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Century through efforts of such mathematicians as Fermat and Pascal to
answer questions concerning games of chance. It was not until the 20th
Century that a rigorous mathematical theory based on axioms, definitions
and theorems was developed. As time progressed, probability theory
found its way into many applications, not only in engineering, science and
mathematics but in fields ranging from actuarial science, agriculture and
business to medicine and psychology. In many instances the applications
themselves contributed to the further development of the theory.

The subject of statistics originated much earlier than probability and
dealt mainly with the collection, organization and presentation of data in
tables and charts. With the advent of probability it was realized that
statistics could be used in drawing valid conclusions and making reason-
able decisions on the basis of analysis of data, such as in sampling theory
and prediction or forecasting.

The purpose of this book is to present a modern introduction to proba-
bility and statistics using a background of calculus. For convenience the
book is divided into two parts. The first deals with probability (and by
itself can be used to provide an introduction to the subject), while the second
deals with statistics.

The book is designed to be used either as a textbook for a formal course
in probability and statistics or as a comprehensive supplement to all current
standard texts. It should also be of considerable value as a book of refer-
ence for research workers or to those interested in the field for self-study.
The book can be used for a one-year course, or by a judicious choice of
topics, a one-semester course.

I am grateful to the Literary Executor of the late Sir Ronald A. Fisher,
F.R.S., to Dr. Frank Yates, F.R.S,, and to Longman Group Ltd., London,
for permission to use Table III from their book Statistical Tables for
Biologieal, Agricultural and Medical Research (6th edition, 1974). I also
wish to take this opportunity to thank David Beckwith for his outstanding
editing and Nicola Monti for his able artwork.

M. R. SPIEGEL
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Chapter 1

Sets and Probability

THE CONCEPT OF A SET

At the foundations of probability and statistics, and of mathematics in general, is the
concept of a set. A set can be thought of as a collection of objects, called members or
elements of the set. In general, unless otherwise specified, we denote a set by a capital
letter such as A, B, C, and an element by a lower case letter such as a, b. Synonyms for set
are class, aggregate and collection.

If an element a belongs to a set C we write ¢ € C. If a does not belong to C we write
e & C. If both a and b belong to C we write a, b € C. In order for a set to be well-defined,
as we shall always assume, we must be able to determine whether a particular object does
or does not belong to the set.

A set can be defined by actually listing its elements or, if this is not possible, by de-
scribing some property held by all members and by no nonmembers. The first is called the
roster method and the second is called the property method.

EXAMPLE 1.1. The set of all vowels in the English alphabet can be defined by the roster method as
{a,e,1,0,u} or by the property method as {x | x is a vowel}, read “the set of all elements z such that =
is a vowel” where the vertical line | is read “such that” or “given that.”

EXAMPLE 1.2. The set {z | = is a triangle in a plane},is the set of all triangles in a plane. Note that
the roster method eannot be used here.

EXAMPLE 1.3. If we toss a pair of ordinary dice the possible “numbers” or “points” which can come up
on the uppermost face of each die are elements of the set {1, 2, 3, 4, b, 6}.

SUBSETS

If each element of a set A also belongs to a set B we call A a subset of B, written ACB
or BOA and read “A is contained in B” or “B contains A" respectively. It follows that
for all sets A we have ACA.

If ACB and BCA we call A and B equal and write A = B. In such case A and B have

T anean alars a-d

ey s 4l - =
CAAULLY UIIT dalllc TITILTIILD.

If A is not equal to B, i.e. if A and B do not have exactly the same elements, we write
A= B.

If ACB but A #B we call A a proper subset of B.
EXAMPLE 1.4. (o, i, u} is a proper subset of {a, e, i, 0, u}.

EXAMPLE 1.5. {i,o0,a,u, e} is a subset, but not a proper subset, of {a, e, 1, 0, u}, because the two sets
are equal. Note that a mere rearrangement of elements does not change the set.



2 SETS AND PROBABILITY [CHAP. 1

EXAMPLE 1.6. In tossing a die the possible outcomes where the die comes up “even” are elements of the
set {2, 4, 6}, which is a {proper) subset of the set of all possible outcomes {1, 2, 3, 4, 5, 6}.

The following theorem is true for any sets A, B, C.

Theorem 1-1: 1If ACB and BCC, then AcCC.

For many purposes we restrict our discussion to subsets of some particular set called
the universe of discourse, or briefly, universe. It is also referred to as the universal set or
space and denoted by 1. The elements of a space are often called points of the space.

It is useful to consider a set having no elements at all. This is called the empty set or
null set and is denoted by (). It is a subset of any set.

EXAMPLE 1.7. An important set already familiar is the set K of real nionbers such as 3, —2, V2, 7, which
can be represented by poinis on a real line such as the z-axis. If g and b are real numbers such that
a<b, the subsets {x ' « = x 2 b} and {x | a < x < b} of ® ioften denoted briefiy by a =z =b and
a < x < b) are called closed and open intervals respectively. Subsets such as {*x ¢ =2x<b} or
{x | @ <z = b} are then called hulf open or half closed intervals.

EXAMPLE 1.B. The set of all real numbers x such that »* = —1, written {x ' 22 = —1}, is the null or
empty set since there are no real numbers whose squares are equal to —1. If we include complex numbers,
however, the set is not empty.

EXAMPLE 1.9. If we toss a die the set of all possible outcomes is the universe {1, 2, 3, 4, 5, 6}. The set
of outcomes consisting of faces 7 or 11 on a single die is the null set.

VENN DIAGRAMS
A universe U can be represented geometri-

Uu
cally by the set of points inside a rectangle.
In such case subsets of U (such as A and B A

shown shaded in Fig. 1-1) are represented by O

sets of points inside circles. Such diagrams,
called Venn diagrams, often serve to provide
geometric intuition regarding possible relation-
ships between sets. Fig. 1-1

SET OPERATIONS

1. Union. The set of all elements (or points) which belong to either A or B or both A and
B is called the union of A and B and is denoted by AUB (shaded in Fig. 1-2).

D | | (¢

Fig. 1-2 Fig. 1-3 Fig. 1-4

(4 U

ANB
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2. Intersection. The set of zll elements which belong to both A and B is called the
intersection of A and B and is denoted by ANB (shaded in Fig. 1-3).

Two sets A and B such that ANB =, i.e. which have no elements in common,
are called disjoint sets, In Fig. 1-1, A and B are disjoint.

3. Difference. The set consisting of all elements of A which do not belong to B is called
the difference of A and B, denoted by A — B (shaded in Fig. 1-4).

4. Complement. If BCA then A — B is called the complement of B relative to A and is
denoted by B} (shaded in Fig. 1-5). If A =7, the universal set, we refer to U — B as
simply the complement of B and denote it by B’ (shaded in Fig. 1-6). The complement
of AUB is denoted by (AUBY).

N° ®

Fig. 1-5 Fig. 1-6

SOME THEOREMS INVOLVING SETS
Theorem 1-2: AUB = BUA Commutative law for unions

Theorem 1-3: AU(BUC) = (AUB)UC = AUBUC Associative law for unions

Theorem 1-4: ANB = BNA Commutative law for
intersections

Theorem 1-5: AN(BNC) = (ANB)NC = ANBNC Associative law for intersections
Theorem 1-6: AN(BUC) = (ANB)U(ANC) First distributive law

Theorem 1-i: AU(BNC) = (AUB)N(AUC) Second distributive law
Theorem 1-8: A—B = ANB’

Theorem 1-9: If ACB, then A’DB’ or B’CA’

Theorem 1-10: AUQY = A, AN = @

Theorem 1-1I: AUU = U, ANU = A

Theorem 1-12a: (AUBY = A’'NB’ De Morgan’s first law
Theorem 1-12b: (ANB) = A’UB’ De Morgan’s second law
Theorem 1-13: A = (ANB)U(ANE) for any sets A and B

Theorems 1-12a, 1-12b and 1-13 can be generalized (see Problems 1.69 and 1.74).

PRINCIPLE OF DUALITY

Any true result involving sets is also true if we replace unions by intersections, inter-
sections by unions, sets by their complements and if we reverse the inclusion symbols
C and D.
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RANDOM EXPERIMENTS

We are all familiar with the importance of experiments in science and engineering.
A fundamental principle involved is that if we perform such experiments repeatedly under
very nearly identical conditions we arrive at results which are essentially the same.

There are, however, experiments in which results will not be essentially the same even
though conditions may be nearly identical. Such experiments are called random experiments.
The following are some examples.

EXAMPLE 1.10. If we toss a coin the result of the experiment is that it will either come up “tails,” sym-
bolized by T (or 0), or “heads,” symholized by H (or 1), i.e. one of the elements of the set {H, T} (or {0, 1}

EXAMPLE 1.11. If we toss a die the result of the experiment is that it will come up with one of the
numbers in the set {1, 2, 3, 4, 5, 6}.

EXAMPLE 1.12. If we toss a coin twice, the results can be indicated by {HH, HT, TH, TT}, i.e. both
heads, head on first and tail on second, etc.

EXAMPLE 1.13. If we have a machine which makes bolts, the result of the experiment is that some may

be defective. Thus when a holt is made it will be 2 member of the set [defective, nondefectivel.

calacil DIt 18 ) coLve, nonadeiacty

EXAMPLE 1.14. If an experiment consists in measuring “lifetimes” of electric light bulbs produced by a
company, then the result of the experiment is a time ¢ in hours which lies in some interval — say,
0 = t = 4000—where we assume that no bulb lasts more than 4000 hours.

SAMPLE SPACES

A set of which consists of all possible outcomes of a random experiment is called a
sample space and each outcome is called a sample point. Often there will be more than one
sample space which can describe outcomes of an experiment but there is usually only one
which will provide the most information. Note that ~J corresponds to the universal set.

EXAMPLE 1.15. If we toss a die, one sample space or set of all possible outcomes is given hy
{1, 2, 8, 4, 5, 6} while another is {odd, even}. It is clear, however, that the latter would not be adequate
to determine, for example, whether an outcome is divisible by 3.

It is often useful to portray a sample space graphically. In such case it is desirable to
use numbers in place of letters whenever possible.

EXAMPLE 1.16. If we toss a coin twice and use 0 to represent tails and
1 to represent heads the sample space (see Example 1.12) can be portrayed
by the points in Fig. 1-7 where, for example, (0, 1) represents tails on first hcﬂ.l) 1|:{I‘.ll
toss and heads on second toss, i.e. TH.

If a sample space has a finite number of points, as in Ex-
ample 1.16, it is called a finite sample space. If it has as many
points as there are natural numbers 1,2,3, ..., it is called a
countably infinite sample space. If it has as many points as there are in some interval on
the x-axis, such as 0 = a =1, it is called a noncountably infinite sample space. A sample
space which is finite or countably infinite is often called a discrete sample space, while one
which is noncountably infinite is called a nondiscrete or continuous sample space.

0,00 (L0
Fig. 1-7

EVENTS

An event is a subset A of the sample space I, i.e. it is a set of possible outcomes. If
the outcome of an experiment is an element of A we say that the event A has occurred. An
event consisting of a single point of i is often called a simple or elementary event.
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EXAMPLE 1.17. If we toss a coin twice, the event that only one head
comes up is the subset of the sample space which consists of points (0, 1)
and (1,0), as indicated in Fig. 1-8.

As particular events we have o itself, which is the sure or

B

certain event since an element of ~f must occur, and the empty (0, 0) (1,0)
set (3, which is called the impossible event because an element

of () cannot occur,

Since events are sets it is clear that statements concerning e
events can be translated into the language of set theory and conversely. In particular we

have an algebra of events corresponding to the algebra of sets indicated on page 3.

By using set operations on events in of we can obtain other events in ¢f. Thus if A and
B are events, then

1. AUB 'is the event “either A or B or both.”
2. ANB is the event “both 4 and B.”

3. A is the event “not A.”

4. A —B is the event “A but not B.”

If the sets corresponding to events A and B are disjoint, i.e. ANB = (), we often say
that the events are mutually exclusive. This means that they cannot both occur.

EXAMPLE 1.18. Referring to the experiment of tossing a coin twice let A be the event “at least one head
occurs” and B the event “the second toss results in a tail.” Then A = {HT,TH,HH)}, B = {HT,TT}
and so we have

AUB = {HT, TH, HH, TT} = of ANB = {HT}
A" = {TT) A —B = {TH, HH)

THE CONCEPT OF PROBABILITY

In any random experiment there is always uncertainty as to whether a particular
event will or will not occur. As a measure of the chance or probability with which we can
expect the event to occur it is convenient to assign a number between 0 and 1. If we are
sure or certain that the event will occur we say that its probability is 100% or 1, but if we
are sure that the event will not occur we say that its probability is zero. If for example
the probability is 1, we would say that there is a 25% chance it will occur and a 756%
chance that it will not occur. Equivalently we can say that the odds against its occurrence
are 75% to 26% or 3 to 1.

T e
irner

L~ L
probability of an event.

w
=
b

1. Classical or a priori approach. If an event can occur in % different ways out of a
total number of n possible ways, all of which are equally likely, then the probability of
the event is h/n.

EXAMPLE 1.19. Suppose we want the probability that a head turns up in a single toss of a coin.
Since there are two equally likely ways in which the coin can come up, namely “heads” and “tails” (assum-
ing it does not roll away or stand on its edge), and of these two ways a head can arise in only one way,
we reason that the required probability is 1/2, In arriving at this we assume that the coin is fair, i.e. not
loaded in any way.
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2. Frequency or a posteriori approach. If after n repetitions of an experiment, where
n is very large, an event is observed to occur in h of these, then the probability of the
event is k/n. This is also called the empirical probability of the event.

EXAMPLE 1.20. If we toss a coin 1000 times and find that it comes up heads 532 times we estimate the
probability of a head to be 5§32/1000 = 0.532.

Both the classical and frequency approaches have serious difficulties, the first because

"I'Iﬂ. ‘lllh""‘ﬂ “mllﬂll‘tf I:l’bl!f’, OVa wrh dvl i ﬂ“ﬂ +“\h ﬂﬂﬁﬂ“a hﬂﬂﬂ‘l1ﬁﬂ ﬂ". +1‘hﬂ Erfa ST Aamand h‘ +LI\ “Iﬁl"ﬂﬂ.
it WwUluS ©Cyuany Ay ol Vagu diit ulf SClunilu welalust Ul Ui Vaguciitss Ul uwie 1algc

number” involved. Because of these difficulties mathematicians have in recent years been
led to an exiomatic approach to probability using sets.

THE AXIOMS OF PROBABILITY

Suppose we have a sample space «f. If f is discrete all subsets correspond to events
and conversely, but if of is continuous only special subsets (called measurable) correspond to
events. To each event A in the class  of events we associate a real number P(A), i.e. P is
a real-valued function defined on (. Then P is called a probability function, and P(A) the
probability of the event A, if the following axioms are satisfied:

Axiom 1. For every event A in the class

P(A) = 0 (1)
Axiom 2. For the sure or certain event of in the class
PiJ) =1 2
Axiom 3. For any number of mutually exclusive events Ay, Aq,... in the class (C
PAJUAU--+) = P(A) + P(A2) + --- (3)
In particular, for only two mutually exclusive events A, A,
P(A:UA;5) = P(A,) + P(Ay) (4)
SOME IMPORTANT THEOREMS ON PROBABILIT
From the above axioms we can now prove various theorems on probability which are

important in further work.
Theorem 1-14: If A;CA; then P(A,) = P{A;) and P(A:— A:) = P(A.) — P(A,).

Theorem 1-15: For every event A

0= PA) =1 (5)
i.e. a probability is between 0 and 1
Theorem 1-16: P(®) = 0 (6)

i.e. the impossible event has probability zero.
Theorem 1-17: If A’ is the complement of A then
P(A) = 1 - P(A) (7)

Theorem 1-18: If A =A,UA:U---UA,, where A, A:,...,An are mutually exclusive
events, then
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P(A) = P(A)) + P(As) + --- + P(A») (8)
In particular if A =cf, the sample space, then
P(A,) + P(Ag) + --- + P(An) =1 )

Theorem 1-19: If A and B are any two events then
P(AUB) = P(A) + P(B) - P(ANBKE) (20)

More generally, if A;, As, As are any three events, then
P(A;UAUA;) = P(Ay) + P(A2) + P(As)
— P(A1NAg) — P(A2NA3z) — P(AsNAy)
+ P(A1NA:NAj) (11)
Generalizations to n events can also be made. See Problem 1.79.

L. ___ ¥ &N =

Theorem I-20: For any

(=
by

R T S
VEIILS A aIl

P(A) = P(ANB) + PANB) (12)

Theorem 1-21: 1If an event A must result in one of the mutually exclusive events A,,
Az, ..., An then

P(A) = P(ANA) + P(ANAs) + --- + P(ANA,) (13)

ASSIGNMENT OF PROBABILITIES

If a sample space of consists only of the elementary events A, As, ..., An then by

Theorem 1-18
P(Ay) + P(A)) + --- + P(As) = 1 (14)

It follows that we can arbitrarily choose any nonnegative numbers for the probabilities of
these simple events so long as (14) is satisfied. In particular, if we assume equal probabil-

Fow a1l cdamammla Az

adann 1 4o Ll nea
CLiES LUL 4l SIHIPIE CYCIILD, LLICT]

1

PlA) = =  k=12,...n (15)
and if A is any event made up of k such simple events we have
_ h
P4) = - (16)

This is equivalent to the classical approach to probability given on page 5. We could
of course use other procedures for assigning probabilities, such as the frequency approach
of page 6.

Assigning probabilities provides a mathematical model the success of which must be
tested by experiment in much the same manner that theories in physics or other sciences
must be tested by experiment.

EXAMPLE 1.21. A single die is tossed. Find the probability of a 2 or 5 turning up.
The sample space is of = {1,2,8,4,5,6}. If we assign equal probabilities to the sample points, i.e. if
we assume that the die is fair, then

Pl = P2 = --- = P6) = %
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The event that either 2 or 5 turns up is indicated by 2u5. Thus

PEUS) — P@ + PE) - %+

Tul =

CONDITIONAL PROBABILITY

Let A and B be two events (Fig. 1-9) such that P(A) > 0. Denote by P(B| A) the proba-
bility of B given that A has occurred. Since A is known to have occurred, it becomes the
new sample space replacing the original -J. From this we are led to the definition

P(B|A) = % (17)
or P(ANB) = P(A)P(B|A) (18)

In words, (18) says that the probability that both A and o
B occur is equal to the probability that A occurs times /ﬂ

the probability that B occurs given that A has occurred. B

We call P(B}A) the conditional probability of B given A,
i.e. the probability that B will occur given that A has
occurred. It is easy to show that conditional probability
satisfies the axioms on page 6. Fig. 1-9

AnB

EXAMPLE 1.22. Find the probability that a single toss of a die results in a number less than 4 if
{a) no other information is given, (b) it is given that the toss resulted in an odd number.

{a) Let B denote the event {less than 4}. Since B is the union of the events 1, 2 or 3 turning up we
see by Theorem 1-18 that

P(B) = P(1) + P(2) + P(3) = % +

1
* 2

=2l
=

assuming equal probabilities for the sample points.

P{AnB) _ 1/3

(b) Letting A be the event {odd number} we see that P(A) = § = 1. Also P(AnB) =% = 1. Then
3 _ 2
P(A) 12 8

PB A =

Thus the added knowledge that the toss results in an odd number raises the probability from 1/2 to 2/3.

THEOREMS ON CONDITIONAL PROBABILITY

Theorem 1-22: For any three events A, A, A; we have

P(A1NA:NA;) = P(A;) P(As A)) P(As| Ain As) (19)

In words, the probability that A, and 4. and As; all occur is equal to the probability that Ay
occurs times the probability that As occurs given that A, has occurred times the probability
that As occurs given that both A, and A have occurred. The result is easily generalized
to n events.

Theorem 1-23: If an event A must result in one of the mutually exclusive events A,
AE, - .,An then

P(A) = P(A)P(A|A) + P(A)P(A|As) + - - + P(A) P(A |A,)  (20)
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INDEPENDENT EVENTS

If P(B|A)= P(B), i.e. the probability of B occurring is not affected by the occurrence
or nonoccurrence of A, then we say that A and B are independent events. This is equiv-
alent to

P(ANB) = P(A)P(B) (21)

as seen from (18). Conversely, if (21) holds then A and B are independent. Some proper-
ties of independence are given in Problems 1.91 and 1.92.

If Ay, As, As are to be independent then they must be pairwise independent,
P(A;nAy) = P(A;) P(Ax) i#k where 7,k=1,2,8 (22)

and we must also have
P(AiNA:NAs) = P(A)) P(A:z) P(Aas) (23)

Neither (22) nor (23) is by itself sufficient. Generalization to more than three events is
easily made.

BAYES’ THEOREM OR RULE

Suppose that A,, A., ..., A. are mutually exclusive events whose union is the sample
space oJ, i.e. one of the events must occur. Then if A is any event we have the following
important theorem:

Theorem 1-24 (Bayes’ rule):

P(Ax]4) = nP(Ak)P(AlAk) (24)
2 P(Ax) P(A| A1)
=1
This enables us to find the probabilities of the various events A,, As, ..., A, which can

cause A to occur. For this reason Bayes' theorem is often referred to as a theorem on the
probability of causes.

COMBINATORIAL ANALYSIS

In many cases the number of sample points in a sample space is not very large and so
direct enumeration or counting of sample points needed to obtain probabilities is not diffi-
cult. However, problems arise where direct counting becomes a practical impossibility.
In such cases use is made of combinatorial analysis, which could be called a sophisticated
way of counting.

If one thing can be accomplished in n, different ways and after this a second thing can
be accomplished in #: different ways, ..., and finally a kth thing can be accomplished in 7x
different ways, then all k things can be accomplished in the specified order in ninz- - -7k
different ways.

EXAMPLE 1.23. If a man has 2 shirts and 4 ties then he has 2+4 = 8 ways of choosing a shirt and
then a tie.

A diagram, called a {ree diagram because of its appearance (Fig. 1-10), is often used in
connection with the above principle.
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EXAMPLE 1.24. [Letting the shirts be represented by S,, S,
and the ties by T,, Ty, Ty, T4, the various ways of choosing
a shirt and then a tie are indicated in the tree diagram of
Fig. 1-10.

PERMUTATIONS

Suppose that we are given n distinct objects and
wish to arrange v of these objects in a line. Since
there are n ways of choosing the 1st object, and
after this is done n —1 ways of choosing the 2nd
object, ..., and finally » — v + 1 ways of choosing
the rth object, it follows by the fundamental principle
of counting that the number of different arrange-
ments, or permutations as they are often called, is
given by Fig. 1-10

P = nn—1)n—-2)--(n—1r+1) (25)

where it is noted that the product has » factors. We call , P, the number of permutations of
n objects taken r at a time.

In the particular case where 7 = n, (25) becomes
WPy = nn—1)}{n—-2)---1 = n! (26)
which is called n factorial. We can write (25) in terms of factorials as

n!
T (n—r1)!

If »=n we see that (27) and (26) agree only if we have 0! =1 and we shall actually take
this as the definition of 0!.

P, (27)

EXAMPLE 1.25. The number of different arrangements or permutations consisting of 3 letters each
which ean be formed from the 7 letters A, B, C, D, E,F,G is

Py = 7—:! = T+6+5 = 210
41
Suppose that a set consists of % objects of which n, are of one type (i.e. indistinguishable
from each other), n: are of a second type, ..., n. are of a kth type. Here, of course,
n="mn +n2+ --++n. Then the number of different permutations of the objects is
n!

nPrpng, m = mlngls-ny! =8

See Problem 1.34,

EXAMPLE 1.26. The number of different permutations of the 11 letters of the word MISSISSIPPI,
which consists of 1 M, 4 I's, 4 S’s and 2 Ps, is

11!

{Tdiargr ~ 24650

COMBINATIONS

In a permutation we are interested in the order of arrangement of the objects. Thus
abe is a different permutation from bea. In many problems, however, we are interested
only in selecting or choosing objects without regard to order. Such selections are called
combinations. For example abe and bea are the same combination.
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The total number of combinations of r objects selected from = (also called the combina-

tions of n things taken r at a time) is denoted by .C: or (:) We have (see Problem 1.36)

n n!
(r) = WG = (n—1)! (29)
It can also be written
(ﬂ’\\ = n('n—l)---‘(n—?‘+1) = 2 (3
\r/ 7! r! =
It is easy to show that
n n
(’]") = (?3 _ ) or WCr = nCp-y (31}
EXAMPLE 1.27. The number of ways in which 3 cards ean be chosen or selected from a total of 8 differ-
ent cards is
8 B+T+6
§Cs = (3) = a1 = b6

BINOMIAL COEFFICIENTS

The numbers (29) are often called binomicl coefficients because they arise in the bino-
mial expansion

h n . n
(x_l_y)n = a" + (l)xn—ly + (z)xh—Qyu L (n)yn (32)
They have many interesting properties.
EXAMPLE 1.28. @+p? = =+ (‘;)xsy + (;)mzyﬂ + (;)xv‘* + (:)y*

= 21 + dady + 6aly? + dapyd + Yt

STIRLING’S APPROXIMATION TO =!

When = is large a direct evaluation of n! is impractical. In such case use is made of the
approximate formula

n! ~ 2rnnre ™ (38)

where e = 2.71828... is the base of natural logarithms. See Problem 1.48. The symbol ~
in (83) means that the ratio of the left side to the right side approaches 1 as n—> «. For
this reason we often call the right side an asymptotic expansion of the left side. For fur-
ther discussion of Stirling’s formula see Appendix A.

Solved Problems

SETS

1.1. Let A be the set of all real numbers whose squares are equal to 25. Show how to
describe A by (a) the property method and (b) the roster method.

(@) A = {z! %2 =25} which is read “the set of all elements x such that x* = 25."

(b) Since 2 =25 for * =5 and x = —5, we can write A = {5,—5}, iLe. A is described by
actually giving its elements.
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1.2.

1.3.

104.

L5.

SETS AND PROBABILITY [CHAP. 1

Let A = {x | «is an odd integer}, B = {x | 2*—8x+15=0}. Show that BCA.

Since 22—8x+ 15 =0 or {(x—32)x—5)=0 ifand only if x =3 or = = 5, we have B = {3,5).
Then since the elements 3 and b are both odd integers, they belong to A. Thus every element of
B belongs to A and so B C A, i.e. B is a subset of A.

Is it true that {2} =27

No, 2 is a real number while {2} is a set which consists of the real number 2. A set such as {2}
congisting of only one element is sometimes called a singleton set and must be distinguished from
the element which it contains,

Determine which of the following statements are true and correct any which are false.
(@) {x|z+2} = (Dl
b)) If A= {z|2*=4,2>9}) and B = (x| =1}, then BDA.

{a) The statement is false. Any particular object is assumed to be the same as, i.e. equal to, itself.
Thus there is no object which is not equal to itself. Then {z | x # x} = @, the empty set.

The error lies in writing {@} rather than @, since {{?} is a nonempty set which consists
of the empty set.

(b) Note that this is read “A is the set of all x such that «* =4 and = > 9.7

Since there is no number x such that ¥2=4 [or x = 2,—-2] and =z >9, it follows that
A = (. Also since the empty set is a subset of every set, it follows that ACB or BDOA and
the statement is true.

Prove that if ACB and BCC, then ACC.

Let x be any element of A, i.e. 1t €A, Then since ACBHE, i.e. every element of A is in B, we have
x€B. Also since BCC, we have 2 € €. Thus every element of A is an element of C and so ACC.

SET OPERATIONS, VENN DIAGRAMS AND THEOREMS ON SETS

L.6.

If the universe U = (4,0,n,5,—\/2,—4) and subsets of U are given by 4 = {—\/2, =, 0},
B = (5,4,—V2,—4} and C = {},—4}, find (@) ANB, () AUB, (¢) (AUB)NC,
(@) B'uC, () A—B, (f) (BNCy, (9) (ANC) U (BNC).

(@ AnB = {(—V2,7,0} N {5,},—V2,—4} = {2}
() AUB = {—V/2,7,0} U {5,4,—V2,—4} = {(—V2,7,0,5,4,—4}
(¢) (AUB)nC = {—V2,7,0,5,4,—4} n {4,—4} = {L,—4} using the result of (b).
{(d) B’ = set of all elements in 1{ which are not in B = {0,+}.

¢’ = set of all elements in U which are not in C = {0,r, 5, —\fé}.

Then B'UC = {0,7) U {0,7,5—V2} = {0,z,5—V2}.
(¢) A— B = set of elements in A which are not in B = {0, ).

Another method. By Theorem 1-8, page 3, we have

A—B = AnB = {4,0,55 /2,4 n {0,7} = {0,z

() BnC = {54, V2, -4} n {4, -4} = {4}
Then (BNC) = {0,7,5,—V2).
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Note that this result together with that of part (d) illustrates De Morgan’s second law,
Theorem 1-12b, page 3.

(@) AnC = {—V2,7,0} n{{,—4) = @, the empty set.
BnC = {},—4} [see part (f)].
Then (ANC) U (BNCY = QUL —4) = {3.-4)

L7.

—
=
S

Prove De Morgan’s first law, Theorem 1-12a, page 3: (AUB)Y = A’'nB’. (b) Illus-
trate the result of part (¢) by using a Venn diagram.

(a¢) We have

(AUBY = {# | 22 AUB) = {x ' x€¢A,x€B} = {z | €A, 2€ERB"} = A'nFE
The result can be extended to any finite number of sets {see Problem 1.69).

(b)) In the Venn diagram of Fig. 1-11 the shaded part represents (AUB)'. In Fig. 1-12, A’ is indi-
cated by parallel lines constructed from upper right to lower left while B’ is indicated by
parallel lines constructed from upper left to lower right. Then A'NB’ is represented by the

cross hatched region where both sets of lines are present, and it is seen that this is the same
as the shaded region of Fig. i-11.

')

Shaded part = {AuUB) Cross hatched part

Fig. 1-11 Fig. 1-12

Note that a Venn diagram does not provide a proof such as is given in part (a). However,
it does serve to provide possible relationships among sets which can then be proved by methods
similar to that given in (a).

1L8. Prove the first distributive law, Theorem 1-6, page 3: AN(BUC) = (ANB)U(ANC).

‘We have An(Bu®) = {x | x€ A, x€ BUC}
= [z ' x€A, € B or €}
= (x| *x€EA, xEBorx€ A, x€C(C}
{x ' x€ AnB or x € AnC}
= (AnB)u(ANnO)

1.9. Prove that for any sets A and B we have A = (ANB)U (ANB’).
Method 1.
A = {&l 2€4) = {a | x€AnBor x EANB'} = (ANB)U (ANB")
Method 2.
Let € = B' in Problem 1.8. Then

AN (BUB) = (ANB)U (ANB")

ANt = (ANB)U(ANB

A = (AnB)u (AnB")

The result can be generalized (see Problem 1.74).
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RANDOM EXPERIMENTS, SAMPLE SPACES AND EVENTS

L10.

A card is drawn at random from an ordinary deck of 52 playing cards. Describe the
sample space if consideration of suits (e) is not, (b) is, taken into account.

(a) If we do not take into account the suits the sample space consists of ace, two, ..., ten, jack,
queen, king, and it can be indicated as {1, 2, ..., 13}.

(b) If we do take into account the suits the sample space consists of ace of hearts, spades, diamonds
and clubs; ...; king of hearts, spades, diamonds and clubs. Denoting hearts, spades, diamonds
and clubs respectively by 1, 2, 3, 4, for example, we can indicate a jack of spades by (11, 2).
The sample space then consists of the 52 points shown in Fig. 1-13.

(ol o L] L] . ] ] . . . . . . L] .
DF . ] . [ . L L] L] L] . L] . L]
St = - - - - L] L] - - L] = - -
H} . . . . . . . . . - . [ -
1 1 1 1 1 1 1 I 1 1 | 1 I
1 2 3 4 b 6 7 B 9 10 11 12 13

Fig. 1-13

L11. Referring to the experiment of Problem 1.10 let A be the event {king is drawn} or

L12.

simply {king} and B the event {club is drawn} or simply {club}. Describe the events
(@) AUB, (b) ANB, (¢c) AUB’, (d) A’UB", (e) A—B, (f) A’—B’, (9) (ANB) U (ANB’).
(¢) A uB = {either king or club (or both, i.e. king of clubs)}

() A n B = {both king and club} = {king of clubs}

. — Fovl . M. LU [ T )
Ice D — §{Clubdy, D — Il neart, Glamornda, spade;g.

er

]

—

e

=
-t

|

-~

{e) Si
Then A u B’ = {king or heart or diamond or spade}.

(d) A’U B’ = {not king or not club} = {not king of clubs} = {any eard but king of clubs}
This can also be seen by noting that A’'UB’ = (AnB)Y and using (b).

() A — B = {king but not club}
This is the same as ANB’' = {king and not club}.

(fy A’ — B’ = {not king and not “not club”} = {not king and club} = {any club except king}.
This can also be seen by noting that A’— B = A’'n(B')Y = A’'nB.

(g) (AnB)U (AnB') = {{king and club) or (king and not club)} = {king}.
This can also be seen by noting that (AnB) U (AnB") = A.

Use Fig. 1-13 to describe the events (¢) AUB, (b) A'NB".

The required events are indicated by the Venn diagram of Fig. 1-14. In a similar manner all
the events of Problem 1.11 can also be indicated by Venn diagrams. It should be observed from
Fig. 1-14 that A’'nB’ is the complement of A UB, in agreement with Theorem 1-12a, page 3.
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Ccr (l | 3 [ ] " - . - - [ . - - .-\
‘,—-—'—AUE
D~ [ ] [ ] [ ] - | ] - » - - ] 3 ] .
S [ ] L] - ] ] [ - - - Y ] ] [ ]
H = ] - & & - 3 - - L & ] -
N LA
1 1 I ] 1 1 1 1 f 1 1 1 e
2 3 4 5 8 7 8 9 10 11 12 13
Fig. 1-14

THEOREMS ON PROBABILITY
1.13. Prove (a) Theorem 1-14, (b) Theorem 1-15, (¢) Theorem 1-16, page 6.

() We have A, = A,U(A,— A,) where A, and Ay — A, are mutually exclusive. Then by Axiom 3,

page 6,
P{Ay) = P(A)) + P(A,— A,)

so that P{A,— A,) = P(A) — P(4,))
Since P{(A,— A,) Z 0 by Axiom 1, page 6, it also follows that P(A,) = P(A,).
(b) We already know that P(4A) = 0 by Axiom 1. To prove that P(4) =1 we first note that
A C f. Thus by Theorem 1-14 [part (a)] and Axiom 2
PA)Yy = P(-D =1
(¢} We have ~f = fuf@. Since ~fN® = @ it follows from Axiom 3 that
P(-J) = P()+P@) or P =0

1.14. Prove (a) Theorem 1-17 and (b) Theorem 1-19.
(¢) We have AUA’ = f. Then since ANA’=1() we have

P(AUA) = P(J) or P(A}+ P’

e P(A") = 1— P(A)

(b) We have from the Venn diagram of Fig. 1-15
(1) AUB = Au[B—(AnB)]
Then since the sets A and B—(AnB) are

mutually exclusive, we have on using Ax-
iom 3 and Theorem 1-14:

P(AuB) = P(A)+ P(B — (AnRB))

Although we have used the Venn diagram
the result (I) can be established directly
(see Problem 1.77). Fig. 1-15

CALCULATION OF PROBABILITIES

1.15. A card is drawn at random from an ordinary deck of 52 playing cards. Find the
probability that it is (e) an ace, (b) a jack of hearts, (¢) a three of clubs or a six of
diamonds, (d) a heart, (¢) any suit except hearts, (f) a ten or a spade, (g) neither a
four nor a club.
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Let us use for brevity H, S, D
1,2, ...,13 for ace, two, ..., king.

SETS AND PROBABILITY

[CHAP. 1

, C to indicate heart, spade, diamond, club, respectively, and

Then 3NH means three of hearts, while 3UH means three or

heart. Let us use the sample space of Problem 1.10(b), assigning equal probabilities of 1/562 to each

Thus, for example,

P(1)

sample point.

(a)

P(ENC) = 1/62.

PinHor1nSor1nD or 1nC)
P(1nH) + P(1nS) + P(1nD) + P(1nQ)

i

+ +

&=
&=
1—|
=]

+

gl
=

This eould also have been achieved from the sample space of Problem 1.10{¢) where each sample

point, in particular “ace,” has probability 1/18.

It could also have been arrived at by simply

reasoning that there are 13 numbers and so each has probability 1/13 of being drawn,

.
() P(LnH) = &
_ 1,1 _ 1
(¢) P(3nCor6nD) = PBNC) + P(6ND) = i + 82 = 26
_ i, .1 138 1
(dy P(H) = PAlnHor2nHor ... 13nH) = 52+52+ +52 = B2 2
This could also have been arrived at by noting that there are four suits and each has equal
probability 4 of being drawn.
(¢ P(H) = 1— P(H) = 1—% = 2 using part (d) and Theorem 1-17, page 6.
(f) Since 10 and S are not mutually exclusive we have from Theorem 1-19
P10US) = P(10) + P(S) — PaonS) = L +1 -1 _ 4
' 13 4 52 13

()

page 3, 4'nC’ = (4UC)y. Thus

PA'NnC)y = Pl(4uC)’]

The probability of neither four nor club ean be denoted by P(4'nC’).

But by Theorem 1-12(a),

1 — P(4uC)
1 — [P(4) + P(C) — P(4nC))

1 171 _ 9
1*[ +z‘@]-m

1
13

We could also get this by noting that the Venn diagram favorable to this event is the comple-
ment of the event shown shaded in Fig. 1-16. Since this complement has 52 — 16 = 36 sample
points in it and each sample point is assigned probability 1/52, the required probability is

36/62 = 9/13.

Cr C‘ . L] m - ] L [ ] - L] L [ ] C)
DF - L] [ ] » L] L] [ ] [ ] L] L [ ] - -
SF - L] - L] L] L] . . . - . [ L]
H} [ - L] * [ ] L] - . [ - L] - L]

1 J J Il 1 L 1 i | 1 1 1 1

1 2 3 4 b 6 7T 8 ] 10 11 12 13

Fig. 1-16

1.16. A ball is drawn at random from a box containing 6 red balls, 4 white balls and 5 blue

balls.
(e) red or white.

Determine the probability that it is (a) red, (b) white, (c) blue, (d) not red,
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(x) Method 1.
Let B, W and B denote the events of drawing a red ball, white ball and blue ball, respee-
tively. Then
ways of choosing a red ball 6 6 2

P(R) = total ways of choosing a ball “6+4 +86 15 5

Method 2.

Our sample space consists of 6+4+5 =15 sample points. Then if we assign equal
probabilities 1/15 to each sample point we see that P(R) = 6/15 = 2/5, since there are 6 sample
points corresponding to “red ball.”

4 4

® PW) = 653355 = 15

_ 5 _ 5 _1
(€) P(B) = 67375 =15 = 3

(d) P(not red) = P(R') = 1— P(R) = l_g -
(¢) Method 1.

by part (a).

an| e

ways of choosing a red or white ball
total ways of choosing a ball

6+4 _ 10 _ 2

T 6+4+5 15 3

This ean also be worked using the sample space as in part (a).

Method 2.
P(RUW) = P(B) = 1—P(B) = 1—

=LA 5]

= by part (¢).

| =

Method 3.
Since events B and W are mutually exclusive it follows from (4), page 6, that

P(RUW) = P(R) + P(W) = §+% - 9%

CONDITIONAL PROBABILITY AND INDEPENDENT EVENTS

117,

A fair die is tossed twice. Find the probability of getting a 4, 5 or 6 on the first toss
and a 1, 2, 3 or 4 on the second toss.

Let A, be the event “4, 5 or 6 on first toss,” and A, he the event “1, 2, 3 or 4 on second toss.”
Then we are looking for P(4;NA).

Method 1.
P(A,nA,) = P(A)P(A,|A) = P(A,) P(A,) = (§ (i) = %

We have used here the fact that the result of the second toss is independent of the first so that
P(Ay1 A)) = P{Ay). Also we have used P(A,) = 3/6 (since 4, 5 or € are 3 out of 6 egually likely
possibilities) and P(A,) = 4/6 (since 1, 2, 3 or 4 are 4 out of 6 equally likely possibilities).

Method 2.

Each of the 6 ways in which a die can fall on the first toss can be associated with each of the
6 ways in which it can fall on the second toss, a total of 6«6 = 36 ways, all equally likely.

Each of the 3 ways in which A, can occur can be associated with each of the 4 ways in which
A, can oceur to give 3+*4 = 12 ways in which both A; and A, can occur. Then

12

1
P(A;n4y) = g6 = 3
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1.18.

1.19.
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This shows directly that 4, and A, are independent since

P(A,NA,) = é - (g)(%) — P(A,) P(A,)

Find the probability of not getting a 7
or 11 total on either of two tosses of a
pair of fair dice. &I

The sample space for each toss of the n
dice is shown in Fig, 1-17. For example (5,2
means that 5 comes up on the first die and 2
on the second. Since the dice are fair and
there are 36 sample points we assign probability

1/36 to each. el

If we let A be the event “7 or 11" then
A is indicated by the shaded portion in Fig. 1
1-17. Since 8 points are included we have
P(A) = 8/36 = 2/9. It follows that the proba-
bility of no 7 or 11 is given by

Second Die
[}
T

PAY — 1-P4) = 1—2 = 1 Fig. 1-17
9 9
Using subscripts 1, 2 to denote 1st and 2nd tosses of the dice we see that the probability of no 7
or 11 on either the first or second tosses is given by

PAWY DA, A) = PA)PAY = (%) (%) = %

using the fact that the tosses are independent.

Two cards are drawn from a well-shuffled ordinary deck of 52 cards. Find the prob-
ability that they are both aces if the first card is (a) replaced, (b) not replaced.

Method 1.

Let A, = event “ace on first draw”™ and A, = event “ace on second draw.” Then we are
looking for P{A;nA,) = P(A,)P{4,'A,).

{¢) Since for the first drawing there are 4 aces in 52 cards, P(A,) = 4/562. Also, if the card is
replaced for the second drawing, then FP{A,|A,) = 4/52, since there are also 4 aces out of
52 cards for the second drawing. Then

4
Finds) = Py Pag a4 = (B%Xﬁ) = %

(b) As in part (a), P(A,) = 4/52. However if an ace occurs on the first drawing there will be only
3 aces left in the remaining 51 cards, so that P(A,!| A,) = 3/61. Then

PA,NA,) = PA)PA]A) = (4)(1) _ 1

52 /\b1 221
Method 2.
(a) The first card can be drawn in any one of 52 ways and since there is replacement the second
card can also be drawn in any one of 52 ways. Then hoth cards can be drawn in (52)(52) ways,
all equally likely.

In such case there are 4 ways of choosing an ace on the first draw and 4 ways of choosing
an ace on the second draw so that the number of ways of choosing aces on the first and second
draws is (4)(4). Then the required probability is

(44 _ 1
(52)(52) 169

(b) The first card can be drawn in any one of 52 ways and since there is no replacement the second
card can be drawn in any one of 51 ways. Then both cards can be drawn in (52)(51) ways,
all equally likely.
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In such case there are 4 ways of choosing an ace on the first draw and 3 ways of choosing
an ace on the second draw so that the number of ways of choosing aces on the first and see-
ond draws is (4)(3). Then the required probability is

W@ _ 1
(62)(p1) 221

1.20. Three balls are drawn successively from the box of Problem 1.16. Find the proba-
bility that they are drawn in the order red, white and blue if each ball is (a) replaced,
{(b) not replaced.

Let R, = event “red on first draw,” W,y = event “white on second draw,” By = event “blue
on third draw.” We require P(E;NWyNBj).

{a) If each ball is replaced, then the events are independent and
P(R,) P(W3) P(Bg)

I

8 V4 ) 5 ) _ 8
\6+4+6/\6+4+5/\6+4+5/ 225

{b) If each ball is not replaced, then the events are dependent and
P(RyNnWynBg) = P(R,) P(W3|R,)) P(Bs| RynWy)

_ 6 4 5 _ 4
T \6+4+5/\6+4+5/\5+3+5/ ~ 91

1.21. Find the probability of a 4 turning up at least once in two tosses of a fair die.

Let A; = event “4 on first toss” and A, = event “4 on second toss.” Then
AU A, = event “4 on first toss or 4 on second toss or both”
= event “at least one 4 turns up”
and we require P(A;UA,).
Method 1.
Events A, and A, are not mutually exclusive, but they are independent. Hence, by (10) and (21),
P(A,UA,) = P(A,) + P(A) — P(A,nAy)
P(A)) + P(Ay) — P(A,} P(Ay)

1,1 f1\/1\ _ 1
E*Eh(ﬁ)(s) = 36

il

Method 2.
P(at least one 4 comes up) + P(no 4 comes up) = 1
Then P(at least one 4 comes up) = 1 — P(no 4 comes up)
= 1 — P(no 4 on 1st toss and no 4 on 2nd toss)
= 1 - P(A\nAY) = 1— P(A) P(4")
6/\6 36
Method 3.
Total number of equally likely ways in which both dice can fall = 6-6 = 36.
Also, number of ways in which A, occurs but not 4, = 5
number of ways in which A; occurs but not Ay, = b

number of ways in which both A, and A oceur = 1
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Then the number of ways in which at least one of the events A, or A,y occurs = 5+ 5+ 1 = 11,
Thus P(A,UA,) = 11/36.

1.22. One bag contains 4 white balls and 2 black balls; another contains 3 white balls and
5 black balls. If one ball is drawn from each bag, find the probability that (e) both
are white, (b) both are black, (c) one is white and one is black.

Let W, — event “white ball from first bag,” W, = event “white ball from second bag.”

- P . - (4 3 _ 1
(a) P(W AW, = P(W) P(W.iW,) = P(W,) P(W,) = (4 +2)(3 +5) =
(b PW W) = PW)PW. W)y = PW)Pwl = (—_)(2_) =5
i 2. 1 P 1 L &+ 4+ 2 3 + 5 24
(¢) The required probability is
rowy - 11 _ b _ 13
L= DWWy = PIWIn WD) = 1- 750 = o

ol
B
x
g
¢
=
&
7
=
e
1
[}
E-\ﬁ
5
=]
[
oo

We prove the theorem for the case n = 2. Extensions to larger values of n are easily made.

If event A must result in one of the two mutually exclusive events A, A,, then
A = (AnA)UANA,)
But AnA, and AnA, are mutually exclusive since A, and A, are. Thus by Axiom 3
P(A) P(ANA,)) + P(ANnAy)
P(A)) P(A'A)) + P(A,;) P(A ' Ay)

using (1&), page 8,

1.24. Box I contains 3 red and 2 blue marbles while Box I contains 2 red and 8 blue marbles.
A fair coin is tossed. If the coin turns up heads a marble is chosen from Box [I; if
it turns up tails a marble is chosen from Box JI. Find the probability that a red
marble is chosen.

Let R denote the event “a red marble is chosen” while I and I7 denote the events that Box [
and Box II are chosen, respectively. Since a red marble can result by choosing either Box I or I

we can use the results of Problem 1.23 with A = R, A, =1, A, =II. Thus the probability of
choosing a red marble is

P(RY = PHPERID) + PUDPRIII = (%)(3—{35-3) +(%)<2E 3): %—

BAYES’ THEOREM
1.25. Prove Bayes’ theorem (Theorem 1-24, page 9).

Since A results in one of the mutually exclusive events A,, A,, ..., A, we have by Theorem
1-23 {Problem 1.23)

P(A) = PA))PATA) + -+ + P(A,) P(A | A,) = "2 P(A) PA Ay)
-~

P(A,nA)  P(4,) P(A} 4y

Thus PAA) = —pia

2 PAIPA] A

1.26. Suppose in Problem 1.24 that the one who tosses the coin does not reveal whether it
has turned up heads or tails (so that the box from which a marble was chosen is not
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revealed), but does reveal that a red marble was chosen. What is the probability
that Box 7 was chosen (i.e. the coin turned up heads)?
Let us use the same terminology as in Problem 1.24, iie. A =R, A; =1, A, =1II. We seek

the probability that Box I was chosen given that a red marble is known to have been chosen. Using
Bayes’ rule with = = 2 this probability is given by

(5))
P PR | 1) 2/\8+2 !

+
POPRD+PUNPERIID ~ /1\/ 3 \ [1\/ 2 \
\2/\3+2/ "\2/\2+8)

Thus we might be willing to give 3 to 1 odds that Box I was chosen.

PUI|R) =

COMBINATORIAL ANALYSIS, COUNTING AND TREE DIAGRAMS

1.27. A committee of 3 members is to be formed consisting of one representative each
from labor, management and the public. If there are 3 possible representatives from
labor, 2 from management and 4 from the public, determine how many different com-
mittees can be formed, using (a) the fundamental principle of counting and (b) a tree

f‘;ﬂn"ﬂw‘
Glagraiii.

() We can choose a labor representative in 3 different ways and after this a management repre-
sentative in 2 different ways. Then there are 3+2 = 6 different ways of choosing a lahor
and management representative. With each of these ways we can choose a public representa-
tive in 4 different ways. Thus the number of different committees which can be formed is
3+2-4 =24,

(b) Denote the 3 labor representatives by L, Ly, Lg; the management representatives by M,, M,;
and the public representatives by P,, P,, Py, P;,. Then the tree diagram of Fig. 1-18 shows that
there are 24 different committees in all. From this tree diagram we can list all these different
committees, e.g. LM P,, L, M,P,, ete.

[ BRI - T S -- R

L,
Ly
Fig. 1-18
PERMUTATIONS
1.28. In how many ways can 5 differently colored marbles be arranged in a row?
We must arrange the 5 marbles in 5 positions thus: -— ———— . The first position can

be occupied by any one of five marbles, i.e. there are 5 ways of filling the first position. When this



1029.

1’30.

1.31.

1.32.
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has been done there are 4 ways of filling the second position. Then there are 3 ways of filling the
third position, 2 ways of filling the fourth position, and finally only 1 way of filling the last position.
Therefore:

Number of arrangements of 5 marbles in a row = 5+4+3+2«1 = 5! = 120
In general,
Number of arrangements of n different cbjects ina row = nin—1}{n—-2)---1 = n!

This is also called the number of permutations of n different objects taken n at a time and is
denoted by ,P,.

In how many ways can 10 people be seated on a bench if only 4 seats are available?

The first seat can be filled in any one of 10 ways and when this has been done there are 9 ways
of filling the second seat, 8 ways of filling the third seat and 7 ways of filling the fourth seat.
Therefore:

Number of arrangements of 10 people taken 4 at a time = 10*9+8+7 = 5040
In general,
Number of arrangements of n different objects taken r at a time = n(n—1)---(n—7r+1)

This is also called the number of permutations of n different objects taken r at a time and is
denoted by ,P,. Note that when » = n, P, = n! as in Problem 1.28.

Evaluate (ﬂl) s P, (b) ePs, (¢) 5P, (d) 3Py,
(a) gPq — B=T+6 = 336 (b) 4Py = 6+5+4-3 =360 (c) P, =15 (d) gP3 = 3-2+1 =6

It is required to seat 56 men and 4 women in a row so that the women occupy the even
places. How many such arrangements are possible?

The men may be seated in 3P; ways and the women in ,P, ways. Each arrangement of the
men may be associated with each arrangement of the women. Hence

Number of arrangements = ;P;-,P;, = bB!4! = (120)(24) = 2880

How many 4-digit numbers can be formed with the 10 digits 0,1,2,3,...,9if (a) repe-
titions are allowed, (b) repetitions are not allowed, (c) the last digit must be zero and

repetitions are not allowed?

(a) The first digit can be any one of 9 (since 0 is not allowed), The second, third and fourth digits
can be any one of 10. Then 9-10-10-10 = 9000 numbers ean be formed.
(b) The first digit can be any one of 9 (any one but 0).
The second digit can be any one of 9 (any but that used for the first digit).
The third digit can be any one of 8 {(any but those used for the first two digits).
The fourth digit can be any one of 7 (any but those used for the first three digits).
Then 9+9+8+7 = 4536 numbers can be formed.

Another method.

The first digit can be any one of 9 and the remaining three can be chosen in ¢Py ways.
Then 9+*4Py;=9+9+*8+7 = 4536 numbers can be formed.

(¢) The first digit can be chosen in 9 ways, the second in 8 ways and the third in 7 ways. Then
9+8+7 = 504 numbers can be formed.
Another method.

The first digit can be chosen in 9 ways and the next two digits in gP, ways. Then
9 4Py = 9+8+7 = 504 numbers can be formed.
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1.33. Four different mathematics books, six different physics books, and two different
chemistry books are to be arranged on a shelf. How many different arrangements
are possible if (a) the books in each particular subject must all stand together,
(b) only the mathematics books must stand together?

(a) The mathematics books can be arranged among themselves in ,P; = 4! ways, the physics books
in ¢ P = 6! ways, the chemistry books in P, = 2! ways, and the three groups in 3P; = 3!
ways. Thus

Number of arrangements = 4!6!213! = 207,360

(b) Consider the four mathematics books as one big book. Then we have 9 books which can be
arranged in 4Py = 9! ways. In all of these ways the mathematics books are together. But the
mathematics books can be arranged among themselves in ,FP; = 4! ways. Hence

Number of arrangements = 9!4! = 875709,120

1.34. Five red marbles, two white marbles, and three blue marbles are arranged in a row.
If all the marbles of the same color are not distinguishable from each other, how
many different arrangements are possible?

Assume that there are N different arrangements. Multiplying N by the numbers of ways of
arranging (a) the five red marbles among themselves, (b) the two white marbles among themselves,
and (c¢) the three blue marbles among themselves (i.e. multiplying N by 5!2!3!), we obtain the
number of ways of arranging the 10 marbles if they were all distinguishable, i.e. 10! .

Then (5!2!31)N = 10! and N = 10!/(5!2!31),

In general, the number of different arrangements of n objects of which #, are alike, 7, are alike,

n!

W where 'ﬂ'+ﬂ2+~-'+nk = M.

..., m are alike is

L35. In how many ways can 7 people be seated at a round table if () they can sit any-
where, (b) 2 particular people must not sit next to each other?

{e) Let 1 of them be seated anywhere. Then the remaining 6 people can be seated in 6! = 720
ways, which is the total number of ways of arranging the 7 people in a circle,

(b) Consider the 2 particular people as one person. Then there are 6 people altogether and they
can be arranged in 5! ways. But the 2 people considered as 1 can be arranged among them-
selves in 2! ways. Thus the number of ways of arranging 7 people at a round table with
2 particular people sitting together = 5! 2! = 240.

Then using (a), the total number of ways in which 7 people can be seated at a round table
so that the 2 particular people do not sit together = 720 — 240 = 480 ways.

COMBINATIONS

1.36. In how many ways can 10 objects be split into two groups containing 4 and 6 objects
respectively ?
This is the same as the number of arrangements of 10 objects of which 4 objects are alike and
1 «Qefls
6 other objects are alike. By Problem 1.34 this is 41'{:3:' - 10 ﬂ'ﬂ v 210.
The problem is equivalent to finding the number of selections of 4 out of 10 objects (or 6 out
of 10 objects), the order of selection being immaterial. In general the number of selections of + out

of n objects, ealled the number of combinations of n things taken » at a time, is denoted by ,C, or

(2) and is given by
c. = n) B n! _ omm—1)-m—r+1) _ P
ey - = —_—

T ortm—n) r! 7!
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1.38.

1.39.

1.40'

141.
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Evaluate (a) 7Cs, (D) oCs, (€) 4Cs.
71 7+6+54 _ 7645

6! 6+5-4+3+2

(¢} 4C, is the number of selections of 4 objects taken 4 at a time, and there is only one such selec-
tion. Then ,C, = 1.
4!
410!

Note that formaily ,C; = =1 if we define 0! = 1.

In how many ways can a committee of b people be chosen out of 9 people?

