronic 
heat capacities of monovalenl rnstals 

Y (CXP). yo (free electron). 
Melal mJmal ' K-' mJ mol-'K-' YIYO 

noii:ihi raluc or?  ir in mJ mol-' K-I .  

lou~c~:t:iom curnpl!~lionr luinirhed by N. E. Phillips and N. Peariman. 

\\'l~ite Duar l  Stars 

\\'hitc dwarf stars have masses compirdbie to tliat or ihe Suii. The mass 3nd 
i;>diur u l  ltic Sun arc 

The nldii orivliite dwarfs are very small, pcrhnps 0.01 that of the Sun. The 
density ofilic Sun. which is a normal sex, is o11he order of l gcrn-3, like that 
orwater on the Earth. The densities of e hite dwarfs arc exceedingly high, o f  the 

order of 10' t o  10' gem-). Atoms under the densities prevalent in white dwarfs 
a re  entirely ionized inlo nuclei and free elections, and the electron gas is s 
degenerate gas, as will be shown below. 

The companion of Sirius was the first white dwarl ro be discovered. In 1844 
Bessel observed that the palh orthe star Sir iu~osci l latedsl ight l~ about 3 straight 
linc,:is ifit hndan invisiblecompanion.Thecompanion.Sirius 8 ,  wasdiscovered 
near ils predicied position by Clark in 1562.ThemassaiSirius B was deterrnincd 
t o  be 2.0 x 10"g by mearurcmenls on  the orbits. The radius of Sirius I3 is 
estimated a s  2 x 109cm by a comparison o r  the surface t emper~ tu i e  and the 
r:~diant energy Rux, usins the properlies of thermal radiant energy developed 
ill Clinplcr 4. 

Thc nloss 2nd rndiur olSirius D lc:td lo 1lic mvda dcnsity 

This extraordinarily high dcnrily was appraised by Eddington in 1916 in the 
lolloaing words: "Apart from the incredibili~y o r  the result, there was no 
particular reason to  view the calculation with suspicion." Other nliite dwarfs 
hare  higher densities: that named Van Maanen No. 2 has a mean dertsily 
IW linws higher. 

Hydrogen atoms a t  adensity o i  106gcm-' 1,ai.e a volume per atom equal to 

o r  2 x 1 0 - 6 ~ J p ~ r 3 1 0 m .  The nwrage neorest-neighbor sepomlion is ihcn o f  
the ordcr o f 0 0 1  a s  compared will1 the intrinudcar separation 010.74 h in a 
molecule o f  hydrogen. Under conditioiis of such high density the atomic 
electrons nie nu longer auacbed lo  individual nuclei. The electrons are ionized 
and form an  electron 63s. The matter in the white d o a r k  is held iogcther by 
gravii;ilional ailroclion. !vliicIi is the binding iorce in sil stars. 

I n  the interior a l  i\hiie du,arf stars* the electron gas is d e ~ c n e r ~ t c ;  thc 
tetni>erature is nruch lcrs than tlie i'ernii crierey E~ The I:crnii el i~rgy 01 ;111 
Cicctroil g ~ z  at  a conccntrxtion of 1 x 1 0 ' o ~ l c c l r o o r o n ~ '  is gircn by 
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Liquid 'He alornr 0 3 
Melal etec<ionr 5 x 10' 
\\'bile dwsifrvair clcctroni 3 10' 
Nuclcar m~lter n u c t ~ o n s  3 x 10" 
Neutron r ~ a r r  ncutionr 3 x 10" 

about 10% higher than in a typical metal. Tlie Feimi temperature ~ , / k ~  oftlie 
electrons is = 3 x lo9 K, as in Tablc 7.4. The actual temperature in the interior 
of a white dwarf is belicved to bc 01 the ordcr of 10' K. The elcctron gas in the 
interior of a white dwarf is highly degcnciale because the thermal energy is much 
lowcr than the Fcrmi encrgy. 

Are the clection energies in the relativistic regime? This question arises 
because our theory of the Fermi gas has used the nonrelati\,istic expression 
p2/2tri for [lie kinetic energy 01 an  electron ofmoinsntum p. The energy equi- 
valence 01 the rest mass ol an electron is 

This encrgy is of the same order as the Fermi energy (46). Thus rclativislic 
erects will be significant, but not dominant. At highcr densities the Fermi gas 
is relativistic. 

Xuclear Matter 

We consider the state of matter within nuclei. The neutrons and protons of 
which nuclear matter is composed form a degenerate lermion gas, at least 
qualitatively. We estimate here the Fcimi energy of the nucleon gas: The radius 
o l a  nucleus that contains A nucleons is given by the empirical relation 

According to this relation the average volume per particle is constant, for the 
volume goes as R3, which is praportiansl to A. The concentration of nucleons 
in nuclear matter is 

about 10' times higher than the concentration of nucleons in n uhitc d\vi.:ril 
star. Neulrons and protons arc not idc~nicnl p:ir~iclcs. Thc Fcrriii encrgy or 
the nculrons nccd not cqu:ll ttic Feimi ciiurgy or the piotulls. Thi: concciur:i- 
tion of oiic or thc o t h ~ r .  but 1101 both, c n t ~ r s  tllc i.tnlili~r r~lation 

For simplicity let us suppose \hat the number ol protons is equal to the 
number olnculrons. Theit 

as obtained from (49) on dividing by 2. The Fcrmi cnergy is 

The arcr;igc kinetic cncrgy of  :! pnrticle in :, dcgcnerate Fcrnti gas is 2 of th.: 
Fcrmi energy, so thal in nuclear matter the average kiiictic energy iz 16 hlev 
per nucleon. 

BOSON GAS AND EINSTEIN CONDENSATION 

A vcry rcrnark:tble crcct occurs in a gas olnonintcrac~ing bozons at a cciinin 
tri~osition temperature, below which a substantial fraction of the tolal number 
olp~rliclcs in the system will occupy the single orbital 01 lo~vcst cncrgy, cnllcd 
the ground orbital. Any other orbital, including the orbital of second lowest 
energy, at the same temperature will be occupied by u relatively negligible 
number of par(icles. The total occupancy oral! orbitals will always bc equal to 
the specified number of particles in the system. The ground-orbital erect is 
called the Einstein condensation. 

There would be nothing surprising to us in this result for the ground stale 
occupancy if it were valid only below lo-" K. This temperature is comparable 
wit11 the energy spacing between the lowest and next lowest orbitals in a system 
of volume 1 cm3, as we show below. But the Einstein condensation ternperalure 
for a gas of fictitious noninteractinp licliun? atoms at the observed density of 
liquid helium is very much higher, about 3K. Helium is the most iamilinr 
example of Einstein condensation in action. 

Che~nicdl Patcntial Near Absolute Zero 

A 
)I 2 2 0.11 x 10'9cm-' , (49) 

i ~ ( 1 . 3  x 1 0 - l ~ ~ ~ )  

The key to  the Einstein coudensation is the behavior of the chemical potential 
o f a  boson system at low temperatures. The chemical potential is responsible 

I 
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ior thc apparent s~abil irat ion o l a  large popul3tion 01 particles in the ground 
oibiial. \Ve considcr a syslcm cotnposcd of3 I:trec nurnbcr N olnoriii~tcroctinp 
boronr. When the rysti:nx is at absolute zero a11 pnrticlcs occupy the lowcst- 
cncrgy orbital and tlic system is in the state of rninirnuln energy. It is certainly 
not surprbing that a t  r -- 0 a11 pnrticlcs sllould bc in the orbital of loivcst 
cnergy. \\"c can  show that a substaotiul rraclioa rcrnaiiis in the ground orbital 
at lo\\,, although experimentally obtainable, Lemperaturcs. 

I i ~ e  put the energy of the ground orbital a t  zero o n  our  energy scale, then 
Scum the Rose-Einstein distribution function 

/(c..) = 
i 

cxp[(c - ),)/TI - 1 
(53) 

we obmin the occupancy of the  ground orbital a t  c = 0 as 

Wlicn r - 0 tlte occupancy of the ground o r b i ~ a l  becorncr equal to the total 
number of partlclrs in  the system, s o  that 

t ic re  i r e  11ai.e niadc use o f  the series expansion crp( - r )  = 1 - x + .. . . We 
know lliat r. tvhich is p/r. must be stwall in conlparison with unity, fo r  othciwise 

total ~~ii i t tber of pnrticlcs N could not be  1are;e. From this result a,e find 

;ISr - 0. Far ,V = LO" at  T = 1 K,\v\.eliai,ep = --1.4 x 10-"erg. We note 
Sroni ( 5 5 )  tho1 

as r - 0. The che~nical potential in a busoo syitcm must aii\,ays be lo,t,er in 
citcigy lhaii the ~ i o u i ~ d  ii:itcorbital, in ordcr t!,at the occupancy  o fcvc ry  orbital 
bc noii-negatiie. 

Cturnplr; Sporing of / o w n ,  ~ n d r r r o n d l u ~ ~ ~ r s l o r b i ~ u l s  offic ~ l u n z r .  Thc cncrgy 01 aa 
orbital of ;in atom iree to move in a cube oi volurnc I' = L' is 

where $8,. n,, ,t, nre poriiice integen. The ~ n c i g y  r l t l l )  01 the lowest orbital ir 

and llic cneigy r(211) ofone oilhc rct of ncxl loivcat orhi~alr is 

The ioues: cxritation energy of the atom ir 

If hf('Hr) = 6.6 x 10-"g and L = I cm, 

In  lemperallir~unitr.Ac/t. = 1.SO x 10-la K. 
Tliir rplifiing irerlrcmcly mmll,rnd it isdiflicui~to conceive that it can play an important 

P:ITI in u phyriul problcin rvcn  at ihc to.vcrt renronrhly acci.sihlc tcmpcir~urcs such nr 
I mi(. which ir 10.' K. tloveici,  at the 1 mK tcmp;ratore ( 5 5 )  eivcr ( 1  = - 1.4 x 

1 0 "  cia cur N = LO" rloior, iclciicd to the orbital (58) as the zero of energy. Tllus ii is 
niuch closer io the ground orbital than is the nerl loucit orbital (IP), and cxp([c(l I I )  - 
ii]!i) ir nlucll cloici lo I than is crp([i(21i) -p]!rj, so ~tlal c(t11) don>iwtei the dir- 
tiibution iunciion. 

T!ic Boltunann Pdctor erp(- Aifi) at I mK is 

irt i ici~ ii essentijiiy unity. By (4) \it i%oiitd erpcrt t t n ~  ercn i f n  a a. the occupzncy oi  ,lie 
firs! ercitedaibii;tl\vouldoi\ty bcu(ihuoidcr o i l ,  ilunerci. tl>e noiu.Eii,rleiil di\lribulioia 
giicr ;in cotiiciy d,llcrcnt r;<luu for llic occup:incy of \he 613 c~ciicd oibiizli: 
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so that the lraclioti o l  the N psrticlcr that are in tliisorbili is 19 = 5 x lbLa,IOi: = 
5 x 10-'I, which is \cry nnull. Werec lhill rlicoccuDancv of ihefirileicitcd orbital ar low . . 
tcmperaturcr is ielati~ely very much 1oai.r than would be expected at first right irorn the 
simple Bolirniann Pdctor (62). Tlie Bore-Einstein distribution is quite rtranet; it favan a 
riiualion in w h ~ h  \lie g ie i r s l  pa r t  ol tile population a lcli in the r iound  orbital at runi- . . 
cieolly low Iernperal~iCrThc parlicler in the ground oibiral,ar long as their number is ,> I .  
arc wllcd tbc Bore-Einstein casdcnirte. Tlir alorns in lhc condeniale act quite diXerently 
lrom the iltunir in cxcircd salts. 

How do wc undcrsland the exiilcncc of t l a  condensale? Suppere thc aiomr uere 
governed by tho Plansk dirtributian (Clirpler 41, u,liich rnnkes no provision for holding 
connam the total nurnhrr  o f  parciclc~; inhc~d .  thc lhermnl arcrrcc ciuciibci o i  photoor 
iticrcarcr with tcmpcrarurc al r',nr round i t ,  I'roblem 41.11 ihc l~iriofitatuic iciiricwd $lie 
tol:d numbci olpl>,o$onr to nv:duc N,  uc wo~illl m y  li,.tt thc ground orhit;>! of !hc pliuloe 
gas cunlaincd thcdilicieocc: N, = N - &(i) bclween ilhc 8numbci alloucd and 011: ciuinbei 
lhcrnlally cxciicd. The N, noncicilcd photons would bc described ar condin~cd into tlic 

giovndarbitrl, but No becomcs crronitally zcrosl a temperalure r,ruih tlt~tid1 S photons 
are erdtcd.llirrr is no act%~l convrainl on the loi.ll numbcr of photons: h u ~ v c ~ r i ,  11,crc 
is u conrrrdiiil an tlic talal numbcr N olm;slcrial burulia, hucli as 'llc ;nua,r. iii n syslcm. 
This consinin1 is the origin o l  llic condccii~tion ilk80 lhe groiiiid orbic.tl. i l ic  ilillcrciicc 
bciKccn llie f'lanck distribution and tlic Horc-Eis,tcin diniibuiion b t1i:it it>< later tviil 
conscrvc thc told numbcr of pxtidei, indcpcndeiit 01 icmjicidtuie. ro tli.!, iioiic\ciird 
atoms are rcsily in llie ground stale condcnrare. 

Orbital Occupancy Versus Temperature 

We saw in (19) Ilia1 the  number o l  free particle o r b i ~ a l s  psi unit ensip? range is 

for  a particle o f sp in  zero. T h e  total number or atoms olhelium-4 in the ground 
and  excited orbitals is given by the sum of the  accupaocies o r  all orbitals: 

We have separated t h e  sum over I,  into two  parts. Here N,(r) has  been written 
for f(O,r), the  number  of atoms in the  ground orbital a t  temperature r. T h e  
intceral in (66) giver the  number of a toms  N&r) in all excited orbitals, with 

IKigurc 7.10 Plot olllie boron distribution iutiction lor 1rr.o tcaipeiaturcr, wiih ~uflicici~t 
parlicler picrcnl to ensure i I= 1. Thc inlcgrvl of thc dinribu$ion limes lhc dcnsily of 
states gives the number N. oipanicler in excited orbitals; ths rcrt orthe parLicler present 
arc condensed into the ground stale orbital. The value olN, is too large to be shonn on 
the plot. 

J ( E , ~ )  as the Bose-Einstein dislribution function. T h e  integral gives only the 
number of a toms  in excited orbi tals  and  excludes the  a toms  in the ground 
orbital,  because the  function Q(E) is zero a t  c = 0. T o  count  the a toms  corrccrly 
we must  count  separately the  occupancy No o f t h e  orbi tal  with 6 = 0. Although 
only a single orbital is involved, the  vvluc of N o  may be very large in a gar of 
bosons. We shall call No the  number o f  a t o m s  in the  condenred phase and N, 
the number o f  a t o m s  in t h e  normal phase. Ttte whole secret o f l h e  result which 
lollows is that a t  lovi temperatures the chemical potential p is very much  closer 
in energy t o  the ground state  orbi tal  than the  first excited orbital is  to the 
ground state orbital. Th i s  tloseness o f  p t o  the ground orbital loads most  of  
the  populalion o f t h e  system in to  t h e  ground orbital (Figure 7.10). 



The Bore-Einstein dirlribution function when writtcn for the orbital ar 
L s 0 i s  

as in (54). where 1 wiil depcnd on the temperature 7. The number of particles 
in all excited orbitals incieassr as 1'": 

or, with x - c / r ,  

Potice the factor i"' u,hich giver the temperature dependence oiN.. 
At ruficieotly low ternpcrnrurer the number alparticles in the ground state 

wi!! be aver). lrrge number. Equation (67) tells us that I. must bevery close lo 
unity wheiievcr N ,  is m 1. Then 2. is very accurately constant, because a mac- 
roscopic value of No forces ;.to bc close to unity. Tlle condition for ll!e villidity 
o i  the calculation is that N ,  x I, and it is not required that N, << N. When 
E =. I in tlic intcgrand, the value of theiillegrand is inseiisitive to srn;lll dekia- 
lions o f i  from I, so that we can set i. =' I in (68). although not in (67). 

The value of !lie integral' in (68) is, when i. = 1, 

'To evatualc ihs inccgrat uc uiiii 

Thc inCniie rum is crrvly c \ r lu l l cd  nu8nrricrily iu hr f 611. Tlic iiiicjrii i i l ~ y  bc ir lmiofm~d v i lh  
s i " l t o B i \ ~  

z Jar i l i r  12' exp( - a t )  = yil;. 

Thus the number of atoms in excited states is 

irhere tlQ r (Alr/2nlr2)"' is again the quantum concentration. \Ve divide N, hy 
N lo obtain the fraction of atoms in excited orbitals: 

The vahte j. = I or I - 1/N which led to (71) is valid as long as a large 
number of aloms are in the ground slate. All particles have to be in some 
orbital, either in an  excited orbital or in thc ground orbilal. Thc number in 
excited orbitals is rciatively insensitive lo small changes in 2. bui the rest of 
the particles have to  be in the ground orbital. To assure this we must take i. 
very close to 1 us long as No is s large number. Even ID3 is a large number lor 
thc occupancy oflrn orbital. Yet witbin Arjr, = of the tr.ansition. \\hero 
:,is defined by (12)  below, [heoccupancy oftheeroundorbital is > 10" alorns 
cnr-> at tlic concenlratiori of liquid 'He. Thus our argument is highly accurate 
31 A i / i E  -; lo-". 

Wc dsfinc the Einstein condensation ten~perature* r6 as thc lcrnperature for 
which the numbcr of atorns in excited states is equal to thc toVal number of 
atoms. That is, N,(i,) = N. Above r, the occupancy of the ground orbital is 
no1 a n%acruscopic number; bclotv rs llic occupancy is macroscopic. From (70) 
with N for N. we find for the condensation temperature 

Now (71) m;ly be written as 

A'&V : (T/T~)' , (73) 

\rltcre N is the iota1 tiuntber ofatorns.Tlic nuinbcr ol:~toiiis io cxcitccl arl~itols 
v:iiier :tr rJ:' :rt tcmpci:rttcics bcluw r,,. ;IS slioan in Fisurc 7.1 1. Tl\c u.~lu~l:~led 
v.,iuc of 7, for ;itollis uf'fic is :3 K. 

' A .  Eiii,tcin, Ak~dcinic dtr Wisrcnrch;iiicn, Berlin, Sitzunpibciicl~lc 1111.?61; 1925.1. 
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The  condenii.tion is normally not permitted lor lcrtnions, but pairs of fermions 
rnay act as bosons, as in the supercunductirily oldectron pairs (Cooper pairs) 
in metals. A dillerent type of trsnsition lo complex phases with superRuid 
properties has been observed in liquid 'He below 3mK. Atoms o( ' H e  have 
spin f and are lermions, but pairs o13Hc atoms act as hosons. 

We can givc scvcral aigun~rnts in support or our view 01 liquid helium as a 
gas oinoninteractirig particles. A1 first sight lhis is a drastic avcrsimplitication 
01 the problem, but tliere are sonic intporlant leahires o( liquid licliurn lor 
which the view is correct. 

(a) The molar volume a[ liquid 'He at absolute zero is 3.1 times the volume 
that wecalculidte kom the knoun  interactions olhclium ntoms.The interaction 
forces between pairs of bcliiini aioms are \wll known experimentally and 
theoretically, and irom these forces by standard elementary methods of solid 
slate physics \vt can calcul:rie [lie equilibrium volurrle o l  a sraiic lattice or 
helium atoms. In a typical calculation we find the molar volume to be 9cm3 

mol-', ascompared with tbeobrer~ed 21.6cm'mol-'. Thus tile kinctic motion 
o l  the helium atoms ltiis a larce tlTect on th* liquid state and leads to an cs- 
panded structure in which the =toms to a certain ex2ent can move Ireely over 
appreciable distances. We can say ihat liie quantum zcro-point motion is 
responsible lor tile expansion or !he rnolar \olume. 

(b) Tile transport properties ofliquidhelium in the normal state are not very 
different fronl tliosc ol  a normal dassical $as. In particular, tlie ratio of the 
therrnalconductirity K to the product dfthetiscosity 11 limes the hcat capacity 
pet unit mass h:bs the values 

K ? 6 ,  at 2 . 8  K _ j  
riC, 3.2, at 4OK 

Tlicse values are quite close to those obseried lor nornlai gases at ioonr 
temperature-see Table 14.3. The ralues or the transport coefficie~lts them- 
selves in the liquid are within an order of magnitude oltliose calcularud lor the 
gas 31 the same density. Norn~al liquids act quite dilleiently. 

(c) The lorccs in thc liquid nic icla~i\ely i \eak, and the liquid does ttot eaisi 
above tl,c crilic;d tcmilerature of 5.2 li, ahich is liie m:~xirnum boiling point 
obscrvcd. Tltc binding energy iiotilil be p ~ r b ~ ~ s  ten lillif~ stroiigcr in tlic 
cqtiilibriunt coa~iigur:klio!~ uf :c >!.$tic 1,ttticc. hut t l ~  cipi\n%ioti t>i  tltc tnioI:ir 
roluo,e by ~ h c  qu:liltuoi xio-point oiuiiun of tlic  toots is rcspoiisible for 1111' 
redtlction in the binding enersy to the obrsi\cti vcluc. The r:iiue o f the  critical 
temperature is diicctly proportional to the bindi~igenergy. 

(d) Thc liquid is sieblc ;it abralitie ,cro at prcssuicr un'lcr 25;1tr11; iibuvc 
25 aim tltc solid is tiioic st;ibic. 

- 

Liquid 'He 

r e  7 .  Comparison of rater offlow oiliquid 'He and 
liquid 'He undcr gravity througli a fine hole. Nolicc tlic sudden 
onrer of high fluidiiy or superRuidity in'tle. Aiicr D. \V. 
Orborne, B. Wciostock, and B. M. Abraham. Phyr Rcv.75. 
988 (1949). 

The new state o l  niattcr into \rhich liquid 'He enters kvben cooled belotv 
2.17 K ltas quite astonishing properties. The viscosity as measured in a Ron 
experiment* is essentially zero (Figure 7.13), and the thermal conductivity is 
\'cry high. We say [hat liquid 4He below the transition lcmperature is a super- 
fluid. More precisely, u.e denote liquid 4t le  below the transition lernpernturc 
as liquid He I t ,  and we say 11131 liquid Flc 11 is n mixture olnarmal Ruid and 
supcrRuid components. Tlte normal fluid component consibts of tile l~cliuol 
atoms in tltermally excited orbitals, and the superRuid conlponent coiisists 01 
the helium atoms co~tdcnsed info the ground orbital. It is ktiotvn that the 
radio~ctiie boson 6He in solution io liquid 'He does not lake pan in the 
supcrflow oi the  latter; neither, olcourse, does the lerniion 'He in solution in 
'Ilc t;ikc part in tllc supcrnoiv. 
\Yi: spc:th of liquid 'llc  hove !lie tt.:~nsitioo tciiipciJtuie as liquid lic I. 

T h c r ~  is t10 supcrflt~id c o t ~ ~ p ~ ~ ~ t c i i t  in liquid ilc I, lor l~crc lltc g r < ~ ~ l i ~ I  o~l,it:!i 
~ccaip:~~>cy is ~~~.glii:ihtc. bi;i,ig u[ilic ~ ~ t i i c  urdcr uiin:,g!iirudi: :Is 1I1c I~L'CIII):IIII!. 

I n  dihcr rrrrngcnienlr lhcrc cnuy benn clTcdire \ i % ~ $ i i ~ : $ h i s  ir.lru~ulz d i l l  arrilllliclg in Iiqbid 
'tlc 2 1  :*my finite iciiiper.iiurc hcluv (tlc rusdcs~r~iun temprrnurc. For :t coinhin.+tion oi hsu 
n 8 , t s i ~ ~ ~ ~ c t , ~ ~ c r c , ~ ,  ~ i ~ ~ ~ ~ , ~ , ~ ~ , ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ , , , , , ~ , , ~ ,  t , , ~ , ~ ~ , , , c ~ t , c ~ , ~ ~ . ~ ~ ~ ~ i , , ~ ~ , i ~ ~ , . b t ~ ~ t u ~ ~ ~ ~ r  ~ ~ t 3 c c r 8 8 b c 8 8 ~ ,  

uw.t>u:c , h t  ,,,c,.,gc 01 I,',,, or ,t,c 35<,,,g< ,l",d,,y. 



ligurr 7.11 The me1,ing cuicr or liquid and 
solid hclium ('He), and the transition cur ie  
bctuccn the two romr of liquid helium, He 1 
and Hc 11. Thc liquid He I1 form crliibilr 
supcino\c piapeicier ar a conhcqucnce of tlic -5 

75 condeoirtion ofatoms into the ground orbital 0, 
oftlie r!riem.liotc aha, Ihcliuie is a liquid at 2 
abroluic ~ e i o  a! picriurcr btioir 25 a m .  The U 
liquid-iapilr bai1~n:curvc ir not iodu<icd in 50 

this graph rr it ~ o u l d  mergc with the zcro 
piersurc liiic. After C. A. Su,cnian, Phgr. lev. 
79.626 (1950). 

I 2 3 4 
Temperatuic. in K 

01 any other low-lying arhital, as we haye seen. The rcgions 01 presrurc and 
temperature in rhich liquid He I and I1 exist are shown in Figure 7.14. 

The dsvelopment or  superfluid properties is not an  automatic consequence 
of the Einstein condensation of atoms into the ground orbital. Advanced cal- 
culations show that it is the existence of some lorm (almost any lorm) 01 inter- 
action among atoms that leads to the development 01 superfluid properties in 
theatoms condensed in the ground oihiial. 

Phase Relations of Helium 

The phase diagram of 'lie was shown in Figure 7.14. The liquid-vapor curve 
can be followed Irom the critical poi111 of 5.2 K down to absolute zero without 
any appearance or the solid. At the transition temperature the normal liquid, 

called He I, makes a lransition to the Corm with superfluid properties, called 
He 11. A temperature called the 1. point is the triple point at  which liquid H e  I, 
liquid He 11, and vapor coexist. Keesom, who first solidified helium, found that 
the solid' did not exist below a pressure or 25atm. Another triple point exists 

A n i n l ~ m t ~ n g d ~ w u % s ~ o ~ ! o l ~ o l . d  h c l . u m i ~ g i , c n b y  B Hrnrarn and R A.Ciu)ci .k~rnt . i lsAn>crl .  
can.Avgrlt IY67,pp.81 91 Sol~d'ltcc~~vrin t h r r c c r ) r l a l r t r ~ c t u r c r ~ r r c c l l ~ c d i . ! l h c ~ ~ n J ~ ~ ~ ~ ~ ~ ~  
o i l c m ~ r s l u r c  2nd prr l r izc 

Fiz-re 7.15 Pbnre diagrams for liquid 'He. (a) in 
Lcl\in and (b) in millikekin. in ihc region 01 negative 
slope shown in (a) on the pllare boundary the solid hor 
a higher entropy than t$c liquid, and we have to add 
hcst to the liquid to solidify it. Superfluid properticr 
appear in (b) in the A and B phases olliquid 'Hc. Ihc 
A phase ii double-in a magnetic held tllc pliarc divider 
imo IFO compon~nts u.ith opposite nuclear magncfic 
moments. 

at  1.743K: here the solid is in equilibrium w i ~ h  the two liquid modifications. 
He I and He 11. The two triple points are connected by a line that separates the 
regions ofexistence o l H e  11 and He I. 

The phasediagram o13HeditTers in a remarkable way rromthephasediagram 
o14He. Figure 7.15 exhibits the importance of the fermion nature or 'Hc. Note 
the negative slope of the coexistence curve at  low temperatures. As explained 

. , .  



in Chnpler 10. tlie ncsn t i~e  slope mcans illat thc entropy of the liquid phase 
is Iotser lhan the entropy of tlie solid piiorr. 

Quasiparticles and Supcrfluidity, 'lle 

For  many purposes the supernuid component of liquid hsliunt 11 bcha~cs as 
i l  it were a vacuum, as if il were not there at all. The No atoms oftlie supernuid 
are condettscd irtto the ground orbital and have no excitation energy, for the 
ground orbivol by definition has no excitation energy. The supernuid has energy 
only when the cenler of mass of  the supernuid is given a relocily relative to the 
laboratory reference frame-as \\,hen tile superntiid is set into flow relative to 
thc laboratory. 

The condensed component or N, atoms will flow with z?ro viscoxily so lotig 
as ihe flow docs not crcate excitations in Ole superfluid-that is, so long as $10 

alorns makc tr:tnsitions bct\vcct~ the ground orbital and thc excitcd oibit;lls. 
Such lranritions might bc caused by collisions ul helium atoms with irrcgu- 
Iariiicr in tl,e wall of tbe tube ihrough wlticl~ tltc helium atoms are Ro~ving. 
The tr;~nsitinns, i i  they occur, are a cause oi energy loss and of momentum 
loss lrom the moving fluid, and tlie flow is not resistllnccless iisuch collisions 
can occur. 

The criterion Tor supcrfluidity inyoli,cs the cncrgy 2nd rnamcnlutn iclatiort- 
ship o f the  ercit:rtions in liquid He  11. lfilre excited oibitals\vcre really like the 
orbirals ofricc atorns, with n rice porticlt rel;ltion 

beta.cen the eitcrgy 6 and the momentum f o  o r  irk 01 a n  atom, llien we c:in 
show that supcrfluidity would not bc expected. Here 1. = 2x;wavelength. But 
because of the exisicnce of inrriactians bct\s\'cen the atoms the low energy 
crcitarions do  not rcscrnble free particit excitations, but are long!tudin&l sound 
waves, lonpitudinal phonorts (Cli3pler 4). After all, it ir not unrc:ison~ble t h ~ t  a 
lonpiiudin;~i sound t\,ave stloitld propng;ite in aiiy liquid, even thou811 we have 
no previous oapsrierrcc ofsupcrliquids. 

X laiigii2ge Irzir grown up to dc~cr ibe  the Io~v-lyingeacited st;~les ofa  system 
of many atoms. Thcsc st:ttcs :%re called elrmn~tary cxritztions and in their 
particle aspect the s t ~ ~ t e s  a i r  called rlunsip~rticlcs. Lonyitudinal pliunons are 
tlie clcmentary ercitalions of liquid Hc 11. \Ve shall give the clear-cut erpfri- 
mental cvidence lor tbis, but first we derive a necessary condition lor supcr- 
fluidity. rlris condiliolt will sitow us nlty ihr phonon-like nature of tlie 
eicmelilary ckcilntions l a d s  lo the supcilluid bchavior olliquid l ie  11. 

figure7.16 Body of mars 11, rnorinq with 
vci~oi~y V down a E)//oIIcT lhibl ~ o n l a i i i s  ),quid 
tic ti ai absoluic zero. 

We consider in Figure 7.16 a body, perhaps a steel ball or a neutron. of 
nuss hi,  Ellling with \.clocity V down a colunto o i  liquid liclium at rcsl at 
rrbrolute zero, so that initially no elerncntary ebcitvtionr are excilcd. I T  the 
in~uiion o l  the body gencistes clcmcntary excitntions, there will be a damping 
force on the body. In order to genennc ;to elementary crcitatiatt olcriergy c i  

ahid momentum lik, u,c must satisfy llic 1;lrv olcailservalion oicncrgy: 

nlicre V' is liie ~clocity of t l i s  body :iltcr cic;itiun o f the  cluntsnt:lry c>cil;ltiun. 
Furtl>crmore, x c  must sarisly the i.lw olconxtv31idit of  illot~ielItullt 

Thc t i ~ ~ o  conscrvalion la\rs cannot niwa)-s be s;t~isiied at the snnle tillre even 
ii lltc direction oltlie excitation cicated in the pcocesx is unicstiicted. To shoiv 
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this a e  rewrite (78) as 

h1,V - lih = Af,V 

and take the square of both rider: 

Mo2V' - ZlllohV. h + h2h' = A f O 2 V "  

On niultiplication by 1/2Af, \vc have 

\\'e subtract (79) from (77) lo obtain 

There is a lowest value o l  the magnitude o l  thc velocity V for which this 
equation can be satisfied. The lowest value will occur when the direction of k 
is parallel to that ofV.Thir critical vclocity is given by 

I 
Ek + - l iZh2 

2M" 
V,  = minimum o i  

hl. ' 
(81) 

The condition is a little simpler to express if we let the mass M, of the body 
become very large, for then 

A body moving wit halower velocity than V, will not be able to  create excitations 
in the liquid, so that the motion will be resistancelcss. The viscosity will appear 
to be zero. A body moving tvith higher velocity will encounter resisldnce 
because ofthe generation olexcitations. 

There is a simple geometrical construction for (82). We make a plot of the 
energy r, of an elementary excitation as a function ol the momentum hk of the 
excitation. \\'e construct the straight line from the origin which just touches 

. ~ .  . .. 
. .  . . . ~. . . 

the curve from below. Thc slopc: of tliis linc is equal to the critical iclocity. I f  
r, = L31.'/2il, as for tlie ercitvtian o l a  lrce atom, the stwigltl line has zcio 
slope and the critical velocity is rc io:  

Frcc atoms: V,  = minimum oilrki2hl = 0. (83) 

The energy o f a  low eneigy plionon in Iiqui~i H e  I1 is t, = hw, = hr,k in ihc 
frequency regionofsound waves where the product ofwavelength and frcqucncy 
is cqual to thc vclocity of sound c,, or shcrc the circuiar irequcncy m, is cqual 
to the productofu,times the wavcvectar k .  h'o\vthc critical velocity is 

Tltc critical velocity V,  is equal to tfic \.cl?cily of sound if(8-l) is valid for ail 
wavcrcctors. which it is not in liquid helium 11. The obscrvcd critical flow 
rclocitics arc indccd notizcro, but cotrsidcrably Irj\<,er tlt:~o tile ~clocily ofsoiliid 
on6 usually lawcr than tile solid stnticht littc in Firtirc 7.17. orczuoiablv bccausc - . . 
ihc plot o f t ,  rlersus irk may turn downward at very high hk. 

The :~ctual spectrum of elemenracy crcivadons in liquid hclium 11 has bccn 
dcterrnined by the observations on the inelartic scattering or slow neutrons. 
Thc experimental rcsults are shown in Figurc 7.17. The solid straight line is thc 
Lsndau critical vclocity lor thc mnge of rvn\.c\.ectots covcred by the neutron 
erpcrimentr, and lor this line the critical velocity is 

where A and k, are identified on the figure. 
Charged ions of helium in solution in liquid helium 11 under certain experi- 

mental conditions of pressure and temperature have been observed* to  move 
almost like free particlesand tohavea limitingdrilt velocity near 5 x 103cm s-I 
closely equal to the calculated value ol(85). Under other cxpcrin~cntsl condi- 
tions the motion of the ions is limited at a lower velocity by the creation of 
vortex rings. Such vortex rings are tranrrerse modes of motion and do not 
appcar in the longitudinal modes covered by Figure 7.17. 

Our result (84) lor a necessary condition lor the critical velocity is more 
gcncral than the calculation rve have given. Our calculation demonstrates that 
a body will move without resistancz through liquid He I1 at absolute rcro il 
the velocity V of the body is less than the critical velocity V.. However, at 

L. Mrycrand F.Rcil Phys. REY:ID, 727(196t);G. \\'. Rqficld, Ph)% RCY. L~11~1$16.934l1966). 
. . 
,. . . 
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\Vz\,e\,cclor, in unilr of 10% cm-' 

Fi~ure7.17 Energy r, vcrrus x,aucsrrtor k olciemci~iury 
crcilaliotir in liquid l,rIii!n;at 1.12 K. The paiaboliccurrc rising 
(ram the origin represcnlr the the6reticaily calculaied ciirve lor 
fcee hdiuin atoms at ;lbroluic zcro. Tttc own circlcs rorrrspond lo 
the cnciby and motncnlunl orthe mv~suicd cxcitrlionr. A sn~uoth 
curve has been drawn through the oointr. ?lie brokcn curve 

mum ofrjk o w  the region ofkmrrrrd in >hot experio,cn$r. .4Rc1 
D.G. tlcnll13ivorld A. D. R. \\'00d5. Ph>s. Rev. 121. 1266 (1961). 

tempeidtures above absolute zero, bul helow iiic Eiilstcio temperature, there 
!\,ill he a iiorn~31 lluid colnponent O ~ C I C I I I C O L I I ~ ~  e*ci:ations that arc tlicrnially 
cxcitcd. Tlie tiorrnal fluid camponen1 is the source orrcsiitaiice to tlic motion 
of the body. The superRorv aspect nppcars lirst in enpriments in which the 
liquid floivs out li~tougli a fine tubs io the side of a container. Tlie iiorinal 
fluid cornponcnt may remain beliiitd in 1112 coiitainer wliiie the supc~Ruid 
ccrnpoiicnt leaks out without resistance. Thc derivation we have piven o f t h c  

critical velocity also holds for this situation, with V as the velocity of the ruper- 
fluid iclarive lo dir upnlls of the tube; h f ,  is ths mass of the nuid. Excitations 
would be crealed above V,  by the inleiadion between the now of the liquid 
and any rnechunical irrequ1:lrity in the wslls. 

Superfluid Phases af 'He 

Three superfluid phases of liquid 'lie are known* ( F i ~ u r e  7.15b). but-in 
conuasl to liquid 'He-with transition tcmperalures or only a few rnillikelvin. 
The supeiRuid phases are helievcd lo be qualitatively similar lo the super- 
conducting state o(electrons in metals, where pairs olparliclcs in aibilals near 
the Fcrmi s u r h n  form a type of bound state known as a Cooper pzir. Such a 
pair is qualilalivr.ly like a diatomic molcculc, but the radius ol tlie rnolccu:e 
ir much Parser than tile ayerage interelectron spacing in a meral or the aveiase 
iiiterparlicle spacing in liquid 'Ffe. 

le  metallic suwrcoiiduc~ivitv tlre two electrons tliat Form a Cooper pair arc 
in a nonmagnetic (singlet) spin state. In  the superfluid states of liquid 'I%e the 
\%yo atonis that form a pair are in the triplet spin statcs of the t~vo  'He nuclei, 
SO that three rnasnetic supcriluids arc possible, corrcspanding to spin oiienla- 
lions A<, = 1. 0. and -1. or mixtures of these three stales. The rnagnelic . . .  
superfluids liai'c been ekplored experimenlally, and both tile magnetic ziid 
supcriluid propcriies hnvc been confirmed. 

I .  Coinpnrcd to 3 c1;issical gay, s F e m i  gar :I[ low tcrnpcraturc 1t;ir 11i.h kinetic 
energy, I i i ~ I i  prsssure, and loiv heal capacity. T11e entropy of the Ferrni gas 
is zero in the $round stale. The energy of thc higher1 lillcd orbiial in the 

~ . .~ -. 
ground state oi  a free particle g ~ s  o l  fcrniions of sptn $ i s  

2. Tlie total ki~iciii energy in tile $round state is 

,, - 1 ,  - s!\c,. 



~ 3 .  Thc dciibity of orbitals at c, ix 

'B(er) = 3.V/2cy. 

4. Thc beat capacity o l a n  clcctron gas at r << rF is 

C., = fn2Q(tr)r : A'rir, . 
in lundamental units. 

5. For a Bosc gas s t  r < rr thc fraction ofatoms in excitcd oibit;lls is 

6.  The Einstein condcnsdtion tcmpcr~ture o l a  gas alaonii,tcr;~ctil,g busons is 

PROBLEMS 

I. Density of orbirutr in one o,rd ra,o dirrzrnrio,zr. (a) Show that thc dcniity 
oloibirals of ;t free elcction in one diniension is 

Q,(E) = (L/~)(2111/!1~~)' , (86) 

where L is the length of the line. (b) Show that in t ~ o  dimenrions, for a square 
of area A ,  

independent of&.  

2. Energ). of relaril.irric Fer.,t~igor. For electrons with an energy E ,> inr', 
where ri! is the rest mass o i t he  electron, the energy is given by n = pc, where 
P is the momentum. For  electrons in a cube ofvolume V = L3 the momentum 
is 01 the lortn (nfi/L), multiplied by (81,' + 11,' + n,')"', exactly as far the 
nonrelativistic limit. (a) Show that in this exlrenie relativistic limit the Fermi 
energy o i a  gas o i N  electrons is given by 

\vlisre r l  = A2/V. (b) Shors that the t o ld  energy olthe ground ,rate ultiie eas is 

U o  = ~ Z \ ' E ~ .  (S91 

Thegeneral problem is treated by F.Jlittnei.Zcilscliiift fiirPhysik47,542(19?S). 

3. Prcsrurr mrd enrrop). oJdegc,terore Frrnrigas. (a) Show t h ~ t  r! Fcrnli 
clcctron gas io the ground slate exerts a pressure 

ISOJ 

In a unirorm dccrcase 01 thc volumc of a cube every orbital h:ts its c n c r g  
r;iiscil: Tlic cncrgy o f  no orhit:tl is proportioo;~l to Ill.' o r  to Ill''''. (111 Find . . 
on  c ~ p i c ~ s i o i i  for tlic entropy o f  a icrrni clcaran gas in ~ I I C  &ion r << ',.. 
Notice that o -. 0 as r -. 0. 

4. Ci!et#licolporenriul rur,rr I C I Z ! ~ C ~ O ~ ~ ~ ~ . E .  Explain graphically why the inili;il 
curvature of p versus r is upward lor a ferrnion gas in one dimcnrion and 
downward in three dimensions (Figure 7.7). ffinl: The 0,(4 and Q1(cj C U ~ \ . C S  

are diflerent, where 9, is givci, in Problem I. 11 will be round usefill to set up  
the integral for N, the number of particles. and to  consider from the graphs 
the behavioroltheintegrand between zero temperatureand s finite temperature. 

5. Liyuid3Hc or a Ferntigas. The atom 'He hasspin I = :and is a fermion. 
(a) Calculate as in Table 7.1 the Fermi sphere parameters u,, E,, and T,  lor 
'He a t  absolute zero, viewed as a gas ol noninteracting icrmions. The  density 
o l t he  liquid is 0.081 gcm-'. (b) Calculate the heat capdcity at low temperatures 
T << ?;and compare with the experimental value C, = 2.89Nk.T as observed 
lor T < 0.1 K by A. C. Anderson. W. Keese, and I. C. Wheatley, I'hys. Re,,. 
130, 495 (1963); see also Figure 7.18. Excellent surveys of the properlies o f  
liquid 'He are given by J. Wilks, Properriei of liquid and solid hrlittw. Oxford, 
1967, and by J. C. Wheatley. "Dilute solutions of 'He in 'He a t  low tern- 
peratures:' American Journal of Physics 36. 181-210 (1968). The piinciplcs 
of rcliigerators bnscd an  'He-'He mixtures are rerie~ved in Chapter 12 on 
cryogenics; such refrigerators produce steady temperatures down to  0.01 K 
in continuously acting operation. 

6. Mnrr-radius relationrl,ip for whire d~lurfs. Consider a white dwarf of mass 
hfund radius R. Let theelectrons be degenerate but nonrelativistic; the protons 
are nondegenerate. (a) Show that the order of magnitude of  the gra\.itationnl 
self-energy is - G M 1 / R ,  where G is the graviralional constant. ( I f  the mass 
dsnrity is constant withinthe sphere of radius R, the exact potentiel energy is 



Temperature, in K 

Figure 7.18 Hell capzciiy of liquid 'He and o l a  5 pcrwnt solution ol 
'HC in liquid 'He. Thc ~uantity plotted on the vcnical axis is CJT, and 
ihc harizontsnl axis is T. lhur ior a Fermi gas in the degenerate tempcrawre 
region thc theoretical curves o l C r r  at constant volume are horizontal. 
The curve lor pure 'He is taken at constant pressure, which accounts lor 
Ihc slight rlapc. The curvc lor lhe solution oli lIe in liquid 'Hc indicacer 
thal the 'He ill solution acts as a Ferqi gas; the degenerate region at low 
lempcralurc gats over to ihc nondrgcnerate region at higher temperature. 
Thc rolid linr through the cxpcrimcnlal poi~llr lor tlrc solution is drawn 
for T ,  = 0.331 K, which agrcer with the calculation lor free atoms ilthe 
ehcctire n n r r  ir t a h n  ar 2.38 timer the mars ol an slam ollHc_ CU~YCI 
d rc r  1. C. \Vheallcy, Amcr. 1. Physics 36 (1968). 

- jG. l f ' /S~) .  (b) Show that the order of magnitudeof the kinetic energy of :lie 
elcctionr in the ground state is 

uiicrc t r l  is thc mass o l  s n  clcctran and  Al,, is the mAss of a proton. (c) Shoiv 
that iithe gravitational and  kiricticenergies arc olrlie same ordcr ofmagni tuds  
(:iiicquirzd by 1i;cvirial tlleoreill olmcchanics), J\.I''~R = 10'Og"'cm.(d)lflhz 

Fitu:u'e7.l9 Heat capxily al;m iduul Doic. 
Eimtcin gas at conatar~t rolumc. 

C 
Z 

mass is equal to that of the Sun (2 x 10j3g). what is the density o l  the white 
dwari? (e) I t  is believed that pulsars are stars composed 01 a cold degctieratz 
gas 01 neutrons. Show that lor a neutron star hl"'R = 10"g"'cm. What is 
the value o i  tlie radius lor a neutron star with a mass equal t o  that of [lie Sui:? 
Express the result in km. 

7. Pl~oron co~rdri~rurion. Consider a science fiction universc in which the 
numbcrolpi~otons N is constant. at a conccntration oT 10'Ocm-'. The numlc r  
olthcrmally excited photonr we assume is given by the result o l  Piublcm 9.1, 
which is N, = ?.404Vr3//n'b'r'. Find the critical temperature in K hclow tvliich 
i\', < N .  I h e  excess hr - iV, will bc in rhc photon mode ollor\,est frequency; 
the excess might be described as a photon condensate in which there is a large 
conccntration ofphotons in tliclo\\~est mode. In reality there is no  such principie 
Ilia1 the tot:ll nuiitbcr o i  pltoloiis be conslaill, hcnce tlicrc is no plioloo 
coodcnralc. 

8. ll,?o.cy. h n r  rrrpnril).. asrlrrrr~.op. of dc,~ctrcr<cre haron Ens .  Find t \pres-  
sii,ii~ :as ;I liiitiliull of ti.iii(,ci.ttiirc in t l ~ c  icgioit i < r,. lor lhc cnctgy. I IL . :~~ 
c:?1~.8cit).,:t1:~1 rlitrq'y u f : ~  g:i> *I..\' ~~luriiiiti.$:ictitr~ boiuas o[>pin ? ~ r 0 w t l i i i 8 ~ d  
tu i~ rolumc V. Put tlic dcliiiitl: i111cgr:il in dintoir ioolc~s lor~i i ;  it ~iccd #nut be 
evaluated. The czlculated hcnt capocity sbore  ;tnd below r, is rliorvn ia 
Figure 7.19. The c*pciimcnlaI curve was shown in Figure 7.12. The  diiTcicocc 



between the two curves is marked: It is ascribed lo the eRcct of interactions I teoipcmtuic r. lncludc both clarsicsl and qualllutn regimes. (b) Du the s:llne hutween the atoms. 
lor u svacm of ferrnions. 

9. Rorar j i u ~  in one ditrrouiun. Calculate the integral for N,(rl lor a one- 
dimensional gas of noninteracting hosons, arid show that the intsgial does 
not converge. This result susgests that a boson ground stare condrnsate docs 
not form in one dimensioil. Take j. = I far the calculation. (Tlic problem should 
really be treated by means of a sum over orbitals on a finite line.) 

ID .  Relnrh.irric altilc d w n ~ f s l o l s .  Consider a Fernii gas of N elec!ions each 
of rcst mass 12 i  in a sphere of radius R.  Conditions in certain rvhitc divarfs are 
such l l~a t  the great majority of elections have crtieme relativistic kinetic 
erieigies E = pc, where p is the morncntum. The dc Broglie relation remains 
i. = 2nlilp. Problem 2 gives the ground state kinetic eneigy ofthc N electrons 
on the assumption that B = pc for all elecmons. Trcat tile sphcherc as a cube 
of equal volun~e. (a) Use the standard virial theorem argument to predict the 
value of N. Assume rliat the u,hole star is ionized hydrogen, but neelect the 
kinetic energy of tlie protons compared to that of the electrons. (b) Estimate 
the value oi N. A careful treatment by Chandrasekhsi leads not to a single 
value of N, but to a limit above \vliich a st;ibic white dwarf cannot exist: see 
D. D. Clayton, Principles o j  stellar erulutio~~ a i d  irucleosyarliesis, McGrarv-Hill. 
1968, p. 161; M. Har\vil, A~l rap l~~s i ra l  cor~cepis, Wiley, 1973. 