9y _ _ 9! _ 9-8:7+6:5 _
(5) = o0 = gy T 5! = 126

Out of 5 mathematicians and 7 physicists, a committee consisting of 2 mathemati-
cians and 3 physicists is to be formed. In how many ways can this be done if (a) any
mathematician and any physicist can be included, (b) one particular physicist must
be on the committee, (c¢) two particular mathematicians cannot be on the committee?

(e) 2 mathematiciang out of 5 can be selected in ;Cy; ways.
3 physicists out of 7 can be selected in ;C3 ways.

Total number of possible selections = ;C;+;C3 = 10+356 = 350
(b) 2 mathematicians out of 5 can be selected in ;C, ways.
2 physicists out of 6 can be selected in ¢C, ways.
Total number of possible selections = Cy*¢Cy, = 10+156 = 150

(¢} 2 mathematicians out of 3 can be selected in 3C, ways,
3 physicists out of 7 can be selected in ;C; ways.

Total number of possible selections = C,*;C3 = 3+36 = 105

How many different salads can be made from lettuce, escarole, endive, watercress
and chicory?

Each green can be dealt with in 2 ways, as it can be chosen or not chosen. Since each of the
2 ways of dealing with a green is associated with 2 ways of dealing with each of the other greens,

the number of ways of dealing with the five greens = 25 ways. But 25 ways includes the case in
which no green is chosen. Hence

Number of salads = 25-—1 = 31 .

Another method.
One can select either 1 out of 5 greens, 2 out of b greens, ..., 5 out of 5 greens. Then the

..... emarrmmbine A Lo lo B o

i‘wu;r"t:ﬁ NUMper O1 Sa18048 1
5Cl+562+563+504+505 = 6+10+10+565+1 = 381
In general, for any positive integer », ,C; +,Cs+ ,Cs+ -+ C, = 2n—1,

From 7 consonants and 5 vowels, how many words can be formed consisting of 4
different consonants and 3 different vowels? The words need not have meaning.
The 4 different consonants can be selected in ;C; ways, the 3 different vowels can be selected in

sCs ways, and the resulting 7 different letters (4 consonants, 3 vowels) can then be arranged among
themselves in ;P; = 7! ways. Then

Number of words = ;C;-5C5+T! = 35-10+5040 = 1,764,000
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THE BINOMIAL COEFFICIENTS
1.42. Prove that (:f) = (”_ 1) + (”_ 1

r r—1/
We have
n _ n! _ nn—1)! _ (m—r+rn—1)!
r)  rlm—7)! T wlm—w1 rlin—n!
(n—rln—1!  7(n—1)!
! (n—r)! ! (n—7)!
{(n—1}! (n—1)!

rln—7r—1)! (r—1)!(n—)!

()G

The result has the following interesting application. If we write out the coefficients in the bino-

mial expansion of (x + y)» for n = 0,1,2,... we obtain the following arrangement, called Pascal's
triongle:

n=0 1

n=1 1 1

n =2 1 2 1

n=3 i 3 3 1

n=4a 1 4 6 4 1

n=>5 1 5 10 10 5 1

n==6 1 6 15 20 15 6 1

ete.

An entry in any line can be obtained by adding the two entries in the preceding line which are to
its immediate left and right. Thus 10 =4+ 6, 15 = 10+ 5, etc.

12
143. Find the constant term in the expansion of (:t:2 +%) .
According to the binomial theorem

12 12 12—k iz
(++2) = B )l - & ()

The constant term corresponds to the one for which 3k —12 =0, i.e. k=4, and is thus given by

12) _ 12-11-10-9
(4)_ 1-3-2.1 49

PROBABILITY USING COMBINATORIAL ANALYSIS

1.44. A box contains 8 red, 3 white and 9 blue balls. If 3 balls are drawn at random with-
out replacement, determine the probability that (a) all 3 are red, (b) all 3 are white,
(c) 2 are red and 1 is white, (d) at least 1 is white, (e) 1 of each color is drawn, (f) the
balls are drawn in the order red, white, blue.



26

1.45.

(a)

(b)

(c)

(d)

(e)

)
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Method 1.

Let R, R;, Ry denote the events, “red ball on 1st draw,” “red ball on 2nd draw,” “red ball
on 3rd draw,” respectively. Then R;nE;nE; denotes the event “all 3 balls drawn are red.”
We thus have

P(R,NnR;NR;} = P(R)P(R,'R)) P(R3|R,NRy)

(B -

number of selections of 3 out of 8 red balls _ sCs _ 14
number of selections of 3 out of 20 balls 20Cz 285

Methed 2.
Required probability =

Using the second method indicated in part (a),

. _ s« 1
P(all 3 are white) = oCs 1140
The first method indicated in part (a) can alse be used.

P(2 are red and 1 is white)
B {selections of 2 out of 8 red balls)(selections of 1 out of 3 white balls)
- ~ number of selections of 3 out of 20 balls
(302){301} _ i
20Cs 95
C
P(none is white) = ﬁ = :;—‘,; Then
s whitey — 134 _ 28
P(at least 1 is white) = 1 BT — 57
(5C1)(3C1HeCy)
P(1 of each color is drawn) = Brlls e _ 18
20C35 85
P(balls drawn in order red, white, blue) — ?31_'P“ of each color is drawn)
— 1718y using (e)
~ B\95 g5’ USME
Another method.
P(RiNWynBg) = PR P(Wo|R) P(B; | RnWy)

In the game of poker five cards are drawn from a pack of 52 well-shuffled cards.
Find the probability that (a) 4 are aces, (b) 4 are aces and 1 is a king, (c¢) 3 are
tens and 2 are jacks, (d) a nine, ten, jack, queen, king are obtained in any order,

(e) 3 are of any one suit and 2 are of another, (f) at least 1 ace is obtained.

. (4C3)4sCh) _ 1
(@ Pldaces) = —-¢—— = g5
. WGy 1
(b) P(4 aces and 1 king) = +Ca = $49,740
. _ ((CaaCs) 1
(¢) P(8 are tens and 2 are jacks) = -G = 108.290
(CDECHCHCNECy) 64

(d) P(nine, ten, jack, queen, king in any order) = —C. = 162435
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(4°13C3)3°13Cy) 4929
5205 4165

gsince there are 4 ways of choosing the first suit and 3 ways of choosing the second suit.

(e) P(3 of any one suit, 2 of another) =

48Cs _ 35,673

8%s 35,673 _ 18,472
52Cs  54,145°

54,145  54,145°

(fy P(no ace) =

Then P(at least one ace) = 1 —

1.46. Determine the probability of three 6's in five tosses of a fair die.

Let the tosses of the die be represented by the five spaces — —— — — —— . In each space
we will have the events 6 or not-6 (6'). For example, three 6’s and two not-6's can occur asg
666°66 or 66" 666, etc.

Now the probability of the outcome 666’ 66’ is
P(666'66") = P(6) P(6) P(6") P(6) P(6') =
since we assume independence. Similarly
P =G 6)
6 6

for all other outcomes in which three 6's and two not-6’s occur. But there are zC3 = 10 such
outcomes and these are mutually exclusive. Hence the required probability is

3 2 3 2
P(666'66 or 6666 6or ...) = _.,Cs(%) (—Zl) = E%(%) (%) - %

In general, if p = P(A) and g =1—p = P(A’), then by using the same reasoning as given
above the probability of getting exactly # A’s in »n independent trials is

Sy |
=1
-
o en
.

n
aras = (D

1.47. A shelf has 6 mathematics books and 4 physics bocks. Find the probability that 3
particular mathematics books will be together.

All the books can be arranged among themselves in 3P4 = 10! ways. Let us assume that the
8 particular mathematics books actually are replaced by 1 book. Then we have a total of 8 books
which can be arranged among themselves in 3Py = 8! ways. But the 3 mathematics books them-
selves can be arranged in 3 P; = 3! ways. The required probability is thus given by

g!a! _ 1
10! 15

STIRLING’S APPROXIMATION TO =!
1.48. Evaluate 50!.

For large n, n! ~ V2rnnne~n,  Thus
50! ~ V’2T§0:|5{)5“e“50 = N
To evaluate N use logarithms to the base 10. Then
log N = log (V1007 503 ¢~50)

- %]oglﬂ[} + %mg;-r + 50 log 50 — 50 log e

log 100 + %log3.142 + 50 log50 — 50 log 2.718

I po|=

= 2{2} + -!2-{0.4972] + 50(1.6990) — 50(0.4343) = 64.4836

from which N = 3.04 X 1084, a number which has 65 digits.
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MISCELLANEOUS PROBLEMS

1.49.

1.50.

A and B play 12 games of chess of which 6 are won by A, 4 are won by B, and 2 end
in a draw. They agree to play a tournament consisting of 3 games. Find the proba-
bility that (a) A wins all three games, (b) two games end in a draw, (¢) A and B
win alternately, (d) B wins at least one game.

(a)

(b)

(e)

(d)

Let A,, Ay, A denote the events “A wins” in 1st, 2nd, and 3rd games respectively,
By, B;, B; dencte the events “B wins” in 1st, 2nd and 3rd games respectively.

On the basis of their past performance (empirical probability) we shall assume that

: -6 _1 ; -4 _1
P(A wins any one game) = 2~ 3 P(B wins any one game) = 2~ 3

P(A wins all 3 games) = P(A4,0Ay,nAy) = P(A,) P(Ay) P(Ay) = (%)(%)(%) - %

assuming that the results of each game are independent of the results of any others, (This
assumption would not be justifiable if either player were psychologically influenced by the other
one’s winning or losing.)

In any one game the probability of a nondraw (i.e. either A or B wins) is ¢ =1+1=3% and
the probability of a draw is p =1—g¢ = L. Then the probability of 2 draws in 3 trials is

{see Problem 1.46)
3 _ 1\*/5 5
(2)502:;:3 : 3(6_) (6_) 2

P{A and B win alternately) = P(A wins then B wins then A wins
or B wins then A wins then B wins)
= PlANBynAg) + P(BjnA,nBy)
= P(A,) P(By) P(A:!) + P(By) P(A) P(Bj)

EEE)+ GEE) - =

P(B wins at least one game) = 1 — P(B wins no game)
= 1 — P(BnBinBY)
= 1 - P(B}) P(BY) P(B3)

= 1 (BE)E) -

\ 27\ N8/

N:'|H
|

A and B play a game in which they alternately toss a pair of dice. The one who is
first to get a total of 7 wins the game. Find the probability that (a) the one who
tosses first will win the game, (b) the one who tosses second will win the game.

(a)

The probability of getting a 7 on a single toss of a pair of dice, assumed fair, is } as seen from
Problem 1.18 and Fig. 1-17. If we suppose that A is the first to toss then A will win in any
of the following mutually exclusive cases with indicated associated probabilities:

(1) A wins on 1st toss. Probability = }.

(2} A loses on st togs, B then loses, A then wins

(3) A loses on 1st toss, B loses, A loses, B loses, A wins.

Probability = (£)(§)(E)(F)(3)-

................................................................................

(-0 - AR -~
L (0] - e -

where we have used the result 6 of Appendix A with = = (5/6)2.

=
-
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1L.51.

1.52.

1.53.

EORONONS

{(b) The probability that B wins the game is similarly
5/36 _ 5

56 - R -~

Thus we would give 6 to b odds that the first one to toss will win. Note that since

6 b

at1 1

the probability of a tie is zero. This would not be true if the game was limited. See Problems
1.151 and 1.152.

A machine produces a total of 12,000 bolts a day which are on the average 3%
defective. Find the probability that out of 600 bolts chosen at random 12 will be
defective.

Of the 12,000 bolts, 3% or 360 are defective and 11,640 are not. Then

Sﬂl)cw 1 l.mc:.ss

Required probability = 12.000C
600

A box contains 5 red and 4 white marbles. Two marbles are drawn successively
from the box without replacement and it is noted that the second one is white. What
is the probability that the first is also white?

Method 1.

If W,, W, are the events “white on 1st draw, “white on 2nd draw,” respectively, we are looking
for P(W;| Wy). This is given by
P(W;nWy) (4/9)(3/8) 3

Method 2.

Since the second is known to be white there are only 3 ways out of the remaining 8 in which
the first can be white, so that the probability is 3/8.

The probabilities that a husband and wife will be alive 20 years from now are given
by 0.8 and 0.9 respectively. Find the probability that in 20 years (a) both, (b) neither,
(¢) at least one, will be alive.

Let H, W be the events that the husband and wife, respectively, will be alive in 20 years. Then
d

P{Hy = 0.8, P(W) — 0.9. We suppose that  and W are independent events, which may or may not
be reasonable.

() P(both will be alive) = P(HNW) = P(H)YP(W) = (0.B)(0.9) = 0.72

(b) P(neither will be alive) = PH'nW" = P(H')P(W) = (0.2)(0.1) = 0.02

(¢) P(at least one will be alive) = 1 — P(neither will be alive) = 1 — 0.02 = (.98

-
=

An inefficient secretary places n different letters into n differently addressed enve-
lopes at random. Find the probability that at least one of the letters will arrive at
the proper destination.
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Let Ay, Ay, .., A, denote the events that the 1st, 2nd, ..., nth letter is in the correct envelope.
Then the event that at least one letter is in the correct envelope is A;UA,U---UA, and we want
to find P(A;UA,U---UA,). From a generalization of the results (10) and (11), page 7, (see Prob-
lem 1.79) we have

(1) P(AjUAU - UA,) = 2 PAY — S PA;NA) + 2 PANANAY
—_ - (_]_)n—lP{AlnA2n.-. nA”)

where X P(A;) is the sum of the probabilities of A, from 1 to n, X P(A;nA) is the sum of the
probabilities of A;NA; with j and k from 1 to n and k > j, etc. We have for example the following:

() P4) = L andsimilarly P4, = !
since of the n envelopes only 1 will have the proper address. Also

1
() P(A;NA) = PA)YP(A;|A)) = (;)(-ﬂl l)

since if the 1st letter is in the proper envelope then only 1 of the remaining #» — 1 envelopes will
be proper. In a similar way we find
1\ 1 )

o 1) /
) PlA 0 A4y = PAYPA, 1 A) PAsiAnAY = 3 (57 (573

etc., and finally

) Panazo-nay = (D) (1) = &

Now in the sum 3 P(A;nA,) there are (") = ,Cy terms all having the value given by (3).

2

Similarly in 3 P(A;nA;NA,;) there are (’;) = ,Cy terms all having the value given by (4). Thus

the required probability is

ravetsen = (1)) - @) (6 E)
C e 4 (=2 .(:)(;1_')

_ 1,1 oy 1
_]"—E—Fﬁ—"'-l-{‘*l)' ';3-?
From calculus we know that (see Appendix A)
_ w2 ad
e = 1+ a + 57 37 + -
so that for « = —1
_ ] 1 1
e—1 = 1—(I—ﬁ+ﬁ_"')
1 1
— g s E AT = — et
or 1 T + 31 1 —e
It follows that if »n is large the required probability is very nearly 1-—e~! = 0.6321. This means

that there is a good chance of at least one letter arriving at the proper destination. The result is
remarkahble in that the probability remains practically constant for all n > 10. Thus the proba-
bility that at least one letter will arrive at its proper destination is practically the same whether n
is 10 or 10,000,

Find the probability that » people (n =365) selected at random will have » different
birthdays.

We assume that there are only 365 days in a4 year and that all birthdays are equally probable,
assumptions which are not quite met in reality,



CHAP. 1] SETS AND PROBABILITY 31

1.56.

SETS
1.57.

1.58.

1.59.

1.60.

The first of the » people has of course some birthday with probability 366/365 = 1, Then, if
the second is to have a different birthday, it must oceur on one of the other 364 days. Thus the
probability that the second person has a birthday different from the first is 364/365. Similarly the
probability that the third person has a birthday different from the first two is 363/365. Finally,
the probability that the nth person has a birthday different from the others is (365 —n + 1)/365.
Thus we have

P(all » birthdays are different) 365,364 363 365—n+1

365 366 366 366

{;_L\{!_i\,../}_ﬂ_l\
\" 365/\" 3865, \ 365 /

Determine how many people are required in Problem 1.55 to make the probability
of distinct birthdays less than 1/2.

Denoting the given probability by p and taking natural logarithms we find

— _1 .2 _rn—1
(1) Inp = ln(l 365) + ln(l 365 + + ln(l 365 )
But we know from calculus (Appendix A, formula 7) that

- A A
(2) In(1—-x) = x 2 3
so that () can be written
_ 1424+ - +@m—1D] 1 12+22+-“+(n—1}?]__”
@) np = [ 366 ] 2[ (365)2
Using the facts that for n = 2,3, ... (Appendix A, formulas 1 and 2)

(4) 1+2+...+{n_]):w, 1?+22+...+{ﬂ_1)2:w

we obtain for (3)
_ _mn—1) nr—-1)2rn—-1)
) Inp = 730 12(365)

For n small compared to 365, say » < 30, the second and higher terms on the right of (5) are
negligible compared to the first term, so that a good approximation in this case is

_ _nr—1)
(6) Inp = 730
For p=14, Inp=—1In2 = —0.693. Thus we have
(7) —“h;?;}—“ = 0693 or w2-—n—506 =0 or (n—23)n+22) =0

so that = = 23. Our conclusion therefore is that if n is larger than 23 we can give hetter than
even odds that at least two people will have the same birthday.

Supplementary Problems

Let A be the set of all natural numbers between 5 and 15 which are even. Describe A according to
{a) the roster method, (b) the property method.

Let A = {x| 22—83x+2=0}, B = {z | 2?2 =16}). Determine whether or not AC B.
Prove that for any set A we have AC A.
Discuss the truth or falsity of the following statements. (a) If A and B are any two sets then

either ACB, ADB,or A=B. (b) If x and ¥ are any two real numbers than either x <y, x> ¥,
or * =y.
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1.62.
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Prove that any subset of the empty set must be the empty set.

Let ~f be the set or class of all sets which are not elements of themselves. (a) Prove that if J €,
then ~f €. (b) Prove that if ~f &,f, then ofE-J. The paradox described is called Russell’s
paradox.

SET OPERATIONS, VENN DIAGRAMS AND THEOREMS ON SETS

1.63.

1.64.

1.65.

1.66.

1.67.

1.68.

1.69.

1.70.

171

1.72.

1.73.

1.74.

Let a universe be given by U = {1,2,3,4,5} and supposc that subsets of U are A = {1,5},
B=1{2,53), C=1{4,2}. Find (a) AU(BUC), (b) (AUB)UC, (¢} A (BUC), (d) (ANB)U(ANC),
(e) A'n(B'nC"), (N (AuB)—(AuCl), (g) (ANCYUBRB, (h) A — (B'UC').
Let U be the set of all nonnegative integers and consider the subsets

A = {x | =is an even integer, 1 =2 <6} and B = {z ' «x is a prime number, 0 <z = ¢}

Find (a) AUB, (b) AnB, (¢) A'nB’, (dy A—B, (¢) B— A, (f) (A—B) Uu(B—A).
Use a Venn diagram to sketch each of the following sets:

(a) AN (BUC) (e} A’ rn(BuCy (¢} A" — (BucCy

(b) AU (BnC) {diy A —{(BNC)
Is (A —BY = A'"— B’? Justify your answer.
Prove (a) Theorem 1-2, page 3. (b) Theorem 1-3, page 3, (¢) Theorem 1-4, page 3.

(a) Prove De Morgan’s second law, Theorem 1-12b, page 3, and (b) illustrate by using a Venn
diagram.

Generalize De Morgan’s first and second laws to any number of sets. (See Problem 1.7.)
Illustrate the principle of duality by referring to the theorems on page 3.

Prove that (A -B) UB = A if and only if BC A, and illustrate by using a Venn diagram.
Prove or disprove:. If A—B = (), then A = B.

Provethat AUB = [A—(AnB)JuU [B—(AnB) U (AnB) and illustrate by a Venn diagram.

Generalize the result of Problem 1.9.

RANDOM EXPERIMENTS, SAMPLE SPACES AND EVENTS

1.75.

1.76.

Describe a sample space for each of the following random experiments: (¢) 3 tosses of a coin, (b) the
number of smokers in a group of 500 adult males, (c) tossing a coin until a tail appears, (d) the
number of incoming calls on a telephone trunkline, {(¢) the number of nuclear particles entering a
Geiger counter, (f) tossing a coin and a die,

An experiment consists of tossing a coin and a die. If A is the event “heads comes up” in tossing
the coin and B is the event “3 or 6 comes up” in tossing the die, state in words the meaning of
each of the following: (a) A’, (b} B, (¢) AnB, (A AnB', (et A—B, {fy B—A, (g) A'UB.

THEOREMS ON PROBABILITY

177,

1.78.

Complete the proof in Problem 1.14(d) by proving (without a Venn diagram) that
AUB = AU[B—(AnB)

where A and B — (A NB) are mutually exclusive.

Prove the result {(11), page 7.
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1.79.

1.80.

Generalize the results (10) and (11), page 7, and thus prove the result (I} of Problem 1.54, page 30.

Prove that P(A'UB') = 1 — P(AnB).

CALCULATION OF PROBABILITIES

1.81.

1.82.

1.83.

1.84.

1.85.

Determine the probability p, or an estimate of it, for each of the following events:

(a) A ki_l_ug, ace, jack of clubs or queen of diamonds appears in drawing a single card from a well-
shuftled ordinary deck of cards.

(b) The sum 8 appears in a single toss of a pair of fair dice.

(¢) A nondefective bolt will be found next if out of 600 bolts already examined, 12 were defective.

(d) A 7 or 11 comes up in a single toss of a pair of fair dice.

{e¢) At least one head appears in three tosses of a fair coin.

An experiment consists of drawing three cards in succession from a well-shuffled ordinary deck of
cards. Let A, be the event “king on first draw,” A, the event “king on second draw,” and A; the
event “king on third draw.” State in words the meaning of each of the following:

(@ P(AnA}), (b) P(A{UA,), (e) P(A1UAY), (d) P(A1NAYNAY), (e) P[(ANAy) U (AN Ay).

A marble is druwn at random from a box containing 10 red, 30 white, 20 blue and 15 orange marbles.
Find the probability that it is (¢) orange or red, (b) not red or blue, (¢) not blue, (d} white,
(e) red, white or blue.

Two marbles are drawn in succession from the box of Problem 1.83, replacement being made after
each drawing. Find the probability that (a) both are white, (b) the first is red and the second is
white, (¢) neither is orange, (d) they are either red or white or both (red and white), (e) the second
is not blue, (f) the first is orange, (g) at least one is blue, (h) at most one iz red, (i) the first is
white but the second is not, (j) only one is red.

Work Problem 1.84 if there is no replacement after each drawing.

CONDITIONAL PROBABILITY AND INDEPENDENT EVENTS

1.86.

1.87.

1.88.

1.89.

1.90.

1.91.

1.92.

1.93.

A box contains 2 red and 3 blue marbles. Find the probability that if two marbles are drawn at
random (without replacement) (a) both are blue, (b) both are red, (¢} one is red and one is blue.

Find the probability of drawing 3 aces at random from a deck of 52 ordinary cards if the cards
are (o) replaced, (b) not replaced.

If at least one child in a family with two children is a boy what is the probability that both chil-
dren are boys?

Show that conditional probability as defined by (17), page B, satisfies the axioms of probability on
page 6 and thus all the theorems of probability.

Prove that if P(A) > P(B) then P(A|B) > P(B|A).
If A is independent of B prove that (a) A is independent of B’, (b} A’ is independent of B’,

If A, B, C are independent events prove that (¢) A and BUC, (b) A and BnC, (¢} A and B —C,
are independent,

Let A, = event “odd number on first die,”” A, = event “odd number on second die,” A3 = event
“odd total on both dice.” Show that Ay, As; A, Ay Ay, Ay are independent but that Ay, 4,, 4y
are not independent.
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194. Box I contains 3 red and 5 white balls, while Box II contains 4 red and 2 white balls. A ball
is chosen at random from the first box and placed in the second box without observing its color.
Then a ball is drawn from the second box. Find the probability that it is white.

BAYES' THEOREM OR RULE

195, A box contains 3 blue and 2 red marbles while another box contains 2 blue and 5 red marbles.
A marble drawn at random from one of the boxes turns out to be blue. What is the probability
that it came from the first box?

1.96. Each of three identical jewelry boxes has two drawers. In each drawer of the first box there is a
gold watch. In each drawer of the second box there is a silver watch. In one drawer of the third
box there is a gold watch while in the other there is a silver watch. If we select a box at random,
open one of the drawers and find it to contain a silver watch, what is the probability that the other
drawer has the gold watch?

197. Urn I has 2 white and 3 black balls; Urn II, 4 white and 1 black; and Urn III, 83 white and 4 black.
An urn is selected at random and a ball drawn at random is found to be white. Find the probabil-
ity that Urn I was selected.

COMBINATORIAL ANALYSIS, COUNTING AND TREE DIAGRAMS

198. A coin is tossed three times, Use a tree diagram to determine the various possibilities which can
arise.

1.99. Three cards are drawn at random (without replacement) from an ordinary deck of 52 cards. Use
a tree diagram to determine the number of ways in which one can draw (a) a diamond and a club
and a heart in succession, (b) two hearts and then a ¢lub or a spade.

1.100. In how many ways can 3 different coins be placed in 2 different purses?

PERMUTATIONS
1,101, Evaluate (a) 4Py (b) :P5 (€) 1P

1.102. For what value of n is ;1P = , P47
1.103. In how many ways can 5 people be seated on a sofa if there are only 3 seats available?

L104. In how many ways can 7 books be arranged on a shelf if (a) any arrangement is possible,
(b} 3 particular books must always stand together, (¢) two particular books must occupy the ends?

1.105. How many numbers consisting of five different digits each can be made from the digits 1,2,38,...,9
if (e) the numbers must be odd, (b) the first two digits of each number are even?

1.106. Solve Problem 1.105 if repetitions of the digits are allowed.
1.107. How many different three-digit numbers can be made with 3 fours, 4 twos and 2 threes?

1.108. In how many ways can 3 men and 3 womeh be seated at a round table if (@) no restriction is
imposed, (b) two particular women must not sit together, (¢} each woman is to be between two men?

COMBINATIONS
1.109. Evaluate (a) 5C5 (b) 5Cs (€) 16Cs-

1.110. For what value of n is 3+ ,,,Cy =7+ ,Cp?
1.111. In how many ways can 6 questions be selected out of 107

1112, How many different committees of 3 men and 4 women can be formed from 8 men and 6 women?
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1.113,

1.114.

1.115.

1.116.

In how many ways can 2 men, 4 women, 3 boys and 3 girls be selected from 6 men, 8 women, 4 boys
and 5 girls if (&) no restrictions are imposed, {(b) a particular man and woman must be selected?

In how many ways can a group of 10 people be divided into (&) two groups consisting of 7 and 3
people, (b) three groups consisting of 5, 3 and 2 people?

From 5 statisticians and 6 economists a committee consisting of 3 statisticians and 2 economists is
to be formed, How many different committees can be formed if (a) no restrictions are imposed,
(b) two particular statisticians must be on the committee, (¢} one particular economist cannot
be on the committee?

Find the number of (a) combinations and (b) permutations of four letters each that can be made
from the letters of the word Tennessee.

BINOMIAL COEFFICIENTS

L1117,

1.118.

1.119.

1.120.

1.121.

11
Calculate (a) 4Cy, () ( 4 ), (€} (sC2)4Cal/ 12Cs-

Expand ({(a) (x -+ )5, (b) (x— u), (c) (x —z— 15, (d) (224 20,

]
Find the coefficient of « in (:a: + -f_—) .

Show that  (a) (’;) t (;‘) + (:) 4ot (:) — o
o ()-() ()=o) - o

n

Prove that (a) jil JGCY = me2n) (b)) F (—1)im1(,C) = o.
= i=1

PROBABILITY USING COMBINATORIAL ANALYSIS

1122,

1.124.

1.125.

1.126.

1.127.

1.128.

Find the probability of scoring a total of 7 points (a) once, (b) at least once, (€) twice, in two
tosses of a pair of fair dice.

a nroh-
ability that (a) the first card is not a ten of clubs or an ace, (b) the first card is an ace but the
second is not, (¢} at least one card is a diamond, (d) the cards are not of the same suit, (€) not
more than one card is a picture card (jack, queen, king), (f) the second card is not a picture card,
(¢) the second ecard is not a picture card given that the first was a picture card, (k) the cards are

picture cards or spades or both.

wn successively from an ordinary deck of 52 well-shuffled cards. Find the

LR A= A U L w2

Two cards are dr:
VYO CBTds are dr

P

A box contains 9 tickets numbered from 1 to 9 inclusive. If 3 tickets are drawn from the box one
at a time, find the probability that they are alternately either odd, even, odd or even, odd, even.

The odds in favor of A winning a game of chess against B are 3:2. If three games are to be
played, what are the odds (e) in favor of A winning at least two games out of the three,
(b) against A losing the first two games to B?

In the game of bridge each of 4 players is dealt 13 cards from an ordinary well-shuffled deck of
52 cards. Find the probability that one of the players (say, the eldest) gets (a) 7 diamonds,
2 clubs, 3 hearts and 1 spade; (b} a complete suit.

An urn contains 6 red and 8 blue marbles, Five marbles are drawn at random from it without
replacement, Find the probability that 3 are red and 2 are blue.

(@) Find the probability of getting the sum 7 on at least one of three tosses of a pair of fair dice.
() How many tosses are needed in order that the probability in (a) be greater than 0.957
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1.129

1.130.
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Three cards are drawn from an ordinary deck of 52 cards. Find the probability that (a)} all cards
are of one suit, (b) at least two aces are drawn.

Find the probability that a bridge player is given 13 cards of which 9 cards are of one suit.

STIRLING’S APPROXIMATION TO =!

1.131.

1.133.

1.134.

In how many ways can 30 individuals be selected out of 1007

Find the percentage error in Stirling's formula for n = 10.

Obtain an approximation to the result of Problem 1.51.

MISCELLANEOUS PROBLEMS

1.135.

1.136.

1.137.

1.138.

1.139.

1.140.

1.141.

1.142.

1.143.

1.144.

1.145.

1.146,

1.147.

1.148.

A sample space consists of 3 sample points with associated probabilities given by 2p, p? and 4p — 1.
Find the value of p.

Prove that if ACB' then AnB = ().
Prove that A —(ANB) = AnB'.

How many words can be made from 5 letters if (a) all letters are different, (b) 2 letters are iden-
tical, (¢) all letters are different but 2 particular letters cannot be adjacent?

Four integers are chosen at random between 0 and 9 inclusive. Find the probability that (a) they
are all different, (b) not more than two are the same.

A pair of dice is tossed repeatedly. Find the probability that an 11 occurs for the first time on
the 6th toss.

What is the least number of tosses needed in Problem 1.140 so that the probability of getting an 11
will be greater than (a) 0.5, (b) 0.957

Discuss the following: There is no such thing as a fair coin since in any number of tosses it is
extremely unlikely that the number of heads and tails will be the same.

Suppose that in tossing a coin 500 times there is a sequence of 24 tosses which result in “heads.”
Can the coin be fair? Explain.

Prove that for any events A, A,, ..., A,
PA,VAU---UA,) = P(A,)) + P(Ag) + -+ - + P(A,)

In tossing a pair of dice the sum can be 2, 3, ..., 12. Could we assign probabilities of 1/11 to each
of these? Explain.

In a game of poker find the probability of getting (a) a royal flush, which consists of the ten, jack,
queen, king and ace of a single suit; (b) a full house, which consists of 3 cards of one face value
and 2 of another (such as 3 tens and 2 jacks, etc.); {(c) all different cards; (d) 4 aces.

The probability that a man will hit a target is . If he shoots at the target until he hits it for the
first time, find the probability that it will take 5 shots.

(a) A shelf contains 6 separate compartments. In how many ways can 4 indistinguishable marbles be
placed in the compartments? (b) Work the problem if there are n compartments and » marbles,
This type of problem arises in physics in connection with Bose-Einstein statistics.



CHAP. 1] SETS AND PROBABILITY 37

1.149.

1.150.

1.151.

1.152.

1.153.

1.155.

1.156.

(a) A shelf contains 6 separate compartments. In how many ways can 12 indistinguigshable marbles be
placed in the compartments so that no compartment is empty? (b} Work the problem if there are
# compartments and » marbles where r > #. This type of problem arises in physics in connection
with Fermi-Dirac statisties.

A poker player has cards 2, 3, 4. 6, 8. He wishes to discard the 8 and replace it by another card
which he hopes will be a 5 (in which case he pgets an “inside straight”). What is the probability
that he will succeed assuming that the other three players together have (a) one 5, (b) two 5’s,
(c) three 5's, (d) no 5?7 Can the problem be worked if the number of 5's in the other players’ hands
is unknown? Explain.

Work Problem 1,50 if the game is limited to 3 tosses.
Generalize the result of Problem 1.151.

Find the probability that in a game of bridge (a) two, (b) three, (c} all four players have a com-
plete suit.

T
FProve that (R\ 3 { )(n - and give a combinatorial interpretation. (Hint: Consider
)= 20020
(14 2} (14 z)" ¥ and find the coefficient of %7 in the product.)

2n n\2 n\2 n\2 . . .
Prove that " = 0 + 1 + -+ ( ) and give a combinatorial interpretation,
N n

Prove that the probability that the secretary of Problem 1.54 will get exactly ¢ letters in the

n—a
correct envelopes is 'lr' 3 L:kl'— [Hint: Denoting the desired probability as p,(a), show that
al k=qn -

oula) = &l'ipn—-a (0) and then use the result of Problem 1.54.]



Chapter 2

Random Variables
and Probability Distributions

RANDOM VARIABLES

Suppose that to each point of a sample space we assign a number. We then have a
function defined on the sample space. This function is called a random variable (or sto-
chastic variable) or more precisely a random function (stochastic function). It is usually
denoted by a capital letter such as X or Y. In general a random variable has some speci-
fied physical, geometrical or other significance.

EXAMPLE 2.1. Suppose that a coin is tossed twice so that the sample space is ~[ = {HH,HT,TH, TT}.
Let X represent the number of heads which can come up. With each sample point we can associate a
number for X as shown in Table 2-1. Thus for example in the case of HH (i.e. 2 heads) X =2 while
for TH (1 head) X = 1. It follows that X is a random variable.

. Table 2-1
Sample Point HH HT TH TT
X 2 1 1 0

It should be noted that many other random variables could also be defined on this sample space, for
example the square of the number of heads, the number of heads minus the number of tails, etc.

A random variable which takes on a finite or countably infinite number of values (see
page 4) is called a discrete random variable while one which takes on a noncountably in-
finite number of values is called a nondiscrete or continuous random variable.

DISCRETE PROBABILITY DISTRIBUTIONS

Let X be a discrete random variable and suppose that the possible values which it can
assume are given by zi, %2, @3, ..., arranged in increasing order of magnitude. Suppose
also that these values are assumed with probabilities given by

P(X =) = f(xx) k=12, ... (1)

It is convenient to introduce the probability function, also referred to as probability dis-
tribution, given by

P(X=2) = f(z) (2)
For x = xx this reduces to (1) while for other values of z, f(x) = 0.
In general f(z) is a probability function if
1. f(x) = 0
2. Yfx) =1

where the sum in 2 is taken over all possible values of x. A graph of f(x) is called a proba-
bility graph.

EXAMPLE 2.2. (a) Find the probability function corresponding to the random variable X of Example 2.1
and (b) construct a probability graph.

38
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(¢} Assuming that the coin is fair we have

PHH) =+  PHT) = PTH) =3  PUD =%
Then
PX=0) = P(TT) =} Table 2-2
P(X=1) = PHTUTH) = PHT) + P(TH) = %+% - % x 0 1 2

f(z) 1/4 1/2 1/4

P(X=2) = P(HH) = %

The probability function is thus given by Table 2-2.

(b) A probability graph can be obtained by use of a bar chart, as indicated in Fig. 2-1, or a histo-
gram, as indicated in Fig. 2-2. In the bar chart the sum of the ordinates is 1 while in the his-
togram the sum of the rectangular areas is 1. In the case of the histogram we can think of the
random variable X as being made continuous, e.g. X =1 means that it lies between 0.5 and 1.5.

f(zx) fix)
i 1
i -
L I
0 1 2 * 0 1 2 ¥
Fig. 2-1. Bar Chart Fig. 2.2. Histogram

DISTRIBUTION FUNCTIONS FOR DISCRETE RANDOM VARIABLES

The cumulative distribution function, or briefly the distribution function, for a random
variable X is defined by

fa T v At BV i
ria =&) = raj \J

A

)
where x is any real number, i.e. —« <& < %, The distribution function can be obtained
from the probability function by noting that

F(z) = P(X=2) = X f() (%)

u=x

where the sum on the right is taken over all values of w for which « = . Conversely the
probability function can be obtained from the distribution function.

If X takes on onlv a finite number of values x;, 22 x. then the distribution function
-2 W A RMAEVA sdalaiiinsnca Wa S U ly Wy e s e V] VALIras AL el va 2rsiavansai A lasaiovallal

is given by

K —0 < X <3
f(x1) nE=a<a

F@) = 4 flx) + flae) X2 = < (5)
Lf(-’f'*l‘J'f e+ f(an) T2 < @

EXAMPLE 2.3. (¢) Find the distribution function for the random variable X of Example 2.2. (b) Obtain
its graph.
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{a) The distribution function is

F(x)
[0 —e < g < 0

1 0" x<1

a 1=x<2
1"' i
1 2=g< =

(b) The graph of F(x) is shown in Fig. 2-3. 3

The following things about the above
distribution function, which are true in s
general, should be noted.

1. The magnitudes of the jumps at 0, 1, 3
2 are , 4, 1 which are precisely the 3
ordinates in Fig. 2-1. This fact
enables one to obtain the probabil- o :
ity function from the distribution

function. Fig. 2-3

LWL T LY

]

L

2. Because of the appearance of the graph of Fig. 2-3 it is often called a staircase
function or step function. The value of the function at an integer is obtained from
the higher step, thus the value at 1 is § and not 1. This is expressed mathematically
by stating that the distribution funection is continuous from the right at 0, 1, 2.

3. As we proceed from left to right (i.e. going upstairs) the distribution function either
remains the same or increases, taking on values from 0 to 1. Because of this it is
said to be a monotonically increasing function.

CONTINUOUS PROBABILITY DISTRIBUTIONS

If X is a continuous random variable the probability that X takes on any one particular
value is generally zero. Therefore we cannot define a probability function in the same way
as for a discrete random variable (page 38). In order to arrive at a probability distribu-
tion for a continuous random variable we note that the probability that X lies between two
different values is meaningful.

EXAMPLE 2.4. If an individual is selected at random from a large group of adult males, the probability
that his height X is precisely 68 inches (i.e. 68.000... inches) would be zero. However there is a proba-
bility greater than zero that X is between 67.500... inches and 68.500... inches, for example.

These ideas and the analogy of Properties 1 and 2, page 38, lead us to postulate the
existence of a function f(x) such that

=90

1. Nz

4

)
f_z flayde = 1

where the second is a mathematical statement of the fact that a real-valued random vari-
able must certainly lie between —= and «. We then define the probability that X lies
between @ and b by

2.

Pla<X<b) = J;bf(a:) da 6)

We can show that this definition satisfies the axioms of probability given on page 6.
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A function f(x) which satisfies the above requirements is called a probability function
or probability distribution for a continuous random variable, but it is more often called a
probability density function or simply density function. Any function f(x) satisfying Prop-
erties 1 and 2 above will automatically be a density function and required probabilities can
then be obtained from (6).

EXAMPLE 2.5. (¢) Find the constant ¢ such that the function
ch” 0<x<3
@) = .
10 otherwise
is a density function and (b) compute P{1 < X < 2).
(@) Since f(x) satisfies Property 1 if e = 0, it must satisfy Property 2 in order to be a density

function. Now
- 3 4
’ flzydx = f cxrldx = M| = 9
ad 1] 3 n

and since this must equal 1 we have ¢ = 1/9.

| 2t |2 8 1 1

ikA PPl = ¥V = 9) — g B - —_
iy AL a1 Soaf

I ' T ) PR Y ST

In case f(«) is continuous, which we shall assume unless otherwise stated, the probabil-
ity that X is equal to any particular value is zero. In such case we can replace either or
both of the signs < in (6) by =. Thus, in Example 2.5,

P1=X=2) = P(1=X<2) = P1<X=2) = P1<X<2) = 27—7

DISTRIBUTION FUNCTIONS FOR CONTINUOUS RANDOM VARIABLES

By analogy with (4), page 39, we define the distribution function F(x) for a continuous
random variable by

Fiz) = P(X=2) = P(~x<X=g) = f f(w) du (7)
At points of continuity of f(z), the = in (7) can be replaced by < if desired.

EXAMPLE 2.6. (a) Find the distribution function for the random variable of Example 2.5. (b) Use the
result of (a) to find P(1 <x =2),

(e} We have z
Fle) = PX=2) = f F20) d

If <0 then Fiz)=0. If 0=x<3 then
_ x _ J':rl 2 a8
Fla) = J;!(u)du = [ pedw = 2
If x =3 then
3 x 31 x
F(z) = ‘ fluydu + f fluydu = f —uZdu + f Odu = 1
Jo 3 o 9 5

Thus the required distribution function is

(1] <0
F(z)y = 27 0=x<8
1 x = 3

Note that F(x) increases monotonically from 0 to 1 as is required for a distribution funetion.
1t should also be noted that F(x) in this case is continuous.
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(b) We have
Pl<X=2 =— PX=2)— PIX=1)
= F(2) — FQ)
28 13 7

27 27 27
as in Example 2.5,
The probability that X is between x and a + Ax is given by
z+4Ax
Pe=X=z+ax) = f f(u) du )
so that if Az is small we have approximately

Pe=X=gz+az) = f(x)ax 9
We also see from (?7) on differentiating both sides that

dF@) _
2 = fa) (10)

at all points where f(x) is continuous, i.e. the derivative of the distribution function is the
dengity function.

LEIBNIZ’S RULE
In order to obtain (10) we have used the fact familiar from calculus that

d j”’ _
) fuydu = f(x) (21)
This is a special case of Leibniz’'s rule for differentiation of an integral:

ag(x) ay(x) das da,
d Funde = [ oy + Faa0 G - Fa@.ag (2

da’; a, () 1(x)

where a1, a; and F are assumed to be differentiable with respect to x.

GRAPHICAL INTERPRETATIONS

If f(x) is the density function for a random variable X then we can represent ¥ = f(x)
graphically by a curve as in Fig, 2-4. Since f(x) = 0 the curve cannot fall below the z-axis.
The entire area bounded by the curve and the x-axis must be 1 because of Property 2 on
page 40. Geometrically the probability that X is between e and b, i.e. P(e <X <b), is then
represented by the area shown shaded in Fig. 2-4.

f=) F(x)

— L

Fig. 2-4 Fig. 2-5
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The distribution function F(zx) = P(X=%) is a monotonically increasing function which
increases from 0 to 1 and is represented by a curve as in Fig. 2-5.

JOINT DISTRIBUTIONS

The above ideas are easily generalized to two or more random variables. We consider
the typical case of two random variables which are either both discrete or both continuous.
In cases where one variable is discrete and the other continuous, appropriate modifications
are easily made. Generalizations to more than two variables can also be made.

1. Discrete case.

If X and Y are two discrete random variables we define the joint probability func-
tion of X and Y by
PX=z Y=y = f(z,%) (18)

where 1. flz,y) = 0
2. ¥ 3fxy) =1

i.e, the sum over all values of o and ¥ is one.

Suppose that X can assume any one of m values x,, @2, ..., #m and Y can assume
any one of n values yi, ¥z, ..., ¥». Then the probability of the event that X = x; and
Y = o« is given by

PX=w;, Y=uy) = f(z;, %) (14)

A joint probability function for X and Y can be represented by a joint probability
table as in Table 2-3. The probability that X = x; is obtained by adding all entries in
the row corresponding to z; and is given by

P(X=a) = fi(x) = g Flas, 1) (15)

For j=1,2, ..., m these are indicated by the entry totals in the extreme right-hand
column or margin of Table 2-3. Similarly the probability that Y = % is obtained by
adding all entries in the column corresponding to yx and is given by

P(Y=w) = fo@) = i Flas w) (26)

For k=1,2,...,n these are indicated by the entry totals in the bottom row or margin
of Table 2-3.

Table 2-3
b Y " ve = ” Totlals
x HEZNT. flay, y2) e fley, ¥n) F1lzy)
y o, 1) F(Zg, 12) h flza yy) f1(zg)
L f(m, 4y) f(& s w2} e f(@s ¥n) Sl
Totals — falyy) falus) rer Falyy) 1 «— Grand Total
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Because the probabilities (15) and (16) are obtained from the margins of the table
we often refer to fi(x;) and f:() (or simply fi(x) and f.(y)) as the marginal probability
functions of X and Y respectively. It should also be noted that

Thw) =1 3 fm -1 (17)
which can be written m o w
> 3 i) = 1 (18)

This is simply the statement that the total probability of all entries is 1. The grand
total of 1 is indicated in the lower right-hand corner of the table.

The joint distribution function of X and Y is defined by
Flx,y) = PXZa, Y=y = 2 3 flu,v) (19)

REr r=a

In Table 2-3, F(z,y) is the sum of all entries for which «; = a and w = ¥.

Continuous case.

The case where both variables are continuous is obtained easily by analogy with
the discrete case on replacing sums by integrals. Thus the joint probability function
for the random variables X and Y (or, as it is more commonly called, the joint density
function of X and Y) is defined by

L flx,y) = 0

2. f ‘J‘ | fla,yydaedy = 1

Graphically z = f(x,y) represents a surface, called the probability surface, as indicated
in Fig. 2-6. The total volume bounded by this surface and the xy-plane is equal to 1 in
accordance with Property 2 above. The probability that X lies between ¢ and b while ¥
lies between ¢ and d is given graphically by the shaded volume of Fig. 2-6 and mathe-
matically by

Al il
Pla<X<b,e<Y<d) = J_ J= flz,y) dx dy (20)

4 (

1 N

Fig. 2-6

More generally if A represents any event there will be a region K, of the xy-plane which
corresponds to it. In such case we ecan find the probability of A by performing the inte-
gration over R, i.e.
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Pa) = | fwy)deay (21)
Ra
The joint distribution function of X and Y in this case is defined by
F(z,9) = PX=z,Y=y) = j‘ ) f f(u, v) du do (22)
It follows in analogy with (10), page 42, that
*F
ox ay - f(a:,y} (23)

i.e. the density function is obtained by differentiating the distribution function with
respect to x and .

From (22) we obtain

PX=z) = Fi(a) = £i'w£:_¢f(u,@)dudv (24)

PYsy) = Fa@) = [ favdude (25)

We call (24) and (25) the marginal distribution functions, or simply the distribution
functions, of X and Y respectively. The derivatives of (24) and (25) with respect to «
and y are then called the marginal density functions, or simply the density functions, of
X and Y and are given by

he = f fewa ko) = f fend (26)

INDEPENDENT RANDOM VARIABLES

Suppose that X and Y are discrete random variables. If the events X =2 and Y=y
are independent events for all  and ¥, then we say that X and Y are independent random

i hiloo Tw guinh nngn
CLLF (LT, ALl DuLll vanc

PX=z,Y=y) = PX=2)P(Y=1) (27)

or equivalently

fx,¥) = f1(x) f2(y) (28)

Conversely, if for all  and ¥ the joint probability function f(x, %) can be expressed as the
product of a function of x alone and a function of ¥ alone (which are then the marginal
probability functions of X and Y), X and Y are independent. If however f(x,¥) cannot be
so expressed then X and Y are dependent.

If X and Y are continuous random variables we say that they are independent random

variables if the events X =x and Y = y are independent events for all # and . In such
case we can write

PX=x,Y=y) = PX=x)P(Y=y) (29)

or equivalently
F(x,y) = Fi(x) Fa(y) (30)

where Fi(x) and F2(y) are the (marginal) distribution functions of X and Y respectively.
Conversely, X and Y are independent random variables if for all + and y their joint dis-
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tribution function F(x, y) can be expressed as a product of a function of x alone and a func-
tion of y alone (which are the marginal distributions of X and Y respectively). If however
F(x, ) cannot be so expressed then X and Y are dependent.

For continuous independent random variables it is also true that the joint density func-
tion f(x,#) is the product of a function of & alone, f(x), and a function of y alone, f:(¥), and
these are the (marginal) density functions of X and Y respectively.

CHANGE OF VARIABLES

Given the probability distributions of one or more random variables we are often inter-
ested in finding distributions of other random variables which depend on them in some
specified manner. Procedures for obtaining these distributions are presented in the follow-
ing theorems for the case of discrete and continuous variables.

1. Discrete variables.
Theorem 2-I: Let X he a discrete

L= Ll < i adnen A3 RS

Suppose that a discrete random variable U is defined in terms of X by
U = ¢(X), where to each value of X there corresponds one and only one
value of U and conversely, so that X = ¢(U/). Then the probability func-
tion for U is given by

andom variahle whose nrohahility funection is f(z)

ran variable wh bability function is f(x).

g() = flp(w)] (81)

Theorem 2-2: Let X and Y be discrete random variables having joint probability func-
tion f(x,%). Suppose that two discrete random variables U and V are
defined in terms of X and ¥ by U =¢,(X,Y), V=¢,X,Y), where to
each pair of values of X and Y there corresponds one and only one pair
of values of U and V and conversely, so that X = ¢ (U, V), Y = ¢ (U, V).
Then the joint probability function of U/ and V is given by

g(u,v) = fly,(u,v), ¢,(%, v)]| (82)

2. Continuous variables.

Theorem 2-3: Let X be a continuous random variable with probability density f(x).
Let us define U = ¢(X) where X = y(U) as in Theorem 2-1. Then the
probability density of U is given by g(u) where

gu)ldu| = f(x)|dz| (83)
or o) = f@)|5| = flveolv) (34)

Theorem 2-4: Let X and Y be continuous random variables having joint density func-
tion f(z,y). Let us define U = ¢,(X,Y), V = ¢,(X,Y) where X =y (U, V),
Y =y,(U,V) as in Theorem 2-2. Then the joint density function of U
and V is given by g(u, v) where

g(u, v)|[dude] = f(z,y)|dxdy| (85)
or o(u,v) = f(x,y) gg%z—; = flg, (%, v), g, v)]' J | (36)

In (86) the Jacobian determinant, or briefly Jacobian, is given by
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w oz
owy) _ | W

7 a(u,v) oy (37)
v

PROBABILITY DISTRIBUTIONS OF FUNCTIONS

Y W oA WMTEw a wnw 4 Wiw WY

OF RANDOM VARIABLES

Theorems 2-2 and 2-4 specifically involve joint probability functions of two random
variables. In practice one often needs to find the probability distribution of some specified
function of several random variables. Either of the following theorems is often useful for
this purpose.

Theorem 2-5: Let X and Y be continuous random variables and let U= ¢,(X,Y), V=X
(the second choice is arbitrary). Then the density function for U is the
marginal density obtained from the joint density of U and V as found in
Theorem 2-4, A similar result holds for probability functions of discrete
variables.

Theorem 2-6: Let f(x, y) be the joint density function of X and ¥. Then the density func-
tion g(«) of the random variable U = ¢,(X,Y) is found by differentiating
with respect to # the distribution function given by

Gu) = Plp(X,¥)=u] = ‘ff f(z, y) dz dy (38)

where R is the region for which ¢ (z,9) = u

CONVOLUTIONS

As a particular consequence of the above theorems we can show (see Problem 2.23)
that the densitv function of the sum of two continuous random variables X and Y, ie. of

Laranlly I L0 LCOUBILITILINILES =tn B S £ 5 2=k UL

U=X+Y, having joint density function f(x,y) is given by
g(uw) = ‘[ f(x, u— ) dax (39)
In the special case where X and Y are independent, f(x,%) = fi() f2(y¥) and (89) reduces to
o = f fu@) ) de (40)
which is called the convolution of f, and fz, abbreviated f; * fa.
The following are some important properties of the convolution:
1. h*fe = f2*f,
2. fi*(fe*fa) = (Fhi*f2)* fs
3. fl*(f2+_f3) H*¥fe+fi*fa

These results show that fi, f2, fa obey the eommutative, associative and distributive laws of
algebra with respect to the operation of convolution.
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CONDITIONAL DISTRIBUTIONS
We already know that if P(A4) > 0

. _ PANE)
P(B|A) = ~PA) (41)
If X and Y are discrete random variables and we have the events (4: X=x), (B: Y=y),
then (41) becomes

y

Fla 3
P(Y=y X=12) = ___f;;”(’xf;} (42)

where f(x,y) = P(X =z, Y =y) is the joint probability function and f,(z) is the marginal
probability function for X. We define

fly'a) = 5D (43)

and call it the conditional probability function of Y given X. Similarly, the conditional
probability function of X given Y is

fely) = f}j';;’ (44)

We shall sometimes denote f(x': y) and f(y:2) by fi(x'y) and fa(y'2) respectively.

These ideas are easily extended to the case where X, Y are continuous random variables.
For example, the conditional density function of Y given X is

_ Hz,v)

= D20l 5
fule) = Sk (45)
where f(z,y) is the joint density function of X and Y, and fi(x) is the marginal density
function of X. Using (45) we can for example find that the probability of Y being between
¢ and d given that =z < X <x+dx is

Ple<Y<d | a<X<a+dx) = jdf(y!:z:}dy (46)

Generalizations of these results are also available.

APPLICATIONS TO GEOMETRIC PROBABILITY

Various problems in probability arise from geometric con-
siderations or have geometric interpretations. For example sup-
pose that we have a target in the form of a plane region of area
K and a portion of it with area Ki. Then it is reasonable to
suppose that the probability of hitting the region of area K, is
proportional to K,. We thus define @

P(hitting region of area K,) = E{E’ (47)

where it is assumed that the probability of hitting the target is 1.
Other assumptions can of course be made. For example there
could be less probability of hitting outer areas, etc. The type of
assumption used defines the probability distribution function. Fig. 2-7
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Solved Problems

DISCRETE RANDOM VARIABLES
AND PROBABILITY DISTRIBUTIONS

2.1. Suppose that a pair of fair dice are tossed and let the random variable X denote the
sum of the points. (a) Obtain the probability distribution for X. (b) Construct a
graph for this probability distribution.

(a) The sample points for tosses of a pair of dice are given in Fig. 1-17, page 18. The random
variable X is the sum of the coordinates for each point. Thus for (3,2) we have X = 5. Using
the fact that all 36 sample points are equally probable, so that each sample point has proba-
bility 1/36, we obtain Table 2-4. For example, corresponding to X =5 we have the four
sample points (1,4), {2,3), {3,2), (4,1), so that the associated probability is 4/36.

Table 2-4

x 2 3 4 5 6 7 8 9 10 11 12

flz) 1/36 | 2/36 | 3/36 | 4/36 | 5/36 | 6/36 | 5/36 | 4/36 | 3/36 | 2/36 | 1/36

(b) We can use a bar graph or histogram as given in Fig. 2-8 or Fig. 2-9 according to whether
we wish to regard X as a discrete or continucus variable. Note that in Fig, 2-8 the sum of
all erdinates is 1 while in Fig. 2-9 the sum of all rectangular areas is 1.

f(=x)

6/36 |-
5/36 |
4/36

3136

2/36
1/86 L | I

-
=

=)

4/36 |

336

2786

1/36 |
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2.2. (e) Find the probability distribution of boys and girls in families with 3 children,
assuming equal probabilities for boys and girls. (b) Graph the distribution in ().
(@) Problem 1.46 treated the case of n mutually independent trials, where each trial had just two

possible outcomes, A and A’, with respective probabilities p and ¢ =1-—p. It was found that
the probability of getting exactly » A’s in the n trials is ,C,p*¢" %. This result applies to
the present problem, under the assumption that successive births (the ‘“trials™) are independent
so far as the sex of the child is concerned. Thus, with A being the event “a boy,” n =3, and
p =g =4, wehave
/1\:1' 11\ 3—x 11\3
Plexactly = boys) = P(X=x) = 3Crk—2‘) (E) = 301(‘2')
where the random variable X represents the number of boys Table 2-5
in the family. (Note that X is defined on the sample space
of three trials.) The probability function for X, x 0 1 2 3
1\3 flx) | 1/8 | 3/8 | 3/8 | 1/8
fle) = aCr(E)
is displayed in Table 2-5.
fiz)
(d) The graph can be represented either as in Fig. 2-10 or
Fig. 2-11, depending on whether we wish to consider a8 -
the variable X as discrete or continuous. Note that the
zero of the x-axis has been shifted. 28l

DISCRETE DISTRIBUTION FUNCTIONS VeI | l

23. (o) Find the distribution function F(x) for the ran- 0 1 2 3 ®
dom variable X of Problem 2.1 and (b) graph this Number of boys X = z
distribution function, Fig. 2-10
(¢) Wehave F(x) = P(X=z) = ¥ f(u). Then from

u=z 1)
the resuits of Problem 2.1 we find
Y —o L p <2 38
1/36 2=x<3
2/8
3/36 3=x<4
: - e
35/36 11 =2 < 12 Number of boys X =z
[ 1 12=r< = Fig. 2-11
(b) See Fig. 2-12.
F(z)
1 i r
33.{36 - M
30/36 | —
27/36 | I_!
24/36 | |
18/36 | :
15/36 | —
12/36 | |
am L I~
6/36 | .‘—
3/36 | — . . . . . .
2 3 4 5 6 ] 8 9 10 1 12

RANDOM VARIABLES AND PROBABILITY DISTRIBUTIONS [CHAP. 2

Fig. 2-12
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24. (o) Find the distribution function F(«x) for the random variable X of Problem 2.2 and
(b) graph this distribution function.

(a) Using Table 2-5 from Problem 2.2 we obtain

0 —n < x <0

18 0Zaz<l

Pz} = {12 1Zz<2?
78 2¢x<3

[ 1 <<

() The graph of the distribution function of (a) is shown in Fig. 2-13.

F(x)

1 B L
/8 I_I-—-l
6/8 - |
5/B L :

4/8 r——d
/8 :
os :
1/8 IA
| 1 1 1 x
[ 1 2 3
Fig. 2-13

CONTINUOUS RANDOM VARIABLES AND PROBABILITY DISTRIBUTIONS

2.5. A random variable X has the density function f(x)=c¢/(x*+1), where —« <z <=,
() Find the value of the constant c. (b) Find the probability that X? lies between 1/3

and 1.
{(a) We must have f flx)dz = 1, ie.

(% _ tanmia| = o Z- ( Y]

S @2+ 1 |- L2 2/ ]

so that ¢ = 1/x.
3
b If %_'E.Xi = 1, then either %é X=1lor -1=X= -—1)3:. Thus the required probability is
lf”‘@m e 11 _dz _ 2" _ds
ﬁ”x2+1 T ﬁ;axg"'l

= %[tan"(l} — tan—! (%)]
_ 2(r_r\ _ 1
T z\d 8 6
2.6. Find the distribution function corresponding to the density function of Problem 2.5.

J._:f(u)du - %J: n“rl - |:tan tu z]

= l[tan—l z — tan—1(—w)] = ﬁ[tan—l =+ E:l
w T 2

F(z)

=3 + lt,an‘lr.\:
2 =
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27. The distribution function for a random variable X is

{1_3-2: =0
0 <0

Find (a) the density function, (b) the probability that X >2, and (c) the probability
that -3 < X =4.

F(z) =

d { 2e 2 x>0
@ fe) = g FE = Lo <0
(®) PX>2) = j' T
2
Another method.
By definition, P(X =2) = F(2) = 1—e~4% Hence,
P(X>2) = 1 —(1—@"4} = g—4
P "'4 (!0 ‘14
P(-3<X=4) = fluydu = Odu + Se—2u gu
(c) ( ) J_sf(uj J L Jo
4
= —e—2u = 1 — g &
0
Another method.
P(—3<X=4) = PX=4) — P(X=-3)
= F(4) — F(-3)

= (@-eH—(0) = 1— e

JOINT DISTRIBUTIONS AND INDEPENDENT VARIABLES

28. The joint probability function of two discrete random variables X and Y is given by
f(z,y) = c(2x +y), where # and y can assume all integers such that 0 = « = 2,
0=y =3, and f(x,y) = 0 otherwise.

(e) Find the value of the constant c. (¢) Find P(X=1, Y =2).
(b) Find P(X =2, Y =1).

(@) The sample points (x, %) for which probabilities are different from zero are indicated in Fig. 2-14.
The probabilities associated with these points, given by ¢(2x + y), are shown in Table 2-6. Since
the grand total, 42¢, must equal 1, we have ¢ = 1/42.

Table 2-6 v
3 [ ] [
Y . Totals
\ 0 1 2 3 l
2 [ ] [ ]
(] 0 ¢ 2¢ 3¢ 6ec
1 2¢ | 8 | 4¢ | 5¢ lde 1 . .
2 4c | be Ge Te 22¢c . . z
o] 1 2
Totals — | B¢ ¢ 12¢ 15¢ 42¢
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2.10.

2.11.

(b) From Table 2-6 we see that 5
P(X=2,Y=1) = 5¢ = 12

(¢} From Table 2-6 we see that
P(X;l, Y=2 = E E }'(x,y)

=1 v=2
{2¢+ 3¢+ 4¢) + (4¢ + 5e + 6¢)

4
=24.1:=2=E

Hb-lﬁ

as indicated by the entries shown shaded in the table.

Find the marginal probability functions (a) of X and (b) of Y for the random vari-
ables of Problem 2.8.

(¢) The marginal probability function for X is given by P(X ==) = f,(x) and can be obtained
from the margin totals in the right-hand column of Table 2-6. From these we see that
[ 6ec = 1/7 =0
PX=z) = fi(z) = iMc:US =1

1 1 1 22¢ = 11/21 == =

(b) The marginal probability function for Y is given by P(Y =y) = fs(y¥) and can be obtained
from the margin totals in the last row of Table 2-6. From these we see that
6e=1/7T y=0
9¢=3/14 y=1
12e = 2/7 y=2
16c =5/14 =3

PY=y) = foly) =

3
14

5

11 =1

Check: +=++

=

T
-9

Show that the random variables X and Y of Problem 2.8 are dependent.

If the random variables X and Y are independent then we must have, for all = and ¥,
PX=2zY=y) = PX=x)P(Y=y)

But, as seen from Problems 2.8(%) and 2.9,

_ —qy = B —g = 1L ) = 3
PX=2¥Y=1 = & PX=2) = o PY=1 = 3
so that PX=2Y=1) # PX=2)P(Y=1)

The result also follows from the faet that the joint probability function, (2x + #)/42, cannot be
expressed as a function of x alone times a function of y alone.

The joint density function of two continuous random variables X and Y is

_ {cw'y O<ax<4, 1<y<bh
f@y) = 0 otherwise
(e) Find the value of the constant c. (¢) Find P(X=3,Y=2).

(b) Find P(1<X <2, 2<Y <3).
(@) We must have the total probability equal to 1, i.e.

.f_z _[_: fle,y)dedy = 1
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Using the definition of f(x, ), the integral has the value

4 3 4 ]
f f czy dz dy ¢ f [r xydy]d;r
r=0 =1 x=0 =1

o2 i f25x «
= N | (_._ a
e=0 2 |y=1 * r=p \ 2 2

'1
= ¢ f 122dx = 0(62:2)‘ = 96¢
=r=u lx=0

Then 96¢ =1 and ¢ = 1/96.

{(b) Using the value of ¢ found in {a) we have

2 3
P(l<X<22<Y<3) = f f B¢ Y dx dy
r=1 2 6

1 2 »
a % r=1 [JH=2:rrydy]d2' B 96f=

oL ose, o 5 (2\ _ 5
- 96 )., 2 T o192\ 2 128
4 2
() P(X=3,Y=2) = f f ;’gda:dy
1
1t ol
= = —_— —_— dx
esfz_ [f zydy]d‘r 96 J),=3 2 [y=
= 1 - 1
T 96, 2d Y

2.12. Find the marginal distribution functions (a) of X and (b) of Y for Problem 2.11.

(a) The marginal distribution function for X if 0 =x < 4 is

D= | fm
) S, -

x 5
uw
— du
f,,=o .f.=l 96 v
. 1 x 3 ] _ 2’;2
= 96 ), I:J'::l wedy |du = 16

For z =24, Fi(z) =1; for «a <0, Fyx) =0. Thus

. !"r_} = P{

1V

X

A

Y du do
) du dy

{0 xz<0
Fi(z) = /16 0=z <4
1 z =4

As Fy(x) is continuous at « =0 and =z = 4, we could replace < by = in the above expression,

(b) The marginal distribution function for Y if 1=y <5 is

I v
Foly) = PY=y) = f f e, v) du do
°=—e0 v=1

_ #-1
J;—o.[, lgﬁd“d” Y

I
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2.13.

2.14.

For y=5, Fo{y) = 1. For y<1, Fy(y) =0. Thus

0 y<l1
Fyly) = (¥2—1)/24 1=y<5
1 ¥z5h

As Fy(y) is continuous at y =1 and y =5, we could replace < by = in the above expression.

Find the joint distribution function for the random variables X, Y of Problem 2.11.

From Problem 2.11 it is seen that the joint density function for X and Y can be written as the
product of a function of x alone and a function of y alone. In fact, f(z,¥) = f,(x) foly), where

er 0<x<4 A feay 1<y<5?
0 otherwise 12w) i 0 otherwise

filx) =

and ¢ye; = ¢ = 1/96. It follows that X and ¥ are independent, so that their joint distribution fune-
tion is given by F(z,y) = Fy(z) F,(y). The marginal distributions ¥,(z) and F»(y) were determined
in Problem 2.12, and Fig. 2-15 shows the resulting piecewise definition of Fi(z, y).

Y
Fa,y) =0  Flw, ) = Flz.y) =1
o w?
- 16
5 yos
" Flz, ) = Wt—1
Flz, ) =0 222 — 1) Fz,y) =
- (16)(24) y=1
i ' i L i L i i L z
Flz,4) =0 Flz,1) =0 Flz,y4) =0
z=41
Fig. 2-15
In Problem 2.11 find P(X+ Y <3). ¥

In Fig. 2-16 we have indicated the square region
0<z<4, 1<y<D5 within which the joint density
function of X and Y is different from zero. The re-
guired probability is given by

el PIODAALIL - = ot

PX+Y <3 = f fla,y) dz dy
R

where X is the part of the square over which x+y < 3,
shown shaded in Fig. 2-16. Since f(z,y) = zy/96 over
R, this probability is given by

2 3—x
Ty
— dx d.
J::» .£=l 96 Y

1 2 3—x
= 96J.-0 [Lﬂ "ydy]d“’ Fig. 2-16
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D U ST 7.) e 1J‘2 o 1
a 96J;=0 2 ,.=:|dz o192 o= [#(3 — 2) #lde = 48

CHANGE OF VARIABLES

2.15.

2.16.

2.117.

Prove Theorem 2-1, page 46.
The probability function for U is given by
gw) = PU=w = Plp(X)=u] = PIX=y)] = fle)]

In a similar manner Theorem 2-2, page 46, can be proved. See Problem 2.66.

Prove Theorem 2-3, page 46.

Consider first the case where « = ¢(z) or =z = ¢{w) u
is an increasing function, i.e. & increases as z increases
(Fig. 2-17). Then as is clear from the figure we have
*

(1) P, <U<uy) = Plzy <X <) “

= ¢{x)
or
or u e
ug Tg
@) (Cotadu = [ fyas
ey Xy x

) xg
Letting = = ¢(&) in the integral on the right, (2) can be
written Fig. 2-17

uy Us
f glydu = f flv )]y’ (2e) du

1
This can hold for all »; and u, only if the integrands are identical, i.e.
glu) = fly()]y(x)

This is a special case of (34}, page 46, where y'(u) > 0 (ie. the slope is positive). For the case
where ¢'(u) =0, i.e. u is a decreasing function of =, we can also show that (34) holds (see Prob-
lem 2.67). The theorem can also be proved if /(1) = 0 or ¢'(u) < 0.

Prove Theorem 2-4, page 46.

We suppose first that as z and y increase, w and v also increase. As in Problem 2.16 we can
then show that

Py, < U<y, 1 < V<) = Pl <X <z, in <Y <)

Uy Ug X3 Vg
or r f glu,v)dude = I flz, y) dz dy
iy v, Iy g

Letting x = y¢y{u, v), ¥ = ¢oltt, v} in the integral on the right we have by a theorem of advanced

calculus
iy vy ug vy
f f glu,vydudv = j f Flga(z, v}, Polee, )] J due do
L3 ry uy ry
— 0=, y}
where J = FToD) ()

is the Jacobian. Thus
gli,v) = flgilu, v}, golu, v)]J

which is (36), page 46, in the case where J > 0. Similarly we can prove {86) for the case where
J <0
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2.18.

2.19.

The probability function of a random variable X is
_ {2—1 *»=1,238,...
iz} = 0 otherwise
Find the probability function for the random variable U = X*+1.

Since U = X441 the relationship between the values u and x of the random variables U and

X is given by u=a2*+1 or = =4\/u-— i, where u=2,17,B2,... and the real positive root is
taken. Then the required probability function for U7 is given by
4
2-Vu-l 4 =217,82, ...
o) 0 otherwise

using Theorem 2-1, page 46, or Problem 2.15.

The probability function of a random variable X is given by

%81 —-8<x<6
fl@) = 1[

iy P P
v LIicL

Find the probability density for the random variable U = }(12 — X).

We have u = }(12—=2) or z =12—3u. Thus to each value of z there is one and only one
value of # and conversely. The values of u corresponding to *x = —8 and x=6 are u=5 and
u = 2 respectively. Since ¢'(u) = dz/du = —3 it follows by Theorem 2-3, page 46, or Problem
2.16 that the density function for U is

{(12 —3u)2/27T 2<u<h
g = 0 otherwise

& 5

(12 — 3u)? o @2z—-supl _

Check: J; Tdtl = 243 . - 1
Find the probability density of the ran- u
dom variable U = X? where X is the
random variable of Problem 2.19. \

We have u =22 or z= *Vu. Thus to
each value of x there corresponds one and only
one value of u« but to each value of %+ 0 there
correspond two values of x. The values of = for
which —3 <« < 6 correspond to values of «
for which 0 = u < 36 as shown in Fig. 2-18.

As seen in this figure the interval -8 <x =3
corresponds to 0 =« =9 while 83 <z <6 cor-
responds to 9 < u < 36. In this case we cannot
use Theorem 2-3 directly but can proceed as
follows. The distribution function for U is

Gu) = P(U=Ewu) Fig. 2-18
Now if 0=u =9 we have

Gu) = PU=w = PX2=uw) = P(—VusX=vVu)
Vi
_f_ flz) dz

Vi

But if 9 < u < 36 we have -
Gu) = PU=w) = P-3<X<yu) = f * f{x) d=
-3
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Since the density function g(x) is the derivative of G{z) we have, using Leibniz’s rule (12),

[ f(Vu) + f(—/u) =, =
Vi 0=u=9
gluy = < fOVu)
_2ﬁ 9 < u<36
0 otherwise

Using the given definition of f(z) this becomes

Vu/8l 0=u=9

gl) = Vu/162 9< u<36
0 otherwise
9 36 9 36
] Ve Va, _ sl | e[
Check: J‘; 81 du + X 162d" = 283 . 243 . - 1

If the random variables X and Y have joint density function

xy/96 O<z<4, 1<y<b
fx.y) = .
0 otherwise
(see Problem 2.11) find the density function of U =X + 2Y.

Method 1.

Let #u =x+ 2y, v =2z, the second relation
being chosen arbitrarily. Then simultaneous
solution yields = = v, y = H{u—wv). Thus the
region 0 <z <4, 1<y <5 corresponds to
the region 0 <v<4, 2<u—v <10 shown
shaded in Fig. 2-19.

The Jacobian is given by

9 9z
J = du v
w
du v
0 1
NP |
2 2
- 1 iz 2-
= 2 Fig. 2-19

Then by Theorem 2-4 the joint density function of U and V is
[v{u—v}}SSll <u—rv<10, 0<v<4

ne = 10 otherwise
The marginal density function of U is given by
[ "% vu—v)
J:zo Td‘b 2<u<h
4 —
J‘ Mdﬂ 6<u<10
ﬂ](u) —_ p, v=0 384
4
w(u — v)
—— 10 < u <14
.£=u-10 384
| 0 otherwise
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as seen by referring to the shaded regions J, II, IIT of Fig. 2-19, 'Carrying out the integrations

we find
(u — 2)2(u + 4)/2304 2<u<é
(8w — 8)/144 6<u<l0
i) = (348u — w5 — 2128)/2804 10 < u < 14
0 otherwise

A check can be achieved by showing that the integral of g,(u) is equal to 1.

Method 2.
The distribution function of the random wariable X + 2Y is given by
PX+2Y Sw) = j' fiz,y)dedy = ff 2 4z ay
T+ = u Ty =u
0<ax<d
1<w<h

For 2 <u < 6 we see by referring to Fig. 2-20 that the last integral equals

(", . (VM2u—2 2 )
J::o Jp:] Qsaxay - Jz:ﬁ L 768 192Jﬂ'~'ﬂ

The derivative of this with respect to » is found to be (u — 2)2(u + 4)/2304. In a similar manner we
can obtain the result of Method 1 for 6 < u < 10, ete.

\ﬂ'

Fig. 2-20 Fig. 2-21

2.22. If the random variables X and Y have joint density function

ayf96 O0<ax <4, 1<y<b
flz,y) = .
0 otherwise
(see Problem 2.11) find the joint density function of U = XY?, V = X?Y.

Consider u = «y2, v = x2y. Dividing these equations we obtain y/x = w/v so that y = ux/v.
This leads to the simultaneous solution z = ¥2/3u—13, y = y2/3y—1/3, The image of 0 <z < 4,
1<y <5 in the uv-plane is given by

0 < v¥3yu—1/8 < 4 1 < ufBp=13 < 5

which are equivalent to
v < B4u v < u? < 1250

This region is shown shaded in Fig. 2-21.

The Jacobian is given by
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_%929‘33‘—4.’3 %v-—lﬁ“—'lm
J = = —%u—ﬂmv—ﬂf:‘!

%u—lfav— 1/3 — %u}ﬂp‘-“lfﬂ

Thus the joint density function of U and V is, by Theorem 2-4,

273 95— 1/ 39,273 9 — 113
!(" u” e )(ﬁu‘%‘iv‘ﬂs) W2 < 64u, v < u? < 1250

glu,v) = 96
Lo otherwise
u—1/8y—1/3/288 12 < 64u, v < u? < 126w
or glu,v) = { .
0 otherwise
CONVOLUTIONS

2.23. Let X and Y be random variables having joint density function f(x,y). Prove that
the density function of U=X+Y is

glu) = j_: f(v, u —v)dv

Method 1.

Let U=X+Y, V=X, where we have arbitrarily added the second equation. Corresponding
to these we have u=xz+y, v==2 or x =wv, y =u—v. The Jacobian of the transformation is

given by
Sz 9z
J = du  dv _ 0 1 1
B ") B
du  dv

Thus by Theorem 2-4, page 46, the joint density function of U and V is
glu, v) = flv, u—7)

It follows from (26), page 4b, that the marginal density function of U is
gln) = Jl" flv, u — v) dv
bl - -3

Method 2.

The distribution funetion of U=X+Y¥ is equal to
the double integral of f(x, y) taken over the region defined
by x+y =u, lLe

G) = f flz, y) dx dy 4
rty=u

ig. “2-22-,- we E':EE th; - o \
Gw) = f I:f flz, ) dy:] dz il

The density function of U is the derivative of G(u) with
respect to u and is given by

o

£l

gl) = flz, u—x) dx \

using Leibniz’s rule (12) first on the z-integral and then
on the y-integral. Fig. 2-22
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2.24. Work Problem 2.23 if X and Y are independent random variables having density
functions fi(x), f2(y) respectively.

In this case the joint density function is f(xz,¥) = fi(z) fo(y), so that by Problem 2.23 the
density function of U=X+Y is

s = [ hepe-ve = L

which is the convolution of f; and fo.

2.25. If X and Y are independent random variables having density functions

B 2e7 % =0 ; | 8e™ y=0
1= =1, x <0 W = 10 y<0

find the density function of their sum, U=X +Y.
By Problem 2.24 the required density function is the convolution of f, and f, and is given by

o) = h*h = [ fie) fa—v)a
In the integrand f, vanishes when v < 0 and f, vanishes when v > u.  Hence

o) = ‘[; " (2e—20)(3e—3u—v)) du

= 6e—du f ey = Ge—Ren—1) = 6(e~2—e—3)
0
0.

if u=0 and g(u) =0 if u <

Check: fw glwydu = Gr(e—?ﬂ—e—&‘)du = 6(-%—%) =1
— & 0

2.26. Prove that fi*f:=f2*f, (Property 1, page 47).

We have w
Wt = T Ko B

Letting w = u—v so that v = u—w, dv = —dw, we obtain

Athe = [ heewheea = [ pwae-wde = 6

CONDITIONAL DISTRIBUTIONS

227, Find (e) f(v|2), (b) P(Y=1|X=2) for the distribution of Problem 2.8.
(¢) Using the results in Problems 2.8 and 2.9 we have

_ fl=zy _ (2x+y)42
fel= = 5@ ~  he
so that with =z =2
4t ya2 _ 4+ y
fwl? = =31 = "2

(b PY=11X=2) = f(112) = 2_52
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2.28. If X and Y have the joint density function
P4y O0<a<], 0<y<1
flw,y) = .
0 otherwise
find (a) flylz), (b) P(¥Y >1|i<X <i+dx).
{g) For 0 <z <1,
Py j— ‘1[{31,‘_,,\.!. — §1£
s =y \\4Tﬁyju = 272
3 + dzy
and fly'z) = flz, ) _ 3+ 2x O<y=<l
hi=) 0 other y
For other values of =z, f(y | x) is not defined.
_ * . _ 1342y 9
®) PY >} |1<X<l+dr) = J;mf(y,-})dy = J:m A = g

2.29.

The joint density function of the random variables X and Y is given by

Bay O0=z=1, 0=y=zx

flx,y) = {

0 otherwise

[CHAP, 2

Find (e) the marginal density of X, (b) the marginal density of Y, (c) the conditional

density of X, (d) the conditional density of Y.

The region over which f(z,y) is different from zero is
shown shaded in Fig. 2-23.

(a) To obtain the marginal density of X we fix z and inte-
grate with respect to ¥ from 0 to = as indicated by the
vertical strip in Fig. 2-23. The result is

xT
ha = [ sady = 2 /
y=0
&
for 0 <z < 1. For all other values of =, f,(z) =0. %4/
z=1
(b) Similarly, the marginal density of ¥ is obtained by fix-
ing ¥ and integrating with respect to z from z =y
to z=1, as indicated by the horizontal strip in Fig. z
2-23. The result is, for 0 <y <1,
1
f2) = f 8zydx = 4yl —y?)
r=y
For all other values of y, f.(y) = 0. Fig. 2-23

(¢} The conditional density function of X is, for 0 <y <1,

flz, ) 2x/(1 — y?) yEx=s1
f2t0) 0 other =

The conditional density function is not defined when f;(¥) = 0.

filz'y) =

(d) The conditional density function of ¥ is, for 0 < =z < 1,

fzy) _ [/ 0=Sw=s
filz) 0 other y

The conditional density function is not defined when f,(z) = 0.

faly | z)
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i t 1 1
= 3 = = — 2 =
fn f1(z) dx j;u dr = 1, J;fg(y)dy fo ay(1 — y?) dy
1 1
2x
ly)dx = = _de =1
j; frle | ) dz j 2
: _(F2w, _
J; faly | ) dy —j; 2 =

2.30. Determine whether the random variables of Problem 2.29 are independent.

In the shaded region of Fig. 223 f(x, %) = 8Bxry, fi(x) = 423, fo(y) = 4p(1—93. Hence
Flz, 1) # f1(2) foly), and thus X and Y are dependent.

It should be noted that it does not follow from f(z,%) = Bxy that f(z,%) can be expressed as
a function of = alone times a function of y alone. This is because the restriction 0 = y = x occurs.
If this were replaced by some restriction on y not depending on = (as in Problem 2.21), such a
conclusion would be wvalid.

APPLICATIONS TO GEOMETRIC PROBABILITY

2.31. A person playing darts finds that the probability
of the dart striking between 7 and r + dr is

PrsR=r+dr) = c[l —~ (E)’]dr

Here, R is the distance of the hit from the center
of the target, ¢ is a constant, and «a is the radius
of the target (see Fig. 2-24). Find the probability
of hitting the bull’s-eye, which is assumed to have
radius b. Assume that the target is always hit.

The density function is given by

filyy = cr {\2
AR L \0} Fig.2-24

Since the target is always hit, we have

cf:[l - (E)z:ldr =1

from which ¢ = 3/2a. Then the probability of hitting the bull’s-eve is

S = 5T (3 Jor - 2o

2.32. Two points are selected at random in the interval 0=z = 1. Determine the proba-
bility that the sum of their squares is less than 1.

Let X and ¥ denote the random variables associated with the given points. Since egual inter-
vals are assumed to have equal probabilities, the density functions of X and ¥ are given respec-
tively by

1 0=x=1 1 0=y=1
(1) Hilx) = { . @) = { i

0 otherwise 0 otherwise

Then since X and Y are independent, the joint density function is given by



64 RANDOM VARIABLES AND PROBABILITY DISTRIBUTIONS [CHAP. 2

0=z=10=y=1 "
otherwise

1
(2) flz,y) = fi@) () = {0

It follows that the required probability is given by

£)) PX24+¥Y2=1) = I dz dy 1

where X is the region defined by 22+ 32 S 1, =0, y Z 0, which is
a quarter of a circle of radius 1 (Fig. 2-25). Now since (8) represents
the area of X we see that the required probability is =/4. Fig. 2-25

MISCELLANEOUS PROBLEMS
2.33. Suppose that the random variables X and Y have joint density function given by

c2x+y) 2<x<6, 0<y<5H
0 otherwise

~

Find (a) the constant ¢, (b) the marginal distribution functions for X and Y, (c) the
marginal density functions for X and Y, (d) PB3<X<4,Y>2), (e) P(X>8),
(f) P(X+Y>4), (g) the joint distribution function, (h) whether X and Y are
independent.

flz, )

(a) The total probability is given by

5

dx

] 5
f c2x+y)dedy =
=2 0

=0

1oe
<t e

'
I

II

For this to equal 1 we must have ¢ = 1/210.

(b) The marginal distribution function for X is

Fiz) = PX=2)

il

r flu, v) dudy

x
f Odudv = 0 z<2
= V= —

x 5
2u+ v _ 222 + 5x — 18 =
= <_£ J; 310 dudv——84 2=z2z<6

6 5
2u-tv
du dv 1 =6
-[;=2 .[,:n 210

The marginal distribution function for Y is

i

Faly) = P(Y=ypy) = fuz_w.[;_ Fla, v) dudv

r " v
f f Odudv = 0 y<0
2ut v, _ Y2+ 16y -
= jf f; T210 = 105 0=y<5

2u+v
ff —gip dudv = 1 y=5

I
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(¢) The marginal density function for X is, from part (b),

{(49:+5}}84 2<x<b

d
e = g = 1, otherwise

The marginal density function for Y is, from part (b),

(2y + 16)/105 0<y<5H
faly) = %Fz(%}) = {

0 otherwise
N 3
(d) PB<X<4,Y>2) = 210 z=SL=2(%+y}dxdy = 20
6 5
- L J’ _ =
(e) PX>8) = 21“-‘;:3 - Cx+y)dedy = o8
hH PX+Y>4) = fff(:c, y) dx dy
X
where ® is the shaded region of Fig. 2-26. Although this can be found, it is easier to use the
fact that
PX+Y>4) = 1 — PX+Y=<4 = 1- ff{(z,y)dxdy
Q’

where R’ is the cross hatched region of Fig. 2-26, We have

4 4—x
PX+Y=4) = 2—10-’; 2J" Gztydedy = g
= =

Thus P(X + Y > 4) = 338/35.

(=, )
\' = gatehe i o
Sk

-
-
=
-

2

Fig. 2-26 Fig. 2-27
(g} The joint distribution function is
x v
Feuw = PXszYsw) = | f fu, v) dudo
U=—wm v=—wm

In the uv-plane (Fig. 2-27) the region of integration is the intersection of the quarter-plane
w=w%, v=y and the rectangle 2<u <6, 0<v<5 [over which f(u,v) is nonzero]. For
(=, y) located as in the figure, we have

L] 1]
F(m’y} = f“=2 j=0 2u + vdud‘l} = M

210 105
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When (z,y) lies inside the rectangle, we obtain another expression, etec. The complete results
are shown in Fig. 2-28.

Y i
! |
I Flz.v) = :
F(z,y) =0 | 2% + bz — 18 Flz,=1
| 84 I
i |
B Fz,u) =
Flz,y) =0 2a%y + xy? — By — 27 H:.vl=’sro;6y
= 420
1 L 1 1 z
I |
[
Flz, ¥} = 0 : Flz,¥) =0 ! Flz, 4} =0
| I
I i
Fig. 2-28

(k) The random variables are dependent since

fle, vy # fr(2) fo(v)
or equivalently, F(z,y) # F(x) Fs(y).

Let X have the density function
6x(l—2) O0<ax<1
fla) = ’ .
0 otherwise
Find a function Y = i(X) which has the density function

{123;3(1--;;2) 0<y<l1

9@ = 0 otherwise

We assume that the unknown function k is such that the intervals X =z and ¥ =y = A(x)
correspond in a one-one, continuous fashion. Then P(X =z) = P(Y =y), i.e. the distribution fune-
tions of X and Y must be equal. Thus, for 0 < zy < 1,

I v
f 6u(l —uwydu = f 1203(1 — 2) dv
[1] 0

or 322 — 223 = Byt — 20

By inspection, «# =32 or w = h(x) = +V« is a solution, and this solution has the desired prop-
erties. Thus Y = +VX.

Find the density function of U = XY if the joint density function of X and Y is
f(=,9).

Method 1,

Let U =XY and V = X, corresponding to which u =zy, v=2 or x = v, y = w/fv. Then
the Jacobian is given by
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o
J du v 0 1 .
= = = e
Sy oy v —yw—2
du dv

Thus the joint density function of U/ and V is

glw,v) = I_:!If("'%)

from which the marginal density function of U is obtained as

Method 2.
The distribution function of U is
: Gw) = f fla, y) dz dy
W=Eu
For uZ 0 the region of integration st We see that

: in ion is shaded in Fig. 2-29.
Gu) = [:f flz, ) dy jdz + I [st {:c,y}dy]dos

Differentiating with respect to u using Leibniz’s rule, we obtain

/] © ]
gu)y = J:w (_?l)f(x,g-)dx+j; %f(x,%)dx = .’:w%f(x'%)'k

The same result is obtained for u < 0, when the region of integration is bounded by the dashed
hyperbola in Fig. 2-29.

Y

}. A

'lu L
=gin @
X/ :z’
_......J
- y =1 >0
——---‘-’ &_

Fig. 2-29 Fig. 2-30

2.36. A floor has parallel lines on it at equal distances I from each other. A needle of length
a <1 is dropped at random onto the floor. Find the probability that the needle will
intersect a line. (This problem is known as Buffon’s needle problem.)

Let X be a random variable which gives the distance of the midpoint of the needle to the nearest
line (Fig. 2-30). Let 6 be a random variable which gives the acute angle between the needle (or its
extension) and the line. We denote by « and ¢ any particular values of X and 6. It is seen that
X can take on any value between 0 and I/2, so that 0 = x = [/2. Also 6 can take on any value
between 0 and /2. It follows that
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Plx < X =xz+dz) = %dx Ple <o =6+ds) = %da

i.e. the density functions of X and © are given by f,(z) = 2/l, f2(6) = 2/7. As a check we note that

172 T2
.f 2ie =1 .f 2d0 = 1
1] 0 s

Since X and € are independent the joint density function is

‘l‘x 9'} = g-.g_ = 4
oo = 717 = &

[]

w

From Fig. 2-830 it is seen that the needle actually hits a line when X = (a/2) sin6. The proba-
bility of this event is given by

w2 (a/2} siné
Ia' #=0 =10 Iﬂ'

When the above expression is equated to the frequency of hits observed in actual experiments,
accurate values of r are obtained. This indicates that the probability model described above is
appropriate.

Two people agree to meet between 2:00 P. M.
and 3:00 P.M. with the understanding that
each will wait no longer than 15 minutes for
the other. What is the probability that they
will meet?

Let X and ¥ be random variables representing
the times of arrival, measured in fractions of an
hour after 2:00 P.M., of the two people. Assuming
that equal intervals of time have equal probabilities
of arrival the density functions of X and Y are given
respectively by

1 0=x=1
hiz) = {0 otherwise x
n o=y=1
LW = iO otherwise
Then, since X and Y are independent, the joint den- Fig. 2-31
sity function is
1 0=z=1 0=y=1
) faw) = Fi@) faty) {0 therwise

Since 15 minutes = } hour, the required probability is h‘
{'X—Y'ﬂi\ = iz
@) P\. | = 4} = J‘RJ x dy

where R is the region shown shaded in Fig. 2-31. The right side of (2) is the area of this region,
which is equal to 1 — (3)(3) = {L, since the square has area 1, while the two corner triangles have
areas }(2)(3) each. Thus the required probability is 7/16.
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Supplementary Problems

DISCRETE RANDOM VARIABLES AND PROBABILITY DISTRIBUTIONS

2.38.

2.40.

241,

242,

A coin is tossed three times, If X is a random variable giving the number of heads which arise,
(a) construct a table showing the probability distribution of X and (b) graph the distribution.

An urn holds 5 white and 3 black marbles. If two marbles are drawn at random without replace-
ment and X denotes the number of white marbles, (a) find the probability distribution for X and
() graph the distribution.

Work Problem 2.39 if the marbles are drawn with replacement.

Let Z be a random variable giving the number of heads minus the number of tails in two tosses of
a fair coin. Find the probability distribution of Z. Compare with the results of Examples 2.1
and 2.2,

ey danale Af EO anwdas i
Nary uclin U1 go CTEaras.

the distribution.

DISCRETE DISTRIBUTION FUNCTIONS

243,

244.

2.45.

2.46.

The probability function of a random variable X is shown in Table 2-7. (a) Construct a table giving
the distribution funection of X and (b) graph this distribution function.

Table 2-7 Table 2-8
x 1 2 3 x 1 2 3 4
1) 1/2 | 1/3 | 1/6 Fx) 1/8 | 3/8 | 3/4 1

Obtain the distribution function and its graph for (a) Problem 2.88, (b) Problem 2.39, (¢) Problem 2.40.
Obtain the distribution function and its graph for (a) Problem 2.41, (b) Problem 2.42.

Table 2-8 shows the distribution function of a random variable X. Determine () the probability
function, () PU=X=3), (c) P(X=2), (d) P(X<3), (¢} P(X>14).

CONTINUOUS RANDOM VARIABLES AND PROBABILITY DISTRIBUTIONS

247,

2.49.

A random variable X has density function
fly =

L. L. Py R & v

| n RN | fa.% Al prg— = JEY I - P 1% FPaY 7
rindg (4j e COnNStant ¢, (0} riL < A < <), (€] ria

Find the distribution function for the random variable of Problem 2.47. Graph the density and
distribution functions, describing the relationship between them.

A random variable X has density function
cx2 1=x=2

flw) = cx 2< <3
0 otherwise

Find (a) the constant ¢, (b) P(X>2), (e} P(1/2< X < 8/2).
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Find the distribution function for the random variable X of Problem 2.49.

The distribution function of a random variable X is given by

cad 0=a<3
Fiz) = 41 £z 3
0 <0

If PIX=38)=0 find (e) the constant ¢, (b) the density function, (¢) P(X >1), (d) P(1 <X <2).

Can the function
e(l—zx%) O0=zx=1
Fzx) = {

0 otherwise
be a distribution function? Explain.

Let X be a random variable having density function

ex 0=2x2=2
fe) = 0  otherwise

Find (@) the value of the constant ¢, (b) P({ <X <§), (e} P(X >1), (d) the distribution function.

JOINT DISTRIBUTIONS AND INDEPENDENT VARIABLES

254.

256.

257,

258,

259.

The joint probability function of two discrete random variables X and Y is given by f(x, %) = cxy for
2=1,2, 8 and ¥ =1, 2, 3, and equals zero otherwise. Find (a) the constant e, (b) P(X =2, Y =3),
(¢) PA=X=2,Y=2), (d P(X=2), () P(Y<2), (fy P(X=1), (g) P(Y=3)

Find the marginal probability functions of (¢) X and (b) ¥ for the random variables of Problem
2.64. (¢) Determine whether X and Y are independent.

for all values of

if
funstian A'F > ﬂ‘nn.n
AUNCLIon

Prove that the discrete random variables X and Y are independent if and

z and y their joint probability function can be expressed as the

and a function of y alone.

Let X and ¥ be continuous random variables having joint density function
{c(:c?+y2} 0=x=1, 0=y=1

7 v) 0 otherwise

Determine (a) the constant ¢, (b) P(X< 4, Y > 3), (e) P(}<X< g}, (d) P(Y <3), (e) whether X
and Y are independent.

Find the marginal distribution functions (a) of X and (b) of Y for the density function of
Problem 2.57.

Prove the result of Problem 2.56 for the case where the variables are continuous.

CONDITIONAL DISTRIBUTIONS AND DENSITY FUNCTIONS

2.60.

Find the conditional probability function (a) of X given ¥, (b) of ¥ given X, for the distribution
of Problem 2.54.
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+ <sz=1 0<y=
261, Let iz, ¥) {“’ v z v=1

0 otherwise

Find the conditional density function of (e} X given Y, (b) Y given X.

262. Find the conditional density of (a¢) X given V¥, (b) Y given X, for the distribution of Problem 2.57.

263. Let flz, »)

e lx+tw) =0 y=0
{D otherwise

be the joint density function of X and ¥. Find the conditional density function of {a) X given ¥,
(b) Y given X.

CHANGE OF VARIABLES

- aas PR © T N Y. NN i
L0, LETl A nave densiLy IuIlcLivil

e v x>0
flz) = 0 =0
Find the density function of ¥ = X2
265. (a) If the density function of X is f(z) find the density function of X3. (b) Ilustrate the result in

part (a) by choosing
2e2r xZ0
flz) = 0 2<0

and check the answer.

266. Prove Theorem 2-2, page 46.

267. Prove Theorem 2-3, page 46, for the cases (a) ¢'(u) <0, (B) ¢'(u)} = 0, (e} ¢'(u) = 0.

2.68. If X has density function f(z) = (2¢)~V2e—*"/2, —= < x < «, find the density function of ¥ = X2,
269. Verify that the integral of g (a) in Method 1 of Problem 2.21 is equal to 1.

270, If the density of X is f(x) = 1/m(22+ 1), —2 < 2 < =, find the density of ¥ =tan1 X,

2.71. Complete the work needed to find g4(u) in Method 2 of Problem 221 and check your answer.

272. Let the density of X be

1/2 —-1<gzx<1
fla) = {

| 0 otherwise

Find the density of (a) 3X —2, (b) X3+ 1.
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2.73. Check by direct integration the joint density function found in Problem 2.22.

274. Let X and Y have joint density function

e Wty =0, y=0
i@y = {0 otherwise

If U=X/Y,V=X+Y, find the joint density function of U and V.
2.75. Use Problem 2.22 to find the density function of (a) U = XV¥2, (b) V = X2Y.

276. Let X and ¥ be random variables having joint density function f(x,y) = (2r) le—(z*+1") —w £ 2 < «,
—w < y<w, If R and © are new random variables such that X = Rcos®, ¥ = R sin®, show
that the density function of R is

re—rt32 ¢ =)
glr) = {

0 r<0

1 0Sz=1,0=sy=1
277. Let f, v) o

otherwise

be the joint density function of X and ¥. Find the density function of Z = XY.

CONVOLUTIONS
278. Let X and Y be identically distributed independent random variables with density function

1 0st=1
() ={

0 otherwise

Find the density function of X + ¥ and check your answer.

279, Let X and Y be identically distributed independent random wvariables with density function
et t=0
il =
’ |0 otherwise

Find the density function of X + ¥ and check your answer,
280. Prove that (a) fi*(fo+fs) = fi*fo+Fi*fa (B) fi*(Fa®fa) = (Fi*f) " fs

281. Work Problem 2.21 by first making the transformation 2Y = Z and then using convolutions to
find the density function of U =X + Z.

282, If the independent random variables X; and X, are identically distributed with density function

tet =0
= {0 t<0

find the density function of X, + X,.

APPLICATIONS TO GEOMETRIC PROBABILITY

283. Two points are chosen at random on a line segment whose length is @ > 0. Find the probability
that the three line segments thus formed can be the sides of a triangle.
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2.84.

2.85,

It is known that a bus will arrive at random at a certain location sometime between 3;00 P.M, and
3:30 P.M. A man decides that he will go at random to this location between these two times and
will wait at most 5 minutes for the bus. If he misses it he will take the subway. What is the prob-
ability that he takes the subway?

Two line segments, AB and CD, have lengths 8 and 6 units respectively. Two points P’ and @ are
chosen at random on AB and CD respectively. Show that the probability that the area of a
triangle having height AP and base C@ is greater than 12 square units is equal to (1 —In 2)/2.

MISCELLANEOUS PROBLEMS

2.86.

2.88.

2.89.

291,

292,

Suppose that f(z) =¢/3*, z=1,2,..., is the probability function for a random variable X.
(¢} Determine e. (b) Find the distribution function. (¢) Graph the probability function and the
distribution function. (d) Find P(2= X <5). (e) Find P(X = 3).

Suppose that

cxe 2 x 70
fl) = | 0 otherwise

is the density function for a random variable X. (a) Determine ¢. (b) Find the distribution func-
tion. (c) Graph the density function and the distribution function. (d) Find P(X :=1). (¢) Find
P(2=X<3).

The probability function of a random variable X is given by

2p = =1

P x=2
fle) =

ip =x=3

0 otherwise

where p is a constant. Find (a) P(0=X <3), (b) P(X>1).

(e} Prove that for a suitable constant ¢,

=0

{0
F) = J[.c:{l—e---r)ﬂ x>0

is the distribution function for a random variable X, and find this ¢. (b) Determine P(1 < X < 2).

A random variable X has density function

Bl-x) 0=ax=1
flz) = .
0 otherwise
Find the density function of the random variable ¥V = X2 and check your answer

Two independent random variables, X and ¥, have respective density functions

e x>0 cyye™ W y >0
flz) = 0 2=0 gy = 0 y=0

Find (@) e;and ¢, (B) P(X+Y > 1), (e) P(1<X <2, ¥Z1), (d) P1<X<2), (e) P(YZ1).

In Problem 2.91 what is the relationship between the answers to (c), (d) and (e}? Justify your
answer.
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2.94.

2.95.

2.96.

297,

298,

2.100.

2.101.

2.102.

2.103.

RANDOM VARIABLES AND PROBABILITY DISTRIBUTIONS [CHAP. 2

Let X and ¥ be random variables having joint density function

e2x+y) O0<x<]l, 0<y<2
flar w) 0 otherwise

Find (a) the constant ¢, (b) P(X>4, Y <§), (c) the (marginal) density function of X, (d) the
(marginal) density function of Y.

In Problem 293 is P(X >4, Y<3)=PX>}PY< 4). Why?
In Problem 2.91 find the density function (a) of X2, (b) of X+ Y,

Let X and Y have joint density function
{lfy 0<a<y, 0<y<1

0 otherwise

flz,y)

(a) Determine whether X and Y are independent. (b) Find P(X > }). (¢} Find PX < L Y>1)
(d) Find P(X+Y > }).

Generalize (a) Problem 2.78 and (b) Problem 2.79 to three or more variables.

Let X and Y be identically distributed independent random wvariables having density function
Flu) = (2r)~V2e~u%2, — < % < ., Find the density function of Z = X2+ Y2

The joint probability function for the random variables X Table 2-9
and ¥ ig given in Table 2-9. («¢) Find the marginal proba-
bility functions of X and ¥. (b) Find P(1=X <3, Y1), Y 0 1 2
(¢} Determine whether X and Y are independent. X
1] 1/18 1/9 1/6

Suppose that the joint probability function of random vari- 1 1/9 118 | 1/9
ables X and Y is given by

. I 2 1/6 1/6 1/18

cxy O0=x=2 0=y==x
fey) = {0 otherwise

() Determine whether X and Y are independent. (b) Find P(4 <X <1). (¢} Find P(Y=1).
(d) Find P3<X<1,YZ1)

Let X and Y be independent random variables each having density function

_ ?\“(3_)‘ _
flu) = ! w=20,1,2 ...

where A > 0. Prove that the density function of X+ Y is

(2;\)1«1 e~ 2

al u=20,1,2, ...

glu) =

What is the analogue of the convolution theorem for discrete random wvariables? Illustrate by
using Problem 2.101.

A stick of length L is broken into two parts. What is the probability that one part will have a
length of more than double the other? State clearly what assumptions are made, Discuss whether
you believe these assumptions are realistic and how you might improve them if they are not.
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2.104.

2.105.

2.106.

2.107.

2.108.

2109,
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A floor is made up of squares of side I. A needle of length a <[ is tossed onto the floor. Prove
that the probability of the needle intersecting at least one side is equal to a(4l — a)/+P%.

For a needle of given length what should be the side of a square in Problem 2.104 so that the prob-
ability of intersection is a maximum? Explain your answer.

2dry?ad O0<x <1, 0<y<1, 0<2z<1
Let femz) = 4,

otherwise

be the joint density function of three random variables X, ¥ and Z. Find (a) P(X >3, Y <},Z2>}),
by P(Z < X-+Y)

A cylindrical stream of particles, of radius a, is directed toward a hemispherical target ABC with
center at O as indicated in Fig, 2-82, Assume that the distribution of particles is given by

/e 0<r<u

0 otherwise
where 7 is the distance from the axis 0B. Show that the distribution of particles aleng the target
is given by

(cos6 O<0</2
{ 0 otherwise

A

 J
b |
[r—— ] ——i]

|

L

Fig. 2-32

In Problem 2107 find the probability that a particle will hit the target between ¢ =0 and
6 = x/4.

Suppose that random variables X, ¥ and Z have joint density function
Fl—coa:.—xcos:ycoswz 0<z<1, 0<y<1, 0<2<1

- EYRET"S Y — o

v Lo otherwise

Show that although any two of these random variables are independent, i.e. their marginal density
function factors, all three are not independent.



Chapter 3

Mathematical Expectation

DEFINITION OF MATHEMATICAL EXPECTATION

A very important concept in probability and statistics is that of the mathematical
expectatwn expected value or brleﬂy expectatwn of a random variable. For a discrete

crmzr el 1. WL T A o o e 4l awrantotioae AF YV 3o A Baon

- L. Py - = nd nea
lmluUlll vdridoie A navulg Llle PWESIUIE \-’ZH.U.UH -b], a s agebm LIIE t%-\l.)ﬂ.'.ml.-l\)ll UL s I3 Urlllicu od

EX) = s:P(X=x1) + - + 2 P(X=zs) = é 2 P(X = a;) (1)
or equivalently, if P(X =ax;) = f(z;),

E(X) = xf(x) + -+ + aaf(xn) = jg zif(xs) = 2 af(x) (2)

where the last summation is taken over all appropriate values of . As a special case of (2)
where the probabilities are all equal we have

@y Tyt o+ Zn
n

(3)

EX) =

which is called the arithmetic mean or simply mean of a1, 22, ..., %n.

For a continuous random variable X having density function f(z) the expectation of X
is defined as

F 2T i, " N N . [P0 T
L

X)) = ) «fwdz (4)
e

where the analogy with (2) is to be noted.

The expectation of X is very often called the mean of X and is denoted by u,, or simply
u when the particular random variable is understood.

The mean or expectation of X gives a single value which acts as a representative or
average of the values of X and for this reason it is often called a measure of ceniral ten-
dency. Other measures are considered on page 84.

EXAMPLE 3.1. Suppose that a game is played with a single die assumed fair. In this game a player
wing $20 if a 2 turns up, $40 if a 4 turns up; loses $30 if a 6 turns up; while he neither wins nor loses
if any other face turns up. Find the expected sum of money won.

Let X be a random variable giving the amount of money won on any toss. The possible amounts
won when the die turns up 1,2,...,6 are x,, @, ...,%g respectively, while the probabilities of these are
f(zy), f(zy), ..., f(zg). The probability function for X is displayed in Table 3-1. Thus the expected value or
expectation is

E(X) = (m(%) + (20)(16) + {0}(}—5) + (40)(:—5) + m)(ls) + 4—30)(%) = 5

76
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Table 3-1
F(z;) 1/6 1/6 1/6 1/6 1/6 1/6

It follows that the player can expect to win $5. In a fair game therefore he should be expected to pay $5
in order to play the game.

EXAMPLE 3.2. The density function of a random variable X is given by

lz 0<x<2
flz) = {" .

0 otherwise
The expected value of X is then

=< 2 2 2
B® = [ s = J;z(-%z)d:c - [ Faw = T, -

FUNCTIONS OF RANDOM VARIABLES

Let X be a random variable. Then Y = g(X) is also a random variable, and it follows
that

o8|

P(Y=9) = ¥ PX=2)

{z]atxd)=v}

1. If X is a discrete random variable having probability function f(x), then
E[9(X)] = g(x)f(z) + glaz) flas) + -~ + g(an) f(n)

= 2 9@ f) = 2 9@ f) (5)
=
2. If X is a continuous random variable having probability density f(x), then

BoX)] = [ o) f@) de (6)

Generalizations are easily made to functions of two or more random variables. Thus

for example if X and Y are two continuous random variables having joint density function
f(z, %), then the expectation of g( X V\ is given by

FASYR Py VESAL BEST LRpLLeRiILSL M2 VRS R — L
Eox, 0 = | owu ey dedy )
EXAMPLE 3.3. If X is the random variable of Example 3.2,
- 2 10
E@X—2X) = (322 — 2x) f(x) dx = (322 — 2 (1 )d = 2
( ) J:w 2 x J'; % ) 3% ) dx 3
SOME THEOREMS ON EXPECTATION
Theorem 3-1: If ¢ is any constant, then
E(eX) = cE(X) (8)
Theorem 3-2: If X and Y are any random variables, then
E(X+Y) = E(X)+ E(Y) (9)
Theorem 3-3: If X and Y are independent random variables, then
E(XY) = E(X)E(Y) (10)

Generalizations of these theorems are easily made.
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THE VARIANCE AND STANDARD DEVIATION

We have already noted on page 76 that the expectation of a random variable X is often
called the mean and is denoted by n. Another quantity of great importance in probability
and statistics is called the variance and is defined by

Var(X) = E[(X —p)7] (11)

The variance is a nonnegative number. The positive square root of the variance is called
the standard deviation and is given by

VVvar(X) = VE[(X ~p)] (12)

Where no confusion can result, the standard deviation is often denoted by o instead of o,
and the variance in such case is <%

If X is a discrete random variable having probability function f(z), then the variance is
given by

ox = E[(X—p)? = jg; (5 — w2 fla) = 2 (x—p)?f(@) (13)
In the special case of (13) where the probabilities are all equal we have
o = [(@1—pf + (@2—pP + o+ (@ p)l/n (14)
which is the variance for a set of » numbers x4, ..., Zn.

If X is a continuous random variable having density function f(x), then the variance is
given by «
o = E[(X-p) = J-_ (z — p)? f(x) dz (15)

The variance (or the standard devi-
ation) is a measure of the dispersion or
scatter of the values of the random variable
about the mean p. If the values tend to be
concentrated near the mean, the variance
is small; while if the values tend to be dis-
tributed far from the mean, the variance

small variance

large variance

ATy I.“l.b'\.nu WA BED RAVLACLALALTEL Ak ALINAALEAL WAL El“l}ll S—— — T ———
ically in Fig. 3-1 for the case of two contin- H
uous distributions having the same mean p. Fig. 3-1

EXAMPLE 3.4. Find the variance and standard deviation of the random variable of Example 3.2.
As found in Example 3.2, the mean is x = E(X) = 4/3. Then the variance is given by

@ = E[(X—-)] f_w (a:—-) fz) de = Jj(m-—g)e(%x)dx -2

2 _ V2

eviation is V 9 — 3

Note that if X has certain dimensions or units, such as centimeters (cm), then the vari-
ance of X has units em?® while the standard deviation has the same unit as X, i.e. cm. It is
for this reason that the standard deviation is often used.

SOME THEOREMS ON VARIANCE
Theorem 3-4: o = E[(X—p)}] = E(X?) -2 = E(X?) - [E(X))? (16)
where p = E(X).
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Theorem 3-5: 1If ¢ is any constant,
Var(cX) = ¢ Var(X) (17)

Theorem 3-6: The quantity E[(X —a)?] is 2 minimum when a =, = E(X).

Theorem 3-7: If X and Y are independent random variables,
Var(X+Y) = Var(X) + Var(Y) or of,, = ol +ol (18)

X+Y¥Y
Var(X-~Y) = Var(X) + Va

e [T =

riV or o2 = a2 4 o2 {70Y
< \=F S Fx—-v Ty 7 Ty \Lefy

Generalizations of Theorem 3-7 to more than two independent variables are easily made.
In words, the variance of a sum of independent variables equals the sum of their variances.

STANDARDIZED RANDOM VARIABLES

Let X be a random variable with mean .. and standard deviation ¢ (¢>>0). Then we
can define an associated standardized random variable given by

X—n

o

X* =

(20)

An important property of X* is that it has a mean of zero and a variance of 1, thus ac-
counting for the name standardized, i.e.

E(X*) =0 Var(X*) = 1 (21)
Another important property of X* is that it is a dimensionless or nondimensional quantity,
i.e. it has no units even if X does.

The values of a standardized variable are sometimes called standard scores and X is
then said to be expressed in standard units (i.e., o is taken as the unit in measuring X — p).

Standardized variables are useful for comparing different distributions.

MOMENTS

The rth moment of a random variable X about the mean p, also called the rth central
moment, is defined as

p, = E[(X—py] (22)
where »=0,1,2,.... It follows that ,,=1, u, =0 and p, = ¢% i.e. the second central
moment or second moment about the mean is the variance. We have

p, = g (x—p) flz)) = X (@—p) flzx) (discrete variable) (23)
— rt fov — AT Ffa o farmnFirrrmiis srawiohlal fo 1y
f_.(.r J_n \w f"" J\w’ L ¥ LN ‘bullhlllu\]uﬂ v a1l A ’ \0&’

The rth moment of X about the origin is defined as
w = E(X) (25)

where #=0,1,2,... and in this case there are formulas analogous to (23) and (24) in
which p=0.
The relationship between these moments is given by

¥ AT
Py = M (1)!L:_.#+ et (—1)’(j)u:_;n’ oo L) (26)
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As special cases we have, using p;=p and pj=1,

By = pg = p
py = pp— Bupu + 248 (27)
py = pp— dpgp + Gup® — 3t

2

GENERATING FUNCTION;S

ONS
The moment generating function of X is defined by
M

(1) = E(e™) (28)
that is n
M. (t) = jz e f(x)) = X e*f(x) (discrete variable) (29)
=1
M. (t) = f e“f(x)dx (continuous variable) (80)
We can show that the Taylor series expansion is [Problem 2.15(a)]
t2 , t!’
Mty = Lt +phgy + oon dpg g + o (31)

Since the coefficients in this expansion enable us to find the moments, the reason for the
name moment generating function is apparent. From the expansion we can show that
[Problem 3.15(b)]

dr
By = EM}((” t=0 (32)

i.e. p’ is the rth derivative of M,(¢) evaluated at £ =0. Where no confusion can result we
often write M(f) instead of M,(t).

SOME THEOREMS ON MOMENT GENERATING FUNCTIONS

Theorem 3-8: If M (t) is the moment generating function of the random variable X and a
and b (b + 0) are constants, then the moment generating function of (X + a)/b is

Megrinl® = et (7) (39)

Theorem 3-9: If X and Y are independent random variables having moment generating
functions M, () and M,(t) respectively, then

fov(t) = Mx(t) Mv(t) (34)

Generalizations of Theorem 3-9 to more than two independent random variables are easily
made. In words, the moment generating function of a sum of independent random varia-
bles is equal to the product of their moment generating functions.