11. Flucruations i#t a fcs,,ti gar. Show for a single orbital oi a leimion system 
that 

<(AN)') = <N)(l - (N)) (91) 

if (N) is the average number of icrmions in that orbital. Notice that the 
fluctuation vanishes for orbitals with energies deep enough below the Feimi 
cllcrgy so l1r:it (N) = I. By definition. AN r N - (N). 

12. Fiucruarionr in a Bosepos. II (N) ns in (11) is tlle average occupancy 
of a single orbital of a boson system, then from (5.83)show that 

Thus if the occupancy is large, with (N) >> 1, the fractional fluctuations are 
of the order o i  unity: ((AN)')/(N)' 1, so that the actual fluctuations can 
be enormous. It has been said that "bosons travel in flocks:' The first edition 
of this text has an elementary discussion of the fluctuations ofphotons. 

13. Che~~zicolpotentinl versus eoncenrixrrion. (a) Sketch carefully the chemical 
potential versus the number of oarticles Tor a boson gas in volume Y a t  

Id. Two orbicnl bosun system. Cotrsider a system of N bosons of spin zero. 
with orbitals at tire single panicle energics 0 and E. The chemical potential is 
p, :ind the temperature is ?: Find ? such that the thermal averape yopulatioit 
of titz lo\r.est orbiwl is twice the pooulation of the orbilal at c. Asrunie . . 
N >> I and make what approxilnatioos are reasonable. 

1f lhe aoms in a gas have intexrill spin (countitt!: the sun1 of clcclronic - - . .  - 
and riuclcai spins), they can form a boson condcnsatz wlren the gas is cooled 
bcloiv the Einstein condensation tcrt~pcrnture r, given by (72): 

For atoms in ttic vapor phase thc Einsteiri condensation temperature is very 
low bccuusc the nuriiber dcnsitics are v c j  low': In (1995) early iuccesslul 
experiments were canicd out at Rouldsi, hli-I'. and clscwhcie. Sucll expen- 
mcnts, wttich are extraordinarily complex, mark the cxcilino forefront of the 
quantum ran field. A large lilrraturc on BEC experiments and theory is on 
the Web. 

Onc set of expcrimcntn (MIT) started with a beom of sodium otolns 
exitiiip an oven at 6OOK at a concentration NIV of LOL" cm-'. What happens 
next is the rcrult of a number of clcver tricks with laser benms directed on 
onc p:~il or another or t1,e be~i l l  of atoms. First tlic alorlis are ~Ioivcd by ortc 
I:I\cI- bc:w froli~ an exit vclocity of 800 in s-' to shout 30 ol s-'. TIiis is 
rluiv cnougii ibr lo"'  tonis is to bc trappcd wilhin a mngneto-oplical 1r;ip. 
Fulthcr tricks, including ev;ipora!ion. reduced the tempcr2lure of the gds to 
2 pK, the ~ ~ l i i ~ l o w  tcniperature T, at which the condensate was folillcd. The 
coilctntr~tion a! 7. \"as $,gain loti  atoms/cm3. 

7111: :tio~ils io tlie coialcn\cd pline arc in thc groutul orhila! and crpand 
only alowly oilcc rcleascd from the trnp. Thc utocils in: excitcd states lrlovc 
ri.lativcly rapidly out of &heir steady-state positions. The positions of the 
atoms can be recorded as a function of time after release. using a laser beam. 
The number of atoms in  excited orbitals is in good agreement with the 7' 

law. (73). With this technique tlie signature of Bose-Einstein cotiiiensation is 
the sudden appearance of a sharp peak of atoms as the temperature is 
decreased through TE. The peak comes iron, light scattered by atoms in the 
condcnmtc; the wings of the linc from light scattered by atoms in excited 
orbitals. 
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The most important physical process in a mo$ein errcrgy-iiitcrisiuc ciuilica- 
tion is the conrersioii of Itcat into work. The Industrial Revolution was madc 

Energs and Er~lropy Trorirfir: Definition of Heol and li'ork 

ESERCY A S D  ENTROPY TRANSFER: 
DEFINI'I'ION OF HEAT AND \\'ORK 

Heat and work are two differelit forms ofenergy transfer. Heat is the transfer 
ofenergy lo a system by thermal cornact with a reservoir. Work is the lrnnifcr 
or energy to a system by a change in the external parameters that dcscribc thc 
system. The parameters may include volume, magnetic field, clcctric field, o r  
gravitational potential. Thc reason wc distioguislt hcat froin work will be clcar 
when we discuss cnerry conversion ~ioccsses. 

possible by the steam engine, which converts beat to  work. The  internal com- 
bustion engine, which seems to dominate man us much as it serves him, is a 
device to con\.ert heal to work. The problem o f  understanding the limitations 
of the steam engine gave risc lo much ofllic dcvclopment olthermodynamics. 
Energy con\crsion remains one o f  the central applications o f  thermal physics 
because nioit rlectrical energy is generated from heal. 

The lundamental diflerencc between heat and work is the diKerence in the 
entropy transfer. Consider tile energy transfer dU from a reservoir to  a system 
\vith which the r e s e r v ~ j ~ ; ~ ~ t h e r r n a I  contact at temperature r ;  an entropy 
transfer do = dUlr accompanier the energy tranrler, according to  the argument 
of Chapter 2. This energy transfer is what we defined above as heat, and we see 
it is accompanied by entropy transfer. Work, being energy transfer by a change 
in erlernal parameters-such as the position o f a  piston---does not transfer any 
entropy to the system. There is no place far entropy to  come from when only 
work is perfornied or transferred. 

tlowever, a e  must be carelul: thc total energy of two systems brought irtto 
contact is conserved, but their total entropy is not necessarily conserved and 
may increase. The entropy transfer between two systems in thermal contact is 
~vclldefinedonly iftheentropy olonesystem increases by a s  much a s  the entropy 
of the other decreases. Let us restrict ourselves for the present to  reversible 
processes such chat lhe combined entropy 01 the interacting systems remains 
constant. Later we will generalize the discussion to  irreversible processes which 
are processes in which the p t a l  entropy o f  the two systems increases, a s  in the 
hcat flow example in Chapter 2. 



We can give a quatititative expression to the distinction betwen Ileal and 
work. Let dU bc the energy change o l a  system during a reversible process; rlo 
is the entropy cir:~nge, and i is ,lie tcrnpcrniuie. Wc derine 

<?Q E rda (1) 

as the healrcceircd by thesysten~ in the process. By the principle olconservntiori 
ofencigy, 

which says th:tt tlie energy cllange is caused partly by work done on the systctn 
atid partly by heat addcd to the system from the ieservoir. Then 

is tile work peiloimcd on the system in the reversible process. Our reasons lor 
dcsignatingi~eat xiid \\,ark by anddlvraiher ibnn iiQand dll'arcckplaincd 
below. For do = 0, \vc liavc pure work; for $U = rdo, pure ticat. 

FEAT EXCINES: CONVERSION 
OF HEAT INFO \VOilK 

Ibll\ 'v, 
Cornor ihcquuliry. Hcat and work Have dilicrcnt roles in energy canvcrsioa 
processes because a l  the dilfcrence in entropy transfer. Consider two co11se- 

quences olthe dilTerence: 
(a) All types of work ace lreely convertible into mechanical work and into 

each other, bccause the entropy transler is zero. A n  ideal electrical iiiotor, 
!vitlloul rneclisnical liiclion or clcctrical resislacce, is a d e ~ i c e  to convcrl 
electrical work into mcchanicai i ~ o i k .  An ideal electrical gsncrator conscrls 
mechanical work iiito elemrical t~ork. Bccausc ail forms 01 work are lrccly 
convsrtible, they ;lie 1hermodyn;linically cquiralcitt to each othei and, in 
particular. equivalent to mecliaoical ~vork. The temm \vork dcnotcs all typcs of 
ucrk. 

(b) Work can be cornplctely converted into bent, but the in\-ersc,is riot true: 
lieat cannot bl: completely conr.crted into work. Entropy entsrs thc system \l.ith 
the heat, but docs not lrave the system with the tvork. A dsvice that g,cner;iles 
work from heat must necessarily strip the entropy from the lieat thnt has bcsn 
converted to nark. Theentropy rcntovcd from ihe convcrtrd input lieat cannot 
be permitted lo ~ i l e  up inside the dcvico iodcfinitely; this eniropy 111uSt ulli- 
malely be iemo\cd from the device. The only tray 10 do this is to provide more 

Entropy IIcxi 

Fisurc 8.1 Entrap). and encrgy flow in any cominuou~ly operating 
ie~cr&iblc dc\icc gsn~ra'ing isark. from thcal. Tlic entropy outlloiv 
nliist equal the cnlropy infloiv. 

input heat than the amount con~er led to work. and to eject the excess input 
hmtas i\.asIe heat,at a teiilpcraiuie ioivci tiiat~ tBat oltlle input heat {Fieurc 8.1 1. 
Bccartse JQ.iic = r, ihe rcscrsibla lieat trao>ler accompanying one unit or 
entropy is ~ i i e n  by ilie tcnipsmtuie at wliici, tlic hc;it is transfcircd. I t  folluar 
lliut octly  it of tlie input h u t  nceil be cjscted at tiie los.cr ternpriauire to 
c;lrly tin:iy 211 ille cnttop). of lhc  input 1,cat. Only tho dilTsrciicu bet:....i iaput 
and output licat can be contcitcd to work. To pretcnt tlle nccuniuli!tion oi 
etitiupy there miist be sonic output licnt: tl~oicfoie it is impossible ro convert 
gill the input heat to work! 

A prohibition agairist unlimited entropy accun1u1;ition in a device does not 
mean entropy cannot accumi~lalc temporarily, provided that it is ultimately 
iemo\,ed. Many practical cncrgyconversion deviccs operate in cycles, and the 



, , . - .  
entropy contained in the device varier with time. Such a cyclic 

device is called a heat engine. The  internal cok%JsTion engine is an example: 
The entropy contained in each cylinder is at a minimum near the beginning of 
the intake nroke and a mnimuln  near the beginning of the exhaust stroke. 
There is a value o! the entropy content t o  which the device returns cyclically; 
the entropy does not pile up indefinitely. 

Wllat Iractiottolthe input heat Q,  taken induringonecycleat the fixed higher 
temperature r, can be convriicd into vo ik?  The input cnlropy associated with 
the input hcar is o, = Qh/4. T O avoid ~onlus ing  signs, we define in this discur- 
sion all cnergy, heat, and entropy Rows as positive whether the flow is into or  
out o l  tlic systcn~, rather than lollowing the usu:lI coovcnlion according t o  
which a Row is positive into the system and ncgative out o f t he  system. 1 f Q ~  is 
 lie wastc heat lcaving thc syrtcm pcr cyclc ;!I tlic fired lower tcmpcricture r,. 
tlts output cntropy per cyclc is 0, = Q,;?,. In a reversible proccss this outpiit 
entropy is equal t o  the input entropy: 

so that 

The work generated during one cycle of a reversible process is the diilerence 
between the heat added and the waste heat extracted: 

The  ratio o r  the work genciaied t o  the heat added in the reversible process is 
called the Carnot cfficicncy: 

This quantity is named in honor oiSadi Carnot, who derived it in 1824. It was 
a remarkable feat: the concept of entropy had not yet been invented, and 
Carnot's derivation preceded by some 15 years the recognition that heat is a 
form ofenergy. 

The Carnot e6cicncy is the highest possible valueof the energy conversion 
. - . efficiency . I) ;; W/Q,, the output work per unii o f  input heat, in any cyclic heat 

0, = Q,/a Qt 

Entropy Heat - 
oulpul 

F i y r e  8.2 Enlrom and cncrgy Ooxs in s reat iieai engine containing 
irrcvcrribilitier that gcneratc ncw cnuopy inside (lie &vice. ne 
eocropy outflow at thc tower ternpiatuie is targcr than the cntropy 
inflow at the higher tcmFrarure. 

engine that operates between the temperatures r ,  and r,. Actual heat engincs 
have lower eRciencies because the processes taking place within the device are 
not perfectly reversible. Entropy will be generated inside the device by irrevers- .. . 
tble processes. The  energy-entropy Row diagram is modified as in Figure 8.2 
We now have three inequalities 
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The actual energy con\ersion efficiency q obcys llic Carnot inequality 

We can h a w  q = )I, only in the limit o[ reversible operation o i  a device that 
rakes in heat at r, :tnd ejects lieat at r,. 

The Carnot inequality i s  the basic lin~it:ttion on any heat engine that operates 
in a cyclic proccss. The result tells us t11;rl it is impossible to convert all input 
heat into work. For a given temperature ratio ia/ri the highest conversion 
efficiency is obtained under reversible opcr;~tion. The iilniting efficiency in- 
creases with increasing g/p, but we i~tt:lin 100 pcrcenl efficiency otily when 
rhix, + m. 

The low-~emperawre vroste h c ~ t  or :$ny hcat engine must ultimately be 
cjectcd ir,tO the cnviranrne,,~, th:tt r, a n n o t  bc below tlie environmental 

tcmpnrlure, usually about 300 K. Higlt clliciericy mquircs a n  input tealpcrature 
T, high cornplired to  300 K. The usable lcntpcr:tlurcs in practice are unlortu- 
norely limited b y  various materials cor~streints. In power plant steam turbines, 
which are expected to operate c o n t i ~ ~ u ~ ~ i ~ ~ l ~  lor ycsrs, the upper temperature 
is currently limited to about 600 K'by pli,hlcrns $vilh the s t r cn~ th  and corrosion 
orstccl. Wit11 T, = 3OOK and T ,  = o~x>K. t l~c  C;iroot cllicicncy is 31, = i, or 
50 L~~~~~ caused by unavoid:thls irrcucrsibilitics rcducc this cllicic~icy 
typically to about 40 percent. TO obt;~in itifl,cr cllicicncics is a probieiit in high 
tcmpcr;iturc mci;tllurgy. 

Sool.cer 0fi~~re~er3ibili ,~.  Figllrc 3.3 iliil,llatcs several con~nlon sources of 
irrcvcrsibility: 

(3) Part of the input lmat C), nlay flurv directly lo the low teniperature, by- 
passin% tile nctiinl mergy mnycjsiun proccsr, ns in the heat flow into the 
cylinder \rails during the c a m b ~ i ~ ~ i , ~ ~ i  cycle of tlic internal combustion 
rngiiie. 

ib) Pail o l  the tcmpeiature diff~re,-i. :I, - i, III:LY not he ~vailable as tem- 
pernture dilTcrcilcc in the ucto;ri c~scrgy co~ivcrsio~% proccss, bccause of 
tile teinpcralilre drop ~llciio:,l :i.~irt:tnccz in thc pi111 01 tl:c heat 
now. 

(c )  Patt of llie ir.urk gencraicd 1,~ cuibicrtr.d back to heat by nicchaiiical 
friction. 

(d) can exp;ind iircvenibly ,,.ithal~t d o i l ~ ~  \rork, ns in ilic irrcvcrsible 
expansion of:m ideal BAS is180 ;$ ~:iciliUIl. 

RC/~.;~CTY,O~S IJJ 

Figure 8.3 four souiccs of irrcvcrrihili~y in heal cngines: l~caz noiv 
b~pai r i t lg  theenergy con~errion proccri, ~hcrii~al rerir~at>ce in the paih 
oltlie hcal flow, lricliunvl lorrer, and entropy gcner3ciun during 
irrcvciriblc c*p~niionr. 

Rclrigcr:itois arc h a t  ui::ines in reverse. Relii~cralors coiisu~iic ivoik to move 
iicai froin a low tc1npcr;lturc r, to a liiglicr tempcroture r,. Considcr theenergy 
'"Iropy ilo~\~ diagram 01 a reversible I~cat  eii_einc in Figore 8.1. Because no 

'""o11Y is senerated inside the device, its oper:~lioo can be reversed, srith an 
reversal of tlie energy and entropy P,. . \s.  Equations (1) through (6) 

renlitin vtslid for tlle revcrscd Rows. 



TIlc cncrgy ratio of intcrcsk in a rclrigcr;itor is 1101 tilo cucrpy cotii.crsio~l 
cnicicncy (7), but tllc r;lIio y e Q,/11! of iiic I I L ' ; I ~  C X I T ~ C ~ I I I ~  :if (lle ( O W  (CIW 

plrralurc to [he worh consumed. This ratio is called the coefficicnt of rcfrigeertor 
porforrnancc; its lirniting value in rescrsible opcration i s  ca(led tlie Carnot 
coefficicnt ofrefrigerator periormance, denoted by yc.  Do not corriuse 7 = Q,/\C' 

wiih tt = IV;'Qh for the energy corlvcrsion cf ic icncy oTr! heat  cnginc; alifiough 
i j  5 1 always. 7 can be > I  or 1 1 .  From Eq. ( 5 )  and IV = Qh - Qt ,  the \\.ark 
consumed is 

The Cnrnot cocl'licicnt of refrigerator pcrfornianca is 

This ratio can be larger or smaller than unity. 
Acltlal refrigerators. like actu~l heat engines, always contain irrc\'ersibilitics 

Illat gcrlcrate entropy inside the devicc. In a rerrigerator this cxccss entropy is 
ejected at the hisher temperalure, as in the energy-entropy flow diagram a1 
Figure 8.4. With the convention thal a11 energy and entropy flows are positive, 
we now have 

in place of (8). Further, 

and  

so that 

+ Condifianers and ffenl Pumps 

Oulpui 

Entropy f i t a t  
O h  = I?*/+* Qk 

Input 
work: 
IV 

Figure 8.4 Entropy and energy Row in a rcliigcralor. 

Thecarnot coefficient yc is an upper limit to the actual coefficient ofrefrigerator 
performance y, just as thc Carnot esciency q,  is an upper limit to \he actual 
energy conversion eficiency r j  of a heat engine. 

Both heat engines and rekigerators arc subject to restric~ians imposed by the 
law of increase of entropy, but the device design problems are totally difkrent. 
In particular, the design of refrigerators to operate at the temperature of liquid 
helium or below is a chntlenging pcablern in thermal -physics (Chapter 12). 

Air Conditio~~ers and iicikt Pumps 

Air conditioners arc relrigerators that cool the inside of a building or an  auto- 
mobile; thc hcat is ejectcd to the outside environment. II  we intcrchangc rhc 
inside and outside connections, an air conditioner can bc used to heat a building 

' during the winrer. Such a device is called a heat pump. If T, - rt << T,, a heat 



Iiurnpcztn hr;it the buildins with u las.er coitsutnption olencrgy than by direct 
hcating (Problrm I). 

' f ie limitations on !lie use of heat pumps are largely economical. They are 
much more costly to install atid to maintain than aresimplehealers or furnaces. 
Heat pumps rnake economic sense primarily in climatic conditions in which 
air conditioning is required anyway. 

Carnot Cycle 

The deriwtion o l  the Carnol cnergy coni.crsion eficicncy and oi the Carnot 
corliicicttt or refrigerator pcrlormance made no statement about how to 
realize a process by which work is generated from heat, or about how reirigera- 
tion is achieved. The simplest and best known such process is ihe Carnof c).cle. 
In the Carnot cyclc a gas-or another working substance--b expanded and 
compressed in lour stages, two isothermal and two isentropic, as in Figure 8.5. 
At paint 1 rhcgss has the tcmpcraturer,and theentropy oL.The gas is expanded 
at constant r until tltc cotropy has incrc~scd to  ibc value a,,, at point 2. i n  the 
sccond rtagc the gas isTurll~cr expanded,noiv utconstant o,umiltlie tempernlure 
has dropped to the value r,, at poi111 3. The gas is compressed isothermally to  
point 4 and lhcn comprerscd iilenlropically to  the original slate 1. We write o~ 
nnd o,, Tar tlic low and high vzlucs o( tl\c emcopy rortlui!ierl in lllr >%al.kir8g 
sitbsra,~cc, to distinguish these valuer rrom o, and o,, which are the entropy 
j luus per cycle at tltc low and high tc,upcraturcs r, and 7,. For thc C:xroot cycle. 
0, = Uh = u,, - a#,. 

The work doec by llte sys lc t~~ in onc cyclc is tbc area of thc reclanglc in 
Figure 8.5: 

wliicb follows From 

4,ru = a  =yXt, - $ p c ~ ~ .  

~vlicre {lrlV ir i1ie work dolie by tlic syrtcin in onc cyclc. The hcsl taken up : ~ t  
r =r r, duiin. the first phase is 

\Vc combine (18) and (19) to obtain 111s C:iinot emcicncy ,I,. Any procass 
derciibcd by 1-igurc 8.5 is cailcd a C ~ r n o t  cyilc, rcgardlcss o l  the working 
ruhrt:ince. 

Figure 8.5 A Carnal c ~ l c ,  lor the contcrrion of lrcat into a.ork, 
illi~itratcd as a plot olcniiopy versus tcmpcraturs, Tor an arbitrary 
working subslance. Thc cycle consist$ of tivo erp3ni;on pltrkcs 
I1 - 2 and 2 - 31 and i r o  cornpicrriot* phsrcr (3 - 4 and 4 - 11. 
Onc of thc e ~ p ~ n r i o n  and otic ofshc cumj>rrriion pluisr nre 
isoibcrrnsl(1 - 2 and I - 4). and onc pikaif ofcach Litid ir 
ircnlropic I? - 3 :and 4 - I). Tkc net ivork done is 11s' areit ol l l~e  
loop. 1.1," heal eoorunird rt i, ir llic zir~ rurroundcd by ilbc 
broken linc. 

The Carnot cycle is a point of reference to iiidicate \!,hat could in principle 
be done, rather than what in Tact is done. All energy conversion cycles need a 
hi2h temperature input and a low ternpciature output of lieat, but olten [lie 
hcat inputs and outpiits are not \veil-detined rcscrvoirsatconstant icmpcraturts. 
E\en \ ~ I > F I c  such reservoirs esist. as in slram t~rbirici. t l lc~e is invariably a 
tcn>pcr;tluie dilkrcnce present bcttvcen the ivorking substnncc and thc r c x r -  
ioirs. The ttcali~ig and cooling processes are never tiiily rcversiblz. 

Eron,~/r :  Culnot i jc ls lut  on idenlgsr. \\'e carry an ideal monatoe~ic g35 through a 
Carnal cyrlc. liiilially tlic g ~ s  uccupici n volunic I; znd ir in tbcmial equll~brium isill, :l 
rcjcrvoir 01, ;it the hish tcrnpialoie r,. The gar is rxpzndcd irothcrmally to tiit \-olumc 
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ti:, ar in Fiewe S.63. In $lie prucerr the gar nbroibi llic hcat Q, lioniiR, and delivers it as 
\\oil il;, lo an c\icinai nicch;inicul rptcrn conncctcd t ~ 1  ilic pihion. For an idmi gas the 
lira1 abioibed lrom thc ressiroii n 

This aoik ir indicated by thc ares lhbclcd "12." Next. ,lie gar ir dirronncctcJ from (n. and 
furthci rrpanded. tiow i>cntropicaily, until thc tcmpcratuie ha, droppcd l o  ,he loiv tcm- 
plrature 7, .  In !tic process llic additional work 

PVI3 = U ( T , ~ )  - U(rJ = $N(rh - 7,) (21) 

ii  deliicied by the 8 %  The \.olume V, a t  the end 01 the isentropic cspansion is related to 
v, by 

lrom 16.63). Aftci point 3 tllc gar is brought into cont;tot with a tcmpcrarure rcscivoii M, 
hl <he temperilluie 7,. 2nd then conlprclrcd inoihern,nlly ( l ' i g~ rc  Y6b) lo ,he voiunic V, 
rtlorcn id sutirly 

= ( ~ ~ h , ) ~ "  = VJ/I'2 . (23) 

so that V,!K = 1;: V,. T o  accampiirh this compression, the work 

IV,, = Nr, l~g(V, / l '~)  = Nr,log(V,/V,) (24) 

must be done on the gas. This work is ejected tom,  as heal: 

Finally. the gar is dirconnccted from M, and recamprciied iacntropically until its tempera- 
lure has rises to the initial t e m p c i a t u r e ~  B C E ~ U S C O ~  thr choice (23)ol VL, the gar voluetc 
at this point hus rcturncd to ia iniiisl valuc V,,and the cycle h ~ o m p t ~ t r d .  In this last stagC 
lhc work 

is pcifamcd on thc gar; lhir cancels chc work W,, donc by the gar during ths isentropic 
exprnrian 2 - 3, by (21). 

The net work dclivercd by the gas during the cycle is givcn by the dillcrence in shadcd 
areas in Figuics 8.6a and 86b. which is ihc cnclowd area in Figuic 8.6~. Thc ircntropic 
curves in !he p-V diagram are steeper than the isothermal curves, ra that the area or the 

gar during onc cycle 

I I 
I 

I 
t , I 

I 
I I 
I I I 

V, V, "2 "3 " 
(c) 

Figure 8.6 Thc Carnot cydc for nn ideal gar. ar a p-V plot. An ideal gas is cxpandcd 
and rccomprrrred in four nagcr. Two of then, are iiothcrmal. a t  llrc tcmpcmlurc ib and 
r,(r, > $1. Two olthcm a n  isentropic, from r, to r,. and back. The s h a d ~ d  areas show 
(a) the work done during rhc tivo cxpanrian nagcs, (b) thc work dons during lhc two 
conipresrion stages, and (cllhe net work donc during thc cycle. 
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loop is finilc and is cqual lo ihe area olihe rcclangls in Figure 8.5. We lrare 

w = iv,, t rtJl, - iv,, - w,, = iv,, - ~i:, 

= N(rh - ~,)loe(I'~,'V,). (27) 

Tiic hcai ahsorbed frornC+, war gkcn in (201. so thar IV/Q, = (i, - r,)/rr, which is just 
the Carnot rctalton (7). 

. . ., . ^ - _ - Z._.-.--_.-_ *-_ I. ;-.~ ..-*. d... 

Energy Conversion and the Second Law olTlwrmodynamics 

Tlie Carnot limits on  the conversion allteat into work and  o n  the  performance 
of rclrigcrators are direct consequences a l  the law a 1  increase o f  entropy. Tlie 
second law of ilierrnodynamicr u s ~ ~ t l y  is forrnulilted without mctition o f  
entiopy. We slated the classical Kelvin-Planck forntulation in Chapter  7: 
"It is impossible lor any cyclic process to occur rshose sole erect is thc extraction 
ofl irat  irorn a rescr~oir  and the prlormance o f an  equivelent aniount ofwork." 

All reversible energy coii\,ersion dei ices that operate between the same teni- 
peratures have tlte same energy conversion efficiency 71 = IVlQ,. Were this not 
so, we could combine two reversible devices wiih diITerent efficiencies, 1 1 ~  < ? I 2 ,  

in such a way (Figure 8.7) 11tat dciice 1 with the lower esc iency  is operated in 
reverse as n refriger;ttor that m o m  no! only the entire waste heat Q,, front the 
more eliicieni device 2 back to the h t ~ h e r  temperature rh, but an  additional 
amount Q(in) of heat as \veil. The overall result would be the convenion o l  
the beat Q(i11) to work lil(oot), ,iithout any net waste heat. This u,ould require 
tlie annihilation o l  entropy and ~ o u l d  violate tlie law o l  increase of entropy. 

Now that we liaveesrablished that ail re\.errible devices that operate between 
thc same tcrnp?ralurci bavc thc s~me  cncrgy cairvcrsion eficiency, it is sulficietlt 
t o  calculate tilir clliciency for an). particular dcvicc t o  fill~l the Conlnlon v3buc. 
The  Carnot cycle device leads to TI, = (r, - r,)/i, for the common value. 

Farh Dcpendectcc of llrst and \York 

We liave carciuily urcd tlic words heat and \vork t o  ci~aracterize energy transfer 
proccsscs, :lnd not lo clv.iroc!trizc pial~citics of tlie systcni ilsclf. i t  is not 
inuaiiinglul to spi.;~k o l  lltc h c ~ t  contcot o r  of tile \\,ark contcnl of a syslcnt. 
\\'c look ill lltc C.LIIIOI CYCIC O ~ C C  tniorc: Aroi$%\d a closcd loop in tlie pi' 
plane, a net atnounr of work is ;cneratcd by tiie systctn, and  a tic1 amount  or 
heat is coiisunicd. Bur the system--on bcing laken once around ihe  loop-is 
returned to piccirely the initial condition; no property of the  system has 
changcd:rIri> t:iearis tliat there cannot e i i i t  t s o  functions Q(o,V) and W ( 0 . V )  

Figure 8.7 Lrtwo diNcicnl rcrerrible enerp).convcrsion devices operating bctwccn the 
same lcrnpcrvturer rr and r, could bavc dllIercnt energy conversion cficieecicr f,12 > # I , )  
i t  nould be purribte la can~btric tticrli into s single de> i ie  \\ill) 1W prl citicicric! '.y 
using the less ellicicnl d r i i c c  I as r rrrrigcinor it131 mover not uoty ~ h c  caiirc s;i,;t 

lserl Q 1 2  UILIIC more cficii.ni device 2 back to ihc liislicr ienlperiliure, but an adi1itiun;ll 
aniouol Q(in) of i~ea i  as sell. l'liir additioiiat h c ~  iioutd t t r n  be coisplctcly coii,cired 
to isoik. 

sitcli 111:ir tlic J ILI : I~  P,, and  tlic work If:, reqoircd lo c i r r y  tlte systcm frotti a 
SVite (o,.161 lo a stale lob,l/,) are _eiucn by the diircrences in Q and iV: 

Ifsuch funciions erisicil, tlie ncl tranilcrs oflieat 2nd o f a o i k  nrouiid 3 cloreil 
loop i~cccssnrily uoitld be rcro. :tnd iic i3:ivc alioaii tli:it thc tr:iti,lcrs :ire liot 
ILITU. 

Tltc ir.ttt~1crs of Iie:it :tnd work b c t > v t c ~ ~  i t : ~ t ~  i.3) ; b r d  S ~ ; , I C  (b) d e i ~ c ~ ~ d  081 tlie 
P'dtlt V ~ k c n  bcciiccn the two siatcs. TItis p:ttIi-depciidencc is expressed trlien 
we say ilia1 h a t  and ivoik a renot  rtalc runctionr. Unlike tco~pcrature, entropy. 
and free e n e r g ,  licnt and wail. are not itttrinsic attributes of tlic system. Tlic 
incrcinertts f fQ a n d d l l ' l l ~ s t  we introduced in (1) and (2) canna1 bc ditPii.ntiais 



Figure 8.8 Two iire\.trribls procciici in which rncclr~nical or dcctricd potential 
cncrby is urcd ,a hc4, a S!,,<rn. 

of mathematical functior~s Q(o,V) and IV(o.V). For this reason we dcsignaled 
the increments by $lQ and tJIV, rather t h ~ n  by dQ and rlW. Without the path 
dependence o f  heeat and \\ark therc \\.outd not exist cyclical processes that 
permit the generation o f  sock  from heat. 

Irreversible \\'ark 

We consider the encrey transfer processes of Fisure 8.8. In each process 8 ,  
is a purely mechanical or  electrical system that delivers pure work with zero 
entropy change. The  energy transfcried to 8, is converted to heat, either by 
mechanical friction or by elrctrinl resistance. The  final stale of 8, is the 
same as if the energy had beer: added as heat in tlie first place. The  entropy 
o f  8, is increased by do2 = i lUl /r .  This entropy is newly created entropy. 
Processes in which new entropy ii created am irreversible because there is 
no  way t o  reverse the process in order t o  destroy the newly created entropy. 
If newly created entropy arises by the convenion of work t o  heat, we say that 
irreversible work has been performed. 

If we look only a t  the net change in a system, there is no  way to tell whethcr 
the process that led t o  thin change was reversible o r  irreversible. Fo r  a change 
dU  in energy and do in entropy, \we can dcfine a reversible heat dQ,, and a 
reversible work dW,, a s  the amount of heat and work that would accomplish 
this change in a reversible process. If part of the work done o n  the system is 
irreversible, !he actual work required t o  accomplish a given change is larger 

Thc :tctual Itcat tmnsfcrrcd in lltc irrci,crsiblc proccss alust bc lcss than the 
reversible heat. 

... 

Eron,plc: Sudden rxponrion of an ;dcolgar. Ar an exuniplc of an irrercrriblc proccrr we 
cunridcr onct marc llic ruddcn erpeiiriao alan idcalg;ir ialo :! vacuuin. Neithcr hcar nor 
Svoilr is transleired, so that dU = 0 and <ir = 0. Thc Rnat nste ir identical with tiic siale 
t i~ i l t  rerultr from a rcreriibic irothcrmnl rrpilnsion with the gsr in thermal cquiiibriuln 
\lilh a rcrtnoir. The \\ark IY.., done on tlic p~s in thc icrcrrible cxpnorion froti> roiunle 
i', $0 l'> is, from (6.571. 

I Thc~~orkdoneon~hegas isncgativc;thcgar doer posilivewarkonthepiiton iilanamount 
equal to the heat transfer into the ryrlem: 

I The ctitiopy cliangc is equal to Q,cv/i, or 

a, - a, = - W,,/r = Nlog(V,lV,). ( 3 2 )  

In the irreversible proerr olerpaorion into thc vacuum this entropy is sexty creaad 
entropy bemure neither heai nor work Ro$vr into the system from the outridc: Iq,,,. = 
Q,,... = 0. From (31) \re obtain 

i 
1 in agreement uith (28) and (29) 



Figure 8.9 Syrtcrnr beii%,een trhiclt only uoik but no 
hcdt ir lranrlrrrcd nccd not be at the sanic ta,ipcraturc 
for the process to be rcvciribte. 

In our discussion o r  irreversible work we assumed that the new entropy 
is created inside the system during the delivery of work to the system by other 
systems. This is not the only SQilrCe of irreversibility in energy transler. Pure 
heat transfer, not involving any work, is irreversible if it takes place bctween 
two systcms having diHerent temperatures. We worked out an example in 
Chapter 2. In this process heat is transrerred ftotn a system at r ,  to a system 
at the lowcr tcmpcraturc 7,. We hai,e;. 

d u ,  = aQ, = r ,  dvI ;  d u 2  = dQi = r2do,; lfQ, t dQi = 0. (34) 

The newly cieaicd entropy is 

do,,, = ('10, + do,) = cfQ,/r, t 6Qre,/rz 

T, - r, 
= (Liz, - i/ii)(iQ, = -I-~Q,. 

f l T l  
0 5 )  

The heat flow is from high to low tcrnpcra~urc: clQ, is negative: 7, - r ,  is 
ocgati~e, so that iioi,, > 0. 

Tlic cncigy tr;lnsicr bctx.ecn two systems \villi diffcici~t tempenturcs nced 
not be irccvcrsihle if only \\.ark but no  licat is transisired (I'iguic 8.9). 

A \ \  actual cncrgy traii~fcr processes itre invariably some\vhat irreversible, 
but reversible pruccsses remain the backbone of the theory olllcrnia! physics. 
They constitute a natural limit, which is [lie equiiibriitm !in,it of vanishing 
cntropy generation. We siiall assunie hcrcafter that the iiotds lieat and iuotk, 
~vitliout a fiirtlier qualilier, r e k r  to ic\.crrible prorer~es. 

HEAT AND WORK AT CONSTANT TEhlPERATURE 
OR CONSTANT PRESSURE 

Iso~hern~olwork. We show thal the total work performed on a s)stcni in 
a reversible isothermal proccss is equal to the increase in ilte Hrlnitioltr iree 
energy F = U - ro or the system. For u revcrsible process dQ = rdrr = d(rv). 
because d7 = 0, so that 

Thus in such processes the Helmholtz free energy is the natural cner~c!i: 
lunction, more appropriate than the energy U. When we trcaf an isothcrti;;i 
process in terms of the t ldmhoitz free cnergy, rre automalically i~idude >.he 
additional work that is required to make up for the heat transfcr from tbc 
sysicm to the reservoir. Often the heat transfer is the innjor part of the rrotk: 
lor thc ideal gar the encrgy U does not change in an  isothermal piocess, and 
the work done is equal lo ilie heat transfer. 

[roburic hear and work. hlany energy tclnsfer processes-isothcrmal or not- 
take place at constant pressure, particularly those processes that take piace 
in systems opcn to the atmosphere. A process at constant pressure is said to be 
an isobaric process. A simple eranlple is the boiliiig of a liquid as in Figure Y.10, 

figure 8.10 Whcn a liquid boilr undei ~trnorplieiic pressure, the vapor 
iiispl3cio~ the ati~iorplierc docs work agi ic i i t  tlic atmospheric picsrure. 
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ieiirtancc iteating ol thc dcctidyte. TIx efiectire work required to decampose 1 mole of 
water is related lo the mohr Gibbs free cncigirr a1 the reaclantn: 

Chemical tables list thc Gibbr lrcc cneigy di&icncc AG as -237 k1 p r m o l c  at room 
temperature. 

helcctrolyrir Otis ~ o r k  is performed by acurrent I that flowsunder an external voltage 
VW If t ir the tirnc required lo dccanipore one niole ofwater, Q = I x r is ihc total charge 
(not tlie hrrt!) no*,ing tl>iough the ccll, and we have 

According to 1431, there are two e;crtionr inuolvcd in dccomporing anc water molecule, 
lience 

Q = -2N,e = -1.93 x IO5mulomb.  (47) 

We cquatc I461 to (45) to ob~aio !lac candhioii for cicdrolyrir to rake placc.Tl:is rfquircr a 
rniiiiinuin volragc 

or 1.229 volts. A voltasc largur tlwn V, must bc applied to obv.tin a h i l t  currctit flow. 
hccatire V, alonc meicly rcduccr to zero ilie potentiit! barricr btlwecn thc rybrrrns on the 
t r a  rider ol llie rcr~lioncquaiion (M). Whcn V  z Vo,thccxcesr power ( V  - Yo) x I will 
be disipnlcd as heat in the eiectrolgte. 

' 

11 V i V,. lhe rcaclion (41) will proceed from riglit to icfr providcd ga3eour 1,ydrogcn ir 
available at thc positnr clccrrode and gaseous oxygen at thc negative clccrrode. In the 
simple saupaf  Figure 8.11 thcgaser are prnlitled to crcapc, and for V < V,nulhing wiil 
happen at 311. It is ~os r ib lc  however. to construct the electraCcr ar w r o u ~  soonces. wilh . . . - 
lgdrogmandorygen forced ~hioiigh under prcisure(~igure8.12).~u~hadcvi~produccs a 
voltage ib bctivccn the cicctiodci and. if thc clrcuades uic connected. ertcrnal cuirrnt ivili 
noiv.Thir arrangcmcnt kr callcd a hydro~en.orvllenfuel cclt. Fuelcellr were used ar pouei . . .. 
sources on b o ~ r d  the Gemini and Apolla' rpacfcmfi snd indrlenldly produmd drinking 
water for the astronauts. 

T l ~ c  principal Icchnologic~l iin~ilstian of fud  cells is their low current per unit electrode 
area. In lhc Apollo cell the currciit density \%as only a few hundred rnA/cnll; llexiw large 
clcctiodc arcs$ arc required to produce r~asoiiablc currents. The currcnc-voltage cllaiac- 
tciinic afan clcctroclicmiirl cel! in iir wu operating ranger as iuci cell aiid as cleclrol~lic 
ccli are riiovn i i i  figure 6.13. 

\ I 
Porous ~lcctrodcr 

Figure 8.12 A iucl ccll ir so elcctiolysircell oprnled in 
reecrrc. uilll 1,ydrogcn ;~nd  oxygen ruppiitd ar fuels. The 
fuclr ;lit bir.cd ulider prcrnarc cCroo&li porous dritiadcs 
icp.!r~lLif by an cli.ctrolytc. The hydrvzco ?nil orygsn m:tcI 
lo furlil walcr; the crcess Gibbr lice cncrgy is deliicrcd 
oul5idc as c1cctric;lt c n c ~ ~ y .  i\'\';,wr farins s i  (hc pari5irc 
electrode arid ir removed ihcrc. 

Figure 8.13 71,s curicn~-ualce$e chararieiisiic olan clcctrol) tic 
cell or fuel cell. ii%dica~ingtbe i r o  opsraiinp i.lnger. 



Chcmicnl \\'ark 

Work pcrlormed by the translei 01 paiticlen to a system ir called chemical 
work, because it is associated with the chemical potentid. 

When particles are transferred, the number ofpaiticles in the system is one 
ofthe independent variables on which the energy 11 depends. If U = U(0,V.N). 
then for a reversible praccss 

by tile thermodynamic identity ofchapter  5. llere we have replaced the partial 
derivatives by their familiar equiralents (Table 5.1). By our definition of heat, 
the rdo term represents the lrdnsler of heat and the -pdV and pdN terms 
represent the pzilormance o l  wark, all understood to be reversible: 

The  - p d V  t e rn  is mechanical work; the pdN term is the rlicrnieal work: 

If there is no volume change, dV = 0. All the work is chemical. 
In  particle transfer there are usually two systems involved, both in contact 

with a heat reservoir, and the total chemical work is thesum orthecontributions 
from both systems. In the arrangement olFi9ure 8.13 a pump transfers particles 
from system 8, t o  system 8,. The chemical potentials are p,  and p,. I f  
dN = dN, = -dN,  is the number of  particles transrrned, the total chemical 
work performed is 

The  work that must be supplied to the pump is AlV, if there is no  volume work 
(dV, = dV, = O), and il all pioccsscs are rerersiblc. 

Thc rcsult (52) gives an addi1ian;il meiining oi tlic chcmical potcnli.>l. WC 
summarize the propcrtics of the chemical patcntinl: 

Fieure 8.14 Chcmical work is ,tic work pcrbimcd slicn pariiclcr ilie nioved 
rcvriaibly lion> onc ryrieiii lo itnoihci. wish the two ryrteoir ha\.ing dslicirnr 
chciiiical potcnlirlr. t l t h c  i r o  ~olu$ncr do ndt ch~nlc.  lhc soil. is pure 
clicmical work: tlic amount p r  p~riiclc i4the diliercnce in  c1iemic;it putrii~inlr. 

(c) l l t h e  two systems are in diifusive equilibrium they havc the samc clicmical 
potcntisl; no  work is required to movc a paiticic from anc system la  
the other. 

(d) The  dilTerence in ititerndl chemical potential (Chapter 5) bet\seen tivo 
systems is equal but opposite to the potential barrier that maintains the 
systems in diffusive equilibrium. 

: . ..,. ~ ~ 7.-- ~ . . . ~  ~. . ~ . ~  .~ . . . .  . , : ,' ..... "-<.-.A. ~ . ~ .  . . .. ...~. , ,.. . , ~ .  

E ~ U ~ I I I ) ~ C :  C l $ e ~ r r ; ~ a I  C O ~ *  for on idealpnr.  WC conridcr rbe wark oei ~arricte rcqirircd to - . . 
rnove reveiribly the atoms ola monatomic ideal gar riom 8,  wit11 concentration ,I$.  to 3, 
nith concei>trrtiun I, ,  > a,, boih rynetnr king at the rvmc icmpcrztare (Figure S l i ) .  II 
cIV - 0. tlic work contain% only a chemicsl work tcm. which can bc calcutaad from ihc 
dlficrencc in chcn~ical potentist, no matter how the proccrr i s  actually perlormcd. The 
chanicsl posm~iat d~flerrncc bctweeo two ideal gar r)riemr with diflcrent conccllliilionr is  

(a) The  chemical potential 01 a system is the work required t o  transler one 
particle into the syacm, from a reservoir at zero chemical potential. 

(h) The  diKeience in chemical potential between two systems is equal t o  the 
net work required t o  move a particle from one system to  the other. 

, , . . 
. ~ . ~ 

. . 

W = -$pdv = -NrSclv/v= Nrlog(l</V,) = Nrlog(rr,jn,). (jl) 

Hcncc the mechanical work pcr particle h rlog(n,/t~,), identical to the rcrult (53). The 

. 



Figwe 8.15 t,oll~crnidl cl~eir,ic;tl %\.oil. Ttie irmoont olclicioical work pci particle 
docs not ohany ii ilic process ir pcrrormcd irolcrrnally with bolh syrtenlr in 
thrmirl cquitibriuin u i ~ h  a cornnion large rercri-oir. 

ideniity of ttic clicniical xorh niih the iia~hermal comprersian work illusiistes thc equi- 
tence or con\crlibiliiy of dilierent kinds o l i$~or t  

An imporlatit lorm ofwork is magnetic work. The most importam application 
of rnagnetic ir,ork is to superconductors, and this application is treated here. 

Below somc critical temperature 7; that is usually less tlian >OK, many 
cisctriml conductors undergo a tixnsitioo lrom their nornial state will1 3 finite 
elcclrical conductivity to x superconducting state wilh ;I" apparently infitlite 
conductivity. 

Superconductors crpel mapnetic fields from their interior. if the super- 
conductor is tirst cooled below the critical tcmperirture and then inserted into a 
mapnetic field. ir,e inielii cxoect t h u ~  thc iiifinitc conduni\.itv would shield the - .  
interior lrom tlic pciictratio~i by xmogneticTicld.Ho\~c~er, theczpulsionoccurs 
evcn i f  llic soperconductor is coolcd bcluw 'T, while in a magoctic field (1-igure 
StGI. Tliis actiic c\pulsioi,, c.~ilcd tlic Alcisncr cflecl. iliows that supcrcon- 
duclivity is niuic l l u n  :tn infiniie conductivity. Tlic hlcissncr cKzct is csuscd by 
sl~icldit~g currct1ts 11i:it : I ~ C  s ~ ~ o ~ ~ t : t n c o ~ ~ I y  gciieiilted near tllc surixcc, in a laycr 
abrrut 1 0 - 5 c n ~  thick. 711e mzgnetic ficld rpu l s ion  is not alivays conipletc. 
Superconductors ore said to bs o l  type I1 if theexpulsion is incomplete, but siill 
nonzero, in a rdiige o f  liclds :tbove somc Ioiv ficld. W e  sh:iil restrict ourselves 

Figure 8.16 Sleirmei cflecl in a supeimnduaing sphere coolrd 
in 3 canilanl opplicd niafciclic field; on parring bciow the 
tc!r:,iiion icioji;iriiric ltlc liclsr ol iiiduciio~i U :*ic cjccicd liotil 
<he rphcrt. 

Fiture 8.17 Thie>l~l,old curves of ihe critical 
6cld versus ternperatur* lor revcia1 rupr-  
conductors. A rperinicn r i ~ p r c o n d u c l i n ~  
bclow tlic curve and ni;j:i..;l ;ibare ihc curse. 

liere to the discussion oftype I superconductors, for which the ficld expi>lsion 
is complete up to 3 definite field and zoro thereaitcr. 

A suniciently strong magnetic field will dcstroy siipcrconductiv~ty. The 
critic;il iicld required to do this depends on  the te~npcriirure and  on  !he sup?r- 
coi!ductor. For iypc I sup:rcoiiductozr the iicllir are usu:~lly a f * ~  l ~ i u ~ ~ d i c d  
gauss [Figurc 9.17). I n  saint niabiuni and i.;ln;ldiuo~ compouods o l  t)pC 11, 
criiic;il ficliis ofncvcrai hundred kilogxuss h a w  becri o b j c r ~ c d .  

Thc Meissner ii~agneticeITect slioir,s that tlic normal and the supcrconducting 
Stiitcs arc ditTerent tllermodynamic pbases of t l ~ e  sanle rnelal, jtisl as icc :lnd 
liquid water src diKcrsni phases of H,0, except that in thc supcrooi~duciiti:: 
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256 Chaprrr 8 :  f3eirf ond ll'ork 

Figurr 8.20 Tltc 6cc cncigy density F, of8 
noor.ragnc!ic nornial rncrll is approliinlfcly 
indcp;ndciit uithe inlenrily al lhe applied 
rnagnclic 6eId Be. At a temp~ature r < rc the .: rnclrl is  a ruperconducior in rcco magnelic c Noinivl slate 
Brld.ro illat F,li.(ii is Ioiwr than f,ti.Ol. An a -- 
applied rnagnciic hcid incre:%rer i;, by B.'iZjt,. 2 
in  St units iznd by B.'/8, in CGS uiiit,). ro 2 

c .& I 
ll?dl F,tr,B,l = f,lr,Ol + Bn2/2!t0. t iBuis " 

> 
liirgcr than she crbic;d field il., the iiec energy ,? 