Theorem 3-10 (Uniqueness theorem): Suppose that X and Y are random variables having
moment generating functions M, (t) and M (t) respectively. Then X and Y
have the same probability distribution if and only if M (¢)=M,(¢) identically.

CHARACTERISTIC FUNCTIONS

If we let {—=is, where i is the imaginary unit, in the moment generating function we
obtain an important function called the characteristic function. We denote this by
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$x(0) = My(iv) = E(e*X) (35)
It follows that "
pxlo) = Zewnfx) = 2 e“’f(x) (discrete variable) (36)
o f0) = _r e¢vf(zr)dz  (continuous variable) (87)
The corresponding results (37) and (32) become
delo) = 1+ipww-p;-‘;‘§—'!+-o-+irp;:—'!+--— (38)
where w = (—1}r1ra{¢—'ﬂ,¢x(m} J— (39)

When no confusion can result we often write ¢(») instead of ¢,(w).

Theorems for characteristic functions corresponding to Theorems 3-8, 3-9 and 3-10 are
as follows.

Theorem 3-11: If ¢,(v) is the characteristic function of the random variable X and a and b
(b # 0) are constants, then the characteristic function of (X +a)/b is

¢'{x + aJKb(‘"’) = euiu!bqu(%) (40)

Theorem 3-12: 1If X and Y are independent random variables having characteristic func-
tions ¢,(v) and ¢,(«) respectively, then

‘ibx .Hr("") = ‘i"x(“') ﬁby(“’) (‘51)

More generally, the characteristic function of a sum of independent random variables
is equal to the product of their characteristic functions.

Theorem 3-13 (Uniqueness theorem): Suppose that X and Y are random variables having
characteristic functions ¢,(w) and ¢, (o) respectively. Then X and Y have the
same probability distribution if and only if ¢,(w) = ¢,(=) identically.

An important reason for introducing the characteristic function is that (87) represents
the Fourier transform of the density function f(x). From the theory of Fourier transforms
we can easily determine the density function from the characteristic function. In fact,

fla) = 5= f e o) do i2)

which is often called an inversion formula or inverse Fourier transform. In a similar
manner we can show in the discrete case that the probability function f(x) can be obtained
from (36) by use of Fourier series, which is the analog of the Fourier integral for the dis-
crete case. See Problem 3.39.

Another reason for using the characteristic function is that it always exists whereas
the moment generating function may not exist.

VARIANCE FOR JOINT DISTRIBUTIONS. COVARIANCE

The results given above for one variable can be extended to two or more variables.
Thus, for example, if X and Y are two continuous random variables having joint density
function f(x,y), the means or expectations of X and Y are
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= B0 = [ etwwizay, w=80 = [ wienama

and the variances are o e
it = BX -] = §_§ @-miaidzdy
. e (44)
of = E[(Y—py)] = fw .L, (¥ — py)* flz, y) dz dy

Another quantity which arises in the case of two variables X and Y is the covariance
defined by

oy = Cov(X,Y) = E{(X — p )Y — 1y)] (45)
In terms of the joint density function f(x,y) we have
oo = J_J @ udu—m) Sy dzdy (46)
Similar remarks can be made for two discrete random variables. In such case (48) and
{46) are replaced by
By — g ; :i:f(a:,y} py = g g y.f(xry) (47}
Oxy — z ; (3: - Px)(y - l“‘f) f(x: y} ('&3)

where the sums are taken over all the discrete values of X and Y.

The following are some important theorems on covariance.

Theorem 3-14: oxy = E(XY) - E(X)E(Y) = E(XY) — pyuy (49)
Theorem 3-15: If X and Y are independent random variables,

oy = Cov(X,Y) = 0 (50)

Theorem 3-16: Var(X+Y) = Var(X) + Var(¥Y) = 2 Cov (X, Y) (51)

Py = 0+ oh = 20y, (52)

Theorem 3-17: loxyl = oyoy (58)

The converse of Theorem 3-15 is not necessarily true. If X and Y are independent,
Theorem 8-16 reduces to Theorem 3-7.

CORRELATION COEFFICIENT

If X and Y are independent, then Cov(X,Y)=¢,, =0. On the other hand if X and Y
are completely dependent, for example when X =Y, then Cov(X,Y)= oy, = oy0,. From
this we are led to a measure of the dependence of the variables X and Y given by

Oxy
P = oo (54)
which is a dimensionless quantity. We call p the correlation coefficient or coefficient of
correlation. From Theorem 8-17 we see that —1 = p = 1. In the case where p=0 (i.e. the
covariance is zero) we call the variables X and Y uncorrelated. In such case however the
variables may or may not be independent. Further discussion of correlation will be given
in Chapter 8.
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CONDITIONAL EXPECTATION, VARIANCE AND MOMENTS

If X and Y have joint density function f(z,¥), then as we have seen in Chapter 2 the
conditional density function of Y given X is f(y|x) = f(x,y)/fi(x) where fi(x) is the mar-
ginal density function of X. We can define the conditional expectation or conditional
mean of Y given X by

EY|X=2) — i v i @) dy (55)

where “X =z” is to be interpreted as = < X = z + dr in the continuous case. Theorem

3-1, 3-2 and 3-3 also hold for conditional expectation.
We note the following properties:
1. E(Y|X =) = E(Y) when X and Y are independent.

2. E(Y) = f E(Y|X = 2)f1(x) dz
It is often convenient to calculate expectations by use of Property 2, rather than directly.
EXAMPLE 3.5. The average travel time to a distant city is ¢ hours by car or b hours by bus. A man

cannot decide whether to drive or take the bus, so he tosses a coin. What is his expected travel time?

Here we are dealing with the joint distribution of the outcome of the toss, X, and the travel time, Y,
where V=Y. if X=0 and ¥ =Y, if X=1. Presumably, both ¥, and ¥}, are independent
of X, so that by Property 1 above

EYIX=0) = E(Y, |X=0) = E(Y,) = ¢

and EV|X=1) = E(¥poe|X=1) = E(Y;n) = b
Then Property 2 (with the integral replaced by a sum) gives, for a fair coin,
EY) = EY|X=0)PX=0)+ E(Y|X=1)P(X=1) = ""g"

In a similar manner we can define the conditional variance of Y given X as

E[(Y—p,)|X=2a] = J: (v — m)* fly ] 2) dy (56)
where p, = E(Y | X=x). Also we can define the rth conditional moment of Y given X
about any value a as «

B(Y-ay|X=2] = | (—arfwie)dy (57)

The usual theorems for variance and moments extend to conditional variance and moments.

CHEBYSHEV’S INEQUALITY

An important theorem in probability and statistics which reveals a general property of
discrete or continuous random variables having finite mean and variance is known under
the name of Chebyshev’'s inequality.

Theorem 3-18 (Chebyshev’s inequality): Suppose that X is a random variable (discrete or
continuous) having mean ;. and variance ¢%, which are finite. Then if ¢ is any
positive number,

PIX-uzd = (58)

or, with €= l'fo',

P(X—pl = k) =

Lal
{2
1
® (59)
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EXAMPLE 3.6. Letting k£ =2 in Chebyshev’s inequality (59) we see that
P(iX—p 220 = 025 or P(|X—p <2 = 075

In words, the probability of X differing from its mean by more than 2 standard deviations is less than
or equal to 0.25; equivalently, the probability that X will lie within 2 standard deviations of its mean
is greater than or equal to 0.75. This is quite remarkable in view of the fact that we have not even speci-
fied the probability distribution of X.

The following theorem, called the law of large numbers, is an interesting consequence
of Chebyshev’s inequality.

Theorem 3-19 (Law of large numbers): Let X,, X, ... be mutually independent random
variables (discrete or continuous), each having finite mean n and variance o
Then if S, = X; +Xo+ - +X5(n=12,...),

lim P(%—u|§e> =0 (60)

0= o

Since S./n is the arithmetic mean of X3, ..., X,, this theorem states that the probability
of the arithmetic mean S,/ differing from its expected value ;. by more than ¢ approaches
Z€ro as n > =, A stronger result, which we might expect to be true, is that lim S./n = g4,

Tt =+ o

but this is actually false. However we can prove that lim S./n = p with probability one.

=+

This result is often called the strong law of large numbers, and, by contrast, that of Theo-
rem 3-19 is called the weak law of large numbers. When the “law of large numbers” is
referred to without qualification, the weak law is implied.

OTHER MEASURES OF CENTRAL TENDENCY

As we have already seen, the mean or expectation of a random variable X provides a
measure of central tendency for the values of a distribution. Although the mean is used
most, two other measures of central tendency are also employed. These are the mode and
the median.

1. Mode. The mode is that value which occurs most often or, in other words, has the
greatest probability of oceurring. At such a value z, f(z) is a maximum. Sometimes
we have two, three or more values which have relatively large probabilities of occurrence.
In such case we say that the distribution is bimodal, trimodal or multimodal respectively.

2. Median. The median is that value a for which P(X=x) = P(X =)= 1. In the case
of a continuous distribution the median corresponds to an ordinate which separates a
density curve into two parts having equal areas of 1/2 each. In the case of a discrete
distribution a unique median may not exist (see Problem 3.34).

PERCENTILES

It is often convenient to subdivide the area
under a density curve by use of ordinates so
that the area to the left of the ordinate is some
percentage of the total unit area. The values
corresponding to such areas are called percen-
tile values or briefly percentiles. Thus for —/
example the area to the left of the ordinate at
2« In Fig. 3-2 is «. For instance, the area to Fig. 3-2

T
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the left of x.;0 would be 0.10 or 10% and would be called the 10th percentile (also called the
first decile). The median would be the 50th percentile (or fifth decile).

OTHER MEASURES OF DISPERSION

Just as there are various measures of central tendency besides the mean, there are vari-
ous measures of dispersion or scatter about these central measures besides the variance or
standard deviation. Some of the most common are the following.

1. Range. The range is the difference between the largest and smallest values of a dis-
tribution. This measure is useless, of course, if either of the extreme values is infinite.

2. Semi-interquartile range. If x: and x.:; represent the 25th and 75th percentile values
the difference s — x2s is called the interquartile range and (x5 — @2) is the semi-
wnterquartile range.

3. Mean deviati

0
£
L

expectation of [X —p, ie
M.D.(X) = E[|IX—pl] = 2 |#—p|f(x) (discrete variable) (61)
M.D.(X) = E[|X—pl] = f |¢ — p| f(x) dx  (continuous variable) (62)

SKEWNESS AND KURTOSIS

1. Skewness. Often a distribution is not symmetric about a maximum but instead has
one of its “tails” longer than the other. If the longer tail occurs to the right, as in
Fig. 3-8, the distribution is said to be skewed to the right, while if the longer tail occurs
to the left, as in Fig. 3-4, it is said to be skewed to the left. Measures describing this
asymmetry are called coefficients of skewness or briefly skewness. One such measure

is given by
E[(X — )] ey
(¢ p—— _— — —_—
a * ¢
which is a dimensioniess quantity. The measure «, will be positive or negative accord-
ing as the distribution is skewed to the right or left respectively. For a symmetric dis-

tribution «, = 0.

(63)

Skewed to Skewed to
the right the left
- = -
Fig. 3-3 Fig. 3-4 Fig. 3-5

2. Kurtosis. In some cases a distribution may have its values concentrated near the mean
so that the distribution has a large peak as indicated by the solid curve of Fig. 3-5.
In other cases the distribution may be relatively flat as in the dashed curve of Fig. 3-5.
Measures of the degree of peakedness of a distribution are called coefficients of kurtosis
or briefly kurtosis. A measure often used is given by
E[(X —p)t
Lo [( 4#)]251% (64)

o o
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which is a dimensionless quantity. This is usually compared with the normal curve
(see Chapter 4), which has a coefficient of kurtosis equal to 3. See also Problem 3.41.

It is possible to define coefficients of skewness and kurtosis using other measures of

central tendency and dispersion, but the ones defined above are used most often.

Solved Problems

EXPECTATION OF RANDOM VARIABLES

3.1

3.3.

In a lottery there are 200 prizes of $5, 20 prizes of $25 and 5 prizes of $100. Assum-
ing that 10,000 tickets are to be issued and sold what is a fair price to pay for a
ticket ?

Let X be a random variable denoting the
amount of money to be won on a ticket, The
various values of X together with their proba-
bilities are shown in Table 3-2, For example
the probability of getting one of the 20 tickets
giving a $25 prize is 20/10,000 = 0.002, The
expectation of X in dollars is thus

E(X) = (5)(0.02) + (25)(0.002) + (100)(0.0005) + (0)(0.9776) = 0.2

Table 3-2

2 {dollars) b 25 100 0

P(X =) { 0.02 | 0.002 | 0.0006| 0.9775

or 20 cents. Thus the fair price to pay for a ticket is 20 cents. However since a lottery is usually
designed to raise money, the price per ticket would be higher.

Find the expectation of the sum of points in tossing a pair of fair dice.
Let X and Y be the points showing on the two dice. We have

E(X) = E(Y) = 1(%>+ z(—;)+ +s(%) -

Then, by Theorem 3-2,
EX+Y) = B(X)+ FEY) = 17

Find the expectation of a discrete random variable X whose probability function is
given by
l I
flw) = (§>

EX) = zéla:(

)
1, 2(§)+ 3(%)+ 4(1‘-.3)+

(x=1,238,...)

We have
N T

Ba[ =

To find this sum let S =

tn
Il
P

Then

tn
!

Subtracting,

ECTEE - T
-+

P

+

00|

+

Thus §=2.
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34. A continuous random variable X has probability density given by

(@) 2e7E >0
T =
( 0 =0
Find (e) E(X), (b) E(X?).
Xy = = - —2x = " —2r
{a) E(X) J'_w % f(zx) dx fo x(2e 27} dx 210. xe 2T dx
= 2L(:\:}( — (1) ( e\ [
®) E(X?) = f © R fx)dr = 2 f 222 dy
— o

LoA=5) - ools) e (] - 3

3.5. The joint density function of two random variables X and Y is given by
xyf96 O0<x<4, 1<y<5b

0 otherwise

fle,y) = {

Find (a) E(X), (b) E(Y), (c) E(XY), (d) E@X +3Y).

j [WEC) T
® By = J: f Z y fla,y) dz dy f ( )da:dy =2

© EQXY) = f_: f_ i (@) flz, y) daedy = j;n j:] {xy)(;—g) dzdy = %

(d) E(2X +3Y) = Ji f_: (2x + 3y) f(z, y)dx dy = J: J‘i (2m+3y)( )dzdy = %

Another methed.
(e) Since X and Y are independent, we have using parts (e} and (b)

E(XY) = E(X)E(Y) = (%)(-39—‘) = %

(d) By Theorems 3-1 and 3-2, page 77, together with (¢) and (b),

@ B0 = [ armuaca

E@X +3Y) = 2E(X) + SE(Y) = 2(§)+ 3(9;) - i"a—'"

3.6. Prove Theorem 3-2, page 77.
Let f(x,y) be the joint probability function of X and ¥, assumed discrete. Then
E(X+Y) = § § (z + ) f(z, )

;?xf(a',y) + :2 ?yf(w,yl

il

= E(X) + E(Y)

If either variable is continuous the proof goes through as before, with the appropriate summations
replaced by integrations. Note that the theorem is true whether or not X and ¥ are independent.
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3.7. Prove Theorem 3-3, page 77.

Let f(x,y) be the joint probability function of X and Y, assumed discrete. If the variables
X and Y are independent, we have f(x,4) = fi(z) fa(y). Thus

E(XY) = §§myﬂm. y) = §§zy!;(mifg(y)

= 2 I:x fi(=) § yfz(y):]

P ALY FRY

iz f1(x) Ew)]

[
M

= E(X)E(Y)

If either variable is continuous the proof goes through as before, with the appropriate summations
replaced by integrations. Note that the validity of this theorem hinges on whether f(z,y) can be
expressed as a funetion of £ multiplied by a funection of y, for all x and y, i.e. on whether X and ¥
are independent. For dependent variables it is not true in general,

VARIANCE AND STANDARD DEVIATION

38. Find (a) the variance and (b) the standard deviation of the sum obtained in tossing
a pair of fair dice.

{e)} Referring to Problem 3.2, we have F(X) = E(Y) = 7/2. Moreover,

- — 1 LA T 1y _ 9
E(X?) = EY?) = 12(6)-!- 22(6) + +62(6) = &

Then, by Theorem 3-4,

2
Var(X) = Var(¥Y) = %—- (%) = %25_

and, since X and Y are independent, Theorem 3-7 gives

Var(X+Y) = Var(X) + Var(Y) = ‘%5-
®) ox.y = VYVar(X+Y) = %

3.9. Find (a) the variance and (b) the standard deviation for the random variable of

Purnblars @ A
AT TOLIEll o4,

(@) As in Problem 3.4 the mean of X is x = E(X) = 4. Then the variance is

2 L 2
Var(X) = E[(X—uw?3 = E[:(X ~%)] = J: (x-—-%) f(z) d=
o 2
= J; (x‘*%) (2e#)dz = 3

Another method.
By Theorem 3-4,

1 I -
Var(X) = E[(X—-u% = EX?) -~ [EX)? = 5 - (%) = i-
(b) a = \!Var(‘X} — % — %

3.10. Prove Theorem 3-4, page T8.

We have
E[(X — x)?]

E(X2—2uX 442 = E(X?) — 2,E(X) + 2
E(X2) — 2,2 + ,2 = E(X2) — 2
E(X?) — [E(X)]?

I
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3.11. Prove Theorem 3-6, page 79.
E[(X —ay?] = E{(X—u) + (p—a)}?
= E[(X—p)P +2(X —p)(p—a) + (x—a)?
= E[(X—p)3] + 20— a)B(X —p) + (p—a)?
= E[(X—p)f] + (r—a)?

gince E(X —p) = E(X)—u = 0. From this we see that the minimum value of E[(X —a)?] occurs
b4 i -

312. If X*=(X-—p)/e is a standardized random variable, prove that (o) E(X*)=0,
(b) Var(X*)=1.

@ E(X" = E(X;“) = JEX-w] = TE@-u = 0
since E(X) = p.

X — 1
(b) Var (X*) = Var( . p) = EE[(X“#}EJ = 1

using Theorem 3-5, page 79, and the fact that E[(X — u)?] = o2

3.13. Prove Theorem 3-7, page 79.
Var(X+Y) = E[{(X+Y) — (ux+ uy)}
= E[{(X —ux) + (¥ —uy)}?
= E[(X — ux)? + 2(X — pxNY — py) + (¥ — py)?]
= E[(X — 1x)? + 2E[(X — px (Y — py)] + E[(Y — ny)?]
= Var (X) + Var(Y)

using the fact that
E[(X —uxMY —uy)] = E(X—px) E(Y —py) = 0

gsince X and ¥, and therefore X — ux and Y — uy, are independent. The proof of (19), page 79, fol-
lows on replacing Y by —Y and using Theorem 3-5.

MOMENTS AND MOMENT GENERATING FUNCTIONS
3.14. Prove the result (26), page 79.
b = E[X— )]

= E[X" — (I)Xr—l# + e 4 (_I]i(;:)xr—iud
+ o+ (~1)'“‘<r: I)X#"‘ + {—1)'.!1"]

= E(Xn - (I)E{Xﬂ)p + e+ (—w(}')E(XHm’

bt (—nrﬂ(rj 1)E{X]m-l + (1)

— v (T . - 1 T,
By (l)ﬂr—ll‘ + + ( 1) (j)i‘r—ﬂ‘

+ o ()T (1)

where the last two terms can be combined to give (—1)"~ 4 — 1),
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3.15.

3.16.

3.17.

3.18.
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Prove (a) result (31), and (b) result (82), page 80.
(a) Using the power series expansion for e* (3, Appendix A) we have
| 2SO 2. 4
o1t 3 )

= 1+ tBX) + 5 E(X2)+ l"‘315,'(}{=l1|+

My(t) = E(etX) = E( + tX 4

o
Be J“‘Z?" v "33' E
(b) This follows immediately from the fact known from calculus that if the Taylor series of f(f)
about t =a 1is

f = 3 et—ar

_ 1
then ¢, = oy dtﬂﬂt} —a

Prove Theorem 3-9, page 80.

Qi B oemd VWonsn fendosce doed  maewr Pareiodios off Y nend smmer Farsmadioe o8 Vonaun ledosine daed
oilice A 0 & are ingependgeny, any Iunciion o1 A anda any iuncuion o1 £ av HiGEPENGent.
Hence
Mysy(t) = E[eX¥V] = E(eXetY) = E(eX)E(eY) = My(t) My(t)

The random variable X can assume the values 1 and —1 with probability } each.
Find (e¢) the moment generating function and (b) the first four moments about
the origin.

{a) E(e) = e:m(-;-) + er:—n(%) = %(et+e—:)
2 t" ¢4
t = —_— ar —_— -
() We have e 1+t + sitait +
2 Ll t
=t = —_ — —_— =
¢ L-tigi— st
Lirony = 14848,
Then (1) glette™) = 14 50+ o+
B M = 1 + :_E ’ 3 ’ tt

Then comparing (1) and (2) we have
s =0, };;:1, 1"-5:0? #4_1
The odd moments are all zero and the even moments are all one.

A random variable X has density function given by

[ g, Fa

f _ ZEe = 112""U
@ = {0 x <0

Find (c¢) the moment generating function and (b) the first four moments about
the origin.

(@) M(t)

il

E(etX) = Jm et f(x) dx
= etr(2e—2x) d; = 2 (t—2)x .
J; T f € xX

9elt— 2 |=
t—2

0 -é—_—t, assuming t < 2
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() If |t] <2 we have

2 _ 1 - t g 8 8
7-¢t - 1-e2 - ltgtratgtigt
p g8
But M(t) —1+#t+]&22.+ﬁ?+#4‘a+

Thus, on comparing terms, ¢ =4, pb =4, 5=4§, i = §-

3.19. Find the first four moments (a) about the origin, (b) about the mean, for a random
variable X having density function

@) = {4x(9-x2);81 0=x=3

0 otherwise
4 (? 8
(a) s = EX) = a1 J, 29— xV)dx = S
a 3
w = E(X?2) = 8;1.’0 B9 —22)dr = 3
wy = EX3) = %ﬁsw‘(ﬁ—mg}dx = %‘i

3
E(X%) "511.[, SO-)dx =

E-
H

(b) Using the result (27), page 80, we have

mo= 0

b2 = 3—(%)2= % = o2

vy = 2;56 3(3)( )+ 2(%)8 = ;ffﬁ

b o= 5 (2;:)(g)+ 6{3\(8\ - 3(% 36;'3;

CHARACTERISTIC FUNCTIONS

3.20. Find the characteristic function of the random variable X of Problem 3.17.
The characteristic funetion is given by

E(eloX)y = efmm(%)...em—n(%) = %(Ba.,+,,—u,) = cose

using Euler’s formulas
e = cosp+ 2sineg e ¥ = cosg —isinég

with # = w. The result ean also be obtained from Problem 3.17(a) on putting £ = dw.

3.21. Find the characteristic function of the random variable X having density function
given by

1/2a |z|<a
flz) = {

0 otherwise
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The characteristic function is given by

E(eiﬂ){) = f em_f(g;} de = EL ‘r elwr
— L -a
lﬁw_ a  glan —pg—ias  gin g
20 tw |-a 2igw - i

using Euler's formulas (see Problem 3.20) with ¢ — aw.

3.22. Find the characteristic function of the random variable X having density function
f(z) = ce~, —e0 < x < 0, where a > 0, and ¢ is a suitable constant.

Since f(x) is a density function we must have

f_i f@dz = 1

so that
ec [1] %0
¢ ( e"alrldy = crf e~o(~ dy + r e_“(“da:_l
J—u Lo Jo -
z |0 —az |«
= cei + e’ ‘ = 2 = 1
@ |- —a {0 a

Then ¢ = a/2. The characteristic function is therefore given by

E(eioX) = f el f(z) da

L] w0
= E[f efwte—al—2) dp 4 f ,,me—amdx]
2 — 0
a 0 o0
= —[J‘ e(ﬂf&d}:dm -+ f 8"(6_&))=dz]
2 o o

a e{0+i¢ﬂ']:r 0 e"‘(ﬂ—iﬁl}z =]
- e Q@ ——r

2 a+iw |—= —(a—1iw) |o
— a + a — a2

2(a + iw) 2(a — iw) a? + o2

COVARIANCE AND CORRELATION COEFFICIENT
3.23. Prove Theorem 3-14, page 82.
By definition the covariance of X and Y is
oxy = Cov(X,Y) = E[(X — uxl¥ — py)]

= E[XY = ux¥ — pyX + pxpy]
= E(XY) — pxpy — pyex + pxpy
= E(XY) — pxpy
= E(XY)— E(X) E(Y)

3.24. Prove Theorem 38-15, page 82.
If X and Y are independent then E(XY) = E(X)E(Y). Thus by Problem 3.23
oxy = Cov(X,Y) = E(XY)— E(X)E(Y) = 0
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3.25. Find (a) E(X), (b) E(Y), (c) E(XY), (d) E(X?), (¢) E(Y?), (f) Var(X), (9) Var(Y),
(k) Cov(X,Y), (i) p, if the random variables X and Y are defined as in Problem 2.8,

page 52.
(@ BX) = ISafen = Zo[ e
F 4 W x 4
= (0)(6e) + (1)(14¢) + (2)(22¢) = b8B¢ = % - %
(b) EY) = ZIyfz.y) = Ey[Eﬂz.y)]
r W u -
= (0)(6c) + (1)(9¢) + (2)(12¢) + (3)(16¢) = 78 = % - %
(e) E(XY) = ??myf{x.y)
= (0){0)(0) + (0)(1)(c) + (0)(2)(2e} + (0)(3)(3¢)
+ (1)(0)(2e) + (1){(1)(3e) + (1)(2)(4e) + (1)(38)}bc)
+ (2)(0)(4e) + (2)(1)(Be) + (2)(2)(6c) + (2)(3)(7c)
_ o102 17
= 102¢ = o = 7
(d) EXx?) = I322flr,y) = Efc’[ﬁﬂx, y}]
) r W T w
= (P60 + (D2(l40) + @2(220) = 102c = 2 - 1T
© BY) = SSifey = 292[Ef(x.y)]
x N v T
= (0)2(60) + (1)2(9¢) + (22(12¢) + (3)2(16c) = 192¢ = % = 372
2 2
) 2 = Var(X) = E(X) — [BE(X)] = l,}— (2—;’) - %i‘-‘ll
o,
0 @ = Var(¥) = E¥) - (B = 2 - (%) - 3
(h) oxy = Cov(X,¥) = EXY) - EQBY) = - (ﬁ)(l—.f‘) = -2
) p = XX _ —20/147 - —20 = —0.2103 approx.

oxoy  \/230/441 55/ /230158

3.26. Work Problem 3.25 if the random variables X and Y are defined as in Problem 2.38,
page 64,

Using ¢ = 1/210 we have:

_ 10 _ 268
(a) E(X) = mfmfm (@)2z+y) dzdy = T2
_ 1 * _ 170
(®) BY) = gof ) _ wecinaa = g
- L (" = 5
(c) E(XY) = ﬁ.[mf,:., (zy)(2w +y)dedy =
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@ By = o [ f edertuama = 22

(© B = g [ wmeerwdsay = 4R

0 o = Var(X) = By - [EXp = 120 (%)2 = 2%

(0) @ = Var(¥) = Eom - E@p = U0 (lff) = 1528

(h) oxy = Cov(X,Y) = E(XY)— EX)E(Y) = %—(%)(16%) = _3%%
G 0 = = = —200/3965 = —200 —  _0.03129 approx.

axoy /5036/3969 1/16,225/7938 V2518 V16,225

CONDITIONAL EXPECTATION, VARIANCE AND MOMENTS

o &ry
Dekile

P | ey | e e o D .-....-. PR ¥ S YV — 9 I Dbl e -
I‘lIlU NIB l...'UllUl.lnl.Ullﬂ-l pecLtalluil UL I EAIVEILL A — 4 UL ¢ »

€
As in Problem 2.27, page 61, the conditional probability function of ¥ given X =2 is
_ 4+y

Then the conditional expectation of ¥ given X =2 is

E(Y |X=2) = Ey(“%”)

where the sum is taken over all y corresponding to X = 2. This is given by

sixen < ofE) o)+ 48) o) - 8

Find the conditional expectation of (a) ¥ given X and (b) X given Y in Problem 2.29,
page 62.

o N /n\ 0
(@) B(Y |X=2) = | whw|=sdy = (%) = =
(4) EX( Y= = [ sheind = ( )dx

20-9) _ ﬂ.ﬂ.ﬂﬂ

31=y) ~ 34w

Find the conditional variance of ¥ given X for Problem 2.29, page 62.

The required variance (second moment about the mean) is given by

o x x2
B -1 X=2 = | o-wrheloaw = | (y—-s—) (2“ W = 1

where we have used the fact that p, = E(Y | X =2) = 2x/3 from Problem 3.28(a).

CHEBYSHEV’S INEQUALITY

3.30.

Prove Chebyshev’s inequality.

We shall present the proof for continuous random variables. A proof for discrete variables is
similar if integrals are replaced by sums. If f(x) is the density function of X then
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3.3L

o = E[(X—wy = j' " (@ — 02f(e) dz

-

Since the integrand is nonnegative, the value of the integral can only decrease when the range of
integration is diminished. Thus

a2 = J;x—nlge (x—p2flx)dz = L_Mg‘cﬂf(a:]dm = & flz) d

lx—ul =«

But the last integral is equal to P(|X — x| = ¢). Hence

-]

PIX—ulz=¢ = UE

For the random variable of Problem 3.18, (a) find P(|X — »| > 1). (b) Use Chebyshev’s
inequality to obtain an upper bound on P(|X — u| > 1) and compare with the result in (a).

(z) From Problem 3.18, p = 1/2. Then

_ - 1| ) = (_1 &)
P(X—4 <1) (Ix H p(~p<x<§
3/2
- f 2-2dy = 1 — ¢5
Thus P(lx——| ) = 1—(1—e3 = &3 = 004979

(b) From Problem 3.18, o2 = u, — 1/4. Chebyshev’s inequality

2
P(X—uzo s %
&
then gives P(X—p z1) = ¢ = 025

Comparing with (a) we see that the bound furnished by Chebyshev’s inequality is here quite
crude. In practice Chebyshev's inequality is used to provide estimates when it is inconvenient
or impossible to obtain exact values.

LAW OF LARGE NUMBERS

3.32.

Prove the law of large numbers stated in Theorem 3-19, page 84.

We have EX) = E(Xy) = -+ = E(X,) =
Var(X,) = Var(Xp) = --- = Var(X,) = o2
S, X, + - + X,
Then E(;-) = E('T) = %IE(X1)+'--+E(X,J] = t};(np) = n

Var(S,) = Var(X;+---+X,;) = Var(X;) + -+ 4+ Var(X,) = ne?

15

a
n

7S\ 1
so that Var (?) = pEvar(Sy) =

where we have used Theorem 3-6 and an extension of Theorem 3-7.

Thus by Chebyshev’s inequality with X = S, /n we have
P( Sn = ,) = 2

n ¥ net
Taking the limit as n = « this becomes, as required,

n
S,
lim P( = c) = 0
A=+

T
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OTHER MEASURES OF CENTRAL TENDENCY
3.33. The density function of a continuous random variable X is

42(9—22)/81 0=z2=3
fle) = {

0 otherwise
(a) Find the mode. (b) Find the median. (¢) Compare mode, median and mean.

(2) The mode is obtained by finding where the density f(x) is a maximum. The relative maxima
of f{x) occur where the derivative is zero, i.e.

d [ 4x(9 — =?) _ 36 — 1222 0

dz 81 81
Then 2z =V/8 = 1.73 approx., which is the required mode. Note that this does give the maxi-
mum since the second derivative, —242/81, is negative for z = V3.
(b) The median is that value a for which P(X =a) = 1/2. Now, for 0<a < 3§,
4 (* 4 ( 9a2 a:‘*)
= = — — g2 = == _ =
P(X =a) Slj; z(9 — x2) dx gi\ 2 1,

~

Setting this equal to 1/2 we find that
2at — 36a2 4+ 81 = 0

from which

36 = /(36)2 — 4(2)(81) 36 + 1/648 9

2 = = = * =
@ 2(2) 4 8 =3V2
Thus the required median, which must lie between 0 and 3, is given by
a2 = 9§ — %‘VE

from which ¢ = 1.62 approx.

_ A (P e N PP

() EX) = 31£ 29— % de = 31(3”3 5)0 1.60

which is practically equal to the median. The mode, median and mean are shown in Fig. 3-6.

f(=)

Mode = V8

3.34. A discrete random variable has probability function f(z) = 1/2* where z=1,2, ..
Find (a) the mode and (b) the median, and (c¢) compare them with the mean.

(a) The mode is the value x having largest associated probability. In this case it is = = 1, for
which the probability is 1/2.
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(b) If z is any value between 1 and 2, P(X =zx) = 4 and P(X =z) = }. Thus any number between
1 and 2 could represent the median. For convenience we choose the midpoint of the interval,
i.e. 3/2.

(¢) As found in Problem 8.3, p = 2. Thus the ordering of the three measures is just the reverse
of that in Problem 3.38.

PERCENTILES

3.35. Determine the (a) 10th, (b) 26th, (c) 75th percentiie vaiues for the distribution of
Problem 3.33.
From Problem 3.33(b) we have

4 /802 ot 1802 — a#

{a) The 10th percentile is the value of & for which P(X = g} =0.10, i.e. the solution of (18a2 — ¢%)/81 =
0.10. Using the methoed of Problem 3.33 we find « = 0.68 approx.

(6) The 25th percentile is the value of @ such that (18¢2— g%)/81 = 0.26 and we find ¢ = 1.098
approx.

() The 75th percentile is the value of ¢ sueh that (18a2—a%)/81 = 0.75 and we find ¢ = 2.121
ApProx.

OTHER MEASURES OF DISPERSION

3.36. Determine (a) the range, (b) the semi-interquartile range and (c) the mean deviation
for the distribution of Problem 3.33.

(e) Since all values xz > 3 have probability zero, we take as the maximum value x = 3. Similarly
gince all values of = < 0 have probability zero, we take as the minimum value = = 0. Then
the range is 3—0 =3,

() By Problem 3.35 the 25th and 75th percentile values are 1.098 and 2.121 respectively. Thus

Semi-interquartile range = EEI;—M.S—S = 0.51 approx.

{¢) From Problem 3.33 the mean is x = 1.60 = 8/5. Then

Mean deviation = MD. = EGX—u) = | " e — ul fl) dz
Ia
i}
B/5 8 dx 3 8 4z
J; (—5— a:) -8—1-(9—:‘2)]1519: + J;‘s (:r— 5 [Ei(Q—:cf}]dz

0.555 approx.

_8
7%

4 o
5(9 xﬂ}:ld:r

1l

SKEWNESS AND KURTOSIS
3.37. Find the coefficient of (a) skewness and (b) kurtosis for the distribution of Prob-

lem 3.19.
From Problem 3.19(b) we have
2 — 11 _ _ 32 _ 3698
< T 2 B3~ T 875 #4 = 8750

() Coefficient of skewness = a3 =

Wl E

= —0.1253
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Fog

(b) Coefficient of kurtosis = a4 = —

= 2172

It follows that there is a moderate skewness to the left, as is indicated in Fig. 3-6. Also the
distribution is somewhat less peaked than the normal distribution, which has a kurtosis of 3.

MISCELLANEOUS PROBLEMS
3.38. If M{t) is the moment generating funection for a random variable X prove that the
mean is p = M’(0) and the variance is o> = M"'(0) — [M’(0)}>.
From (382), page 80, we have on letting # =1 and » =2,
m = M'(0) uy = M"(0)
Then from (27)
u = M(0) pe = o = M"(0) — [M'(0)]

T PR — e rmmelall. __lfole dolens cw n wraliina — I+ wxe . ils
3.39. Let X be a random variable which tak n the values zx = & with probab

where k= =1, ,.,=n. (a) Find the characteristic function ¢(w) of X and (b) o btam
Px in terms of ¢(w).
() The characteristic function is

L3

n
#lw) = E(ewX) = kE etk = RE pi etke
=-—n

=—n

(b) Multiply both sides of the expression in (a) by e % and integrate with respect to w from 0 to 2=.

Then 2 n on
f emioglo)do = 2 Pkf eilk=Nody = 2mp;
w=0 k=-n w=0
on gitk—Ho |27 .
- 0 k=
since _f _EEPede = ilk—7) |o !
2 k=j
1 2w
Thus o= 5 e~ ¢(w) de
i =0
or, replacing j by k, 1
= 3 e~ %o g(w) do
T WSy=0

‘We often call ) 3  pré (where n can theoretically be infinite) the Fourier series of ¢(w)
n

and p, the Fourier coefficients. For a continuous random variable the Fourier series is re-
placed by the Fourier integral (see page 81).

3.40. Use Problem 3.39 to obtain the probability distribution of a random variable X
whose aractemtlc function is ¢(w) = cosw.
From Problem 3.89

1 2w

Pk = = e ko ppg w do
211' w=0

2w .
—iw
-1 J‘ e-m[u do

2‘7 w=0 2
_1_ 2

eil—Ko gy 4 *_f e—i+ko dy

4 Jy=0 =0
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If k=1 we find p, =43; if k=—1 we find p_, =4. For all other values of k we have p, = 0.
Thus the random variable is given by

x 1 probability 1/2
- { —1  probability 1/2
As a cheek see Problem 3.20.

341. Find the coefficient of (¢) skewness and (b) kurtosis of the distribution defined by
the normal curve, having density

L pvr _wczcw

f(z) = yon

(2) The distribution has the appearance of Fig. 3-7. By symmetry, x} = 4 =0 and x5 =0. Thus
the coefficient of skewness is zero.

fi=)
z

Fig. 3-7

(b) We have -
— - _1 —2e g . _2 PR
’—E(Xz)———f aZe "dx———fwﬂe 12 dy
“ Ve - Vs
= i (w g.fﬁg—ﬂd!}
V= Jo

- () - () -

where we have made the transformation =2/2 = v and used properties of the gamma function
given in (2) and (5) of Appendix A. Similarly we obtain

1 " g _ 9 ) 2
i = EBXYy = —f e T /2dx = —f ale~= /2 dz
" Ver J-= Vaz Jo
A ki
= _LJ 1}3128—0(1-”
Vz Je
- 4.8} - 4,31 /1) _
- v;r<2) T VR e 2r(2) -
o* = E[(X—up

= E[(X— ]

Thus the coefficient of kurtosis is

Now
E(X?)

E(X%

Il
5
I

LE
1
]
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3.42. Prove that —1=p=1 (see page 82).
For any real constant ¢ we have
E{{Y —py — (X —pux)}?] Z 0

Now the left side can be written

E[(Y — uy)8) + CE[(X — py)?] — 2E[(X — )(¥ —py)] = ©f + ¢%F — 200,
= o2 4 g2 e - 20X
T
2 o2
= grey(e- ) - F
x x
— o2
_ %% T %y of . _ oxv\?
= ——— togfec e
“x x

In order for this last quantity to be greater than or equal to zero for every value of ¢ we must

have 2
aos__
242 — g2 = XY
%y "%y = 0 o —E =1
Xy

which is equivalent to 2 =1 or —1=p =1.

Supplementary Problems

EXPECTATION OF RANDOM VARIABLES
—2 prob. 1/3

343. A random variable X is defined by X = 3 prob. 1/2. Find (e) E(X), (b) E(2X +5), (¢) E(X?).
1 prob. 1/6

8322 0=x=1

344, Let X be a random variable defined by the density function f(z) = { L.
0 otherwise

Find (2) E(X), () EBX —2), () E(X?).
e T =0
845. The density function of a random variable X is f(x)}) = {
Find (a) E(X), (b) E(X2), (¢) E[(X —1)2.

0 otherwise

3.46. What is the expected number of points which come up in 3 successive tosses of a fair die? Does
your answer seem reasonable? Explain.
e”* =0

i 2x/3
0 £<0" Find E(e2X/3),

347. A random variable X has the density function f(z) = {

348. Let X and Y be independent random variables each having density function
e~ 2w w =0
fy = {0 otherwise
Find () E(X+ Y), (b) E(X2+ ¥2), (c) E(XY).
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349. Does (o) E(X+Y)=EX)+E(Y), (b) E(XY)=E(X)E(Y), in Problem 3.48? Explain.

350. Let X and Y be random variables having joint density function

fr(x+y) O0=2z=1 0=sy=2
0 otherwise

flx, ) =

Find () E(X), (b) E(Y), (c) E(X +Y), (d) E(XY).

-]

Tirne A ) g
e T i

ey I A —
OE3 \fij Oyan J =

352, Let X and Y be random variables having joint density

B ey O0=x=1 0=y=1
flay) = {0 otherwise
Find (a) E(X), (b) E(Y), (¢) E(X+Y), (d) E(XY).

353. Does (a) E(X +Y) = E(X)+ E(Y), (b) E(XY)=FE(X)E(Y), in Problem 3.527 Explain.

_ [Hezty) 0Sz=1,0sy=2
354. lLet femy) = {0 otherwise
(&) E(X +Y), (f) B(XY).

Find (a) E(X), (b) E(Y), (c) E(X?), (d) E(Y?),

355. Let X and Y be independent random variables such that

1 prob. 1/3 v 2 prob. 3/4
0 prob. 2/3 ~ 1 -8 oprob.1/4

Find (¢) E(8X +2Y), (b) E(2X2—Y?), (c) E(XY), (d) E(X2Y).

X =

356. Let X;, X,,...,X, be n random variables which are identically distributed such that

1  prob. 1/2
X = 2 prob. 1/3
-1 prob, 1/6

Find (o) E(X;+ Xs+ -+ + X, (B) EXI+Xi4 .-+ X2,

VARIANCE AND STANDARD DEVIATION
357. Find (a) the variance and (b) the standard deviation of the number of points which come up on

a single toss of a fair die.
358. Let X be a random variable having density function
{ 1/4 —2=x=2

f@) = 0 otherwise

Find (a) Var(X), (b) ox.

359. Let X be a random variable having density function

e~ x=0
flz) = {

0 otherwise
Find (a) Var(X), (b) oyx.

360. Find the variance and standard deviation for the random wvariable X of (¢) Problem 3.43,
(b) Problem 3.44.

3.61. A random variable X has E(X) — 2, F(X?) =8 Find (a) Var(X), (b) ox.
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362. If a random variable X is such that E[(X—1))] =10, E{(X—2)}] =6 find (a) E(X), (b) Var(X),
(0) oy,

3.63. Prove Theorem 3-1, page 77.

MOMENTS AND MOMENT GENERATING FUNCTIONS

864. Find (2) the moment generating function of the random variable
1/2  prob. 1/2

[ -1/2  prob. 1/2

and (b) the first four moments about the origin.

365. () Find the moment generating function of a random variable X having density funection

/2 0=x=2
flz) = 0 otherwise
(b) Use the generating function of (e) to find the first four moments about the origin,
3.66. Find the first four moments about the mean in (¢) Problem 3.43, (b) Problem 3.44.

367. (o) Find the moment generating function of a random variable having density function
e r x=0
flo) = 0 otherwise

and (b) determine the first four moments about the origin.
368. In Problem 3.67 find the first four moments about the mean.

I/(b—a) a=x=b

369. Let X have density function f(z) = { 0 otherwise ° Find the kth moment about («) the

origin, (b) the mean.

3.70. If M(t) is the moment generating function of the random variable X prove that the 3rd and 4th
moments about the mean are given by
us = M"”(0) — 3M"(0) M'(0) + 2[M’(0)]3

g = MUY0) — 4M"'(0) M'(0) + 6M"'(0)[M’(0)]2 — 3[M’(0)]*
CHARACTERISTIC FUNCTIONS
371. Prove Theorem 3-11, page B1.

a
3.72. Find the characteristic funetion of the random variable X = { b

3.73. Find the charaecteristic function of a rando

{ 1/2¢ |z|=e

0 ctherwise

3.74. Find the characteristic function of a random variable with density function

zf2 0=zx=2
J@ = V4 otherwise

be independent random variables (k= 1,2,...,m). Prove that the

1  prob. 1/2
3.75. Let Xk = _

1 prob. 1/2
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characteristic funetion of the random variable
XI+X2+ 8. +Xﬂ
Van

is [cos (w/Vn))".

8.76. Prove that as n = = the characteristic function of Problem 3.75 approaches e—%*/2, (Hint: Take
the logarithm of the characteristic function and use L'Hospital’s rule.)

COVARIANCE AND CORRELATION COEFFICIENT
3.77. Let X and Y be random variables having joint density function

z+y 0=z=1 0=y=1
0 otherwise
Find (a) Var(X), (b) Var(Y), (¢) ox, (d) oy, (&) oxy, (N p.

f(=, v)

ety £ =20, y =0
3.78. Work Problem 3.77 if the joint density function is  f(x, y) {

0 otherwise
3.79. Find (o) Var(X), (b) VarY, (c) ox, (d) oy, (€) oxy, (f) p, for the random variables of Problem 2.57.
380. Work Problem 3.79 for the random variables of Problem 2.99.

381. Find (a) the covariance and (b) the correlation coefficient of two random variables X and Y if
E(X)=2, E(Y)=3, EXY)=10, E(X?) =98, E(Y? =16.

3.82. The correlation coefficient of two random variables X and Y is —} while their variances are 3 and 5.
Find the covariance.

CONDITIONAL EXPECTATION, VARIANCE AND MOMENTS
383. Let X and Y have joint density function
{z-l—y 0=zxz=1, 0=y=1

1) 0 otherwise

. PR

b N T T P R . oW g v e
I'lnd tne condlilonal expeciatlon oI (@) r given A, (U) A given r.

e (x+W) =0, y =0

384. Work Problem 3.83 if f(z,y) = { 0 otherwise

385, Let X and Y have the joint probability function given in Table 2-9, page 74. Find the conditional
expectation of (a) Y given X, (b) X given Y.

386, If X and Y are contin

given 1 given X are the same respectiv

ous independent random variables prove that the conditional densities of X
Xand ¥V

are the same respectively as the marginal :e.nsi,i‘.s of .
387. State and prove a result for discrete random variables analogous to that in Problem 3.86.

3.88. Illustrate by means of an example the result of (a) Problem 3.86, (b) Problem 3.87.

389. TFind the conditional variance of (¢) Y given X, (b) X given Y for the distribution of Problem 3.83.
390. Work Problem 3.89 for the distribution of Problem 3.84.

351, Work Problem 3.89 for the distribution of Problem 2.99.
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CHEBYSHEY'S INEQUALITY
392. A random variable X has mean 8 and variance 2. Use Chebyshev’s inequality to obtain an upper

bound for (a) P(|X—3] = 2), (b) P(X —3| = 1).
393. Prove Chebyshev's inequality for a discrete variable X. (Hint: See Problem 3.30.)

394. A random variable X has the density function f{z) = e W, —» <z < ». (g) Find P(|X — g > 2).
(b) Use Chebyshev’s inequality to obtain an upper bound on P(|X —g| > 2) and compare with the
result in {(a).

3.95. Let X,,X,,...,X, be n independent random variables each having density funetion

1/2 —-1=zxz=1
@ =1, otherwise

Saf o) = L
n| = T Bne

If S,=X,+X,+ -+ +X, show that

#(
LAW OF LARGE NUMBERS
396. Show that the (weak) law of large numbers can be stated as

lim P( <¢) = 1
=

397. Let X; (k=1,...,n) be n independent random variables such that

X, = 1 prob. p
0 prob. g=1—p

n
7 B

and interpret.

{a) If we interpret X; to be the number of heads on the kth toss of a coin, what interpretation
can be given to S, =X;+---+X,?

(b) Show that the law of large numbers in this case reduces to
lim P{ I-—Sl—glgg\ = 0

nme  \ |7 I/

and interpret this result.

398. Let X;, £=1,2,..., be independent random variables each having density function

1
fle) = =) — L g L @

Show that the law of large numbers does not hold in this case.

B

(a) Would the law of large numbers hold if the density function of Problem 3.98 is replaced by

fla) = o/(1+ 24)?

(b) Is it necessary for all moments of a distribution to exist in order that the law of large numbers
be valid? Justify your answers.

[
b
1

OTHER MEASURES OF CENTRAL TENDENCY
3.100. Find (¢) the mode and (b) the median of a random variable X having density function

e z=0
flzy = {

0 otherwise
and (¢) compare with the mean.
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3.101. Work Problem 3.100 if the density function is
dx(l—22) o0=ax=1
fl@) = 0 otherwise

3.102. Find (a) the median and (b) the mode for a random variable X defined by

X 2 prob. 1/3
- -1 prob. 2/3

and compare with the mean.

3.103. Find (a) the median and (b) the mode of the set of numbers 1, 3, 2, 1, 5, 6, 3, 3.and compare with
the mean,

PERCENTILES
3104. Find the (e) 25th and (b) 75th percentile values for the random variable having density function
{ 21—x) O0==x=1

0 otherwise

flz) =

3105. Find the () 10th, (&) 26th, (¢) 76th, (d) 90th percentile values for a random variable having den-
sity function

clz—=z2%) 0<x<1
@) = {

0 otherwise
where ¢ is an appropriate constant.

3.106. A random variable X has density function given by

e x=0
flzy = {

0 otherwise
Prove that the (100p)th percentile has the value —In(1 —p) where 0 =p < 1.

3.107. A random variable X has density function f(z) = 1/#(1+22), —e« <2< «. Prove that the
(100p)th percentile value is tan (p — 1) where 0 <p <1.

OTHER MEASURES OF DISPERSION

3108. Find (a) the range, (b} the semi-interquartile range and (¢} the mean deviation for the random

S AU Ile raflige L I AE

variable of Problem 3.104.
3.109. Work Problem 3.108 for the random variable of Preblem 3.105,

3.110. Explain why the range is not a suitable measure of dispersion in (a) Problem 3.106, (b) Problem
3.107.

3.111. Prove that the semi-interquartile range for the random variable of Problem 3.106 is 4 In 3.
3.112. Prove that the semi-interquartile range for the random variable of Problem 3.107 is 1.
3.113. Find the mean deviation of the random variable X in {(a) Problem 3.106, (&) Problem 3.107.

3.114. Obtain the probability that the random variable X differs from its mean by more than the semi-
interquartile range in the case of (a¢) Problem 3.104, (b) Problem 3.106.

SKEWNESS AND KURTOSIS

_ J’c{l-—a:-“) —1=x=1

3.115. Let f(=) = 1 0 where ¢ is an appropriate constant, be the density func-

otherwise

tion of a random variable X. Find the coefficient of (@) skewness, (b) kurtosis.
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3.116.
3.117.

3.118.

3.119.

MATHEMATICAL EXPECTATION [CHAP. 3

Find the coefficient of (a) skewness and (b) kurtosis for the distribution of Problem 3.106.

Can a coefficient of kurtosis be defined for the distribution of Problem 3.107? Justify your answer.

c(l — Ic‘il) 13:' =a
flx) =

0 || > a

If

where ¢ is an appropriate constant, is the density function of X, find the coefficient of (e) skewness,
{b) kurtosis.

Find the coefficient of (o) skewness, (b) kurtosis, for the distribution with density function
{ AeThE p =

e = 0 z <0

MISCELLANEOUS PROBLEMS

ey

S.1E20.

3.121.

3.122.

3.123.

3.124.

3.125.

3.126,

3.127.

=

Let X be a random variable which can take on the values 2, 1 and 3 with respective probabilities
1/8, 1/6, and 1/2. Find (e) the mean, (b) the variance, (¢) the moment generating function, (d) the
characteristic function, (¢) the third moment about the mean.

Work Problem 3.120 if X has density function

ell—a) O0<x<1
f@ =, otherwise
where ¢ is an appropriate constant.

Three dice, assumed fair, are tossed successively., Find (o) the mean and (b) the variance of
the sum.

Let X be a random variable having density function

cx (0=x=2
fo) = {0

otherwise

- . JU W R & T A Faeh dbln senmen IS RS TR p—— P T Y S
wiherly ¢ 13 ail H.l.ll.ll _prlaw LLILsL 1L, rirmu ‘l.lf Lo 1ea l, ‘U] L @arl LS =Y ‘G’ LIE ImMuImmneiiu SU L a~
ting function, (d) the characteristic function, (e) the coefficient of skewness, (f) the coefficient
of kurtosis.

Referring to Problem 1.156, page 37, determine the expected number of letters which will arrive
at the proper destination.
Let X and Y have joint density function

exy 0<z<], 0<y<1
fle,y) = 9.
L\J

Find (o) E(X2+Y?), (b) E(vVX2+Y?2),

Work Problem 3.125 if X and Y are independent identically distributed random variables having
density function f(u) = (2r)~ V2~ ¥/2 —w < y < w,

Let X be a randem variable having density function
34 —1<z<1
fl=) = {o otherwise
and let ¥ = X2, Find (a) E(X), (b) E(Y), (¢} E(XY).
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3.128.

3.129.

3.130.

3.131.

3.132.

3.133.

3.134.

3.135.

3.136.

3.137.

3.138.

3.139.

3140

Use the result of Problem 3.127 to show that we can have E(XY) = E(X)E(Y) without X and ¥
being independent.

Prove that if X and Y are independent random variables, then E[f(X)g(Y)] = E[f(X)]+E|[g(Y)]
where f(X) and g(Y) are functions of these variables. Are there any restrictions on these functions?
Explain.

If X and ¥ are random variables having joint density funetion f(z,y), the moment generating
function of X and Y is defined as

M(t,u) = E[eX+wY] = f f et=tw f(x, y) dz dy

(e) Find the moment generating function for the distribution of Problem 3.125. (b) Is the moment
generating function of X and Y in this case equal to the product of the moment generating
functions of X and Y separately? Explain your answer and decide whether this is the case for all
joint density functions f(x, %).

Show how the moment generating function of Problem 3.130 can be used to find E{(X™Y") where
m and n are positive integers.

In view of Problem 3.130 how would you define the characteristic function of X and ¥? Illustrate
by an example.

A game consists of tossing a coin until a head appears. If this happens at the kth toss a player
receives 2k dollars. Find the expectation assuming that the coin is fair and discuss the significance
of your answer. (This game is often referred to as the St. Petersburg paradoz.)

Work Problem 3.133 if the coin is not fair.

Prove that if X,, ..., X, are any random variables then

Var(kg.l X, ) = t§1 Var (X;) + f§k Cov (X}, X))

Let M(t) be the moment generating function of a random variable X. Prove that if K() = In M(#)
then (a) K'(0) = px = E(X), (b) K"(0) = ¢® = Var (X).

Referring to Problem 3.136, express (¢) the 3rd and (b) the 4th moments in terms of K and its
derivatives evaluated at £ =0.

Obtain results corresponding to Problems 3.136 and 3.137 for the characteristic function.

Let X4, X,, ..., X, be independent identically distributed random variables having density function
1/2¢ |z|=a
fe} = {0 otherwise
where @ > 0. Find the characteristic function of
X, + X, + - + X,
Vn

(a) Prove that as n — « the characteristic function of Problem 3.139 approaches e—%"2, Compare
with Problems 3.76 and 3.76. (b) What conclusions can you draw about the limiting distributions
in the two cases?



Chapter 4

Special Probability Distributions

THE BINOMIAL OR BERNOULLI DISTRIBUTION

Suppose that we have an experiment such as tossing a coin or die repeatedly, choosing
a marble from an urn repeatedly, etc. Each toss or selection is called a ¢rial. In any
single trial there will be a probability associated with a particular event such as head on
the coin, 4 on the die or selection of a red marble. In some cases this probability will not
change from one trial to the next (as in tossing a coin or die). Such trials are then said
to be independent and are often called Bernoulli trials after James Bernoulli who inves-
tigated them at the end of the 17th century.