,.$ 
- dciisity is lower in ihc $normal rtaie than in oc\. ,." ,-" 

the rupcrronducling stotc. and now (he nort?i:$l 
S I I I C  is llie stable state. 1.hc oribn or the 

4a9 I 
uctic,~l sc:tlc iht I I > C  draiviog is at f>tr.O~. Tlx B"* 
ligure cqusily appl,cr lo Vr and Us a1 r = 0. Applied magnetic field 8,- 

Tliis is the amount by which the Tccseaergy density in the bull; superconductor 
is raised by ;~pplicatiao of an  crternal magrittic field, in an  experinicnt at con- 
stant ternperattlrr. 

Thcrr  is no  comparable free energy increase for the normal conductor, 
because there is no  scieening ofthe applied field. Thus 

In a plot of [he free ettergy density of both pliases versus the magnetic fieid 
(Figure 8.20), the free energy of !he supcrcoodocting phase iviil ultitllaleiy rise 
above ti131 of tire normal phase, so chat in high fields the specimen will be in the 
nornial phase, and  the superconducting phase is no  longer the stable pliare. 
This is the explanation o f  the dsslruction of supeiconducti~ity by a critical 
magnetic hcld 8.. 

\Vith increasing temperature chi: fire energy dilkrcisce bci\\een noio\al and  
superconducting pllase decrcascs as r -+ r,, and  tlic critical n~agnctic ficld 
decreases. Everything else beins equal, a high stabilization eiicigy is1 3 l).pe I 
superconductor will iead t o  both 5 hip_\, critiul ternpcrature and a high critical 
ficld. Tile liigliest critic:tl fields are found amongst tile supcrcotiductors with the 
iliglicst critical ternpcraiurcs, and \ice versa. 

1. Heat is the transfer of  energy by thermal contact \kith a reservoir. I n  n 
reversible processdQ = rdo. 

2. Work is the transier o f  energy by a change in the external parameiers that 
describe the system. The  entropy translcr in a ie?ersible process is zero when 
only work is performed and  n a  heal is transferred. 

3. The  Carnot energy conversion efficiency, ,I, = (r, - r , ) j ~ , ~ ,  is tlir uppi r  
limit t o  tlic ratio IV/@, of the work gcncratrd t o  the hcat added. 

1. T l ~ c  Carnot cocflicicnt o l re~r igcra lor  perforrnancc. ;.c = r,j(i, - r,), is tlic 
upper li~iiit t o  the ratio @,,lY of tlie heat e \ t r~c t ed  t o  the work coosurncil 

5. Tlic total work performed on  ;I systcm at conslant tcnlpcratune in :i rcrcrsiblc 
p i o u s s  is equal to llie change in the t~e i t i~ t iu t t r  ircc cocipy F f U - io 
o f lhc  system. 

6.  The  effective work performed o n  a system at conitant tempcralurc and 
picssuie in a rcveisible proccss is equal t o  thc changc in the Gibbr iiie 
energy G = U - ro $ pV. 

7. The  chemical work performed on a systein in tllc rcvcrs~ble transfcr 01 r!.V 
particles t o  the rystcrn i, p lN.  

8. The change in the free energy dcnsity o l a  supxconductor (ortype I )  caused 
by an  external magnetic field B is B1/Zlr, in SI and B2,Sir in CGS. 

I .  ileal puntp. (a) Show that for a reverrible heal pump tlic cnersy required 
per tinit of heat dcliveied inside the building is $%en by theC3moteficiency (6): 

\\'lr,lt lxtppcns if 1~ieIlc:ll ptltlipis 1101 recersib!:?l!~) ,\Sjulile ll1.11 lllc ~Icc1ri~'ity 
coiisumcd by a rc\.cisibie :he31 >utb:p muit iircli bi gc>iciaicc> Ly .I L:ainiit ~.i;:'i, 

opcraiing bct\veen the lcmperdturss r,, and r,.  \Vli:u is I I I C  r:niu QIh;Qh. 01 \lie 
hcat consumed a t  a,,. to the heat delivered at r,? Ciiie numeriail values lor 
T,,, = 600K; T; = 3OOK; T, = 270K. (c) Draw an eiltrsy-crltropy llow 
diagram lor the coinbi~iatioit heat engine-licit punlp, siiiiilur la Fisiircr 9.1. 
8.2 2nd 8.4, but involving no  cstcrnal tvork at all. only sneryy and  enliojiy flows 
at lltrce lernpcratures. 



.sJols JlC,\tp al!ij.\\ ll! SB 10EO1 = A/N pU1: 'uoaj~nu I: 01 ~I:II~> 

rrelu 313!llcd e (q) !IfCIJUi U! ST! 'C.tL~~zi~l = A/N pun 'SSBUI UOllJJlJ Jill 01 

pnba ssew ap!ixed e (e):sasu oh\) 10) U!APY U! alnleladlu~l lcuy ~q~loj sanjch 
1e>!'amnu >n!D .anjen [eug iueisuo~ e 01 31113s 01 alnle13dual Sl! 101 papuedxa 
2q pjnoqs re8 aqi q~!q~ Lq soi3ej aqi aieul!ls3 iQdde oi i!m!l les!sstI> aql ioj 
sBq Lliua!>g~nr s! J/t J! uo!suedxa laUe sea aql JO ainie~admai aqi r! icq,tj .I, 
awnlo& leuy e oi 'ylom 8u!op inoqi!m 'mnnJen e ow! L1q!s1?nal>! purd~~ re8 
aqlial .o = !L alnlrladmal ic;$ awn1o~ e U! Llle!i!u! 'JY ssemjo suo!mlaj f u!ds 
'3uji~e1aiu!uau AT jo seS e Japkruo2 .r~S!ri~.~.raj a/o uo!raadra 2iq!r*J.ta.l.ll '01 

.L~MY~,o~ saw!, pue 1 uaaxiaq SEM 9161 U! ~I'OM aq~ u! pa~npold 
LI!J!~IJJ~J l~iol aql :uos!1cdmo3 103 jsdals 112 u!cldm pue sl!un aql iplcM 
'3 0; = 'L '5 OI I = '.L '3 009 = !L ', .x ,-3 1 1 = J 'I,mx oi lnoq") 
Sy ,,of = JY 'OJ 'q~y u!'anlen jc~!l~iui~ue~.~!8'uo!iejn3ja>aqlj0p~3aqiiy 

... ,iu~jstro~ riais 'J, imic~sdmai i!onnrsl ~~.\iol 
sill ic~ji si~iisv .IA = YL 01 p~ddolp sag ainic13d~t~i~qi UJ~X ~II.\\OP inq? ~q 
01 r! iurld aqi J! puu '!I = Y~ L(~u!i!;l! SCM ~201 aljl joa~n1illadu~l5qi J! 'y3ol 
aql wolj alqni3ellxa L8iau~ 1cJ!11Jaia jo luname lei01 aql aielnsji.> 'l!io![ 
ioulc3 aqi i-c salelado l~ie~daqi~~~iu+puadapu! ainlar~drual aq oipamnsse'y~ol 
241 jo ieaq ~y!>ads aql s! 3 araqM'Y~j~3jg- = "ap oi SU!~JO~~C 'sdoip Y~OJ 

3ql J0 3Jnl~l3d~~51 SLiI 'U0!13FJIYS lC3ij Jo llnsll E EV .Ju!qinl e an!Jp 01 UEsls 
loq %u!ilnsal aql Su!z!l!ln pua 3ala.n Su!l~~lu! Lq hl!l!ll3aja alel~ua3 or par!l!in 
aq ol s! y~oJ loq snolod jo ly ssam aSJel ha* v '63.$aua ~awtraqtoa~ '3 

iuool .s%olaq loo2 JOIEIJ%!~J>J aql ueg .h\001 sfieJp iciji ~o~na%!ija~ iouiz3 
e ap!Su! SU!uJnq ljai s! qjnq li{8!1 A1001 v 'dolola9!.$ar o ir! gjng lyS!, 'L 

'x 81C I! IJ~UC<[JY> IL'Jq 100plnO all1 PUP > :s< 
Il! 3Q ~CW S/!03 ~U!IOOJ 2ql l!illl 3!lS!ltal 8 UI '(8161) 61 '9b ~?!~.(q,j 'f 'JaUiV 
'sni:a& pua Ual s ti Kq ua"8 s! siauo!\!puo3 I!T moo1 lo uo!rsnss!p 

p004 V .,_xM u! moo1 aql jo y IualJlyaoJ ssol ieaq aql puy '~y lo lamod 
Bu11003 e Kq D-LI ie paurciu!eur s! UOOJ aq1 pue ~>LE >e s! slooplno aql jl (q) 

;hi!>cde~ 
~oi:ld aqi uo aheq s!tg plnom 13sya ieqr; '3,001 hq $L Su!s!e~ i!mrad pjno.6 
Lao[ouqsai rucais-loq u! sluamanoJdm! Jl iJa,t!lap UeJ iusld a31 leql ~ndlno 
1es!li3a13 1saBJeI~qi S! ~E~\~'Azw 0051 01 J~!J aqi ow! padmnp aq uea ieqi lea11 
JO IU~OTJ~ atn r!mg ruo!ieiap!suo~ in>!Solo>a 11 'JiOO1. = Y1 JO a~nie~adwa] 
meals e l[l!h\ 'lllllld laM0d 38181 c J0 I!Ohlasa~ ainle~adul~l n!o[ aqi se pasn 
aq 01 s! 3,oz = %. alnleladmal Jsie.\\ e qi!a JaqJ v .uo!>nllodlour.tar/~ .$ 

LLes S!~I I,! 
L3ua!st&a uo!sJanuoJ QJ~LIJ 1x1 lar{S!q e u!oiqo oi alq!rsod 11 s~ -71 axnlz~adwal 
ii? au!Sn~ ieaq aqi 01 pa!lddns "5 iuaq a111 01 ylo.\\ (slqel!ene) 1x1 sql jo o!icl 
aqi aisjn3je3 .Liq!slana~ aieljdo ~oie~a8!1ja~ aqi pue x!!411a ieaq at11 rjloq i~ijl 
aLunssv 'au!5oa ieail aqi hq pa~npold y1o.n aql jo i~cd samnsuoa lol~~~S!~jal 
aql'ioiaJaX!ljar CJOSUP~UJ Lq"1 alnl~l~d~al I~IUJUIUOI!IZU~~~~~ n\ojaq0lanja,, 
e ol l!onIasal alnleiadmal-moj Sl! Jo alnlclsdmal aqi 5u!~a,~o[ Lq pano~dru! 
aq 01 s! au!%ua ieaq e jo K>ua!qa sq~ .apo>rm JO~U.IJ.~,.~J.I-JI,!~U> 

.f 

.Duspl,,a 
ioulc3 3q1 s! LSU~I~IJ UO!SJJ?[IOJ LEiaua J~I ieqi ~oqs piie Y~ le dn riayrl 
lcxi 3'11 qi!m 1! slrdtuog 'allL3 311oSu!lnp sv3 arii ,iq ~uop y10.n jalol aqi alnj 
-n3jvg (p) ise9 leap! a41 IOJ sss 'J3q10 qaca IJJUCJ saSelc ~!do~iuar! 0.~1 a111 OQ (2) 

isex leap! aqi JOJ se'1aqio q3ea 01 lenba Laqi alv;uo!suedxa lemiaqlos! isiy 241 
Xu!~np scS aijl Lqauop qiom aql pue dn uaye) '6 1eaq a111 s! ~cil,~ jq)*,~ pue:~ 
au!ocra~ap .m pue '4 n! llavi si? '1 pue '11 uah!3 (2) .spa uoioqd I: ~JUPIS~~E 

au!yio.n 3111 SC SSSn l1:ijl au!8oa IOUJel) t JJp!SU03 '.711!3ua lOl1.tDJ uojoijd .f 

-uo!iando 
ajq!s1a,\~1amnssv.~~1 = 1 ieindii! ieaq~i~is! ""0 ~LI.\\"z = i icp~i~~.iir~ieaq 
siji IOJ *yVa/rO O!IEI ai~$n51e3 (q) "1 < "1 < ""1 sainie~adwai aaiqi JI~I ie 
shio~ Ado~i113 pun Lama qi!~ lnq '11~1" 110.+\ ou :UIAIU.~U! 'JOIC~~B!~J~I I: q~ns 
JoJ P'8 pue 2'8 salnS!A 01 ~c)!ru!s mo18e!p mo# 6dollua-h8~aua ue an!g (c) .IXIJ 

aiccdold ril!m '?dLl r!r(l lo ?q irru sloiclJS!JJ~J u!qw pul:~wull al!qopq .v~ < '*I 
ainiiu3drusl F ie aiuq SET e UOJJ 1~24 sr inq 'yjo.a sr iou p~!jddns ri SS~,OJ~ 

aql%u!h!~p Saiaua aqi sloieJa%!ljal oo!id~osqc ul '.rnia.t~+.l/J.t uo!rd.rosqy .i 



Chapter 9 

Cibbs Free Energy 
and Chemical Reactions 
> , ~  . <~,.. ~:;,:i:~;~3~-~:+~~&~~;:i.~~dy~2&.~~.~.-k-~~:..~~+<><&... i::.:., 

GIBBS FREE EKERGY 

Example: Comparison of G with F 

Equilibrium for Ideal Gases 267 
Example: Equilibrium of Atomic and btoiecular Hydrogen 269 
Example: pH and the Ionization of Water 269 
Example: Kinetic Xlodcl of Mars Aclion 270 

I'ROBI.EhlS 272 

I .  Thermal Expanrion Near Absolute Zero 2i; 
2. Tirermal Ionization of Hydrogen 27 3 
3. loltiz:~liun of Donor ln>puritics i n  Scn~iconductors 2.13 
4. l<iopolymcr Growth 21? 
5. Pnrticle-Antip~rricie Equilibrium 21 4 



Chopler 9: Gibbs Free Ecsisy ond Chemicltl Reoilions 

GIBES FREE ENERGY 

The Fielmholtz free energy F introduced in Chapter 3 dcscribcs a system at 
conslant volumc and tcmpcralure. But m;tny experiments, and in particul;~r 
mmy clicmic~l rcndioiis. are pcilormcd at const:tnt pressure. oilcn one iitmo- 
sphcrc. It is uscfill to irhroducc ;~llothcr liiitctioo l o  trc:it llic cquiiibri~iin 
con6gur;ttioo at constai~t p i c s s ~ i i c  ;tnd tcmpcroti!rc, As in Ch:&ptcr 8, uc 
dcfii~c thc C i b h  irec rnrrgy G ;IS 

Chemists ortcn call this the lree energy, and physicists often call it the 
tlieimodynainic potential. 

The most imporlalit property orthe Gihbs free energy is that it is a minimurn 
lor a system 3 in equilibrium at constant pressure when in thermal conlact 
wiih a reservoir GI. The dilierential of G is 

dti = dU - rdo - odr + prlV + Vdp 

Consider a system (Fieure 9.1) in thermal contact with a heat reservoir 
a t  temperature r and in mechanical contad with a pressure reservoir m, that 
maintains the pressure p, but cannot exchange heat. Now dr = 0 and d p  = 0, 
sothat thediiieiential dG ofthesystemin theequilibrium configuration becomes 

The thermodynamic identity (5.39) is 

50 that (2) bcco~nes dG,  = pdN, .  But dNd = 0, whence 

\ ~ i u n ~ e i  to 
cqunlire pressure 

Figure9.1 A ryrcern in  ilicrrnrl cquitibri~rn 
uiib a heat icrcrvoir and in nicclmoicai 
equiiibrium wiih a b ~ r y r w  or pressure 
rercrvoii which msiiitsinr a con,tant prcirure 
on the rysiem. Tlic brryit;lt ir tlicrni~ily 
inrulalcd. 

wliiclr is tlic condition lor C, to bc :in extremum with rcrpcct to system varia- 
tions a t  constant pressure. temperature, and particle number. These are, there- 
fore, the natural variables for G(N,r,p). 

That ihe extremum o l  G, must be a minimum, rather than a maximum, 
follows directly from the minus sign associntcd with the entropy in (I): Any 
irreversible change lakine place entirely xithin a will increase n and thus 
decrease Gd. 

With (2). 

dG = pdN - odr i &'dp. ( 5 )  

Comparison of(5) and (6) gives the relations 
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268 Chsp1.r 9: Gibbr Frrr Enerxy and Clicnrirol Rearrionr I Equilibrium for I d d  Gases 

or aE 

I: log n,'i = I: log c,". 
i 

Tlie left-hand side c a n  be  rewritten a s  

1 lognil' = log 17,~;' , 
i 

I reqoircd in the ceoction t o  dissociate the  composite particle in to  ilr conslittienis 
and is taken t o  be positive. 

(3%) . ~ .-.- - .  ------?---~C-2.T--.T~Zr~=T~T,7:--T.~'~3 

Era,,tple: Equilihrivmoj~romicandn~olcrulnr hydrogen. Ths SlatFmcnt or the law of 
mass artiorl lor lhc reaction H, = 2H or H, - 2H 5 0 lor ihc dbro i - i~~ ion  
h~drogen into atomic hydrogcn is 

a n d  the rigirt-haiid side can be erpiersed a s  I it3 I [H2][li]-2 = --.L - K(c). 
[HI' - (36)  

Hcrc K(r ) ,  called tlie equilibrium constsst, is a lunction only of <lie tcn>pi.iaturc. 
\i'ilIl (32) we have 

because the internal iree energy is F,(lnt) = -r logZ,( lnt)  From (33c,d) a n d  
(34) we h a r e  

known a s  thelawofmassact ion.Tl~e result says tha t  the indicated product  of tile 
concentration5 of the r e x t a a l s  is n lunciion of tlic tcmpernlure alone. A change 
in the concentration orsny one reactan1 will lorcc a change in the equilibrium 
concentration a l o n e  o r  more  ultlle other  reactants. 

TO calculalc the  equilibrinm cotistant K ( r )  in (34). it is esseittial t o  choose in 

a consisken! way the  zero of tllc iitternal energy o f  each reactant. W e  need 
consistency here because the value of each partition function Z,(int) depends 
o n  o u r  choice o f t l i e  zero of the ener8y eigenstates. T h e  dilTcrcnt zeros for  tile 
diircrent r eacmt~ts  must  be  rdatcd to five proporly the cnergy or frcc eltcrgy 
<li(Tciencc in t!!c rcaction. It is not dillicult to arr:lngc this, but it docs nut  
happen witbout a conscious elTort an our part. For a dissociotian reaction such 
as f l ,  = 2l+. thc sirnplczt proiledure is to  choosc the zcro of t l ie  interiial cncrfy 
o r t a c h  composite p:irticIe (here the H, tnolcculc) t o  coincide with thc  encrgy 
ol thc  dissociated psrticles (liere 2 H )  a t  rest. Accord in~ ly .  wc place llic ettergy 
o i t h c  grollnd state ol t11e co~npoii tc  porticiz a t  - E D ,  where E, is the energy 

I llerc [ l l , l  dciiolur the conccntmtion olmolcctilar hydrogco, and [It] ihc conccnir~iibn 
0Catuo>ic h)diogcn. 11 follurr i h x  

that is, the rci~die concenlralion of alomic hydrogen s t  a giicn trmperature is iilrerrcly 
proporlianal lo ific square root 01 the concenlration oirnolccuiar hydrogen. The cquit>b- 
ri~ini can,tant K is gircn by 

in terms ol lhc inlernal freeenergy o l  H,. per molecule. Spin lactois air abrorhed in Ftit:). 
Here tile zcro o lencr~y  is taken lor an H alom at rest. Tiic more tightly bound ir H,. thc 
marc ncgati~c is F(H,). and the higher is K, lcading to a hiJhcr proparlion of H, in the 
millure. The energy la dirracinis Hz is 4.476eV p r  rnalecu1e, a, absolulc zcro. 

I1 inay be raid !hat the ifissocialiao olrnolecular hydrogen into atomic hydrogen ir an 
e\amplc olcnliopy dirrocialion: The gain in cniropy rrsociaad with thc Jcco$np?riiios 
of ti, iiito tito indepndcnl particier compenraLci lhr loss in bindingewcgy. 11 is bclic~ed 
thal most o l  the hydrogen in intergalactic spa= is present as tl  and llol li,: The reaction 
equilibrium is thiuwn in the direction o l  H by the low valucs 01 die concciitratiun o l  H,. 
flidrogcn is rcry dilute in imcrgotactic space. 

. . '-..7''------.---- ---- C-------- - ;-'-i--.-.-A-..-4-..L.~I~ r-'. .,.~_ ..- ^ .  . . .- .r. .  . . :.:.. ;.* 

I procceds lo a sligli! ertcnt. A1 room lernpcrjlure ilic rcaiuon crluilibriuio is dchci~hod 
approrini:ileIy by thc co,iccoiration proilucc 
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\\hcietheianiccooccn~mtionsarc pivcn in molcrpeiliicr. In purcuoter[tl*] = [OH-] = 
10-'nioll-I .  A n  acid is said to aa as a proton doiiur.Thc coi~ccniril!ion o l  l i *  ioiii is 
increvsed by sddlng an i ~ c i l l  to ihc wrter and ihc conccniizlion of 0 1 1  ions \vill d cc rca r~  
ar icquircd lo mainlain thc pioducc [t1.][011-] cui$rtrs!. Sioiil.vly. ihc coitccetrii,ion 
o l O H  ioiiican beincieurcd byaddingaharelothc~%atri .and the H' concenliulioa\i~il  
dcimcare accordin%l!. The physical state ol naur is more complicated lbaii liic equalioii 
o l  the ionimion proccn suggerir-lhc H' ions are no! bare protons. but arc associated 
uilhgroups'of H,O inoleculcr.Thiidocrna~rigizificanllyaiicclthcralidily of  !he renctioo 
cqu:stion. 

I, is olien can\cniem to express (lie acidity or alislinii) ofa  rolulioii in tcrms or  tl,e pit. 
dc6ned as 

ThcpHoiarolu!ion iiihcncgativeofihclogarillim barc t m o f i h c  hydiogcnionconienlia- 
tioninmoles pcr liter ofsolulion.lle pH olpureuater ii 7 because [H*] = 10-'mol I - ' .  
The rlrongeri rcidicrolutions have pH near Oor twn ncra$i\c;anapplc may have pH - 3. 
Human blood plasma has a pH of l .3  to7.S: ilir rliehil) basic. 

. ~ p-T:~xL-:T::-.~;:7~-:.~.--~::,-~~ .::-:~--:--: ': ,-:.-.::-.:-; :.:::.:-,::::--,,--'--z 

tlroncplr: Kineric n,udr.loJrnnrr orrion. Suppose that atoms A and B combine to lorm a 
rnolccule AH. We suppose l l iu  AD ir iom~ed in a bialomic collision o l  A and B. Lcl li,. 
n,, n,,denate the conccntisiionr of A, 8,andAB rerpecii\ely.The i r le  ofchange ofri,, ir 

vlicrc tire race conr~ant  C dcrcriher the fornation of AB in a colli>ion o fA  with B, and !he 
ia!c conslant D drscriber the reverse piaceir. lhc themial dccay of AB into ils compolieiil 
atoms A and B. In  lhcrmal cquilibrium the~ancenlralionr olall ~onlli iulenln areconslsnl, 
so that dll,,'dl = 0 and 

a functianol lemperaiuic only.Thir rrrull ir conriricnt\\ith thc iawofmaso action thal ue 
dciived earlier by standard thcmadynamicr. 

Supposc hB is not l o m c d  principally by :he bimolmular collision ol A and B, but is 
~ o m c d  by some calnlytic procor such ?s 

Thcdominmmrpecicr prerent is m a t  likcly 11'. 11l~O,ucornplti014 rarer maleculcr ruriound- 
iaganc procan. A C C V ~ ~ W  is by M. ~i~~~ snd L. D~ h ~ ~ ~ , ~ ~ .  proc  ROY. sot (~o~don lA217 .  
505 (1958). 

Here E is the culalyrt \\hich is returned to  itr original rtste at the end ol the second rtcp. 
So Iongar lhc ivicimcdiatc pioducl AE is so rhoii Iited ihsl no significant quanitti or A 
is iicd up as AE, lhc ratio 11,n,!tz,, incqutl$brium mun bc klic sdme :xr if AU wcrc iormcd in 
ilic diiccr proccsr A + B-AB lrc.*icd aho\c. No rnacler by \vhnl ioule the rraclioi> 
aclu:illy proceeds. the equilibrium must hc llic r3nlc. The mlcr, hasercr ,  $nay direr. 

Thc cquality in cquil~biiuln o l t he  dircct and in\circ rcacuon ra1L.i ikcallcd the principle 
of delallud balrscr. 

Co,n,nent: Rrncrion mles.  The law of  tnsir aciion expierrcr the condition raiirfird by ,he 
~oncenl ia l ianr  oncc a icdclion laas gone lo cquilibriuni. 11 tcllr ur eolhing about hoir h r t  
liic reaction pracccdi. A reaction A + H = C may euol\.c energy Al l  as it procecdr. b~bt 
belore !he icaclion can occur A und B may hare lo ncgolialc a polernisl bsrrier, as in 
Figure 9.2. The barrier height ir called the activation cncrgy. Only molcculo on ihc high 
cnergy end of their encrsy dirtribulion will be able lo icncl: olhcn will no: be able In eer 
ovcr thc poienlial hi1l.A cavslyrt spccdr up a rcaclion by af(cringanal1er~rzle rcaction paili 
with a lower encrgy ofactiualion, but it doer not chanbe !he equilibriuni conceiilr3iions. 

Schematic cooidinale 

Figure 9.2 The quantity A f l  mcarurcs thc encrgy evolved in the resclion 
and determiner the equilibrium concentration rntio [Al[Ll]/[C]. The 
activalion cnergy ir the Bci~hht ofthc mlcnlixl b n r r t  lobe negotiated .. . 
bciore lhc rcaclian can procccd. and il d~lcrmincs !he ralc a l  which the 
reaction takes plscc. 
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this reaction.(&) Show lrorn the law olmass action that tlv conccnlrations f .  .] 
snlisiy 

(b) Show irom the theory o l  rcactionr that lor ideal gas conditions (an ideal 
solution): 

where M,, is the mass of the Nmer moiecule, and F ,  is the lice energy alone 
Nmer molecule. (c) Assume N >> 1, so that ay(N) -- tiy(N t 1). Find the 
concentration ratio [N + I]/[N] at room temperature ii there is zero lice 
encrgy changein the basicrenctionstep:that is,iiAF = F s , ,  - F ,  - F ,  = 0. 
Assume [I] = 1 0 " ~ m - ~ ,  3s for amino acid molecules in a bacterial ccil. The 
molecular wcight of  thc monomer is 200. (d) Show that lor tlic reaction to go in 
illc dircctioo o l  long niolccuics we nccd At- c -0.4cV. nppraximatcly. This 
condition is not sati~licd in Nature, but an in~rnious pathway is lollawcd tliat 
simulates the condition. A n  elrrnenlary discussion is given by C. Kittel, Am. J. 
Phys. 40.60 (1972). 

5. Particle-nnripa~~liclr rquilibriurn. (a) F ~ n d  a qilantit~tive expression for the 
thermal equilibrit~m concentration n = , if  = 11- in tlis particle-antiparticle 
rcaction A' + A -  = 0.The reactants may beelectrons and positrons; protons 
and antiprotons; or electrons and holes in a semiconductor. Let the mass of 
either particle be hf; neglect the spins of the particles. The minimum energy 
release when A' combincs with A- is 6 T a k e  thezero o i  the energy scale as the 
energy with no particles present. (b) Estimate !I in cm-"or an electron (or a 
hole) in a semiconductor T = 3M)K with a A such that A/r = 20. The hole is 
viewed as theantiparticlc lo theelectron. Assume that theelectron concentration 
is equal to the hole concentration; assume also {hat the particles are in the 
classical regime. (c) Correct the result ol(a) to let each particle have a spin oi:. 
Particles that have autiparlicles are usually lermions with spins o i  f. 
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VAPOR PRESSURE EQUATIOX 

The curve of pressure vcrsus volume lor a quantity of niatter at constant 
teinperature is dctermincd by the free energy or the subrmnce. The curve is 
callcd an  isotherm. We consider the isothcims o f a  real gas in which the atoms 
o r  molecules interact \vith one another and under appropriate conditions can 
associate togethcr in a liquid ar solid phasc. A phasc is a portion o l  a system 
that is uniform in composition. 

Two pltascs rnay coexi$t, with a definite boundary betwcen them. An isotherm 
o (a  real gas may show a region in tile p - V  planc in whisli liquid and gas coexist 
in equilibrium with cach other. As in Figure 10.1. part al the volume contains 
atoms in the gar phase. Therr. are isokhcrms at low temperalurcs for which 
solidandliquid coexist and isorhcim~lar~vhichrolid andgsscocxist.Ecerything 
we say for the liquid-gar equilibiiuin holds also lor the solid-gar equilibrium 
and the solid-liquid equilibriom. 

Liquid and vapor' may coefist on a section of an isotherm only if the 
temperature of the isatherm ikr below a critical temperature I,. Above the 
critical temperature only a single phase-the fluid phase--exists, n o  matter 
how great the pressure. There is no more reason to call this phasc a gas than 
a liquid, so  we avoid the issueandcall it a fluid. Valuesofthecritical temperature 
for several gases are gi\.en in Table 10.1. 

Liquid and gas will never coerist along the entire extent of an  isotherm 
from zero pressure to  infinite pressure; they coexist at most only along a 
section of the isottlerm. For a tised temperature and fixed number of atoms, 
[here \r.ill be a volume above which 311 atoms present are in the gas phasc. 
A small drop  ol\i,ater placed in nn evacuzted senled bell jar at rooin lempcruure 
nil1 evaporate ertiiiciy, leavinp the bcll jni filled with H,O g3s at some pressure. 
A drop o l  water exposed to air not already saturalcd ivith inoi~lure niaY 
evaporate ciitiicly There is a cur>csntiation o f  water, howeicr, above ohich 
ilie atoms lrom the vapor \\.ill bind tliemsclrcs into a liquid drop. The ~ 0 l u n ? e  
ielstions are suggested by Figure 10.1. 

The  tlieirnodynamic coriditions lor the coexistence at tivo phases arc the 
conditions Tor thc equilibrium a l  tno  sysieiiis that are in tl,eimnl, dilTuiive, 

Ylpui is 4 icrn, usud lor a *hell i l i i  gn i s  in rq82iiibrium uith itr tiqud or rotd lurm 

Figilrc 10.1 Prerrurr-volume iiothcm ofa iesl gar a1 a 
temperature such that liquid and gar pharcs may coexirt, that 
is, 1 < r.. In ll,e iwa-phase region olliquid + gar the prerrurc 
is constant, but the volume may clcange. At a given temperature 
!here ir only a riogic vaiuc of the prcsiurs for \\ hich a liquid 
and its vapor arcin equilibriuni. (fat thlr pressure we more the 
piston doivn. soine of the gas is condenred lo liquid, but the 
piesiurc reiirninr unchanged iir long as any gar renrains. 

Table 10.1 Critical tcrnpcratuicr of gases 
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Chuprcr 10: P h a x  Trufrrrns~~rrrrarions 

free energy in Ci~apfer 9 we round the relations 

With the definitions 

v z V / N ,  s zz a/N 

for the volutne and cnlropy per molecule in each phase, we have 

Then (7 )  for cip!ds becomes 

H e ~ e  s, - s, i s  tiit increase of entropy of the system when we transfer one 
moleculc from the liquid to tile gas, and o, - tj is thc increase of volume 
ofthe systern when wc transfer one rnblecuIe from the liquid lo lhe gas. 

It is essential to understand thar the derivative ilp/tir in f l l )  is  not sirirply 
taken from the cquation oi state of the gas. The derivarive refers 10 the very 
spcciat inlerdcpendcnt changu of p and s in which the gas and liquid continue 
to coexist. The number of molecules in each phase \vill vary as the volume is 
varied, subjject only to N, + N, - iV, a constant. Hcre N, and N, are the 
numbers of n~o!ecutes in the liquid and a s  phases, respectively. 

The quantity sd - s, is relaled directiy to {he quantity of heat that must 
be added to the system ro Gransfcr onc molecufe reversibly from the liquid 
to !he gas, while keeping the temperature of the system constant, (If heat i s  
not added to the systcnl from outside in the process, the temperature will 
dccrcase \\*hen the n~olecuic is transkcred to the gas.) Tire quantity of hcnt 
added in  the cransfcr is 

by virtue of the connection betwern heat a r ~ d  the change of entropy in a 
reversible proccss. The quantity 

dctines the latent heat of raporiraliol~, and is easily measured by elementary 
calorimetry. 

Wc let 

Au = zyg - r, ( $ 4 )  

denote the change of volumc when one malecufe is translerrrd from the liquid 
to thegas. Ltre cambine(ll), (13), and (14) to abtain 

tlp L / Z S Z *  1 
'rlris IS known 3s tile Clamius-Clapqron cquatiunor tllc tapor prcssurc cquatirln 
The dcrivntion or  this cquntiaa was a rcnlarkabie early accomplishment i:i 
ihcrmodynrrmics. Both sides of (15) arc easily dctcrmincd expcri~ncntally, niiu 
tbr: equarion has been verified to high precision. 

Nc obtain a parricularly useful form o[(l j f  if we make two approxirnatio~ls: 
(a) We assume that i), >> 15: the volums occupied by an atom in thc gas 

phasc is very much larger than ia tilc liquid (or sold) phase, so that we may 
replace Au by 11,: 

Sv 2 o, = I/,i?i,. (1 6 )  

At utmosphcric pressure V, / I :~  :, 1Q3, and the approrimation is very good. 
[b) \Vc iissume that the ideal gas law PI.', = Nor  applies to the gas phase, 

so that (16) may bc written as 

Av 2 r / p .  (17) 

I \Vith these appro~irnalions the vapor pressure eqi~ation hccomcs 

ulxrs L is the latent heat per motecule. Gi\cli I, ns a it~nction nftcnlpcra!l:ri., 
Illis cqtra[ion may be inregr;ltcd to frnd the  cne\istence curve. 

If. in addition, the lateat heat L is independen1 of  lemperatute over thc 
temperature range of idterest, i i e  ]nay take L = I,, outsicle the integrat. Thus 
ir hen we irltegralc (18) we obrain 
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Chupter 10: Phorr Tranrjornzotionr 

of a normal solid. But 'He is a q u a o t ~ m  liquid. For another quantum liquid, 
'He, the slope o l  the liquid-solid curve is negativc a t  low temperatures 
(Figure 7.15). and in lltis region the cntiapy ol the  liquid is less than the entropy 
of the solid. The solid has more acccssiblc slatcs than the liquid! Liquid 'He 
has a relatively low entropy lor a liquid because it approximates a Ferfni gaq 
which generally has a low entropy when r i< r ,  because a large proportion 
o l  the atoms have their momenta ordcred into the i-'crrni sphere of Chapter 7. 

T+lc pobtt. The triple point r o l  a substance is that point p,, r, in the p-r 
plane at which all three phases, vapor, liquid, and solid, are in equilibrium. 
Here p, = jr, = p,. Consider an equilibrium mixture olliquid and solid phases 
enclosed in a volume somewhat larger than that occupied by the mixture 
alone. The remaining volume will contain only the vapor. in cquilibriuin with 
bolh condensed phases, and at a pressure equal to the common eqiiilibrium 
vapor pressure 01 both phases. Titis pressure is the lriple point pressure. 

The triple point temperilture is not identical with the melting tcmpcrature 
oi the substance a t  atmospheric pressure. Melting temperatures depend 
sontcwhat on pressure; the triple poiiit tcanperature is rhe mrhing temperature 
under the common equilibrium vapor pressure oT the two condensed phases. 

For water the triple point temperature is 0.01 K above the almospheric 
pressure melting temperature: T,  = 0.01"C = 273.16K. The  Kelvin scalc is 
dclincd such that the triplc paint.ofw;lter is exactly 273.16K; see Appendix B. 

Lnrent hcot nnd cnrhnlpl,. ?be latent hcat of a phase transiormation, as from 
the liquid phase to the gas phase, is equal to r times the entropy diiieiencc 
of the two phascr a t  constant pressure. The lalent heat is also equal to the 
direrence of H E U 4 pV berurcen the two phases, where H is called thc 
enthalpy. The differenlial is (iff = dU + pdV + Vdp. When we cross the 
coexistence curve, the thermodynati~ic identity applies: 

O n  the coexistence curvc j r ,  = p,. Thus at constant pressure 

1. = r Ao = A U  + p A V  = h f i  ;i l!, - I-!,. (231 

Villucs of il arc tabulated; tliey are round by iniegration o i  tile heat capacity 
at con,t;~iit picrburc: 

- .~ , - . ~ ~ ~ ~ - ~ & ~ ~ , ~ - . - - * ~ ~ ; : ~ . - ~ ~ ~ ~ ~ ~ ~ - & - - - - - -  ......A 

Emmple: .Ifodtlrjrom jorg~r-ralidrguilibriunt. Wc construct a simple model lo dc- 
rciibc a solid in cqu$libiium with a gar. as in Figure la$. Wc ran cariiy derive the vupur 
prcriuic curw lor this model. Roughly the same model would apply Lo a liquid. 

lnlagine the ralid to consist of N atoms, each bound ar a harmonic oscillator of (re. 
quency w to a fircd centcr o l  loicc. The bindingceergy olcach atom in the ground siats is 
r , :  that is, the energy olan atom in its groviid >talc i i  -I, refcried to a lree atom at rest. 
The enagy rlatcr o f a  siclglc oscillator are tthw - r,. %here 81 is n pasitivc inlcgcr or zcio 
(Flgore LO.6). For thc n k e  of simplicity wc suppose that cacli atom can orc!ll~le oat) in o..e 
dimcnrion.Thc rerult lor oscillators in three dimensions is left as a problem. 

lhc partition ruaciianoCz ringlc orallator in the rolid ir 

The lice encigy F, is 

F,  = 0, - ro, = - r log Z,. (27) 

Tlie Gibbi frcccnergy in the solid is, per atom, 

G, = 11, - ro, f PO, = F ,  + PU, = P,. ( 28 )  

Figure 10.5 Atoms in a rolid in cquiltbrium 
a i ih  atoms in the gar phase. Thc cqmlibriuor 
prcrrure is a luirction oltcmperalurc. 'lhc 
energy olthc atoms in the solid phase is lower 

CAi tliso in khc gar phase, hut the cstrop).ufthc 
atoms tends io bc l i i ~ l ~ e ~  in ihc gar gharc. 1hc 
~ i j ~ i l ~ b ~ i ~ m  coil~iguxrtiin i i  iicccia,i:icd by the 
roenlcrpkty afthc two cITcils. At low 
te\spcrdturc sn10$t d ~ h c  stows arc i n  t l ~   lid; 
at high tcnipcrature ail oi mort oilhe atoms 

,solid n u y  he in the pr. 



Figure 10.6 Statcs ofan atom bound as a 
hamionic orciilator offiequcncy o. The 
giound rtatc is assumed to be c, bclow that o f a  
lrce atom sr rcir in the gas phase. 

- I" 
Ground it;ttc af 

bound ;itoel 

Thc prerrurc in the solid is eq~tat to that of the gar with which it is in contact, but the 
volume u, per atom in the solid phase is much smaller than the volume i, pci atom in the 
gar phase: u. << 0,. 

IIwc ncglecl the termpu,wc havc for the chemical potentialoftherolid p, s F,, whence 
$he sbsoiu1s activity b 

We make the ideal gar approximation to dcscribc thc gar phase, and wc take the spin of 
the atom lo bc zero. Then, from Chapter 6, 

The gar is in equilibrium with the solid when 1, = i,, or 

P = rnaexp(-eo/r)[l - exp(-lio/r)]. (31) 

lrwc insert np from (3 63): 

Von Der IVvolr Equation ojStore 237 

\'AN DER \VAALS EQUATION OF STATE 

The siinplert model ola liquid-gar phase transition is that o fvan  der \Vaals,who 
niodilicd the ideal gas equation pV = N r  to  take into account approximately 
[lie interactions between atoms o r  molecules. By the argument that we give 
bclow, he was led t o  a modificd equation 01 state o f  the form 

( p  + N2n/V2)(Y - Nb) = N i  , (33) 

known as the van der Waals equslion of sldte. Tltis is \vrittcn lor A' atoms in 
volume V. Thc  o, b are interaction conspants l o  bc defined; the constant n ir 
a mc:!surc of thc long mngc attractive part or thc intcroclion bclaccn 1a.o 
a~olcctslcs, and tlic const:!nt lr is :I mc,tsorc o r  tlbcir shorl  ratlgc rcptslsioo 
(Figure 10.7). \\'c sl,:bll dcrivc (33) witlr,.thc bclp o f  thc gcacrni rclatioo p = 
-(?F/JV),,,. We shall thcii treat the tllcrniody!iarnic piopcitics of tlic rnodc! 
in ordcr to exhibit the liquid-gas transition. 

For an  idcdl gas wc l i~vc ,  from (6.24). 

Wdea l  gas) = - Nr[log(zlQ/r~) + I]. (341 

The  hard core repulsion a t  short dislances can be treated approxirn~tely as 
i l t he  gas had available not the volume V, but the free volume V - Yb, when 
b is the volun~e per molecule. W e  therefore replace the concentration 1 2  = Ar/l' 
in (34) by N/(V - Nb). Thus, instead o1(34), we have 

T o  this we now add a correction for the interniolecular attractive forces 

Figurc 10.7 The isteincrion energy between 
two molfculei coniistr ofa short ranse 
iapulrion plus a long range aitranioi$. Thc 
rliork range repulsion can k dcicrlbcd 
appiarimately by raying that each molecule 
has a hard. impncliable coie. 
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hlcarn Field XIrttmd 

Thcrc exists a sintplc ;lpproaimate method, called the ntean field method, Tor 
taking into account the effect or weak long range interactians among the 
particles o la  system. The most widely known applications ofthe method are to 
eases and to lerromagnets. Let p(r) denote the potenlial energy of interaction 
of two atoms separated by a distance r. When the concentration of atoms in 
the gas is it, the averase value of the total inlcraction of all other atoms on 
the atom at r = 0 is 

\\.here - 2 0  denotcs the value of the integral j d V q ( r ) .  Tile factor of two is a 
urefui convention. We exclude thr: hard core sphcre 01 volume ti lroin the 
volume of integration. In writing (36) xve assume !hat the conccntratiott 11 is 
constant througlioot tlic uolume accessible to the nlalecu!es oll!1e gas. That is, 
we use the mean value o i ~ .  This assumption is the esseoce or the mean field 
approximation. By assuming unirorrn concentration n e  ignore the increasc 
of concentralion in regions o l  strottg atlractive potential energy. In modern 
language rye say ihai the mean field method neglccls correlations between 
iotcmcting ntolecules. 

From (36) it lollows that the interactions c h a n ~ e  the energy and the lree 
energy o f a  gas o f N  molecules in volunie V by 

l l ic  factor i is contnlun ro self-encrgy problems; it arranges that an interaction 
"bond" beti\ccu two molecules is counted only once in the total energy. Tlte 
eX3Ct number ofbonds is !N(N - I), iihiclt we approximate as fN'. 

We add ( 3 7 )  to (35) to obt:cin thc V:III  dcr Wilds appro~intation for the 
liclmholtr iici: cocrgy o i a  gas: 

Tlte prcssurc is 

Figure 10.8 Diicclionr olintcrnioleculsi 
lorccr that an on moleruler near thr boundary 
of a volume V. The van dcr Waab nrgutnent 
ruggcrir that thcsr far-= contribute a n  inlsrnal 
prrssure K'wV' which is lo he nddcd to (he 
rkternal pressure p, ro char p + N'aIV' rhoold 
be used ar ihe picsruic in ihc gar l;tw. 

Figure 10.9 me container olvatume V has N 
nioicculcr, each olvoluri>e h. The rolunlc not 
occupicd by molcculrr is Y - Nb. Intuition 
ruggcrtr that >his free \olumc~houtd be used in 

t l i t  ran dcr \S'aalr equatiun of stale. T!IC ~ C ~ I ~ I E  in fl niid h arc int6rpictcd in 
Fig~ircs 10.8 ;~ntl 10.'). 

Critical Poinls for the ran drr \ Y a a 1 ~  Gas ~. -. 
:: We Jelinc the quantities 
. < /  

. . .. . 
... 
2 .  

pC = 01276'; V, = 3h'b; i, = 8o/27b. 
-. (41) 

2:: 

:Z 
< 1 +IY 
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I I 
1 .O 1.5 2.0 

Vl v, - 
Figvre 10.10 Tl,c van drr Waalr cquation of rlalc near 
the critical tcmpeiaturc. Courtesy of R. Cahn. 

In terms olthese quantities thc van der Wsals cquation bccontcs 

This cquation ir plotted in Figure 10.10 lor several temperatuics ocsr t1,c 
lemperature 7,. The equation may be u,ritten in terms 01 the dimensionless 
variables 

This result is known as the law of corresponding slates. In terms of fi, p, fi. 

. . all gases look alike-ilrhey obey the van der W~aals equation. Values of 
. . . . . . .  

i . . 
! 
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and b are usually obtained by fitting to the observed p, and r,. States or isio 

substances at the same D. Y, i are called corresponding stater oftlie subst;>nces. 
Real gases do not obcy the equation to high accuracy. 

At one point, the critical point. the curve o l  versus i /  at constant i has a 
horizontal point o l  infieclian. Here the local maximum and minimum o l  ilie 
p- V curve coincide, and there is no separation betwec~i the vapor and liquid 
phases. At a horizonval point of innection 

Tl~ese conditions are satisfied by (44) i l  fi = I ;  9 = 1; i = 1. We call p,. V,. 
and r,thecritical pressure,crilical volume,and critical teniperature,respecti\.eiy. 
Above <, no phase reparation exists. . 

Cibbs Free Energy of the \an dcr Wasls Gas 

The Gibbs liee energy of the van der Waals gas exhibits the chsracteristics of 
the !,quid-gas phase ~ ian r~ t ion  a t  constant piessurc. With G = F + pV.  s\e 
have lrom (35) and (39) the result 

NrV 2N20 
G(r,V.N) = -- - -- - Nr{log[rlu[V - Nb)/N] + I ) .  (46) I N  v 

This equation gives Gas  a lunction of V. r, N; the natural variables for Gore 
p, r. N. Unforlunalcly we wnnol conve~licntly put G into atlsnnlyticiortn as a 
lunctian oiprcsrure instead of volume. We want G(r,p,N) bccausc we c;tn lhen 
obtainp(r,p)as G(r,p,N)/N by (9.13). 11 is@ that determines the phasecoexistence 
relation fl, = #,.The results ofnumerical calcdations of G versus p arc plotted 
in Figure 10.11 for temperatures below and at thecritical temperature. At any 
temperature the lowest branch represents the stable phase; thc other branches 
represent unstable phases. The pressure at which llie branches cross determines 
the transilian between gas and liquid; this pressure is called the eq~~ilibrium 
vapor pressure. Results lor G versus r are plotted in Figure 10.12. 

Figure 10.13 shows, on a p-V diagram, the region V < V, in which only the 
liquid phase exists and the region V > V2 in which only the gas phase exists. 
The phases coexisl between V, and 5. The value 01 V, o r  V, is determined by 
the condition that ir,(r,p) = p,(r,p) along the horizontal line between V, and 
!',.This will occur if the shaded area below the line is equal to the shaded area 



figtare 10.11 (a) Gibbr free rncrgy verrur prerrurc for van 
dcr \Vaalr equaiian of riale: i = 095r,. Courtesy of R. Cahn. 
(b) Gibbr Cree energy versus pressure for van der Waals equation of 
$tale: 1 = I', 

above the line. To see this, consider 

We have dG = VJp  at conslant r and constant total number of particles. The 
ditTerence o l G  between V, and V, is 

Figure 10.lZa Ciibbr frcc energy vcnus tempcialure for van der Waalr equation 
oislutc at p = 0.95 p.. Courtcsy of A.  Manoliu. 

Figure 10.12b Glbbs free encrgy vcrsun tcmperaturc lor van der Wads cquattoo 
ofrtats at ac m t M  picssurc p.. 

.a, 



Fieure 10.13 lsothcm of van der Waalr gar at a 
letnpeiaiurc bclow rite critiol temperature. For volulnes 
less than V, only the liquid phare exists; lor volumes 
abovc V, only tl,c gar phase exists. Bclwccn V, and V, 
the system in stable cquilibiium lies along the coexirtcncc 
line and is an inhomogcneous mixture ol two phams. n i e  
liquid and gas pha:c:)er mr is t .  T%c pioprlion of ihc 
liquid snd gar m&t besucb t hn  lhr rum ol their 

valurncs equals the voluwe V ttiat is zvailrble. 

but the inlegral isjust thesum oftheshaded arcas, one negativeand one positive. 
\Vhen the magnitudes o f  ihe areas are equal, G,(r,p) = G,(r,p) and ir,(r,pI = 
p,(r,p) along tlte ltorizontal coexistence line drawn in the figure. In  equiiibriuin 
ise require p, = 11,. 

~\'trciealioti. Let Ap = p,  - 11, be the chemical potential dilTercnce between 

the vapor surroilnding a sniall liquid droplet and the liquid in bulk (;ln iofinilcl~ 
h r ~ e  drop). If Ap is positive, the bulk liquid will lvave a lou,er lice energy lhan 
the 932 and ~ I I U S  the liquid \vill be more stable than rhc gar.Howevcr, the 
>ur!ace free energy o i  a liquid drop is positive and tends to  increase tile free 
energy of thc liquid. At small drop  radii the surkce can be dominant arid lhc 
drop can be unstable \vitli respect to the gas. We calculate thechange in Gibbs 
free energy when a d rop  olradius R loims. If,!, is the concentration o lmo~ec i i l e~  
in tlie liquid, 

where 7 is the surhce lice energy per unit area, o r  s u r h i s  lension. Thc liquid 
drop will grow ?hen G, c Gp. An unstable maximum of AG is a~ta ined  w h m  

This is the frilienl radius lor nuclralion 01 a drop. A1 smaller R the drop uiit 
tcnd l o  cvaporale spontaneously because that will lower tlic free encigy. At 
I:~rgcr R lhc drop u,ill tend to grow spontancously bccausc tbat, too, will lo\r.cr 
\he Free energy. 

Tllc lrcc energy barricr (f igurc 10.14) l l l ~ t  must be ovcrcomc by a thcriii?! 
fillcluation in order lor a nucleus to grow beyond R, in Iound by subslilution 01 
(51) in (49): 

If we assume that tlie vapor behaves like an idcal gas. we can use Chapter s 
lo express Ap as 

where p is the vapor pressure in the gas phase and p ,  the equilibriunl i apo r  
pressure ai the bulk liquid (X - m). We use 7 = 72ergcm-'  to  estimate R, 
[or water a t  300K 2nd p = l.lp, to  be I x 10'6cm. 

Fcrromagnelbrn 

A icrromagnel has a spontaneous magtietic momcitt, which nicans a magiletic 
moment eien in zero applied magr1etic6cld. \Ve develop thc mean ficld 3pprcxi- 
malion lo the teiawralure dependence o f  the mngnctiwlion, defined as [lie 
mngnclic morncnl pci unit \.olumt.ThecentraI anumpfiott isthale3cit niagnetic 
alom erpriences an  ciieclivc field BE proportional to  the n~agnetiwtion: 

where ?. is a constnnl. We take llie external appl~ed field a s  7ero. 



Critical barrier lor :ra\vtli 
r or coi~dcnsation nucli'i 

Figure 10.14 Exvan frceeaergy oldiop relative to gar. ar 
runction o l  drop radius R, both in rcduced units. The gar is 
supersaturated bccaurc the liquid has the lower lrce energy lor 
this curve as drawn, but the rurlav energy olrniall drops ceatrr 
an energy barrier that inhibits the growth olnuclei olthe liquid 
phare.Thcmal Ructuvtionr cven~ually may carry nuclei over (he 
barrier. 

Consider  a system with a concentration 11 of magnetic atoms, each of spin t 
a n d  of magnetic rnoment p. I n  Chap te r  3 we found an exact result far the 
magnetization in a field B: 

In  the mean field approximation (53) this becomes, for a fcrromognet, 

,I, - 
Figure 10.15 Gmphical rotuiionolEq. (56 )  lor thc 
reduccd magnctiwtion tzi as a function allempei;~ivie. 
The reduccd magnctimion is defincd ar ,>I = A l / ~ , r .  Tlie 
Icfl-hand sidc o l E q  (56 )  h ploti~.d ar a rtraight linc ni 
viih unit s lop.  The right-hand side ir tanh(vi/r) and is 
plotted vcrsur rzi lor thice dillerent valucs ol the reduced 
tcrnpraturc r = r/8rp1A = ilr,. Thc tlircc curvcr 
coirerpotrd to thc teslperalurer 27.. i,, and 0 ST.. Tbr 
curve lor I = 2 ir!teiiecls the straight linc ai only at 
rn = 0, aas appropriotc lor the prramagnctic rrrgiozr LIhcie 
ir no external applicd magnetic field). Thc curvc for r = I 
(or 7 = I.) is tangent to tlie sliaight line e n  at the origin: 
this icmpcraturr inarks ille onrct of icrromngnc<istn. Thc 
curve (or r = 0.5 is in tllc f e r roma~cl ic  region and 
inlerrectr the rtraight linc r,t at about i r l  = 0.94 u , ~ .  As 
1 - 0 the ititcrccpt mover up to F I .  $0 lhot all 
magnetic momelits arc lined up at absolute zero. 

n transcendental equation lor  M. W e  shall see tirat solut ions o f  this equation 
: with nonzero M exist in the temperature range between 0 and 7,. T o  solve ( 5 5 )  

. we write i t  in terms o l l h e  reduced magnetization 1st E M / u p  and the reduced 

I- temperature i r r/rip2i., whence 

'i We plot the right and  left sidcs o f  this equat ion sepnratcly :IS functions ofnr ,  
. as in Figure 10.15. T h e  intercept of the  two  curves gives llle value o rnr  a t  the ,.~ 
: temperature o r  interest. T h e  critical temperature is 1 = 1, or r. = ,1,c12. T h e  , .,. 
~ . ,  

1 . , curves o f M  versus r obtained in this way reproduce roughly Ibe features o f r h e  
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Figure 10.16 Saturation magnctiutlon of 
nickel as a {unction ortemperature. togtiher 
u.ith the theoretical citrvr for spin :on ibe 
mean 6cld ~hrory. 

experimental results, as shonn in Figure 10.16 lor nickel. As r increases the 
magi~eti~tiondccreasrssmootliiy tozero at r = r,,called thecurie temperature. 

Landau gave a systematic 1ormul;ition oi tile rnean field theory olpltese transi- 
tions applicable to a large variety of systems exhibiting aucli transitions. We 
consider systems at constant volume and temperalure. so that their Helmholtz 
tree energy F = U - ro is a minimum in equilibrium. The big question is, a 
minimum with rcrpcct to what variables? It is ,101 hclplul to consider all possihle 
variables. We suppose here that the system can be described by a single order 
paramelcri, theGreek xi. which mieht be tlte magnetization in a ferromagnetic 
system. the dirlectric polsriwtion in a Irrroelcctric system, the fraction o l  
~u~xiconducting ~lrctrons in a superconductor, or the lraction orneighbor A--8 
bonds to total bonds in an alloy XB. In thcrrn;ll equilibrium the order parameter 
will hare a certain value F = <,(Y). La the L.andau ilicory wc imagine that 5 
can be indcpeiidriitly specified, and a r  considcr tltc Landau ircc criergy Cunctioil 

where the cucrgy and entropy are takcn n.licn tlic order paramctcr has the 
specified value <, riot neccrsarily ;,. 'rbr equilibrium value So(r) is the value of 

c: that makes F, a rninimu1n. at a given r, and the actual Helmholtz free energy 
Fir) 01 the syrtcm nt r is equal to tbai  minimum: 

I'lottcd as a lunction of < for const:%nl r, tllc Landau tree cncigy may have morc 
than one rninimum.Tbelowest aithcie determines the equilibrium state. I n  a 
first order phase transition another minimum becomes the lowest minimum as 
r is incieascd. 

\Ve restrict ourselves lo systems lor which the Landau lunctiao is an even 
l unc t io~~  o r  5 in the absence of applicd iields. hlost ferromagnetic and ferro- 
electric systems areexamples olthis. We also assume that F,((.r) is a sufficiently 
wcil-behaved function of ; that it can be expanded in a powcr scries in c-- 
something that should not be taken lor granted. For an e\.en fi~nctioo o le ,  as 
assumed, 

The entire temperature dependence 01 F,({.rl is contained in tlie expansion 
coefficients go, g,. g,, g,. These coefficients are matters for experiment or theory. 

The sinlplest example ora  phase transition occurs when g,(r) clianges sign at 
a temperature r,, with g, positive and tlte higher terms negligible. For simplicity 
rve take g,(i) linear in r :  

over tlie tcniperature rangc 01 interest, and we lakc g, as constant in that rangc. 
With thesc idealizations, 

The form 360) cannot be accurate over a very wide temperature range, and it 
certainly fails at low tcinperatuics because such a linear dcprndcncc on tent- 
perature is not consistent with the third law. 

r l i c  equilibrium value of  i is toilnd at the minimum or F,(f;r) wit11 rcrpect 
to <: 

( d ~ J i < ) ,  = (i - i,)z< t .9;;' = 0 ,  (62)  

which has the roots 

< = a  and i2 = ! T ~  - r ) (c /gJ  (631 



With a and g, positi\.e, the root < = 0 corresponds to the minimum of the lree 
energy functioit (61) at temperatures above r,; here the Hel~nholtr  free energy is 

The  other r o o t  t1 = (x!gJ)iro - r) corresponds to  the minimum of the free 
energy lunction a t  temperatures below 7,:  here the Helmholtz free energy is 

S h e  variation of F(r) with temperature is shown in Figure 10.17. The variation 
of F,(C;r) as a function of i2 lor three representative temperatures is shown in 
Figure 10.18, and the lernpcrah!re dependence o f thc  equilibrium v;due of i; is 
shown in Figure 10.19. 

Our modeldescribcs aphasetrdnsitionin which ihevalucoftlteordcr param- 
eter  goescontinuously iozcro as lhclemperatuie is incrcarcd to ro.The entropy 

F gure 10.17 Tempcraturc depcndeocc allhe free energy 
(or a n  ldealtrcd phase tramltmn ofths second order 

FCere 10.18 Landau frcc energy function versus <' at -~ 

rcpiercntrtii,c icmpcrrtuics. Ar thc irinpcmlurc drops bclow i. 
tltc cquihbrium ualuc o( : grndually ii!crc;trcr. llc6ee0 by tlic 
puiiliun oftlte rmiainwm or the lrcc cncigy. 

Figure 10.19 Spantsncour vcrrur 
tempcralurc, lor a second-order phase tansirion. The 
curve is not realistic at low lcrnpcraturcr bnaurcof the 
use of Eq. (60): the third law oithermadynamirr rcquirc, 
that dijdr - Oar r -r 0. 
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i ' i~urc 10.21 D ~ ~ n d e n c c o l i  on r  - 7 ,  lor a 

lypiral hrri oidcr phase transition. 

and the oider parameter C (Figure 10.21) does not ga continuously to zero at 
r,. These results differ from those in the second ordcr phase transition treotcd 
carlicr. where < wccu to zero continuously at io = r,. A first order transfor- 
mation may show hystcrcsis, as in supercooling or supcmaturation, but no 
hysteresis exists in a second ordcr transition. 

1. Thc coerirtence curve in the p-r planc bctwccn two phases must salisfy llic 
Clauiius-Clapeyron equation: 

wticre L IS the lntcnt lieat and Au 1s thc volume dliTerencc per atom between 
the two phases. 

2. Thelatent heat I. = H, - H z ,  where H - U + pVis the enthalpy. 

3. The van der Waals equation of state is 

' (p + N1a/V')(V - Nb) = Nr 

4. In the Landau free energy function 

the energy and entropy are taken when the order parameter has thespecified 
value (,not necessarily the thermal equilibrium value C,. The function Fr 
is a minimum with respect to i: when the system is in thermal equilibrium. 

. . 
. ~ 

5. A first order phase tionsition is characterircd by a Intent he:![ atid by 
hystcrcsir. 

I .  E , l f rop~,  encrxy, ond cntl~alpy of ran Jrr Ili?ul.cjinr. (a) Sliow that tlie en- 
tropy of the van der \Vaals gas is 

o = N{log[~~,(l/ - h o b ) / N ]  + $1. (73) 

(b) Show that the encrzy is 

lc) Show that lhc cnihalpy I1 f U + pl/ is 

All rcsolts arc givcii to first oider in the \:tn dcr Wosls carre~~l ian tcra,s ti, l r .  

2 .  Calcnlalion o /dT/dp  for m.arcr. Calculate from the vapor pressure equa- 
lion the value ol ilT:clp near p = I ntm lor the liquid-v;tpor eqoilibrium of  
walcr. 7111: liedl of vupoiizition at IGQ'C is 2260Jg-I. Erprcss the rcsult in 
kelvin/atm. 

3. flcot o/ rrrpori;arion of ice. The prcssurcofwatcr vapor over icc is 3.SS rnm 
t ig  at -2'C and 4.58 rnrli Hg at WC. Estimate in J mol-' the heat ofvaporira- 
tion of ice at - i0C. 

4. Garsolidequilibrium. Consider a version ofthe example (26)-(32) in which 
we let the oscillators in thesolid move in three dimensions. (a) Show that in the 
high temperature regime ( r  >> Ow) the vapor pressure is 

(b) Explain why the latent heat per atom is 8 ,  - jr.  

5. Gas-solidequilibrium. , Consider the gas-solid equilibrium under the ex- 
treme assumption that the entropy of the solid may he neglected over the tem- 
perature rangeof interest. Let -c, be the cohesive energy of the  solid, per atom. 

. . 

. . 



Treat the gas as ideal and monatomic. h4ake the approxiination that thevolume 
accessible l o  thc gas is rhe volume V o l  the container, independent o f the  much 
smdller volume occupied by the solid. (a) Show that the total Hrlmhoitz free 
energy of the system is 

where the total nuniber olatoms, N = N, + N, is constant. (b) Find the mini- 
mum ohlie freeenergy \riih respect to N,;show tbatinthrequiiibriumcondition 

(c) Find the equilibrium vapor pressure. 

6. Tl,ev,nody,ro,,licr of rice sriprrcu~~ducrirrb. trorrsirinn. (a) Show that 

in Si  units for B,. Because B, dccreascs with incrcdsing temperature, the righi 
side is negative. Thesupcrconducring phase has the lower entropy: it is the more 
ordcred phase. As r -+ 0, the cntropy'in both pltases will go to zero, consistent 
with the thirdlaw. What does rllis imply lor thcsl~:~pcolthccurveofB,ueisusr? 
(b) At i = r,, wc h:~vc II, = 0 :wd lhencc a, = n,. Show tirat this result b:~s tl>c 
lollowing corirfqucnccs: (1) Thc two ficc clicrgy corvcs do not cross at r, but 
niergc, as shown in Figure 10.22. (2) The two energies are the s:lmc: Us(r,) = 
U,y(r,). (3) Thcrc is no latcot licst ;lrrocintcd with LIE tralisiiion at r = r,. 
What is the t;llc#rt hear of the transition tvlic~t cJrried out in a tllagnctic Cicld, 
at r < I,? (c) Show that C, and C , ,  the heat capacities per unit volume, are 
related by 

F i ~ u r e  SIS is a plot of CIT' vs T' and shows that C, dccreasas'n~ucl~ ianer 
llian litrearly wiih decreasing r ,  while C ,  decreases as j.r. For r i< r,, AC is 
dominated by C,. Sho\v illat this irnpiies 

Figure 10.22 Erperirncnral valuer olllie free cneigy us a function of 
leinpeiaiuic for aluminum in the s~~crconducting slate and in ihc norm31 
rratc. Below lhs lrrnsition lernpcrvlurc T. = 1.180 K rllc frec cnerpy is ios.ci 
in the ruperconducriogrtatc. The two curvcr rncrgc at the trrnririon 
Icmpeialure, so thac thc ?haw transition isrecond order (lhcre is no l=rcnt hczt 
oltransirion rt T*). Thc curvc F ,  is ntessured in zero rna~~~lirtic Reld, and F, is 
nlcaruccd in a magnetic ficld sutiicicnt to put the r~c imcn  in lhe nom,=l siale. 
Courrcry olN. E. Phillips. 

7. Si~nplfidtnodcl ofzhe  srtpcrconrl~rc~irtg tranririon. Tile B,[r)curvcsolmosl 
silpciconduclors hlt,c shxpes close to  sirn13le psisboi:ls. Suppose that 

Assunie that C, vanishes raster than linearly as r -. 0. Assume also [hat C ,  is 
linear in r, as for a Ferrni gas (Chapter 7). Draw on the rcsults of Problcin 6 to 
calcul;iteand plot the i ilcpendenccs ofihc twocntropies.the t\\~ol~tatcap3cilies, 
and the latent li~.at o l l l ~ e  transition. Show thdt C,(r,);C,(r,) = 3. 

8. Fir-rr oj.dcr rrj>rol i~.niisfi~.,,toriun. Consider :,crystal t i u l  cso cxin in cillicr 
oltwosiruciurcs, dcootcd by a atid 0. We suppose tliat thc z structure is the 
stable low 1emperat:lre form and thc P structure is the stable high temperature 
lorn1 of tlie substance. I f  the zero of the energy scale is taken as the stale of 
sepanted atorils at infinity, tlicn the encrgy density U(0) at i = 0 iviil be 
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negative. The phase stable at 7 = 0 will have the lo\rcr valuc of U(0); thus 
U,(0) < U#(O). Irllie vrlocity of sound rp in the /3 phase is lower than u, in the 
o phase, corresponding to loirci valuer of thc elastic moduli for 0, then the 
thermal excitations in the P phase \sill have larger amplitudes than in the a 
pliase. The larger the thermal excitation, the larger the rntiopy and the lower 
the free energy. Soil systems tend to be stable at high tcrnperatuies, hard 
systems at low. (a] Show from Chapter 4 that tile free energy density contributed 
by the plionons in a solid at a ternpsrature much less than theDcbyetempcrature 
is given by -n2r"/30u'h3, in the Debye approximation with v taken as the 
velocity of all phonons. (b) Slio\v that at the lranslormation temperature 

There will be a finite real solution < v,. This example is a simplified model 
ofa class ofactual phase tian~formations in salids.(c) The latent heal oftrans- 
Cormation is defined as the thermal energy that must be supplied to carry the 
system through the transtormation. Show that the Latent heat lor this model is 

L = 4[U,(O) - 
In (84) and (851, U refers to unit \olume 
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Many applications of materials science, and large parts of chemistry and 
biophysics, are concerned wit11 the properties of multicomponent systems that 
ha i r  two or more phases in coexistence. Beautiful, unexpected, and important 
physical effects occur in such systems. We treat the fundamentals of the subject 
in this chapter, with examples drawn fiom simple situations. 

SOLUBILITY CAPS 

hlixturcs are systcnrs oftwo or Inore dillcicnt chemical spccics. llionry oiirturn 
haveonly two conslilurnls. Mixlures with three and fouicanstituer~ts arecalled 
ternary and quaternary mixtures. If  the canstitucntr are atoms, and not mole- 
cules, the mixture is called an alloy. 

A mixture is homogeneous when its constituents are intermixed on an atoniic 
swle to forrn a single phase, as in a solution. A mixture is heterogeneous when it 
contains two or more distinct phases, such as oii and waler. The everyday 
expression "oil and waler do not mix" means that their mixture does not formi 
a single homogeneous phase. 

The properties of mixtures difer from the properties of pure substances. The 
melting and solidification properties ofmixlures are olspecial interest. Hetero- 
geneous mixtures may melt at lou'er temperatures than their constituents. 
Consider a gold-silicon alloy: pure Au melts at 1063°C and pure Si at 1404'C. 
but an alloy of 69 pct Au and 31 pet Si melts (and solidifies) at 370'C. This is not 
thc rsrult of the farmalion o l  any low-melting Au-Si compound: microscopic 
investigation of the solidified mixture sliows a two phase mixture of almost 
pure Au side by side with almost pure Si (Figure 11.1). Mixtures with such 
properties are common, and they are ofpractical importance precisely because 
of their lowered melting points. 

\\'hat determines ishether two subslances farm a homogeneous or a hetero- 
geneous mixture? What is thccomposirion of the phases that are inequilibrium 
with e ~ c h  other in a i~ererogcneous mixture? The properties 01mixtures can be 
understood from the principle that any system at a fixcd temperature will 
evol\'e to the configuration of minimum free energy. Two substances will 
dissolve ineach oilier and form a l~omogeneoosminiure if that is the configura- 
tion of lowest fret energy accessible to the cornponeirts. The substances rsill 

w 
iO/l1l l  

Figure 11.1 flelcro~rni.ous gold-silicon alloy. I\'hcn a mirluic 0169 pct Au asid 31 pct 
Si ir melted and then mlidiiicd, the mixture segregates into a phase olslmort pure Au 
(light pliare) coexistent rill) a phase olalmorl p i r e  Si (dark phars). Msgnihcd about 
8W linier. The compt.iiliiln given is that ollhc 1on.erl-mrlling Au-Si mi~lure. the 
so-called culectk miriuie.a concept explained Iaar in the text. Photograph courtesy 
a1 Stcphan Justi. 

forrn a heterogeneous rnihture if tlic combined free energy of the t \ ~ o  scparatc 
pbases side by side is losver than the free energy of the homogencous mixture: 
then we say that the mixture exhibits a solubility gap. 

h hcterogcnrous mi~ture  will melt at a lotver temperature than the separate 
substances if the free energy of the homogeneous mel! is lo\v\.rr than the com- 
bined free energies of the t\r,o scparatc solid phases. 

Thiougliout this rl i~ptcr ivc assitmi: for simpliciry that thc e&tcraal prcssiirc 
niay bc negleaed. and we set pV = 0. Then volume changes do not involrc 
work, and the appropriate free cnersy is tbc Wclmholtz irce encrgy F rntlicr 
t11;rn the Gibbs lice energy C. \\'r will usually simply spcak n l  the free etlcrey. 

i\'c discuss hioar)- mi~lurcs of constitoents that do not form rvell-defined 
compounds ivith mch other. Our principal interest is in binary 8lIoys. Consider 



Many applications of materials sciencc, and largr parts of chentistry and 
biophysics, are concerned with the properties of multicornponent systems that 
have two or more phases in coexistence. Ueautifiil, unexpected, and important 
physical eflects occur in such systems. Wetreat the fundamentals or the subjcct 
in this chapter, with examples drawn from simple situations. 

SOLUBlLlTY GAPS 

ternary and quaternary mixtures. If the constituents are atoms, and not mole- 
cules, the mixture is called an alloy. 

A mixture is homogeneorls when its constituents are inteimixed on an atomic 
scale to form a single phase, as in a solution. A nlixlure is heterogeneous when it 
contains two or more distinct phases, such as oil and water. The everyday 
expression "oil and water do  not mix" means that their mixture does not form 
a single homogeneous phase. 

The properties of mixtures diflei from the properties a t  pure substances. The 
melting and solidification properties ofmixtures are ofspecial interest. Hetero- 
geneous mixtures may melt at lower temperatures than their constituents. 
Consider a gold-silicon alloy: pure Au melts at 1063°C and pure Si at 1404"C, 
but an alloy 0169 pct Au and 31 pct Si melts (and solidifies) at 370aC.This is not 
the result of the formation of any low-melting Au-Si compound: microscopic 
investigation of the solidified mixture shows a two phase mixture of almost 
pure Au side by side with almost pure Si (Figure 11.1). Mixtures with such 
properties are common, and they are of practical importance precisely because 
of their lowered melting points. 

What determines whether two substances form a homogeneous or a lieteio- 
geneous mixture? What ir thc composition of the phases that are in cquilibriurn 
with each other in a heterogeneous mixture? The properties olmixtures can be 
understood from the principle that any system at a fixed temperature will 
evolve to thc configuration of minimum free energy. Two substanccs will 
dissolve in each other and form a homogeneous mixtuie if that is theconfigura- 
tion 01 lowest free energy accessible to the components. The substances will 

Figure 11.1 Hetciogcneour gold-silicon alloy. Whcn a mixture a169 pct Au and 31 PC1 

Si is melted and then solidified, the mixture segrcgater into a phase a1 almort pure Au 
(tight phure)coexirtcnt with a phars of atmorl pure Si (dark phase). Magnified about 
8W timcr. The cornpasition given is that of the lou,rrt-nictting Au-Si mixture. thc 
ra-called eulectir: mixturc, a conccpt explained later in the text. Photograph couilcs? 
olStephan Jurti. 

lorm a heterogeneous mixture il the combined free energy of the two separate 
phascs side by side is lower than the frce energy of the homogeneous mixture: 
then we say that the mixture exhibits a solubility gnp. 

A hcterogencour mixture will melt at a lowcr temperature than the sepamtc 
substances if the free energy 01 the homogencous melt is lower than t l ~ c  com- 
bined free energies of the two separate solid phascs. 

Throughout this chapter we assitme for simplicity that the external pressure 
may be neglected, and we set pV = 0. Then volume changes do not involve 
work. and the appropriate rrcc encrgy is tbc tIclt~~Iioltr  lrce ctlcrgy F rstllcr 
than thc Gibbs lrcc cncrgy (;. We will usually simply s p a k  o r  the frcl; cncrgy. 

We discuss binary mixtures of constituenrs that do  not form well-definsd 
compounds with each othcr. Our principal intcrest is in binary alloys. Consider 



Choptrr 11: Binary dlixirrurrr 

a mixhire of NA atoms of substance A and N, atoms o f  substance B T h e  total 
number of atoms is 

N = N, + N,. (1) 

Wc express thecomposition olihesystcm in terms of the  fraction s o l B  atoms: 

Suppose the system forms a homogeneous solution, with an  average free energy 
per atom given by 

f = FIN.  (3) 

Suppose further thatJ(s) Bas the functional form shown in Figure 11.2. Because 
this curve contains a range in which the second derivative rl1J/dx' is negative. 
t ~ e  can draw a line tangent to the curve a t  two points, a t  x = x, and x = xp 
Free energy curves of thir shapz are cotnmon, and we \?ill see later wllat may 
cause this shape. Any homogeneous mixture in the composition range 

is unstable with respect to ttvo scpakle phases of composition r, and i,. Wc 
shall show that the average free crier& per atom of the segregated mixture is 
given by the point ion thestraight lineconnecting the points o and P.Thus in the 
entire composition range (4) the segregated system has a lo\vcr free energy than 
the homogcncous system. 

ProoJ: The ircc enerw o f a  segregated mixture of thc tiso phascs z and P is 

wliere N ,  and ,V, are the total numbers ofatoms in phases s! and /?, respectively. 
These numbers satisly the relations 

which may be iolred foi .\',and Nu :  

Fioure 11.2 Free encrgi pcc atom ar a funclion aicumposi~ion, for a 
r>ram uic11 a rolubitity gap. I1 the free crtcigy p e r  atom ofa  
hornagencour miilurc has a sttape such lllat a langnt can be drawn 
that louchcr the curbe at lua d ik ies t  points z and 8. the can~posiiion 
rang= kcuecn thc <ivo points i l  uiin;lblc. Any  millure with a 
con~poriiian in thir range uill decompose into tii-o phases with t I x  
composilion r, and .xp. The lice energ).olllie tno phase mirturc is 
gi\en by ihc p i n t  i on the rtrrighl lilir, bcloiv ihc point B .  

From ( 5 )  a.c obtain 

lor the lice cnergy o l  the ttvo phase system. This result is linear in x and is a 
stiaiglit line in thc J-.x plane. Iiivs set .I = z, or ,sB, a e  see that iheliiie does go  
thrauglt the points .i and f l .n:urI;  in thi: interval bstnecn .r, and xg is giten by 
the point i o n  the straight line connecting 2 and fl. 



Wehavenot yet made useo!theasrumption that thestraight lineis tangent to 
j(x) at thc points x and p, and therc!oic our result holds lor any straight line 
that has two points x and p in cornmon \\iih /(.Y). But for a given value or x, the 
ioivcsl free energy is obtained by drawins the la>vesl possible straight line that 
has two points in common u i th j ( i ) ,  on opposite sides olx.The loivest possible 
straight line is the two-paint tangent sho\vn. The compositions x, and are 
the limits o l the  solubility gsp 01 the s).stem. 

Once the system has reaclicd itslo\veit iiec energy. the two phases must be i n  
diRusivc equilibrium with respi t  to both atoniic spzcies, so that tlieir chemical 
potentisls ratisly 

We show in Problem 1 that pA and p. arc given by the intercepts of the two- 
point tangent u,ith the two vertical cdges of the /(*.) plot at x = 0 and .Y = 1, 
as in Figure 11.2. 

The Helmholtz free energy F - U - ro has contributions lrom the energy and 
lrom the entropy. We treat !he eKect oi mixing two components A and B on 
both terms. Let I , ,  and u,  be thcenergy per arom olthe puresubstances A and B, 
releired to separated atoms at infinity. The average energy pper atom of the 
constituents is 

which defines a straight line in the u-x plane, Figure 11.3. The average energy 
per atom of the homogcncous mixture may be larger or smaller than lor the 
separate constituents. In tile example 01 Figure 11.3, the energy of the homoge- 
neous nlixlure is laiger than the energy of the separate consti$uents. The 
energy excess is called the energ?. of mixing. 

litlie - ro term in the lree encrgy is neplisible, as at r = 0, a positive mining 
energy means that a homogeneous mixturz is not stable. Any such mixture will 
then separate into two phases. But at a finite tsmperature the -ro term in the 
free encrgy o l  the homogeneous mixture always tends to  lower the rreeenergy. 

Theentropy ofamixturecontainsacontribution,called the entropy oimixing, 
that is not present in the entropies or the separate components. The mixing 
entropy arises when atoms of the dimerent species are interchanged in position; 
this operation generates a diKerent state o l  the system. Because of such inter- 

Figure 11.3 Energy per atom as a lunclion olcomposition 
in  u system with a psilive (nixing cncrgy A riniglc 
exatnplc (or which 8 rolubilily gap may occur is that ofa 
rjrtenl in uhich thc encrgy per atom olille homogcneour 
mi\lorc is grearcr r h ~ n  tI8at olthc rcparae phnrcr, so that 
d'll;d.v' < 0 lor all cornporiiionn. Thc mixing cncrgy is  ihe 
diircrencc betuecn tlx s(x) curve and ttlc straight linc. 

as plotted in Figure 11.4. The curve olo,, versus s tias the important propcrty 
that the slope at the ends ol the  composition range is vertical. We have 

changes s mixture has more accessible statcs than the two scp:lmtc substances, 
and hence the mixture has the higher entropy. 

In (3.80) we calc~~lated the mixins entropy n, a1 a homogeneous alloy 
A, .,B,. to find 

a,, = -N[(1 - x)log(l - s )  t rlogx]  . (11) 



Figure 11.4 Mixing cntropy. In any mixture afiwa conrtituentr a n  
intcrchangc ollwo atoms oldiliereni rpccicr leads to a new state the 
system. The logarithm o l  the number olrtater related in this way is the 
mining emropy. 

Consider now the quantity 

which is the Iree energy per atotn r\,ithout the mixing entropy contribution. The  
non-mi\ing part o f  the entropy, o - o,,, is usually nearly the same lor the 
nlixture as for 111s sepamtc cornponcnts, so that (o - o,,lr is nearly a i invx 
funa ion  of the composilion r. If we assume this, the I,(\-) curve has the sarnc 
shapc a s  the u(s)  curve, but  ofiset \.erticaiIy. 

If WC add tile ntixirtg entropy contribution -rn,,/N to J,(r), ive obtain at 
various temperatures tile j ( x )  curves sI!o\\,n in Figure 11.5. In  drawing the 
figure we have ignorcd the temperature dependence of j,I.v) itself, because lor 
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Figure 11.5 Free energy pcr atom versus composition, at three 
tcrnpcratuiel. Thc curvc j. is tbc its= cneigy per atom without the 
mixingentropy cantr~butian. For illu~lralionaparaboiiccam~orition 
dependence is arrumcd. and the lcrnpeiature dcpcndcnur olJ, is 
ncplictid. Thc thrc. solid currcr rcprercnt the ficc cnergy including 
the mixing cntropy, lor the temperatures 0.8 r,, I . O i , ,  and l.li,. 
whcic r, ir liic maximum tcmpcinture lor u.hich there is a solubility 
gap. Tile phase separation at 0.8 r,, ir apparent. 

our  argument this is irrelevant. Three  important deductions lollow from the 
construction of thc J(x) curves: 

(a) At all fittile temperatures j(x) turns up at ba th  ends of the composi~ion 
range, bccause o i~ l i c  ittlitiite slope oft l tc  mixing entropy contributiott. 

(b) Uclow a certain temperature i,, there is a composition range witbin u.hich 
tile riegativc secosid derivative of tiic J,(:) curvc is stroilgut than tliu 
positive second derivative of the -ra, cuntribittion, thereby rnakios it 
porrible to draw a common tangcnt t o f ( r )  a t  two d i f i ren t  values o i x .  

Ic) Above T.,, the curve Ins a positive second derivative a t  all composiiions. 
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We conclude that  t he  A-B system with  positive mixing energy will exhibit a 
solubility g a p  below the  t empera tu re  r,,. T h e  composi t ion r ange  of she g a p  
widens with decreas ing temperature ,  b u i  t he  gap c a n  reach the  edges of the  
composi t ion range on ly  a s  r 4 0. A t  a n y  finite temperature  there is a finite 
solubilily of A in B a n d  of B in  A, a result  ob ta ined  earlier in  Chap te r  3. T h e  
new result  is that  t he  m u t u a l  solubility is l imited on ly  belorv r , .  Positive 
mixing energies arise in difierent ways. We n o w  discuss three  examples. 

Emmple: Binilty alloy with nearell-neighbor inumcrionr. Conridrr a n  alloy A,.,B, in 
which the altraclivc inlcraction bcgwecn unlike aiomr is wcakcr than thc attractive inter- 
action between like atomr. For simplicity we speak ol the itileraclianr as bonds. Therc arc 
thice ditercnt bandr: A-A, A-8, and 8-8. Let u,,, ",,and u,, be the potential eneigicr of 
tad) bondTherebinding cncrgier will urually bc ncgativc with rcrpcct to reparaled atoms. 

\Vc airumc the atamr arc randomly distributed among the lattice rites. Thc aveiagc 
fncigy of the bonds surrounding a n  A atom is 

whcrc(l - xlir ihcproportionoi A a n d x  inhcpioportiooo1B.Thir mruilir wrilieoin the 
mean field approximation orchapter  10. Similarly. lor B atoms, 

Thc lolal encrgy is obtained by summing orcr bolh aiom typcr. lfcrch aiom has p ncarcil 
nchhborr. the avcrage cncigy per atom ir 

The lacloriariser bccaurceach bond is shared by the twoatomr it wnnectr.Thererult (161 
can be wiittco as 

u = tp[(l - x)u,, + xu,,] + u ,,,. (17) 

is thcmkingcnezgy. On this model thcmixingenergy as a functianolx is a parabola, as in 
Figure 11.5. 

.. 

A rolubili,y gap occurs \rhcnever d%drZ c 0, that is, when 

I'som (IS). 

From (12). 

The equal sign holds l o r .  = +. With these reiullr 119) yietdr 

as !iic iowcr li~iiil of the tcinpcinurc far a solubility gap. 
Thcreare many reasons *,by niixcd bandr ma). be rcakcr rhanthc bonds of thsrcparulc 

constituents. I i  khc canr t i t~cnt  rioms o fan  alloy direr in radius. the dilTerencc incioducci 
clariic strains thxi i a i x  <lie enecgy \Vnter and oil "do not mix" bccauw wrlci moiciulcr 
carry a large elrstric dipole rnomcni that lcadr lo a strong electrorrrtic alliaclion bet r tcn  
water molcculcr. Thir auiaciinn is ~ b r c n i  in ralcr.ait bonds, which air only about as 
strong as lhc w r ~ h c r  oit.oil bandr. 

. . . . . . . . . . . .  . . . ~. . ~ 

Froatgle: hrirture of m,o rolidr r i r h  difermt crjrrulrmrcrurrr. Canridci a homogc- 
neous crystallincmixtumolgoldai~d silicon.The rrabll:cryslal r t ruaurc  oigold is the iacc- 
centered cubic structure in which cvery atom ir surrounded by twclve equidistant nearest 
neighborr. Thc stable crystal StruclurC olrilicon is thc diamond structure in which every 
atom is surrounded by only four equidistant nearest neighbors. If in pure Au we replace a 
rmall lcaaion x 01 the atomr by Si, we obtain a hos,ogcncuur mixture Au, ..Six with the 
fcc ciyrtal structure 01 Au. Similarly, if in purr Si uc rcplncc r small lraaion 1 - x oltlie 
atoms by Au. r c  ohrsio a homogeneous mixture Ae,  .,Si,, but with 11,~ diamond cryilol 
nructurc of Si. Thcis are two difcrcnt irrr cncrgier, one for each crystal rtrucluie (Figure 
11.61. The two currcr must crorr somewhcrc in the comoosition ranae, or clsc Pure Au and . ~ 

Si would not crystallize in diKcrent structures. The equilibrium curve consistr 01 the louer 
of the two survq rich a kink a t  the crossover point. Such a ryrlcm exhibits a salub%lity 
pap on cithcr side of ihc ciorrover wmporition. The currcr shown in the figure are rchc- 

: matic; in the aaual  Au-Si syslem the unsiablc rangc txtcndr so close lo  thc edger 01 the 
diagram that ii cannot br  icprescntcd on a full-scale plot crtsnding lrom x = 0 l a  x = 1. 

. . 



Fisurc 11.6 frce c n e r g  ?ecru% composition ioi crysailiiic 
lioiaogri~~our tnirtriiir for aiiiih lhc t\vo con,liluciilr ofthe 
nlikture rry$lallile in dilfcicnl ci)ilal rlruculrcr. Two dilTcrenl 
fire energy curvcs arc is8olvi.d. uiic lor eaiL i-iplal struciurr. 

DiKerent crystal struclurcr foi the pure conrtituentr are an iniportant cause oiroliibilily 
gaps inciyrl~llioe solid rnirluicr. Our argument zpplicr 10 miriuicr of lIii$ kind, provided 
lhs lworlruclurcs do no1 lranrfarcn coiitinuouily iiiio caih oihei wiih changing cas~poii-  
lion.rllir is a lacil rrruntplion in our dircuriion, an airumplioil !to1 aI\\.ayr ralirficd wlieir 
the two ciystal stiuciurcr are clasily iin~iiar. Tlic oilicr asruniplioa we make ~hiougl~oisl 
this chaplcr ir that no rlablc cornpuod furmiltion should occur. In tllc prelcnu- oicom. 
pound form~lion ihr behavior ofthe n>i\iuic inay be nmrs cornplcs. 

Eroriipk: LiquiJ'Ilr-'lliiiiiiiuic~ or luwiciiipou,~,l-er. The iiioll ii~~cioiiiig,iiquid miv 
luir wilh r rolubilily gap is !lac iiii\tuie ui  ilrc i n o  liclium iioiop;s 'tic and 'lit, hianis of 
liie ~ U I I I I C I  bc i i i~  I i ~ i z > i ~ c ~ s  and 01 L I ~ C  I . L L I C ~  b~sot~s:Yk~ri- is a i~iubihiy gill) in !lie iiiirlillC 
below 0.87 K,  ar in Fisurc I 8.7 1'1,i~ ,iiopcii) or utilized i s  ,lie liclium diluiion rcriig~iator 
[Chapcei 1Z)lI ie  nii~ing ~ i i c i g y  nitv,~ b~ poriti\e to liarc a rolubcliiy ghp. Thc origin ol tile 
porilivr ixii~irigcneigy is ibc lol1uuiiig:'tic;ioinr sic bosgnr. h i  ,uliii-icn~ly l ow  iciopcin- 
turr.5 sin1081 .ill 'llc .ttoier occup) llic grou!lii s t ~ l i '  orbil:il of ilic sy,lcni, abcrc tliey li;i\c 

pure 3He Alornic pcrcsnl < H e  pure l l i e  

Figure 11.7 Lzquld rntxtuicr of 'Hc and 'He. 

zero kinclic energy. Allnor1 lhc cnlirc kinetic cnciey o l  lhc mixture is contiibulcd by llie 
'He alomr, which are fermions. The energy per atom o l a  d;gencialc Fermi gas incicrrer 
jtich cuncenlralion as nu'. us in Chnpirr 7. 1-his energy has a nrgrlivc second dr r i~a i i re  
GZr;ir#'  a 2'u:b1,  uliich by (19) is eijuir~lcnt lo a po,iliuc miringencigy. 

~. ~ ~ ..-.-.- - . . i *:..-. ... ; :..L._.L.._ ... . :.-~.i..-.._-'&_-._ Y . . .  .r 

Phase Diagrams iar Simple Solubility Gaps 

A pliase dirgmm ieprcsents the  t e m p s i ~ t u r e  depcndcnce ofsolubility gaps, as in 
Figure 11.8. T l ~ c  1n.o cainposi~ioi is  .s, ;tad xB arc iilotLcd liilriros\r.illy, ilxc 
corrtspondiiig tenlpcraturc ver1ic:illy. T h s  z, ziid ig brnnchcs nierge at tlic 
mar imuni  icnipci:ttuic r,,, Tor which a solubi l i~y gap cxirts. At a givco tempera- 

:. lure :uiy mixlurc whosc overall compo~il ioi!  idliz witliin llic rangc e~iuloscd by 

thc curve is unstable a s  a hornogcneous rn i~ tu re .  T h e  phasc diagrams of actu:il 

niixturcs \ ~ i i b  solubility gyps oii~). b s  niore cuitlplsx, according to 111s n c l u ~ l  

, - form ol  the frce eticrgy rc1;itiori /(r!, but the undcrl>iiig principles :ire [lie raloe. 
i :. 



Fipre 11.8 Phase diagram lor a binar). qstem with a roluhility 
gap. A homagencour niirture afron,poiition r will be unrmblc at 
tenieerature i i f  the point (r.r) falls bela\r the stability boundary 
curvc. The n~ixture rill thco farm two stpame phases of [he 
cornposilionr givcn by thc intcrscctionr ofthe stability boundary 
currc with the horizontal linc lor tempcratuit r. Tlie stability 
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solid nor the liquid has a solubility gap. (b)The melting temprature r, of pure 

constituent A is lower than the melting temperature r ,  01 pure constituent B. 
We cansidcr a temperature betwecn r ,  and 7,. 

T11e free energies per atom, /,(x) lor the solid and /L(\) for the liquid, arc 
sliown qualitatively in Figure 11.9a. The two curver iritcrsect at some com- 
position. Let us draw a tangent common to both curves, touching i, at I = rS 
and f, at x = x,. We can define three campashion ranges, each with diRsrcnt 
internal equilibria: 

(a) When x i XL. the system in cquilibritlrn is a homagenenus liquid. 
(b) When x,  < x < x,, the sysvm in equilibrium consists of two phaics, a 

solid phase ofcomposilian x, and a liquid phascolcomposition x,. 
(c) When x > xs the system in equilibrium is a homoccnrous solid. 
The  compositions x, and r, o is  solid and a liquid phase in equilibrium are 

tc8npcraturc d c ~ n d c n t .  As thc icnipcr:il6irc ilccrc;~scr the lrcc cncrgy of tlic 
suliil ~ l c c r c ; ~ s o  rourc rxpidly tl~itrt ~ I I ; L ~  d[ ~ I I C  liquid. l'hc k.nngcnti:,l poinu in 
I:igurc 11.92 ciiovc to t l ~ c  lck. This bcl,avior is reprcrentcd by a pb;sre diayrain 
simiI:lr to  lhc c:rrlicr rcprcscntstiort of lltc cquilibriutn composition currcr lor 
n,ixturcr with phssc stparation. In Figure 119b tlic curvc lor r, is called thc 
liquidus currc; the curve lor r, is the solidus curve. 

Tlie phase diagrams have been determined experimentally for vast numbers 
of binary mixtures. Those for most o i  the possiblc binary alloys are 6noii.n.' 
For  most metal alloyr the phase diagrams are rnorc complicated than Figure 
11.9b. which was drawn lor a simple system, germanium-silicon. 

When the temperature is lowered in a binary liquid mixture with the phase 
dinpram 01 Figure 11.9b. soliditication taken olace over a finite temoerature 
range, not  just a t  a fixed temperature. T o  see this, conside: a liquid with the 
initial composition xi, shown in Figure 11.10. As the temperature is l o ~ ~ ~ e r e d ,  

', solidification begins a t  r = + The composilion of the solid formed is siren 
by x,, so that the composition of the remaining liquid is changed. In the 
examplex, > x,, so that the liquid moves towards lower values ofx ,  where the 
salidification temwrature is lower. The  temoerature has lo be lotvered if 

boundary curve shown here uas caiculatcd quantitatively for the solidification is to continue. The composition of the liquid moves along the 
rsrtem of Figurc 11.5, u,ith a p~rabolicio(~~). liquidus curve until the solidification is completed a t  r = r*. The solid formed 

is nonuniform in composilion and is not inequilibrium.The solid may homoge- 
P H A S E  EQUILIBRIA BET\YEEN L lQUID nize afterward by atomic diffusion, particularly if the temperature remains 
AND SOLlD MIXTURES high lor a long time. Bul (or many solids atomic diffusion is  loo slow, and the 

inhomogeneity rcmains "Irarcn in" indefinitely. 
When asmall fraction o i a  hornagcneousliquid mixture lreezcs, thecon>position - 
of the solid that farms is almost always diKerent from that of the liquid. The Thc atnndasd tabulatiom arc by M. Nan%\ Conrrirv,ion olbinory olla)-~. Mffiraw-HJL 1918; 
phenomenon is readily understood from the free energies for liquid and solid R. P. Elliot(. Conr(iruiion 01 biinry alioss,firr~ rupplm~ml, ktffiraw-Hill. 1965: F. A. Shunk, 
mixtures. We consider a simple model, under two assumptions: (a) Neither the . .. 

Conrciraion of binory o t l o ~ ~ .  ~ c c o n d  suPpkn4m,, Mc~nw-Hill. 1969. 

. : . ~ . . 
. . 

, . I 



Figurc 11.9 Phase cqu~l~brium bttiyccn liquid wid solid n~ixluies. I n  
iliir crdinplc: oeilhcr p1,h;lrc crliibitr a rolvbtlily gnp. We assume 
r, < r < r,,. Thc upper figurc (z) r l iu ivi  llle l icc rncrgicr ioi lhc two ph:ircr; 
the lower figure lb) rhawr !he caircaponding pl,rse diagr~m.Thi: curves X L  

and r, in lhc phase didgram are crilcd the liquidur and the rolidur curves. 
l h e  pharc diagram ir lhc Ge-Si phase diagram, with T,. = 940LC and 
Tx; = 1412°C. 
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Fi~ilre 1i.10 hlait liquid mixtures do nu1 ralidily at urharp 
Icnlwraluie, bul ovcr a finile tcmirralure ranee irom r, lo ?..The . " 
highcherm~ltis~ conriilucnl precipiValer hcrt, theirby enriching the 
loivcr-mclling constilucnl in the liquid phase and Iliur lowering the 

Adrancrd Trentn~enr: Eutecrirr. There are many binary systems in which tbc 
liquid phase remains a liquid down to  temperatures significantly below the 
lower melting temperature of the constituenls. Tlte gold-silicon alloy is such a 
system: a mixture of69 pct Au and 31 pctSi starts to solidify a t  370'C. At other 
conipositionr solidification starts a t  a higher tempernlure. When we plot the 
temperature of the  onset of solidification as a funclion o i  alloy composirion, 
we obtain the two-branch liquidus curve in Figure 11.11. Mixtures with two 
liquidus branches are cailed cutcctics.The minimum solidification temperature 

: ir the eutectic temperature, uhcm the composition is thc eutectic composition. 
Tltc solidified solid at the eutectic composition is a two phase solid, wiih 

. riearly pure gold side by side with nearly pure silicon, 3s in Figure 11.1. In thc 
; solid Au-Si miaturc lhcrc is a very widc solubility gap. Tbc low mclting point 

occurs lor thc cutcctic coniposition bccausc the Ircc cncrgy ol thc  Itoi~logc~~cous 
., melt is loaer than \he ircc Encrgy of the two p l ~ ~ s e  solid, far tcrnpcratures at 

j or abovc the cutectic temperalure. 
Such bchavior is common among systems that cxitibit a solubility gap in the 

i solid but not in the liquid. Thc bchavior ofeutectics can be utiderslood from the 

:. frcc cnergy plots in Figure I I.12a. We ns~umejj(x)lor tttc solid as in Figure 1 1.6. 