Let » be the probability that an event will happen in any single Bernoulli trial (called
the probability of success). Then ¢ =1—p is the probability that the event will fail to
happen in any single trial (called the probability of failure). The probability that the event
will happen exactly z times in » trials (i.e. # successes and n — & failures will occur) is given
by the probability function

fo) = P&x=0) = (Do = S e @)

where the random variable X denotes the number of successes in # trialsand = 10,1, ..., xn.

EXAMPLE 4.1. The probability of getting exactly 2 heads in 6 tosses of a fair coin is

o eIV e 1V 12 15
reEEn = (2)(5) (E) - wa(3) (5) e

The discrete probability function (1) is often called the binomial distribution since for
x=0,1,2,...,n it corresponds to successive terms in the binomial expansion

n\ el P =22 "

£ 4 anim —_ T l, ¥ [l /n\ n—2, . e = 1 an¥
Wwry)y - 4 Tkl}q Py T kzj‘l T L

It is also called the Bernoulli distribution. A random variable having the distribution (1)
is said to be Bernoulli or binomially distributed.

SOME PROPERTIES OF THE BINOMIAL DISTRIBUTION

Some of the important properties of the binomial distribution are listed in the following
table.

108
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Table 4-1
Mean u o= np
Variance o2 = npq
Standard deviation o = Vnpg
Coefficient of skewness ag = M
Vnpq
Coefficient of kurtosis ag = 34 L 5P0
npyq
Moment generating function M(t) = (g + pet)n
Characteristic function glw) = (q+ pe')r

EXAMPLE 4.2. In 100 tosses of a fair coin the expected or mean number of heads is » = (100)(}) = 50
while the standard deviation is o = V(100)(1)(}) = 5.

THE LAW OF LARGE NUMBERS FOR BERNOULLI TRIALS

The law of large numbers, page 84, has an interesting interpretation in the case of
Bernoulli trials and is presented in the following theorem.

Theorem 4-1 (Law of large numbers for Bernoulli trials): Let X be the random variable
giving the number of successes in n Bernoulli trials, so that X/n is the propor-
tion of successes. Then if p is the probability of success and ¢ is any positive
number,

My

. f1X I \ . ‘o
"mPU;_pl c) = v (%)

In other words: in the long run it becomes extremely likely that the proportion of suc-
cesses, X/n, will be as close as you like to the probability of success in a single trial, p.
This law in a sense justifies use of the empirical definition of probability on page 6.
A stronger result is provided by the strong low of large numbers (page 84) which states
that with probability one lim X/n = p, i.e. X/n actually converges to p except in a negli-
gible number of cases. e

THE NORMAL DISTRIBUTION

One of the most important examples of a continuous probability distribution is the
normal distribution, sometimes called the Gaussian distribution. The density function for
this distribution is given by

f(x) = 12 e—(x—.r.t}gma* —,o L 0 {4)
o/ an

where p. and ¢ are the mean and standard deviation respectively. The corresponding dis-
tribution function is given by
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Fl@) = P(X=2) = ——

e—u-—p)’.rzo‘ dv {5)
o 2‘.'1' -

In such case we say that the random variable X is normally distributed with mean p and
variance o

If we let Z be the standardized variable corresponding to X, i.e. if we let
X—n

o

Z = (6)
then the mean or expected value of Z is 0 and the variance is 1. In such case the density
function for Z can be obtained from (4) by formally placing ». =0 and ¢ =1, yielding

fR) = e ?)
Ver
This is often referred to as the standard normal density function or distribution. The cor-
responding distribution function is given by

1 = 2 1 1 ® 2
Fiz) = PZ=z) = ._.,f eVt dy = —+—f e "2 du 8
‘ Ve J-. 2 " Ve s ®
We sometimes call the value z of the standardized variable Z the standard score. The
function F(z) is related to the extensively tabulated error function, erf (z). We have

erf (z) = _V%J: e"duy and F(z) = %[1 +erf(~\;—§)] (9

A graph of the density function (7), sometimes called the standard normal curve, is
shown in Fig. 4-1. In this graph we have indicated the areas within 1, 2 and 3 standard
deviations of the mean (i.e. between z = —1and +1, z = —2and +2, z = —8 and +8) as
equal respectively to 68.27%, 95.45% and 99.73% of the total area, which is one. This
means that

P(-1=Z=1) = 06827, P(-2=Z=2) = 09545, P(-3=Z=3) = 0.9973  (10)

e e v e il S

-—E88.27—
-+ 05 45—

09.73%

'y

:

Fig. 4-1

A table giving the areas under this curve bounded by the ordinates at z =0 and any
positive value of z is given in Appendix C. From this table the areas between any two
ordinates can be found by using the symmetry of the curve about z = 0.
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SOME PROPERTIES OF THE NORMAL DISTRIBUTION
In the following table we list some important properties of the general normal distribution.

Table 4-2
Mean P
Variance o2
Standard deviation .
Coefficient of skewness a3 = 0
Coefficient of kurtosis ay = 3
Moment generating function M(t) = ght + (@ 2r2)
Characteristic function #la) = elre @D

RELATION BETWEEN BINOMIAL AND NORMAL DISTRIBUTIONS

If »n is large and if neither p nor ¢ is too close to zero, the binomial distribution can be
closely approximated by a normal distribution with standardized random variable given by

7 - X —np

vnpq

Here X is the random variable giving the number of successes in # Bernoulli trials and p is

the probability of success. The approximation becomes better with increasing » and is

exact in the limiting case. (See Problem 4.17.) In practice the approximation is very good

if both np and ng are greater than 5. The fact that the binomial distribution approaches
the normal distribution can be described by writing

- b,
lim P(a =X-m_ b) = 1 f e dy, (12)
L npq 27 Je

In words, we say that the standardized random variable (X — np)/\npq is asymptotically
normal,

(11)

THE POISSON DISTRIBUTION

Let X be a discrete random variable which can take on the values 0, 1,2, ... such that
the probability funection of X is given by
Ton—h
f) = P(X=2) = %5 £=0,1,2,... (13)

where )\ is a given positive constant. This distribution is called the Poisson distribution
{(after S. D. Poisson, who discovered it in the early part of the 19th century) and a random
variable having this distribution is said to be Peisson distributed.

The values of f(x) in (13) can be obtained by using Appendix H, which gives values of
e * for various values of A, or by using logarithms.

SOME PROPERTIES OF THE POISSON DISTRIBUTION
Some important properties of the Poisson distribution are listed in the following table.
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Table 4-3
Mean p= A
Variance o2 =
Standa:d;a:::;n_ ¢ =V
“mﬁcie;;;;wnﬁs ay = 11V
Coefficient of kurtosis ay = 8+ (1/2)
Moment generating function M(t) = '™V
S
Characteristic function plw) = ete—D

RELATION BETWEEN THE BINOMIAL AND POISSON DISTRIBUTIONS

In the binomial distribution (1) if » is large while the probability p of occurrence of an
event is close to zero, so that ¢ =1-—p is close to 1, the event is called a rare event. In
practice we shall consider an event as rare if the number of trials is at least 50 (n = 50)
while np is less than 5. For such cases the binomial distribution is very closely approxi-
mated by the Poisson distribution (13) with X = np. This is to be expected on comparing
Tables 4-1 and 4-3, since by placing A=up, ¢g~1 and p--0 in Table 4-1 we get the
results in Table 4-3.

RELATION BETWEEN THE POISSON AND NORMAL DISTRIBUTIONS

Since there is a relation between the binomial and normal distributions and between
the binomial and Poisson distributions, we would expect that there should also be a relation
between the Poisson and normal distributions. This is in fact the case. We ean show that
if X is the Poisson random variable of (18) and (X —A)V/A is the corresponding standard-
ized random variable, then

lim P(a X2 b) = L _fbe—u*fﬁ du (1%)
] \/x ‘/2_.”- a

i.e. the Poisson distribution approaches the normal distribution as A = « or (X — A)/\/A is
asymptotically normal,

THE CENTRAL LIMIT THEOREM

The similarity between (12) and (14) naturally leads us to ask whether there are any
other distributions besides the binomial and Poisson which have the normal distribution
as the limiting case. The following remarkable theorem reveals that actually a large class
of distributions have this property.

Theorem 4-2 (Central limit theorem): Let X,, X; ... be independent random variables
which are identically distributed (i.e. all have the same probability function in
the discrete case or density function in the continuous case} and have finite
mean p and variance o®. Then if S, =X, +Xe+:--+X, (n=12,...),
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— b
i@}gP(ﬂéSu—’;—vr%éb) = ‘/%hfe‘"’“du (15)

that is, the random variable (S, — np)/oy/n, which is the standardized variable
corresponding to S,, is asymptotically normal.

The theorem is also true under more general conditions; for example, it holds when X3, X, . .
are independent random variables with the same mean and the same variance but not neces-
sarily identically distributed.

THE MULTINOMIAL DISTRIBUTION

Suppose that events A,, A, ...,Ax can occur with probabilities pi,ps, ..., P« where
pr+pz+ - +pe=1. If X\, Xs, ..., X« are the random variables regpectively giving the
number of times that A,, 4., ..., Aroccurin a total of » trials, sothat X, + X2+ - - + Xix = n,
then

_ _ _ _ n! R PR
P(Xi=n, Xo=M0,, ..., Xik=m) = ﬂl!ﬂ2!"'ﬂk!p: ORI Vi (16)

where %+ n2 + - -- + nx = n, is the joint probability function for the random variables
D, T, ¢4

This distribution, which is a generalization of the binomial distribution, is called the
multinomial distribution since (16) is the general term in the multinomial expansion of
(Pr+P24+ - +p)"

EXAMPLE 4.3. If a fair die is tossed 12 times, the probability of getting 1, 2, 8, 4, 5 and 6 points exactly

twice each is
B B o 12! ANANAN /O 18 1\ _ 1925
PX =2, X,=2, ... Xe=2) = 2!2!2!2!2!2!\6) (E)(E) 6/\6/\6) ~ ooz — 00034

The expected number of times that A,, A, ..., Ax will occur in #» trials are npi, np,, .. .,
np. respectively, i.e.

E(X)) = np, E(X2) = nps, ..., E(Xy) = ups (17)

THE HYPERGEOMETRIC DISTRIBUTION

Suppose that a box contains b blue marbles and r red marbles. Let us perform = trials
of an experiment in which a marble is chosen at random, its color is observed, and then
the marble is put back in the box. This type of experiment is often referred to as sampling
with replocement. In such case if X is the random variable for the number of blue
marbles chosen (successes) in # trials, then using the binomial distribution (1) we see that
the probability of exactly « successes is
n\ b¥yn-z

/l
PX=x) = (:c b+ )"

(18)
since p=b/(b+7),g=1—=p=7/(b+7T).

If we modify the above so that sampling is without replacement, i.e. the marbles are
not replaced after being chosen, then

PX=2z) = @-X—”;-—) (19)
()

This is the hypergeometric distribution. The mean and variance for this distribution are
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_ nb o2 = nbr(b +r—n)
U R T b +r—1)

If we let the total number of blue and red marbles be N, while the proportions of blue
and red marbles are p and q =1—p respectively, then

(20)

P=p+r-N T p¥r N O b=Np r=Ng (21)

an that (10) and (2 harome reenectivelv

B MRS (Ldy GIU el WRLRANT LTopRAAAVEL

G )(a)
P(X=z) = % ( N"">" (22)
n
_ _ npq(N —n)

p = np o= g1 (23)

Note that as N> = (or N is large compared with ), (22) reduces to (18), which can be

written

- Px=a) = (3)re (24)

and (23) reduces to
p= np o> = npq (25)

in agreement with the first two entries in Table 4-1, page 109. The results are just what
we would expect, since for large N sampling without replacement is practically identical to
sampling with replacement.

THE UNIFORM DISTRIBUTION

A random variable X is said to be uniformly distributed in a =z = b if its density
function is
J’ 1/(b—a) ae=xz=D

flx) = (26)
otherwise
and the distribution is called a umform distribution.
The distribution function is given by
0 z<a
F(z) = P(X=z) = {(z—a)fib—a) a=z<b (27)
1 x=b
The mean and variance are respectively
1 1
= -2—(a+b) o = ﬁ(b—c:;t)’z (28)

THE CAUCHY DISTRIBUTION
A random variable X is said to be Cauchy distributed, or to have the Cauchy distribu-

tion, if the density function of X is

f(x) = a>0 —o<zr<w (29)

2
rr(ﬂ;'s + ﬂe)
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This density function is symmetrical about # =0 so that its mean can be taken as zero.
However the variance and higher moments do not exist. Similarly the moment generating
function does not exist. However the characteristic function does exist and is given by

blo) = e (30)

THE GAMMA DISTRIBUTION

A random variable X is said to have the gamma distribution, or to be gamma distrib-
uted, if the density function is

xa—l e—.:.-'B z > 0
flxy = B T(a) (e, 8> 0) (81)

0 =0

where I'(a) is the gamma function (see Appendix A). The mean and variance are given by

g = af o = off? (32)
The moment generating function and characteristic function are given respectively by
M(t) = (1—-pt)~= $w) = (1—pin)™ (33)

THE BETA DISTRIBUTION

A random variable is said to have the beta distribution, or to be beta distributed, if the
density function is
21— x)f?
0<e <1
flx) = B(a, B) (e, 8> 0) (84)

0 otherwise

where B(a, 8) is the beta function (see Appendix A). In view of the relation (9), Appen-

dix A, between the beta and gamma functions the beta distribution can also be defined by the
denaitv funectinn

WA ALBIE WY A AR WA AL

P(“'I_.B) a—141 _ -1
fl@) = M@ (1 -ay 0<z<d (35)

0 otherwise

where a, 8 are positive. The mean and variance are

o ﬂ’ﬁ
p— 02 —
E=a+p («+B) (e +8+1) (36)
Tar .~ 1 2~ 1 thawra 10 a iminiia mnda ob tha valiin
AL i ~ Ly f-} ~ L LEITALT 10 O WULHIEJUD 1IIVUT Ol LT YValuuoe
. a—1
Lmode — a+ B -9 {3?)

THE CHI-SQUARE DISTRIBUTION

Let Xy, X5, ..., X, be v independent normally distributed random variables with mean
zero and variance 1. Consider the random variable

X=Xi+Xi+ -+ X (88)
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where y? is called chi-square. Then we can show that for x =0,

1 * —1,—u
Pl =) 22 r(vf2) J; uB " lem 2 dy (39)
and P(x2=2)=0 for z <0.

The distribution defined by (39) is called the chi-square distribution and v is called the
number of degrees of freedom. The distribution defined by (39) has corresponding density
function given by

1 wm-1,an ~
fey = 127" ¢ ©>0 (40)
0 =0

It is seen that the chi-square distribution is a special case of the gamma distribution with
a=1v/2, =2. Thus

n=v o =2y, M) = (1-2t)7"% ¢$la) = (1—2)" " (41)

For large v (v = 30) we can show that V2y* — /2v—1 is very nearly normally distributed
with mean 0 and variance 1.

The above remarks are summarized in the following theorem.

Theorem 4-3: Let X,, X, ..., X, be independent normally distributed random variables with
mean 0 and variance 1. Then x”zXf+ Xo+ -+ X2 is chi-square dis-
tributed with » degrees of freedom.

Two other theorems which will be useful in later work are as follows:

Theorem 4-4: Let U, U,, ..., Ur be independent random variables which are chi-square
distributed wnth vl, v,, . . ., v, degrees of freedom respectively. Then their sum
W =U;+Us+ --+ + Uk is chi-square distributed with v + v, + --- + v, de-
grees of freedom.

-5: Let V,; and V; be independent random variables. Suppose that V,; is chi-
square distributed with v, degrees of freedom while V=V;+ V. is chi-

square distributed with v degrees of freedom, where + > v. Then V; is

chi-square distributed with v — v, degrees of freedom.

In connection with the chi-square distribution, the ¢ distribution (below), the F dis-
tribution (page 117), and others, it is common in statistical work to use the same symbol for
both the random variable and a value of that random variable. Thus, percentile values of
the chi-square distribution for v degrees of freedom are denoted by 2 , or briefly 2 if v
is understood, and not by s, or x,. (See Appendix E.) This is an ambiguous notation
and the reader should use care with it, especially when changing variables in density
functions.

STUDENT’S ¢ DISTRIBUTION
If a random variable has the density function

2)

f ( tz)-{v+l)!2 e ct<wm 42)
ver(3)
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it is said to have Student’s t distribution,
briefly the t distribution, with + degrees of
freedom. If v is large (v = 30) the graph of
f(t) closely approximates the standard nor-
mal curve as indicated in Fig. 4-2 (see
Problem 4.161). Percentile values of the ¢
distribution for » degrees of freedom are
denoted by t,,.or briefly ¢, if v is understood.
For a table giving such values see Appendix
D. Since the ¢ distribution is symmetrical,

iy

ti-p = —tp; for example, tos = —tes. Fig. 4-2
For the t distribution we have
w=0 and o = v_—_2_ (v>2) (43)

The following theorem is important in later work.

Theorem 4-6: Let Y and Z be independent random variables, where Y ig normally distrib-
uted with mean 0 and variance 1 while Z is chi-square distributed with v
degrees of freedom. Then the random variable

Y

VZiv

has the ¢ distribution with v degrees of freedom.

(44)

THE F DISTRIBUTION

A random variable is said to have the F distribution (named after R. A. Fisher) with
v, and v, degrees of freedom if its density function is given by

D(vl + v,
2

o P12 vl gy /20— 1 = (v +vgd/2
o) = W(D)e(p)t T penT (45)
2
0 wu=0

Percentile values of the F distribution for v,, v, degrees of freedom are denoted by Fy,.,..,,
or briefly F, if v, v, are understood. For a table giving such values in the case where
p=10.95 and p = 0.99 see Appendix F.

The mean and variance are given respectively by

2 +v,—2
no= .vv—j.?.- (t'2>2) and a? = v%(vl "2 )
2

= e 7Y o)

The distribution has a unigue mode at the value

v 2 Ve
A ( . )(.«2 2 2) (v,>2) (47)
The following theorems are important in later work.

Theorem 4-7: Let V, and V: be independent random variables which are chi-square distrib-
uted with v, and v, degrees of freedom respectively. Then the random variable

V. /v
vV = Vl 1 (48)
2/"2

has the F' distribution with v, and v, degrees of freedom.
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Theorem 4-8: F_., = UF,, .

RELATIONSHIPS AMONG CHI-SQUARE, ¢t AND F' DISTRIBUTIONS
Theorem 4-9: F_, ., =1

1—(pf2)v

2
Theorem 4-10: E,. = Xp.y

v

THE BIVARIATE NORMAL DISTRIBUTION

A generalization of the normal distribution to two continuous random variables X and
Y is given by the joint density function

1 = m\? T\ (Y~ Y — py\°
flz,y) = ————exp{— ( )—2( )( )+( ) 2(1 — “}
(=) 211-0102\/-1—_,)2 [ Ty P Ty Oy Ty ]/ a-¢)
(49)
where —co < g <, —w <y <@, p, p, are the means of X and Y; o, 0, are the standard

deviations of X and Y; and p is the correlation coefficient between X and Y. We often refer
to (49) as the bivariate normal distribution.

For any joint distribution the condition p = 0 is necessary for independence of the
random variables (see Theorem 3-15). In the case of (49) this condition is also sufficient
(see Problem 4.51).

MISCELLANEOUS DISTRIBUTIONS

In the distributions listed below, the constants a, 8, @, b, ... are taken as positive unless
otherwise stated. The characteristic function ¢(«) is obtained from the moment generating
function, where given, by letting £ = tw.

1. Geometric distribution.

fle)y = P(X=2) = pg=! ==12,...

1
L - o — T
"= p P2

The random variable X represents the number of Bernoulli trials up to and including
that in which the first success occurs. Here p is the probability of success in a single
trial.

2. Pascal’s or negative binomial distribution.
x—1
flx) = PX=2) = (r B l)p’q“' z=nr7r+1,...
= r U _[_pe Y
p=p =il Mo = (1-qet)

The random variable X represents the number of Bernoulli trials up to and including
that in which the rth success occurs. The special case r =1 gives the geometric
distribution.
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3. Exponential distribution.

(=) @g o x>0
) =
0 *=0
1
p= o = = M(t)=af_t

4. Weibull distribution.

@ abxb~le " >0

fla) = 0 =0

- 1 ~ g- 2\ _ 1
g = @ 1"’I‘(l +~b~—) @ =a 2“’[I‘(l +3) I‘2(1 +b)]

5. Maxwell distribution.

B2 g2 —az?e
flx) = j \/27 € z>0
[ 0 T=0
p=2q 2 2= (3—%)«-1
Solved Problems

THE BINOMIAL DISTRIBUTION

4.1. Find the probability that in tossing a fair coin three times there will appear (@) 3
heads, (b) 2 tails and 1 head, (c) at least 1 head, (d) not more than 1 tail.

Method 1.

Let H denote “heads” and T denote “tails” and suppose that we designate HTH, for example,
to mean head on first toss, tail on second toss and then head on third toss.

Since 2 posgibilities (head or tail) can occur on each toss, there are a total of (2)(2)(2) = 8 pos-
sible outcomes, i.e. sample points, in the sample space. These are

HHH,HHT, HTH, HTT, TTH, THH, THT, TTT
For a fair coin these are assigned equal probabilities of 1/8 each. Thus

(@) P(3 heads) = P(HHH) =

CO|

(b) P(2 tails and 1 head) = P(HTT U TTH U THT)

PHTT) + P(TTH) + P(THT) = 3+

00| -
oo =
00| =t
0| L

(¢) P(at least 1 head)
= P(1, 2 or 3 heads)
= P(1 head) + P(2 heads) + P(3 heads)
= PHTTUTHTUTTH)+ PIHHT VHTH v THH) + P(HHH)
= P(HTT)+ P(THT) + P(TTH) + P(HHT) + P(HTH) + P(THH) + P(HHH) =

=]

8
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Alternatively,

P(at least 1 head) = 1 — P(no head) = 1 — P(TTT) = 1 -~

QO]

(d) P(not more than 1 tail) = P{0 tails or 1 tail)

P(0 tails) + P(1 tail)

= P(HHH) + P(HHT v HTH u THH)

— P(HHH) + P(HHT) + P(HTH) + P(THH)
4 1

8 2

Il

il

Method 2 (using formula).

@ P(3 heads) = (g)(%)a(;_y _

2 1
(b) P(2 tails and 1 head) = (g)(;) (%) - g

(¢) P(at least 1 head) = P(l, 2 or 3 heads)
P(1 head) + P(2 heads) + P(3 heads)

- (EEG)EE GG -

P(at least 1 head) = 1 — P(no head)

(-

(d) P(not more than 1 tail) = P(0 tails or 1 tail)
= P(0 tails) + P(1 tail)

-()EECIEIE) -

It should be mentioned that the notation of random variables can also be used. Thus for example
if we let X be the random variable denoting the number of heads in 3 tosses, (c) can be written

OO | =t

il

oo|=3

I

Platleast 1 head) = P(X=1) = P(X=1)+P(X=2)+P(X=3) = %

We shall use both approaches interchangeably.

4.2. Find the probability that in five tosses of a fair die a 3 appears (a) twice, (b) at most
once, (c) at least two times.

Let the random variable X be the number of times a 3 appears in five tosses of a fair die.
We have )
Probability of 3 in a single toss = p = —

6
Probability of no 3 inagingletoss = ¢ = 1—p = =

2
(@) P(3 occurs twice) = P(X=2) = (S)(%) (%)s = %353
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-

() P(3 occurs at most once) = P(X=1) = PX=0+PIX=1)

OO

_ 8126 3125 _ 3125
7776 © 7776 3888

() P(3 occurs at least 2 times)
= PIX=2)

= PX=2)+P(X=38)+PX=4) + P(X=5)

= G ECEE (@ E)+ QEE

= 3888 T 3888 T 7776 T 7776 _ 3888

Find the probability that in a family of 4 children there will be {a} at least 1 boy,
(b) at least 1 boy and at least 1 girl. Assume th at the probability of a male birth is 1/2.
N EZAVAAYZR S | _ 3
o o = (YA <1 v = (YT -
3/4\1 4/1\0
rov = (EYE) <2 e = () - 4
Then

P(at least 1 boy) = P(1 boy) + P(2 boys) + P(3 boys) + P(4 boys)

|
+
+
+

|

|

Another method.
4
P(at least 1 boy) = 1 — P(noboy) = 1 - (1) = 1- 1 = 16

(b) P(at least 1 boy and at least 1 girl) = 1 — P(no boy} — P(no girl)

1i_1 _7
16 16 8

We could also have solved this problem by letting X be a random variable denoting the number
of boys in families with 4 children. Then, for example, (¢) becomes

PXz1) = PX=1)+PX=2) + P(X=38)+ P(X=4) = %_g.

= 1=

Out of 2000 families with 4 children each how many would you expect t

W FFaves Semllianas RR Y armasna

(a) at least 1 boy, (b) 2 boys, (c) 1 or 2 girls, (d) no girls?
Referring to Problem 4.8 we see that

-
b=
14+]

(a) Expected number of families with at least 1 boy = 2000 18) - 1876
16

(b) Expected number of families with 2 boys = 2000 *P(2 boys) = 2000 (?-) = 750

(¢) P(1 or 2 girls) = P{1 girl) + P(2 girls)

1
4+

P(1 boy) + P(2 boys) =

oot
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Expected number of families with 1 or 2 girls = (2000)(%) = 1250

(d) Expected number of families with no girls = (2()0!2!')(—1!(—i = 12b

If 20% of the bolts produced by a machine are defective, determine the probability
that out of 4 bolts chosen at random (a) 1, (b) 0, (c) less than 2, bolts will be defective.

The probability of a defective bolt is p = 0.2, of a nondefective bolt is ¢ =1—p =0.8. Let
the random variable X be the number of defective bolts. Then

@ PX=1) = (:)(o.z)lto.sys

Il

0.4096

0 PX=0) = (3)[0.2}0(0.8}4 — 0.4096

(¢) P(X<2) = PX=0)+PX=1)

ANGE 1L NAnOEe — 0 Q109
WIVDU T UhEuOU =~ Wad

Find the probability of getting a total of 7 at least once in three tosses of a pair of
fair dice.

In a single toss of a pair of fair dice the probability of a 7 is p = 1/6 (see Problem 21,
page 49), so that the probability of no 7 in a single toss is ¢ =1—p = 5/6. Then

1] 8
P(no 7 in three tosses) = (g) (%) (%) - %

- _ o _12% _ 91
and P(at least one 7 in three tosses) = 1 216 — 316

Find the moment generating function of a random variable X which is binomially
distributed.

Method 1.
If X is binomially distributed,
) = PX=2) = (:)mﬂ—s
Then the moment generating functiop is given by
M) = E(e*) = Ze=f(x)

Method 2.
For a sequence of n Bernoulli trials define

th

0 if failure in jth trial .
i=12,...m)

1 if success in jth trial
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4.8.

4.10.

Then the X; are independent and X = X, +X,+ --- + X,,. For the moment generating function of

X; we have
Myt) = et% + et'p = q + pe (i=1.,2,...m)

Then by Theorem 3-9, page 80,
M(t) = M,(t) My(t)- - -My(t) = (q+ pef}"

Prove that the mean and variance of a binomially distributed random variable are
respectively . =np and o = npgq.

Proceeding as in Method 2 of Problem 4.7 we have for j =1,2, ...n,
E(X;)) = 0g+1p = p
Var(X;) = E((X;—p)?| = (0—p)2qg + (1—p)%p
= PP+ g% = pelp+q) = pg
Then p = EX) = E(X)) +EBXp) + -+ EX,) = np
o2 = Var(X) = Var(X,) + Var(Xy) + --- ++ Var(X,) = =npq
where we have used Theorem 3-7 for ¢2.

The above results can also he obtained (but with more difficulty) by differentiating the moment
generating function (see Problem 3.38) or directly from the probability function (see Problem 4.152).

If the probability of a defective bolt is 0.1, find (a) the mean and (b) the standard
deviation for the number of defective bolts in a total of 400 bolts.

{¢) Mean g = np = (400)(0.1) = 40, i.e. we can expect 40 bolts to be defective.

(b) Variance o2 = npg = (400)(0.1)(0.9) = 36. Hence the standard deviation o = 1/36 = 6.

LAW OF LARGE NUMBERS FOR BERNOULLI TRIALS
Prove Theorem 4-1, the (weak) law of large numbers for Bernoulli trials.

By Chebyshev’s inequality, page 83, if X is any random variable with finite mean u and vari-
ance o2, then

1
) P(X—u Zk) = 33
In particular if X is binomially or Bernoulli distributed then u = np, o = Vnpq, and (I) becomes
@) P(X —np| = kyapg) = T}E
or
® p(|Z-p|zaqf20) = L
_ NER vV 7/ k2
Ifwelet ¢ = k«\’%, (2) becomes
X
p(|%-2|=) = 2

and taking the limit as » = © we have, as required,

. X 3
A EERE

The result also follows directly from Theorem 3-19, page 84, with S, = X, x = np, ¢ = Vnpq.
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4.11. Give an interpretation of the (weak) law of large numbers for the appearances of a
3 in successive tosses of a fair die.

The law of large numbers states in this ease that the probability of the proportion of 8’s in n
tosses differing from 1/6 by more than any value ¢ > 0 approaches zero as n = =.

THE NORMAL DISTRIBUTION

4.12. Find the area under the standard normal curve (a) between z=0 and 2z=1.2,
(b) between z = —0.68 and z =0, (c) between z=-0.46 and z=2.21, (d) between
z=0.81 and z=1.94, (e) to the right of z = —1.28

(a) Using the table in Appendix C, proceed down the column
marked z until entry 1.2 is reached. Then proceed right to
column marked 0. The result, 0.3849, is the required area
and represents the probability that Z is between 0 and 1.2.
Thus S

=0 z=1%
1 12 2 . :
PO=2z=12) = — (e “2du = 0.3849 Fig. 4-3
Vir Jo
() Required area = area between z =0 and z = +0.68 (by
symmetry). Thus, proceed downward under column marked
z until entry 0.6 is reached. Then proceed right to column
marked 8.
The result, 0.2517, is the required area and represents
the prohability that Z is between —0.68 and 0. Thus =
0
P(—0.68=2=0) = —L_ f e~ 12 dy Fig. 44
Ver J/—oss
= L J' P gy = 02517
Ver Jo

(¢) Required area = (area between z=—0.46 and 2=0)

+ {area between z =0 and z = 2.21) A
= {(area hetween z=10 and z = 0.48)

MeEtAy

+ {area between z =0 and z = 2.21) _/ -

= 01772 + 04864 — 0.6636 - D.48 221
The area, 0.6636, represents the probability that Z is be- Fig. 4-5
tween —0.46 and 2.21. Thus
1 2.91 .
P(—046=Z=221) = J‘ e—u2 dy
Ver
D SN G LT TRTNNE Y G e PO
Ver J-ose Ver Jo
0.46
= \/_ J' e~V 2 dy 4 J' e~v2du = 01772 + 0.4864

= 0.6636

() Required area = (area between z =0 and z = 1.94)
— (area between z —= 0 and z = 0.81)

0.4738 — 0.2910 = 0.1828

1l

0.81 104
This is the same as P(0.81 = Z = 1.94). Fig. 4-6
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(¢) Required area = (area between z = —1.28 and 2= 0)
+ (area to right of z=0)
0.3997 + 0.5 = 0.8997

This is the same as P(Z = —1.28).

T'l" “ ” refors to tha lnﬂ t

LD LAF LELCEU ULAELIRELS

z such that (a) area between 0 and z is 0.3770, (b) area to left of
between —1.5 and z is 0.0217.
(a) In the table in Appendix C the entry 0.3770 is located to

the right of the row marked 1.1 and under the column
marked 6. Then the required z = 1.16.

By symmetry, z = —1.16 is another value of z. Thus
z = *1.16. The problem is equivalent to solving for z the
equation
—1-— (z e~ W2 dy = 0.8377

ver o

() Since the area is greater than 0.5, z must be positive.

Area between 0 and z is 0.8621 — 0.5 = 0.3621, from
which z = 1.09.

(¢) K z were positive the area would be greater than the area be-
tween —1.5 and 0, which is 0.4332; hence 2 must be negative.

Case 1:  z is negative but to the right of —1.5.

Area between —1.5 and z = (area between —1.5 and 0)
— (area between 0 and z)

0.0217 = 0.4332 — (area between 0 and z)

Then the area between 0 and z is 0.4332 — 0.0217 = 0.4115 d
from which z = —1.35. Fig. 4-10

Area between z and —1.6 = (area between z and 0)
~ {area between —1.b and 0)

0.0217 = (area between 0 and z)} — 0.4332

Then the area between 0 and z is 0.0217 4 0.4332 = 0.45490 g
and z =-—1.694 by using linear interpolation; or, with

slightly less precision, z = —1.69. Fig. 4-11

4.14. The mean weight of 500 male students at a certain college is 151 lb and the standard

deviation is 151b. Assuming that the weights are normally distributed, find how
many students weigh (a) between 120 and 1551Ib, (b) more than 185 Ib.

(a) Weights recorded as being between 120 and 155 1b can ac-
tually have any value from 119.5 to 155.5 1b, assuming they
are recorded to the nearest pound.

119.5 Ib in standard units = (119.6 —151)/15
= —210

155.5 lb in standard units = (155.56 — 151)/15
= 0.30
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Required proportion of students = (area between z = —2.10 and z = 0.30)

= (area between z = —2.10 and z = 0)
+ (area between z =0 and z = 0.30)

= 0.4821 + 0.1179 = 0.6000
Then the number of students weighing between 120 and 155 1b is 500(0.6000) = 300.

(b) Students weighing more than 185 b must weigh at least 185.5 Ib.
185.5 1b in standard units = (185.5 —151)/15 = 2.30
Required proportion of students
= (area to right of z =2.30)

= (area to right of z =0)
— (area between z =0 and z = 2.30)

0.5 — 0.4893 = 0.0107

2.30
Then the number of students weighing more than 185 1b is

500(0.0107) = 5. Fig. 4-13

If W denotes the weight of a student chosen at random, we can summarize the above results
in terms of probability by writing

P{119.5 = W =156.5) = 0.6000 P{W =z 185.6) = 0.0107

4.15. The mean inside diameter of a sample of 200 washers produced by a machine is 0.502
inches and the standard deviation is 0.005 inches. The purpose for which these
washers are intended allows a maximum tolerance in the diameter of 0.496 to 0.508
inches, otherwise the washers are considered defective. Determine the percentage of
defective washers produced by the machine, assuming the diameters are normally
distributed.

0.496 in standard units = (0.496 — 0.502)/0.005 = —1.2
0.508 in standard units = (0.508 — 0.502)/0.005 = 1.2

Proportion of nondefective washers
= (area under normal curve between 2 = —1.2 and z = 1.2)

= (twice the area between z =0 and z=1.2)

= 2(0.3849) = 0.7698 or T7% -12 1.2
Thus the percentage of defective washers is 100% — 77% = 23%. Fig. 4-14

Note that if we think of the interval 0.496 to 0.508 inches as actually representing diameters
of from 0.4955 to 0.5085 inches, the above result is modified slightly. To two significant figures,
however, the results are the same.

4.16. Find the moment generating function for the general normal distribution.

We have

M) = E(etX) = 1 J’w etz g~ (x—w*r20* g

oV 2r

Letting (x — p)/e = v in the integral so that x = g+ ov, dx = ocdv, we have

2,2 -
M) = - L J" et Hort— (I gy — Mt Tty ”)J" e— (v—ot)/2 dv
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Now letting v —ot = w we find that

1 " e
M) = eutfm’;ﬂ;m( "' e w42 du = et~y
@ [

NORMAL APPROXIMATION TO BINOMIAL DISTRIBUTION

4.17. Find the probability of getting between 3 and 6 heads inclusive in 10 tosses of a fair
coin by using (e¢) the binomial distribution, (b) the normal approximation to the
binomial distribution.

{a) Let X be the random variable giving the number of heads in 10 tosses. Then

o 10NV /1Y 15 o f1oN/1Y/1\® _ 105
P(X=3) = (3)(5) (E) ~ 128 PX =4 = (4)(§) (E) - 512
oo f10N/1V /1) 63 o {10\ /1¥/1\* _ 105

[ o} T an P PR D, T L I S
Then the required probability is

Cyeg - 15,105 63 105 _ 99 _
PB=X=6) = jo5 * 512 " 256 " 512 ~ 128 ~ 0004

Probability Probability

0.s- 0.3

0.2 0.2

] ] 1 ] 4 I I : L)
L] 1 -3 a 4 B a8 T ] 8 10
Number of Heads Number of Heads
Fig. 4-15 Fig. 4-16

{b) The probability distribution for the number of heads in 10 tosses of the coin is shown graphi-
cally in Figures 4-15 and 4-16, where Fig. 4-16 treats the data as if they were continuous.
The required probability is the sum of the areas of the shaded rectangles in Fig. 4-16 and can
be approximated by the area under the corresponding normal curve, shown dashed. Treating
the data as continuous, it follows that 3 to 6 heads can be considered as 2.5 to 6.5 heads. Also,
the mean and variance for the binomial distribution are given by s =np = 10(}) =5 and
o = Vnpg =V(10)(})(}) = 1.58. Now

2.5 in standard units = (2.5 —5)/1.68 = —1.58
6.5 in standard units — (6.5—5)/1.68 = 0.95

Required probability
= (area between z = —1.68 and =z = 0.95)

= (area between z — —1.58 and z =0)
+ (area between 2 = 0 and z = 0.95)

0.4429 + 0.3289 = 0.7718

which compares very well with the true value 0.7734 ob-
tained in part (a). The accuracy is even better for larger
values of n. Fig. 4-17
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4.18. A fair coin is tossed 500 times. Find the probability that the number of heads will
not differ from 250 by (e¢) more than 10, (b) more than 30.

1
b= p = (500)(%) = 250 o = Vapg = (500)(2—)(%) = 1118

(a) We require the probability that the number of heads will lie between 240 and 260, or consider-
ing the data as continuous, between 239.5 and 260.5.

289.5 in standard units = (239.5 — 250)/11.18 = —0.94 260.5 in standard units = 0.94
Required probability = (area under normal curve between z = —0.94 and z = 0.94)
= (twice area between z — 0 and z = 0.94) = 2(0.3264) = 0.6528

(b) We require the probability that the number of heads will lie between 220 and 280 or, consider-
ing the data as continuous, between 219.5 and 280.5.

219.5 in standard units = (219.5 —250)/11.18 = —2.73 280.5 in standard units = 2.78
Required probability = (twice area under normal curve between z =0 and z = 2.73)
= 2(0.4968) = 0.9936

It follows that we can be very confident that the number of heads will not differ from that
expected (250) by more than 80. Thus if it turned out that the aetual number of heads was 280,
we would strongly believe that the coin was not fair, i.e. was loaded.

4.19. A die is tossed 120 times. Find the probability that the face 4 will turn up () 18
times or less and (b) 14 times or less, assuming the die is fair.

The face 4 has probability p = } of turning up and probability ¢ = § of not turning up.

(e¢) We want the probability of the number of 4’s being between 0 and 18. This is given exactly by

120)/1\*¥/p\1? (120)(1\"(5\'® . (120\/1Y(5}*
18 /\ 6 6 17 /\6 6 0 6/\6
but gsince the labor involved in the computation is overwhelming, we use the normal approximation.

Considering the data as continuous, it follows that 0 to 18 4's can be treated as —0.5 to

10 At AT
10.80 4B AE80,

w=mp = 120(%) =2 and o = Vipg = ,fuzo)(%)(%) — 408
Then

—0.5 in standard units = (—0.5 —20)/4.08 = —5.02 18,6 in standard units = —0.37

Required probability = (area under normal curve between z = —5.02 and z = —0.37)

= (area between z =0 and z = —5.02)
— {area between z =0 and z = —0.37)

0.5 — 0.1443 = 0.3557

I

(b) We proceed as in part (a), replacing 18 by 14. Then
—0.5 in standard units = —5.02 14.5 in standard units = (14.5 — 20)/4.08 = —1.35

Required probability = (area under normal curve between z=—5.02 and z = —1.85)

= (area between z=0 and z = —5.02)
— (area between z = 0 and z = —1.35)

= 0.5 — 04115 = 0.0885

It follows that if we were to take repeated samples of 120 tosses of a die, a 4 should turn
up 14 times or less in about one tenth of these samples.
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THE POISSON DISTRIBUTION

4.20.

4.21.

Establish the validity of the Poisson approximation to the binomial distribution.
If X is binomially distributed then

() PX=2z) = (’;)prqn—r

where E(X) = np. Let A =np so that p = AMn. Then (1) becomes
- I EAYINY A\ 7
PE=D = W/ 7=

nn—1n—2)-(n—x+1) a1 =2 no
x!n*

Now as n—+ =,

while

using the well-known result from calculus that

. wu\"
“1.5].'1'.11EL (l + “) = ¥
It follows that when n = = but A stays fixed (ie. p—0)

Are—h
x!

(2) PX=x) —>
which is the Poisson distribution.

Another method.

The moment generating function for the binomial distribution is
() (g+pe) = (L—p+petyt = [1+ plet—1)]»
If x=mnp so that p = A\/n, this becomes

%) [1 + “—“";—”]

As n — = this approaches
(5) eh(e*-—l)

which is the moment generating function of the Poisson distribution. The required resuit then
follows on using Theorem 3-10, page 80.

Verify that the limiting function (2) of Problem 4.20 is actually a probability function.
First, we see that P(X=2) >0 for 2 =0,1,..., given that » > 0. Second, we have

-3

A

—_—— = G—Rogl =
*x=0 :‘-\:! 1

S Px=z = 3 = e

=0 i=o !

and the verification is complete.
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422, Ten percent of the tools produced in a certain manufacturing process turn out to be
defective. Find the probability that in a sample of 10 tools chosen at random exactly
two will be defective, by using (a) the binomial distribution, (b) the Poisson approx-
imation to the binomial distribution.

(a) The probability of a defective tool is p = 0.1. Let X denote the number of defective tools
out of 10 chosen. Then according to the binomial distribution

10

PX=2) = (2

){0.1)2(0.9)3 = 0.1937 or 0.19
AY /
) We have A = unp = (10)(0.1) = 1. Then according to the Poisson distribution

Aeg—h _ _ {])23—1
! or PX=2) = =5

P(X==x) = = 0.1839 or 0.18

In general the approximation is good if » = 0.1 and 2 =np = 5.

4.23. If the probability that an individual suffers a bad reaction from injection of a given
serum is 0.001, determine the probability that out of 2000 individuals (a) exactly 3,
(b) more than 2, individuals will suffer a bad reaction.

Let X denote the number of individuals suffering a bad reaction. X is Bernoulli distributed, but
since bad reactions are assumed to be rare events, we can suppose that X is Poisson distributed, i.e.

AEg—2
PX=2z) = por where X = np = (2000)(0.001) = 2
dp—2
(@) P(X=3) = 2;, = 0.180
() P(X>2) = 1— [PX=0)+P(X=1) + P(X=2)|
_ _[2%~2  21e—2 222
=1 of TURAY ]
= 1—5e-2 = 0.323

An exact evaluation of the probabilities using the binomial distribution would require much
more labor.

THE CENTRAL LIMIT THEOREM

4.24. Verify the central limit theorem for a random variable X which is binomially dis-
tributed and thus establish the validity of the normal approximation to the binomial

distribution.
The standardized variable for X is X* = (X —np)/v/npg and the moment generating function
for X* is

E(et**) = E(ettX—n»)/Vnpa)
= g~/ Vipa B(etX/ Vnpa)

n
= g—'tnlh"m 2 etx{‘fn_ﬁ(ﬂ)prqn—x

r=0 x

n
= g~ tnp/Vapg E (ﬂ){mﬂ\fﬂ_w)xqﬂ—ﬁ
r=0 \ X
= e—tn/Vupa(q 4 pet/Vara )n
= [e~ws Vinpa (g 4 pet! Vipa )|n

= (qge—t»/Vnpd 4 peta/Vupd )n
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Now using the expansion
u? | ul
el = 1 + A + —_ + 3' + -

we find

e—to/Vnpd 4 meta/Vipg = (1 ~ tp? + - )
7 pe 1 \/u_ 2npq
tg | tq? )
+ pl1-+ e
p( e + Zopa +
p+q)e2
2npq

- g+ p+ PARE P

— £2
= l+§+"'

i2 n
efx' = + — 4 -

But as n —> « the right-hand side approaches /2, which is the moment generating function for the
standard normal distribution. Thus the required result follows by Theorem 3-10, page B0.

4.25. Prove the central limit theorem (Theorem 4-2, page 112).

For n=1,2,... we have S, =X;+X;+---+X,. Now X,,X,, ..., X, each have mean .
and variance ¢2. Thus

ES,) = EX)+EXy + -+ + E(X,) =
and, because the X, are independent,
Var(S,) = Var(X;) + Var (X,) + --- + Var(X,) =
It follows that the standardized random variable corresponding to S, is

S, — np

evn

sy =

The moment generating function for S} is
E{e!S) = E[et!Sa—mu)/oVn]

= Eleux,—u);a‘fi‘gumummﬂ. . .ettx.—k)faﬁ;]

= E[eﬂx,—u)mﬁ] + Efet(Xa—w)aVn ] - - - E[etXn—wroVn ]
= {E[eﬁx,—mmﬁ]}n

where, in the last two steps, we have respectively used the facts that the X, are independent and
are identically distributed. Now, by a Taylor series expansion,

WX, — 23X, — p)2
E[et%—w0oVn] = El_l U 1'_#) N (01 e 'I
L oymn s .

t
E{1) + :/_;E(Xl—#} + E[(X,— w2 + -+

202'»
- _t e Ceee = 2.
= l+oﬁ(0}+2o,w(oe}+ 1+2n+
n
so that E(etSt) = (1_'_%4....)

But the limit of this as n = « js et*/2, which is the moment generating function of the standardized
normal distribution. Hence by Theorem 3-10, page 80, the required result follows.
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MULTINOMIAL DISTRIBUTION

4.26.

4.27.

A box contains 5 red balls, 4 white balls and 3 blue balls. A ball is selected at random
from the box, its color is noted and then the ball is replaced. Find the probability
that out of 6 balls selected in this manner 8 are red, 2 are white and 1 is blue.

Method 1 (by formula). 5 4
P(red at any drawing) = 13 P(white at any drawing) = 5

]
P(blue at any drawing) = fuf

625
Then P(3 red, 2 white, 1 blue) = 3,2,1,( )(12 (12) = o

Method 2.

The probability of choosing any red ball is 5/12, Then the probability of choosing 3 red balls
is (5/12)%. Similarly the probability of choosing 2 white balls is (4/12)2 and of choosing 1 blue
ball {8/12)l. Thus the probability of choosing 3 red, 2 white and 1 blue in that order is

But the same selection can be achieved in various other orders, and the number of these different
ways is

as shown in Chapter 1. Then the required probability is
6! i 3 j_ 2 ‘§_ 1
312111\12 12 12
Method 3.

The required probability is the term in p?pZ p, in the multinomial expansion of (p, + py + pp)®
where p, = b6/12, p,, = 4/12, p, = 8/12. By actual expansion the above result is obtained.

A box contains 6 blue marbles and 4 red marbles. An experiment is performed in
which a marble is chosen at random and its color observed, but the marble is not
replaced. Find the probability that after 5 trials of the experiment 3 blue marbles
have been chosen.

Methed 1.

6

The number of different ways of selecting 3 blue marbles out of 6 blue marbles is (3 The
fa\

number of different ways of selecting the remaining 2 marbles out of the 4 red marbles is kz) Thus

the number of different samples containing 8 blue marbles and 2 red marbles is (g)(é) .

Now the total number of different ways of selecting 5 marbles out of the 10 marbles (6+ 4)

in the box is (150). Thus the required probability is given by

)
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Method 2 (using formula).
We have b=6, r=4, n=25, x =38. Then by (19), page 113, the required probability is

P(X=3) = %
()

428. Show that the mean and variance of the uniform distribution (page 114) are given
respectively by (a) u = i(a+d), (b) o* = #(b—a)

(@ v = EX) = b:ﬁ = 2(5"’;]: = gf,,“_‘:; = “’;b
(©) We have b 22 dx P b3 — a3 b2 + ab + a?
EX) = ) b—a = W-al, = B-a - 3
Then the variance is given by
o = E[(X—u? = EX?) — p?
_ b2+a3b+a2_ (a;b)s 112“’_“)2

THE CAUCHY DISTRIBUTION

4.29. Show that (a) the moment generating function for a Cauchy distributed random vari-
able X does not exist but that (b) the characteristic function does exist.

{a) The moment generating function of X is

X et
E(e ) = __‘]:_m x2 + ﬂ2
which does not exist if ¢ is real. This can be seen by noting for example that if =0, ¢ >0
1242 22
t. il —— e -
etr 1+ tx + 21 + > 3

8o that
a ° eF at? J‘ ¥ g2
_ [ — = — P A
-,-,-j._ﬂb 3:2+a2dx T 2 Dy x2+a2dx
and the integral on the right diverges.

(b) The characteristic function of X is

E(eleX) = _J‘_w :r:2+a2

a €os wxr_ . f _sinwz
rJ_, 3T+ a S T+ m

_ 2a ”cos«mdx
r Jp =2+ a?

where we have used the fact that the integrands in the next to last line are even and odd func-
tions respectively. The last integral can be shown to exist and to equal e~ % (see Problem 4.159).

430. Let © be a uniformly distributed random variable in the interval -I=¢= % Prove
that X —=atane®, a > 0, is Cauchy distributed in —e <2 < o,
The density function of 6 is
1
ey = - -

Nl

1A

ki
= =
2

[CIE]
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Considering the transformation x = a tané we have

dé a
= -1z Lo ¢
& tan p and o 2T ad > 0

Then by Theorem 2-3, page 46, the density function of X is given by

1_a
r 2+ a2

de
@) = fO)| gz
which is the Cauchy distribution.

THE GAMMA DISTRIBUTION
4.31. Show that the mean and variance of the gamma distribution are given by (@) p = op,

(b) o = af2.
(@ _ J“‘" po—1g—x/B _ J’ 35"8"”"3
@ =) fL e s
Letting =/B =t we have
— _B%B “ - — _
b= Bar(a) , tre—tdt = [,[)[‘(a+l} = aB
L goe—leg—2/B < goatle—z/B
b Xy = 2l Z = \de = =2 _*
®) E(X?) J; wr| Tt |aa e
Letting =/ =t we have
E(X?3) = Betp (T tatlo—t gt
A% Ia)
= I‘{a +2) = BHa+1a

l"( )
since Ma+2) = (a+1)I(a+1) = {(@+1)aT(e). Thus
o2 = E(X?) —p? = pHa+t1l)e — (aB)? = of?

THE BETA DISTRIBUTION
4.32. Find the mean of the beta distribution.

I'a + 1
g = E(X) = T‘((a_}'!l‘f% ; x[ze~ Y1 — x)f~1] dx
_ Fetp (? ap—
I‘{a)[‘{ﬁ').‘u 21— 2)P i dx

— Pat+p) rat+1)rp)
Ma) I'(B) T(a+1+p)
— Tletp) _ aTle)T(B) - _«

a) IMB) (e + B la+ B) a+ B

4.33. Find the variance of the beta distribution.
The second moment about the origin is

@ 1
E(X?) = %{% | a?[ze= (1 — )8~ 1] dx
= Lt B (! e~ e 1ds

I'(e) () 0

T(a + B) Ma+ 2) 1(B)
P(e} T(B) Ia+2+ p)

I'(a + B) (a+ 1)a T(a) T(B)

Ma)(g) (a+ 8+ D+ B) Tla+ £)
ala + 1)

fa+pBa+p+1)
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THE

435.

4.36.

Then, using Problem 4.82, the variance is

~ B B ala + 1) Y A afl
2 = E(X?) — [B(X)2 = (a+B)at+p+1) (a'+ﬁ) T (et pPetptl)

CHI-SQUARE DISTRIBUTION

Show that the moment generating function of a random variable X which is chi-
square distributed with v degrees of freedom is M(t) = (1 —2t) "2

M(ty = E(eX) = mj; etr (v —2)/2 g —2/2 o

1 (-]
P S— (r—2)/2 p— (1—2t)x/2
w12 (/D) J; 7t ¢ % da

Letting (1 —2¢)x/2 = u in the last integral we find

_ 1 “f 20 \WTPR _ 2du
MO = e A (1—2;) A T
(12t J'x (w2 —1 —  (1—o2p) 2
T6/2) X A e udy = (1—2t)

Let X, and X; be independent random variables which are chi-square distributed
with v, and v, degrees of freedom respectively. (a) Show that the moment generating
function of Z = X, + X, is (1 —2t)”"* 2 gnd thus (b) show that Z is chi-square dis-
tributed with v, + v, degrees of freedom.

(@) The moment generating function of Z = X;+ X, is
M(t) — E[et(Xﬂ-X:)] — E(etxl) E(etx,] = {1 __2t)-l'lf2[1 _2t_)"Png3 = (1—2t) (e +ug)/2

uging Problem 4.34.

(6) It is seen from Problem 4.34 that a distribution whose moment generating function is
(1 —2t) “1+1/2 jg the chi-square distribution with u, 4+ », degrees of freedom. This must be
the distribution of Z, by Theorem 3-10, page 80.

By generalizing the above resuiis we obtain a proof of Theorem 4-4, page 1i6.

Let X be a normally distributed random variable having mean 0 and variance 1.
Show that X? is chi-square distributed with 1 degree of freedom.

We want to find the distribution of ¥ = X2 given a standard normal distribution for X. Since
the correspondence between X and Y is not one-one we cannot apply Theorem 2-3 as it stands, but
proceed as follows.

For y <0 itis clear that P(Y =y) = 0. For y =0 we have

PY=y) = PX2=y) = PH/y=X=+\v)
_1 [‘+";e—1212 dx = 2 +ﬁs—x’md¢c
VvezJ o Vez Jo

where the last step uses the fact that the standard normal density function is even. Making the
change of variable x» = +\/t in the final integral, we obtain

i W
PY=y) = ___f t—12p—t/2 (¢
V2z Jo

But this is a chi-square distribution with 1 degree of freedom, as is seen by putting + =1 in (39),
page 116, and using the fact that r(}) = V=
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4.37.

4.38.

4.39.

4.40.
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Prove Theorem 4-3, page 116, for v = 2.

By Problem 4.36 we see that if X, and X, are normally distributed with mean 0 and variance 1
then X 12 and X§ are chi-square distributed with 1 degree of freedom each. Then, from Problem
4.35(b), we see that Z = XIB+ XS is chi-square distributed with 1+1 =2 degrees of freedom if
X, and X, are independent. The general result for all positive integers » follows in the same man-
ner. See Problem 4.150.

The graph of the chi-square distribution with 5
degrees of freedom is shown in Fig. 4-18. (See.
the remarks on notation on page 116.) Find the
values xi, x3 for which

(a) the shaded area on the right = 0.05,

(b) the total shaded area = 0.05, - &
(c) the shaded area on the left = 0.10, x Xy
(d) the shaded area on the right = 0.01. Fig. 4-18

(¢) If the shaded area on the right iz 0.05, then the area to the left of x% is (1 —0.05) = 0.95 and
xs represents the 95th percentile, x%;.

Referring to the table in Appendix E proceed downward under column headed » until entry
5 is reached. Then proceed right to column headed x%; The result, 11.1, is the required
value of x2.

(b) Since the distribution is not symmetric, there are many values for which the total shaded area
= 0.05. For example, the right-hand shaded area could be 0.04 while the left-hand shaded area
is 0.01. It is customary, however, unless otherwise specified, to choose the two areas equal.
In this case, then, each area = 0.025.

If the shaded area on the right is 0.025, the area to the left of x3 is 1 — 0.025 = 0.975 and
x3 represents the 97.5th percentile, x %75, which from Appendix E is 12.8.

Similarly, if the shaded area on the left is 0.025, the area to the left of x? is 0.025 and X}
represents the 2.5th percentile, x_gw-,. which equals 0.831.

Thus the values are 0.831 and 12.8.
(¢) If the shaded area on the left is 0.10, x{ represents the 10th percentile, x5, which equals 1.61.

(d) If the shaded area on the right is 0.01, the area to the left of x% is 0.99 and X3 represents the
99th percentile, x%q, which equals 15.1.

Find the values of x* for which the area of the right-hand tail of the x?* distribution is
0.05, if the number of degrees of freedom v is equal to (a) 15, (b) 21, (¢) 50.

Using the table in Appendix E we find in the column headed x%; the values: (a) 25.0 corre-
sponding to » = 15; (b) 32.7 corresponding to » = 21; (¢) 67.5 corresponding to » = 50.

Find the median value of x* corresponding to (a) 9, (b) 28 and (c) 40 degrees of
freedom.

Using the table in Appendix E we find in the column headed x2%; (since the median is the 50th
percentile) the values: (a) 8.34 corresponding to » =9; (b) 27.83 corresponding to » = 28; (¢) 39.3
correspondng to » = 40.

It is of interest to note that the median values are very nearly equal to the number of degrees

of freedom. In fact, for » > 10 the median values are equal to » — 0.7, as can be seen from the
table.
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441. Find x%, for (a) v="50 and (b) v= 100 degrees of freedom.

For » greater than 80, we can use the fact that (V2x2—/2r—1) is very closely normally dis-
tributed with mean zero and variance one. Then if z, is the (100p)th percentile of the standardized
normal distribution, we can write, to a high degree of approximation,

\;‘2}59*— VZr—1 = =, or Exi =z, + Var—1
from which X2 = Hzp + V2B —1)

= _%{z - V2R —1 }2 = %!1'64-!-

S 85 7T ¥ =Y

-

rees v well with the

/0912 =- 69.2, which a
99 which ag

/9, verv wall
&, ery

value 67.5 g'iven in Appendix E.
(b) If »=100, x%s = 3(z95+V2(100) —1)2 = }(L.64+ V199 )2 = 124.0 (actual value = 124.3).

STUDENT’S { DISTRIBUTION

442, Prove Theorem 4-6, page 117.
Since Y is normally distributed with mean 0 and variance 1 its density function is

1
(i) —=e—u'r2
Vi

Since Z is chi-square distributed with » degrees of freedom its density function is
1

{g} m 2(w/2) =1 p—2/2 z>0

Because Y and Z are independent their joint density function is the product of (1) and (2), i.e.
__1— 202 —1g—~(y%+ 212
Ve 2v/2 T(2/2)

for —w <y < 4o, z>0.

The distribution function of T = Y/VZ/r is
Fz) = P(T=z) = P(Y=zVZl)

m j]. 2 —lg— 02 gy dz
V v,
R

where the integral is taken over the region ® of the yz-plane for which y = 2/z/v. We first fix z
and integrate with respect to ¥ from —= to x\/z/». Then we integrate with respect to z from 0
to . We thus have

1

. e - Valv
F& = Ferrem L;.,“"m_“’_m[.[,:x e d”:ldz

=

Letting ¥ = uvz/v in the bracketed integral we find

F(z) = _1__!‘2 J‘I 22— 1 g—2/24[af, e—ui2/2 gy dz
z=0 U=

V27 202 1(4/2)

1 fz [J’m w—1)72g—( Wt ]
- —— 2 e— D+ do | dy
\V 2y 22 T(pf2) Ju=—x =0

2
Letting w = %(1 + "7) this can then be written

1 x [ o ww—112g—w i ]d
= —— e s 2t 1)2 J‘ f > w U
F(x) \fé;zwm r(”m} = — w:l){1+u2!l’)( +1)r2

1
rl + )
_ ( 2 x du
- w = (1 + ufy)r 132

Vrr r(%)
as required.
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4.43. The graph of Student’s ¢ distribution with 9 degrees of freedom is shown in Fig. 4-19.
Find the value of t; for which

(a) the shaded area on the right = 0.05,
(b) the total shaded area = 0.05,

4.44.

(¢} the total unshaded area = 0.99,

(d) the shaded area on the left = 0.01, =y Fr

ot tha nunan o dho 1afi ~AF ¢ 1a N anN w4 4n

lB,‘ LT 4l LAy LIF ACLL UL L] 18 U.JuU, l'lg- g=13

(a) If the shaded area on the right is 0.05, then the area to the left of #; is (1 — 0.05) =0.95 and
t; represents the 95th percentile, £ gs.

Referring to the table in Appendix D proceed downward under column headed » until
entry 9 is reached. Then proceed right to column headed ¢g5. The result 1.83 is the required
value of ¢.

(b) If the total shaded area is 0.05, then the shaded area on the right is 0.025 by symmetry. Thus
the area to the left of #; is (1 —0.025) = 0.976 and t; represents the 97.5th percentile, ¢ g;5.
From Appendix D we find 2.26 as the required value of t.

{¢} If the total unshaded area is 0.99, then the total shaded area is (1 —0.99) = 0.01 and the
shaded area to the right is 0.01/2 = 0.005. From the table we find £ gg; = 3.25.

{d) If the shaded area on the left is 0.01, then by symmetry the shaded area on the right is 0.01.

(e)

From the table, tg, = 2.82, Thus the value of ¢ for which the shaded area on the left is 0.01
is —2.82.

If the area to the left of t; is 0.90, then Z, corresponds to the 90th percentile, g,, which from
the table equals 1.38.

Find the values of ¢ for which the area of the right-hand tail of the ¢ distribution is
0.05 if the number of degrees of freedom v is equal to (a) 16, (b) 27, (c) 200.

Referring to Appendix D, we find in the column headed {g; the values: (a) 1.75 correspond-

ing to » = 16; (b) L.70 corresponding to » = 27; (c) 1.645 corresponding to » = 200. (The latter is
the value which would be obtained by using the normal curve. In Appendix D this value corre-
sponds to the entry in the last row marked «.)

THE F DISTRIBUTION
Prove Theorem 4-7.

4 ’4-5.

The joint density function of V; and V, is given by

_ 1 (e f2) —1 —vlr2)( 1 (re/2)—1 _ 4 ;g)
Uy ¥ = —_ e —_—— e T2
[ty we) (2"“1”..';2) ! 222 (1yf2) ©

_ 1 v(t‘,.&}—lvél'glm)‘"le— (ul+|;g)f2
2(i-l g f2 [13‘.;2] r(l'2,2)

if v, >0, v >0 and 0 otherwise. Make the transformation

t’lfil'[ l"gt-‘l ruw
w = = , W = Py or v = » Ve = W
'l'gjh_p ¥y = Ty
Then the Jacobian is
(v, ve) lavfdu Bv,fﬂw, vwlvg wufrg ] omw
A, w) | dvofan  avy/ow | - ] 1 Coon
Denoting the density as a function of » and w by g(u, w), we thus have
/3y — 1
glu,w) = s L _(r,uw) w1 g 1= Gl o2y MY
2 TEE I T(ra/2) N, Yo va
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4.46.

4.47.

if w>0, w>0 and 0 otherwise.

The (marginal) density function of U can now be found by integrating with respect to w from
0 to =, i.e.

(v 1/ vg)" 1 2ulvar2)—1 w0
hlu) = I a0 F12)/21—1 o — [T+ (/g ) 1Cw/2) dap
oy t1)/2 Ty !2) v 2/2) 0

if «u>0 and 0if «=0. But from 15., Appendix A,

rﬂwp_le—awdw = E(}ﬂ
o P
Thus we have

vy + v
(ryfvg)Va/Zutv/2)—1 I‘( ! 5 2)

21 ¥R 2 T (1,/2) T(ryf2) [%(1 + ﬂ)]"’l*"w

L)

vy + g
T 9
vyl2 vei2 (iy/2)—1

W RO (vg + pyu) " (1122
\2/"\2)

if u>0 and 0if « =0, which is the required result.

h(u) =

-9 :
Prove that the F distribution is unimodal at the value (v‘ ” )( ” ;2_ 5) if v, >2.
1 2

The mode locates the maximum value of the density function. Apart from a constant, the
density function of the F' distribution is

WD =1 by )~ Grten s
If this has a relative maximum it will occur where the derivative is zero, i.e.

P] + Ifa _ _
3 = (Iﬁg"'vlu) [Cwy +wgd/21 -1 — 0

vy - —_ ) _
(_E — l)u(vlﬂ) 2(&3“"?]“} (vy+ughi2 __ u(p.fm I’l(

Dividing by u("™/2}~2(p, + pqu)~Uvi+32)/21=1, g £ 0, we find

{ﬂ_l\\{,__.g_,._u}__u,..("l-'-”z\\ - 0 or u = [r—2\( = )\
\2 /7 Nz /) \' n /\nt2)

Using the second-derivative test we can show that this actually gives the maximum.

Using the table for the F' distribution in Appendix F, find (@) Fes10.15, (b) Fo.15.9,
(¢) F.os.8.30, (d) F.oris.s.

(z) From Appendix F, where »; =10, v, = 15, we find F gy 14,5 = 2.54.
(b) From Appendix F, where »; =15, », =9, we find F gg 15,9 = 4.96.

1 1
L

(¢} By Theorem 4-8, page 118, Fosea = ——— = 343

(d) By Theorem 4-8, page 118, F oy 150 = leg - Tt = 0.257.

= 0.325.

RELATIONSHIPS AMONG F, x* AND ¢ DISTRIBUTIONS
448. Verify that (@) Fes = tors, (b) Foo = toes.

{a) Compare the entries in the first column of the F g; table in Appendix F with those in the
t distribution under tg;5. We see that

161 = (12.71)2, 185 = (4.30)2, 10.1 = (3.18)2, 7.71 = (2.78)2, ete.
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4.49.

SPECIAL PROBABILITY DISTRIBUTIONS

[CHAP. 4

(b) Compare the entries in the first column of the F g table in Appendix F with those in the ¢ dis-

tribution under fgq;. We see that
4050 = (63.66)2, 98.5 = (9.92)2, 384.1 = (5.84)2, 21.2 = (4.60)2, etc.

Prove Theorem 4-9, page 118, which can be briefly stated as
F:—p == tf—(m‘zi

and thus generalize the results of Problem 4.48.

Let », =1, pp=» in the density function for the F' distribution [{45), page 117].
r(r + 1)
2
f{u) = . J vl'f2u—l."2(l, +u)—(3"+ 12
1) (2
2 2
“f‘r + 1\

T —{v+1)/2
- \ 2 },.wzu—m,—(umz(l-k%)

=i(3)

v+ 1
r 2 « —(r+11/2
= u—lfﬂ(l +"")
v

Then

for u>0, and flu) =0 for w=0. Now, by the definition of a percentile value, F',_, is the

number such that P(U=Fy_,)=1—p. Thus

v+ 1
r 2 Fi, @\ "D
—f u“”ﬁ(l +:) du = 1—p
()
In the integral make the change of variable &= -4V

r v+ 1
) +;’f_‘; g2\ w12
2-—~——v—£ (1"'7) dt = 1—p
VerT| 5

9

Comparing with (42), page 116, we see that the left-hand side of the last equation equals
2 P0<T=+VF,_,)

where T is a random variable having Student’s £ distribution with » degrees of freedom. Thus

122 - pO<T=H+HF,,)

fl

P(T = +VF,_,) — P(T =0)
1
= PT=+/F,)—3
where we have used the symmetry of the ¢ distribution. Solving, we have

BT =+F,_) = 1—-12'1
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4.50.

4.51.

But, by definition, ¢;_ ;2 is the number such that

PT<tigm) = 1- 5

and this number is uniquely determined, since the density function of the ¢ distribution is strictly
positive. Therefore

_ _ 2
HVFi_p = ey O Fip = -

which was to be proved.

Verify Theorem 4-10, page 118, for (a) » = 0.95 and (b) p = 0.99.

(¢} Compare the entries in the last row of the F g5 table in Appendix F (corresponding to v, = )
with the entries under x%s in Appendix E. Then we see that

_ 3.8 5.99 7.81 _ 932 _ 111
3.34——1*, 300—-‘-‘2—, 260 = —/ = 237 = 7 2.21—T, ete.

which provides the required verification.

(b) Compare the entries in the last row of the F gy table in Appendix F (corresponding to vp = «)
with the entries under x%g in Appendix E. Then we see that

_ 6.63 _ 92t _ 13 _ 133 151
663 = ==, 461 = -, 378 = ., 332 =".°, 302=-7-, et

which provides the required verification.

The general proof of Theorem 4-10 follows by letting », = « in the F distribution on page
117. See Problem 4.145,

BIVARIATE NORMAL DISTRIBUTION

Suppose that X and Y are random variables whose joint density function is the bivar-
iate normal distribution. Show that X and Y are independent if and only if their
correlation coefficient is zero.

If the correlation coefficient p = 0, then the bivariate normal density function (49), page 118,

becomes
1 P
flz,y) = [ G"“—HHW:][ — =y~ uz)’fﬂo’]
nlvﬁw 02-',‘

and since this is a product of a function of x alone and a function of y alone for all values of =
and y it follows that X and ¥ are independent.

Conversely, if X and Y are independent, f(z,y) given by (49) must for all values of x and ¥
be the product of a function of x alone and a function of ¥ alone. This is possible only if p = 0.

sive tosses of a fair die a 8 comes up for the first

%

time on the fifth toss.

Methed 1.

The probability of not getting a 8 on the first toss is 5/6. Similarly the probability of not
getting a 3 on the second toss is 5/6, etc. Then the probability of not getting a 3 on the first 4
tosses is (5/6)(5/6)(5/6)(5/6) = (5/6)t. Thus, since the probability of getting a 8 on the fifth toss is

1/6, the required probability is
s\ /1) _ 62
6 6 T 7776
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Method 2 (using formula).
Using the geometric distribution, page 118, with p=1/6, ¢ =5/6, * =5 we see that the

required probability is
1)/5\" _ 625
6/\6/ ~— 7776

Verify the expressions given for (a) the mean, (b) the variance, of the Weibull dis-
tribution, page 119.

il

(2) p = EX) J;w abzbe—az® dux

ab “fu\ _, 1 -
i . (.a_)e U U1 dy

-]
a—1/b f wlfbe—t dy

(1
= a-lpr{1 +%)
where we have used the substitution # = az? to evaluate the integral.

) EX) = J' abab+1g—ar® 4y
Li]

w 1+(1/b)
= ab u e—u L am—1 gy
al.r'b 0 i) b

o
= g 2/b f ullbe—uv du
b ]

2
= 2/b <
a I‘(l + b)

of = E[(X—p? = EX? — u?

- a—z-'b[r(l + %) - "2(1 t %):I

MISCELLANEOUS PROBLEMS

4.54.

4.55.

The probability that an entering college student will graduate is 0.4. Determine the
probability that out of 5 students (a) none, (b) one, (c) at least one, will graduate.

(@) P(none will graduate) = ;Cy(0.4)2(0.6)> = 0.07776, or about 0.08
(b) P(one will graduate) = 5C;(0.4)1(0.60 = 0.2592, or about 0.26
{c) P(at least one will graduate} = 1 — P{none will graduate) = 0.92224, or about 0.92

What is the probability of getting a total of 9 (a) twice, (b) at least twice in 6 tosses
of a pair of dice?

Each of the 6 ways in which the first die can fall can be associated with each of the 6 ways in
which the second die can fall, so there are 6+6 = 36 ways in which both dice can fall. These are:
1 on the first die and 1 on the second die, 1 on the first die and 2 on the second die, etc., denoted
by (1,1), (1,2), ete.
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4.56.

4.67.

4.58.

Of these 36 ways, all equally likely if the dice are fair, a total of 9 occurs in 4 cases: (3, 6), (4,5),
(5,4), (6,3). Then the probability of a total of 9 in a single toss of a pair of dice is p = 4/36 = 1/9
and the probability of not getting a total of 9 in a single toss of a pair of dice is ¢ = 1 —p = 8/9.

2 6—2
L _ 1V /8 _ 61,440
(2) P(two 9’s in six tosses) = scz(g) ({)) ~ 531,441

(b) P(at least two 9's) = P(two 9’s) + P(three 9’s) + P(four 9’s} + Pifive 9's) + P(six 9's)
= of L Y (&Y' oo VB + e Y (BY + nc.(1\5—+ co( 1)’
\9/\9/ \9/\¥/ \9/\3/ \8/ 9 \9

61,440 10,240 560 48 1 _ 72,689

~ 531,441 + 531,441 + 531,441 + 531,441 + 631,441 ~ 531,441

“"-..._.-/

Another method.
P(at least two 9'8) = 1 — P(zero 9's) — P(one 9)

] 6 1 5
= 1- 1) (8)" _ 1y (8)" _ 72689
-1 “C"(sT ) (ﬁ) “CI(ES ) (9) ~ 531441

If the probability of a defective bolt is 0.1, find (a} the mean and (b) the standard
deviation for the distribution of defective bolts in a total of 400.

(@) Mean = np = 400(0.1) = 40, i.e. we can expect 40 bolts to be defective.

(b) Variance = npg = 400(0.1){0.9) = 86. Hence the standard deviation = /36 = 6.

Find the coefficients of (a)skewness and (b) kurtosis of the distribution in Problem 4.56.

. g—p _ 09-—-01 _
(a) Coefficient of skewness = = = 0.133
Vnpg 6
Since this is positive the distribution is skewed to the right.
(b) Coefficient of kurtosis = 3 + % = 3+ L{&”@ = 301

The distribution is slightly more peaked than the normal distribution.

The grades on a short quiz in biology were 0,1,2,...,10 points, depending on the
number answered correctly out of 10 questions. The mean grade was 6.7 and the
standard deviation was 1.2. Assuming the grades to be normally distributed, deter-
mine (a) the percentage of students scoring 6 points, (b) the maximum grade of the
lowest 105 of the class, (¢) the minimum grade of the highest 10% of the class.

{(a) To apply the normal distribution to discrete data, it is necessary to treat the data as if they
were continuous. Thus a score of 6 points is considered as 5.5 to 6.5 points. See Fig. 4-20.

5.5 in standard units = (5.5 — 6.7)/1.2 -1.0
6.5 in standard units = (6.5 —6.7)/1.2 = —0.17

H

Required proportion = area between z-=—1 and z =—0.17

= (area between z = —1 and 2=0)

— (area between z = —0.17 and z =0)

= 0.3413 — 0.0675 = 0.2738 = 27%
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4.59.

4.60.
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and z; = —1.28 (very closely).

Then z; = {x; —6.7)/1.2 = —1.28 and =z, = 5.2 or 5§ to the nearest integer.

(¢) Let xz; be the required minimum grade and z, the same grade in standard units. From (b}, by
svmmetry, z, = 1.28. Then (x;—6.7)/1.2 = 1.28, and «; = 8.2 or 8 to the nearest integer.

A Geiger counter is used to count the arrivals of radioactive particles. Find the
probability that in time ¢ no particles will be counted.

Let Fig. 4-22 represent the time axis with O as the origin. The

probability that a particle is counted in a small time Af is propor- I t AL
tional to At and so can be written as A Af, Thus the probability of 1 | |
no count in time At is 1 — AAf. More precisely, there will be addi- —
tional terms involving (At)2 and higher orders, but these are negli-

gible if At is small Fig. 4-22

Let Py(t) be the probability of no count in time . Then Py(t + At) is the probability of no
count in time £+ aAf. If the arrivals of the particles are assumed to be independent events, the
probability of no count in time £ -+ At is the product of the probability of no count in time ¢ and the
probability of no count in time Af. Therefore, neglecting terms involving (At)2 and higher, we have

(1) Py(t+at) = Py(t)[1 — »af]
From (I) we obtain

@ R s
ie

dP, _ p dP, B d
) G ¥ 2 or P_u = —hdt

Solving (3) by integration we obtain
ImP, = =X\ + ¢ or Py(t)y = ce—M

To determine ¢ note that if £ =0, Py(0) = ¢ is the probability of no counts in time zero, which

is of course i. Thus ¢ =1 and the required probability is

() Po(t) = e M

Referring to Problem 4.59 find the probability of exactly one count in time ¢.

Let P,(t) be the probability of one count in time {, so that P;(t 4+ At) is the probability of one
count in time £+ Af. Now we will have one count in time ¢+ Af in the following two mutually
exclusive cases:

(i) 1 count in time ¢ and 0 counts in time Az

(ii} 0 counts in time ¢ and 1 count in time Af
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The probability of (i) is Py {t}{(1 — X At).
The probability of (i) is Py(t)x At.
Thus, apart from terms involving (Af)2 and higher,
) Pi(t+at) = P ()1 —Arat) + Py(t)rat

This can be written

Py(t+ at) — Py(t
@ i v N N R 2

Taking the limit as At = 0 and using the expression for Py(f) obtained in Problem 4.59 this becomes

dP
® Eel = Ae~Mt —\P,
or

dP,
(£) at + APy = he Mt
Multiplying by e*t this can be written

d

(5) a,—t(e"‘P,) = A

which yields on integrating
(6) Py(t) = Me M + gie—Nt

If t=0, P;(0) is the probability of 1 count in time 0, which is zero. Using this in (§) we find
cg =0. Thus

(?) Py(t) = Ae—Mt

By continuing in this manner we can show that the probability of exactly n counts in time ¢ is
given by

At)ne At
® Py = RO

which is the Poisson distribution.

Supplementary Problems

THE BINOMIAL (BERNOULLI) DISTRIBUTION

4.61.

4.62.

4.63.

4.64.

4.67.

Find the probability that in tessing a fair cein 6 times there will appear (a) 0, () 1, (¢) 2, (d) 3,
(e} 4, (f) 5, (9) 6 heads.

Find the probability of (e) 2 or more heads, (b) fewer than 4 heads, in a single toss of 6 fair coins.

If X denotes the number of heads in a single toss of 4 fair coins, find (a) P(X =3), (b) P(X <2),
() PIX=2), (d Pl<X=3).

Out of 800 families with b children each, how many would you expect to have (a) 3 boys, (b) b girls,
(c) either 2 or 3 boys? Assume equal probabilities for boys and girls.

Find the probability of getting a total of 11 (a) once, (b) twice, in two tosses of a pair of fair dice.
What is the probability of getting a 9 exactly once in 3 throws with a pair of dice?

Find the probability of guessing correctly at least 6 of the 10 answers on a true-false examination.
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4.68.

4.69.

4.70.
4.71.

4.72.

SPECIAL PROBABILITY DISTRIBUTIONS [CHAP. 4

An insurance salesman sells policies to 5 men, all of identical age and in good health. According to
the actuarial tables the probability that a man of this particular age will be alive 30 years hence
is . Find the probability that in 30 years () all 5 men, (b) at least 3 men, (c) only 2 men, (d) at
least 1 man will be alive.

Compute the (a) mean, (b) standard deviation, (c) coefficient of skewness, (d) coefficient of kur-
tosis for a binomial distribution in which p = 0.7 and n = 60. Interpret the results.

Show that if a binomial distribution with = = 100 is symmetric, its coefficient of kurtosis is 2.9.
Evaluate (a) 2 (x— p)2f(x) and (b) = (x— p)f{x) for the binomial distribution.

Prove the formulas on page 109 for the coefficients of skewness and kurtosis.

THE NORMAL DISTRIBUTION

4.93.

4.76.

4.97.

4.78.

4.79.

4.80.

4.81.

482,

4.85.

On a statistics examination the mean was 78 and the standard deviation was 10. (a) Determine
the standard scores of two students whose grades were 93 and 62 respectively. (b) Determine the
grades of two students whose standard scores were —0.6 and 1.2 respectively.

irmAd (o) tha veaan and (h tha atandawd arriatian nn an ovaminaodl ish oradoc AF TN and
A AEIvE AMET LALL dlivveein ERLELE AVYS WG OVALIEGA W WG T IMVALLL WEED R AL EEN VAR kR FYARAAL Bl EAWMLO VR U ERARLL
88 correspond to standard scores of —0.6 and 1.4 respectively.
Find the area under the normal curve between (o) 2 = —1.20 and =z~ 240, (b) z=128 and

z= 187, (¢) z=—2385 and =z = —0.50.

Find the area under the normal curve (@) to the left of z=—1.78, (b) to the left of z=0.56,
() to the right of z = —1.46, (d) corresponding to z = 2.16, (e) corresponding to —0.80 = z = 1.53,
(f) to the left of z = —2.52 and to the right of z= 1.83.

If Z is normally distributed with mean 0 and variance 1, find: (a) P{Z = —1.64), (b) P(—1.96 = Z =1.96),
() P(1Z] = 1).

Find the values of z such that (a) the area to the right of z is 0.2266, (b) the area to the left of =z
is 0.0314, (c¢) the area between —0.23 and z is 0.5722, (d) the area between 1.15 and z is 0.0730,
{e) the area between —z and =z is 0.9000.

Find z, if P(Z = z,) = 0.84, where Z is normally distributed with mean 0 and variance 1.
If X is normally distributed with mean 5 and standard deviation 2, find P(X > 8).

If the heights of 300 students are normally distributed with mean 68.0 inches and standard devi-
ation 3.0 inches, how many students have heights (a) greater than 72 inches, (b) less than or equal
to 64 inches, (c¢) between 65 and 71 inches inclusive, (d) equal to 68 inches. Assume the measure-
ments to be recorded to the nearest inch.

If the diameters of ball bearings are normally distributed with mean 0,6140 inches and standard
deviation 0.0025 inches, determine the percentage of ball bearings with diameters (a) between 0.610
and 0.618 inches inclusive, (b) greater than 0.617 inches, (c¢) less than 0.608 inches, (d) equal to
0.615 inches.

The mean grade on a final examination was 72 and the standard deviation was 9. The top 10%
of the students are to receive A’s. What is the minimum grade a student must get in order to
receive an A?

If a set of measurements are normally distributed, what percentage of these differ from the mean
by (a) more than half the standard deviation, (b) less than three quarters of the standard deviation?

If i is the mean and o is the standard deviation of a set of measurements which are normally dis-
tributed, what percentage of the measurements are (a) within the range p * 24, (b) outside the
range p * 1.20, (¢) greater than p — 1.5¢7
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486. In Problem 4.85 find the constant @ such that the percentage of the cases (a) within the range
p*agis 76%, (b) less than x— ac is 229%.

NORMAL APPROXIMATION TO BINOMIAL DISTRIBUTION

487, Find the probability that 200 tosses of a coin will result in (a) between 80 and 120 heads inclusive,
(b) less than 90 heads, (c) less than 85 or more than 115 heads, (d) exactly 100 heads,

4.88. Find the probability that a student can guess correctly the answers to (e) 12 or more out of 20,
(b) 24 or more out of 40, questions on a true-false examination.

489. A machine produces bolts which are 10% defective. Find the probability that in a random sample

of 400 bolts produced by this machine (a) at most 30, (b) between 30 and 50, {(c) between 35 and 45,
(d) 55 or more, of the bolts will be defective.

490. Find the probability of getting more than 25 “sevens” in 100 tosses of a pair of fair dice,

THE POISSON DISTRIBUTION

491, If 8% of the electric bulbs manufactured by a company are defective, find the probability that in a
sample of 100 bulbs {(a) 0, (b) 1, {(¢) 2, (d) 8, (e} 4, (/) 5 bulbs will be defective.

492, In Problem 4.91, find the probability that (¢) more than 5, (b) between 1 and 3, (¢) less than or
equal to 2, bulbs will be defective.

493. A bag contains one red and seven white marbles. A marble is drawn from the bag and its color is
observed. Then the marble is put back into the bag and the contents are thoroughly mixed. Using
(a) the binomial distribution and (b) the Poisson approximation to the binomial distribution, find
the probability that in 8 such drawings a red ball is selected exactly 3 times.

494, According to the National Office of Vital Statistics of the U.S. Department of Health, Education
and Welfare, the average number of accidental drownings per year in the United States is 3.0 per
100,000 population. Find the probability that in a city of population 200,000 there will be (e) 0,
() 2, (¢) 6, (d) B, (e) between 4 and 8, (f) fewer than 3, accidental drownings per year.

495. Prove that if X, and X, are independent Poisson variables with respective parameters ); and »,,
then Xl -+ X, has a Poisson distribution with parameter A, + A, (Hint. Use the moment generat-

Ivar -l-'i stinn Y Oansraliza th eault ta n var: 1ahlac
ing Iu uu.u-.; avhitieiov Wil JT5uUsv i Valiadigs.

THE CENTRAL LIMIT THEOREM

496, Prove the central limit theorem in case X, X,, ... are independent and identically distributed with
the Poisson distribution, (18), page 111.

4.97. Prove the central limit theorem for the independent variables

X 1  prob. 1/2
kT {—1 prob. 1/2

498, Prove the central limit theorem for the independent variables

1 prob.p
X, =
-1 prob. ¢

where ¢ =1—p, thus generalizing Problem 4.97.

499, Explain why you might expect the central limit theorem not to hold in case X, X,, ... have the
Cauchy distribution,
1
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MULTINOMIAL DISTRIBUTION
4,100, Prove the result (17), page 113.

4101. A fair die is tossed 6 times. Find the probability that: (a) 1 “one”, 2 “twos” and 3 “threes” turn
up; (b) each side turns up once.

4.102. A box contains a very large number of red, white, blue and yellow marbles in the ratio 4:3:2:1.
Find the probability that in 10 drawings: (a) 4 red, 3 white, 2 blue and 1 yellow marble will be
drawn; (b) 8 red and 2 yellow marbles will be drawn.

4,103, Find the probability of not getting a 1, 2 or 3 in four tosses of a fair die.

THE HYPERGEOMETRIC DISTRIBUTION

4104. A box contains 5 red and 10 white marbles. If 8§ marbles are chosen at random (without replace-
ment) determine the probability that (a) 4 are red, (b) all are white, (c) at least one is red.

4105. If 13 cards are chosen at random (without replacement) from an ordinary deck of 52 cards find the
probability that (a) 6 are picture cards, (b) none are picture cards,

4.106. Out of 60 applicants to a university 40 are from the east. If 20 applicants are selected at random
find the probability that (a) 10, (b) not more than 2, are from the east.

4107. Use the binomial approximation (18) or (24) to work Problem 4.106 and discuss the accuracy obtained.

4108. Prove directly that (22), page 114, reduces to (1), page 108, as N = =,

THE UNIFORM DISTRIBUTION
4.109. Let X be uniformly distributed in —2 ==z =2. Find (a) P(X<1), (b)) P(X—1[ = }).

4110. Find the moment generating function for the uniform distribution.
4111, Find (a) the third and (b) the fourth moment about the mean of a uniform distribution.
4.112. Determine the coefficient of (a) skewness and (b) kurtosis of a uniform distribution.

4113. If X and Y are independent and both uniformly distributed in the interval from 0 to 1, find
P(X—-Y| = }).

THE CAUCHY DISTRIBUTION

4.114. Suppose that X is Cauchy distributed according to (29), page 114, with ¢ =2. Find (a) P(X < 2),
(b) P(X2=12).

4.115. Prove that the semi-interquartile range for the Cauchy distribution is a. Why is the semi-inter-
quartile range & substitute for the standard deviation in this case?

4.116. Prove that if X, and X, are independent and have the same Cauchy distribution, then their arith-
metic mean also has this distribution,

4117. Generalize the result of Problem 4.116.

4.118. Let X, and X; be independent and normally distributed with mean 0 and variance 1. Prove that
Y = X,/X, is Cauchy distributed.

THE GAMMA DISTRIBUTION
4119. Verify that (81), page 115, is a density function.
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4.120.

4.121.

4122,

A random variable X is gamma distributed with « =3, g8 = 2. Find (e¢) P(X=1), (b)) P(l=X =2).
Determine the modal values of the gamma distribution.

Verify the {a) moment generating function and (b) characteristic function of the gamma distri-
bution given by (33). page 115.

THE BETA DISTRIBUTION

4.123.

4124,

4.125.

Verify that (94), page 115, is a density function.
A random variable X is beta distributed with « =8, g = 2. Find P(X—{]| = }).

Prove that the beta distribution has a unique mode at = = (a — 1)/(a - 8 — 2).

THE CHI-SQUARE DISTRIBUTION

4.126.

4.127.

4.128.

4.129.

4.130.

4.131.

4.132.

4.133.

4.134.

For a chi-square distribution with 12 degrees of freedom, find the value of x2 such that (a) the
area to the right of x2 is 0.05, (b) the area to the left of ;2 is 0.99, (¢) the area to the right of
X2 is 0.025.

i

Find the values of x2 for which the area of the right-hand tail of the %2 distribution is 0.0b, if
the number of degrees of freedom » is equal to (a) 8, (b) 19, (¢) 28, (d) 40.

Work Problem 4.127 if the area of the right-hand taii is 0.01.
{a) Find x? and »2 such that the area under the »? distribution corresponding to »=20 between
xﬂ and »Z is 0.95, assuming equal areas to the right of x} and left of x%. (b) Show that if the

assumptlcm of equal areas in part (a) is not made, the values x3 and 2 are not unique.

If the variable U is chi-square distributed with » = 7, find x2 and xg such that (a) P(U > xz) 0.025,
(b) P(U<x2) =050, () P(2=U =x2) = 0.90.

Find (a) x3s and (b) x%; for » = 150,

Find (a) x395 and (b) x%;5 for » = 250.

A d e

TOR-) R
L LU LIUEL.

Prove that (a) E(x?) = », (b) Var(x?) = 2..

STUDENT'S ¢t DISTRIBUTION

4135,

4.137.

4.138,

4.139,

For a Student’s distribution with 15 degrees of freedom, find the value of ¢, such that (a) the
area to the right of ¢, is 0.01, (b) the area to the left of ¢, is 0.95, (c) the area to the right of ¢,
is 0.10, (d) the combined area to the right of £, and to the left of —¢, is 0.01, (e) the area between
—t, and t, is 0.95.

Find the values of # for which the area of the right-hand tail of the ¢ distribution is 0.01, if the
number of degrees of freedom » is equal to (a) 4, (b) 12, (¢) 25, (d) 60, (e) 150.

Find the values of t; for Student’s distribution which satisfy each of the following conditions:
(a) the area between —t, and t, is 0.90 and » =25, (b) the area to the left of —¢, is 0.025 and
v = 20, (c) the combined area to the right of ¢, and left of —¢, is 0.01 and » =5, (d) the area to
the right of t, is 0.55 and » = 16.

If a variable U has a Student’s distribution with » = 10, find the constant ¢ such that
(@) P(U>¢) =005, (b) P([ce=U=¢) =098 (c) P(U=¢c) =020, (d P(U=¢)=0.90

Show that for 1 degree of freedom the ¢ distribution is a Cauchy distribution.
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4140. Prove that the variance of Student’s ¢ distribution with » degrees of freedom is »/(v —2), » > 2.

THE F DISTRIBUTION

4141. Evaluate each of the following:
(@) F g5,15,12; (B) F 99,120,605 (€) Fon,60,245 () Fo1,30,125 (€) Fys.9 205 (F) Fo1,88-

4.142, Verify that the integral from u# =0 to « of the density function (45), page 11%, is equal to 1.
[Hint: Let v = poutf/(vy + vous).

4.143. Prove the results (46), page 117.
4.144. Prove Theorem 4-8, page 118. (Hint: Make the transformation u = 1/v.)

RELATIONSHIPS AMONG CHI-SQUARE, t AND F DISTRIBUTIONS
4,145, Prove Theorem 4-10, page 118.

THE BIVARIATE NORMAL DISTRIBUTION

4.146. Suppose that X and Y have the joint density function f(z,y) = ke @& +2bxu+cs®) Ghere g b, ¢, k
are constants and b2 <aec. Verify that these constants are as given in (49), page 118.

4147, If X and Y jointly have the bivariate distribution (;¢), show that they are marginally distributed
with variances ¢ and o respectively.

MISCELLANEQOUS PROBLEMS
4148, Find the approximate value of

(30‘“)(0 02)2(0.98)298 - ( )(0.02)3{0.98)”7

and give a probability interpretation.

4149, If X is normally distributed with mean u and variance o%, is X% chi-square distributed with 1
degree of freedom? See Problem 4.36.

4150, Generalize Problem 4.37 by proving that if X, ... ,X are independent normally distributed ran-

dom variables with mean 0 and variance 1, then 3 .Kk is chi-square distributed with » degrees of
freedom.

4151. If X,,...,X, are independent chi-square distributed random variables with p,, ..., p, degrees of
freedom respectively, find the distribution function of X+ --- + X,.

4152. By evaluation of the series (a) E X

Problem 4.8. =0 )1’ (b) E x2

21’ prove directly the results of

x'(u x'(n

4.153. Find the moment generating function for the hypergeometric distribution.

4154, Let the independent variables X;, k=1, ..., n, each have the geometric distribution. Prove that
L
kg‘,!x,( has Pascal’s distribution (see page 118).

4.155. Can the weak law of large numbers be deduced from the central limit theorem? Justify your answer.

4156. Prove the central limit theorem for the case where X,, X,, ... are independent but not necessarily
identically distributed,

4.157. Complete the proof of equation (8) of Problem 4.60, page 144.
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4.158.

4.160.

4.161.

4162,

4.163.

4.164.

Prove Theorem 4-b, page 116.

Prove that
%2a COS WX

= o md& = e o (a>0,u>0)

Prove the results (20) and (23), page 114.
Prove that as » > « Student’s ¢ distribution approaches the standard normal distribution.
Discuss what happens to the variance of the t distribution if (a) » =1, (b) » =2,

Discuss what happens to the mean and variance of the F' distribution for the cases (a) vy =2,
b) y=4, () yy+r=2

The probability that a molecule of an ideal gas has a speed hetween v and v + dv is given by

cv2e —mv? /2T gy

where k and T are respectively Boltzmann’s constant and the Kelvin temperature of the gas.
Determine (a) the constant ¢, (b) the mean speed, (c) the inost probable speed, (d) the root mean
square (rms) speed (i.e. the square root of the mean square speed). Compare your results with

entry b, page 119.
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Chapter 5

Sampling Theory

- rw a swrw o wmT a wmTw & e T B L e b P e

POPULATION AND SAMPLE. STATISTICAL INFERENCE

Often in practice we are interested in drawing valid conclusions about a large group of
individuals or objects. Instead of examining the entire group, called the population, which
may be difficult or impossible to do, one may arrive at the idea of examining only a small
part of this population, which is called a sample. This is done with the aim of inferring
certain facts about the population from results found in the sample, a process known as
statistical inference. The process of obtaining samples is called sampling.

EXAMPLE 5.1. We may wish to draw conclusions about the heights (or weights) of 12,000 adult students
4l -
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EXAMPLE 5.2. We may wish to draw eonclusions about the percentage of defective bolts produced in a
factory during a given 6-day week by examining 20 bolts each day produced at various times during the
day. In this case all bolts produced during the week comprise the population, while the 120 selected bolts
constitute a sample.

EXAMPLE 5.3. We may wish to draw conclusions about the fairness of a particular coin by tossing it
repeatedly. The population consists of all possible tosses of the coin. A sample could be obtained by
examining, say, the first 60 tosses of the coin and noting the percentages of heads and tails.

EXAMPLE 5.4. We may wish to draw conclusions about the colors of 200 marbles (the population) in an
urn by selecting a sample of 20 marbles from the urn, where each marble selected is returned after its
color is observed.

Several things should be noted. First, the word population does not necessarily have
the same meaning as in evervday language, such as “the population of Shreveport is 180,000.”
Second, the word population is often used to denote the observations or measurements
rather than the individuals or objects. Thus in Example 5.1 we can speak of the population

of 12.000 hnlo"hfc. fnv wmcr'hi'sz\ while in 'F"!ramnln 5.4 we can nnpﬂ'lr of the nnnn'lnhnn of all

—_—y A a—dinizasi Siria LA ' viAatywaicas wa dhas

200 colors in the urn (some of which may be the same). Thn‘d, the populatmn can be finite
or infinite, the number being called the population size, usually denoted by N. Similarly
the number in the sample is called the sample size, denoted by n, and is generally finite.
In Example 5.1, N = 12,000, # = 100 while in Example 5.3, N is infinite, n = 60.

SAMPLING WITH AND WITHOUT REPLACEMENT
If we draw an object from an urn, we have the choice of replacing or not replacing the

object into the urn before a second drawing. In the first case a particular object can come
up again and again, whereas in the second it can come up only once. Sampling where each
member of a population may be chosen more than once is called sampling with replacement,
while if each member cannot be chosen more than once it is called sampling without

replacement.

A finite population which is sampled with replacement can theoretically be considered
infinite since samples of any size can be drawn without exhausting the population. For
most practical purposes sampling from a finite population which is very large can be con-
gidered as sampling from an infinite population.

156
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RANDOM SAMPLES. RANDOM NUMBERS

Clearly, the reliability of conclusions drawn concerning a population depends on whether
the sample is properly chosen so as to represent the population sufficiently well, and one
of the important problems of statistical inference is just how to choose a sample.

One way to do this for finite populations is to make sure that each member of the popu-
lation has the same chance of being in the sample, which is then often called a random
sample. Random sampling can be acccmplished for relatively small pcpulations by drawing

gt ndad
LLUCLCUL

lots or, equivalently, by using a table of random numbers (Appendix L; specially co

for such purposes. See Problem 5.43.

Because inference from sample to population cannot be certain we must use the lan-
guage of probability in any statement of conclusions.

POPULATION PARAMETERS
A population is considered to be known when we know the probability distribution f(x)

{probability function or densily function) of the associated random variable X. For
instance, in Example 5.1 if X is a random variable whose values are the heights (or weights)

of the 12,000 students then X has a probability distribution f(z).

If, for example, X is normally distributed we say that the population is normelly dis-
tributed or that we have a normal population. Similarly, if X is binomially distributed we
say that the population is binomially distributed or that we have a binomial population.

There will be certain quantities which appear in f(x), such as ;. and ¢ in the case of the
normal distribution or » in the case of the binomial distribution. Other quantities such as
the median, moments, skewness, etc. can then be determined in terms of these. All such
quantities are often called population parameters. When we are given the population, so
that we know f(x), then the population parameters are also known.

An important problem arises in case the probability distribution f(z) of the population
is not known precisely, although we may have some idea of, or at least be able to make some
hypothesis concerning, the general behavior of f(x). Thus for example we may have some
reason to suppose that a particular population is normally distributed. In such case we
would not know one or both of the values px and o and so we might wish to estimate them.

SAMPLE STATISTICS

We can take random samples from the population and then use these samples to obtain
values which serve to estimate the population parameters.

By way of illustration, let us consider Example 5.1 where X is a random variable whose
values are the various heights. To obtain a sample of size 100 we must first choose one
individual at random from the population. This individual can have any one value, say x,
of the various possible heights and we can call x; the value of a random variable X,, where
the subscript 1 is used since it corresponds to the first individual chosen. Similarly we
choose the second individual for the sample, who can have any one of the values x: of the
possible heights, and xz can be taken as the value of a random variable X:. We can con-
tinue this process up to Xw since the sample size is 100. For simplicity let us assume that
the sampling is with replacement so that the same individual could conceivably be chosen
more than once. In this case, since the sample size is much smaller than the population
size, sampling without replacement would give practically the same results as sampling
with replacement.
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In the general case a sample of size n would be described by the values 2, 2, . . ., 2n of the
random variables X, X, ..., Xn In the case of sampling with replacement X,, Xs, ..., X,
would be independent, identically distributed random variables having probability distri-
bution f(x). Their joint distribution would then be

PXi=21, Xo=2%s, ..., Xn=2n) = f(%1) [(%2)" - - f(n) )

Any guantity obtained from a sample for the purpose of estimating a population param-
eter is called a sample statistic, or briefly statistic. Mathematically, a sample statistic for
a sample of size n can be defined as a function of the random variables X,, ..., X, i.e.
9(X,, ..., X,s). The function g(X,, ..., X») is another random variable, whose values can be
represented by g(xy, . . ., #.). The word statistic is often used for the random variable or for
its values, the particular sense being clear from the context.

In general, corresponding to each population parameter there will be a statistic to be
computed from the sample. Usually the method for obtaining this statistic from the sample
is similar to that for obtaining the parameter from a finite population, since a sample con-
sists of a finite set of values. As we shall see, however, this may not always produce the
“best estimate” and one of the important problems of sampling theory is to decide how to

form the proper sample statistic which will best estimate a given population parameter.
Such problems are considered in later chapters.

Where possible we shall try to use Greek letters, such as ., o, etc., for values of popula-
tion parameters, and Roman letters m, s, etc. for values of corresponding sample statistics.

SAMPLING DISTRIBUTIONS

As we have geen, a sample statistic which is computed from X, .. ., X, is a function of
these random variables and is therefore itself a random variable. The probability distribu-
tion of a sample statistic is often called the sampling distribution of the statistic.

Alternatively we can consider all possible samples of size » which can be drawn from
the population, and for each sample we compute the statistic. In this manner we obtain
the distribution of the statistic, which is its sampling distribution.

For a sampling distribution we can of course compute a mean, variance, standard
deviation, moments, etc. The standard deviation is sometimes also called the standard error.

THE SAMPLE MEAN

Let X, Xq,...,X. denote the random variables for a sample of size n as described
above. Then the mean of the sample or sample mean is a random variable defined by

= . Xl + Xﬂ + et + Xﬂ #
A= n <)
in analogy with (38), page 76. If 24,2, ...,%. denote values obtained in a particular sample

of size n then the mean for that sample is denoted by

P o= Trt+Xe+ - 2 (3)

n

EXAMPLE 5.5. If a sample of size 5 results in the sample values 7, 9, 1, 6, 2 then the sample mean is

s = 7+9+;+6+2 .
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SAMPLING DISTRIBUTION OF MEANS

Let f(x) be the probability distribution of some given population from which we draw a
sample of size n. Then it is natural to look for the probability distribution of the sample
statistic X, which is called the sampling distribution for the sample mean or the sampling
distribution of means. The following theorems are important in this connection.

Theorem 5-1: The mean of the sampling distribution of means, denoted by pz, is given by

S

!
“*

&
2
!
-
i
=

where . is the mean of the population.

Theorem 5-1 states that the expected value of the sample mean is the population mean.

Theorem 5-2: If a population is infinite or if sampling is with replacement, then the vari-
ance of the sampling distribution of means, denoted by o3, is given by
5 o>
E[(X-uf] = o} = & (5)
where o* is the variance of the population.

Theorem 5-3: If the population is of size N, if sampling is without replacement, and if the
sample size is n = N, then (5) is replaced by

- 2(=)

o

F ]

while n; is still given by (4).
Note that (6) reduces to (5) as N = .

Theorem 54: If the population from which samples are taken is normally distributed with
mean p and variance o® then the sample mean is normally distributed with
mean . and variance o*/n.

Theorem 5-5: Suppose that the population from which samples are taken has a probability
distribution with mean p and variance o that is not necessarily a normal
distribution. Then the standardized variable associated with X, given by

Z = X—n (7
= vn )

is asymptotically normal, i.e.

1 z 2
limP(Z=z) = ﬁf e dy 8
nos oo Ver J-a (8)

Theorem 5-5 is a consequence of the central limit theorem, page 112. It is assumed here
that the population is infinite or that sampling is with replacement. Otherwise the above
is correct if we replace o/\/% in (7) by o; as given by (6).

SAMPLING DISTRIBUTION OF PROPORTIONS

Suppose that a population is infinite and binomially distributed, with p and ¢=1-—p
being the respective probabilities that any given member exhibits or does not exhibit a cer-
tain property. For example, the population may be all possible tosses of a fair coin, in
which the probability of the event “heads” is p = 1.
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Consider all possible samples of gsize n drawn from this population and for each sample
determine the statistic which is the proportion P of successes. In the case of the coin P
would be the proportion of heads turning up in n tosses. Then we obtain a sampling dis-
tribution of proportions whose mean p, and standard deviation ¢, are given by

bp = P Tp = \l%‘l = ‘\j?ﬂ,n:ﬂ 9

which can be obtained from (4) and (5) on placing p=p, «=Vpq.

For large values of n (n = 30) the sampling distribution is very nearly a normal distribu-
tion, as is seen from Theorem 5-5.

For finite populations in which sampling is without replacement, the second equation in
(9) is replaced by o; as given by (6) with «= y/pq.

Note that equations (9) are obtained most easily on dividing by » the mean and stand-
ard deviation (np and y/npq) of the binomial distribution.

SAMPLING DISTRIBUTION OF DIFFERENCES AND SUMS

Suppose that we are given two populations. For each sample of size n; drawn from the
first population let us compute a statistic S;. This yields a sampling distribution for S,
whose mean and standard deviation we denote by pg and og respectively. Similarly for
each sample of size nz drawn from the second population let us compute a statistic S: whose
mean and standard deviation are ps, and I, respectively.

Taking all possible combinations of these samples from the two populations we can
obtain a distribution of the differences, S; — Ss, which is called the sampling distribution
of differences of the statistics, The mean and standard deviation of this sampling distri-
bution, denoted respectively by Ms, s, and g, _s,» are given by

Psy—8, = M5, T s, O8~8y 6321 + ugs (IO)

provided that the samples chosen do not in any way depend on each other, i.e. the samples
are independent (in other words, the random variables S; and S: are independent).

Nl

If for example Si and S: are the sample means from two populatmns denoted by

[Ty 4 i L,
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populations with mean and standard deviation ,,, o, and ,, o, respectively by

—_— & o
= e — e = g — eV T = 4T 2
Bgi-x, = Fx, 7wy T T Fa TRy -%y Ui +G§B - m +n2
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(11)

using (4) and (5). This result also holds for finite populations if sampling is with replace-
ment. The standardized variable
_ (X, =X)— (n,— 1) (12)
J5.=
\'. (51 N2
in such case is very nearly normally distributed if #, and n; are large (7., 72 = 30). Similar
results can be obtained for finite populations in which sampling is without replacement by
using (4) and (6).

Corresponding results can be obtained for sampling distributions of differences of pro-
portions from two binomially distributed populations with parameters p:;, g1 and P2, g2
respectively. In this case S; and S: correspond to the proportions of successes P, and P:
and equations (11) yield

— _ _ — __ D101 |, D2q2
Bp-p, = Bp, ~Hp, = Py "B Opp, = Vep top = 4]0 (13)
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Instead of taking differences of statistics we sometimes are interested in the sum of
statistics. In such case the sampling distribution of the sum of statistics S; and Sz has
mean and standard deviation given by

Bss, = s, Fis, 9545, = Vg oy (14)
assuming the samples are independent. Results similar to (11) can then be obtained.

THE SAMPLE VARIANCE

If X;, X, ..., X, denote the random variables for a sample of size n, then the random
variable giving the variance of the sample or the sample variance is defined in analogy with

(14), page 78, by
—XP + (Xo— X2+ - - + (Xo— X)?

n

e =& (15)

Now in Theorem 5-1 we found that E(X) = p and it would be nice if we could also have
E(S?) = ¢*>. Whenever the expected value of a statistic is equal to the corresponding popula-
tion parameter we call the statistic an wunbiased estimator, and the value an wunbiased

estimate, of this parameter. It turns out, however (see Probiem 5.20), that
E(S?) = pe =

which is very nearly ¢ only for large values of n (say n =30). The desired unbiased esti-
mator is defined by

n—1
n

o2 (16)

A 1 — X)? o= XP 4 - w— X
3 ¢ - E-Xr+ (X '.:fil-l- + (Xn— X)? a7

so that B8y = & (18)
Because of this, some statisticians choose to define the sample variance by S2 rather than S

and they simply replace # by n —1 in the denominator of (15). We shall however, continue
to define the sample variance by (15), because by doing this many later results are simplified.

EXAMPLE 5.6. Referring to Example 5.5, page 157, the sample variance has the value
o - B—OP+(T—62+ 562+ @62+ (6 6R

E
o

= 2
while an unbiased estimate is given by
B — @—6F+(T—6°+(5—6)?°+ (8—6)%+ (6—6)
4 4

The above results hold if sampling is from an infinite population or with replacement
from a finite population. If sampling is without replacement from a finite population of
size N, then the mean of the sampling distribution of variances is given by

E(S) = pa = (N"f 1)(”;1)02 (19)

As N = o this reduces to (16).

-~
82

= 25

SAMPLING DISTRIBUTION OF VARIANCES

By taking all possible random samples of size » drawn from a population and then com-
puting the variance for each sample we can obtain the  sampling distribution of variances.
Instead of finding the sampling distribution of S2 or S2 itself, it is convenient to find the
sampling distribution of the related random variable

ns? _ (n-18  (Xi— X))+ (Xe—XpP+ - + (Xa— X
e =

(20)



CHAP. 5| SAMPLING THEORY 161

The distribution of this random variable is described in the following theorem.

Theorem 5-6: If random samples of size n are taken from a population having a normal
distribution then the sampling variable (20) has a chi-square distribution
with #n — 1 degrees of freedom.

Because of Theorem 5-6 the variable in (20) is often denoted by 2. For a proof of this
theorem see Problem 5.22.

CASE WHERE POPULATION VARIANCE IS UNKNOWN
In Theorems 5-4 and 5-5 we found that the standardized variable

X—p
o\/n
is normally distributed if the population from which samples of size n are taken is normally

distributed, while it is asymptotically normal if the population is not normal provided that
n = 30, In (21) we have of course assumed that the population variance ¢* is known.

(21)

It is natural to ask what would happen if we do not know the population variance. One
possibility is to estimate the population variance by using one or more sample variances
and then put the corresponding standard deviation in (21). A better idea is to replace the
o in (21) by the random variable § giving the sample standard deviation and to seek the
distribution of the corresponding statistic which we designate by

_ KXo Xow (22)
S Sh/m—1

We can then show by using Theorem 4-6, page 117, that T has Student’s ¢ distribution with
n — 1 degrees of freedom. We state this in the following theorem, which is proved in
Problem 5.24.

Theorem 5-7: 1f random samples of size n are taken from a normally distributed population
then the statistic (22) has Student’s distribution with # — 1 degrees of freedom,

It is found that Theorem 5-7 holds even when samples are taken from populations which
are not normal but have distributions which are bell-shaped like the normal distribution.

Because we do not have to know the population variance we often refer to the above
type of sampling as belonging to exact or small sampling theory.

SAMPLING DISTRIBUTION OF RATIOS OF VARIANCES

On page 159 we indicated how sampling distributions of differences, in particular differ-
ences of means, can be obtained. Using the same idea we could arrive at the sampling
distribution of differences of variances, say Si — S2. It turns out, however, that this sam-
pling distribution is rather complicated. Instead, we may consider the statistic Si/S3, since
a large or small ratio would indicate a large difference while a ratio nearly equal to 1 would
indicate a small difference.

Theorem 5-8: Let two independent random samples of sizes m and n respectively be drawn
from two normal populations with variances l:rl, of respectlvely Then if the
variances of the random samples are given by S}, 32 respectively, the statistic

. mS/(m—1)et  8/a?
= WS- DE ~ Jya
has the F' distribution with m — 1, n — 1 degrees of freedom.

(23)
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The theorem can also be applied in case the population distributions are not normal but
are bell-shaped.

OTHER STATISTICS

Many other statistics besides the mean and variance or standard deviation can be defined
for samples. Examples are the median, mode, moments, skewness, kurtosis, etc. Their

s LN .| [ & [P [y L .y N

definitions are analogous to those given for populations in Chapter 3. Sampling distribu-
tions for these statistics, or at least their means and standard deviations (standard errors),
can often be found. Some of these, together with ones already given, are shown in the fol-

lowing table.

Table 5-1
STANDARD ERRORS FOR SOME SAMPLE STATISTICS

Sample Statistic Standard Error Remarks

This is true for large or small samples
where the population is infinite or sampling
is with replacement. The sampling distribu-
tion of means is very nearly normal (asymp-

Means o0x = —— totically normal) for n = 30 even when the
Ve population is nonnormal.
ux = s the population mean
in all cases.
The remarks made for means apply here
. 1—
Proportions op = P—{—;ﬂ - pr as well.
pp = p in all cases
For n = 30 the sampling distribution of
Omed = © 1’ 21 the medians is very nearly normal. The
Medians n given result holds only if the population is
1.2533 ¢ normal or approximately normal.
ﬁ Bmed — B
For = = 100 the sampling distribution
of S is very nearly normal.
(1) o5 = — og is given by (1) only if the population is
o Ven normal (or approximately normal). If the
Standard deviations — population is nonnormal (2) can be used,

Py _ He

&l as = Ano? Note that (2) reduces to (7) when p, = 864,

which is true for normal populations.