Pure Au Atolluc pcrcent s~llcan 

Figure11.11 Euiccrii phase diagram of gold-silicon allays. Thc liquidur canrirtr of two 
brsnchcr tliat came logrihcr at thc culcciic tcrnpratuic T. = 370'C. The hoiizan~ai 
linc and lhc erperin,cnml data poinir at 370'C indicltc ihai tbroughout the cntirr 
compasiiiun range thc ntixturc docs nut cornpletc its roliditjmian until thc cutcclic 
tcmp2rriure is ieached. 

corresponding to difirent crystal structurcs a and P for the two pure con- 
stituents. Figure 11.12a is constructed for a temperature above thc cutectic 
temperature but below the melting temperature of either constituent, so that 
[he rree energy of the liquid reacher below the common tangent to the solid 
phase curves. We can draw two new two-point tangents tliat giveeren lower free 
energies. We now distinguish five diRerent composition ranges: 

(dl and (ej. For  x c x,, or x > x#,, the equilibrium state oi the system is a 
homogeneous solid. In the first range the solid will have the crystal structure a;  

in the second range the structure is /I. 
(c). Fur X.L < x < xpL. the equilibrium state is a homogeneous liquid. 
(b) and jd). Fur x, < x < x., or xD, < x i xps, a liquid phase is in 

equilibrium with a solid phase. 
As the temperature is lowered, L, and far decrease more rapidly than f ~ ,  

and the range of the homogeneous liquid becomes narrower. Figure I1.IZb 
shows the corresponding phase diagram, including the two solidur curves. 

. . .  

PAore IJpiiilibrin Bet>r~cn Liquid and Solid Afirrurer 32)  

Figure 11.12 FIre eneigicr (a) and phase diagram (b) in a simple cuicctic 
system. 

At the euteclic temperature r. the free enrrgy of the liquid phase is tangential 
lo the common tangent to J, and I@,, as in Figure 11.13. The composition al 
which f,, touches the tangent is the eutcctic conlposirion. At r < T., the free 
energy fL lies above the tangent, although f, may be below the free energy of 
a homogeneous solid. 

A mixture of composition equal to the eulectic composition soiidifies and 
melts at a single temperature, just like a pure substance. Thc solidification 01 . . 



Figure 11.13 Fret encigicr in a cutectii ryrlcm at r = r. and at i c i.. 

compositions away I rom the euteciiccomposition starts a1 a higher tempcialure 
and ends at the eutectic tcrnperatvre. Mri t i t ig starts at the eutectic temperature 
and ends at a liiglier icmper;lture. 

Tile minimum properly of tile mcidnp t e r n ~ r a t i ~ i e  of eutcclicr is widely 
utilized. Tl ic All.-Si eutectic plays a lhrge role in  semiconductor device tech- 
nology: thc cuieciic pcrmils lorv lempcralure welding o f  elcclricnl contact 
wircs made o l  gold l o  silicon dc~iccs. Lelld-lin alloys ckhibit :r eutcctic (Figorc 
11.14) at 183°C l o  give soldcr n nicltin% Icrnpereture bzlow that of pure tin, 
232'C. According l o  whetl~er s sharp ineltiny tcliipcratuie o r  a mcltiitg range is 
dcsircd, eitltcr the cxacr eutcctic cun,posiiioo (26pct ivnd) or n dilicrent calo- 

position is employed. Salt rprinklcd on ice melts the ice because o f  the low 
eutecric trmpcralure -21.2'C o f  the H20 -NaCI  eulcclic at S.i7mal pct NaCI. 

The solidus curves o( culcctic r).stcnir vary g re~ t l y  i n  char;zaer. For  thc 
P ~ - S I I  syslcrn (Figure l l . l 4 )  tlic jotid pli;lics in cqtiilibriiim \rill> tltc j,,cll 
con l l i n  an 3pprcciahlc ir.tc!ian of tlic rniirority con>~iliicnt, a i ~ d  this ir3ctiorl 
incic;iser ail11 Jccicasing tempcratwc. I n  other rystcms tliis fraction may bc 
si?ialI or may d~creasc \villi dccicasing temperalure, or both. The i lu-Si system 
is an c~sn ip l c :  Thc relative conccrttraiioit o i  Au in  solid Si in  eqililibriurn wi th 
an Au-Si meit reacl~cs a makintuni value oronly 2 x IO-'a:ound 1300 C, end 
i t  drops o i l  rapidly at loi\.cr lemprj ture.  

In our discussion o f  the free encrzy curves of Figurcs 11.12 and 11.13 we 
assumed lha! 111s cornposition a1 ahicb the l iquid phase free energy touches the 

puic Sn pure Pb 

- 
lo["" 

Figure 11.14 (r)  Piiitie di;igwrn o l lhc  Pb-Sx1 i ) i l en l .  aiicr il.iii,cn. (bl h1iziopliotl'~mjih 
: o l t l e  Pb.Sn ciitci-iic, inagiilficii zbout SW t i i i r i  Cliuiir,! o i l .  D, tlunt nlld K. h. 

,. ,. 
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tangcnt to the solid phase curves lies bct~veen the compositions x , ~  and xp,. 

In some systems rliis point lies outside the interval, as if eitherfs', and f, or j,, 
and f, were interchanged in Figure lt.l2a. Such systems are called pcritectic 
s,'stems. 

1. A mixture exhibits a solubility gap when the combined free energy o i  two 
separate phases slde by side is lower than the lree eneray of  the homogeneous - 
mixture. 

2. The mixing entropy ariscs when atoms oldiirerent species are interchanged 
in position. For the alloy A,  .,B,, we have 

a,, = -N[(1 - *)log(l - 1) + xlogx]. 

3. Tlir mixing energy for nearest-neighbor lnteractionr is 

for p nearest neighbors. 

4. The liquidus is the composition curve xL versus r for a liquid phase in 
equilibrium with a solid. The solidus is the composition curve xs versus I 

lor a solid phase in equilibrium with a liquid. 

5. hlixtures with two branches to the liquidus curve are called eutectics. The 
minimum solidiiication temperature is called the eutectic temperature. 

PROBLEMS 
I 

I. C/re,rricolpotenrial in r".o-pl~ose epuilibrirm~. Show that the chemical po- 
tentials p,, and p, o l  the LWO atomic species A and B o l  an equilibrium two 
phase mixturearegiven by the interceptsalthe two-poinl tangent in Figure 11.2 
with the vertical edges ofthe diagram at x = 0 and x = 1. 

2. hliring energy in ' H - ' H e  nndPb-Snmirrurer. The phare diagram of liq- 
uid 'He-'He mixtures in Figure 11.8 shows that the solubility 01 'He in 'He 
remains finite (about 6 pcl) as r - 0. Similarly, the Pb-SII phasc diagram of 
Figure 11:14 shows a finite residual solubility of Pb in solid Sn with decreasing 

l'rublmtr JJI 

r. \\'ti31 do such finile residual solubilities imply about thc form o l  tile lunctioit 
trlc)? 

3. Scs~~~sorion eoeBicirn1 ofirrzput-iticr. Lct B bc on impurity in A. witli x << I .  
In this limit the non.miring parts of the lice energy can be expressed as linczr 
lunctions of .x, as J,(.Y) = /,(O) + x/,'(O), lor batlt liquid and solid phases. 
Assume thattheLisuidmixtureisinequilibriumwiththcsolidmixture.Calcuiilie 
theequilibriumconcentrationralio k = x,/x,,called the segregation coeficient. 
For many systems k <i 1, and then a substance may be purified by melting 
and partial rerolidifica~ion, discarding a small fraction olthe melt. This principle 
is widely used in the nurification of moteriats. as in the zone refining olscmi- . 
conductors. Give a nualerical value lor l. lorJo< - foi' = 1 eV and T = 1W0 K. 

4. Salidi/icofion range ofa binary olloj~. Consider tbesolidificationola binary 
alloy with the phase diagram o l  Figure 11.10. Show that, regardless o l  the 
iniual composition, the melt will always become lully depletcd in component B 
by the time the last remnant of the melt solidifies. l h a t  is, the solidification 
will not be complete until the temperature has dropped to T,. 

5. Al1ojing ofgoldinfo silicon. (a) Suppose a IOWA layer of Au is evaporated 
onto a Si cr)slal, and subsequently heated to 400°C. From the Au-Si phase 
diagram, Fisuie 11.11, cstimate how deep [lie gold will penetrate into the 
silicon cr).stal. The densities of Au and Si are 19.3 and 2.33gcm-'. (b) Redo 
the estimate for 80OC. 
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Cryogenics is the physics and technology oithe production oilow temperatures. 
\Ve discuss the physical principles of the most important cooling methods, 
down to the loi\.cst temperatures. 

The doniioani piinciplc oflow temperaiuie gcnciation down to  lOmK is the 
cooling "fa gas by lelting it do work against a lorcc during an expansion. Thc  
gas employed may be a conventional gar; the free electron gas in a semicon- 
ductor; or thc virtual gar o l  'tlc alonls dissolved in liquid 'He. Thc  force 
against which work is done may be external or  internal to the gas. Uelow 
l0mK the dominant cooling principle is thc iscntropic dcrnagnetization o f  a 
parantagnctic substance, 

We discuss the cooling methods in the order in which they occur in a 
laboiatoiy cooling chain that staris by liquefying helium and proceeds from 
there to the lowist laboratory temperatures, usually IOmK, sometimes 1pK.  
Household cooling appliances and automobile air conditioners utilize the 
same evaporation cooling method that is used in the laboratory for cooling 
liquid helium below its boiling temperature, t o  about I K. 

COOLIKG BY EXTERNAL WORK 
N AN EXPANSION EKG!hE 

In the isentropic expansion of a monatomic ideal gas from pressure p, t o  a 
lower pressure p,, the temperature drops according to 

by (6.64). Suppose p,  = 32alm; p ,  = i a tm ;  and  T, = 3CQK; then the tem- 
perature will drop to T ,  = 75K. We are chiefly interested in helium a s  the 
working gas, and for helium (1) is an  excellent approximation if the cooling 
process is reversible. 

The  problems in implementing expansion cooling arise from the partial 
irreversibility of actual expansion processes. The  problems are compounded 
by the nonexistence of good low temperature lubricants. Actual expansion 
cooling cycles follow Figure 12.1. The compression and expansion parls o f  

Working 
voIun,e 

Figure 12.1 Simple expansion relrieeniar. A working gar is 
compressed; the heat oicompresrion is ejected into the 
environment. The comprcrred room tcmperaluie gar ir 
precooled further in thscounternow heal excliangcr. It then 
docs work in an expansion engine, where i! cools to a 
tempeiamrc beloiv that of !he workinx rolume. Ahei exliacling 
heal from the workingvolumc, !he gar iauinr to thc comprerroi 
via !he heat exchanger. 
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the cycle are sepxatcd. The con~pression is pcrlormed at or above room dawn to about 19SK quite routinely; in multislage units temperatures do\\,n 
tcmpcraturc. T l ~ c  lhot compressed g;ls is coolcd to nc:r rootit temperalure to I35 K i,:wc bccn nhicvcd. 
by  ejecting heat inlo tlie cnvironrnent. The car is further nrecooled in a counter- . - - 
Raw heat exchanger by contact with the cold ruturn gas strcaln at the low 
temperature olthc cooling lond.The gas is then cooled to its lowest teiupcraturc 
in the expansion engine, usually a low friction turbine. The cold gas extracts 
heal from the cooling load and then returns to the compressor via the heat 
exchanger. The lieat exchanger greatly reduces tlie cooling requirements ini- 
posed on theexpansion engine. Tlie design ofthe heat exchanger is as intportant 
as the design oC the expansion en~inc.  

Tlie work c~lraclud by the expansion engine is the cothalpy dillcrcncc 
between the input and output gas: Tlie toti11 energy flawitig into tlie cxpirnsion 
cngine is the internal energy U ,  of the gas plus the displaccmcnt work p,lr, 
done by the compressor, where boih U ,  and V ,  refer to a givcn mass of gas. 
The toial energy leaving the engine with the gas is the cnergy U, of the gas 
plus the work p, lJZ required to move the gas against the piessuic p2 .  The work 
cxlructed by the engine is the dilTcrence 

For a monatomic ides1 gas U,= SNr and pV = Nr, hence H = %Nr. The 
work perlormed on  the engine by the gas is 

The counterflow licat exchanger is an enthalpy exchange device: i t  is an 
expansion engine \vliich extracts no external work. 

hlost gas liquefiers use expansion engines to precool the gas close to its 
liquefaction temperature. It is impractical to  carry the expansion cooling to  
the point 01 liquek~ction: the lornivtion 01 a liquid phase inside expansion 
engines causes inechanicdl operating dificulties. Tlie final liqueklclion stage 
is usually a Joiilc-Thonison stage, discussed below. tleliurn and liydrogcii 
liquefiers usu:~lly contain two or more expansion engines at successive tenl- 
pcraturcs, tvitii inultiple lieat exchangers. 

Tlie pri~iciplr of cooling by isentropic expansion of an idcal gas is applicable 
to tlie electron gas in seniiconductors. When electrons flow l ro~n a semi- 
conductor wi~ll  high elcclron coricentistion into a seiniconductor with a lo\\'er 
clectron conceiitiatiott, tlle electron gas expands and does work against [lie 
potential h.iiricr between the two substances that equalizes tlie two clicmical 
poicntials. The resuldrig electronic cooling, cailed the Peltier e(Fect, is used 

Gas 1.iquel~ction by the Joule-Thomson ElTecf 

Intcrmolccular attractive interactions cause the condeowtion of a11 gilscs. At 
lcmperalures slightly above the condensstion tempcralure the ir~teractions arc 
strong enough lhat work against them during expansion causes signilicant 
cooling o l  the gas. I1 the cooling is soficient, part of the gas will condense. 
This process is Joule-Thomson iiqucfxction. 

The practical irnplcn~eo~ation is simple. Gas at pressure p, is forced throug!~ 
a constriction called an expansion valve into space wit11 a lowcr pressure p,. 
8s in Figure 12.2. The work is the diiliecrcnce bctr\,ccn the displacement a.ork 
- p , r l V ,  done on the gas in pushing it tl~rough the expansion rsalve and tllc 
displaccmcnt i\.ork + p 2 d V ,  recovered lrorn the gas on the dou,nstrcan~ side. 
I-lcre dV, is negative and d V ,  is positive. 

The overall process is at c011stat11 enlhalpy. To see this, notice thst thc 
expansion valve acts as :in expansion e n ~ i n c  that extracls zero work. \Vith 
IY  = 0 in (2), we have ti, = H ,  in the Joule-Thomson cnict. For an ideal gas 
1.1 - $Nr,  so that i1 = i, in the expansion. There is zero cooling erect lor an 
ideal gas. 

In real gascs a small tempcrature change occurs because of the internal 
ivork done by the molccules during expansion. Tlie sign of the tempcrature 

Figure 12.2 The Jlouic-Thornson eiiecr. A gar ir pushed 
through an cxpnnsion value. Illlrr gar is nonidesl. rhcre ail1 
bc a ternperatuic change duriiig the expansion beclure ofnork 
donc agaiiirl the ielerrnolecuiar forcer. I f  the ternpcrnliiic ir 
initially below a certain iot,cniun temperature. r,,,,. thc gas 
rill cool an Joule-Thomron cxpanrion. 



Table 12.1 Liquehciiuii data lor low bobllns Zaics 

AH. hfl;!: 

.~ - 

co, 
CH, 
0, 
N, 
t i >  
'lie 
'He / 3.20 ! 3.35 / (23) 0.025 ! 508 1 0 . l l  

sorr: T, = . I ~ ~ o ~ ~ ~ ~ ~ ~ c . ~ ~ ~ ~ ~ u ~ c  boilins lcie~rature: T, = critical Icmpinurc: Ti.. = Joule- 
Thamron in\cr>ion icmprrlurc; Alf = molri la t in t  hcai olrrporiulian: I: = molar raturn< 01 
!hc liquid. Thc laat column. All ,& indicrles thr h i a t  in vrllr ihrs can he tmkcn u p  10, r rclrigcrmi 
cunruniulion 01 1 lilrr oer hour: T... vrluer in oarcnthcrr arc \an dcr tb'a~ls ualitcr uiliulrtcd . .... 
liom ~ . ' z n d  not mrrruird irlue. 

Carbon dioxide solidilicr x l ~ n  cuolrJ at atmorphrric prerrure. bec;jurr ihr triple p i n t  occiiir 
ubuvc rln?ulpli~ri~ prcrsuie. Sulid C O ,  ir L&,uu~i  r, d r y  i c c  hlctl,riic. CII.. i. Ilcc priniil%.bl iun. 
riiiucnt 01 nriuul $.is. rliich ir I~qucRcd in huge qvaniilics far rh,pp!ne rr LNG luit .  Liquid 
aryccn and nicrogcn arc rcparalcd is ihc liqutl~<iion olaii. For hilium, ur eivr dalr buih lor ihc 
con,,non Lso,oF'ilc 2nd ror >Hs. 

change during a Joule-Thornson expansion depcndr on  tlie initial tcmper3ture. 
All gases have a n  inversion temperature r,.. below u.hich such a n  expansion 
cools, above wbiclt it hcnrs (lie gas. Inversion temperatures lor cornmon gnscs 
arc listed in Table 12.1. 

Ezorrtplr: Jouk-Ti8o,uron ~ f l e r r  for ran drr ii'nolrpos. We found in (10.75) that 

lor a van der Waalr gar, where o and b are wiitivc canrtsntr. The last two terms are the 
corrcctianr caued by iheshart range repulsion and the long range atlraclion.The carrec- 
lions have apposite signs. Thc toval concoion changer sign at the temperature 

whtrc i, ir \he cr i l ia l  tcrnpcialuic, dsfinrd by (10.46). 
The temperature q,. ir the inversion icmperatuie. For r < rinr the enthalpy at fired 

Icmpcralure increaser as the volume increaser; here incxpanrion thc work donc against the 
attracrive interactions between molcculer L dominam. l o  a proccss a1 mnstant tn~ha1pY 
thk innearc is cornpcnrrtcd by r dccr~arc of ihciNr tcrm, that is, by coaling thcgs .  For 

. . 

~ . .  

i > i,.. Ihc eiithrlpy at a 81;cd temperature dccrrarcr bcwuse now llic work done by ihc 
strong short ran$< reputiivc ii$tcructionr ir dominm~: at the highcr lcrnpcraiuir ihc 
niolr.culer pnctraie krtlici ibiia the rcpulaivc region. 
-..- . ; :~.-z.;:- L:.z--::-z.-- . . c - - . X ~ ~ - ~ - . u  --.-, 2.- 2 .--. 
Linde c j r le .  In gas liqoefiers tlte Joule-Thomson expansion is combined wiih 
a caunterflow heat exchanger, a s  shown in Figure 12.3. T h e  combination is 
callcd a Lindc cycle, alter Carl von Lindc who used such a cycle in 1895 to 
liquciy air  starting lrotn r o o m  temperature. in  o u r  discussion we asstlme that 
the expanded gar returning irom the  hea t  exchanger is  a t  the samc temperature 
as the  compressed gas entering it. We neglect any pressure dlrkreecc between 
the ou tpu l  o f l h e  lical c ~ c h a n g c r  a n d  the  pressure above  tlte liquid. 

13rat exchangu 

JT expansion valve 

Liquefied gas 

Figure 12.3 Thc Lindc e).cle. Gar is liijucficd 
by combining Joulc-Thornson expansion with 
a countrillow lieat sxchangcr. 



Input pressure. alm 

Figure 12.4 Pcrrarmmce orhcliuin iiquclicn opcr~ting by the Linde cycle. 
as a function orthe input pierrurc, lor ~n output pressure a1 l atm and 
ior various valucs ol  the input tcnlpiiature. Thc solid curvcr give llic 
iiqucP&ction cacfficient. n i e  broken cunes gibe Q,,, = W,, - Hi.. the 
inleinal relrigcrstion load available ut  4.2 K ilihl: load is placed inside the 
liyuclier and ille still cold hcliucn gar bmlcil on by thc lead is rcturlicd 
tiiroiiglr the lieat ercliangcr ratlicr tlim bailedod inlo ibc aimosphcre. 
Sce Piublcii, 3. Alter A. I. Croh in ,tdiuticrllrij~yr.,~irs(C.A. Bailey, cd.). 
Plenum. 1911. p. 187. 

Tllc conibiriolion hc;rt c x c I ~ : ~ ~ ~ g e r - c x p : ~ ~ ~ s i o ~ ~  v;tlvc is ;t conrvlint coth;rtpy 
:trr:~ngtlncnt. Let one molc o r  gas enter the conrbination; suppose that tlie 
fraction i. is liquefied. Coilslant cntlialpy requires that 

Here il,, = fWT~.,pi.) and H.., = H(Tr,.p..,) are the enthalpies per moli: of 
gas a t  the input and  output pressures, both at the conimon upper ternpcra~ure 
of the heat exchanger. H,,, is the enthaipy per mole of liquid a t  its boiling ten;- 
perature under tlte pressure p.,,. From (6)  u,e obtain the rraction 

called the liquefsction coclficient. 
Liquet~ction takes place when H,., > H.; that is, when 

Orlly the cnthaipics at the input temperature of the heat exchanger matter. if  
the Joulr-Thomson enpansioti at this temperature coo10 the gas, liqucf~ictlcrr 
ivill take place. 

The  three entlialpies io (7) are known experimentally. Figure 12.4 shows thc 
liquciaclion coeGcieot cnloulaled lronl thcm Tor lielium. Tlie liqucl~ction 
coeOicienl drops rapidly with increasing Tze, because a l  the decrease o l  the 
numerator in (7) and rhe increase o l  the denominator. T o  obtain useiul liqiic- 
raclion, say i z 0.1, input temperatures below onc-tlrird or the ini,crsion 
lemperature are usually required. Fo r  many gases this requires precooling o f  
the gas by an expansion engine. The  combination o l  an expansion engine and 
a Linde c).cle is called a Claude cycle. The expansion engine is inwriably 
prcccdcd by another lic:it cxcliangcr, as in Figurc 12.1. 

E~sporvtion Cooling: Pumped flelium, la 0.3 K 

Starling from liquid lieliun~, the simplest route to lower ternpcralurcr ir ' 
e\.aporalion cool in^ 01 ihc liquid l~i'liutil, by pumping 3,rxy l~ciiuio Y!I-S. i : 

latcntl~wtolua~oriwtio~iofthcli~uidl~cliuotire~trsctedaloncwilhthe \,;I i;... - 
Tlie liczt eatiiiction c a u ~ s  ilic furthcr cooling: \vork is done against thc iiifcr- 
:ttoniic forcer 111:tt c;iurcJ t l ~ c  Iicliuin to liqucfy in tltc fin1 111:tcc. 111 Jut)!c- 
Thornson cooling lhc initial state is a gas, while in cvapamtion cooling thc 
initial slate is a liquid. 



Tahh 11.2 T e m ~ r r i u i c s ,  it, kcivio, al which thc vapor presruicr oiAtie and 
'Hc rcach rpcificd valuer 

- 
0 10-1 I 10 IM 

-- 
066 0.79 0.98 1.27 1.74 2.64 

'Hc 0.23 0.28 0.36 0.47 0.66 1.03 1.79 - 

The lowest temperature accessible by evapoiation cooling 01 liquid lielium 
is a pcoblcm in vacuum technology (Chapter 14). As the temperature drops, the 
eqt~ilibrium vapor pressure drops (Table 12.2) and so  docs tlic rate at which 
helium gas and its heat oivaporizalion can be extracted lrom the liquid helium 
bath. 

Evaporation cooling is lhc donrinanl cooling principle in everyday coolicrg 
devices such ar bouschold reliigcrntois and frccrcis and in oii conditioners. 
The only diference is in the working substance. 

Helium Dilufion Refrigerator: hlillidegrees 

Once the equilibrium vapor pressure of  liquid 'He has dropped to 10-3torr, 
classical refrigeration piinciplcr lase their utility. The trmpeiatuie range from 
0.6K to OQl K is dominated by the helium dilution refrigerator, which is an  
evaporation refrigerator in a very clever quantum disguise.' 

We saw in Chapter 7 that 4He atoms are bosons, white 'He atoms are fer- 
mians. This distinction is not important at temperatures appreciably higher 
than the superfluid transition temperature a1 4He, 2.L7K. However, the two 
isotopes behave as altogether diiierent substances at  lower temperatures. Belo\s 
0.07 K liquid 'He and 'Ilc arc immisciblc ovcr a wide comporition range, like 
oil and water. This was discussed in Chapter 11 and is shown in the phase 
diagram ol'HePHc mixtures in Figure 11.7. A mixture with composition in 
the range labeled unstable will decompose into two separate phases whose 
compositions are giwn by the two branches of  the curve enclosing that area. 
The concentrated 'He phase Aoats on top o i the  dilute 'He phase. 

As T - 0, the 'Hc concentration of the phase dilute in 'tie drops to about 
6pct,and the phase rich in 'He becornescssentially pure 'IIe. Consider aliquid 

For good rcuirur,ret D. S. BelB,Canlcmporary Phyhyricr9.97 09681: 1. C.\Vhcailey.~m.l. Phyr. 
36.181 (19681; fur a gcncral rcvicw ofcoaling lechniqucr klau 1 K rcc W. J. Huirkamp and 0. V. 
Lounasmaa, Repis. Pcog. Phyr. 36, 423 (1973); 0. V. Launnma* Erprrimrornl phjripfer ond 
meihodr below I K,AcadsmicPrcrr, NcuYerk 1974. A ucryctcmenlary account ir0.V.Lounarmaa. 
ScisnlifisAniciiun221.26 (1969). . . 

. . 
. . 

Figare 12.5 Coating principic oltlie l~eliun, dilution rcfrigcrnor. Liquid 
'tlc is in cquilibiium with a 'tie-'He mixture. When 'I4e is addrd to the 
miiiuic. 'llc c v s p i ; h o  (ruin the purr 'He fluid and abruibr h c . ~  in the 
piuics~.  . . . . 

'He-'He mixture with more than 6 pct at a tcmpcmturc in the millidcgirr 

range, near tlre bottom 01 Figure 11.7. At these temperatures almost all the4He 
atoms have condensed into the ground state orbital. Their entropy is negligible 
compared to that of the remaining 'He atoms, whictt then behave as  iithey were 
present alone, as a gas occupying the volulne 01 the mixture. If the 'tic concen- 
tration exceeds 6pc1, the excess condenser into concentrated liquid 'He and 
latcnt heat is liberated. I1 concentrated liquid 'He is evaporated into the "He 
rich phase, the latcnt heat is consumed. The principle 01 evaporation cooling 
can again be applied: tliis is tlie basis o l  the helium dilution reirigerator. 

T o  see how the solution of  'He can be employed to obtain relrigeratioii, 
consider the equilibrium between the concentrated 'He liquid phase and the 
dilute 'He gas-like pii:tse (Figuru 12.5). Suppose 1I1:bI tile 'tlc:'tlc ratio 01 
thc dilutc pliase is decreased, as  by dilution with pure We. In  order to restore 
theequilibrium concentration, 'He aloms will evaporate from the concentrated 
'He liquid. Coaling will result. 

T o  obtain a cyclic process the 'llc-'He mixture must he separated again. 
The most common mcthod is by distillation, using ihc diiicrcilt cquilibriuni 
vapor pressures or 'He and "hie (Table 12.2). Figure 12.6 shows a schematic 
diagram of a reirigerator built on these principles. The diagram is highly 
ovcrsimplihcd. In particular, in actual refrigerators tllc heat C X C I I L I ~ ~ C ~  bet\vcen 
t h c m i ~ i n ~ c h a m b e r  and thenill has an elaboratemultislagedesign. Analternate 
method* to separate the. 'He--'He mixture utilizes tllc superlluidity 01 4He 
below 2.17K. For a variety 01 practical reasons it is less commonly used, 
although its performance is excellent. 



Fiw:ure 12.6 f-letium dilution reirigenror. Precooled liquid 'tic enters a mixing 
ctr.ic11bc.r at ihc lower end of the assembly, wl~cre cuoting rakes place by itic quasi -  
cuilpuration of the 'He atonis into tllc dcnscr 'Hc-'He mixd phase underneath. 
The quasi-gas of % atoms dissolved in liquid 'Lie thcn dilluses ~hrough a counterflow 
hedt exchan~er into a skill. There the ' t i e  is distiIlrd from the ' f I ~ - ~ l f c  mixture 
selectively, and is pumjxd OH. To obtain a uscful 31.1e evaporation and circulsrion 
rate, hear must k added to rhc slilt, lo raise i ts  ternFralute to about 0.7 K, at uhich 
tcmwrature the 'fit vapor pressure is still much smallcr. Thus the 'We does not 
circulale to any appreciable extent: the 'Hc mores through a ncnrty staciona;, 
background of 'He. The pumped-off 'He  is rclurncd to the system and is  condciiscd 
in a corxfcnser that is cooicd to about 1 K by contacl wilh a pumpcd 4 C l ~  bath. The 
constriction below rhc condenser lakes up the cxurss prcsrtrrc gcneratcd by the 
circulariun purnp over the prcssurc in fhs st~li .  The liqu~ficd *He is coalcd furrhcr. 
first in rhc stiil, ihcn in ~ h c  coumrrflow Itcat c~ci~itngcr,  bcfarc rc-c~~tcf in$ (tic rnitii~g 
c!t;~mbcr. 

The helium dilution refrigerator has a low temperature litnit. In the  canven- 
, . 

tional evaporation refrigetator this limit arose because of the riisappcarance of 
the gas phase, hu t  [he quasi-gas phase ol'He prsisfs down to T = 0.1-io\c.evor, 

the heat of quasi-uaporiwiion of 'IIe vanishes proportionally lo r2, and as a 
result, the hear removal rate from the n~iaing chamber  vanishes a s  rZ. TI.: 
practicitl low [crnper;ilurc limit is abilut 10 ml;. Irr arrc rcprcscnturi\.e dcvicc* 

s tempcreturc of 8.3 m K  has been achieved: the same devicc was capablc af 
removing 40p1Er nt 60 mK. 

' P c m ~ r a r ~ i r r s  below ScnK c;ln bc ;icliicvcd by sin& shol operatioil. I T ,  iir 
the dcsign of Figure 12.6,weshui oiTtbr 3t-$e supply after some t i r r i ~ o f o p e i a \ i o n ,  
there is no need lo cool the inconling 'He iriclr, and the tempcrati~re ol the 
mixing chamber drops betow its steady scare vatue, until  311 'He has becn 
removed from the chamber. 

The dilution refrigerator is no1 the orlly coutir~g rnctbod in the miltil.cisin 
Key: range that utiiires 1f1e pecitliar propertics of 'HC. An altrznutc mctl~od, k r lo \ \ a  u:i;;i" .:;:.: ";," ~ i q ~ ~ ~  

as Pon~rrnncfl i rk coaling, utiiizcs ~ h c  phnsc dingrnrn of 'I-io, ns siioi\.r~ i ~ i  Fig- 

. ., ,. g;\> l l i c  urc 7.15, with i rs nogativc slope of thc ph;csc buunilsry brlttscrn liquid and 
ilir 

solid 31-Ie. The interested reader is referred to \he revisws by tIuiskailtp and 
Lo~jnasrnas, and by tounasmaa, citcd carlier. 



ISENTROPIC DERIAGNETIZATION:  
QUEST FOR ABSOLUTE Z E R O  

ll~.low 0.01 K llic domin:bnt cooling proccsr is tlic ihciitropic (;~diabatic) dcm:ig- 
nctilation o i a  p~mmagoe t i c  substance. By this process, tcmpcraturcs 01 1 m K  
havc bccn ;~tt;~incd with electronic param;tgnctic systcms and I ,iK wit11 ~ U C I C I I ~  
paramugnctic systcmr. The  method dcpcnds on  thc fact tlidt at a fixcil tempcia- 
lure the entropy o i a  system ofmagnetic moments is lowered by application o l a  
magnclic 6cld-essetitially because fewer slates are accessible to the system 
\\.lien the level splitting is large than \?hen the level splitting is small. Examples 
o f the  dcpcndcncc o i l he  cnlropy on d ~ e  magnetic field were given in Chapters 2 
and 3. 

We first apply a m a ~ n c t i c  ficld B, a t  cotisbunt temperature r,.Thespin cxccss 
\\,ill atlain a valuc :lppiopriate to tlie valuc c iB, / i , .  l i the milgnelic 6cld is then 
reduced to  B, without changing the entropy o l thc  spin system, the spin excess 
will remain unchanged, which means that BJr, will equal El,/<,. l lB ,  << B,, 
then r, << r,. When tile spccimen is demagnetized isentropically, entropy can 
flow into the spin system only from the system 01 lattice vibrations, as in Fig- 
ure 12.7. At the temperatures o f  interest the entropy of the lattice vibrations is 
usually negligible; thus the cntropy oftliespin system will beessentially constant 
during isentropic demagnetiralion o i t he  specimen. 

Tlmc al which Time at which 
magnet~c field magnetic ficld 

is rentoved is removed 

2 e - 
6 

Figure 12.7 During ircntropis dcmagne~ialion the total entropy olthe s 
spscimcn is eonstunt. Thc initial cnlropy ofthc falliccrhould be small in 
comparison with the cnlropy olthc spin system in order to obtain rienificant 
moling of the lattice. 

Figure 12.8 Entropy for a spin i synem as a luxtian allemper:~lurc, rrruming 
on internal rlndom magnetic ficld 8, o l  IW purr.  The rp.cin!en ir rnagnctized 
irolhrm~tly along ah, and ir llicn inrutatell ihcrrn;ttly. The cxtcrn;d rn.goetic 
licld ir luinctl otialonr Br. Is order lo kccp tlte ligurc on n rcoron~blc sc;llc 
:lie iniliat iempraluic T, and $lie er\cin.~l rn~tgnnic hctd are lo\~cr tli;~n xoulit hl: 
used i n  pr.ii.iice. 
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The steps carried out in the cooling process are s h o w  in Figure 12.8. The 
field ir applied a t  1enipcr;tturc r ,  with the specimen in good thermal contact 
\kith the surroundings, giving the isotllcimal path oh. The specimen is then 
insulated (Ae = 0) and the ficld removed; the spccimen follows the constant 
entropy path br, ending u p  a t  temperature r , .  The thermal contact at r ,  ir 
provided by helium gar, and the thermal contact is broken by removing the 
ear with a pump. 

The population o la  magnetic sublevel is a function only of ~ttBjr, where 
is the magnetic moment o l  a spin. Tlie spin-system entropy is a lunction only 
oithe populationdistribution; hence thespinentropy is a lunction only ofgaB/r. 
IiB,istheeKectivefield that corresponds tothediverse local interactions among 
the spins o r  oft l ie spins with the lattice, the final temperature r ,  reached in an 
isentropic demagnetization experiment is 

I 
I - 

! Time- 

: where B is the initial field and r, the initial temperature. Results are shown in 
Figure 129 for the paramagnetic salt known as CMN, which denotes cerous 

. n~agnesium nitrate. 
. . 

# . . 

I 
F 



Final Irmpuraluie, i n  K 

Figure 12.9 Final rnagnctic Reid B, versus linal 
tcrn~~rilture T,~ormugncticcoolingolccrousmrgncrium 
nikmlc. In ihe,ecxpcritnenir the magnetic Gcld war not 
rcrnoved eniiiely, bul only lo ibc indiczlcd valuer. The 
initid firldr %nil ten;per:n~rcs wore i4cr1licid in a l l  runs. 
Ahcr u~>publirhcJ rcrultr 6r1. S. ltill and 1.13. l1itiier. 
us citcd by N. Kurti. Nuovo Cimcam (Supplun~eniul6, 
1109 (19571. 

The proccss described so far is a single shot process. It is easily converted 
in10 a cyc:ic process by lhernlally discooneding, in one way or anolllcr, the 
dcrna~netized working substance ([om the load, reconnecting it lo the reservoir 
at r,, and repeating the process." 

Because nuclear rnagncIic rnorncntl arc wcnk, nuclear nlagnclic internclions 
are much weaker than nirnilar electronic inceructionr. \Ve expect to ieacll 
tempecatuir IW times lowcr with a nuclear paramagnet lhan with an electron 
paramagnei. The initial temperature of tltc nuclear stare in a nuclear spin- 

Initial B/7' i n  lo6 G/K 

Figure 12.10 Nuclaar dcmagnetinttionr o1copp.r 
nuclci in thc ~nclnl. nsning Iroie 0.012 K and various 
licldr. ARcr W V .  Hohdcn :>nd N. Kilrti.  I'hil, hIng. 
4, 190? (19551). 

cooling experiment rnust be lower than in an electron spin-cooling experiment. 
llwestart a t B  = 50kGsnd T, = 0.01 K,then,~tB/k.T, = 0.5,andthrenlrop). 
decrease on magnetization is ovcr 10 percent of the maximum spin entropy. 
This is sulticient to  overwhelm the lattice and from (9) we estimate a final 
tempcrature T 2  a 10-'K. The firs1 nuclear coolin% exptrimcnl was carried 
out by Kurti and coworkers an Cu nuclei in the metal. starting from s first 
stage a1 about 0.02 K as attained by electron demagnetiwtioi~ cooling. Tne 
loivest temperature reached in this crperirnent was 1.2 x ~ o - ~ K .  The rfsuits 
in Figure 12.10 lit s line of the form of(9): T ,  = T,(3.l/B) with Bin  g u s r ,  so 

tIillC 1110- 11131 8, = 3.1 gzuss. This i s  the eEectivc interaction ficld o r  1l1c maf. ' ' 
inenis o l ibe  Cu nuclei. The molivation for using nuclei in a rnctal iaclicr than 
in an insulator is tliat conduction elcctroi~s help ensure rapid thermal conlact 
oilaftice and nuclei al  the temperature or the first stage. 

lemperatures below I pK bare  bccn achieved in experiments in u.hicli the 
coolins load ~ v a s  the system or nuclear spins itself, p~nicolar ly  in eap~ritneniz 



that wcrecombioaiionr of cooling experiments and nucicai magnetic resonnncc 
experiments: 

1. The two dominant principles c f t he  production o f  low rcmpcralurcs :%re the 
cooling o l  a &IS by Ictiiiig it do uork :~g;kinsI :I foicc during ;$a crpansioo 
and thc iscntropic dccnagnct~/~tion o l a  p~r;lii~;ignctic subst;~ncu. 

2. Joule-Thornson cooling is an  irrcvcrsiblc proccss in wliich work is donc 
against interatomic attracli\e forccs in a g:is. It is ~iscil :is thi' last cooli~ig 
stagc in liquefying low-boiling rarer. 

3. In evaporation cooling the uork is also done against the interatomic loicer, 
but siarting lrom the liquid phase rathcr than the gas phase. Using dilTercnt 
working substances, evaporation coaling forms the basis of household 
cooling devices, automobile airconditioncrs, and laboratory cooling deviccs 
(in the range 4 K down to  t0rnKI. 

4. T11e helium dilulion rclrigcraior is an  evaporation cooling device in wliich 
tile gas is the virtual gas of 'He atoms dissolved in 'PIC. 

5. Isentropic dernagnetirtition ulilizcs the lowering or thc ternperalure o l  a 
system of magnetic moments, \<hen an external magnetic field is rcdi~ced in 
strength. The niagnetic moments may be electronic o r  nuclear moments. 
By using nuclear moments, temperatures in tlic microkelvin range may be 
achieved. 

PROBLEMS 

1. Helium as a ran der IVaolrgor. (a) Estimate the liquefaction coefficient ). 
lor helium by treating it as a \,an der Waals gas. Sclrct the van der Waals 
coefficients o and b in such a \yay that lor one mole 2Nb is the actual rnolar 
volume of liquid helium and that 2ujb is the actual inversion tcniperaturc. 
Use the data in Table 12.1. Approximvte the denominator in (7) by setting 

-- 
'See. far cramplc. M. Chspcliiii, hl. Goldman. V. H. Chau and A. Abragam. Appl. Phyr.41. 
869 (1970). 

where All is the latent lieat olvaporir;~tion of liquid hclium. (Ehplain how this 
nppraxirnalion arisrs il one licatr thr: crptrnded gar as on ideal gas). The 
resulting cxpicssion gives i. as a lunction o f  the molar voliimcs I:, and V,,,. 
Convert to ~ T C I I L ~ ~ C I  by itpproxin~a~ing t h ~  11-5 \.ii~ tlic idcitl gas law. (b) Insert 
namcric:lI v;~lucs lor T = IS K ;lnd coinprrc \rill$ Figure 12.4. 

2. lJcnlCornof fipuefirr. (a) Cnlculilte the work {I.; that would be rcquiicd to  
liqucfy one mole a l n  mon:itornic idcnl g:!r if lhc liqucher n p e m c d  reversibly. 
Assume that the pas is sopplkd ;tt room tcrnpr:lture 7,. aod undcr tlie s:tme 
1vcssurc po at whicli Ihc licj~iclicd Si15 is I C I I I O S E ~ .  t).pic.~lly I ~ I I I I O S ~ I I C I C .  L c ~  
7', be the boiling tcmpciatuic olllie S ~ K ' L ~  !his prcssurc, and All  ille 1;htcnt hc;tf 
olv;iporiration. Show 1h:lt under tllcsc conditions 

T o  derive (I I) assume that the gas is first cooled at fixed pressure p, from To 
to T,, by means o f  a rcversiblc refrigerator that opcr;stes between the fixed 
upper temperature T ,  = T ,  ;ii~d a variable loncr tcmpciaturc equal to the gas 
Icmperatuie. Initially T, = To, and at the end 7,  = T,. After reaching 7, the 
refrigerator extracts the latent heat o f  vilpoii~ation a t  itie fixed io\vcc tempeia- 
t u x  7,. (b) Insert 7, = 300K and values for 7, and AH cliaiacteriitic o i  
hclium. Ke-express the result as kilowalr-hours per liter o i  liquid helium. 
Actual helium lique6crs consume 5 to  10k\Yh. liter. 

3. Clnode lejclc Belirr,n liquefier. Consideralicliumliquefierinwhich I mols" 
of gas enters the Linde stage a t  7,. = 15K and a t  a pressure p,. = 30atm. 
(a) Calculate the rate ofliquelnction, in liter hr-'.  Suppose that all the liqoeficd 
liclium is withdrawn to  cool an external erjxrimental apparatus, releasing the 
boiled-off helium vapor into the atmosphere. Calculate the cooling load in 
watts sufficient lo evaporate the lielium at the rate it is liquefied. Conipare this 
with the cooling load obtainable il the liquefier is operated as a closed-cycle 
refrigerator by placing the apparatus into the liquid collection vessel o f  the 
liquefier, so that the still cold boiled-oifhelium gas is returned through tlie heat 
exchangers. (b) Assume that the heat exchanger bettveen compressor and ex- 
pansion engine (Figure 12.1) is rutiicicntly ideal that the expanded return gar 
lliat leaves it with pressure peu, is a t  essenli3lly the same temperature T. as  the 



per mole oicompressed gas. Ileie Ti,, pi., p,,,, and i. have the same meaning 
as in the Linde cycle section of this chapter. Asstime the expansion ensinc 
operates iscntrapically between the prcrsure-temperature pairs (p,.T,) and 
(~i,,T,.j. From (121 and (he givenvaluesoi(p,,,T,),c;~lculate(p,,T,).(c) Estimale 
the minimum campressor p o w  requiied to operate the liquefier, by assuming 
that the conlpression is isothermal from p,,, to p, at teinpcrature T, = 50-C. 
Combine the result rvirh the cooling loads calculated under (a) into a coefiicicnt 
o i  rciiigcralor performance, for both modes o i  operation. Compare with llte 
Carnoi limit. 

4. .E,~vporotion cooling finzit. E>tin~atc tile lowest teniperature T,$, that can 
be achieved by evaporation cooling of liquid 'tie if the coolit~g load is 0.1 \V 
and the vacuum pump has a pump speed S = I0:liters-'. hssumc tli;tt ilic 
liciiurn v:tpor prcssuic ;ibovc tlic hoiliiig hciiutt, id a)ttol to  tllc c q i i i l ~ b r i l ~ ~ ~ ~  
vnl>or pressure corrcrpo~~ding to T,,,, and :tssiimc tiiat ilic Iicliuri~ gtts \vit~iits 
up to room tcmpcraturc :tiid expands :~ccordingly bclorc i t  cntcrs tlrc pump. 
Note: The tnoinr ,,olumc of an idc:rl  is at room tcmpcr:vturc :tad ;h!lios)rilcric 
prcssure (760torrl is about 24lilers. 1tcpc:iI tlic cdlcul;ltion for a milch sin;tllcr 
Ihc:il loud (lo- '  W) and n fdiicr pump I I U '  liter sCIJ. Punip speed is dcfitted in 
Chapter 14. 

5. Initial trrnperorure /or dentlrgnrrization cooii~g. Consider n paramagnetic 
salt \villi n Dcbyc ternperaturc(Clr;rptcr 4) or IMK.  A magnetic field uf100kG 
or 10 lesla is available in thelaboratory, Estimate the temperature to which the 
5311 must bc piecoolcd by other means iil ordcr that significant magneticcooling 
may suhsequen~ly be obtained by the isintropic demagnetization process. Take 
the magnetic moment of a paraniagnetic ion to be 1 Bohr magneton. By signifi- 
c;ml cooling we may understand cooling to 0.1 oithe initial tcmpcraturc. 
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No1~:Thir chaplcr ikuriltcn tairiudenlivith a prokrrionrliniri~tinicmiconduiioo. Wca~surnc 
hinitiziiiy wilh conduction and rrlcncc bmdr, ctcccionr and hotrl; donair and acutpioir. Thc 
notadon is ilnac: 

n. = conccnlirfion olcaiiduc8ion dc i \ ron i ;  

n. = ronanlraLion olholcr; 
n. = vstvc 01 ".or n,  lor 3" intrinsic semiionduc~or: 
o. = cllinixc quanlvrn rancenlrulian lor <ondur!ian rtcarons; 
n. = elTcc!i\c quaniurn coticentiaiion lor hatur. 

Energy Bondr; Fmmi Lei,rl; Eledronr and f lolei  385 

ENERGY BANDS; FERMI LEVEL; 
ELECTRONS AND HOLES 

The application o l  the Fermi-Dirac distribution lo electrons in semiconductors 
is cctitral to  the design and operation 01 all semiconductor devices, and thus 
to much of modern elcctroiticr. We tieat below those aspects o l  tlie pliyrics 
of semiconductors and semicondudor deviccs that are parls allherma1 physics. 
We assume that the reader is familiar yith the basic ideas 01 the physics o l  
electrons in crystalline solids, as rrcated in khc texts on solid state physics 
and on scmiconductar devices cited in the general rclerences. We assume the 
concept oienergy bands and olconduaion by electrons and holcs. Our principal 
aim is to understand the dependence of the all-important concentrations 01 
conduction electrons and of holes upon the impurity concentration and the 
temperature. 

A semiconductor is a system with electron orbitals grouped into two energy 
bands separated by an  energy gap (Figure 13.1). The lower band is the valence 
band and the upper band is the conduction band.' In a pure semiconduaor a t  
r = 0 all valence band orbitals are occupied and all conduaion band orbitals 
are empty. A lull band cannot carry any current, so that a pure semiconductor 
a t  r = 0 is an insulator. Finite conductivity in a semiconductor lollows either 
lrorn the prcsenv of clectrons, called conduction clcctrons, in the conduction 
band o r  [ran, unoccupied orbirals in the valence band, called holes. 

Two diilcrent mechanisms givc rise to  conduction electrons and holcs: 
Thermal excitation olelectronr from the valence band lo the conduction band, 
o r  the presence of impurities that change thc balance bctween the number 
ororbitals in thevalence band and the numberoielectrons available to fill thei~i. 

We denote the energy o f  lhc top o f  tlic valcnce band by E,, arid the encrgy 
of the bottom of the conduction band by e,. The difTerence 

Eg = Cc - 6.. 0 )  

is the energy gnp olthe semiconductor. For typicalscmiconductors t,is hetween 
0.1 and 2.5 electron volts. In silicon, E, - 1.1 eV. Because r = 1/40 eV a t  room 

Wetrest both bands ar ringtebandr;lor aui purporsr i t d m  not matar that bosh may bcgroup 
of bands with addhionat gaps wibhin cach group. 



\'uli.nce band 

I 

Fieure 13.1 Encigy band iliuciuic oia  pure iemiconduflor or insulator 
T h c  clcctron orbitals occur in bands yhich extend through the cryrial. 
X I  r = OaII orbitals up  la ihe loporthe valence band aicfilled, and ihs 
conduction band is ernply. The encrgy intcrval bctwccn the bands is callcd 
ihc mugy gap. 

tOIIper;lture, weusuaiiy ilavee, >> r. Substances with agapofmore  than about 
2.5e'f are usually insulators. Table 13.1 gives the energy gaps for selected 
semiconductors. together wit11 other properties necdcd later. 

Lel n. denote tbc concentration of conduciion electrons and 11, the con- 
ccntrntian of holcr. lo a pure semiconductor the two wiil he equal: 

illlie cr).std is  electriwlly neotial. 
Most seniiconductars as used in devices have been intentionally d o p d  witit 

irnpuritics that m:ty becon~e tltern~;illy iot~izcd in the scniiconducior at room 
tempeialtire. Impurities that give an electron to  the crystal (and become 
~os i l i~e ly  chargcd in the process) are called donors. Impurities that accept 
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Table 13.1 Band structure data of some important rcrnicoeducioir 

Energy 
gaps a1 
300 K 
%. 
cv 

Den\hy-oFlalcr 

alelcclronr and hotcr in units of ths 
a0WK free cleclron ntnrr 

nl) 4. * ~,,./n> 
cm-' cm-' 

Dielectric 
constants. 
rclative to 

YilCUYl" 

r:r, 

an electron from the valence band (and become negatively charged in the 
process) are called acceptors. 

Let n," be the concentritioii or positively charged donors and 11.- the 
coiicentiarion of neealively charged acceptors. The dikrence 

is called the net ionizeddonor conccniration.The electrical neutrality coiidition 
becomes 

, I <  - ,I* = A,, = na+ - I?*-, (4) 

which specifies the diiTcience b;trvrcn electron and hole cancentratioos. 
The electron concentration may be calculated kom tlie Fermi-Dirnc dis- 

tribution lutiction of Chapter 6: 

\where p is the clitiiiical puteniial or the electrons. The subscript e rrfcrs l o  
cluctions. In seniicoriductor tlil-ory the election clieiilical patzntixl is alivzyr 
called the Fcrmi Ic5cl. Further, in scmicaoducror lhcory the clinisctcr p is 

alniost always reserved For the electron and hole rnobililics, and the Fcrmi 
level is designared by cF or by ;. To avoid confusion with the Permi encrgy 
of 3 metal which \\e designated as ci and whiclt stands for llte Fernii level 
in !lie liniit I -+ 0, a8 shall maintain our previous uragc of the letter p for thc 
chemical polcntial at any 1ern~;rdiurc. 



Given p and I, the tiumbsr of  conduction elcccroos is ohiained by summing 
tlte distributiori function J,(t) over all conductioti band orbitals: 

Nc = 1 LIE). 
CB 

(6) 

Thc number ofliolcr is 

where the summation is over all valence band orbitals. Here we hsvc introduced 
the quantity 

which is the probability that an orbital at energy 6 is unoccupied. We say 
that the unoccupicd orbital is "occupied by a hole"; thenf,(~) is thedistribution 
function for holes just as I,(<) is the distribution function for electrons. Com- 
parison of (8) with ( 5 )  shows that the hole occup3tion probabilily involves 
p - E where the electron occupatiun probability involves E - p. 

The cancentrations ,I, = N./V and e, = NJV depend on the Fermi level. 
But what is the value of the Fermi level? It is determined by the elcctiical 
neutrality requirernent (4). now written as n.((r) - ndp) F An. This is an  
implicit equation for (r; to solve the equation we must determine the lundional 
dependences n,((r) and n,(p). 

We assume that both electron and hole concentrations are in the classical 
regime defined by the requirements that j, << 1 and j, << 1, as in Chapter 6. 
This will be true if, as in Figure 13.2, the F e m i  level lies inride the energy gap 
and is separated from both band edger by energies large enough that 

To satisfy (9) both (E. - p) and (p - E,) have to be positive and at least a 
few times larger than r. Such a semiconductor is called nondcgeoerate. The 
inequalities (9) place upper limits on the electron and hole concentratiom and 
are satislied in many applications. With (9) the two occupation probabilities 
fh) a n d h ( ~ )  reduce to classical distributions: 

I 

Conduction 

I .v,. ,, 

Figure 13.2 Occupancy ororbilalr a1 r finia temperacure, according lo lhc Fcimi- 
~ i r a c  distribution lunciion. ~ h c  conduction and valcnm bmd5 may bc rcprcscnled 
in  tsmr ollcmpcrilure-dcpcndcnt cReclivc numbers N,. N, oldegcncrate orbilals 
located at ihc i\*o band edges 6,. e.. l'hc n.. ?to arc lhc correrpluding quantum 
concenlralioni. 

We use (6)  and (10) to write the total number of conduction electrons iil the 
form 



where we define I 

Here 6 - C~ is the energy of a conduction electron refcrred to  thc conduction 
band edge 5, us origin. 

The expression lor N ,  bas thc maihen,atical larm of a partition function 
for one electron in the conduction band. In Chapter 3 we evaluated a similar 
sum dcnotcd there by Z , ,  and wc can adapt that rcxull lo tlic prcscnt problcm 
u'ith an approximatc modilication lor band nruclurc clTccts. Uccausc of tiit 
rapid dccteasc o l  cxp[-(r - &,)/I] as c incrc~ses above its minimum valuc 
a t  z,, only the di5tribution oforbiials within a range of a lctv r ;~bovc c, rc~l ly  
nlatlcrs in thc cvaluatien of tlic sum in (12). Thc orbitals high in the band 
mal.c a ncgligiblc conlribotion. Tht ilnpoitant point is t h t  omr tlic b:~iid cdgc 
the clcctrons bchavc scry much like licc particles. Not only arc 111c clcc[roiis 
mobilc. which causes the conducii\ity of the semiconductor, but ibe energy 
distribution of the orbitals near the band edge usually diiTers frorn that of free 
particles only by s proportionality factor in the energy r ~ n d  eventually in the 
sum for 2,. 

\Ve can arrange for a suitable proportionality hctor by use of a device 
callcd the density-of-states rlie$i~e mars. For lrec particles \re cnlculi<tcd the 
partilion function Z, in (3.621, but lor zero spin. For pariicles of spin !lie 
result is larger by a factor of 2, so thit (12) bccon~cs 

Numerically, tliis gives I 
u,here T is in kelvin. 

The quantity N ,  for actual scniiconductois rxhibits the snmc tcniperalure 
dependence as (131, but diKcrr in magiiiude by 3 proportionality Cdctar. Wc 
cxprers this formaily by writing, in analogy to (131, 

'v, = 2(,,,.-ii2iii,z)u~V , (151 I 
where rn.' is called 111e density-or-btatcs cliecfiuc mxss fox rlcctronr. Erpcri- 
ment:il values arc given in Table 13.1, The introduclio~r of clTcctivc masscs 
is marc ~ h z n  a fo~n~ill i ty.  In t l i t  tlicory of clcctro~~s in c<ys~;iIs it is s110ii11 ikil  

. . 

the dynamical behavior of electrons and holes, under the influence of external 
forces such as electric fields, is t l i a ~  of particles with eRenive masses difircnt 
from the free eleclron mass. The dynnmical masscs usually are direrent [ram 
the density-of-states masses, however. 

We define the quantum concentration ,I, for conduction electrons as 

n, 2 N,JV = 2(,~re*r/2nh2)"'. (16) 

By (I I )  lhc conduction electron conccntr:rtion 11, - NJV bcconlcs 

nc = a,eap[-(c, - p)j'r]. I (171 
.- 

Tire c;!rlier assumption (9) in equiuoleo~ to ihc srsurnplion 1ll;lt rr,. << r l , ,  so 
that the conduction electrons act as an ideal gas. As an aid to mcrnoq.ne may 
think of N-as arising from A', orbilds at c,. with the Ferrni level a! !I. li'orriit,g: 
In the semiconductor literature I,, is ikvarlabiy callcd the eliccti~e density ol 
statcs o f the  conduction band. 

Similar re3suning givcs the number oflioles in [he valet~cs b~nd: 

with the definition 

!Arc dcfinc the quantum concentration rr,. Tor holes as 

wlicre ,I>,* is thr dcnii~y-of-statcs cliectirc mass for holes. By (IS) the hole 
conccntialioo ri, z N,/Y is 
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Dccaurc it, = n,',!r,,frao: Ihc mass aciiooiaw.ueseetlrat(25)lc~ds to a quadratic 
cquation lor n.: 

uC2 - W ~ A ~  = us'. (26)  

The positive root is 

17. = : ([(Ajt)' + <ntILi2 + A>,) , (274 

and because q = 11, - A,, sve have 

"a = 4 ([(A,,)~ + hi:]'!1 - A,,). (27b) 

Mort often the doping concentration is lxrpe coinpared lo the intrinsic con- 
centration, so that either ,$. or I,, is much laigcr than s,: 

This condtt~an defines on e\irinsic semiconductor The square root5 tn (27) 
can thcn be expanded: 

In an n-type semiconductor An is poriiiie and (27) becomes 

In a p-type semiconductor Aar is negati~c 2nd (27) becomes 

7 h c  majority carrier concenlratioii in ihe extrinsic limit (28) is nearly equal to 
tile magnitude of A,,, ~vliile the minoriiy carrier co~iccnrration is iovcrsely 
proportional to \AII\. 

Ferrni Lerel in Extrinsic Snuicosdurlor 

Lly urc or tllc Inass action law !re calculated tlic carricr conceotrations witlioul 
having to calculate the Fermi lcrrl firs:. The Ffrnii lzvcl is obtained from ,I, o r  
a, by solving (17) or (21) for t i :  

['-; -'?; ....-.-.---..7-" *- - 
j % . Conduclion band 

h 1  I i 
0 100 200 100 4M 5GG 

T in K 

Figure 13.3 Tllc Ferrni irvcl in rdicon ai a function altesperaturc, foi 
various dopingconcentiatiuns. Thc Fermfle\rtr nre cxprnscd rclaci\f lo 

lhc bsndcdbcr. A small decrease ofrlic energy ggp with lcrn,xralure has 
bccn neglecled. 

\\'e may now use (27) to find p as a function oitemgeralure and doping l e ~ t l  
Air. F i ~ u r e  13.3 giver nuniecical resuits Tor Si. With d e c ~ r a s i n ~  teinpsraturc 111: 

Fermi level in an extrii~sic semiconductor approaclies either the conduction or 
the valence band edge. 

Degenerate Scmir~nduclors 

When one of the carrier concentrations is increased and sppronclics tlle quan- 
tun8 concentration, we may no lonscr use ilir clariical diitiibutiun (10) fur lb;lt 
c.arricr. The c3lculation of the carrier caocsniia1ioi1 noiv follo\rs the trc:li!nci8: 
or tile I:cin\i gar in Chapter 7. The rum over all occupicd orbiV~li, wliich i;  
cqi~:~l lo tlic n~iitlbcr ofclcctroiis, is nrittcn 3s : I ~ I  i11tccr:ll over ~ h i .  dctiait). ui 

statcs tinics the distribution function: 



ahe i t  for free particles of muss rri  tbc density of states is 

That is, B(r)ilc is the itumber of orbitals i n  t l ~ c  cneigy interval ( t , ~  + IL). T o  
m a k  the transition t o  conduction electrons in semiconductors we repiace N 
by II,~'; 01 by ?is,*; and r by 6 - c'. We obtain 

Le! r r (c - cr):i. and 2, - ( p  - i,)/r. We usc the dctinition (16)  of,^, t o  obtitin 

The iniegral'I(t1) in (36) is known as the Fcrmi-Dirac integral. 
JVbsri I, - p x r we have -if >> I ,  so tliat cup(\- - I)) >> 1. In this limit 

the iamiiiar result lor the ideal gas. 
In semiconductors the electron concentration rarely exceeds several times 

the quantum concentration !I,. The deviation between the value o f  fl from (35) 
and the approkimation (37) then can be expanded into a rapidly converging 
pouer series of the ratio r = n,/r~,, called the Joyce-Dixon approximation:* 

Figure 13.4 compares the enact relalion (36) with thc approximations (37) and 
(38). 

' W. B. Joyce and R. W. Diran. A P P ~ .  Phyr Lclr 31.354 (1977). Ilth. ,ighc $ide 0r(38) ir w , ~ , , E ~  
85 EA/. ihc fini iavi  cocflicicnrr arc A,  - 3.51551 10-3; A, = -4.95034 A, = 
1.48386 x 10-':A, - -4.42561 10-8. 

Figurc 13.4 Elcnron concentralion r r  a runclion or Fcm,i icvct, for p ncrr or 
abovc conduction band edsc r,.The dashed curve repicrents ihc first term orthe 
Joyce-Diion ilpproximatiosr (38) .  
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When n. is no longer small compared to zr, .  theexpression of lhc mass action 
Inw must bc modified. In Problem 4 we ask lhc reader to show that 

- Lx-T !I t t  - ni2 exp[-n,/$,r + . . .I. 7 (39) 

l i t l ~ r  gap itself depends on the carrier concentrations, the value of 11, to be used 
hcre will depend on conccntration. 

Impurity Levels 

7 h c  addition or impurities to a semiconductor moves sonie orbitals from the 
conduction or valence band into the energy gap, whcre tlie orbitals now nppcar 
as localired boulld states. We co~isidcr phosphorous in a silicon crystal. l i the  
P atom has released its extra electron to tlie Si conduction band, the atom 
appears a5 a positively charged ion. The positive ion attracts the electrons in 
the conduftion band, and the ion can bind an election just as a proton can 
bind an electron in a hydrogen atom. Ilowevcr, the binding energy in the 
semiconductor is several orders of magnitude lower, mostly because the binding 
energy is to be divided by the square or the static dielectric constant, and 
parrly because o r  mass eficts. Table 13.2 gives the ionization energies for 
coittmn V donors in Si and Ge. Thc lbwest orbital of an electron bound lo a 
donor corresponds to  an energy lev1 As, = 6' - c, below the edge of the 
conduction band (Figure 13.5). Tllere is one set of bound orbitals for every 
donor. 

A parallel argument applies to holes and acceptors. Orbitals are split OK 
from the valence band, as in Figure 13.5. For eacll acceptor atom there is one 
set or bound orbitals with ;m ionization encrgy A&. = E, - E.., oithe same order 
as AE". ionization cnereies for column III acceptors in Si are listed in Table 13.2. 

In G3As the ionization energies for nil column Vl donors except oxygen are 
close to 6n1cV. For zinc, the most important acceptor, AL. = 2AnieV. Some 

I 13.2 loi8i<diiiuii cbscrsicl urcutoii~n V donors a ~ i d  
coluinn I l l  rcceptois in Si and Gc, in incV 

Rgure 13.5 Donor 2nd acccplor impurily lcrelr in  l t~c ctlcrey 
6.q o i . ~  ~cmicondi~cior, 

impurities generate osbilals deep inside the forbidden gap. sometimes with 
lnt~ltiple orbitals corresponding lo diReienl ioniwtion slates. 

Occupalion of Donor Lerrls 

A donor level can bc occupied by an cleclron with either spin up o r  spin donn. 
Hence there are two diRerent oibitnls with the same energy. However. the 
occupations of there two orbitals are not independent of each other: Once the 
levcl is occupicd by o m  electron, the donor cannot bind a second electron with 
opposite spin. As a result, the occupation probability lor a donor level is not 
given by the simple Feimi-Dirac distribution function, but by a function 
treated in Chapter 5. Wc write tlic prabnbility that the donor orbihl is vacant. 
so that the donor is ionized, in a form slightly diRerent from (5.73): 

Iicre c4 ir tllc cnuigy o l a  singly occiipisd donor oibit:d ii'lotivc to lllc origin 
aftlie encrsy. The probability that tlic donor orbit;ll is occupicd by ;In cleotron, 
so t1i;it lllc doi,or is iiciilriil. is gircu 1))' (5.71): 
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where I 
is the electron concentration that would bc presLnt in the conduction band if 
Illc Fermi level coincided with the donor level. Here Ac, r E, - E, is the donor 
ioniration energy. 

We insert (48) into (44) and set I? ,  = n,' to obtain 

,,- 2.- 

1 + (2?,4/,tr*) 

n,' + Irz,n.* = $rl,a,*. 

This is a qundrntic equation in r?,: thc positive solution is 

Tor shallow donor levels, 11,' ts large and close ton,. Ifthe doping is sufficieittly 
weak that &I, << I!.', the square root may be expanded by use of I 
for x << 1. \Vith x = 8ir,/,tCL we obtjin 1 ;~ 

Thesecond term in the parentheses gives the first ordcrdcpartuie lrom complete 
ionization. F a r  example, for P in Si a1 3WK, we have Acd = 1.J4r from 

Table 13.2, so that I:,* = 0.175t1, from (49). If 11, = O.Olrr,, Eq. (54) predicts 
that 11.4 pit of the donors remain un-ionized. The lintit ofiveal, ionizatioi~ is 
tlic subject oiProblem 6. 

r T I -  .~ > - 

I :  S ; I  I i d .  Could puic GrAi be pirp~rcd, i t  aould 11avc 
a n  intrinsic cairicr coiicclitidlioii at rooni I C I I I ~ C ~ ~ ~ ~ U I C O C ~ ! .  s 10'cm1. \\'iih such 3 low 
ioniz.i>lraciun ofcariicri, $0." lcss 11i;in s n3et.d. ihc conductiiity i\ould be cloier to an 
inrulalor iliaii to 3 coni?i~lioi~al iciaicosductor. totiioric G;,Ai uould be iisrlul ar on 
iiihuirl:i,g rubstiate oo ohicb la prepaxe tltio l~ryeir oCdopcd Gahr as ncedcd Ier dcvicei. 
Theic doer no1 eiirt s leclinolory lo purify any ribbslance to 10' irnpuixiicr ixr cm'. 

However, it is possible to achieve near intrinriccarrier canccntralionr in GaAs by doping 
with hi&h c~oeccniisrionr (10"-10" crn-') oforygco and chromium togeclier. two imps- 
iirier tllat hrvs rticir irnpuriry tcvctr ncrr ihc middic or Ihc cncrgy gap. Oiygcn cnters an 
As ritc and ir a donor in GaAr. ar expectid [corn the position of O in ,he periodic table 
rclrtiic to As; the cnergy level. is sbout 0.7 cV below c,. Chromium is i n  acccplor 1, i ih  an 
energy level about OS4eV blow c,. 

Conridcr a GaAr crystal dopcd with both oxygen and chromium. The ratio a1 111.7 two 
conamrations is not mitiwl: anything, wilh an 0:Cr  ralio brlrvccn abu t  I:10 and to:! 

~. 
over the indicated concentrrtiun ratio range i t ~ r  Fermi lcvd ir pinned to a rang. b;:rren 
1.51 above the 0 level and t.5r bctavr chc Cr Iruel. Wilh ths Fermi level pirrncd ntni the 
rni<!dle ofthe eneiev aao. the civaal must sa as nrailv intrinsic 

rcdure is po,iiblr in InP. with iroix toling the ptacc oichraiiiiuin 

p-n JUKCTIONS 

Semiconductors used in devices are almost never uniformly doped. An under- 
standing of dcvices requires an  understanding al nonuniionaly dopcd ::mi- 
conductors, particularly oIstruclures called p-ll junctions in which the doping 
changes rvi~h position irom p-type to !,-type within thc rarnecrystat. Weconmdcr 
a semiconductor crystal inside which the doping changes abruptly at z = fl 
from a uniiorm dotlor concentration n, lo a uniform acceptor concentration 
,I.. as in Figure 13.7a.This is an  example o l a  p-n junction. More cornplic3tcd 
device strudures arc made up from simple junctions: a bipolar lianrisloi h:ir 
t \ ~ o  closely spsced p-ti junctions, of the sequence p-1,-p or 81-p-a. 

11-11 junctions contain a built-in electrostatic potential step V,,, even in the 
absence of an externally applied voltast (Figure 13.7b). With no e\tcroally 
applied voltaze, the electrons o n  the two sides 01 the junction are in dilYusive 
cquiiibiiurn, which means that the chcmiczl potentials (Fcrmi levels) of tiis trvo 
sides are the same. Because the position o i  tlic Fertni le\.ci witliii~ llic hsild 
structure dcpcnds on the local duping, constancy of the Fcrlni IcrcI for:er :I 

>l>irt in tlic clcctroo encrgy bonds in crossing the junction (Figure 13.7~). Tlic 
sliilt is el:,,. 1-lie potential rtcp ofheiglil el$, is an c\alllplc oftllC pot~lliial StCp 
rzqiiired I* equalire the total chemical potential 01 two systetiis nhcn thc 
ii~tiiniic chcmiut imteiiti31s itre oncqunl, as discussed in C113ptci j. 

' K. Zucca. J. hypt Plkyr. 4%. IYSJ ~ I P l l ) .  nsc  escrgy >srignn>enl is lonicu hat uorr.i:ain. 



Figure 13.7 A p-n junclion. Pa) Doping dirlribitlion. I! is rirumcd 
that the doping changcs abruptly from .-type to p.type. The live 

doping lcvetr arc urually diRersn1. (b) Elcnioslatic patenlial. n ~ e  
built-in valcagc 6, catablishcs dil(urire equilibrium bclusril the 
two rides with diiirrenl elcctron conocnlralionr as well ar hole 
conurntrations. (c) Encrgy bands. Bcwusc rhr Fcmi level nturt be 
conrlani throughout ihc structure ihc bands on the two sidcr are 
shined relative to each olhcr. (dl Spice charze dipale requircd to 
generate the built-in voltage md  to !hilt theencigy bands. 

. . 

We assume that the two doping concentrations ,b, 1 1 ,  lic in tlie extrinsic but 
nondegcneraie range, as defined by 

l i t he  donors are iully ionizcd o n  t h e n  side and the acceptors h~l ly  ionizcd on 
the p side, the11 the electron and hole concenrrations satisfy 

one on  the t2 side and the other on  the p side. (We have dropped the superscripts 
i- i r on  n,. ,I-.) The conduction band encrgier on the r z  and p rides follow from 
(17): 

8'" = 1, - r I'"&(~t*/nr); (571 

ten = i t  - ~ l a g ( n * ~ / ~ z J  = 18 - ~ l o g ( n , ' / ~ ~ ~ ~ ~ ~ ) ,  (5%) 

by (22c) Hence 

For doping concentrations n, O.OI,t,and ,I. = O.Oln., we find eY,, : E ,  - 92r.  
wllicl~ is 0.91 cV in silicon at room tcrnperature. 

A step in electrostatic potential is required to shift the band edge energies on  
the two sides of the junction relative t o  each other. The  electrostatic potential 
q ( x )  must satisfy the Poisson equation 

urhere p is the space charge density and  c the permittivity o i l l ie  semiconductor. 
Space charge must be present whenever rp varies. In the vicinity o l t h e  junclion 
the charge carriers n o  longer neutralize thc impurities as in the  bulk material. 
The space charge must be positive an  the rt ride and negative o n  the p side 
(Figure 13.7d). Positive space charge a n  the n ride means Illat the electron 
conccnlration is less than the donor conccnlration. Indeed, as ttle conduclion 



band edge is raised relative to the fixed Fermi lerel,(l7) predicts an  exponential 
dencare of the electron concentration n,. 
Takethcoriginoftheelectrostaticp~t~~ti~l~t~ - -m,sothat  y(-io) = a. 

Then t,(x) = c,(- a) - ev(x), and (17) becomes 

The Poisson equation (61)  is 

Multiply by 2dvjd.x to obtain 

At the inleiiacc .Y = 0 we assume that' 

ivhere V, is that part of the  built-in electrostatic potential drop that occurs o n  
then side. The exponential on the right-liand side of(65) can be neglected, and 
\vc obtain 

for llic x coitxpoocnt oltlie cleclric field E = -ilq,'tlx at the iotcrfase. Siinilaily, 

where ifg is th3t pilit 011be built-in el~ctrostsiic potcnti~l drop that occurs on 
the p sidc. Tlie two E fields must be the same; from this and froin V. + V, = Vbi 
we find 

Rcrerre-Biased Abrupt p-n Junction 

ficld E is the same as if on the ~i-t,pe side ail electrons had bccn dcpleted 
from ttlc junction lo a dtjtance 

with no depletion at jsl z wSn. The distance iv. is used in semiconductor device 
lticory as a measure of the depth of penetration of the sp&ce charge transition 
layer into their side. 

Similarly, on the p side, 

Thc tot;ll dcplctian width a; + IW, is 

2€ It. f Iti m =  'I' 2(Ki - 2rie)  
e naud E '  177) 

if we assume,^. = n, s IOt'cm-3;e = Ik,;aod V,; - 2r/e = 1 uolt,weiind 
E = 4.25 x 104Vcm-' and i v  = 4.70 x 10-'cm. 

Ilrversc-Uiasrd Abruptp-n Junction 

Let a voltage V be applied ta a p-,I junction, of such sign that the p sicle is at a 
ncgalive vollage rclati\.e to the 81 side, %yhicl~ means that V raises the potential 
energy ofthe electronson llle pside.Tliis roltnpe will driveconduction electrons 
irom the p side to tbr side. and l~oles from the 11 side to the p side. But the 
p sidc in bulkcontains awry  lowconccntratio~i ofcanduction elections, and ilie 
:I siiic contains a very loiv concentr3tion of lholcs, conristeilt with [lie mass 
action law. As a result, rery little ciiirent Roivs. ?lie distributions ofclectrons. 
holes, and polctltial are appioxiniaiely the same as ii the built-in uoltz\ge \rcre 

increased by the applied i o l t a ~ e ,  Figure 13.3. Tlie ricld a t  the interface is now 
given by 



Figurc 13.8 Rwcirr-biarcd p-,t junction. showiog tlic quasi-Fcrnti 
ICYCIS P. and 0,. 

and the junction thickness is given by 

Quasi-Fernti I.e\els 

When a semiconductor is i1lurnin:tted with light o l  quantum energy greatcr 
thnn the energy gap, electrotls arc raised lrom the valence ktnd to the conduc- 
tion band. The electron and the hole cuoci-ntrations crca!ed by illumination 
arc larger llran tllcir equilibrium concentrations. Similar nonequilibriurn con- 
centiations arise when a lorward-biased p-a junction iiljects clectranr into a 
p-type semiconductor or Ilolcs into an ,)-type sen~iconduetor. The electric 
charge associated %ith the injected carrier type attracts oppositely cliwged 
carrieis lrorn the external clectrodcs or the scn~iconductor so that both carrier 
concrntrations increase. 

Theexcess carriers eventually recombine with enclt othcr. The recombination 
times vary grcatly witti the sen~iconducior. itom less thnn s to longcr thi~n 
10.'~. Kccornbination limes in high purity Si arc ncnr 10-'8. Evcn thc shortest 
recombination limes are much longcr than the tirncs (-  IO-"s) required at 
room temperature lor {he conduclion electrons to reach thermal equilibrium 
with each other in tlie conduction band, and [or the holes to reach thermal 
equilibrium with each other in the valcncc band. Thus the orbital occupsncy 
distributions olelectrons andolholesaievery close toequilibrium Fermi-Dirac 
dirtributionr io each hand separately, hut the total nuniber o i  holes is not in 
equilibrium with llie total nunlbcr olrlectrons. 

\Ve can express lllis steady state or quasi-equilibrium condition by saying 
that there are dimerent Fermi levels { I ,  and jz, lor the two bands. called quasi- 
Fcrnli levels: 

I l  the conduction band quasi-Fermi level is at a constant energy throughout a 
A ',. 

In the semicondunor device literature wc often find (73) and (74) without the -. semiconductor cryslol, the conduction electrons ihroughout the crystal arc in 

term 2r/e, because certain approximations have been made about tho space . . thermal and d ihs ivc  equilibrium, and no electron current will flow. Any 
G 

charge and field distribulion; we have solved the Poisson equation with the ..% conduction electron Bow in a semiconductor at a uniform temperature must be 

correct electron dinribmion (62). $ caused by a position-dependence of the conduction band quasi-Fermi level. 
. .. . " 



If the gradient of this level is sufficiently weak, we may assume that the con- 
tribution of conduction electrons to the total electrical current density is 
proportional to  this gradient: 

J. K grad ( r , .  (761 I 
Here .I, is an electrical current density, not a particle Rux density. Because each 
electron carries the charge - e, we have I 

J. = ( - e )  x (electron flux density), (77) I 
where the clcctron flux dcnsity is dcfined as the number olcontluction cicctroiis 
cross in^ unit arca in unit time. 'The close connection of (76) to Ohin's law is 
treated in Chapter 14. Becausc the Aoiv of particles is [ram high to  low chemical 
potential, the conduction electron flu is opposite ta grad p.. but because 
electrons carry a negative charge, the associated electrical current density is 
in the direction of grad p,. We view p, as the driving force for this current. 
For agiven driving force, the current density is proportional tothe concentration 
n. of conduction electrons. Thus we write 

where the proportionality constant @: is the electron mobility. The symbol ji, 
should not be confused with the conduction band quasi-Fermi level, /I,. 

If the electron concentration is in the extrinsic but nondegenerate range, 

the cortduction band quasi-Fermi ievd ii  giwn by (IS), which can be written 
in terms oi the  electron concerltiation as 

I,< = Ec + : lO$(~,</ll<). 180) 

Thur (78) becorner 

J, = pen, grad E~ + per grad 11,. (81) 

Agradient in theconduction baodcdseaari~esfrom agiadient in theelectrostatic 
potential and thus (corn ail ciedric field: 
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We introduce an election d i h s i o n  coefficient D. by the Einstein relation 
.-A- 

(S3) 

discussed in Chapter 14. Wc now write (7%) or (81) in thc final form 
I 

J. = ep.n,E t eD.grad,z.. 1 (84) L--. 
TRcre ace two diircrcnt contributions tn thc current: orlc ciruscit by on clectric 
field and one caused by a conccntrotiolr gradient. 

Analogous icsults apply to holes.with onedilTcrence.The valencc band ijcnri- 
Fcimi lcvcl is riot tlic cbeoiic:~l potattinl for holcs, but is tlic clic~,lic.tl potc8iii;tl 
for llic clcutrons in ilic viilcocc band. 1 luics Inre inissingclsctro!ls;;t holc cuirclit 
to the riglit is rcaily an ciectran current to the left. But holes carry 3. positive 
ratiicr than a negatir,e charge. The two sign rcvccsals caoccl, and we may view 
grad p, as [lie driving forcc for the contribotion J, of holcs to the total cleclr1c31 
current dcnsity. We tvrite, analogously to (78). 

Carrying throupb the rest oftl ie argument leads to 

JI = +eji,n,E - eDh grad nh 1 (S61 
I ___i 

as llie analog 01 (84). with the Einstein relation Dh = jihr/e. Note the diifircnt 
sisn in the diirusiot~ term: tioles. like elcclrons. difhsuse from hirh to low con- - - 
ccntrations, but hole difIusion makes the opposite conlribution to the electric 
currcnt, because holes carry the opposite charge. 

Eruniplt: Injririon Imer. The highest noncquilibrium carrier mncen~rationr in wnii- 
coujuciors occur in injection laers. When by elrctron injection ihe occupzlion i,lr.) of 
tbetoucrt conduction band orbital brcarncr higher diaaihcuccupstionf.(r.)ollhc hkgh<rl 
ia icncc band orbitzl. thc population is raid to he inucrtcd. Larcr \trcory lcltr ur Oiai tight 
ivith a quai;tum cnrrgy r. - 8. = c, can il,cii be rmpii6cif by rliiiruijtcd einilsirin. Ths 
caiidition lac population inversion is <ha1 

\Viih tile quasi-Fernii distributions ( 7 5 )  this condition is erpicrred an 



\ Elcclron flow 

Figurc 13.9 Double-i~eterastructur~ injection laser. Eleclronr Aow lrom the 
rich1 into the activc laver. where ihrv farm a decenervie clcciran ear. The 

For laser action the quasi-Fcimi lcrclr muit be scpara$ed by more than rhc energy gap. 
Thc condition (88) requires rhat at lrart onc oithc quasi-Fcrmi lerclslie iaridc the bhnd 
to whicii it rcicrs. This ir a necessary, but not r rufficicnt condition lor laser operation. 
An importanl additional condition is that the cnergy gap is a direct gap rather than an 
indircct gap T%c distinction is treaed in solid slate physics tens. The most important 
scmiconductorr with a direct &%part GaAr and InP. 

The copulation inversion is most carily achicvcd in the double heterortiuctuie of Fia- 
uie 13.9;herethelaringsemiconductor isernbedded betweentwoividcr-gapremiconductor 
regions oiopporite doping. An example is GaAr cnlbeddcd ie AIAs. In such a structure 
thric is a potential barrier that prereno the outflow oiclectronr to the p-typc region. and 
sn oppoailc polcntial burricr that prcvcntr the outflow a i  holes to the."-typc region. 
Ermpl lor the currcnt causcd by the recombilration ikrelr, the elcctiac~s in cllc octivc hycr 
arc in dillurivc equilibrium with tlic clcctranr in thc 81 contact, and tbe electron quasi- 
Fcrmi level in the activc laver liner uo with the fcrmi level in then contm. Siniilarlv, the 

Cr~rrmc  Flow: Drqt and D@xion JYJ 

Eruu8plc: Carrier rcrom6innrion rhrauglr an iri~purity les.rl. Elcnrui,~ and holes can rc- 
combine either by an clectron ialiiiig directly into a holc u,ilh tllc emission oia  photon. 
or they can recombine through an iinpuiily lcvcl in the energy gap. 7 hc impurily process 
isdominant insilicon. \Vcdircusrtheproccrisr~n inrtructivrrxarnpleolquari-iqutlibiiua~ 
remiconductor aalirtin. Consider an inipurity rccambin~tion oibital nl encrgy c, in 
Figure 13.10. Four tranritioi! proccrrer are indicated in the figure. Wc asiumc that the 
rate R,, at which conduction clectronr Pall into the recon,binution oibivalr is dcrciibcd by 
a law ol lhe Corm 

\>here I. is the fraction orrtmmbinadon oibilds already occupied by an election (and 
llciicc not avaiiablc). and 1, ii a characteiirtic lime connrnt for the crrplurc pioccrr. Wc 
slsumc the reucrrc prourr pioicfdr at the rate 

%!hcrer; is the lime constant lor the revcrre pioccss. Wc ~ z l c  R.. indcpcndcnt of ihc con. 
cenlirlion oiconduction elcctioii,, bccaure we arrumc that tt. 4: s..Thc time conriaills r, 

Figure 13.10 Electron-hole recon~binalion through 
impurity recombination orbirals at r ,  inside thc cnergy 



and I,' arc rclalcd, because in equilibrium the iwo ralcr R,. and R,, must szntcl. Tlwr 

wiih /, and n,evalu;lled in lhcimal equilibrium, which means wc urc(171 lor ti,. Wc ignore 
ths  pin multipiiciiy of tbe recombinrlion lrvelr. Wiih the tquil,biiuin Fciini-Dirac 
distribution (or I., we havf 

(1 - /.)I/. = exp[-b - ~.)h]. (92) 

Thus (91) becomes 

where n.* is drfincd sr the conduaion elenron canccniralion t h a ~  would bc present iithc 
equilihriiiin rermi lcvei p in (17) coinciilcd with the rccombinaiion lcrcl. li(92) and (93) 
arc inrericd info (091 and (90). the nd electron rcconibinaiiun rate becomes 

1 
R. = R,, - R,, = -[(I - f,)a, - %11.*]. 

1. 
(9B 

R,, n., n:, 1. Rh, nh. nh8, I*; 

and 

- 1  - I-{,-+%. (95) 

Here i, is thc lilriirne or holes in ihc liniit that all recarnbinaiion cenlcrr arc occupicd by 
clecliona, and r.' is, by deRdiion, 

lii neady stale the I\FO recombination iaicr must bc cqual: R. = R, = R. Equltiuns (94) 
:~nd (97) arc iwa  equrciuns iui ihc IWO urAnouns j,aod R. \\'c eliminate j, lo find 

This is lttc basic rcrult of ihc Hall-Shockley-Read recombination ihcoiy: Ai>piica>iura 
uie dcvelopcd in Problcmr LO a d  I I .  

. . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . .  < . . . . . .  . . . . .  . . .  

1. In semiconductors the clectron orbi~als  are grouped into a valence ba: i j  
[completely occupied at r E 0 in a pure semiconductor) and a c o n d u c t i ~ l  
band (completely empty a t  r = 0 in a pure semiconductor). separated by 
an  energy gap. Electrons in the conduction band are called conductir .: 
electrons; empty orbitals in lhc valence band arc c ~ l l c d  lloles. 

2. The probability of occupancy o l  a band orbital with energy e is $overrrd 
by the Ferrni-Dirac distribulion fun~ t ion  

Iiere p is thechemical potential of the elections, cailed the Fermi Irve!. 

3. The eenrgelic location u l  the Fermi level in an e!ectrically neuiral semi. 
conductor is governed by the neutrality condition 

ne - ! tk  = An. 

Here n, and 11, are the concentrations of condilctiofi elcclronr and holes, 
and A,I is the excess concentration of positively charged impurities over 
negaii\.eiy charged impurities. 

4. A semiconductor is said to  be in [he clasricai regime when 18. << rr, and 
11, << I?,. Here 

are the quantum concentratioiis lor electrons and 11olrs; 121." and III,' arc 
cffcctive masses ior cleciions and boles. in the semiconductor iiicrarure. 
i,, and r z ,  are callcd tlieelfective dcnsirites ofslates lor ibc conduciion :ind 
vaicnce bands. 



5. In lhe classical regime 

 here E~ and E, are the ener_eics o i  the edges of the conduction and valence 
bands. 

6. Tlie mass action Lsw slites that in the ciassical regime the product 

is independent or the impurity concentration. The intrinsic concentration 
a, is the common value ofn, and 81, in an  i~itrinsic (= pure) semiconductor. 
Tile quantity 

is thc cncrgy gap. 

7. A sen~iconductor is called n-typs when negative charge carriers (=con- 
duction electrons) dominate; i t  is called p-type when positivc charge 
carriers (=holes) dominate. The sign of the dominant charge carricrs is 
oppositc to the sign ol Lhc dominant ionircd i,tipuritics. 

8. A p-ri junction is a rectifyin% semiconductor structure with an internal 
transition liorrl p-lypc lo ti-typs. A p-8, junction coatains intcra;tI elcctric 
fields even in the abscncc ol an applird valtagc. For an  abrupt junction the 
field at t h e p n  interface is 

Here € is the permittivity, n. and tt, are ionized acceptor and donor con- 
centrations, and (!'( and Vh6 arc ihe applied and the built-in reverse bias. 

9. The electric current densities due to electron and hole flow are given by 

Here ii, and jiA arc the electron and hole mob~l~ties, and 

ate the electron and hole difiusion coeficicnts. 

I. Weakly dopcdsmriconductor. Calculate [he elsctro~l and hole conccntra- 
tionr when the net donor corrcrntratian is small coinpared to the intrinsic 
concentration, \An/ << ni. 

2. Inrrinxic conllucririty ondnrinimunl condurtirit)~. The electrical conduc- 
tivity is 

where 17, and ji, are the elcctron and hole mobiliiics. For most scniiconductors 
p, > fib. (a) Find the nct ionircd impurity concentration Art = ri,' - 11.- lor 
which the conductivity is a minimum. Give a mad~rrnalical expression lor this 
minimum conductivity. (b) By what factor is it lower than tho conductivily olan 
intrillsic scmicai~di~aoil  (c) Givc nunieric~l valucr nl 3W K lor Si for \rl l id~ lllc 
n~ubilitics arc = 1350 and j, = 480c111'V-'s-' , a jtd lor loSb, fur whiclt 
ttte mobilities arc p, = 770W and ji, = 7 5 0 c m 1 V ~ ' s ~ '  , Calculate lliissing 
data from Tablc 13.1. 

3. Rtsirririry ond irtrpuriry concenrlurion. A n~anufacturcr specifies the rc- 
sintivity p = l/o o l a  Gc crystal as 20 ohm cm. Take IT. = 39W cm' V - '  s - '  
and p,= 19Wcm2 V - I  S - '  .What is the net impurity concentration a) i l  the 
crystal is n-type; b) if the crystal is p-type? 

4. M a s  ncrion low for high eleerron coneenrrorionr. Derive (39), which is the 
form or the law of mass action when n. is no longer small compared to  11,. 

5. Electron and hole concenrrarions in InSb. Calculate e., n,, and p - e, lor 
n-type InSb at 3WK, assuining n,' = 4.6 x 10'6cm-3 = rt,. Bccausc or the 
high ratio n./n, and the narrow energy gap, the hole concentration is not 
negligible under tbesc conditions, nor is  the nondegenerate approximation 
n, << n, applicable. Use the generalized mass action law (39). Solve the tran- 
scendental equation fur n, by iteration or graphically. 

6. Incomplerr ionirntion o/ deep impurifies. Find the fraction of ionized 
donor impurities if the donor ionization energy is large enough that AE, is larger 
than rlog(nJ8nd) by several times r. The result explains why substances with 
large impurity io i i i l ion  energies remain insulators, even if impure. 



7. Builr-inficldfor exponenliuldopopingprofiIe. Suppose tliat in a p-type 
remiconductor ilie io~tized acceptor concentration at x = I, ir lie- - 18, <c n, 

and fails or cxtroricrl<ialty to a value n; = ,12 >> ni at J = x ~ .  What is the 
built-in electric field in the interval (r,,r2)? Give numerical values for ,i,/,r2 = 
LO' and r, - i, = 10-%m. Assume T = 3WK. Impurity distributions such 
as this occur in the bare region o i  many n-p-11 transistors. The built-in Geld 
aids in driving the injected electro~ls across the base. 

8. Einlinrrein relalion for high r.lectm cor~ccnlralion~. Use the Joyce-Dixon 
appraxintation (39) lo give a series expansion of the ratio D,/ji. for electron 
conceiitrationr approaching or exceeding rt,. 

9 n j e c o n  r e .  IJse the Joyce-Dixon approximation to cnlculate 81 7' = 
3W K the electron-hole pair concentralion in GaAs that satisties the inuersion 
condition (85), assuming no ionized impurities. 

10. ~ i n b r i r y  carrier lfili,ne. Assume both electron and holc concentrations 
in a semiconductor are raised by 511 above their cquilibi-ium values. Deiinc a net 
minority cariier lifctin~e t by K Z- 6rr/r. Give expressions for r in terms o( rlir 
carrier coiiccntralions n, and n,; the energy a1 the recombination level, as 
expressed by ,re' and n,'; and the time constants I, and I,, in the lirniis of very 
small and very large values or 618. Under wliat doping conditions is 1 indepcn- 
dent of &I? 

11. Elcerrort-Role poir~enetorion. Inside a reverse biased p-II  junction hoih 
electrons and holes have been swept.out. (a) Calculate the election-hole pair 
generation rate under these conditions, assuming n.* = 11,' and r. = I, = r. 
(b) Find [he PActar by which this generation rate is higher than the generation 
rate in an  ti-type semiconductor from which the holes have been swept out, 
but in which the electron concentration rcmaitis equal to 12,' >> 1 1 ~ .  ic) Give 3 

numerical value for this ratio for Si with 21"" = l0"cm-'. 
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6. Flow Through a Tube 
7. Spccd of a Tube 

Imii co,zsciour ofbeitig only a,! iridiuidilal struggli,ry ~reuklyagoitu~ lhr sirem,, 
of litnc. But il srill re,,tohrr bi my pon.er lo conrribure i,i such o n.oy rhol, idlot 

lhc rheory ofgoscs is aguiti retired, troi roo ,?tucli isill haw to be redircoccrpd. 

L. Bo1r;mium 

7 ,  

Kin& Theory o l lhc  Ideal Gar Low 391 

In this chapter we give a kinetic derivation of the ideal gas law, the distribution 
of velocities of gas molcculcs, and transport processes in gases: diliusion, 
thermal conductivity, and viscority. The Baltrmann traniporl equation is 
dircusscd. We also treat gascs at "cry low pressures, with reference to vacuunl 
pumps. The chapter is essentially classical physics because the quantum thsory 
of transport is difficult. 

KISETIC THEORY OF TliE lDEAL G A S  1.AW 

We apply the kinetic method to obtain anelementary derivation of the idcvl gar 
law, pV = NT. Consider molecules that strike a unit area of  the will of a 
container. Let u: denote the velocity component normal to the plane of thc\~\.all, 
as in Figure 14.1. I f a  moiccule of mass Af is rrflccted specul3rly (mirror-like) 
from the wall, the change ofmomcntun, oithe molcculs is 

This gives an impulse 2Mlu:l to the wall, by Neuton's second la\\. ofmotion.TI~c 
pressure on the wall is 

P - ( number ofmolcculils striking 
per molecule unit area per unit l in~c 

. Let n(u,)do, be the number ofmolecules per unit volume m,ith the r component 
o l  the velocity between v, and u, + do,. Here jn(c:)ill;, = NIV = ,I. The 
number in this velocity range that strike a unit area of the wall in unit trme is 
a(o,)u,du,. The momentum change of there molecules is -2hlr;n(~*;)r:Bo,, so 
that the total pressure is 

The integral on the right'is the thermal average ofu,' times the concentration, 
so that p E & f n < u ~ ) .  The average value of IMt,? i s  fr, by equipartition of 

. . 
. . 

. . 



Figure Id.1 T h e  changc ofmarncntum ofa 
mulei-ule of selocity u i<hxh i s  rcRecied iiorn 
the %ail oflhc conlalner is -2.lf/u,j. r ~XII  

energy (Chapter 3). Thus the pressure is 

p = sn.ll(r,') = nr = ( N ) V ) r ;  pV = Nr.  141 

This is the ideal gas law. 
The assumption olspecular reflection is convenient, but it is immaterial to the 

resuit. What comes into tlie surracc inus1 go back, with the ranie distribuiioi~, 
ilthernial cquiiibrium is to be rnaint$ncd. 

Rlarnell Distribution oiVelacitirs 

We now transfarnm tlie encrgy distribution function of an ideal gas into a 
clazsic~l vclocily distribution iunction. Oftcn \i.hen \ve mcao "spced" we sliall 
ray "vrlocily", as tiiis is the tradition in physics %when no confusion is caused. 
In  Chapter 6 \\,c found the di>lribulion function o l  an ideal gas lo be 

\\.lli.rc [ (E,)  is (lie probability of occitp3ncy oi 311 orbital of tncrgy 

in a cube oi volunie V = L'. Ttic arerase numbcr o l  atoms with quantunt 
nunibcr bttirccn 81 and r t  + il!~ is (the nuniber of orbitals in this range) x (the 
probnbiiity such an  orbi~al is occiipied). T l ~ c  number o i  orbit;lls in tile positise 

I octant of a rplrerical shel! of lhiclncrr dri in &(.lxn')d,,, nhcnce the des~icd 
product is 

(inli' dci)f(ca) = fn;.~~' exp( - ~./r)d~t. 171 

We take the spin ofthe atom as zero. 
To obtain the probability distribution of the classical velocity, we nus1 

find a connection between ihe quanturn number n and the clarsi;al vclocits 
a f a  particle in the orbital c.. The classical kineticenergy :&it? is related l o  ihs 
quantum energy (6)  by 

hn 
E = --,I. 