For n = 100, pg = o very nearly.

Variances

(1) Og2 = 02\{-%

@ Ogz —

The remarks made for standard devia-
tions apply here as well. Note that (2) yields
(1) in case the population is normal.

vge = (n—1)e?/n

which is very nearly o2 for large = (n = 30).
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FREQUENCY DISTRIBUTIONS

If a sample (or even a population) is large it is difficult to observe the various character-
istics or to compute statistics such as mean, standard deviation, etc. For this reason it is
useful to organize or group the raw data. As an illustration suppose that a sample consists
of the heights of 100 male students at XYZ University. We arrange the data into classes
or categories and determine the number of individuals belonging to each class, called the
class frequency. The resulting arrangement, Table 5-2, is called a frequency distribution
or frequency table.

Table 5-2 ™
L
HEIGHTS OF 100 MALE STUDENTS 5 e 2N
AT XYZ UNIVERSITY & A
| 2] i ™
Height Number of B 30 / L
(inches) Students b f/ 5
E m—l ) \"
60—62 5 g 7 \
’ \
63—65 18 2 0l 1 \
66—68 42 s 4 o~
= ,F: ' b Y
6971 27 = - 1 T Y T T Sy
5B 81 & &7 il 78 T8
72—74 8 Height {inches}
TAL
To 100 Fig. 5-1

The first class or category, for example, consists of heights from 60 to 62 inches, indi-
cated by 60-62, which is called a class interval. Since 5 students have heights belonging to
this class the corresponding class frequency is 5. Since a height which is recorded as 60
inches is actually between 59.5 and 60.5 inches while one recorded as 62 inches is actually
between 61.5 and 62.5 inches, we could just as well have recorded the class interval as
59.5-62.5. The next class interval would then be 62.5-65.5, etc. In the class interval
59.5—-62.5 the numbers 59.56 and 62.5 are often called class boundaries. The width of the jth
class interval, denoted by ¢;, which is usually the same for all classes (in which case it is
denoted by ¢), is the difference between the upper and lower class boundaries. In this case
¢c=625—-595=3.

The midpoint of the class interval, which can be taken as representative of the class,
is called the class mark. In the above table the class mark corresponding to the class inter-
val 60-62 is 61.

A graph for the frequency distribution can be supplied by a histogram, as shown shaded
in Fig. 6-1, or by a polygon graph (often called a frequency polygon) connecting the mid-
points of the tops in the histogram. It is of interest that the shape of the graph seems to
indicate that the sample is drawn from a population of heights which is normally distributed.

JEL RJL % 1131L. 43 R284L 2 g

RELATIVE FREQUENCY DISTRIBUTIONS AND OGIVES

If in Table 5-2 we recorded the relative frequency or percentage rather than the number
of students in each class, the result would be a relative or percentage frequency distribu-
tion. For example, the relative or percentage frequency corresponding to the class 63-65 is
18/100 or 18%. The corresponding histogram is then similar to that in Fig. 5-1 except
that the vertical axis is relative frequency instead of frequency. The sum of the rectangu-
lar areas is then 1 or 100%.
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We can consider a relative frequency distribution as a probability distribution in which
probabilities are replaced by relative frequencies. Since relative frequencies can be thought
of as empirical probabilities (see page 6), we can think of relative frequency distributions
as empirical probability distributions.

In Chapter 2 we saw that we could associate with every probability distribution f(x) a
distribution function defined by F(z)=P(X =) and could also graph this function. By
analogy we can associate with any frequency distribution a cumulative frequency distri-
hution or cumulative relative f-rpm;om.ﬂa: distribution, whose associated graphs are often

W LLUEIATD AL WOV IUMAR L T A WAL U L Ny R P gy s LRl iy [ i e i L ]

called ogives or percentage ogives respectively. See Problem 5.30.

COMPUTATION OF MEAN, VARIANCE AND MOMENTS FOR GROUPED DATA

We can represent a frequency distribution as in Table 5-3 by giving each class mark and
the corresponding class frequency. The total frequency is =, i.e.

n=fitfot -+ =2f

Table 5-3
Class Mark Class Frequency
&y fi
o] fo
Tk fi
TOTAL n
Since there are f; numbers equal to zi, f numbers equal to @, ..., fx numbers equal to ax,

the mean is given by

. hei+faxe+ -+ frae  Zfx
o= n S on (24)

Similarly the variance is given by

fila — &) + fo(xe — P + - - - + fulee—F)*  Zf(x— &)
n - 7

Note the analogy of (24) and (25) with the results (2), page 76, and (13), page 78, if fi/n

correspond to empirical probabilities.

52 =

(25)

In the case where class intervals all have equal size ¢ there are available short methods
for computing the mean and variance. These are called coding methods and make use of
the transformation from the class mark z to a corresponding integer « given by

r = a+cu (26)

where a is an arbitrarily chosen class mark corresponding to # = 0. The coding formulas
for the mean and variance are then given by

a?=a+%2fu=a+cu (27)

_ cg[ﬁf”_(ﬁ{u)j = 62— ) (28)
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Similar formulas are available for higher moments. Thus the rth moments about the mean
and the origin respectively are given by
fil@a—a)y + -« + fi(oe— Z) Sf(z—z)

me = po = - (29)

fiel + <+ - + fumk Zfar
4 J— — ..
My = n = n (80)

The two kinds of moments are related by

my = 0
me = mb— mi
, (81)
ms = ms— Smims + 2m7
ms = mi — dmimh + 6mfme— 3mi?
ete. If we write
M, = - M = 2%
T mn
then the relations (31) also hold between the M’s. But
m, — 2f(x—z) _ 2 fl(a + eu) — (a +ci)]" _ 2 fer(u—a) — oM,
n n n
so that we obtain from (31) the coding formulas
my = 0
me = cX(Ms— MY)
(32)

mas = ¢(Ms;—3MiM:+2MY)
me = c(Mi—AMIM;+ 6Mi*M5 — 3M7)
etc. The second equation (82) is, of course, the same as (28).

In a similar manner other statistics such as skewness, kurtosis, ete. can be found for
samples.

Solved Problems
SAMPLING DISTRIBUTION OF MEANS
R 1 A narmlatinn samaiete of the ive nunmhbare 2 2 A 2 11 Canaidar all nagaihla anarmnlas
raaAe s Pul—'u‘“‘lull LA ELOAC LT WA LRI, AW Y LIWARLLAESC AT u’- U’ U, U, P ASUIBIOEVAN L CHAL P\mﬂlulﬁ Dﬂlllplﬁﬂ

of size two which can be drawn with replacement from this population. Find (a) the
mean of the population, (b) the standard deviation of the population, (c¢) the mean
of the sampling distribution of means, (d) the standard deviation of the sampling
distribution of means, i.e. the standard error of means.

(@) J“=2+3+€:'c5-i-8-1~11=_35(_)_:l&,'.l|:II

(2—6)2+ (3—6)2+ (6—6)2+ (B—6)2+ (11 —612 16+ 9+0+44+ 25
[ - 5

(b) a? =
and o = 3.29.

= 10.8
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(e)

(d)
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There are 6(6) = 25 samples of size two which can be drawn with replacement (since any one of
five numbers on the first draw can be associated with any one of the five numbers on the sec-
ond draw). These are

(2,2) {2,3) (2,6) (2,8) (2,11)

(3,2) (8,3) 8,6) (3,8 (8,11)
6,2) (6,3 (6, 6) (6, 8) (6,11)
(8,2) (8,3) (8,6) (8,8) (8,11)
(11,2) (11,3) (11,6} (11,8} {(11,11)
The corresponding sample means are
2.0 2.b 4.0 5.0 6.5
2.5 3.0 4.5 5.6 7.0
(1) 4.0 4.5 6.0 7.0 8.6
5.0 b.b 7.0 8.0 9.5

6.5 7.0 8.6 9.6 11.0
and the mean of the sampling distribution of means is

_ __ sum of ail sampie means in (i) above _ 1b0
o = 25 2b

illustrating the fact that ujz = u. For a general proof of this see Problem b.6.

= 6.0

The variance v)*.‘ of the sampling distribution of means is obtained by subtracting the mean 6
from each number in (I), squaring the result, adding all 256 numbers thus obtained, and dividing
by 26. The final result is

2 = 135 _ 540 sothat ox = V5.40 = 2.32

% T 2

This illustrates the fact that for finite populations involving sampling with replacement
{or infinite populations), a’% = o2/n since the right-hand side is 10.8/2 = 5.40, agreeing with the
above value, For a general proof of this see Problem b5.7.

5.2. Solve Problem 5.1 in case sampling is without replacement.

(c)

(d)

As in (2) and (b) of Problem 5.1, y =6 and o2 =108, o= 8.29.

There are ;C; = 10 samples of size two which can be drawn without replacement (this means
that we draw one number and then another number different from the first) from the population,
namely
2,3), (2,6), (2,8), (2,11), (3,6), (3,8), (3,11), (6,8), (6,11), (8,11)
The selection (2, 3), for example, is considered the same as (3, 2).
The corresponding sample means are
2.6, 4.0, b.0, 6.5, 4.5, 6.5, 7.0, 7.0, 85, 9.5

and the mean of sampling distribution of means is

25+ 4.0 + 5.0 7.0

L AR L AE 1L EE L 1 LK 1L akE
T OO T D0 T 4.0 T B0 T T T 0.0 T D.0

g = 0 = 6.0

N
iU

illustrating the fact that pg = p

The variance of the sampling distribution of means is

_ (25—6.002 + (40—6.002 + (.0 —6.0)2 + --- + (9.5—6.0)F _
= 16 = 4.05

olg’
and oz = 2.01.

.- _of{N—=n . . . 108/6—2\ _
This illustrates o; = n(_“N-—- 1), since the right side equals T(ﬁ) = 4.06, as

obtained above. For a general proof of this result see Problem 5.47.
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5.3. Assume that the heights of 8000 male students at a university are normally distrib-
uted with mean 68.0 inches and standard deviation 8.0 inches. If 80 samples consist-
ing of 25 students each are obtained, what would be the expected mean and standard
deviation of the resulting sampling distribution of means if sampling were done
(a) with replacement, (b) without replacement?

The numbers of samples of size 26 which could be obtained theoretically from a group of 3000
students with and without replacement are (3000)25 and p0pCy5, Which are much larger than BO.
Hence we do not get a true sampling distribution of means but only an experimental sampling dis-
tribution. Nevertheless, since the number of samples is large, there should be close agreement be-
tween the two sampling distributions. Hence the expected mean and standard deviation would be
close to those of the theoretical distribution. Thus we have

2
<| ch |

(a) pg = p = 68.0 inches and ag = = 0.6 inches

> SIE

_ T — — 3 3000 — 26
Vo N-1 V’E 3000 — 1

which is only very slightly less than 0.6 inches and can therefore for all practical purposes be
considered the same as in sampling with replacement.

(b) px = p = 680 inches and o

Thus we would expect the experimental sampling distribution of means to be approximately
normally distributed with mean 68.0 inches and standard deviation 0.6 inches.

54. In how many samples of Problem 5.3 would you expect to find the mean (a) between
66.8 and 68.3 inches, (b) less than 66.4 inches?

. X—ux X—680
The mean X of a sample in standard units is here given by Z = =

ox 0.6

(2) 66.8 in standard units = (66.8 — 68.0)/0.6 = —2.0
68.3 in standard units = (68.8 — 68.0)/0.6 = 0.5
Proportion of samples with means between 66.8 and 68.3 in.
= (area under normal curve between 2 = —2.0 and z = 0.5)

= (area between #z = —2 and 2 =10}
+ (area between z =0 and z = 0.b)

= 0.4772 + 0.1916 = 0.6687

Then the expected number of samples = (80)(0.6687) or 53. Fig. 5-2

(b) 66.4 in standard units = (66.4 — 68.0)/0.6 = —2.67
Proportion of samples with means less than 66.4 in.
= (area under normal curve to left of z = —2.67)

(area to left of 2=0)
— {area between z = —2.67 and z =0}

= 0.b — 0.4962 = 0.0038

—2.67
Then the expected number of samples = (ROVM0.008R) = 0.304

or ZEero. Fig. 5-3

55. Five hundred ball bearings have a mean weight of 5.02 ounces and a standard devia-
tion of 0.80 ounces. Find the probability that a random sample of 100 ball bearings
chosen from this group will have a combined weight of (&) between 496 and 500
ounces, (b) more than 510 ounces.

For the sampling distribution of means, pz = p = 5.02 oz,

s = T A[N-m _ 030 [B00-100 _ 4
Ve VN =1 /100 V 500 —1
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{a) The combined weight will lie between 496 and 500 oz if the mean weight of the 100 ball bearings
lies between 4.96 and 5.00 oz.

4.96 in standard units = (4.96 — 5.02)/0.027 = —2.22
5.00 in standard units = (5.00 — 5.02)/0.027 = —0.74
Required probability
= (area between z = —2.22 and z = —0.74)

= (area between z = —2.22 and z = 0)
— (area hetween z = —0.74 and z =0}

= 0.4868 — 0.2704 = 0.2164 Fig. 5-4

2,22 - 0.74

(b} The combined weight will exceed 510 oz if the mean weight of the 100 bearings exceeds 5.10 oz.
5.10 in standard units = (5.10 —5.02)/0.027 = 2.96
Required probability
= (area to right of z = 2,96)

= ({area to right of 2 =0)
— (area between z =0 and z = 2.96)

= 05— 0.4985 = 0.0015 el | S

2.98

Thus there are only 3 chances in 2000 of picking a sample
of 100 ball bearings with a combined weight éxceeding 510 oz. Fig. 5-5

5.6. Prove Theorem 5-1, page 158.

Since X,, X, ..., X, are random variables having the same distribution as the population,
which has mean pu, we have

E{Xk) = & kzl,ﬂ,...,ﬂ
Then since the sample mean is defined as
X — Xl + -+ er
n
we have as required 1 1
EX) = ;[E{Xﬂ'l' e+ E(Xy)] = ;(ﬂp} = p
5.7. Prove Theorem 5-2, page 158.
We have ) X, X, X,
X = — 4+ — 4 v+ + —
n n n
Then since X,,..., X, are independent and have variance o2, we have by Theorems 3-5 and 3-T:
O | 1 _ 1 _ o?
Var(X) = ;Var(X[j + - 4+ EVar(Xﬂ} = ﬂ(n—zl:l"z> = o

SAMPLING DISTRIBUTION OF PROPORTIONS

5.8. Find the probability that in 120 tosses of a fair coin (c) between 40% and 60% will
be heads, (b) § or more will be heads.

We consider the 120 tosses of the coin as a sample from the infinite population of all possible
tosses of the coin. In this population the probability of heads. is p = 4 and the probability of tails
is g=1—p=1.

(e} We require the probability that the number of heads in 120 tosses will be between 40% of 120,
or 48, and 60% of 120, or 72. We proceed as in Chapter 4, using the normal approximation to
the binomial distribution. Since the number of heads is a discrete variable, we ask for the
probability that the number of heads lies between 47.56 and 72.5.
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u = expected number of heads = np = 1m(—;—) = 60

and o = Vipg = (120)(%)(-;—) = 548
475 in standard units = 1> —90 _ _p9g
5.48
72.5 in standard units = 20— 00 _ 998

Required probability

= (area under normal curve
between z = —2.28 and z = 2.28)

= 2{area between z =0 and z = 2.2B) —2.28 2.28
= 2(0.4887) = 0.9774 Fig. 5-6
Another method.
hp = p = + = 050 op = 4172 = 4JED) _ 40456
2 V n V 120
40% in standard units = 230 — 050 _ 549
0.0456
0.60 — 0.50

60% in standard units = = 219

0.0456

Thus the required probability is the area under the normal curve between z= —2.19 and
z =219, i.e. 2(0.4867) = 0.9714.

Although this result is accurate to two significant figures, it does not agree exactly since
we have not used the fact that the proportion is actually a discrete variable. To account for

. 1 _ 1 1 _ 1 i
this we subtract n ——-**-“2(120} from 0.40 and add o ——-*2(120} to 0.60. Thus, the required
proportions in standard units are, since 1/240 = 0.00417,

0.40 — 0.00417 — 0.50 _ 0.60 + 0.00417 — 0.50 _
0.0456 = —228  and 0.0456 = 2.28

so that agreement with the first method iz obtained.
Note that (0.40 — 0.00417) and (0.60 + 0.00417) correspond to the proportions 47.5/120 and
72.6/120 in the first method above.

(b) Using the second method of (a), we find that since § = 0.6250,

0.6250 — 0.00417 — 0.50
0.0456

Required probability — (area under normal curve to right of 2 =2.65)

= (area to right of z=0)
— (area between z =0 and z = 2.65)

0.6 — 0.4960 = 0.0040

(0.6250 — 0.00417) in standard units = = 2.65

i

59. Each person of a group of 500 people tosses a fair coin 120 times. How many people
should be expected to report that (a) between 40% and 60% of their tosses resulted
in heads, (b) § or more of their tosses resulted in heads?

This problem is closely related to Problem 5.8. Here we consider 500 samples, of size 120 each,
from the infinite population of all possible tosses of a coin.

(a¢) Part (a) of Problem b5.B states that of all possible samples, each consisting of 120 tosses of a
coin, we can expect to find 97.74% with a percentage of heads between 409 and 60%. In 500
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samples we can thus expect to find about 97.74% of 500, or 489, samples with this property.
It follows that about 489 people would be expected to report that their experiment resulted in
between 40% and 60% heads.

It is interesting to note that 500 — 489 = 11 people would be expected to report that the
percentage of heads was not between 407 and 60%. These people might reasonably conclude
that their coins were loaded, even though they were fair. This type of error is a risk which is
always present whenever we deal with probability.

Fa¥sy L.y %

By reasoning as in (a), we conciude that about (500)(0.0040) = 2 persons would report that § or
more of their tosses resulted in heads.

—
[~
—

5.10. It has been found that 2% of the tools produced by a certain machine are defective,
What is the probability that in a shipment of 400 such tools (e¢) 8% or more, (b) 2%
or less will prove defective?

o N Jﬂ _ {0.02(0.93) _ 014 _
pp = p =002 and o = \[TT = 200 -~ g0 — 0007

(e) Using the correction for discrete variables, 1/2n = 1/800 = 0.00125, we have

0.03 — 0.00125 — 0.02
0.007

{0.03 — 0.00125) in standard units = = 125

Required probability = {area under normal curve to right z —1.25) = 0.1056
If we had not used the correction we would have obtained 0.0764,

Another method.

(8390 of 400) = 12 defective tools. On a continuous basis, 12 or more tools means 11.5 or
more.

u = (2% of 400) = 8 o = Vupqg = V/(400)(0.02)(0.98) = 2.8

Then, 11.6 in standard units = (11.5 -—-8).’2.8 = 1.25, and as before the required probability
is 0.1056.

0.02 + 0.00125 — 0.02
0.007

Required probability = (area under normal curve to left of # =0.18)
= 0.5000 + 0.0714 = 0.5714

(b) {0.02 4+ 0.00126) in standard units =

= 0.18

If we had not used the correction, we would have obtained 0.5000. The second method of part
(a) can also be used.

5.11. The election returns showed that a certain candidate received 46% of the votes.
Determine the probability that a poll of (a) 200, (b) 1000 people selected at random
from the voting population would have shown a majority of votes in favor of the

candidate.

252 2%AES

(@) pp = p = 046 and  op = \f% - \‘% = 0.0352

Since 1/2n = 1/400 = 0.0025, a majority is indicated in the sample if the proportion in
favor of the candidate is 0.50 + 0.00256 = 0.5025 or more. (This proportion can also be obtained
by realizing that 101 or more indicates a majority but this as a continuous variable is 100.5,
and so the proportion is 100.5/200 = 0,56025.)

Then, 0.5025 in standard units = {0.5025 — 0.46)/0.0352 = 1,21 and

Required probability = (area under normal curve to right of z = 1.21)
= 0.5000 — 0.3869 = 0.1131
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() up=p = 0.46, op = \/pg/n = /0.46(0.54)/1000 = 0.0158, and

0.5026 — 0.46

00iss - 269

0.5025 in standard units =

Required probability = (area under normal curve to right of z = 2.69)
= 0.5000 — 0.4964 = 0.0036

SAMPLING DISTRIBUTIONS OF DIFFERENCES AND SUMS

5.12. Let U; be a variable which stands for any of the elements of the population 8, 7, 8
and Uz a variable which stands for any of the elements of the population 2, 4.

Compute (a) By,» (&) Mg, (c) Py, —uyr (d) Ty,» (e) Ty,r N Ty, —uvy"
(@) 1y, = mean of population U; = -% B+7+8) = 6

(b) py, = mean of population U, = %(2%—4) = 3

() The population consisting of the differences of any member of U/, and any member of U, is

3—2 7-2 8-—2 1 5 6
3—4 7T7—4 B8B—4 or 1 3 4
L+5+6+ (=) +3+4

Then by,—y, = mean of (U,—Uy) = é ) =3

which illustrates the general result uy, _y, = sy, —py,, 28 is seen from (a) and (b).

(3—62+(7—6)2+ (8—6)2 _ 14
3 ]

(d) “ﬁn = variance of population U, =

_ e _ a2
© "fr, = wvariance of population U, = (2 —3) ;{4 3z _ ;

or o, = 1.

0 a%l_vt = variance of population (U, — Uy)
_ (1—32+(6—3P2+(6—82+ (—1—-82+ (3-8 + (43 _ 17
- ‘ 6 T3
_ |17
or %uy,-uy — 3°

e, |
L

+ =
- Palll

V .
general result follows from Theorem 3-7, page 79.

& Cyp-uy T

5.13. The electric light bulbs of manufacturer A have a mean lifetime of 1400 hours with
a standard deviation of 200 hours, while those of manufacturer B have a mean life-
time of 1200 hours with a standard deviation of 100 hours. If random samples of
125 bulbs of each brand are tested, what is the probability that the brand A bulbs
will have a mean lifetime which is at least (a) 160 hours, (b) 250 hours more than
the brand B bulbs?
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Let X, and Xp denote the mean lifetimes of samples A and B respectively. Then

By _“'CB = ,u.id—pfn = 1400 — 1200 = 200 hr

A
_ ek e [aooy | @002 _
and %% = Nmp Tmy = Vizs Yz T XM
The standardized variable for the difference in means is
, _ EamXp) — gz  Ka—Xu) 200
) %%p-Ky 20

and is very nearly normally distributed.

() The difference 160 hours in standard units = (160 — 200)/20 = —2.
Required probability (area under normal curve to right of z = —2)

= 0.5000 + 0.4772 = 09772

It

(b) The difference 250 hours in standard units = (250 — 200)/20 = 2.50.

Required probability = (area under normal curve to right of z = 2.50)
= 0.6000 — 0.4938 = 0.0062

Ball bearings of a given brand weigh 0.50 ounces with a standard deviation of 0.02
ounces. What is the probability that two lots, of 1000 ball bearings each, will differ
in weight by more than 2 ounces?

Let X; and X, denote the mean weights of ball bearings in the two lots. Then
= 0.60 — 060 = 0

BR—%y — PRy T HXy
o (0.02)2 . (0.02)2
- - = 1 2 h h =
% -y | ng 1000 T 1000 0.000895
(X;—Xo)— 0
The standardized variable for the difference in means is Z = 0000895 and is very

nearly normally distributed.
A difference of 2 oz in the lots is equivalent to a difference of 2/1000 = 0.002 oz in the means.
This can oceur either if X, — X, = 0.002 or X,— X, = —0.002, i..

0.002 — 0 —0.002 — 0

== = = T — . =
Z = $.000895 223 or  Z = —4500895 223

Then
P(Z=228 or Z=-2.23) = P(Z=223) + P(Z=-223) = 2(0.6000—0.4871) = 0.0258

A and B play a game of “heads and tails,” each tossing 50 coins. A will win the
game if he tosses 5 or more heads than B, otherwise B wins. Determine the odds
against A winning any particular game.

Let P, and Py denote the proportion of heads obtained by A and B. If we assume the coins
are ail fair, the probability p of heads is §. Then

Bpa—Py Bpy ™ Hry 0
2(3(3)
= Ve 7 — 1’__330 bg _ =
and %, Py %, + T ” + . 50 0.10

The standardized variable for the difference in proportions is Z = (P, — Py — 0)/0.10.

On a continuous-variable basis, b or more heads means 4.5 or more heads, 8o that the difference in
proportions should be 4.5/50 = 0.09 or more, i.e. Z is greater than or equal to (0.09 —0)/0.10 = 0.9
{(or Z=0.9). The probability of this is the area under the normal curve to the right of Z = 0.9,
which is 0.5000 — 0.3159 = 0.1841.

Thus the odds against A winning are (1 — 0.1841):0.1841 = 0.8159:0.1841, or 4.43 to 1.
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5.16. Two distances are measured as 27.3 inches and 15.6 inches, with standard deviations
(standard errors) of 0.16 inches and 0.08 inches respectively. Determine the mean
and standard deviation of (a) the sum, (b) the difference of the distances.

If the distances are denoted by D, and D; then

{(a) #p,+p, = #p, T ep, = 273 +16.6 = 42.9 inches
op,+p, = Vop +of = V(0.16)2 + (0.08)> = 0.18 inches

(b) bpy—p, = #p, +#p, = 2183166 = 1L7 inches
op,—p, = Vo5, + o8, = V(016 + (0.08 = 0.18 inches

5.17. A certain type of electric light bulb has a mean lifetime of 1500 hours and a standard
deviation of 150 hours. Three bulbs are connected so that when one burns out,
another will go on. Assuming the lifetimes are normally distributed, what is the
probability that lighting will take place for (a) at least 5000 hours, (b) at most
4200 hours?

Denote the lifetimes as L;, L, and Ly. Then

Mrosrger, = Bp, tag, +mg, = 1500 + 1500 + 1500 = 4500 hours
O gty — \/ofl+o~f1+ois = V/3(160)2 = 260 hours

(a) 5000 hours in standard units = (5000 — 4500)/260 = 1.92.
Required probability = (area under normal curve to right of z = 1,92}
= 0.5000 — 0.4726 = 0.0274
(d) 4200 hours in standard units = (4200 — 4500)/260 = —1.13.

Required probability = (area under normal curve to left of z = —1.15)
= 0.5000 — 0.3749 = 0.1251

SAMPLING DISTRIBUTION OF VARIANCES

5.18. With reference to Problem 5.1, find (a) the mean of the sampling distribution of
variances, (b) the standard deviation of the sampling distribution of variances, i.e.
the standard error of variances.

{¢) The sample variances corresponding to each of the 25 samples in Problem 5.1 are

0 0.25 4,00 9.00 20.26
0.26 0 2.25 6.25 16.00
4.00 2.26 0 1.00 6.25
9.00 6.256 1.00 0 2.25
20.25 16.00 6.25 2256 0
Mean of sampling distribution of variances is
sum of all variances in the table above 135
Bgz = 35 = o5 5.40

This illustrates the fact that ue = (n—1}o%/n, since for n =2 and o = 10.8 [see
Problem B5.1(b)], the right hand side is 1(10.8) = 5.4.

The result indicates why a corrected variance for samples is often defined as S2= " E 1 S2,
since it then follows that ugs — o® (see also the remarks on page 160).

(b) The variance of the sampling distribution of variances o, is obtained by subtracting the mean
5.40 from each of the 256 numbers in the above table, squaring these numbers, adding them,
and then dividing the result by 25. Thus, urg, = B75.75/256 = 23.03 or o5 = 4.80.
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519. Work the previous problem if sampling is without replacement.
(@) There are 10 samples whose variances are given by the numbers above (or below) the diagonal
of zeros in the table of Problem 5.18(a). Then

hr = 0.25 + 4.00 + 9.00 + 20.25 + 2.25 -+ 6.25 + 16.00 + 1.00 + 6.26 + 2.25
S 10

= 676

N _
This is a special case of the general result pg = (N_-—l)(ﬂ_n_l)"& [equation {19), page

160] as is verified by putting N =5, n=2 and o= 10.8 on the right-hand side to obtain
pez = (§)(3)(10.8) = 6.75.

(b) Subtracting 6.75 from each of the 10 numbers above the diagonal of zeros in the table of Prob-
lem 5.18(a), squaring these numbers, adding them and dividing by 10, we find ag, = 39.676 or
ogz = 6.30.

5.20. Prove that n—1
ElSY) =

ki)
Fi

02

where S? is the sample variance for a random sample of size n, as defined on page 160,
and o¢® is the variance of the population.

Method 1.
We have
X -X = X, - :—t(xl-l' e+ X)) = i[(n_I)X, ~ Xy — -0 — X,)
= o-no—w - X—w - — &= )
Then
X, —X2 = #[(n —1AX, — w2 + (Xg—p)2 + -+ + (X, — p)?* -+ cross-product terms]

Since the X’s are independent the expectation of each cross-product term is zero, and we have

E((X, - X = Lin—12E(X, w2 + E[(X;— w? + - + E[(X,— )2}

= {12 + o2+ -+ o?)

= %{(1%—1)202+(n—1]a2} = “;102

Similarly, E[(X,,—X)%] = (n—1)e?/n for k=2,...,n. Thus

B = lex-Re+ o+ @, 29

_ !.l:“____1°.2+...+“—162] — ”_10.2
n n 7n "

Method 2.
We have X;—X = (X;— ) — (X —p). Then
(X;— X1 = (X;—p)2 — 2(X;— )X — p) + (X — p)2
and
(1) 2X;—X2 = BX;—p2 - 20X —p) BX;—p) + SE—p2

where the sum is from § =1 to n. This can be written
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@ 2(X;— X2

S (X;— w2 = 20X — ) + (X - )
= Z(X;—w? — n(X - )2

gince 3(X;—u) = 2X; —mp = n(X —p). Taking the expectation of both sides of (2) and using
Problem 5.7 we find

E[E(x,—i)z] = E[E(X,-—p}ﬂ — nE[(X — )7

— — Y = -
= ot n(ﬂ)—(ﬂ 1)o2

from which E(S?) = “;102

Prove Theorem 5-4, page 158.
If X;, §=1,2,...,n, is normally distributed with mean » and variance o? then its charac-
teristic function is (see Table 4-2, page 111)

¢5l0) = giw—(0*u®)/2

The characteristic function of X, + Xy + - -+ + X, is then, by Theorem 3-12,

(0) = gi6) pale) -~ pnle) = e nrhorz

since the X; are independent. Then, by Theorem 3-11, the characteristic function of
X — X|+X2+°"+X"

n

' gx(w) = cﬁ(ﬁ) = e‘#‘"”‘“o’!nm‘];z

But this is the characteristic function for a normal distribution with mean x and variance o%/n, and
the desired result follows from Theorem 3-13.

Prove Theorem 5-6, page 161.

n
By definition, (n— 1)§2 = 3§1 (X;— X)2. It then follows from (2) of Method 2 in Problem 5.20
that V =V, + V,, where

5 X — ) _ &
i=1 o? ’ - atin

Now by Theorem 4-3, page 116, V is chi-square distributed with n degrees of freedom [as is seen
on replacing X; by (X;— p)fo]. Also, by Problem 5.21, X is normally distributed with mean » and
variance o%/n. Therefore, from Theorem 4-3 with » = 1 and X, replaced by (X — x)/Vo%/n, we see
that V, is chi-square distributed with 1 degree of freedom. It follows from Theorem 4-5, page 1186,
that if V, and V, are independent then V| is chi-square distributed with n— 1 degrees of freedom.
Since we can show that V| and V; are indeed independent (Problem 5.135) the required result follows.

_ (n—1}§2
= s

V = Vi v Ve

(a) Use Theorem 5-6 to determine the expected number of samples in Problem 5.1
for which sample variances are greater than 7.2. (b) Check the result in () with the
actual result.

(2} We have n =2, o2= 10.8 [from Problem 5.1(d)]. For s; = 7.2, we have

nei  _ (2)(7.2)

2 108 153
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Now according to Theorem 5-6 x2 = nSZ/o? — 252/10.8 has the chi-square distribution with
1 degree of freedom. From the table in Appendix E it follows that

P(S?=s?) = P(x*=1.33) = 025
Thus we would expect about 26% of the samples, or 6, to have variances greater than 7.2.

() From Problem 5.18 we find by counting that there are actually 6 variances greater than 7.2,
so that there is agreement.

v =an—1. Then since the X; are normally distributed with mean

¢ and variance o2 we know (Problem 5.21) that X is normally distributed with mean x and variance
o2/n, so that ¥ is normally distributed with mean 0 and variance 1. Also, from Theorem 5-6, page
161, or Problem 5.22 Z is chi-square distributed with » = n—1 degrees of freedom.

It follows from Theorem 4-6, page 117, that

X —
T = Y = L =

Zfv ShH/n—1
has the t distribution with n — 1 degrees of freedom.

)| P

5.25. According to the table of Student’s ¢ distribution for 1 degree of freedom (Appendix D)
we have P(—1.376 =T =1.376) = 0.60. Check whether this is confirmed by the results
obtained in Problem 5.1.

From the values of X in (1) on page 166 and the values of S2 in Problem 5.18(z) we obtain the
following values for T = (X — w/(S/V1):

—e —-7.0 —-1.0 —0.33 0.11
7.0 —o -1.0 —0.20 0.25
-1.0 —-1.0 .. 1.0 1.0
—0.33 —0.20 1.0 L 2.33

0.11 0.25 1.0 2.33 o

There are actually 16 values for which —1.376 = T = 1.376 whereas we would expect (0.60)(26) = 15.
This is not too bad considering the small amount of data involved. This method of sampling was
in fact the way “Student” originally obtained the ¢ distribution.

SAMPLING DISTRIBUTION OF RATIOS OF VARIANCES
5.26. Prove Theorem 5-8, page 161.

Denote the samples of sizes m and n by X,,...,X,, and Y,,..., Y, respectively. Then the
sample variances are given by

m

E (Xj_£)21 52 =

1
M =1 2

i

Sf:

B =

(Yj - ?)2

F]
where X, ¥ are the sample means.

Now from Theorem 5-6, page 161, we know that me!af and nS2 uﬁ are chi-square distributed
with m — 1 and n — 1 degrees of freedom respectively. Thus from Theorem 4-7, page 117, it fol-
1 that A~
o mS¥Um— 103 Sa?

F = —F———5 = =

has the F' distribution with m—1, n — 1 degrees of freedom.
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5.27.

Two samples of sizes 8 and 10 are drawn from two normally distributed populations
having variances 20 and 36 respectively. Find the probability that the variance of
the first sample is more than twice the variance of the second.

We have m = 8B, n = 10, uf = 20, a§ = 36. Thus

8SH/(7)(20) St
F = tsgoes = "%
2
The number of degrees of freedom for numerator and denominator are »; = m—1 =17, », =

n—1=9. Now if S? is more than twice S, ie. S} > 2S% then F > 3.70. Referring to the tables
in Appendix F we see that the probability is less than 0.05 but more than 0.01. For exact values
we need a more extensive tabulation of the F distribution.

FREQUENCY DISTRIBUTIONS

5.28.

5.29.

In Table 5-4 the weights of 40 male Table 5-4
students at State University are re- 138 164 150 132 144 125 149 157
corded to the nearest pound. Con- 146 158 140 147 136 148 152 144
struct a frequency distribution. 168 126 138 176 163 119 154 165
The largest weight is 176 Ib and the small- 146 173 142 147 135 153 140 135
est weight is 119 lb, so that the range is
176 — 118 = 67 Ib. 161 145 136 142 150 156 145 128
If 5 class intervals are used, the class interval
size is 57/5 == 11 approximately. Table 5-5
If 20 class intervals are used, the class interval Weight (Ib) Tally Frequency
size is 57/20 = 3 approximately.
118--122 / 1
Omne convenient choice for the class interval size 128—127 1/ 9
is 51h. Also, it is convenient to choose the class 128132 // 2
marks as 120, 125, 130, 135, ... pounds. Thus the 133187 Y 4
class intervals can be taken as 118-122, 123127, "
128-132, ... . With this choice the class boundaries 138142 AL/ 6
are 117.5, 1225, 127.5, ... which do not coincide 148147 T 11/ 8
with observed data. 148—152 W/ 5
The required frequency distribution is shown 163—157 i 4
in Table 5-5. The center column, called a tally or 158162 // 2
score sheet, is used to tabulate the class frequencies 163—167  /// 3
from the raw data and is usually omitted in the final 168—172 / 1
presentation of the frequency distribution. 173—-177 1/ 9
Another possibility. TOTAL 40
Of course, other possible frequency distribu-
tions exist. Table -6, for example, shows a fre-
quency distribution with only T classes, in which Table 5-6
the class interval 18 Y pounds, Weight (Ib) Tally Frequency
118-126 124 3
Construct a histogram and a frequency 127-136  THH 5
polygon for the weight distribution in Prob- 136144 T NI 9
lem 5.28. 145163  THL THL 11 12
154-162 5
The histogram and frequeney polygon for each 163171 ?ﬁ‘{ 4
of the two cases considered in Problem b5.28 are I
given in Figs. 5-7 and 5-8. Note that the centers 172180 /" 2
of the bases of the rectangles are located at the TOTAL 40
class marks.
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m—

L
by g 107
5 3 ]
=
o 4 )
o S
By M

122 1531 140 149 158 367 176 185
Weight (pounds) Weight (pounds)
Fig. 5-7 Fig. 5-8

Five pennies were simultaneously tossed 1000 times, Table 5-7
and at each toss the number of heads was observed. Number of
The numbers of tosses during which 0, 1,2, 3, 4, Number of Tosses
and 5 heads were obtained are shown in the Table Heads {(frequency)

5-7. (a) Graph the data. (b) Construct a table
showing the percentage of tosses resulting in a
number of heads less than 0, 1, 2, 3, 4, 5, or 6. 144
(¢) Graph the data of the table in (b). 349

0 38
1
2

(z) The data can be shown graphically either as in Fig. 3 287
4
b

5-9 or Fig. 5-10. 164

Figure 5-9 seems to be a more natural graph to 925
use, since for example the number of heads cannot be
1.5 or 3.2. This graph is a form of bar graph where TOTAL 1000
the bars have zero width, and is sometimes called a rod

graph, It is especially used when the data are discrete.

Figure 5-10 shows a histogram of the data. Note that the total area of the histogram is
the total frequency 1000, as it should be. In using the histogram representation or the corre-
sponding frequency polygon we are essentially treating the data es if they were continuous.

860 350 -
w 8004 w300
% 260 | § 250
[ (3]
ﬁa 200 .s 200 -
E 160 - E 160
E 100- | | g 10
z =z
50 - I I 50~
NI | .-
0 1 2 3 4 [ e 1 2 8 4 3
Number of Heads Number of Heads
Fig. 5-9 Fig. 5-10

(b) Referring to the required Table 5-8, note that it shows the cumulative frequency distribution
and percentage cumulative frequency distribution of the number of heads. It should be observed
that the entries ‘“less than 1”, “less than 2", ete,, could just as well have been “less than or
equal to 07, “less than or equal to 17, ete.
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Table 5-8
Percentage of Tosses
Number of Tosses (percentage
Number of Heads (cumulative frequency) cumulative frequency)
less than 0 0 0.0
less than 1 a8 38
less than 2 182 18.2
less than 3 524 52.4
less than 4 811 81.1
less than 5 a7s 7.5
less than 6 1000 100.0
lol}-l —r—————— 100 —
g & T g 807
é g
= [=
g 60 - qs ﬁ;_
&0 - &
8 40 £ 40
5 5
I T I I I L ; ¥ T 1 T L T
0 1 2 3 4 5 6 ¢ 1 2 3 4 B &
Number of Heads Number of Heads
Fig. 5-11 Fig. 5-12

(¢) The required graph can be presented either as in Fig. 5-11 or Fig. 5-12,

Figure b-11 is most natural for presenting discrete data, since for example the percentage
of tosses in which there will be less than 2 heads is equal to the percentage in which there will
be less than 1.75, 1.56 or 1.23 heads, so that the same percentage, 18.2%, should be shown for
these values (indicated by the horizontal line).

Ficure 5-12 showsg the cumulative freocuencv nolveon or ogive for the data and essentially
rg 2 shows the cur ve frequency polygon or ogive Ior the data ang essentially

ure 1L nuinl ena 18

treats the data as if they were continuous.
Note that Figs. 5-11 and 5-12 correspond respectively to Figs. 5-9 and 5-10 of part (a).

COMPUTATION OF MEAN, VARIANCE AND MOMENTS FOR SAMPLES
5.31. Find the arithmetic mean of the numbers 5,3,6,5,4,5,2,8,6,5,4,8,3,4,5,4,8,2,5, 4.

Method 1.
F = g _5+3+6+56+4+5+2+8+6+5+41+8+3+4+565+4+8+2+5+4
T om 20
_ 96
= %0 = 4.8
Method 2.
There are six b's, two 3’s, two 6°s, five 4’s, two 2’s and three 8's. Then
s = Iz _ (©)6) + @)B) + (2)(6) + B)4) + ()2) + (BB _ 96 _
n 6+2+2+54+2+3 20 ’

5.32. Four groups of students, consisting of 15, 20, 10 and 18 individuals, reported mean
weights of 162, 148, 153 and 140 pounds respectively. Find the mean- weight of all
the students.
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iz _ (15)162) + (20)(148) + (10)(153) 4 (18)(140)
n 15+ 20+ 10 + 18

£ = = 150 pounds

5.33. Use the frequency distribution of heights in Table 5-2, page 163, to find the mean
height of the 100 male students at XYZ University.

The work is outlined in Table 5-8. Note that all students having heights 60-62 inches, 63-65
inches, etc., are considered as having heights 61, 64, etec., inches. The problem then reduces to finding

the mean I»\A aht af 10N at13demts 3§ R studants ‘-}al're !\.ﬂinrl')'ll f1 Iﬂﬂhm i8 'qu.rp hﬂlﬂh} ﬂd!. I'I'Id"hﬁﬂ ete

TGl LIVIRIILY Vi AVY Ohuuliivgg 11 U abulesiies b iw VA sy ALY EL ety mwww

Table 5-9
Height (inches) Class Mark (z) Frequency (f) fx
60—62 61 5 306
63—65 64 18 11562
66—68 67 42 2814
69-T1 70 27 1890
7274 73 8 584
n=2f=100 2 fx = 674b
_ 2fx _ 2fz _ 6745 _ .
£ = Sf - n - 100 © 67.45 inches

The computations involved can become tedious, especially for cases in which the numbers are
large and many classes are present. Short techniques are available for lessening the labor in such
cases, See Problem b5.35, for example.

5.34. Derive the coding formula (27), page 164, for the arithmetic mean.

Let the jth class mark be z; Then the deviation of x; from some specified class mark a, which
is #;—a, will be equal to the class interval size ¢ multiplied by some integer u; ie. ;—a = cy

P A =JI-|-Mi folen w 'I"'l"ﬂ"l hriaflsr ag = L e
L Wj L] v“, | Lo A Awvic el LPA iy - o1 WRA e

The mean is then given by

2 = Efjxj — Efj{a+cuj) - aEfj b e Ef,ﬂj
n n F Tt
s f.
= a+ c——% = e+ ekt
gince = 2 fs
535. Use the coding formula of Problem 5.34 Table 5-10
to find the mean height of the 100 male x % ; fu
students at XYZ University (see Prob- o1 ) 3 =10
lem 5.33). 64 -1 18 —-18
a—te67 0 42 0
The work may be arranged as in Table 5-10. 70 1 27 27
The method is called the coding method and 73 2 8 16
should be employed whenever possible.
n = 100 Sfu=156

_ 2 fu _ — 5
£ = a+(_—n )c = 67 + (100)(3} = §7.45 inches
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5.36. Find (e) the variance and (b) the standard deviation for the numbers in Problem 5.31.

(e) Method 1.
As in Problem 5.31 we have % = 4.8. Then

_ Z(x—%)2 _ (b—482+ (3482 4+ (6—4.8)2+ (6—4.8)2+ --- + (4—4.8)2

& = n - 20
_ b9.20
=90 = 2.96
Method 2.
2 _ = flx — x)2 _ 6(b— 4.8)2 + 2(3— 4.8)2 + 2(6 — 4.8)2 4 5(4 — 4.8)2 + 2(2 — 4.8)2 + 3(8 — 4.8)2
8 = n - 20
_ b9.20 _
=50 = 2.96

(») From (a), 2= 2.96 and s=1/2.96 = 1.72.

5.37. Find the standard deviation of the weights of students in Problem 5.32.
g _ Ef@—=P _ 15(162 — 150)2 + 20(148 — 150)2 + 10(153 — 150)2 -+ 18(140 — 150)2
a n o 15+ 20 + 10 + 18

_ 4130

63 = 65.6 in units pounds square or (pounds)?

Then 8 = V65.6 (pounds)2 = /65.6 pounds = 8.10 pounds, where we have used the fact that units
follow the usual laws of algebra.

5.38. Find the standard deviation of the heights of the 100 male students at XYZ University.
See Problem 5.33.

From Froblem 5.33, & = 67.45 inches. The work can be arranged as in Table 5-11,

Table 5-11

Height Class x—& =
(inches) Mark = x— 67.45 (x — )2 Frequency f fle — ®)2
60—62 61 —6.45 41.6025 b 208,0125
63-65 64 —3.45 11.9025 18 214.2450
66—68 67 —0.45 0.2025 42 8.5050
69171 70 2.656 6.56026 27 175.567H
7274 73 5.66 30.80256 8 246.4200

—sf=100 | &=

n=Er= 852.7500

— 2
s = \Pf‘—‘;uﬂ = @%ﬂ—q = 85275 = 292 inches

5.39. Derive the coding formula (28), page 164, for the variance.
As in Problem 5.34 we have z; =a+cu; and

Efjuj _ _

E = a-+ ¢ a + eil
n
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Then 1 4
2 = ;ng(ﬂ?j—ﬂz = ;Efj("“}_c’ﬂz
= 3 fy—ap
= w21y
c2 _
= ;Ef,(u,—‘.!uju+u‘3}
- e fitg . g
n = 134 i L B F L
= 2
= ¢ {iuf_gﬁzcsq.czaz
- o2 ,,z(fﬁﬁy
n n

22 (229

c2uZ — i)

5.40. Use the coding formula of Problem 5.39 to find the standard deviation of heights in
Problem 5.33.

The work may be arranged as Table 5-12. This enables us to find £ as in Problem 5.36. From

the last column we then have
c2[~2¥ - (g_f_“) 2] = 2u2—u?)

g2 =
n

(3)2[% - (%)2] — 85275

and so s = 2,92 inches,

Table 5-12
x u f fu Fu?
61 -2 b -10 20
64 -1 18 ~18 i8
a -+ 67 0 42 0 0
70 1 27 27 27
73 2 8 8 32
n=3f=100 Sfu=15 3 fut = 97

5.41. Find the first four moments about the mean for the height distribution of Problem 5.33.

Continning the method of Problem (.40 we obtain Tahle 5-13,
Table 5-13

x u f fu fu? Fus fud

61 —2 b —10 20 —40 80

64 —1 18 —18 18 —18 18

67 0 42 0 0 0 0

70 1 27 279 27 27 27

73 2 8 16 32 64 128

n=Z2f =100 Efu=15 2 fu =97 2 fud = 33 2z fut = 2563
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Then, using the notation of page 165, we have

M, = 2 _ o5 My = 21E _ g
n n
2 4
M;=§;:_i=0+97 M;=-2—§5——2.53
and from (32),
my = 0
mg = HMy—M?) = 9[0.97 — (0.16)2] = 8.5275
mg = ¢MMy—3M{M}+2MP) = 27[0.88 — 3(0.165)(0.97) + 2(0.16)3] = —2.6932

my = cM(Mg—AMIM} + 6M M, — 3M %)
= B81[2.53 — 4(0.15)(0.33) + 6(0.15)2(0.97) — 3(0.15)4] = 199.3759

542. Find the coefficients of (a) skewness and (b) kurtosis for the height distribution of
Problem 5.33.

(e) From Problem 5.41,
m, = 82 = 85275 myq = —2.6932

Then Coefficient of skewness = a; = %?

—2.6932

N

—0.14

(t) From Problem 5.41,
my = 199.3759 mg = &2 = BS5276

"y

Then Coefficient of kurtosis @ = -5

_ 199.3759 _
(8.56275)2

From (a) we see that the distribution is moderately skewed to the left. From (b) we see that
it is slightly less peaked than the normal distribution (which has coefficient of kurtosis = 3).

2.74

MISCELLANEOUS PROBLEMS

543. (a) Show how to select 30 random samples of 4 students each (with replacement)
from the table of heights on page 163 by using random numbers. (b) Find the mean
and standard deviation of the sampling distribution of means in (a). (¢) Compare
the results of (b) with theoretical values, explaining any discrepancies.

(z) Use two digits to number each of the 100 students: Table 5-14
00, 01, 02, ..., 99 (see Table 5-14). Thus the b stu-
dents with heights 60—62 inches are numbered 00--04, Height Sampling
the 18 students with heights 63—65 inches are num- (inches) Frequency Number

bered 06—22, etc. Each student number is called a
sampling number.

. 60—62 5 00-04
We now draw sampling numbers from the ran-
dom number table (Appendix I). From the first line 6366 18 0522
we find the sequence 51, 77, 27. 46, 40, ete,, which we 66—68 492 22 64
take as random sampling numbers, each of which
yields the height of a particular student. Thus 51 69—T1 2% 65—91
corresponds to a student having height 66—68 inches, 974 8 9299

which we take as 67 inches (the class mark). Similarly
77,27,46 yield heights of 70,67,67 inches respectively.
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By this process we obtain Table 5-16 which shows the sampling numbers drawn, the corre-

sponding heights and the mean height for each of 30 samples.

It

should be mentioned that

although we have entered the random number table on the first line we could have started any-
where and chosen any specified pattern.

Table 5-15
Sampling Numbers | Corresponding | Mean Sampling Numbers | Corresponding | Mean
Drawn Heights Height Drawn Heights Height
1. B1, 77,27, 46 | 67, 70, 67, 67 67.75 16. 11, 64, 55, B8 | 64, 67, 67, 67 66.25
2. 40,42,33,12 | 67, 67, 67, 64 66.26 17. 70, 56, 97, 43 | 70, 67, 783, 67 69.25
3. 90, 44, 46, 62 70, 67, 617, 67 67.75 18. 74, 28,93, 50 | 70, 67, 73, 67 69.25
4. 16, 28,98,93 | 64,67, 73,73 69.25 19. 79, 42, 71, 30 | 70, 67, 70, 67 68.560
5. 58,20, 41,86 | 67, 64, 67, 70 67.00 20. 58, 60, 21, 33 | 67, 67, 64, 67 | 66.25
6. 19,64, 08,70 | 64, 67, 64, 70 66.25 21. 75,79, 74,54 | 70, 70, 70, 67 69.25
7. 56, 24, 03, 32 | 67, 67, 61, 67 65.50 22. 06, 31, 04, 18 | 64, 67, 61, 64 64.00
8. 34,91, 83, b8 | 67, 70, 70, 67 68.50 23. 67,01, 12, 97 | 70, 64, 64, 78 67.75
9. 70, 65, 68, 21 70, 70, 70, 64 68.560 24. 31,71, 69,88 | &7, 70,70, 70 69.25
10. 96, 02,13,87 | 73,61, 64,70 67.00 25. 11, 64,21, 87 | 64, 67, 64,70 66.25
11. 76, 10, 51, 0B | 70, 64, 67, 64 66.25 26. 03, 58, 57, 93 | 61, 67, 67, 73 67.00
12. 63, 97, 46, 39 | 67, 73, 67, 67 68.50 27. 53,81, 93,88 | 67,70,73, 70 70.00
13. 06, 81, 45,93 | 64, 70, 67,73 68.50 28. 23, 22,96, 79 | 67, 64, 73, 70 68.50
14. 96,01, 73,52 | 78, 61, 70, 67 67.75 29. 98, 56, b9, 36 | 73, 67, 67, 67 | 68.50
15. 07,82, 54, 24 | 64, 70, 67, 67 67.00 30. 08, 15, 08,84 | 64, 64, 64, 70 65.50
Table 5-16

Sample Mean Tally f u fu fu2

64.00 / 1 —4 —4 16

64.75 0 -3 0 0

65.50 17 2 —2 —4 B

66.25 T 6 -1 —6 6

a—» 67.00 /i 4 0 0

67.75 i 4 1 4

68.50 THL 1] 7 2 14 28

69.25 THL 5 3 15 45

70.00 / 1 4 4 16

Z2f=n—=230 Zfu =28 = fu? = 123
(b) Table 5-16 gives the frequency distribution of sample mean heights obtained in (a). This is a

sampling distribution of means.

by the coding methods already deseribed.

Mean

a1 eci = a

Standard deviation

+ ceZ fu ~
n

(0.75)

67.00 +

01,‘“2"‘112 =

123 _
30

(0.751(23)

The mean and the standard deviation are obtained as usual

= 67.58 in.

30
c\!’sfuz

n
23\ _
30

1)

1.41 in.
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(c) The theoretical mean of the sampling distribution of means, given by uy, equals the population
mean p which is 67.45 inches (see Problem 5.33), in agreement with the value 67.58 inches of
part (b).

The theoretical standard deviation (standard error) of the sampling distribution of means,
given by oy, equals o/V#n, where the population standard deviation ¢ = 2.92 inches (sce Prob-
lem 5.40) and the sample size n = 4. Since crf\/; = 2.!!2."\/3 = 1.46 inches, we have agreement
with the value 1.41 inches of part (b). Discrepancies are due to the fact that only 30 samples
were selected and the sample size was small.

5.44. The standard deviation of the weights of a very large population of students is 10.0

5.45.

pounds. Samples of 200 students each are drawn from this population, and the
standard deviations of the weights in each sample are computed. Find (a) the mean
and (b) the standard deviation of the sampling distribution of standard deviations.

We can consider that sampling is either from an infinite population or with replacement from
a finite population. From Table 5-1, page 162, we have:

(a) us = o = 10.01b
10
(b} oy T _____0' o= | W11 ] ]h
" Vem  Va00

What percentage of the samples in Problem 5.44 would have standard deviations
(a) greater than 11.0 pounds, (b) less than 8.8 pounds?

The sampling distribution of standard deviations is approximately normal with mean 10.0 1b
and standard deviation 0.50 1b.

{a) 11.0 Ib in standard units = (11.0 — 10.0)/0.50 = 2.0. Area under normal curve to right of 2z =2.0
is (0.5 — 0.4772) = 0.0228; hence the required percentage is 2.3%¢.

(b} 8.81Ib in standard units = (8.8 —10.0)/0.60 = —2.4. Area under normal curve to left of z = —2.4
is (0.5 — 0.4918) = 0.0082; hence the required percentage is 0.8,

o+
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nf & nhoavvatinng
O1 U OOBCYVauiins

o

m‘nﬂnm -l-'vnm o Tt
LGIIMULIL LWL G pPUuLGL

-

Assume that the population has density function f(x). The probability that 3 of the first 4 ob-
servations are greater than « while the 4th observation lies netween u and » + du is given by

= 3
(1) 1Ca I:I flx) d.r] flad du

The probability that the last 2 observations are less than » fand thus less than the first 4) is
given by

r »u -2
2 LJ f(x) da:_]
Then the probability that the first 4 are greater than u and the last 2 are less than u is the product
of (1) and (2), i.e.

) 4C:,|:J:xf(x} d:c:rf(n)du[fx ﬂav)dw]z

Since « can take on values between —e and = the total probability of the last 2 observations being
less than the first 4 is the integral of (3) from -—= to =, i.e.

8o L3 3 L]
(4) 403J: I:f f(x) da:] [J'_ f(x) (i':r]z fae) e
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To evaluate this let

(%) v = |
Then
6) dv = f(u)du 1—v = L”f(x)dw
When u=o, v=1 and when u# = —=, v =0. Thus (4) becomes
«Cy J:v?(l-—v)ﬂd*v = 415%,},)-@—) = &

which is the required probability. It is of interest to note that the probability does not depend on
the probability distribution f(z). This is an example of nonparametrie statistics since no population
parameters have to be known.