XIL 
fMu - 11 = - u. 

AIL ' hn 
is) 

\ire consider a systcrn o l N  p~rticles in volume V. Let i\'P(c)ilu be the numbcr of 
atoms with velocity magnitude, or speed, in the range du at u. 1-his is c v a l u ~ t ~ d  
(corn (7) and (8) by setting rln = (dn/dr)du = (.\ll./lin)iiu. We have 

From Cliaplcr 6 ~ , e  Lnnw that I. = +JnQ = (,~/~')llnh'/~f,fr)"', so th3t tbc 
f ~ c t o i  standing to !lie left of c' bccomcs 

This is tlte,\Iar~rcll relocit~.dislribution (Figurc 14.2). Thc qunotity P(i1,Ic is ill< 

probability that a particle has its speed in ill- at 1.. Numerical valui's o i  the root 
incan square thermal velocity and tht rncan speed arc r_ivcn in Table 14.1, 

.. . 
. r ~  

using the results P,,, = (3r/.\'i]'!' and? = (Sria\/)"' irotn Problem 1. 



Figure 14.2 hl3r~vell vclocily dirlribuiion as a 
iunciion oithc rpcd in iinils ulihc most 
pcobablc sped L.,, = (2 rjAf)'!'. Also shown 
arc ihe in<;," r p d  T and $he roo1 mean square n 

velociby L , ~ , .  

0 I 2 

Table 14.1 Molcculai vcloiltier at 273 K, m 10'cms-I 

Gas , r Gar P.̂. 7 ..... ---- - 
H, 18.4 16.9 0, 4.6 4.2 
Hc 13.1 12.1 Ar 4.3 4.0 
11,O 6.2 5.7 Kr  2.86 2.63 
Ne 5.8 5.3 Xe 2.27 2.09 
Nx 4.9 4.5 Fire electron ltW. 1013. 

Experh~tentol~~erifieotion. The velocity distribution of atoms of ~o ta s s ium 
which exit from the slit o i  an  oven has been studied by Marcus and McF'ee.' 
The curve in Figure 14.3 compares the experimental results with the prediction 
o l ( l2)  below; the agreement is excellent. We need an  expression for the velocity 
distribution ofatoms that exit from asmall hole' in an  oven.This distribution is 
diKerent from thevelocity distribution within the oven, because the flux through 

(he hole involves an extra factor, the velocity component normal to the wall. 
The exit beam is weighted in Cavor of aloins of high velocity at  the expense of 
thoseat lowvelocity.ln proportion to their concentration in the oven, fast atoms 

P. M. Marcur and I. H. McFcc. Recent rrreorrh in molecular beoar, cd. I. Ericrrna~ Acadsmic 
PC".< 19<0 . . . . ., . . -. ' i n  %u:n c i p j n c n l r  3 round holr i l  $3 J ru h ~ m ~ l l  ~ d ! l ~ c d . ~ ~ ~ ~ c i c r  is iis, t l i l n  a ~ n c ~ n  lrrc path 
olaoatorn tu~lora%cu Illhc holc tunal small ~n~h.~xcrr . tbo  Por  uldar from n vlll bcgu\cil.rd 
t )  It.. lbrl ulb)J~ud,nronlr ildu 2nd not by g l r  i.,tc~s;r. 
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Transit tinie - 
Figure 14.3 Mcdrurcd tranis>iriion paiiilr sud c;ilcill;ticd 
Maxwcll tranrmirrion curve lor polilrriurn vlonrs that erii horn 
a s  oven at a lempeiaiure 157t.Thc horirantiii axis is the transit 
time ofthc illarna lr*nnnl(lcd. Thc intensity is in arbitrary units: 
the curve and the points ace norrnalixd to the same maximum 
value. Altcr Marcus and McFce. 

strike tlie walls more often than slow atoms strike the walls. The weight factor 
is the velocity cornponenl ucos0 normal to the plane or the hole. The  average 

I .  of cos0 over the forward hemisphere is just a numerical factor, nanicly $. Tlre 
probability tliat an atom which leaves the hole will have n velocity between 
u and u + dudefines the quantity P,.,,(v)clu, where 

P,.,,,(d a 4 ~~exp(-i\.l1~'/21) , (12) 

with P,,,,,,, given by (11). The distribution (12) of  tile transmission through a 
hole is called the Maxwell transmission distribution. 

Collision Crass Sections and Mcan Free Paths 

We can estimate the collision rates of gas atoms viewed as rigid spheres. Two 
atoms of diameter d will collide if their centers pass withio the distance d of  

each other. From Figure 14.4 we see that one collision will occur wtien an atom 
has traversed an  average distance 



(3) Figure 1.1.4 (a) Two rigid r~heies will collide . . 
if their centcri pass within a distance d oieach 
cadi other. (b) An atom oidiameier d which 
liaceli a long di,tanu L will su,cep out a 
valumc n d ' l .  in ihc sense ihal it will collide 
ivilli r i i y  atom whareccntcr lies within the 
ralune. I f , ,  is the concmtrution ofatornr. the 
nveiase number ofillanis in this volumc is 
nrdlL. This is lhs number olcollirionr. The 
r icrage dillancc bctwccn collisions is 

where ,I is the number oialoms per unit volume. The length I is called the miem 
irce path: it is the average distance travclcd by an atom bctnccn collisio~ts. Our  
result neglccts ihe velocity of the largct atoms. 

We eslimate the order of magnitude of thc mean free path. II tlic atomic 
diameter d is 2.2 A as for itciioni, thm tlic collision cross sectio~t cr is 

The concentr~tian oS moiccuics of an idea1 gas a1 0.C and i aim is pitcn by (lie 
I.oscl,n~idt nuntber 

deiincd as ttie A v a ~ a d r o  nunlber diridcd by lheniolar ~ o l u m e  at O'Cand 1 aim. 
The Avogadio number is tlic number of ntolrculcs in o ~ t c  mole; tlte molar 
volume is the iolume occupied by one molc. \\ 'ccantbiiic(iBa~id (15) to obtain 

tbe mean free pntli under standard conditions: 

1 I = - =  1 
nd'n, (152 x 10-'6cm')(269 x l ~ ' ~ c n t - ' j  = 

2.44 x lo-' cm. (16a) 

This length is about IWO times larger than the diameter of an atom. Th; 
associsled collision rate is 

A l  a pressure o i  10-6a!~n or I dynccm-'. the conccntralion of :%ion.: s 

reduced by and the mean free path is increased to 25cm. At tO-"atm tile 
mean free path may not be small in comparison a.itli [lie dimensions of any 
p~rticular cxperimentnl iippnmtus. Then xc;~rc  in what is cnltcd the iligll !acu\:nt 
region, also called the Xnudrrn region. We assume below that the mean lrcc 
path is small in cantparison witlt the relevant dimension or the apparatus, 
cnccp! in the section on laws oirarclicd g;tscs. 

TRANSPORT PROCESSES 

Consider a systcm not in thermal equilibrium, but in s ~ioncquilibrium steady 
state with a constant ilow lrom one cnd of the svstcm to the othcr. Far elample. 
we may crcme ;l stcady stnte noncquilibrium cotrdiiion in n syhlcm by placing 
opposite ends in thermal contact with large reneivoirs at two dimcrcnt t rmpra -  
turss. Ii reservoir I is at tibe higher temperatare, energy will flow throusl~ ihe 
syslcm from reservoir 1 to  reservoir 2. Encrgy !low in tltis direclioil will increase 
the total entropy o i  reservoir 1 + reservoir 2 + system. ?be tcmp+rsture 
gradient in the system is the driving force; the p l ~ ~ s i c a l  qullntily that is trans- 
ported throuzh the specimen in this process is energy. 

Tliere is a linear region in niost trattsport processes in ~vlticlt the Aux is 
directly proporlional to \lie driving lorcc: 

flux - (cocni~ieot) x (driving. forcc) . (17) 

provided tlic iorce is not too Isrgc. Such a reintion is callcd a l i n c ~ r  phcnome- 
nological law, such as Oltnl's law for the cutiductioi~ oSclcctricity. Tltc dclioiti011 
of IIIL. Rux dcnsity o l  a quantity A ii: 

J, = fluxdensity o f A  - act quantity of.< trnnsportcd acres 
unit area in unil tinte. (1s) 

> 
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Aux density is the average over all directions on  a licmispl>ere oi 

We want to express the average value olc,l, in terms oiT1. Here I, = lcos0 
is the projection o r  !he mean free path, and Zz = ScosO is the projection oithe 
speed on tlie z axis. The average is taken over the surface of a hemisphere. 
because all foru~ard directions arc equally likely. The elcment of surface area 
is 2nsin 000. Thus 

so that 

On  comparison with (19) we see that tile difisivily is given by 

The particle dilTusion problem is the model for other transport problems. In 
particle diKusion we arc concertled with the transport of particles; in thermal 
conductivity with the transport al energy by parlicler; in \iscosiiy wiili the 
transport o i  momentum by particles; and in electrical conductivity \rPith the 
transport o l  charge by particles. The linear lr~nspoit  coeficientr that dcsciibe 
llie processes are proportional to tlie particle difusivity D. 

Let p, denote the concenrration or !he physical quantily ,4. If ,I is aquantity 
like cliaigc t i c  :n:iss Ih:u 112s llic same value lor all the molecules, llicn llic flux 
density of  A in the t direction is 

ulicrc (ix:) is thc mc:ln drill vclocity of the ~:,rticius i i i  tlic : diicctioii. 'l'lic Jrir! 
vclocily is Lcro in thcrn~dl cquilibriuia. 

If  A is a quantity like energy or marnettturn that dcpcnds on ilic vclocity of 
a illofccule, thcn aee always find a similar expression: 

where{, is a lactor with rnag~iitude of the order orunity. The exact value or[, 
depends on the ~,clucity dependence 01 A and may be calculated by the rnsthod 
of the Boltzmann transport equalion trezted at the end of this chapter. For 
simplicity we sef f, = 1 in this discussion. By analogy with (19) lor particle 
dilfusion, the phenomenological law far the transport of A is 

with the particle diRusivity D given hy (22). 

Thermal Conducti\ity 

Fourier's law 

describes the cnergy llux density .I. in terms of the thcrmal conductivity K and 
!lie temperature gradient [Figure 14.6). This form assumes 1ha1 thcre is a nei 
transport oienergy, but not ofpaiticles. Another term must be added ifaddi- 
tional energy is transported by mcans o i  particle now, as nhen electrons noiv 
under the iniiucocc or an eleclric field. 

The energy llux density ii i  tlie z direction is 

wlicre ( 0 , )  is the mean drift velocity; p.  is the encrgy density. This result is 
valid witl~in a factor o r  the order olunity, as discussed. By analogy with the 
difision equation, the right-hand side is equal lo 

Figure 11.6 Oppu~ite ends olthe ryilcm are in thermsl 
C O Z ~ I X I  u i t i ~  icscrvoirs at icrnpwaturts 7, and c2. 



This describes the diifusian o l  entrey. Notv ?p./ir is just the heat capacity 
per unit volume, denoted by i',, Thus 

on  comparison uaith (27) the thermal conductivity is 

The  thermal conductivity o l a  gas is independent o i  pressure until a t  very low 
pressures the mean iree path becomes limited by the dimensions of the appara- 
tus, rather than by intermolecular collisions. Until very low pressures are 
vttaincd there is no advantage to evacuating a Dewar vessel, because the heat 
lasses are independent o f  pressurc as long as (31) applies. 

Viscosity 

Viscosity is a measure o r  the diiTurioo olmoinentum parallel to the flow velocity 
and transverse to the gindicnt of the flow velocity. Consider a gas with Row 
velocity in 1lis.s direction, with the flou rclacity gradient in the ;direction.Tlie 
viscositycoeff~cient rl is dcfincd by 

Here u, is the r coiriponent 01 the no\\. ~elocity a l  tlie gas; p ,  denotes the x 
component olmomentum; and X, is the s component oItlicshear Iorceexerted 
by the gas on  a unit arc3 olthe xy plarie normal to  the z direction. By Newtoii's 
second law olniotion a sltear stress X, acts on the xy plane if the plane receives 
a net flux density of s momentum J , ( p , ) ,  because this flux density measures the 
rate o l  change o f  the momentum o l  the plane, per unit area. 

In diflusion the particlc Rux density in the r direction is given by the number 
density n times the mean drift velocity (1:;) in the i direction, 50 that J.' = 
r8(oz) = - Ddlrldz. In the viscosity equation the transverse momentum density 
is nMu,; its Rux density in the z direction is (rrMu,)(u,). By analogy with (26) 
this flux density equals -D$(ttAlrJ:dr, within a Fdctor 01 tlie order of unity. 
With p = aM as the mass density, 

Thus, witii D given by (23), 

gives tile coeficient 01 viscosity. The CGS unit o f  viscosity is callcd the poise. 
Themean free path is I = 1/nd2tc lrom (13), where d is the malccular diameter 

and ,I is ihe conceiitration. Thus the viscosity may be expressed as 

\\.hich is independent o t  the gas pressurc. Tlie independence rails a t  very high 
pressures when the niolesulcs arc neakly al\\,ays in contact o r  at very low 
13ressures when the mean lree path is longer than the dimensions o l  the 
apparatus. 

Robert Royle in 1660 reported an early observation on the picrruie indc- 
pettdence of the damping o l a  pendulum in air: 

E ~ p e r i ~ ~ ~ e i i f  26. . . . 1% oliseru'd also rilof i~.iier~ ihe Receil-er ansfid1 o/ Air, 
rile it~ciudeled Per#ilulurn ea!lliciu'il its Rrcursionr abo~il ffierrt ,,iiriirres (or a 
ylmrfer o/rizt boiir) be/ore ir lefl u/lsn.iriging: n,ld rho1 (g'ier rile L.ISI,CI~CIII OJ 

rile Air, iiie Vibrnrio,t of like sotnr Prttiluhrrz~ (brbtg jresk pul iuio irloiiuir) 
nppcaid nut (by  o rrriniries IVeici~) ro larr sevnibly lanyrr. So titor riie pieti( O/ 

illis e.vprrinietr1 bciug oilier li~lin we e.vperrcd, s o m e  oflonicci irr oriy orlrcr 
s~ztisfihclioft, lla<tu 1 1 ~ ~ ~ 1  tg' oktr >mi l~czt~i?tg uf8!ilfc~l lo l?y i f .  

Although a t  first glance implausible, this rcsull is readily understood. Wit11 
decreasing pressure the rate of rnomentum~transler collisions dccresses, but 
each colliding particle comes Cram larther away. The larger the distance, the 
larger the momentumdificrencc;the increasing momentum translei per collision 
cancels the decreasing collision rate. 

It iseasier to measure the viscosity thanthedifiusivity. l lD  = rjlpas predicted 
by (34). then R is rclatcd t o  q by 

The observed values of the ratio K ~ I ~ C ,  given in Table 14.3 are somewhat 
higher than the value unity predicted by our approximate calculations. Im- 
proved calculations o r  the kinetic coefficients K, D, 11 take account of minor, 



Choprrr 14: Kinnic Theory 

Table 1*3 Experirncntal values of K. D. n. and KnhlC, at O'C and 1 a m  . . . . .  . 

Gas K. in mWccn" K-' D, in <mar- '  ,I. in ilpoise KP,G~C, 
-- -- 

tic 1.50 - 186. 2.40 
Ar 0.18 0. 158 210. 2.49 
Hz 1.82 1.28 84. 1.91 
N, 0.26 - 161. 1.91 
0 2  0.27 - 189. 1.40 

but dificuit, esects we have neglected: see the u,orks cited in the general 
rclcicnccs. 

Commcnl. The dinusivity of gar atonir ir directly propoitional to their vhcority. The 
dihsi~iip ofs particle ruipaldcd in r liquid or gar is a diilcrcnt problcm: the viscosity 01 
the rolvrnt opposer thc difluion a l  the suspended particle. We Find D a t h ,  where D 
reierr to the particlcr and q relcrr to the liquid.The Stakes-Einslein relalion for suspended 
particles b D = rl6n"R. whcic R ir ihc r~diur of ttlc sphere in rurpndon. 

Cbmmenr. Tile quanGly v r ,j)p i, atlcd$lie kinematic tiwority: ii(34) lioldi. u diould 
be cquai to the dillurivity D. The ratio biio enters itilo iiydrodynamic theory arid illto the 
Reynold's number criterion roi lamina< ROW. 

E . ~ - ~ ~ ~ : ~ - ~ ~ ; ~ ~ - - x ~ ~ ~ z ~ ~ ~ L "  >--.2-.:>i - , , : ~ ~ ~ ~ ~ ~ c . ~ ~  ......................... .z,; 

The transfer oieiitropy rrotn one part of a system to  another is a consequence 
of any lransport process. We can relate the rate o l  chaiige 01 entropy to  the 
flux density o l  particles and or encrgy. By an;dogy with tIic thcrnmodyn:iii~ic 
idcntity at constant vohimc, 

we write the entropy currcnt dcnsliy J ,  as 

I ii 
J , = - J  --J" 

i Y  i 
(38) 

I 1.ct d denote lhe entropy density; let lC/Zt dcnote the net rate o r  change of 
entropy density s t  a fixed poiirion r.Then, by the equation orcontinuity, 

in a unit rolume element the net rate o l  appearance olentropy is equal 10 the 
rateolproductiong,minustheloss -div J,attributed to  rhe transport current. 

In a transier process U and N are conscrvcd. Thc cquation 01 continuily lor 
the e n e r g  dcnrity u is 

I the equation olcontinuity lor the p~cticleconccntrntion r r  is 

I Lct us t a l e  the di$ergence of J, in (38): 

I 1 .  div J, = - dsv J. + J, . grad(l/r) 
x 

Let (37) rcrcr to unit r,olunie; ise take a partial derivative with respect to  time 
to abt:iio tire nct rate olentrupy cliange: 

\Vc use (40)-(43) to icnrmngc (39) in n form sug~cstivc o r  thc ohlnic power 
dissipation: 

g. = 5. - grodjljr) + J, - grad(-lilr) , (44) 

or 

9, = J, . Fo .t J.. F,. (451 
$ i; Here F, and F, ace generalircd Iorccs diihned by 



Einstein relation 

In an  isothcrnlnl procc5s Fa in (46) may be written as F. = ( -  1,'r)gradji or, 
in terms o l t he  internal and external parts a f t he  chcmicat potenridl, as  

Fo r  an  ideal gas ,I,,, = rlog(,t,'nu), so that gradp,,, = (r 2i)gradrl; lor an 
electrostatic potential gr.adp.., = q grndq = -qE.Thus 

F. = -( l / r)[r t~i '  grad n - qE] (48) 

Now the particle flux density also has two terms, tsritten as 

J. = -D.gradri t r q E  , (49) 
where D. is the diifusivity and ji is the mobility, which is the diiit velocity per 
unit electric field. The  ratio of the coefficients of grzdn to E is D./,!ji in (49) 
and i /nq in (48). These ratios must be equal, so that 

which is called the Einstein relation between the ditTusivity and the mobility 
far a classical gas. 

,Gu,v . ~~. ' . L - ~ . X . ~ L & ~ ~ ~ . L - ~ ~ ~ ~  ~ . 

Commmr. We gain m advantage, lor nasons related to ti,c themod!namicroliiievers- 
ible piocssss$, ir wc urc Fa and in (46) as thc diiving for=* lor rhc lulear transport 
processes. Wc writc 

The Onnsgerrelalion ofirrevcrsiblc lhermodynamia is that 

whcre B is ths magnetic field intcnrity. If B = 0, then Ljl ,= L, always. For (52) lo hold. 
the driving forms F murt be defined as in (46). Other dcfintlionr althr loicer are perlectly 
valid rudt ar the pair grad r and grad n, but do not nearrrrily lead to caclfidentr L Iilat 
salisly the Onsagcr relation Far a derivation ste the boak by Landau and Lilshitz cited 
in rhc general rclcrcnccr. 

. . . . . . . _ & .  - . .  ~- 

KIXETICS OF DETAILED BALANCE 

Considcr a systcm with two statcs, one at energy A and onc at cncrgy - A. In 
an cnscrnbie 01 N such systems. N* are at A and "V are a t  - -A, with $ = 
N *  t- N-. To establish thermal equilibrium tlicre murt ckiit some nlectlanijm 
\\,l~crcby systems enn pars bctu,oen the two swter. Consider lllc rate equatiuo 
for transitions into and out of tlic upper statc: 

wiicre a, /3 may he lunctions 01 thc temperature. The  t r~ns i t ion  rate lrom - to 
t is directly proportional t o  tlic number 01 systems in tiie - state. Tlie rransi- 
tion rate lrom -1- t o  - is directly proportional to the number oisystcrns in the 
+ state. . . 

In thermal equilibrium (dN'/df) = 0, which cat) be zatiified only il 

the Bo t tman n  factor.This result expresses a relihion betwecn i ( r ]  and P(r) that 
mtist be satisfied by any and  every mcchanirrn that assists in the transitions. A s  
an  example, suppose that tlie transition + - - proceeds with the excitation 
o l a  harmonic oscillator lrom a state olenergy si: to a slate olciiergy (s + tlr; 
in the inverse process - -r t the oscillator goes from sc t o  (s - 1 ) ~ .  In the 
quantum mechanical theory 01 the oscillator it is shown that 

f,>r t l x  c\citation a n J  <tc-cx:i:at~ut~ ur ti;: o ~ ! I l : ~ t ~ r ,  rcst.11 der i~cd i u  111.ljl 

r c \ t j ~ ~ n . ) ~ ~ ~ ~ ~ t u ~ ~ i  t l ~ ~ ~ r ~ . ' l ' l , ~  v ~ i l ~ t c ~ ~ f ( i )  i J  [,,uu.l i rL>r~\  t ! ~  1'1.111:k ~ I ~ I < I ~ L I I . > I I  

1 
( 5 )  = (s) t I = 

exp (~ / r )  
exp(c/i) - 1 ' exp(c/r) - 1 

' 

s o  that, with & = 2A t o  conserve energy. 

a/P = (5)/(s + I )  = exp(-2.41~). (55) 

This satisfies the coridition (54). 
The  principleofdetailed balanceemerges asageneralizationofthisargument: 

. , in thermal equilibrium the tale o l  any process that leads t o  a given stale must 
. , 



equal exactly the rate of the iiirerse process that leads lrom the state. One 
common application of the principle is to the Kirchholi law Tor the absorption 
and emission of radiation by a solid, alrezdy discussed in Chapter 4: radiation 
of a wavelength that is absorbed strongly by a solid will also be emitted 
strongly-olhenvise the specimen would heat up because it could not come into 
thermal equilibrium with the radiation. 

ADVXSCED TREATMENT: 
U O L I Z ' i W  1'tWNSPORT EQUA'I'ION 

The clasxiwl theory oftransport processes is based on the Boltzmann transport 
cquation. Wc work in tlie six-dimensional space of Cartcsi;tn coorditiales r tinil 
vclocily v. Tlie classical distribution iunction J(ry) is dclined by the i~ l s t ion  

J(r.r)dr Jv = number of particles in d r  Jv. (561 

The Boltrmann cquation is dciivcd by the following argucneot. W c  considcr 
the clTeck ol  a time Oisp!;lcement d! an tile distribution fnnction. TIie Li~uvilic 
theorem of classical mechanics tells us that ifwe follow a volume element along 
a flonlioe the distribution is conser\,cd: 

in the absence ofcollisions. With collisions 

f(r + d1.r + dr,v c du) - /(r,r,r) = ~l!(iJi?f),,,~~ ,,,,,. (58) 

Thus . . 

dl(iJ/?r) + dr . grad, jt d u  . $rad,j.=ti1(iJ/61),,,,. (59) 

Let o denote the acceleration driili; then 

IJ!2i i v . elad, J+ z .  grad. J=[?J/?i),,,,. 1 ,601 

This is the Boltunann transport cquation. 
In many problems the collision term ($i?f],,,,niay hc treated by the introduc- 

tion o l a  relaxation lime r,(r,u), dcfined by the equation 

Here J, is the distribution (unction in thermal equilibrium. Do not on lusc  r, 
lor relaxation time with r lor temperature. Suppose that a noncqriilibrium 
distribution oivelocities is set up by external forces which aresuddenly rcmorcd. 
The decay of the distribution towards equilibrium is then ob1aincd Crom (61) as 

if rve note that lfo/Sl = 0 by definition 01 the equil~briunt distribution. This 
equation has the solution 

I t  is not excluded that r, may be a function o l ~  and v. 
Wc combine (56). (GO), and (61) to obtain tllc Uollmmont~ tn~nsport cquation 

in tiie rclulxation Iinlc approxiilialion: 

Zf / h i a grad .  J+ \ rrad, J= 

In tlic steady scatc ijili - O by definition. 

Particle Diffusion 

Coiisider an isoll~ermal system with a sradient of the particle conccntration. 
Tlie steady-state Boltzmann transpon equation in the relaxation time approxi- 
mation becomes 

o. ' m d x  = -( f - / O ) / r r  r (651 

where the nonequilibriiim distribution f~toction / vsries along the x direction. 
We may write (65) to first iiider as 

J, = lo - V = T ~ ~ ! ~ ~ / ~ I . Y  , (66)  

ivlisie \ye l\a\.e replaced ?Jjjjh by JJo/~I.v. \\'c can iicratc 10 obtaiii hisher ordrc 
solutions when desired. 'r!>us !lie second order solution is 

The iteration is necessary lor !tic trcntnicnt of nonlincar cfccts. 
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T o  lorm dfJd\- as in (691 we necd the deiwaiive ilJ0/d!. We aigile below that 

dJo/il& = 6(c - vl . (83) 

at low temperatures r << p Here 6 IS the Dhrac delta function, whlch has the 
property lor a general lunclron Fjc) that 

Now consider the integral 1," F(rj(dJo:dj~)ilc. At low temperatures dj,/dp is very 
large for 6 = p and is small elsewhere. Unless the function F(B) is very rapidly 
varying near p we may take F(c) outridc the integral, with the value F(p): 

where we have used ilfo/d$ = -dJo,di. We have also uscdj0  - 0 for E = a. 
At low temperatures /(O) = 1; thus the right-hand side or (851 is just F(lr], 
consislenl wittt the delta function approximation. Thus 

djo/tIx = &[c - ~l)dp/,l.x. . . (86) 

The particle Rux density is, From (711, 

where r. is the relaxation time at the surlace E = }I of the Fermi sphere. The 
integral has the value 

by use 01 9(1i) = 3n/Z&, at absolutc zero. lrom (7.17), where E, r : s ~ c /  
defines tlle velocity i ' ~  ort tlic Ferrni rurf~ce. Thus 

Jnx = -(~tr~;~n)Jp/<l.~. (s9) 

At absoluir zero p(Ol = (h2:2~i~l(3niri)' ', ishence 

so that (S7) h. 'comes 

The difusivity is the cociticient oldrz/dx: 

closcly similar in lorm to the result(77) for ihc classical distribution of~elocities. 
In (92) the relaxation time is to be taken a t  the Fermi energy. 

We see we can solve transport problems where the Fernii-Dirac distribution 
applies, as in metals, as easily a s  where the classical approximation applies. 

Elcctrieal Conducti>ity 

The isothermal electrial conductivity a follotvs from the result for the panicle 
dilTurivity when \YC multiply the particle flux density by the particle charge q 
and replace !he gradient dp/dx o l  the chemical potential by the gradient 
ridipjdx = -yE, or the external potential, where W, is the .Y conlponent or the 
electric field intensity. The electric current density follows lronl (76): 

lor a classical gas with relaxation time r.. For the Fermi-Dirac distribution, 
from (89). 

LAWS OF RAREFIED CASES 

Thus far in this chapter the discussion of transport has assumed that [he 
molecular mean free path is short in coniparison with the dirncnsions OI the 
apparatus. AI a gas pressure or 1 0 - ~ a t m  ar room temprature, the mcan Irrc 
pat11 o fa  molecule is olthe ordcrof2Scm. The dknctcr ofa laboratory v:icuum 
system connection may be 01 the order ol25 cin, thus orthc order oltlie mean 
free path. We may usefully draw a line hcrc and denote pressures lo \~er  ihao 
I x aim as high vacuum. This pressure is 3pprozimalely 0.1 N rn-' or 
1 x ~ O - ~ k g c m - '  or 7.6 x 10-'mmHg or 7.6 x i0-4torr. The Knudsen 
rcgion alpiessurcr is understood to be tbe region in aftrich the mean Iree path 
is lnucli greater than the dimensions or the apparatus. A knowlcdgz of the 
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I i r ,  = r,, Eq. (101) can bc written 

1 I 
A a  = (n, - n,)S = - ( p ,  - P ~ ) S  = - AQ , 

r T (103) 

where 

AQ = P,S - PZS = Q, - Q,. (104) 

Exantplr: No,u through o long rube. We aaume thatthe rnolrculer which strike the inner 
wall or the tube are re-emittcd in all dircdionr; thiit is. the rcllection at tlic rurlace ir 
asrumcd to be diflusc. Thus when there is a net flow therc is a w t  rnonicntum transicr to 
the tube, and we must provide a pressure head to supply the momentum iransfcr. Lei u bc 
thevdocity component of the gas moleculcr paisllel to the wall klorc striking thc\\.ail. 
\$"e eslirnaie thc momentun1 translci to the wall on the assumption that every collision 
with ihc vol l  ~irnrrcrrmoo,entum .\l(u). The rstc olllow down thc ttibc is ~i,l<~r).ivlicrc 
A is tile area oflhc ovning.llre ralc at which niulcculcr ,trike ihc wall is, lro~ii (55) 

ahcic d i s  tlic dismcter and I. the lcngth of the t ube .73~  morneaturn transrci lo the tube 
mun equal !lie iorce duc to the prcrrurc diiicrcniial Ap: 

We solve iai tile flow velocity (u) to obtain 

'rhc net flux is 

is thc caodiiciince of ihc tubc, dcfined airalugoiiily to tlic conductance oia liole, Eq. (57). 

Speed of o Pump 

A more detailed calculation, with averages aver the vclocity distribution trkcn more 
carclutly. Ira& :a r canduclsnce dincring iron, (IW) by a Octor S13n: 

n3cconductano:olatubecannot belarger than that oia hole with the same arca. From 
(98).(110), and (12lIbelo*. 

compared to unity, which mcanr 

Using our earlier example ior the conduclancc ols hole. we Knd that the conductanw 01 
a lube 1 meter long and t o m  in diameter ir about 122 liter/si.c. for sir at 300 K. 

--,.-r̂ -T-7i-I-, c--Tr-....-'.-.&<-u~ -.-- ..... ., 

Spccd o i a  Pump 

The speedoia pump is defined similarly to rheconducrancc o i a  hole o r o l a  tube; 
it is detltied as the volume pumped per unit lime, with the  volume taken a t  the 
intake pressure 01 the pump. The  same symbol S is used as for coaductoncc; 
sotnelimes the conductance of a n  aperture or a tube is relerrsd lo nr its speed. 
Tile p~oduc t  Q = pS for a pump  is oficn called tllc througl~put  or the pump. 

I f  n pun?p ofspccd S, evazurtcs a v;tcuum systcttl through ;, tubc ofcot>duc- 
falice S,, the eiTective pumping speed S.,, o f  the col~ibioation is given by 

just as lor ilic conductxncc or two elecliic;il conJuclors ill srries. 

Prod:  Lel p, denote the piersum at the input cnd of the  tube, and let p* 
d c n o ~ o  tlic pump intake pressure a t  tlic output crtd of the tube. Coutiituity oi 
flux rcquircs that 



so that 

equivalcnt to (1 13). 
The relation ( I  13) lor S.,, explains why in high vacuum systems the connec- 

tions bclween tlie pump and the vessel to be evacuated must be as short and of 
as large a diameter as possible. A long and narrow connecting tube makes poor 
use o l a  high speed pump. Further, the speed of the pump i~sellcannot be larger 
than the conductance o i  its oun aperture. 

How rapidly docs a punip pith ercctivc speed S evacuate a volume V? From 
the ideal gas law pV = N r ,  and irom the definition of pi~rnp speed analogous 
to Eq. (99) we find 

d p  r d h '  Q ,.Y - -= - - = - = -  
di V d t  V V '  (116) 

If the pump speed is independent olpressurc, this diiTcr'cieniial equalion has the 
solution 

For a volume of 1W liters connected to a pump with a speed of 1M) liter/sec, the 
prcssurc should decreasc by l 'e psr sccond. 

Any user o l  vacuum technolo:y soon discovers that the pumpdown or a 
vacuum system praceeds much more slowly in the high and ultrahigh vacuum 
regio~ls than expected on the basis 01 pumping speed and system volume. The 
desorption olsurlace gas predominates-often by many ordeis olmagniiude- 
over volume gas. The surlace emits adsorbed molecules as last as the pump 
evacuates rnolcculcs IIOOI the volume. 

SUMMARY 

1. The probability that an atom has velocity in du at v is 

2. DiRusion is described by 

wlicre T is the mean speed and I is the mean liec path 

3. Thermal conduclivity is described by 

where c, relcrs to unit volume. 

4 .  The coeficient of viscosity is given by 

,,!= JP  1 F l  , 
, . 

where p is the mass density. 

5. According to the principle 01 detailed balance, in thermal equilibrium the 
rateof any process that leads to a givenstate must equalexactly tile rateof the 
inverse process that kads from the state. 

6. The BBozmann transport equation in the iclaxation time approximation is 

d j  J -  Jo 
- 81 + a. srad, j+ v .  grad, I= 

r< 

7. Thc electrical conductivity o ln  Ferini g ~ s  is 

g = I I ~ ~ ~ ~ / , U  , 

where r, is the relaxation time. 

I ,  Mcon speeds in a hlax,~-eiIi~~n distribution. (a) Show that tile root mean 
square relocily u,, is 

Because ( v 2 )  = (u,') + (v , ' )  + (ox1)  and (ox1)  = (u,') = (v,'), it fol- 
lows that 



The results can also be obtailied directly lrom the expression in Chapter 3 for 
the average kinetic energy o l a n  ~dcal gas. (b) Show that the most probable 
value of the speed om, is 

By most probable value or the speed ive mean the maximum o l  the Maxwell 
distribution as a function of u. Notice that om, c u,,,. (c) Show that rile mean 
speed T is 

The mean speed may also be written as <luj>. The ratio 

(dl Show that ?:, the mean of rile libsolute value o i  the r component of the 
velocity o i a n  atom, is 

2. M c u n  ki,!crie enrl.#y in o bcoan. ' ja) Find tlic metin kincticcncrgy in ;I bc;m 
ofmolcculcs that exits from asmail hole in s n  ovcll at lcmpcrature 7.  (b) Assume 
now that the molecules are collimated by a sccond hole iarther down the beam, 
so that the molecules that p u s  through the sccond hole havc only a sniall 
velocity component normal to the axis oicmission. What is the mean kinctic 
energy? Coflirticrir: The molecules in the bcamdo 11ot collide and are not in real 
tlicrn~al equilibrium alter they lha~c exiled Scorn the oven. Tbc gas lei1 in the 
ovcn is depleted \r,ith respect to hst molccules, and the residual gas will cool 
down i f  it is not rclicntcd by hrra! flawing in tlliough the \valls of the oven. 

3. Ratio of rhe>,~ru/ 10 elrcrricul coztdurririrj. Show for a classical 535 of 
particles ofcilarge y that 

K/ro  = 3/2qz  , or K;To = 3k81/?t12 (12.3) 

in conventional units lor K ;~nd  T Tliir is knoon as the \Yiedcmann-Frmr ratio. 

4. Ther~rra/conducri~~ry of1net~11~ The thcirnal conductivity o i  copper at 
room temperature is 1;ir~cly carried by the conduction electrons, one pcr atom. 
Thc mean iree pnllr of the electrons at 300 K is 01 \lie orllcr of 400 x 10-'cm. 

Thc conduction electron concentration is 8 x 10" permi'. Estimate (a) the 
elearon contribution to the heat capacity ;(b) thc elcc(ronic contr,bution to tlic 
thernial conductivity; (c) the electric;~l conductivity. Specify units. 

5. Bo1t:mnnn rqrrarion andrhernrol conducIi~.iry. Consider a mcdiurn with 
tcmperalure gradient drli1.i. The particle concentration is constant. (a) Employ 
tlie Boltzmann transport equation in tile relaxation time approximation to 
find the first order nonequilibiium classical distributiorl: 

[b) Show that the energy Bux in the x direction is 

where r2 = 2&/3rn. (c) Evaluate the iniegral to obtain lor the thermal conduc- 
tivity K = S!irr,/fn. 

6. FIolv rhrough o rrrhe. Show that when a liquid Rows through a narrow tube 
under a ~rersuredilfercncr o between tliecsds,rhc tarn1 volumeilowinglhraugh 
tbc lube iil unit timc is 

v = (na6/SqL)p , (127) 

whcre 11 is thcuiscosiry; L is the length; o is the radius. Assume lllat the flow is 
lanlinar and that tlie flow \-<locity s t  thc walls of tlic tubc is zero. 

7. Speedof o rube. Slloiv that for air at ZO'C ihc speed o f a  tube in liters 1x1 
sccond is given by, approximately, 

$vlicre [lie length L a n d  diameter ,I aie in centimctcrs: we havc tried to corrcct 
for end efiects on 3 tube of finite Isnelh by t i ~ l a l i ~ ~ ~  the ends 35 t\vo halies u i a  
hole in series witli the tube. 
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J21 Chopur 15: PropupR'on 

The purpose of this terrninal chapter is to  bring within the compass of the text 
the most important problems in the propagation of heat and the propagation 
olsound, both classical subjects that are part ofan education in thermal physics. 

HEAT CONDUCTION EQUATION 

Coniidcr first tBc dcriv:~tio~t or !lie Jifusion cqii:ttion, wliicl~ is lourid r ~ o m  tl,c 
Fick Paw (14.19) fur the p;~rticlc llux dcnbity: 

wheie D, i b  the particle difusivity and i t  tlie particle concentration. The equation 
ofcorilinuity, 

assures that the number ol particles is conserved. Because div grad r V', 
substitution of())  in (2) gives 

This partial difcrential eqwarion describes tllr time-dependent diKusion of the 
particle conce~itration $1. 

Tlie thcrmal co~iductivity equation is derived siniiluily. By (14.27-1430) we 
have in a hon~ogcncous niediuin 

J, = - K grad r. (4) 

f l ~ e  equalioti ofconti~iuily for [he energy density is 

\r here i' is tlie heat capacity per unit volume. Weco~ixbioe (4) and (5) t o  oblain 
the heat conduction equation 

This cqualion describes the tirnc-dependent dilTusion of llle temperature. The 
equation is a1 thc form of the psrticlc dilTusian equation (3). The quantity D, 
is called tlte thermal difisivity; lor a gar it is appioximatcly equal to tile particle 
difusivity, as in (14.23). 

ill - = D,V'U. 
Sr 

(7) 

The constant D .  may be oltrd ihc magn~ricdiKusirity md in SI is equa! to lloll; in CGS, 
D, = c2]4xbp I t  IVJP (lie Jin~e~rianr (lengili)' ($ime)-' and is dirccily 1" the 

(skin depth]Vimer tlte frequency. \Yhen we have rolrd onc eqiiation. say (3). ae i ave  
roticd lhiec problems. 

, L.. , -; ,-.-'
A

. .:~:y~.--~L~.T-7:;--z---z.~zT-=:.--~r- 7-- ::2 

Dispersion Rclstion, o \'ersus k 

\Ve look lor solutioiis of thc diiiusirity equation 

that have the i~svclike lorln 

tvitii was tlte ;ingul;li frequency and kas  thc \savcvector. I'PJ~c w a x  an;tlysis is 
an ekcellztit apjlrolich to this problem, cven ~hough it will turli oul Illat tiit 
difusion wavts or heal tvavcs arc so highly dsrnpcd that thcy are liaidly \vaves 

Lc.lorczarnpit,Y~. R Sm~i!~c.SiurirunJil~tioliiirritiiririis, ~tiGia~r-ll~tl. 3rd r d .  1968. p. ?GY. 
i t i i r  book ills a:, unurer i l~  lull ~rcrimenr orcJAy current piobtcmr. 
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at  an. Substitute (91 in (S i  to obisin tlic rchtion bet~veen i. aiid (e :  

I lk1  = 2". (101 

A rclaion wik) for a plailc iinve is called a dispcrrios 

Pcnetralion of'rcmpemture Oscillstion 

Consider the "ariation of temperature in the semi.infinite > 0 
the temperature of the planer = 0 is varied periodically ,,.ith tirne as 

O(0,r) = O,coso1 , (111 

which is the real part o f  O,eap(-iwi), for real 0,. Then in the medium i z 0 
the tcmpera~urc is 

O(z,c1 = 80 Relexp[i(ki - mi)]] 
= 0, Re(exp[i3:'(w/D)'i2i - iwr]) . (12) 

n'hcre Re denotes real part and i"" = (i - l)/,fi. Thus, with 6 r (20/~)"', 

O(r.11 = 0, Re[exp(-:.'S)erp[i(i;6) - iwi]) 

= Oa erp~-z/6)cos(wr - z!S). (131 

The quantity 6 = (2D/w)L" has the dimeiisions o f a  length and represents the 
characteristic penetration depth o r  the temperature variation: a t  this depth the 
amplitude of the oscillations of 0 is reduced by e-'. The characteristic depth is 
called the skin depth if we are dealing with the eddy current equation. The 
wave is highly damped in the medium-the wave amplitude dccicases by e- '  
in a distance equal to  a wavelengtbj2n. 

If the ttlermal difiurivity of soil is taken as D % 1 x 10-'cm's-I, then the 
penetration depth o f  the diurnal cycle of heating of the ground by the sun and 
cooling o f the  ground by the night sky (w = 0.73 x 10-'s-') is 

A layer of 10clii ofcorth on top  o f a  cell:,r will lend lo nvcrage out da)'night 
v:wi;ttiw>s c7f stirF.icc t c ~ ~ p c < : t t ~ ~ r c ,  but lhc s t ~ ~ i ~ ~ ~ ~ c r , ' ~ v i s ~ t c ~  ~.1ri.~ti~111 at t l ~  iL,t> 

o! tlic cc1l:lr rcquircs s~verikl llielcrs of c&rlll. Actuitl Y;IIUCS o f  tlic t/~crtii:tl 
dilTusiuity arc sensitive lo ilte cuinposition and coodilion o f  llic soil or rack. 
Noticc tl>at 3 lieurc O! nicrit for ccllni conrlroction in\.ulvcs tlic tlieim.\i 
diRusivity, and 1301 the conductivity alone. 

Derelopmcnt af a Pulse 

In addition to  the wavelike solutions of the form (91, the diWusion equation h;is 
several oiher useful forms o f  so!utions. We confirm by insertion in (8) that 

is a solution. Tile proportionality factor has been chosen so that 

The solution (14) corresponds to  the time development o l a  pulse which at t = 0 
has the form of a Dirac delta function S(x), sharply localized at x = 0, and zero 
elsewhere. 

Tile pulse might be a temperature pulse, as when a pulsed larcr o r  pulrcd 
eleciron beam hcats a surface briefly. Let (! be the quzlntity of heat deposited a n  
tlic surface, per unit area. The temperature distribution is then given by 

where S, is the heat capacity per unit valumc o f  the material. The function is 
plotted in Figure 15.1. The factor 2 arises because all heat is assumed to flow 
inwards from the surface, while for the solution (14) symmeliical flow was 
assumed. Anotherexa~nple ofthe application of(14) is the difiurian olimptlritier 
deposited on the surface o f  a semiconductor, to form a p-rz junction inside the 
semiconductor. 

The  pulse sprcsds out with increasing time. The  mcan square value 0f.v is 
g iwn by 

L(diurna1) = (2Diw)"' x scm. <.x2> = ~ . y z O ( x , ~ ) ~ / . v / ~ ( . ~ , ~ ~ ~ l . v  = 2D1 , (171 

For the annual cycle, after evaluating the Gauss im integrals. The root mean square velue is 



Figure 15.1 f'lot ofspread oflempiaturc pulsewith lime, lor 4x0 = I, 
from E q  (16). At i = 0 the pullc ir a delta function. 

Lw-T.z~i_~~T*zm7T~~--'r:-"-;--.-----..--.-- ii_ -.'ZL_i_._ ---4 --- 
Commml. This relull shows that thc width ofihe distribution increaser as r"', which is 
a geiieral chai;lclerirlic of diifuiian and r ~ n d a m  walk probirmr in one dimension. It is 
quite unlike the motion o fa  warc pulrr in a oondiiprrive medium. wiiich is a nicdiurn 
ior t\liich w = 14 whrie u is the constant \iloclty.nie onncction will, Brownian niolion 
or the random walk pioblcrn foltour i l u e  let r ,  bc ,lie duration ofeach step ois ianJorn 
o.ali; tlirn r = ~YI,, iilicir N is the numtcr or~icpr  11 roitojrr ihat 

DilTusion with a Fined hundnry  Condition at s = 0 

If il solution of (8) is diifcrcnliafcd o r  intcgratcd w i ~ h  rcrpccl to any of its 
indepcridcnt variables, the result nlny again bc a solution. An importnntcrarnple 
i s  obtaincd by inlegrating (14) with respect to  r: 

Tables of the error function are readily available. The error function has the 
properties 

erf(0) = 0; lirn erf(x) = I .  
x-- 

(22) 

Of particular practical interest is the diffusion o f  heat o r  of particles into an  
infinite solid from a surface a t  x -- 0, with the fixed boundary condition 0 = 80 
at x = 0 and 0 = 0 at  x = ra. (For r < 0 we assume 0 = 0 crerywhcre.) Tlie 
solution k 

O(x,i) = 8,[1 - erf(x/(4Dr)"')]. (23) 

Again wcsce that the distance a t  which O(x , r )  rcacher a spscificd value is propor- 
tional to  (4Di)'". Tlie application of this solution 10 the diil'usion of impurities 
into a semiconductor is discussed in a piobiem. 

Time-Independent Distribution 

Let us look a t  a solution o f  (8) that is independent o f  the rime. The JiITuiir~ity 
equation reduces lo llic Laplacc equation 

coLLSider a semi-infinite medium; boirndcd by tlis plane 2 = 0 2nd ertcndi"g so the fnis displacement is propariion~l to !he squaie root oitlie riunibei sicpi. 
'This is the rcrult obremcd in rturiicr or 81.; liroivriian motion, the randorn motion along the positive axis. LC! tile tempxature vary s i n u s a i d a i ~ ~  ill boundary 

suspnrions olniisll parr~cies in liquids. plane: 

E2;-z~.-----Lw"~,z::--lr'_1 --.----.---,-.7,- v.-I, --"" 
--.j.~___-.i.d.____I O(,Y,J,O) = Oosinkx. (25) 



The solution ol(24) in the msdium is 

The temperature variztion is damped exponentially with the distance from the 
boundary plane. The temgerature distribution in the time-independent 
must be maintained by constant heat sources on the boundary plane z = 0. 

PROPAGATION OF SOUKD \VAVES IN GASES 

Reiulir developdcilrlier in this book can be applied to the study olsound waves 
in gases. Thermal eKectr are important in this problem. Let bp(x,t) denote the 
piersure associated with thesound wave; the form o l  the wave may be written 
as 

where k is the u'avevector and w is the angular frequency. The wave propagates 
in the x direction. 

\\'e suppose the equation ofstale is that of an ideal gas: 

where p = NM/V is the mass density, and hl is the mass of a n~olcculc. Thc 
foree equation referred to unit volume is 

c?u p r Jp p $7 
p -  - -- = ------ 

at as M a x  ~ a x '  

Here u is the x component 01 the velocity of a volume element. The motion is 
subject to the equation olcontinuity 

or, In one dunenston, 

aptat + a(p l t ) l a~  = o (31) 

Tbe thermodynarn~c identity is 

which can also be t~vritten 

If  we assume (pending discussion bclaw) that thcie is no cnlropy exchange 
during the passage 01 a sound wave, Eq. (3%) becornes 

where C, is the heat capacity at constant volume, per unit uolunie. \Ve can re- 
write the second term in terms olapj?i because p = N M I V  and (l/V)(dV/dr) = 
-(lip)(3p/6r). Now the thermodynam& identity appcars as 

Let us define tlie lractional deviations + Q by 

ahere p,, I ,  are the density and temperature in the absence of the sound wave. 
We assume that u, s. 8 have the form o[a traveling wave: enpji(kx - wt)]. The 
three equatiom (29). (31), (34) that govern the motion now becomc 

We assume that at sufficiently small wave anlplitudcs it is a good approxima- 
tion to neglccl in these equations terms in the rquiarer nnd cross products of 
u, s, andO. Faf example, pu = p,(l + s)tr becomes p,~r il the cross product s18 is 
ncglccted. The cquatiorir thus rcduce to, with the subscripts droppcd from 
p and r, 

otz - (kr/hf)s - (kr/Al)O 3 0; (39) 
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where n is the concriitrztion. These equations have a solution only if 

w = ( j j r / ~ ~ ) ~ 1 2 k  , (421 

where Y = ((SV + r!)/SV = C,/Sy in our units. The velocity ofsound is 

u, = ?o/2k = (yr/M)'J2. a (43) 

This result applies to monatomic Sascs from the lowest frequencies up  to hish 
frequencies limited only by (he rcquircmci~l that the acourtic ~vavclcngth should 
be much larger [hall the mcan fcec palh of the atoms. This rcquiiement is the 
crilerion for the applicaiiiiity al iiic li>,diodyriamic approach embodied in the 
hrcc equpiion (29). 

Thermal Rclaxalian 

With polyato~nic _eases (331 is valid at low irequciicics, but as thc frcqosncy is 
increased thcrc is a transition frequency regioi~ above ~ ( h i c h  the velocity o i  
sound incrcases. TIic tmnsiiion region between low frequency and high fre- 
quency propagation is associated with relaxation eKects. 

Thermal relaxation describes tllc establishment of thermal equilibrium in a 
system. Energy dissipation results <then all parts o f a  system arc no1 at the same 
temperature; the dissipation is stronge~i when the period of t t ~ e  heating and 
cooling half.c)cle in the sound wave is cornparable with the lime required for 
hcat exchmge beta,ecn the diKcrent degrees of freedom of the systcm. In 
polwloniic gases under standard conditions there are time delays of the order 
of 10.'~ in the transfcr olenergy hcl%een the intrrnal vibratiut~al states o f a  
molscule and tiir erternai translation states. 

Lettheheatcapacity C, and temperstuier, = r,(i + 0,)refcrto theinternal 
stales, while C, and r = roil + 0) refer to the translaiional states, Tlizn (341 
becomes 

c,(?r,izt) + c, ( ~ K / ? I )  - iptp)(apler) = o . (44) 

or, in place of(3S), 

-ic~r,C,O, - ior,C,O 4 io(p,lp)p,s = 0. (45) 

Suppose ihat the transfer uierlrrgy betneen the internal and cxternal states has 
the cllaracteriitic t~iiic delay to  such that 

2 r , / a  = -(r - T , ) / I ~  , (46) 

Here lo is callcd tlic relaxation timc. There will be separate relax~lion times for 
the rolational-translstional transfer and the vibrational-translational transfer. 

We combine (39), (401, (45) and (47) to obtain the dispersion relation 

where C,,, C,  rcfer to the translational stater alone. In the low rcequency limit 
<UI* << 1 and 

where y o  is the low irequency liniit of the total heat capacity ratio (C, + C,)/ 
[C, + C,). The low frequency limit o l the  ~c\oci ly  of sound is 

In the high frequency limit or, m 1 and 

Here y, refers only to tlte translational stater; at high icequcncies the internal 
states are not excited by lhero~lnd wave. The high irequency limil a l  tlie rclocity 
of sound is 

Values of yo arc givcn in Table 15.1; if no internal states at all arc ercilcd, 
~, - >  
i r  - 3 -  

TIie \\,a\,e is attcnuzled iilicn k is complcx; tlic imaginary pait of k g i~s s  tlic 
pressure attenuation coeficicnt a. From i i S )  it is found thnt ll!e maairnun* 
absorption F r  ~sn\rlength occurs srhcn o = 2n!l, and is siven apprukiiii:c.~Iy 
by 
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Table 15.1 R a m  C .  C.. = 7 lor earcr 

G a  Tcm~rr~ lure .  'C 
-- 
Air I7 1.103 
HIO 100 1.324 
Hz I5 1.410 
OI -181 1.450 

I5 1.101 
2W 1.396 

ZOW 1.303 
CO: I5 1.301 
Ar IS 1.668 
He - 180 1.660 

rare: For a monalomic idial gar, CJC,  = $1 = 1667,ar 
ior hi and Hc. For a d~&loinic gar ai a irmpauiuic high 
cnou~hiociciuIhcioiaiionalme~i~n.C.,C, = 115 - 1.44 
as ior 0, and 14, at room mm~irraiu;c: ni icmpcraiuicr 
3 ~ 6 c i ~ z t l ~  high lo rrriic also the ribraiional molion. 
C,IC, = 911 F I.?S6, a s  lor 0,aL 2RM'C.TheuaIucs$i~ro 
arc oii,, applicable to nnlic proc<rssx and to round r a i r r  
in lhc limit oi 10% Brqucncicr. For "cry high licquciicy 
round uavcs only ~ h c  translational molion is srciicd and 
?= = 5 3 ir applicabic. 

F o r  CO, gas a t  the relaxation kequency of  20 kHz under  s tandard condit ions 
the intensity is obser\ed to  decrease by lie in abou t  4 wavelengths-a massive 
absorption, in agreement with theory. 

Exempk: flea1 tron~Jcr in  n sound row. Equalian (11) expresser [he isenliapic asrump- 
lion: tbc equalion ncglcrir the thermal conductivily ahich giver rirc to some lranrrtr of 
lhern~al energy wilhin ihc round u a i c  baween rucc.zsriuc warm and cool haifcydes. Thc 
rrrurnpliontlral~lo = Omun hemodificdro~:tkcuccaunl olbcat flow.Tl~c hcalconduaion 
cqualion (6) may be wilten as 

When we use this in plzce ol(.ll). thc diswiiian reli~ion w ( i )  kcumer 

trilh ti' E K/u.Al loivrrcqucncier IVI1irmuchrrnrllcr ~hanC,..ro~I~ar~hesound~clociiy 
is cqunl lo the ircnlropic result I; = (lor/.Vl' ', rr k b m .  Thc corldilion IVk' << i'" is 
errcnlially the mndition i -x i, where I ir ihe molcculai mean free path and I is lhc wave- 
lcngrh ofthe rouiid w a x  The allcnualion alihe pressure oicillalion is givcn by the imng- 
iilary pan oflhc wavcvcclor i. and ir droulcd by z.The rerul~ Lom(56) in thc 10," frcqueiicy 
rcgion Wk' << C,. ii that 

s t ~ e i e  i', refers lo unir rolun,c. 
~- ~--- ." ~. .~ -- .. . .. .. . . . . . ..i . ~. > 

1. T h e  heat conduction equation is the partial diKerenlia1 equation that  follows 
%hen the phenomenological transport equation (here the  Fourier  law) is 
cornbir~ed with the equation ofcontinuity. We obtain 

2. T h e  time-dependent diRusion equation and the eddy current equation have 
the  same form, so that  their roiutionr muy be translated from the  solutions 
o f  the heat conduction equation, there being often m o r e  Familiar in ttie 
literature. 

3. Frequently it is uselul l o  construct solutions in the form of superpositions 
o f  plane waves of the form 

T h e  diKercntial equation then gives lhe relation betrvecn o and  k, called the 
d i s p r s i o n  relation o l  the problem. 

4. The propagation o f round  waves in garcs depends an thc  rate  ofexchangc o f  
enemy between the transF~tional. rotational. and vibrational motions of a .. 
molecule. A low frequency sound wave is disctibed by isentropic, and n o t  
isothermal, parameten- a resul1 Ibal seems paradoxical a t  firs1 sight. 



PROBLEMS 1 
1. Fourier onnljr;~ of pulse. Consider a distribution that at the initinl time 
I = 0 has thc lorm of a Dirac delta flinction S(s). A delta lultction cdo be 
represe~tted by a Fourier integral: 

At later times the pulse becomes 

or, by uscol(10), 

I 
0(.~,1) = J-*=dkexp(ikx - Dk't). (60) 

Evaluate the integral to  obtain ihe result (14). The method can be extended to 
describe the time development olany distribution given at t = 0. If the distribu- 
tion is/(x,O), theti by the dsfinition ofthe delta function 

The time development of 6(x - x') is 

O(X - x'.l) = (4nD1)~~ex~[ - ( . r  - x')'/4Dc] , (62) 

by (14). Thus at time r the distribution f(x,O) has evolvcd to  

This is a powerlul general solution. 

2. Diflu>ion bl rwo ~2nd rhr.re di,,zctrrio,t~. (a) Show that tlte diiiusinn cquation 
in two diii,ensioni adinits the solution 

02(i) = iCz/i)exp[-r1/4Dl) 

and in tlircu dilncnsiuns 

O,( I )  = (Cs/i3'2)exp(-r'j4~i). 

(b) Evaluate the constants C, and C,. These solutions are nnalogous to (14) 
and describe tlic evolulion o l a  delca function at I = 0. 

3. Tc,t~p~raiurc i,o~.;urio~ai~t ,oil. Considcr a hypothetical clirnittc in which 
bolh thedaily and tlieilnnual u;triations olthe tem)xr&turcarepuicly sinusoidal. 
with amplitudes Od = tWC. The rncan arlnual tcmFr:nrure 0, = 10-C. Tahe 
thc\hcrmaldilTusivity olthcsoil to be I x lo-' cm' s - ' .  What is the minimum 
depth at which water pipes should be buried in this climate'! 

4. Cooling of o slob. Suppose a hot slab 01 thickness 2s and initial uniform 
temperature 8, is suddenly immersed into water of tempxature 0, .c O,, 
thereby reducing the temperature at the surface of the slab abruptly lo 0, &nd 
kceping it there. Expand the temperature in lhc slab iil e Fourier series. After 
sometimeallbut thelongest wavclcngth Fourier component of the lempztaturc 
will have decayed, arid then the tcmpcr:iture distribuliott becomes sinusoidal. 
ARCS what time will tbc temperature dilTemncz between thc ccnter of tlle slab 
and its surlace decay to  031 of the initial dilI'crcncc 0, - OO? 

5. p-n junction: difisiotvfioa# pJixcd S U I ~ O P ~  concenn-olio". Suppose a sili- 
con crysfal is p-type doped with a concsritration olrt, = 10'6cm-3 o l  boron 
atoms. If the crystal slab is heated in an atmosphere containing phosphorus 
atoms, the latter will difusc as donors with a concentration ,t,(r) into the sezii- 
conductor. They will form a p-rr junction at that depth at whicli 11. = 11,. 
Assume that the difiusion conditions are such that the phosphorus concellti:;. 
tion at ttic surface is muiiivained at tz,[0) = I0"cm-'. Tahe the diiiuii~n 
coefficientoldonois to be D I LO~"cm2s~'.Whalisthevalueol theconstact 
C in the equation s = Cf"', where x is the drptb of the pn junction and t is 
[lie time? 

6. fkof  difuiieurion rilh inicrnol sources. When internal heat sources are prcs- 
ent. the continuity equation (5) must bc modificd to read 

where g. is the heat generation rate per unit vaiunte. Eramplcs include Joule 
heat generated in a wire; heat from tlie radioactive decay o l  trace elcments 
inside the Earthor the M o o n . G i ~ r  an expression lor thc ternpcratltrc risc at lhz 
ccntsr ol(a) a cylindrical \vice and (b) tlic spherical Easel>, on  tltc a\nirnptioi% 
that yu is indepndent ofposition and is constant wiilt titttc. 

7. Criiicolsi:e ofnac1enrr~earlor. Exletid theconsidei~tioits 01 ihe yrcccdiiig 
piobiern to pnrticlc diausion. and ossutne tli;it thcrc is a nct particle gcncrstio>~ 
rate (I .  tbnt is ~roooilional to thclocal narticlc conccotmtion, g. = ,,!to. ~silcrc . . . . 
r ,  is a cltaractcristic timeconstant. Such behavior describes the netllron genem- 
tion inn nuclcai icactar.The value of I, depends on tltc concsnlratioi: of '"U 
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nuclei; il no surPace losses took place, the neutron conientration would grow 
as exp(r/r,l. Considcr a reactor in the shape ofa cube ofvalume L' and assume 
that surrace losses pin thc neutron surface concentration at ZCIO. S ~ O W  that 
Eq. (3). iisugrncnted b y  a geneialion term g. = lilt,, has rolulioiis olthe form 

where k,L, k,L and kzL are integer multiples of n. Gi1.e the functional depen- 
dence o i  the net time constant r ,  on k,, k,, h: and I,, and shaiv that for at least 
one of the solutions of the Form (67) thc ncutron caoceniration giows wiili timc 
il L exceeds a critical value L.,,. Express LC,, as a lunctian a1 D, and I,. In 
actual nuclear reactors this increase is uitimately halted because the neutron 
generation rate g. decreases with increasing temperature. 

Appendix A 
Some htegrds Containing 
Exponentials 
! .- ~. .. .,,~ ,......I - , <  . . . . . .~.% . $ 

. . .  . . . .~ . . .  

THE GAUSS INTEGRAL 

Let 

+ -  
I, ;= f-- e x ~ ( - s 2 ) d x  = 2 S

t 

~ x p ( - x ~ ) d x .  (1) 

The following trick is used to evaluate I,. Write (I) in , ems  of a diirerent 
integration variable: 

I, = J_*-'cnp(-),')<lJl. (2) 

hlultiply (I) and (2) and convert the result to a double integral: 

This is an integral over theentire .Y-y plane. Convert to polar coordinates r and 
q, as sliown in Figure A.1. Then. x' + y' = r', and the area elcment $,I = 
dsdy bcconies d 4  = rrlr'lq: 

Becauseol d[exp(- r')] = -2exp(-rl)rdr, the integral aver r is elernentar).: 

I," -n f 

Thus 

I ,  = l ~ ~ e x p ( - x 2 ) d x  = 2 lo=' cxp(-r2)dx = n"'. (4) 



GESERALIZED G A U S S  INIEGRALS, 
AXD GA\I\ZA FUNCTION INTEGRALS 

Inlcgials of the Corm 

\\here !ti need not be an integcr, may be reduced to the widely tabulated gamma 
iuociion r(:), by ihe substitutions 1' = y, 2dr = y- *  dy: 

1, = S:l"e-"~y = T(tr + I), 71 = (ln - I),?. (6)  

The intsgral in ( 6 )  rnay be viewed as thedclii~ition of I-(;) lor noniritegcr positive 
ralucs of:. 

The gamma func:ion satisfies the recursion relalion 

it is easily obtained !or 31 > 0 irom(6) by integration by parts, and i t  is used 10 
extend the defii~itiiin (6) of T(z) to ncptive values of:. By using (7) repzatedly 
it is alu.a!s possible to rcducc F i r )  !or arbitrary argument to a value it1 the 
iiitcrval 0 < r 5 I. 

For 111 = 0, 11 - -4; from (4): 

Ifni is an even inieger, HI = 21 > 0, IL is a half-integer, and r t  = I - i, then \re find 
by repcsted application of(7). with the aid of (8). that 

I,, = ?~o*rz 'enp(-s l )dx = SF # -+e -yd i ,  

= TI1 i- :) = ( I  - +) x ( I  - #) x . . . x f x + x n"'. (9) 

For #>I = 1, !L s 0: 

I, = 2~omxerp( -x2)dx  = J:e-'tly = r(!)  = I .  (101 

1 i t n  is an  add integer, ,rl - 21 + 1 2 1, 21 is a n  intcgcr, n = 1 2 0, and ac find 
simiiarly, with the aid of(lO), 

The gamma function !or positive integer argument is simply the f~ctorial  c l  
the integer preceding tlte argument. 

THE STIRLISG APPKOSlhlATlON 

For ixge valuer afn, I , !  can be appraaimated by 

i!. 
I< Here thc term i;l?r~ is tiie first term of n n  erpaesion by powers of I,'II, and i!; 

O(l/r~') stands !or oniitted highcr order torms in this erliansion, olordcc lill' I!' 
1: 



or hifher. In  piaclict., even the term l/l?ri is usually omitted. Its principal role 
is to check on the accuracy or the approxiinntion. II the eKect of the 1/12,,. 
correction introduces only a change below the desired accuracy. <he entire 
erpicrrian has the desired accuracy. 

To derive (12) we write, in accordance wirh ( I  I), 

u,hcie 

j(x] = ,i log x - x. ((4) 

\lie make the substitution 

A = 11 + )$I+ = 11(1 c ),fitif] , dr = , t i  dl. (151 

Then 

f ( x )  = ~ t l o g ~ ~  - n + g(g1, 
(161 

where 

g(y) = ti[log(~ + y i ~ ~ ' )  - ) . I I - + ] .  (171 

With these, 

expCf(xl1 = ~~"e-"ex~[g(yl l  . (18) 

n! = ??"'!i"e-" l:ns,a exp[g(y)]dv. (191 

' m e  Iunclian 90.) has ib maxinium at y = 0: g(0) = 0. Using the Taylor 
. . 

expansion oftlie logarithm, 

log(l + S) = s - $5' + i s3  - as4 + . . . . (20) 

with s = (yl/ri)'il, we expand g(y): 

In tile liriiit  11 - o, s - 0, and all but the first term in (?I) vanish, and the 
integral ill  (19) beconies 

with the aidof(4). lr(22)is inserted into(l9) thc rcsult is identical to(l?a)exccpt 
lor the correction term 111211. Its derivation is a bit tedious. We work witir 
log,,! and wrire 

Ilwe replace 11 by n - I. 

We subtract (23b) from (23a): 

11! 
logn! - lag(n - I)! = log-- = 10~11 

(I, - I)! 

= ( n  ++) logn  - ( , I  - fIlog(,t- 1 ) -  1 

where all omitted terms are now at least of order 1/11'. The two terms in A 
can be combined: 

A A A A ---=--=- - 
11 n - l  ~ ( I I -  11 

(251 

I$  this is inscrtcd into (24), we find 



For large ,z ~lic logarithm may be expanded according to (20). with s = - 1:ti: I 

If  this is inserted in (16) we see that A = 1/12. 
We are olten interested not io i t !  but only in logti!, and only to an accuracy 

such that the relative error bet\\-rcn an approximate value of log,,! and the 
true value decicases \villa incicuriog r i .  Such an approximation is obtained by 
neglecting all terms in (l2b) lhat increase less rapidly tlrnn lincarly with r ~ :  

lo%"! : niogrt - rt. (29) 

Appendix B 4.15 

Temperature Scales 
.'.> . . ~  .. -- .: -, ~ " ,  .- . .: ,. : .......7.-..,...-....- ..rn. - -  - ?.... * . . , .. . .~  <.~:-.. -.~. . -...- --:--- .....-., 

DEFINITIOX OF THE KELVIN SCALE 

Numerical values of temperatuie'.' are not expressed in practice in terms of tlte 
fundamental tempeislurer, whose unit is the unit olenergy, butonthe(absolure) 
thermodynamic temperature scale T, the Kelvin scale, whose unit is the kelvin. 
symbol K. The kelvin \%as defined in 1954 by international agreement as t h e  

lr~ction 1/273.L6 OF the temperature T, of the triple paint of pure water. Hen?:. 
by this definition. T, E 273.16 K t  cractly. This temperature ir 0.01 LC aborc rlie 
u~mospheric-pressure ireezi~ig point of  water (the ice point). To = 273.15 K. 
The triple point is more easily and accurately reproducible than the ice point. 
The triple point establirhcs itsellautom~tically in any clean evacuated ucsssl 
that is partially hackfillcd with pure water and cooled until part but not all o l  
!lie water is frozen. leading to an equilibrium het\t,cen solid ice, liquid water, 
and the water vapor above the ice-waler mixture. 

The Celsius temperature scale i is defined in terms of the Kelvin scale, by 

Temperatures on this scale are expressed in degrees Celsius, symbol 'C. Tcm- 
perature diifcrencrs have the same value on both Kelvin and Celsius scales. 

The conversion Factor k, between the lundainental temperature 7 and tne 
Kelvin temperalure, 

Wc appicciaic the aoislanct 01 Sorman E. Phillips in the picpaialion oilhis appcdir. 
'Thc ullimalc $ur\cy o i  thc itatc of dci~loprncnt a1 prrcirc l<mpcrcurc mcaruicmcnir ir ihc 
prociidingraianinlcrn~lionat%~mporiumtriingpl~uevcryCwycari under llhiibilc f i m p e r u r u r l ,  
1l5 ,ticu,ur?rntnl ond run:rui io rierccr uxd indui:ry. Thc proacdiopr arc publiahcd undir clic r;in.c 
liilc. Yo1 I :  C. 0. Fairchit4 cdiloi: RcinhoU. 1 9 4 .  chis rutun,c is lrrprly oblolrie. Yol. 2 :  E. C.  
\ i<>ifc. cdilur; RcioI\otA 1955. ht ihvugh no lon&cr rcneclina$lit,iaii ofthean.lhtr \o!i;nc is ri8li 
u .clu1 f ~ i  i ts  thorough i n l r o d ~ c ! ~ r l  dircurriunr oi princiyicl ~(vac iour  method, of xcmyrarurs 
mcaruremmlr, oat 311 o l ~ l i i i h  rrc ispcaicd in ihc ii#cr volurncs. Vol 3 ( 3  plrlrl: C. M. Herzictd. 
cJilot: Rcliihold, 1YbZ. Pciliipr ihc nlos! u,ciul koluliic bccrurc oirir ililruduitocy rlin.ul,iun ul 
principicr rlvriioux m r ~ h o d i  alicmpzra~u~c nirlruren,ciitr. Sol. 4 (3 paits): H. H. Plumb.cd>ior: 
inl l iuc~icn~ S x i t i y  of r\mriiu, Pillrbuiph. 1572 h b r $  urciul lor iepicrcnling ihc stale a i  l h i  art 
01 vsiiour mcihodr ui  icrnpa?iuic mcr5ugcmcrnx; contains l r ~ r  introilurtoiy resiew rnrtciirl 
Lhrn Val. 3. 



is called the Boi t~n~nnn constant. 11s numerical value must be determined 
expciimcnt;lli)~: ilw best curicnt value. ir 

The value o r  the Boltrrnmn constant is determined with the aid o i  certain 
model systcms \\hose striiiturcs arc suficietttly siniple thitt one can ca lcul~te  
tile energy distribution o l  the quantum states, and lrom it the cntropy as a 
luilction o r  the energy, o = o ( U ) .  The fundamental temperature as a function 

of the energy is i ( U )  = (ia!iti)-I. Examples of model systems used in the 
determination olk,  are the rollowinq: 

(0) I d e a l g a ~  lri thc liniit o f  low particle cancc-entriltion all gases behave as 
i d a l  gases,saliiiyingpV = Nk,T. One obiairis iia by measuring thepV product 
of a known amount o lgas  at a knoi~ri kelvin tcmpcraturc T ,  extrapolated to  
vaoi5liing pressure. The di.r:rmination of llic number of yarliclcs N invariably 
involves the A\og;tdro c o n i i ~ n t  h',. indcpcoili.x,lly known. 

(1) Block bocfyr.odiurion. Wc can obtain k,, by fitting the mc:is~ircd rpr.ctr;il 
distribution or a bhck  body of knou.n Kclui~, 1clnpcr:tturc T to  thc 1,t:tncl. 
radiation law (Cliiiptcr 4). B:cauic this law invoivcs r t h i o u ~ l l  tlic ratio l>w/r = 

iiw,'k,T, this determination requires the independent knowledge of Plarick's 
constant. 

c )  S i ~ p r u ~ e f i s  In the limit of vanishing interaction the magnetic 
moment M of  a system o l  .Y spiivr in a magnetic held B, a t  temperature z, is 
given by Eq. (3.46). Various paramagnetic salts, such a s  cerous magnesium 
nitrate (Ch4N) are good approximations to noninteracting spin systems ir the 
teinpeiature is not too low. By fitting mc~suicd  values olA4 as a lunction o r  BIT 
to  (3.46) we can determine the ratio rii!k,, where in is the intrinsic niagnelic 
moment of the electron, known indepsadentiy. Usuaily onty the low-field 
portion is uscd, in which w e  the number olspinr must also be known, which 
involves again N,. Precision results require correction lor \vmk residual spin 
inreroclions, similar to  corrections for particle inleraclions in a gas. 

The  k, value given in (3) is a weiated average of several determinalions. 
With an  uncertainty ofabout 32 parts per million, it is one of the least acEurateiy 
known fundamental constants. hlost of this uncertainty is due to  the difficulty 
ol the measurements and to the nonideality or the systems used lor these 
measurements. About 5 parts per million are due to  the limited accuracy wit11 
which h and N A  are known. 

E. R. Cohen and 0. S. Taylor. J. Pl in  Chcnl. Re/rrrrirt Dors 2, No. 4 (1973). 

\\'hen expressing teniperaturc as cowcntional Kelvin tcniperaturc T rather 
than lundsmcn?al tcmperarurc r ,  it is customary to absorb thc Boltrmann 
constant into llie definition of a convmlional cnlropy S, 

The relation dQ = rdo between reversible heat transfer and entropy translsr 
then becomes 

PRISIARY AND SECONDARY THERMOhIETTEKS 

Any accuiately rnevsuritblc pl~ysicnl'~ioperty X wliorc value is an  accuralelp 
k n o w  lunctian of thc  tcmpcraturc. = S(T) ,  may bc uscd as a thcmiomctric 
~~ :~ r :~n i c t e r  to IIIC:ISU~C ~ I I C  Icc \q~cr i~ t~rc  o i  the systilln pa*\cisiog 111c propcrty 
.S :tnd o l  :lay systcnl it, t l ~ c r r ~ ~ ~ ~ l  squilibriun~ wit11 i t .  Used in this ~ i y ,  t t ~ e  
syrlctn with tlic liroperty X is a thi.rmomctcr. TIic principles itndcilyiog 
lhc niost curiimonly used tl~crmon~cters arc listed ill 'Tables 0.1 and U.2. Tltc 
tlrermomelerr Iistcrl in Tabic B 2  are callcd sccondsry thcrnlomclcrs, dcfincd 
as thcrrnamrieis wliose temperature dependence X(7')  must hc cslibiatcd 
empirically, by compnriron with another lfieimo~nctcr whose calibration is 
already knorvn. The calibration orall secondary thermometers must ultimately 
be traceable lo a primary thcrmometer. But once calibrated, secondary ther- 
niometers arc easier to  use and are more reproducible than the primary ther- 
mometers available at the same temperature. 

Any calculoblc model system that a n  be used to  dctermine the valuc o l  lhc 
Bolrmann constant k ,  can be used as a primary thermometer, and the three 
mudd ryilcnis discussed above are the most important primary thermometers 
(Table B.l). 

The  precision and accuracy o l  thermometers vary greatly. Precision is 
expressed by the variation ATobserved when thesame temperatureis measured 
at dilferent rimes with the same instrument. Accuracy is expressed by the 
uncertsinty AT with which the thermometer reproduces the true Kelvin scalc. 
Secondary thermometers bused an  electrical resistance measurements may 
achieve a precision of 1 part in lo5. The precision olthermorneters based on  
mechanical pressure measuremenls is much poorer, particularly at low pres- 
sures. For  example, helium vapor pressure thermometers a t  the lower end of 
their uscful range have a precision of aboul 1 part in lo'. The accuracy of 

L secondary thermometers is limited by theaccuracy ollhe primary thermometers > 
L 
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smdl  amount dQ 01 heat is added to the substance, its entropy is raiscd by 
dS = ifQ/T,. Thc substance is then isentropically re-magnetized, arid rho 
rnugnctic field B1 is determined at which the tcmpcrature has retuincd ehactiy 
lo T , .  The tield B,  will be found slightly dillerent than B,:B, = B, + dB. 
Entropy con~crvation requires 

From the thermodynamic identity for the Hclmlioltz lrcccncrgy lor a magneiiz- 
able substance. 

anc  obtains, by the usual crois-d~tiercntiatton, the Maxwell relatioil 

\Ve insert (8) into (6) to  find the cxprcssion lor the unknown t e m p a t u r e :  

Thequantities~fQ at T -; T,anddBa t  T = T, areknown,and thetemperature 
derivative 01 ail at 7' = T, and B = B ,  isedsily measured.The method makes 
no assumpiions about the ideality o l  the paramagnetic substance, and it has 
therclore been used extensively a t  low temperatures. 

(c) Cfausiu~-Clapepo,r ~ b e r ~ t o ~ n c l r y .  Tlic melting tcmpcrature T ,  01 a sub- 
s1:incc varies \villi prcssurc p according to tlie Clnusiiis-Clapcyron equation o l  
Chapter 10: 

where A V  is the volume change during meitin& and AM the latent hcat o r  
fusion. I f  both quantiiicr havc been measured a. runctions of pressuic, (LO) can 
be integrated: 

If T, and p,  are knowo, a measurement of the pressurep, at which theunknown 
temperature 7, is the equilibrium melting temperature permiis calculation 01 

T1 from (l l) .  By utilization 01 the strong ternparalure dcpcnduncc of the 
solldificntion presaurc 01 liquid 'He. the method Ira, been used as nn ;lltcinativc 
to magnetic thcimometi) u t  low tcmpsraturci. 

I N T E R N A T l O X h L  PRACTICAL TEhlPEIIATURI:  
S C A L E  (IPI'S) 

hlany kno\vil phase equilibrittm temperatures can be reproduced 1~1r marc 
precisely than the accuracy with whicli their exact location o n  the Kelvin scale 
can bedcterrniiied by primary thermomctry.Tofacilitale practical thermometry, 
a number o l  easily reproducible phase equilibrium temperatures have been 
determined as accuravl) as possible and have been assigned best vnluer to  
dcfine an  Internotional Practical Tempcrnlure Scale (IPTS). O n  tile IPTS the 
sclectedequilibrium points are treated as i l  tbcir tcrnpcratuit-s wcre known to be 
exactly equal lo their assigned valuer. Intermediate ten~peratures aredetermined 
by a precisely specified interpolation procedure that is chosen to  reproduce the 
true Kelvin scale as accurately as possible. The prcrent version 01 thc scale is 
1lTS68, adopted in 1968 by internntional agreement, covering temperatures 
From the triple point o l  hydrogen (13.81 K)  upward.* Table B.3 gives the 
assigned temperatures for IPTS68. 

In the range between 13.81 K and 903.89 K, which is thc melLing paint of 
antimony, a platinum resistance thermonleler is used a s  the interpoiatiiig 
insirumcnt. In the range lrorn 903.89 K to  1337.59 K, the melting point 01 gold. 
a platinum-platinum/rIiodiun1 thermocouple is used. Abovc 1337.55 K black 
body radiation is used. 

Bclow 13.81 K no precisely defined proccdurc 112s bccn agrccd. In the r;htrgc 
bctwccn 5.2K nnd I3.SI K various scllcr bikscd on 11,c vapor picssurc 01 
hydrogcu are in practical use. Bclow 5.21 K, hhe c r i t i c~ l  point o l  "tle, down to 
about 0.3K, the L958 and 1962 helium scales* arc widely used as de lacto 
extensions 01 lPTS68. The 1958 'He scale relates tlie vapor pressure o f  'He to 
the temperature T ;  the 1962 'He scale uses the vapor pressure of 'He. 

As the accuracy of primary temperature measurernenls improves, errors in 
practical scales such as IPTS become uncovered, leading eventually to revision 
of the practical scales. Table B.3 lists some errors now believed to exist in 
IPTS68. 

' S s  (or cxrmplc. A~ier i ron Iruticu!r O/P~JSCS hunillook. 3rd cd.. MrGrav-Hill, 1972; Scclion 4: 
HEPI. M. W. Zmmsky, rdisoi Contains complctc original relercnccr. 
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Table B.3 Assigned tempcraturer of the International 
Practical Temperature Scalc 01 1968 
- 

Equilibrium poiil[ 
Substance 

oxygen 54.361 
oxygen 90.188 
watcc 273.16 exact 
water 37315 0.025 

zinc 692.43 0.066 
silver 1?35.08 
gold 1337.58 

%om: Exwpl lor lhs iriplc poina and thc 17.M2K point. all 
iqubl>biia are ihosc as 1 PIPLIYIC olonc strndard aimaipt~rrc, 
PO - 101.325Nrn~' 11-760torr1. The t 7 . 0 " ~ ~  win, is tbs 
boiling point 01 hydrogen a t  250loir. Thc nocations r ,  b, md 
I in  ihc i ~ w n d  column icier lo tiiplc puinrr, boiling poin!~, 
and ficczii% painls.' I h c  iasl column conlains eilimaiir ol 
ciiorn known lo riirr, iiom Phyrin Today 29. No. 12, p. 19 
(Dcc. 1916). 
' AN drts lion> ihc Anwrirun (,8;iizu1t I{ P i i ) ~ i k ~  Buaiibook, 
378 cd.. McCrar-tliil. 1972: s c i ~ o n  3: H C ~ L  h ~ .  \v. Zcmanlky. 
cdilor. 
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~ d i s s o n  Distribution 
..~,.i_l,r_ c._, :._ .___ _ _ . j _ _ _ 7 _ _ .  . . .  _ ..--.,.:.-.-.._ _ .__, ;. .... ~ ;.--.-i -..L .. L...; -&-..: ...4_1 

The Poisson distribution law is a famous result alprobability tbeory.The rcsult 
is useful in the design and analysis olcaun~ingexpeiimcnls in physics, biology. 
operations research, and engineering.Tbestatistica1 methods we have de\,eloped 
lend thrrnselvcs l o a n  elegant derivalion of  the Poisson law, which is concerned 
wiih the occurrence ofsmall nunibcrs ofobjects in random somplirig processes. 
It is also called the law of small numbers. If on the average Illere is one bad 
pcnny in a thousand, what is the probability tirat N bsd pennies will be round in 
a ~ i v e n  r ~ m p i c  of one hundred pennies? Tbc problcm was first considered and 
solved in a remarkable sludy of  the role of  luck in criminal and civil law trials 
in France in the early nineteenth century. 

We derive the Poisson distribution law with the aid of a model system that 
conrihtr o l n  large number R of  independent lattice sites in thermal and diRusivc 
contact with a gas. The gas serves as  a reservoir. Each lattice sitc may adsorb 
zero or one atom. We want to find the probabilities 

P[O), P [ l ) ,  P(2),. . . , P ( N ) ,  . . . , 

that a tolal 01 0, 1, 2 , .  . . , N ,  . . . , a toms are adsorbed oil the R sites, if r ~ c  are 
given tlic average number (N) or adsorbed atoms aver a n  ensemble of similar 
syslems. 

Consider a systemcomposed a l a  singlesite. It is convenient to set the binding 
energy c l a n  atom to the site as  zero. The identical form for the distribution is 
Found if a binding energy is included in the caiculalion. The Gibbs sum is 

where thc term i is proportioii;tl to [he probnbiiily the site is occupied, and 
the tcrt~\ I is proportiutini t o  tlic liiob3bility tlic sitc is vacant. Tiitis lbe absoliitc 
piob.ibility tliat tiie siic is occupied is 

The actual value 01 j. h determined by the condition of the gas in lire ressrroir, 



because for diiiuiive contact between the lstticc and thc reservoir we must have 

by the argument of Chapter 5. The evaluation of ;.(gas) lor an idcal gas was 
given in C11;ipter 6. 

\\'e now catcnd the trcdtmcnt to R indcpiident siles.Then 

By the argument used in Chapter 1 we know that thc binomivl expansion of 
(0 + @)' or (1 + 2.)' counts once and only once every state of the system of 
R sites. Each site has two alternative states, namely 0 lor vacant or B lor 
occupied, which corresponds in d,e Gibbs sum to the term 1 for Lo and the 
term i lor 2 ' .  

In the low-occupancy limit o l j  << I we hare / I i, whence 

{A') = j R  = i R  ( 5 )  

is the average total numbcr bl adsorbed atoms. The Poisson distribution is 
concerned with this low-occupancy limit. We cau now write (4) as 

Next we let the number alritcs R increase without limit, while holding the 
average number of occupied sites ( N )  constant. The Poisson distribution ir 
canccmed with infrequent events! By the dcfnition of thcexponcntial function 
we hate 

so that 

The last step here is the expansion of the exponential function in a power series. 

The term in L" in a,,, is proportional to cl,c probability PIP!) that .\' sits5 
are occopicd. With the Gibbs ruin as the inoim;~iir;itioo factor ac hate irr  tiic 
li,,,i, ~Sl;,~&.c it: 

or, because i R  = (iV) froin (51, 

r 

This is the Poisson distribution law. ' 

Particular interest auzches to the probability P(0) that none of 111s sites 
is occupied. From (10) we find, with (N)' = I and O! = 1. 

Thus the probability of zero occupancy is simpiy rclated to the ayerage number 
( N )  of occupied sites. This sugpests a simple experimental procedure lor the 
determination of ( N ) :  just count the s ~ ~ s f e ~ ~ ~ s  that have no adsorbed atoms. 

Values of P ( N )  for se\,eral values o l  (N)  are given in Table C.1. Plots are 
given in Figure C.I lor ( N )  = 0.5. 1.2, and 3. 

Table C.1 Values ollhe Poirran distribution Sunctian P(NI - <N>" exp(- <.\-)I 
N! 



Poisson Diriri6ution 

Figure C.1 Poisson dislribution. P versus N. for several values o l < N ) .  

~ : ~ ~ ~ - : : ~ - ~  ::.::~~.--~~:~--:..~:>~-:::7 2:~--Ay-7::;-22~.-3 

Exanrple: Incorrccr und correct counting of siafes. ( a )  The  Gibbs sun] Tor rhe R sircs is 

a,-, = 1 + 1 + j.' t. 1.' + -.. + I,'. (12) 

Wliy not? 
(b) Thc corrccr sum is 

(13) 

where 

is tkc binon~ial cocflicicnt. h'ole that g[K,.\? is [he number ol'indcpcndent stales of tlie 
SYSICIX f ~ i  a givcn nunibcr or sdsorbcd 3m;;ls ,V. Thc Gibhs sun1 is a b u m  avcr all states. 

f-'T---.-.------- - -- - -..--.,-.-.----.---.-.-- - ------- ---.-. -..- - -- --- --- - .-- -- . 1.. - & .2-. . ,, A .  --..,22-.-. * - ... .-.. -L~3 

Exomplz: Elm~cntur~-  clcl.ir-arion of P(O). I.c! a ~ o l a l  of K hsclcria be disiribulcd a t  
randoin arnong L ilisitcs. Ead1 dihtl  is ~ i c w  ; as a system uf many silcs 10 uh ic i~  a bacicriurn 

1 Poisson Distribu~ion 

may aunch. The t dishes represent nn ensembic of t idcritical sgstcmr. The  average number 
of baaeria per dish is 

I {N) = R/L. (i4) 

Each rimc a bacterium is distributed, the probability that a given dish will receive that 
bacicrium is I/L. The probabili~y the givcn dish will not receive the bacteiium is 

The probabili~y in R tries that rhc givcn dish will rcieivc no bacteria is 

bsczuse the [actor (15) enlcrs on each try. 
N1e may %rite (16) as 

f by use of(S) = RIL. We knorv tirat in tiit: iimil oriargc R, 

I by ilic dcfiniiidn of lhc  cspot~cn~ial  lux~ction. 'Thus Tor K >z 1 3nd L >> I 

i 
PlZOBLE31S 

I .  Randornpalscr. A radioactive source emits alpha particles which are 

I 
cuunrdd ar an  average rate of one prr second. (3) IVl13.t is !he probrtbility of 
cotrnlirrgeaaclly 10 rtlphrt particles ill 5 s?(b)Oicorliiting2 in 1 s? (c) Ofcounting 
iiarle in Ss? The answers to (a) and (b) arc nut idrnlical. 



2. Approach to Canrsion dirfribufion. Show that the Poisson functiott P(I\') = 
< N ) " r r p ( - < ~ ) ) / h ' !  cloiely approaches a Gaussian function in form, [or 
large (A1).That is. show whsn .V is C ~ O J ~  to (iV) that 

PIN) = ~ e x p [ - B I S  - (N))'] 

where A, Bare  quntitities to  be determined by you. Hir~r :  Work with loeP(N);  
use the Stiilingapproximation. In theG3ussian form both A and D;ricfunctions 
of <A'); in the development of the Poissori function you may find A, B are 
functionsof N, but llic two forms ofA, B areclosely equivalent over the range in 
wliich the ehportential factor ltas significant values. 

Appendix D 
Pressure -":-.?=- >y-,73m..T,cII 5 5 5 5 , . ,  ; "  . 

-4 ..-.--..-A 

1 . ~ 1  a pressure p, be applied normal to  the faces o f a  cube tilled with a gas or 
liquid in quantum state s. By elemenlary mechanics (Chapter 3) thc pressure 
is equal to 

where U ,  is the energy of thesystem in thestates. \irecanalso\vrite thepicssuie 
as 

wlleie (dLIIJV) ,  denotes the crpcctatioo valuc* of dUjdV over ttlc statc s at 
volume V. I1 is important that wc can colculatc p by (2) which is at a fixed 
volume with no ambiguity about the identity oi the selected state r, whereas 
(I)  involvcr following the state throng\% two volurncr, V and V + d V ,  ivitli saiiie 
possible doubt whctlicr tbo stoto remuins the ssms. Thc cnscmble average 
pmssure p is the average o f  p, over the states reprcscntcd in the cnremblc: 

Bccause the number ofstates in theenscmble isconrtanl  theentropy isconstant, 
so that the derivative is a t  constant entropy. We may therefore write 

The result (4) uses the energy o f  the system expressed as U(o.V,. . .); that is, 
as a function of the volume V and the entropy a-not the temperature r. It is 
the entropy and not the temperature that is to  be held constant in the 
dttierentiation. 

T h c  cquivalencc a1 (I] and (2 )  is an example of the Hcllmznn-Fcynman theorcrn af qusmum 
mcchmia. to thsdcrir.tirc . r ~ h ~ h a m i ~ t ~ ~ i = n  -v' end .n.rg~ eips.r.tu. u with 
tirpcn to a paramctcr 1 arc related by dUldA = (IdXldY). Thc drrivntion may b. found on 
p. 1192 of C. Cahcn-Tannbudji 8. Div. aod F. Late. Quonlum mrchanirr, WBcy. 1971; rci zlro 
E. Mcrzbrchcr. Quaaium merhonls. 2nd rd., Wits7, 1970. p. 441 

. .. . 
. . 

1 L 



Appendix E 
Negative Temperature 
&--,=--w-s-Y---m- - --.-- ~ ~ - ~ - ~ ~ - . r n ~ ~ ~ -  .~.:.*,?-,,.- .-.. - " 

A<.~. ..~>,.~:..~."'-. *.-., 

The result of Problem 2.2 Tor the entropy of a spin system as a function of the 
encrgy in a magnetic field is plotted here in Figure E.1. Notice thc region in 
which (8u/?U), is negative (Figure E.2). Negative r menns that the population 
or the upper slate is greater than the population of the lorver stale. When this 
condition obtains ive say that the population is inverted, as illustrated in 
Figure E.3. 

The concept of negative lemperature is physically meaninglul for a system 
that satisfies the followingrcstrictionr: (a)Therc must bc a finite upper limit to 
the spectrum of energy states, for otherwise a system at a negative temperature 
would have an  infinite energy. A lrccly moving particle or a harmonic oscillator 
cannot havc negalke tcmpralures. [or there isnoupper bound on thcircnergies. 
Thus only certain dcgrccso~~recdum a f a  particle ma bc at n ncgntii,c tcmpcra- 

Fieurc El Entropy ar iunc~ion orenergy lor a two statc iyrtcm. 
Thhc reparation arilic svalo ir r = I in ihir exampic. In  the 
leil-lisnd ride of ihe Rgurc i'a:lU is positive, so that r ir positive. 
Oir the right-liand iidc ?o;EU kr negative and i ir negative. 

Figure E.2 Tcmpcralure \cisus cnersy ior the 1x0 

,,ate s).,lcrn. Herc 

. , .  
Noticc that the cncr~y is not amxximurn at r = i a. 
but is s rnarimum at r - -0. 

ture: the nuclear spin orientation in a magnetic 6eId is the degree a[ freedoi;: 
most commonly consideicd iit experiments at negative temperatures. (b) The 
systcm must be in internal thermal equilibriunt. This means the states must havc 
occupancies in accord with the Roltzmann factor taken lor the spprapriate 
negative temperature. (c) The states that are at a negative temperature mu,! be 
isolated and inaccesriblc to those stater o l  the body tliat are al  a positive 
tcmprature. 

The ordinary translational and  vibrational degrees or lrctdom of a body 
have an entropy that increases without limit as ttie energy iricreascs, in contr3rt 
to the two stale or spin system of Figure E l .  I f 0  increases \sithout liinit, tlirn i 
is always positive. Thc cachangc or encrgy bciacen a s)item at a ncgntii'c 
iettipcraturc and a system tliat can only linvea positii.e temp;rature [bewuse ol 



Figure E.3 Porrible rdn diitributioar for various wlitive and 

fwritive tempeiature bccaurc icr encrgy levct spectrum is unbouodrd 
on top. The downward-directed spins, as at r = -i,, turn over one 
by one. thereby rclcrsing energy to the lruice and approaching 
equilibrium wilh thc irtlice at a common poritivc icinpsrrlurc. A 
nuclcar spin system at ncgalive temp.ratuie may relax quite rtuwly. 
o r c i  a tiins of minuter or hours; during this time erpeiirncnts at 
negative temperatures may be carried out. 

an unbounded spectrum) will lead always to an equilibrium canfi$uration in 
which both systems are a t  a positive temperature. 

Negative temperatures correspond lo higher energies than positive tempera- 
tures. When a system ar a negative temperature is brought into contact with n 
system at a positivc tempcraturc, energy will bc transfcrrod iron1 [lie neg3rive 
temperature to  the positive temperature. Negative temperatures are l jolrer 
than positive temperatures. 

The tcmpcraturcsc~lcfroti lcoldtol~ot runs +OK, .  . . . +300K,.  . . . +a K. 
-m K, . . . , -300K,. . . , -OK. Note that i l r  syncol at -3M)K is brouglll 
into thermal contact with an identical systcm at 300K, the final equilibrium 
ternperaturc is not OK, but is i m  K. 

Nuclear and electron spin systems can be promoted to  negative trmpxaturer 
by suitable radio frequency techniques. IT a spin resonance experiment is 

. . 

carried out on a spin system at ncgati~e temperature, resonant emission af 
energy is obtained instead of resonant absorption.' A negative temperaluiz 
system is usclul as an  rlamplificr in radio astronomy where weak signals must 
be amplified. 

Abragam and Proctor' have carried out an cleganr series of experinicnts on 
calorimetry u,ith systems a t  negative temperatures. Working with a LiF crystal, 
they established one tempcratuie in the system of Li nuclear spins and another 
temperalure in the system o f  F nuclezi spins. In a strong static magnetic field 
the two thermal ryrtemr are essentially isolated, but in the Earth's magnetic 
f idd theenergy levelsoverlapsnd the t\vo systems rapidly approach equilibrium 
among themselves (mixing). It is possible to dzteimine the temperature of rhc 
systems before and alter the systems are allowed to  mix. Abragnm and P~oc to r  
found that if both systems were initially at poritivc tcniperntures rhcy vttained 
ncommon positive temperature on  being brought into thermal contact. If both 
systems were prepared initially a t  negative temperatures, they attained a 
common negative temperature on being brought into thermal contact. If 
prepared one at a positive temperature and the other at a negative temperature, 
tlicn an  intermediate temperature was attained on mixing, warmer illan the 
initial positive temperature and cooler than the initial negative tempsrature. 

I FURTHER REFERENCES 
ON NEGATIVE TEMPERATURE 

I N. F. Ramsey,"Thermodynamics and statistical mechanics at negatire absolute 
temperature," Pliysical Review 103. 20 (1956). 

M. J .  Klein, "Negative absolute temperature," Physical Review 104,5S9 (1956). 

r E. M. ~ u r i c l t  and R.v.Paund, ~h~5i-t  Rtvicw81.219 (1911), 
1 A. Abragam and W. G. Proctor. Phyiiill Rsvicw 106.16Oil9ilI: 109,1441 (1958) 
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