Let {X4, Xs, ..., X:)} be a random sample of size n drawn without replacement from a

finite population of size N. Prove that if the population mean and variance are u
and o then (a) E(X;) =p, (b) Cov(X; Xi) = —o®/(N —1).

Assume that the population consists of the set of numbers {ag, as, ...,ay}, where the o’s are
not necessarily distinet. A random sampling procedure is one under which each selection of n out
of N a's has the same probability (i.e. 1/4C,). This means that the X; are identically distributed:

) prob. 1/N

ag  prob. 1/N
X; = . (i1=12,...,m)

ay prob. 1/N

They are not, however, mutually independent. Indeed, when j+# k, the joint distribution of X;
and X, is given by
PXj=op, Xy =a) = PX;=a)PXy=0e,| X;=a)

1
N Pk =a, | X;= )

1 1
E?(FET:'T) ANFw

0 N=w
where A and » range from 1 to N.
N 1 K
(a) EX) = 3 aPX;=c) = N Sa =
h=1 r=1
(2] Cov(X;, X)) = E[X;—p(X,—p)

N N
= 2 2 (o= PX; = Xk =a)

- 1) S - e
T ON\N—1),4, " W

where the last sum contains a total of N(N — 1) terms, corresponding to all possible pairs of
unequal A and ».
Now, by elementary algebra,

N N
laa— )+ lag—)+ - Hlay— @2 = 2 (a—u2+ 2 (on— play— p)
A=1 Ay¥Er=1
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In this equation, the left-hand side is zero, since by definition
aytag+ - +ay = Ng

and the first sum on the right-hand side equals, by definition, No2. Hence,

N
S (an—ma,—p) = —No?
Astpr=1
— 1/ 1 3 - __9
and Cov (X, X,) = N(N—l_){ No?2) = N1

5.48. Prove that (a) the mean and (b) the variance of the sample mean in Problem 5.47

are given respectively by
— 2 _ &fN—n
bz # 7% n\N-1

(a) E(X)

X|.+ e +X“ 1
E ——) = LE@X)+ -+ EBX,)

n
_ 1 _
= n(‘"+ +u) = u

where we have used Problem 5.47(a).
(b) Using Theorems 3-b and 3-16 (generalized), and Problem 5.47, we obtain

1 n 1 n n

- -’%[1102 + nln — 1)(— N’j 1)]

_ e[ n—17 _ EE(N'“R)

n N—~1} =a\N-—-1

Supplementary Problems

SAMPLING DISTRIBUTION OF MEANS

5.49.

5.50.

5.51.

5.52.

A population consists of the four numbers 3, 7,11, 156, Consider all possible samples of size two
which can be drawn with replacement from this population. Find (z) the population mean, (b) the
population standard deviation, (¢) the mean of the sampling distribution of means, (d) the stand-
ard deviation of the sampling distribution of means. Verify (¢) and (d) directly from (a) and (b)
by use of suitable formulas.

Solve Problem 5.49 if sampling is without replacement.

The weights of 1500 ball bearings are normally distributed with a mean of 2240 ounces and a
standard deviation of 0.048 ounces. If 300 random samples of size 36 are drawn from this popu-
lation, determine the expected mean and standard deviation of the sampling distribution of means

if sampling is done (a) with replacement, (b) without replacement.

Solve Problem 5.51 if the population consists of 72 ball bearings.
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5.53.

5.54.

5.55.

5.56.

SAMPLING THEORY [CHAP. 5

In Problem 5.51, how many of the random samples would have their means (a) between 22.39 and
22.41 oz, (b) greater than 22,42 oz, (c) less than 22.37 oz, (d) less than 22.38 or more than 22.41 oz?

Certain tubes manufactured by a company have a mean lifetime of B00 hr and a standard deviation
of 60 hr. Find the probability that a random sample of 16 tubes taken from the group will have a
mean lifetime of (a) between 790 and 810 hr, (b) less than 785 hr, (¢) more than 820 hr, (d) between
770 and B30 hr.

Work Problem 5.54 if a random sample of 64 tubes is taken. Explain the difference.

The weights of packages received by a department store have a mean of 300 pounds and a standard
deviation of 50 pounds. What is the probability that 25 packages received at random and loaded on
an elevator will exceed the safety limit of the elevator, listed as 8200 pounds?

SAMPLING DISTRIBUTION OF PROPORTIONS

5.57.

5.38.

5.59.

5.60.

5.61.

5.62.

Find the probability that of the next 200 children born (a) less than 409 will be boys, (b) between
43% and 57% will be girls, (c¢) more than 54% will be boys. Assume equal probabilities for births
of boys and girls.

Out of 1000 samples of 200 children each, in how many weuld you expect to find that (a) less than
40% are boys, (b) between 40% and 60% are girls, (¢) 53% or more are girls?

Work Problem 557 if 100 instead of 200 children are considered and explain the differences in
results.

An urn contains 80 marbles of which 60% are red and 40% are white. Out of 50 samples of 20
marbles each selected with replacement from the urn, how many samples can be expected to consist
of (a) equal numbers of red and white marbles, (b) 12 red and B white marbles, (¢) 8 red and 12
white marbles, (d) 10 or more white marbles?

Design an experiment intended to illustrate the results of Problem 5.60. Instead of red and white
marbles you may use slips of paper on which I or W are written in the correct proportions, What
errors might you introduce by using two different sets of coins?

A manufacturer sends out 1000 lots, each consisting of 100 electric bulbs. If 5% of the bulbs
are normally defective, in how many of the lots should we expect (a) fewer than 90 good bulbs,
(&) 98 or more good bulbs?

SAMPLING DISTRIBUTIONS OF DIFFERENCES AND SUMS

5.63.

5.65.

5.66.

5.67.

A and B manufacture twe types of cables, having mean breaking strengths of 4000 and 4500 pounds
and standard deviations of 300 and 200 pounds respectively. If 100 cables of brand A and 50
cables of brand B are tested, what is the probability that the mean breaking strength of B will be
(a) at least 600 pounds more than 4, (b) at least 450 pounds more than A?

What are the probabilities in Problem 5.68 if 100 cables of both brands are tested? Account for the
differences.

The mean score of students on an aptitude test is 72 points with a standard deviation of 8 points.
What is the probability that two groups of students, consisting of 28 and 36 students respectively,
will differ in their mean scores by (a) 3 or more points, (b) 6 or more points, (¢) between 2 and
5 points?

An urn holds 60 red marbles and 40 white marbles. Two sets of 30 marbles each are drawn with
replacement from the urn and their colors are noted. What is the probability that the two sets
differ by B or more red marbles?

Solve Pregblem 5.66 if sampling is without replacement in obtaining each set.
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5.68.

5.69.

5.70.

5.71.

The election returns showed that a certain candidate received 65% of the votes. Find the proba-
bility that two random samples, each consisting of 200 voters, indicated a greater than 10% differ-
ence in the proportions that voted for the candidate.

If Uy and U, are the sets of numbers in Problem 512 verify that (a) py .y, = sy, + py,

®) oy, 4p, = v'c%l +0‘3=.

s
and 0.54 pounds respectively. Find the () mean and () standard

weights.

The mean voltage of a battery is 15.0 volts and the standard deviation is 0.2 volts. What is the
probability that four such batteries connected in series will have a combined voltage of 60.8 or
more volts?

SAMPLING DISTRIBUTION OF VARIANCES

5.72.

5.73.

5.74.

5.75.

With reference to Problem 5.49, find (o) the mean of the sampling distribution of wvariances,
(b) the standard error of variances.

Work Problem 5.72 if sampling is without replacement.

A normal population has a variance of 15. If samples of size 5 are drawn from this population
what percentage can be expected to have variances (a) less than 10, (b) more than 20, (c) between
5 and 107

It is found that the lifetimes of television tubes manufactured by a company have a mean of 2000
hours and a standard deviation of 60 hours. If 10 tubes are selected at random find the probability
that the sample standard deviation will (a) not exceed 60 hours, (b) lie between 50 and 70 hours.

CASE WHERE POPULATION VARIANCE IS UNKNOWN

5.76.

5.97.

5.78.

According to the table of Student’s t distribution for 1 degree of freedom (Appendix D} we have
P(—1=T=1)=0.50. Check whether the resuits of Problem 5.1 are confirmed by this value and

: .
explain any difference.

Check whether the results of Problem 5.49 are confirmed by using (a) P(—1=T=1) = 0.b0,
(b) P(—1.376 = T =1.376) = 0.60, where T has Student's ¢ distribution with » = 1.

Explain how you could use Theorem 5-7, page 161, to design a table of Student's ¢ distribution such
as that in Appendix D.

SAMPLING DISTRIBUTION OF RATIOS OF VARIANCES

5.79.

5.80,

5.81.

Two samples of sizes 4 and B are drawn from a normally distributed population. Is the probability
that one variance is greater than 1,5 times the other greater than 0.05, between 0.05 and 0.01, or
less than 0.017

Two companies, A and B, manufacture light bulbs. The lifetimes for A have a standard deviation
of 40 hours while the lifetimes for B have a standard deviation of 50 hours. A sample of 8 bulbs
is taken from A and 16 bulbs from B. Determine the probability that the variance of the first
sample is more than (a) twice, (b) 1.2 times, that of the second.

Work Problem 5.80 if the standard deviations of lifetimes are («) both 40 hours, (b) both B0 hours.
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FREQUENCY DISTRIBUTION

582. Table 5-17 shows a frequency distribution of the lifetimes Table 5-17
of 400 radio tubes ‘tested at the _L & M Tube Company. Lifetime Number of
With reference to this table determine the (hours) Tubes
(a) upper limit of the fifth class,

(3) lower limit of the eighth class, 800 — 399 14
(¢) class mark of the seventh class, 400 — 499 46
(d) class boundaries of the last class, 500 — 599 58
(e) class interval size, 600 — 699 76
(f) frequency of the fourth class, 700 — 799 68
(g) relative frequency of the sixth class, RO0 — 899 62
(k) percentage of tubes whose lifetimes do not exceed 600 900 — 999 4R

hours,

. o s 1000—1099 22

(i) percentage of tubes with lifetimes greater than or

equal to 900 hours, 1100-1199 6
() !Jercgr_ltage‘?{ j:ubes whose lifetimes are at least 500 but TOTAL 400

less than 1000 hours.

5.83. Construct (a) a histogram and (b) a frequency polygon correspending to the frequency distribution
of Problem 5.82.

5.84. For the data of Problem 5.82 construct (a) a relative or percentage frequency distribution,
(b) a relative frequency histogram, (c) a relative frequency polygon.

585. For the data of Problem 5.82 construct {g) a cumulative frequency distribution, (b) a percentage
or relative cumulative distribution, (c) an ogive, (d) a percentage ogive.

5.86. Estimate the percentage of tubes of Problem 5.82 with lifetimes of (a) less than 560 hours, (&) 970
or more hours, (¢) between 620 and 890 hours.

587. The inner diameters of washers produced by a company can be measured to the nearest thou-
sandth of an inch. If the eclass marks of a frequency distribution of these diameters are given in
inches by 0.321, 0.324, 0.327, 0.330, 0.333 and 0.336, find (a) the class interval size, (b) the class
boundaries, (c) the class limits.

588. Table 5-18 shows the diameters in inches of a sample of 60 ball bearings manufactured by a
company. Construct a frequency distribution of the diameters using appropriate class intervals.

Table 5-18
0.738 0.729 0.743 0.740 0.736 0.741 0.735 0.731 0.726 0.737
0.728 0.737 0.736 0.735 0.724 0.733 0.742 0.736 0.739 0.735
0.745 0.736 0.742 0.740 0.728 0.738 0.725 0.733 0.734 0.732
0.733 0.730 0.732 0.730 0.739 0.734 0.738 0.739 0.727 0.735
0.735 0.732 0.735 0.727 0.734 0.732 0.736 0.741 0.736 0.744
0.732 0.737 0.731 0.746 0.735 0.735 0.729 0.734 0.730 0.740

5.89. For the data of Problem 5.BB construct (a) a histogram, (b) a frequency polygon, (¢) a relative
frequency distribution, (d) a relative frequency histogram, (e) a relative frequency polygon , (f) a cu-
mulative frequency distribution, (g) a percentage cumulative distribution, (%) an ogive, (i} a per-
centage ogive.

5.90. From the results in Problem 5.89 determine the percentage of ball bearings having diameters
(a) exceeding 0.732 inches, (b) not more than 0.786 inches, (c) between 0.730 and 0.738 inches.
Compare your results with those obtained directly from the raw data of Table 5-18.

591. Work Problem 5.89 for the data of Problem 5.82,
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COMPUTATION OF MEAN, STANDARD DEVIATION AND MOMENTS FOR SAMPLES

592

5.93.

5.94.

3.95.

5.96.

5.98.

5.99.

5.100.

A student received grades of 85, 76, 93, 82 and 96 in five subjects. Determine the arithmetic mean
of the grades.

The reaction times of an individual to certain stimuli were measured by a psychologist to be 0.53,
0.46, 0.50, 0.49, 0.52, 0.53, 0.44 and 0.55 seconds. Determine the mean reaction time of the individual
to the stimuli.

A set of numbers consists of six 6's, seven 7's, eight B's, nine 9s and ten 10’s. What is the arith-
metic mean of the numbers?

A student’s grades in the laboratory, lecture and recitation parts of a physics course were 71, 7B
and B9 respectively., (a) If the weights accorded these grades are 2,4 and 5 respectively, what is
an appropriate average grade? (b) What is the average grade if equal weights are used?

Three teachers of economics reported mean examination grades of 79, 74 and 82 in their classes,
which consisted of 32, 25 and 17 students respectively., Determine the mean grade for all the classes.

Pt 7aTs}

The mean annual salary paid to all employees in a company was $5000. The mean annual salaries
paid to male and female employees of the company were $5200 and $4200 respectively. Determine
the percentages of males and females employed by the company.

Table 5-19 shows the distribution of the maximum leads in Table 5-19
short tons (1 short ton = 2000 pounds) supported by certain ;
cables produced by a company. Determine the mean maxi- M?:ﬁ;nr:':oi;ad N%ﬁtﬁ;d
mum loading using (a) the *“long method,” (b) the coding
method. 9.3— 0.9 2
9.8-10.2 b
Find z for the data in Table 5-20 using (a) the “long method,” 10.3-10.7 12
(b) the coding method. o "
Table 5-20 11.8-12.2 6
12.3—-12.7 3
x | 462 480 498 516 534 552 570 bBRS 606 624 12.8—13.2 1
Flos 7 56 42 30 21 15 11 6 2 TOTAL 60

Table 5-21 shows the distribution of the diameters of the heads of rivets manufactured by a
company., Compute the mean diameter.

Table 5-21 Table 5-22
Diameter (inches) Frequency Class Frequency

0.7247—0.7249 2 10—under 156 3
0.7250—0.7252 6 L5—under 20 7
0.7268—0.7256 8 20—under 25 16
0.7256—0.7258 15 26—under 30 12
0.7259—0.7261 42 30—under 35 9
0.7262-0.7264 68 35—under 40 5
0.7265—0.7267 49 40—under 45 2
0.7268—0.7270 25 TOTAL 54
0.7271-0.7273 18
0.7274—0.9276 12
0.7277-0.7279 4
0.7280—0.7282 1

TOTAL 250
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5.101.

5.102.

5.103.

5.107.

5.108.

5.109.

5.110.

5111

b.112.

5.113.

5.114.

5.115.

5.116.

5.1117.

5.118.
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Compute the mean for the data in Table 5-22.

Find the standard deviation of the numbers:
(@) 8,6,2,1,7,5 (b) 3.2, 4.6,28,52,44; (c) 0,0,0,0,0, 1,1, 1.

(¢) By adding b to each of the numbers in the set 3, 6, 2, 1, 7, 5 we obtain the set 8, 11, 7, 6, 12, 10.
Show that the two sets have the same standard deviation but different means. How are the
means related?

By multiplying each of t
11,17, 9,7,19,15. What
means for the two sets?

(c) What properties of the mean and standard deviation are illustrated by the particular sets of
numbers in (c) and (b)7

L SY—— T g o a9 1 7 E h.. O [
e Numoers o, b, 4; 1, i, o Oy =&
tis

the relationship between the standa eviations and between the

-
-

Find the standard deviation of the set of numbers in the arithmetic progression 4, 10, 16, 22, ..., 164.

Find the standard deviations for the distributions of: (¢) Problem 5.98, (&) Problem 5.99.

Find (a) the mean and (b) the standard deviation for the distribution of Probiem 5.30, expiaining

the significance of the results obtained.

(a) Find the standard deviation s of the rivet diameters in Problem 5.100. (b) What percentage of
rivet diameters lie in (& *8), (£ =2s), (& =3s)? (c¢) Compare the percentages in (b) with those
which would theoretically be expected if the distribution were normal, and account for any observed
differences.

(a) Find the mean and standard deviation for the data of Problem 5.28.
(b) Construct a frequency distribution for the data and find the standard deviation.
(¢) Compare the result of (b) with that of (a).

Work Problem 5.108 for the data of Problem 5.BB.

{a) Of a total of = numbers, the fraction p are ones while the fraction ¢ =1— p are zeros. Prove
that the standard deviation of the set of numbers is Vpq. (b) Apply the result of («) to Problem
5.102(c).

Find the () first, (b) second, (¢) third and (d) fourth moment about the origin for the set of
numbers 4, 7, 5, 9, 8, 3, 6.

Find the (a) first, (b) second, (¢) third and (d) fourth moment about the mean for the set of
numbers in Problem 5.111.

Find the (a) first, (b) second, (e¢) third and (d) fourth moment about the number 7 for the set of
numbers in Problem 5.111.

Using the results of Problems 5.111 and 5.112, verify the following relations between the moments:
(@) my = mg—my%  (B) my = mf— 3mjms+ 2m|>, (¢) my = m]— dm{mj + 6m{Zmh — 3mj4

Find the first four moments about the mean of the set of numbers in the arithmetic progression
2, 5,8, 11, 14, 17.

If the first moment about the number 2 is equal to 5, what is the mean?

If the first four moments of a set of numbers about the number 3 are equal to —2, 10, —25 and 50,
determine the corresponding moments (a) about the mean, (b) about the number 5, (e) about zero.

Find the first four moments about the mean of the numbers 0,0,0,1,1,1,1, 1.
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5.119.

5"12“1‘

5.121.

5.122.

5.123.

(a) Prove that mg = m§— bmjmg + 10m;®>m3 — 10m{*m} + 4m{® (b) Derive a similar formula for m.

Of a total of » numbers, the fraction p are ones while the fraction ¢ =1—p are zeros. Find
(a) m,, (b) my (c}) my and (d) m, for the set of numbers. Compare with Problem 5.118.

Calculate the first four moments about the mean for the distribution of Table 5-23. Table 5-23
Calculate the first four moments about the mean for the distribution of x f
Problem 5.98.
12 1
Find (a) m;, (b) my, (¢) my, (d) my, (¢) Z, () 5, (9) 72, (k) 75, (i) %, and (j) (z+ 1)3 14 4
for the distribution of Problem 5.101. 16 6
18 10
Find the coefficient of (a) skewness, (b) kurtosis for the distribution of Prob-
lem 5.121. 20 q
22 2
Find the coefficient of (a) skewness, (b) kurtosis for the distribution of Prob-
lem 5.98. See Problem 5.122. TOTAL 30

The second moments about the mean of two distributions are 9 and 16, while the third moments
about the mean are —8.1 and —12.8 respectively. Which distribution i

ectiv ion is more skewed to the left?

=Lt I

The fourth moments about the mean of the two distributions of Problem 5.126 are 230 and 780
respectively. Which distribution more nearly approximates the normal distribution from the view-
point of (a) peakedness, (b) skewness?

MISCELLANEOUS PROBLEMS

5.128.

5.129.

5.130.

5.131.

5.132.

5.133.

5.134,

5.135.

5.136.

A population of 7 numbers has a mean of 40 and a standard deviation of 3. If samples of size b
are drawn from this population and the variance of each sample is computed, find the mean of the
sampling distribution of variances if sampling is (a¢) with replacement, (b) without replacement.

Certain tubes produced by a company have a mean lifetime of 900 hr, and a standard deviation of
80 hr. The company sends out 1000 lots of 100 tubes each. In how many lots can we expect (a) the
mean lifetimes to exceed 910 hr, (b) the standard deviations of the lifetimes to exceed 95 hr?
What assumptions must be made?

In Problem 5.129 if the median lifetime is 900 hr, in how many lots can we expect the median life-
times to exceed 910 hr? Compare your answer with Problem 5.129(a) and expiain the results.

On a city-wide examination the grades were normally distributed with mean 72 and standard devi-
ation 8. (a) Find the minimum grade of the top 20% of the students. (b) Find the probability that
in a random sample of 100 students the minimum grade of the top 20% will be less than 76.

(a) Prove that the variance of the set of n numbers a, a +d, ¢ + 2d, ..., a + (n —1)d (i.e. an arith-
metic progression with first term a and common difference d) is given by Tlg(nf —1)d?, [Hint: Use
142484 --+m—1)=nn—1), 124+ 224+ 32+ --- +(n—1)2 = n(n—1)(2n —1).] (b) Use (a) in
Problem 5.104.

Prove that the first four moments about the mean of the arithmetic progression a, a+d, a+ 24, ...,
a+(n—1)d are

mpo= 0, mg = @D, my = 0, my = sasnd— 1302 — Tt

1
240 "
Compare with Problem 5.115. [Hint: 11+ 24+ 3%+ + -+ + (n — 1) = Lon(n — 1)(2n — 1)(3n2 — 3n —1).]

A sample of B observations is made at random from a population. What is the prebability that the
first three observations are greater than the last five?

Prove that V, and V, as defined in Problem 5.22, page 175, are independent.

Prove the result (19), page 160.



Chapter 6

Estimation Theory

UNBIASED ESTIMATES AND EFFICIENT ESTIMATES

As we remarked in Chapter 5, a statistic is called an unbiased estimator of a popula-
tion parameter if the mean or expectation of the statistic is equal to the parameter. The
corresponding value of the statistic is then called an unbiased estimate of the parameter.

EXAMPLE 6.1. The mean X and variance 82 as defined on pages 167 and 160 are unbiased estimators

of the population mean u and variance o?, since E(X) = u, E(S2) = o2. The values # and ?f are then
-~

called unbiased estimates. However, S is actually a biased estimator of o, since in general E(S) # o.

If the sampling distributions of two statistics have the same mean, the statistic with
the smaller variance is called a more efficient estimator of the mean. The corresponding
value of the efficient statistic is then called an efficient estimate. Clearly one would in
practice prefer to have estimates which are both efficient and unbiased, but this is not
always possible.

EXAMPLE 6.2. The sampling distribution of the mean and median both have the same mean, namely the
population mean. However, the variance of the sampling distribution of means is smaller than that of
the sampling distribution of medians. Thus the mean provides a more efficient estimate than the median.
See Table 5-1, page 162.

In practice biased or inefficient estimates are often used because of the relative ease with
which some of them can be obtained.

POINT ESTIMATES AND INTERVAL ESTIMATES. RELIABILITY

An estimate of a population parameter given by a single number is called a point
estimate of the parameter. An estimate of a population parameter given by two numbers
between which the parameter may be considered to lie is called an interval estimate of the
parameter.

EXAMPLE 6.3. If we say that a distance is 5.28 feet, we are giving a point estimate. If on the other
hand we say that the distance is 5.28 = 0.03 feet, i.e. the distance lies between 5.25 and 5.31 feet, we are
giving an interval estimate.

A statement of the error o

. .
Y nracigion of an actimate ia nften called ite reliabilita
o ol R WA L O = Tt i l‘.“v.ulv.] Al PEAAE wWhIWAALAR =] A "wisdE L - " - -

CONFIDENCE INTERVAL ESTIMATES OF POPULATION PARAMETERS

Let pg and o5 be the mean and standard deviation (standard error) of the sampling
distribution of a statistic S. Then if the sampling distribution of S is approximately
normal (which as we have seen is true for many statistics if the sample size n = 30) we can
expect to find S lying in the intervals pg—og t0 py+og po— 204 to pg+ 20, Or pg—3og to
ug + 3o, about 68.27%, 95.46% and 99.73% of the time respectively.

194
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Equivalently we can expect to find, or we can be confident of finding, pg in the intervals
S—o5t0 S +05 8204 to S+ 205 0r S— 3o, to S+ 3o, about 68.27%, 95.45% and 99.73% of
the time respectively. Because of this we call these respective intervals the 68.27%, 956.45%
and 99.78% confidence intervals for estimating p. (i.e. for estimating the population param-
eter, in the case of an unbiased S). The end numbers of these intervals (S=*og S*2q,,
S * 30,) are then called the 68.27%, 95.456% and 99.73% confidence limits or fiducial limits.

Similarly, S = 1960, and S = 2.68¢, are 95% and 99% (or 0.95 and 0.99) confidence
limits for u.. The percentage confidence is often called the confidence level. The numbers
1.96, 2.58, etc., in the confidence limits are called confidence coefficients or critical values
and are denoted by z.. From confidence levels we can find confidence coefficients, and

conversely.

In Table 6-1 we give values of z. corresponding to various confidence levels used in
practice. For confidence levels not presented in the table, the values of z. can be found
from the normal curve area table in Appendix C.

Table 6-1
Confidence Level | 99.73%  99% 98% 96% 95.45% 96% 90% 80%  68.27%  60%
Ze 3.00 258 233 205 200 196 1645 128 100 06745

In cases where a statistic has a sampling distribution which is different from the nor-
mal distribution (such as chi-square, ¢ or F) appropriate modifications to obtain confidence
intervals are easily made.

CONFIDENCE INTERVALS FOR MEANS
1. Large samples (n = 30).

If the statistic S is the sample mean X, then 95% and 99% confidence limits for
estimation of the population mean u are given by X+ 1.960; and X =2.58¢; respec-
tively. More generally, the confidence limits are given by X +z¢; where z, which
depends on the particular level of confidence desired, can be read from the above table.
Using the values of o; obtained in Chapter 5, we see that the confidence limits for the
population mean are given by

X + z.-2 1
in case sampling is from an infinite population or if sampling is with replacement from
a finite population, and by

o [N-mn
‘ﬁ N-1
if sampling is without replacement from a population of finite size N.

X +z (2)

In general the population standard deviation ¢ is unknown, so that to obtain the
above confidence limits we use the estimator S or S.

2. Small samples (n <30).

In this case we use the t distribution to obtain confidence levels. For example if
—tg75 and tgzs are the values of T for which 2.5% of the area lies in each “tail” of the ¢
distribution, then a 95% confidence interval for T is given by (see page 161)

—tors < !X_—_f.!_\/__n < tors (3)
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from which we see that p. can be estimated to lie in the interval

Fl A,

S 5 S
X ~ton— < < X + tom—
975 Vi m 075 Vi (4)
with 95% confidence. In general the confidence limits for population means are given by
S
X + t.= 5
= )

where the value t. can be read from Appendix D.

A comparison of (5) with (1) shows that for small samples we replace z. by {.. For
n = 80, z.and t. are practically equal. It should be noted that an advantage of the small
sampling theory (which can of course be used for large samples as well, i.e. it is exact)
is that S appears in (5) so that the sample standard deviation can be used instead of the
population standard deviation (which is usually unknown) as in (I).

CONFIDENCE INTERVALS FOR PROPORTIONS

Suppose that the statistic S is the proportion of “successes” in a sample of size 7 = 30
drawn from a binomial population in which p is the proportion of successes (i.e. the proba-
bility of success). Then the confidence limits for p are given by P =2 o, where P denotes
the proportion of successes in the sample of size n. Using the values of o, obtained in
Chapter 5, we see that the confidence limits for the population proportion are given by

P+ a2 Ezpizc p(1—p) (6)
\an n

in case sampling is from an infinite population or if sampling is with replacement from a
finite population. Similarly the confidence limits are

pq [N—n
P = 2T X1 @

if sampling is without replacement from a population of finite size N. Note that these
results are obtained from (1) and (2) on replacing X by P and ¢ by \/pq.

To compute the above confidence limits we use the sample estimate P for p. A more
exact method is given in Problem 6.27.

CONFIDENCE INTERVALS FOR DIFFERENCES AND SUMS

If S; and S: are two sample statistics with approximately normal sampling distribu-
tions, confidence limits for the differences of the population parameters corresponding to
S1 and S: are given by

S, — 8, = 2.0, =8 —=85,* zc\/"g, + "3232 (8)

while confidence limits for the sum of the population parameters are given by
S, +8, =205 45, = S, +8, = zcw./ogl + o3, (9)
provided that the samples are independent.

For example, confidence limits for the difference of two population means, in the case
where the populations are infinite, are given by

¢ _ % = ¢ _ % %, %
X, - X, 205 5, = X X,z o (10)
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where X, o, n, and X,, o,, n, are the respective means, standard deviations and sizes of the
two samples drawn from the populations.

Similarly, confidence limits for the difference of two population proportions, where the
populations are infinite, are given by
P-P tzo, , = P —P,xz \f“"'(l“'*‘") 4 el = 72) (11)
2 ¢ Py~ Py ! 2 ¢ Ny Nz
where P; and P: are the two sample proportions, n: and n: are the sizes of the two samples
drawn from the populations, and p; and p: are the proportions in the two populations
(estimated by P, and P»).

CONFIDENCE INTERVALS FOR VARIANCES

The fact that nS*¢* = (n— 1)§2I¢2 has a chi-square distribution with n — 1 degrees of
freedom enables us to obtain confidence limits for ¢ or ¢. For example if x%,; and x%,; are
the values of x? for which 2.5% of the area lies in each “tail” of the distribution, then a

95% confidence interval is T

= = .2 {12}

Aopzs — 0,2 = AN \2~7
or equivalently .
n—1)8?

s = U2 = (13)

o

From these we see that o can be estimated to lie in the interval

SV o, < Svn (14)
X.975 X 025
or equivalently g\m _ - §\/ﬁT1 15)
EVD T = g = 2¥VT -
X975 X 025

with 95% confidence. Similarly other confidence intervals can be found.

It is in general desirable that the width of a confidence interval be as small as possible.
For statistics with symmetric sampling distributions, such as the normal and ¢ distribu-
tions, this is achieved by using taiis of equai areas. However, for nonsymmeiric distribu-
tions, such as the chi-square distribution it may be desirable to adjust the areas in the
tails so as to obtain the smallest interval. The process is illustrated in Problem 6.28.

CONFIDENCE INTERVALS FOR VARIANCE RATIOS

In Chapter 5, page 161, we saw that if two independent random samples of sizes m and
n having variances S}, S; are drawn from two normally distributed populations of variances

roonartivaly then +
L% LF Y

VI’ Vg AVGOPCLUVAVILLY )y

degrees of freedom. Thus for example if we denote by F.o and F.e the values of F for
which 1% of the area lies in each “tail” of the F distribution, then with 98% confidence
we have ) Sf/ 01:,

1 = Fau (16)
S3/a%

From this we can see that a 98% confidence interval for the variance ratio of/o? of the two
populations is given by 1

1A

SRS

. (17)

1
= =
= Fa

ta>| 7}

(1.5

Cﬂ)‘ |72}

1.1
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Note that F g is read from one of the tables in Appendix F. The value F, is the reciprocal
of F gs with the degrees of freedom for numerator and denominator reversed, in accordance
with Theorem 4-8, page 118.

In a similar manner we could find a 90% confidence interval by use of the appropriate
table in Appendix . This would be given by

18 _ 2 _ 1§
—_—1 = 1 = _- 21 18
F.MSg o’g F.wgg ( )

MAXIMUM LIKELIHOOD ESTIMATES

Although confidence limits are valuable for estimating a population parameter it is still
often convenient to have a single or point estimate. To obtain a “best” such estimate, we
employ a technique known as the maximum likelihood estimate, due to Fisher.

To illustrate the method we assume that the population has a density function which
contains a population parameter, say #, which is to be estimated by a certain statistic. Thus

Pa—— W 2 =

e el e e pa | =

1. A e A P A A L. £f_. A A e Zamon AL —d ALl e . N [P )
Lile Uelsivy IUIlCuioll Call e dernovwea vy jJia, D". ANSUIIIIIE uwlab LIlele are i lluepernueiiv
observations, X,, ..., X,, the joint density function for these observations is

L = f(x1,6) f(x2,6) - - f(2n, 6) (19)

which is called the likelihood. The maximuin likelihood can then be obtained by taking the
derivative of L with respect to # and setting it equal to zero. For this purpose it is con-
venient to first take logarithms and then take the derivative. In this way we find

1 f (x4, 6) 1 of (%n, 6) _

f@ne) a6 7 T fmne) o6

0 (20)

From this we can obtain ¢ in terms of the .

The method is capable of generalization. Thus, in case there are several parameters
we take the partial derivatives with respect to each parameter, set them equal to zero and
solve the resulting equations simultaneously.

Solved Problems

UNBIASED AND EFFICIENT ESTIMATES

g1 i
ALV

Wals

all exXainipie 01 esuilialors \Or eSuiiailes) wililil

(b) unbiased and inefficient, (c¢) biased and inefficient.

[
o
—
£3

s
£
=
T
-
[+
%!
£
[+

i
="

n
n—1

-~

(@) The sample mean X and the medified sample variance S2 = S2 are two such examples.

(b) The sample median and the sample statistic (@ + @3), where @, and Q; are the lower and
upper sample quartiles, are two such examples. Both statistics are unbiased estimates of the
population mean, since the mean of their sampling distributions is the population mean. How-
ever they are both inefficient compared with X.

(¢} The sample standard deviation S, the modified standard deviation S, the mean deviation and
the semi-interquartile range are four such examples.
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6.2. A sample of five measurements of the diameter of a sphere were recorded by a
scientist as 6.33, 6.37, 6.36, 6.32 and 6.37 centimeters. Determine unbiased and effi-
cient estimates of (a) the true mean, (b) the true variance.

() An unbiased and efficient estimate of the true mean (i.e. the population mean) is

a9 1 gan oL
7 = % _ 633+ 6.37 6.;’-6-%6.32-!—6.37 —  B.35 em

(b) An unbiased and efficient estimate of the true variance (i.e. the population variance) is

Ny n — 2(%"3?}2
& “_132 n—1

(6.33 — 6.35)2 + (6.37 — 6.35)2 + (6.36 — 6.35)2 + (6.32 — 6.35)2 + (6.37 — 6.35)2
5-—1

= 0.00055 cm?

Note that & = 1/0.00055 = 0.023 is an estimate of the true standard deviation but this
estimate is neither unbiased nor efficient.

6.3. Suppose that the heights of 100 male students at XYZ University represent a random
sample of the heights of all 1546 male students at the university. Determine unbiased
and efficient estimates of (a) the true mean, (b) the true variance.

(¢) From Problem 5.33:
Unbiased and efficient estimate of true mean height = # = 67.45 in.

(6) From Problem 5.38:
n

Unbiased and efficient estimate of true variance = %2 = po— 82 = %[8.5275) = B.6136

Thus § = V/8.6136 = 2.93. Note that since n is large there is essentially no difference be-
tween 82 and £2 or between s and &

6.4. Give an unbiased and inefficient estimate of the true (mean) diameter of the sphere of
Problem 6.2.

The median is one example of an unbiased and inefficient estimate of the population mean. For
the five measurements arranged in order of magnitude the median is 6.36 em.

CONFIDENCE INTERVAL ESTIMATES FOR MEANS (LARGE SAMPLES)

6.5. Find (a) 95% and (b) 99% confidence intervals for estimating the mean height of
the XYZ University students in Problem 6.8.

(@) The 95% confidence limits are X * 1.960/V/n.

Using & = 67.45 inches, and 8 = 2.93 inches as an estimate of o (see Problem 6.3), the
confidence limits are 67.45 = 1.96(2.93/v/100 ) or 67.46 = 0.57 inches. Thus the 956% confidence in-
terval for the papulation mean u is 66.88 to 68.02 inches, which can be dencted by 66.88 < u < 68.02.

We can therefore say that the probability that the population mean height lies between
66.88 and 68.02 inches is about 95% or 0.85. In symbols we write P(66.88 < < 68.02) = 0.96.
This is equivalent to saying that we are 95% confident that the population mean {or true mean)
lies between 66.88 and 68.02 inches.

(b) The 99% confidence limits are X = 2.580/y/n. For the given sample

~
£ or 0585 = 6745 + 258295 — 6745 * 0.76 in.

Va V100
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Thus the 09%¢ confidence interval for the population mean p is 66.69 to 68.21 inches, which
can be denoted by 66.69 < u < GB.21.

In obtaining the above confidence intervals, we assumed that the population was infinite or
so large that we could consider conditions to be the same as sampling with replacement. For

o ’ N—n
finite populations where sampling is without replacement, we should use ﬁ F—_—_—?{- in place

o
Y
Vi

N - 1546 — 100
However, we can consider the factor \] N_:I: = \I K

of \ "1546 - 1

= 0.967 as essen-

tially 1.0, so that it need not be used. If it is used, the above confidence limits become
67.45 = 0.56 and 67.45 = 0.73 inches respectively.

6.6. Measurements of the diameters of a random sample of 200 ball bearings made by a
certain machine during one week showed a mean of 0.824 inches and a standard devi-
ation of 0.042 inches. Find (a) 95% and (b) 99% confidence limits for the mean
diameter of all the ball bearings.

(a) The 95% confidence limits are

(b)

~
. 0.042 .
X~ 1962 = &=+ 196-— = 0824 = 196———= = 0.824 * 0.0058 in.
Vn Vn V200
or 0.824 = 0.006 1n,
The 99% confidence limits are
X 258 = § = 2,55:i = o824 = 258202 _ (894 + 0.0077 in.
Vn vV V200

or 0.824 =0.008 in.

Note that we have assumed the reported standard deviation to be the modified standard devia-

tion §. If the standard deviation had been s, we would have used § = Valin—1)s =1/200/199 s
which can be taken as s for all practical purposes. In general, for n = 30 we may take s and §
as practically equal.

6.7. Find (e) 98%, (b) 90% and (c) 99.73% confidence limits for the mean diameter of
the ball bearings in Problem 6.6.

(@)

)

(e)

Let z, be such that the area under the normal curve to the
right of z =2, is 19r. Then by symmetry the area to the
left of 2 = —z. is also 197, so that the shaded area is 98%
of the total area.

Since the total area under the curve is one, the areca
from z=10 is z =z, is 0.49; hence z, = £.33.

Thus 98% confidence limits are

iy n nAs
£+ 233 2~ = 0.824 = 2.33"—2< = 0.824 = 0.0069 in. Fig. 6-1
Va V200

We require z. such that the area from 2z =0 to z =2z, is
0.45; then =z, = 1.645.

Thus 90% confidence limits are

7+ 1.645 -2 = 0.824 + 1.645 2222 _ 0824 = 0.0049 in.
n V200
The 99.73% confidence limits are
#+3-2 — 0824 +3%%42 _ (294 + 00089 in. Fig. 6-2
Vn V200



CHAP. 6] ESTIMATION THEORY 201

6.8.

In measuring reaction time, a psychologist estimates that the standard deviation is
0.05 seconds. How large a sample of measurements must he take in order to be
(@) 95% and (b) 99¢ confident that the error in his estimate of mean reaction time
will not exceed 0.01 seconds?

(x) The 95% confidence limits are X * 1.96&)'\)’?_1, the error of the estimate being 1.96a/A/n. Taking
o = 8 = 0.05 seconds, we see that this error will be equal to 0.01 seconds if (1.96)(0.05)/\v# = 0.01,
ie. Vn = (1.96)(0.05)/0.01 = 9.8 or = = 96.04. Thus we can be 95°¢ confident that the error
in the estimate will be less than 0.01 if n is 97 or larger.

() The 99% confidence limits are X = 2.580!\/;+ Then (2.58)(0.05)!\:’;1 = 0.01, or n = 166.4. Thus

we can be 99% confident that the error in the cstimate will be less than 0.01 only if » is 167
or larger.

A random sample of 50 mathematics grades out of a total of 200 showed a mean of 75
and a standard deviation of 10. (@) What are the 95% confidence limits for estimates
of the mean of the 200 grades? (b) With what degree of confidence could we say that
the mean of all 200 grades is 756 =17

{z) Since the population size is not very large compared with the sample size, we must adjust for it.
Then the 95% confidence limits are

i i - 10 200—50
Xil.ﬂﬁo,::ZXi*l{]ﬁH-q’!, L 75 =196 = 75 =24

(b) The confidence liinits can be represented by

222(.‘"? - thf d N—n = 75 + L (1) 200 — K0

vr VN1 ‘/I"‘ 200 — 1
Since this must equal 76 = 1, we have 1.283z, =1 or z.= 0.81. The area under the normal curve
from z=10 to z = 0.81 is 0.2910; hence the required degree of confidence is 2(0.2919) = 0.582
or 58.2%.

= 75 > 1232,

CONFIDENCE INTERVAL ESTIMATES FOR MEANS (SMALL SAMPLES)

6.10.

6.11.

The 95<% confidence coefficients (“two-tailed”) for the
normal distribution are given by =1.96. What are
the corresponding coefficients for the ¢ distribution if
(@) v=29, (b) v=20, (c) v=230, (d) r =607

For 95% confidence coefficients (“two-tailed”} the total
shaded area in Fig. 6-2 must be 0.05. Thus the shaded area
in the right tail is 0.025 and the corresponding critical value
is tgss. Then the required confidence coefficients are *fy;5.
For the given values of r these are: (a) +2.26, (b) *=2.04,
(c) =2.04, (d) +2.00. Fig. 6-3

A sample of 10 measurements of the diameter of a sphere gave a mean & = 4.38 inches
and a standard deviation s = 0.06 inches. Find (a) 95°¢ and (b) 99¢ confidence
limits for the actual diameter,

(a) The 95% confidence limits are given by X = ¢ ¢.5(S/Vn— 1),

Since »=n—1=10—1=9, we find fg;; = 2.26 [sece also Problem 6.10(a)]. Then using
& = 4.38 and s = 0.06, the required 95% confidence hmlts are

438 = 226200 _ 418 = 0.0452 in.

V10 —1
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Thus we can be 95% confident that the true mean lies between 4.38 — 0.0456 = 4.385 inches
and 4.38 + 0.045 = 4.4256 inches.

(8) For » =9, tges = 3.26. Then the 99% confidence limits are
X+ tos(SAn—1) = 4.38 =325(0.06//10—1) = 4.38 = 0.0650 in.
and the 99% confidence interval is 4.3156 to 4.445 inches.

Py T P oot e manthods Af laves garmnling thanetsr ave walid
{ j U K rl.'ULllBl'[l D.I.J. ABBUIIITE l.ruul.. uu: INCLIIUUS U1 14ljc piflE L aic i

(b) Compare the results of the two methods.

() Using large sampling theory, the 95% confidence limits are

X+ 1069 = 438 + 19629 _ 438 + 0.037in.
Vn V10

where we have used the sample standard deviation 0.06 as estimate of . Similarly, the 99%
confidence limits are 4.88 = (2.68)(0.06)/1/10 = 4.38 = 0.049 in.

(b) In each case the confidence intervals using the small or exact sampling methods are wider than
those obtained by using large sampling methods. This is to be expected since less precigion is
available with small samples than with large samples.

CONFIDENCE INTERVAL ESTIMATES FOR PROPORTIONS
6.13. A sample poll of 100 voters chosen at random from all voters in a given district indi-

6.14.

cated that 56% of them were in favor of a particular candidate. Find (c) 95%,

(b) 99% and (c) 99.73% confidence limits for the proportion of all the voters in favor
of this candidate.

(z) The 95% confidence limits for the population p are

P+ 1960, = P = 1.95#”—“;1’) ~ 055 = 1_%\‘{0.5?'.3345} = + 0.10

where we have used the sample proportion 0.55 to estimate p.

(b) The 99% confidence limits for p are 0.56 = 2.681/(0.55)(0.45)/100 = 0.55 =+ 0,13.

{¢) The 99.73% confidence iimits for p are 0.55 = 3y/ (0.565){0.45

)/100 = 0.5

b
For a more exact method of working this problem, see Problem 6.27.

How large a sample of voters should we take in Problem 6.18 in order to be 95%
confident that the candidate will be elected?

The candidate is elected if p > 0.50, and to be 955 confident of his being elected we require that
Prob(p > 0.50) = 0.95. Since (P —p)/Vp(l — p)/n is asymptotically normal,

Prob L P < e /2 dy
k»fpu —p)fn v’zTr .’
or Prob{p > P — 8Vp(l—p)fn) = _v}? "ﬂ e~ U2 du
37 ad —og

Comparison with Prob(p > 0.50) = 0.95 using Appendix C shows that
P—ﬂ\fm = 050 where B = 1.645
Then, using P = 0.556 and the estimate p = 0.55 from Problem 6.13, we have
0.55 — 1.645V/(0.56)(0.45)/n = 0.50 or =n = 271
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6.15.

In 40 tosses of a coin, 24 heads were obtained. Find (a) 95% and (b) 99.78% con-
fidence limits for the proportion of heads which would be obtained in an unlimited
number of tosses of the coin.

(@) At the 95% level, z. = 1.96. Substituting the values P = 24/40 = 0.6 and = = 40 in the for-
mula p =P =*2/P(1—P)/n, we find p = 0.60=0.15, yielding the interval 0.45 to 0.75.

(b) At the 99.73% level, z, = 3. Using the formula p = P =z, VVP(1 — P)/n, we find p = 0.60 = 0,23,
vielding the interval 0.37 to 0.83.

The more exact formula of Problem 6.27 gives the 95% confidence interval as 0.45 to 0.74 and
the 99.73% confidence interval as 0.37 to 0.79.

CONFIDENCE INTERVALS FOR DIFFERENCES AND SUMS

6.16.

6.17.

A sample of 150 brand A light bulbs showed a mean lifetime of 1400 hours and a

standard deviation of 120 hours. A sample of 200 brand B light bulbs showed a
mean lifetime of 1200 hours and a standard deviation of 80 hours. Find ‘n\ ahaf,

ARAnival SSLweUASLasns Aiinma nF Ewas v R viwssnatea WA wens ¥ afruaisas a A aaiSiaa a aas s SO

and (b) 99% confidence limits for the difference of the mean lifetimes of the popula-
tions of brands A and B.

Confidence limits for the difference in means of brands A and B are given by

2 a2

— — o

Xp,— X % 2, A 4B
Na Ny

(a) The 95% confidence limits are: 1400 — 1200 = 1.96v/(120)2/150 + (80)2/100 = 200 = 24.8.

Thus we can be 959 confident that the difference of population means lies between 175
and 225 hr.

(b) The 99% confidence limits are: 1400 — 1200 = 2.581/(120)2/150 + (80)2/100 = 200 = 32.6.

Thus we can be 99% confident that the difference of population means lies between 167
and 233 hr.

In a random sample of 400 adults and 600 teenagers who watched a certain television
program, 100 adults and 300 teenagers indicated that they liked it. Construct
(a) 95% and (b) 99% confidence limits for the difference in proportions of all adults
and all teenagers who watched the program and liked it.

Confidence limits for the difference in proportions of the two groups are given by

1y N Pedz

P, — Py, * z
1 2 c n ny

where subscripts 1 and 2 refer to teenagers and adults respectively. Here FP; = 300/600 = 0.50 and
P, = 100/400 = 0.25 are respectively the proportion of teenagers and adults who liked the program.

(a) 95% confidence limits: 0.50 — 0.26 = 1.961/(0.50)(0.50)/600 + (0.25)(0.75)/400 = 0.25 =+ 0.06.

Thus we can be 95% confident that the true difference in proportions lies between 0,19
and 0.31.

(b) 99% confidence limits: 0.50 — 0.25 = 2.681/(0.50)(0.60)/600 + (0.25)(0.76)/400 = 0.26 = 0.08.

Thus we can be 999 confident that the true difference in proportions lies between 0.17
and 0.33.
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6.18. The mean e.m.f. of batteries produced by a company is 45.1 volts and the standard
deviation is 0.04 volts. If four such batteries are connected in series, find (a) 95%,
(b) 99%, (c) 99.78% and (d) 50% confidence limits for the total e.m.f.

If E,, E,, E5 and E, represent the e.m.f.’s of the four batteries, we have

= = /o2 2
BE 4By By By = Bp, g, t pg, T ug, and B 4By + B3 +Ey V("E. + °§, +°1233 +og,
Then since py, = pg, = up, = pg, = 451 volts and oy, = op = 0, = op = 0.04 volts,
- — = 2 =
BE, + Byt EyvE, — 4(45.1) = 1804 and Op it by rE, = VA(0.04)2 = 0.08

(a) 95% confidence limits are: 180.4 = 1.96(0.08) = 180.4 = 0.16 volts,

(b) 99% confidence limits are: 180.4 = 2.58(0.08) = 180.4 % 0.21 volts.

(c) 99.73% eonfidence limits are: 180.4 = 3(0.08) = 180.4 = 0.24 volts.

(d) 50% confidence limits are: 180.4 = 0.6745(0.08) = 180.4 = 0.054 volts.
The value 0.054 volts is called the probable error.

CONFIDENCE INTERVALS FOR VARIANCES

6.19. The standard deviation of the lifetimes of a sample of 200 electric light bulbs was
computed to be 100 hours. Find (a) 95% and (b) 99% confidence limits for the
standard deviation of all such electric light bulbs.

In this case large sampling theory applies. Thus (see Table 5-1, page 162) confidence limits for the
population standard deviation o are given hy S * z_.a/y/2n, where z_ indicates the level of confidence.
We use the sample standard deviation to estimate o.

(a) The 95% confidence limits are: 100 * 1,96(100)/1/400 = 100 += 9.8,
Thus we can be 95% confident that the population standard deviation will lie between 90.2
and 109.8 hr.
(&) The 99% confidence limits are: 100 = 2.58(100)/v/400 = 100 = 12.9.

Thus we can be 999 confident that the population standard deviation will lie between £7.1
and 112.9 hr.

6.20. How large a sample of the light bulbs in Problem 6.18 must we take in order to be
99.73% confident that the true population standard deviation will not differ from
the sample standard deviation by more than (a) 5%, (b) 10%?

As in Problem 6.19, 99.73% confidence limits for o are S = 30/V2n = 8 = 3s/\/2n, using s as an
estimate of 0. Then the percentage error in the standard deviation is

3s\/2Zn 300
® Van

(@) If 300/y/2nr =5, then = = 1800. Thus the sample size should be 1800 or more.

(b) If 300/y/2n = 10, then m = 450. Thus the sample size should be 450 or more.

6.21. The standard deviation of the heights of 16 male students chosen at random in a
school of 1000 male students is 2.40 inches. Find (a) 95% and (b) 99% confidence
limits of the standard deviation for all male students at the school.

(a) 95% confidence limits are given by SV%fx g75 and SVn/x gos-
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For » = 16—1 = 15 degrees of freedom, xZ; = 27.5 or xg5 = 5.24 and x5y = 6.26 or
X.ozs = 2.50.

Then the 95% confidence limits are 2.40V16/5.24 and 2.40\/16/2.50, i.e. 1.83 and 3.84 inches.
Thus we can be 95% confident that the population standard deviation lies between 1.83 and 3.84
inches.

99% confidence Yimits are given by SVn/x g0 and SVn/x ogs-

For r = 16 —1 = 15 degrees of freedom, x%g; = 32.8 or xgg, = 573 and x%es = 4.60 or
X.005 — 2.14.

Then the 89% confidence limits are 2.40V/16/5.73 and 2.40\/16/2.14, i.e. 1.68 and 4.49 inches.
Thus we can be 99% confident that the population standard deviation lies between 1.68 and 4.49
inches.

6.22. Work Problem 6.19 using small or exact sampling theory.

(a)

()

95% confidence limits are given by SVn/x o075 and SvVn/x go5-

For » = 200 —1 = 199 degrees of freedom, we find as in Problem 4.41, page 137,

1
X?Ms = 3 (zgys + V2(199) —1)2 = %(1‘96 +19.92)2 = 239
Xoes = %(z.m +V2(199) - 1)2 = -%(-—1.96 +19.922 = 161

from which xg75 = 16.6 and x5 = 12.7.

Then the 95% confidence limits are 100v/200/15.5 = 91.2 and 100V200/12.7 = 111.3 hours
respectively. Thus we can be 95% confident that the population standard deviation will lie
between 91.2 and 111.3 hours.

This should be compared with the result of Problem 6.19(a).

99% confidence limits are given by SVn/x g5 and SVn/x op5-
For » = 200 — 1 = 199 degrees of freedom,

1
x5 = 5 (2005 V2(199) —1)2

1 R —
Xoos = E{z_m +V20199)—1)2

from which x 495 = 15.9 and xgos = 12.2.

%(2.53“9.92)2 - 253

%(—2.584—19.92}2 = 150

Then the 999 confidence limits are 100V/200/15.9 = 88.9 and 100y/200/12.2 = 115.9 hours
respectively. Thus we can be 99% confident that the population standard deviation will lie
between 88.9 and 115.9 hours.

This should be compared with the result of Problem 6.19(b).

CONFIDENCE INTERVALS FOR VARIANCE RATIOS

6.23. Two samples of sizes 16 and 10 respectively are drawn at random from two normal
populations. If their variances are found to be 24 and 18 respectively find (a) 98%
and (b) 90% confidence limits for the ratio of the variances.

(a)

We have m = 16, » = 10, s =20, 8] =18 so that

- m _ 16 _
s‘;’- = m-1 s? = (1—5){24] = 252
~ . n _ 10 -
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From Problem 4.47(b), page 139, we have F g9 = 4.96 for v, =16—1 =15 and wp,=10—1=9
degrees of freedom. Also, from Problem 4.47(d), we have for »; =15 and », = 9 degrees of
freedom F' g, = 1/3.89 so that 1/F = 3.89. Then using (17), page 197, we find for the 98%

confidence interval
1 \[25.2 af 25.2
(4.96)(20.0) =2 m"”’(ﬂfﬁ)

4.90

A

)

or 0283 = —

(b) As in (a) we find from Appendix F that Fgs = 3.01 and F g = 1/2.59. Thus the 90% confi-

dence interval is
2
1 (252 - o 25.2
3.01 (20-0) S T ‘2'59)(20.0

1
.4 = — = .
or 0.4186 ﬂ% 3.263
Note that the 90% confidence interval is much smaller than the 98% confidence interval, as we
would of course expect.

6.24. Find the (a) 98% and (b) 90% confidence limits for the ratio of the standard devia-

tions in Problem 6.23.

By taking square roots of the inequalities in Problem 6.23 we find for the 98% and 90% con-
fidence limits

o

(a) 053 = = 221
o2

®) 065 = ! = 1.81
L]

MAXIMUM LIKELIHOOD ESTIMATES
6.25. Suppose that n observations, X, ..., X,, are made from a normally distributed popu-

lation of which the mean is unknown and the variance is known. Find the maximum
likelihood estimate of the mean.
1

Since f(g;k, p) = e~ (xp —1)2/202
rol
we have
() L = f@u,w - f@n,m) = (2we?)n2e %lm—wi/20
Thus
@ ML = —§n (@) — 55 3 (o~ u
Taking the partial derivative with respect to » vields
1 oL 1

(3) Lon = 2 (zc— )
Setting aL/ap = 0 gives
(4) S(—p =0 ie Zx—mnp =0
or

:.‘Bk
@ BE o

Thus the maximum likelihood estimate is the sample mean.
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6.26. If in Problem 6.25 the mean is known but the variance is unknown, find the maxi-
mum likelihood estimate of the variance.

If we write f(z,,o?) instead of f(x,,p), everything done in Problem 6.25 through equation (2)
still applies. Then, taking the partial derivative with respect to ¢2, we have

1el _ _n ; _
Loz = "2 7 2(02}22 (@ — )2
Setting oL/d¢®> = 0 we find
= () — p)?
T

o2

See Problem 6.63.

MISCELLANEOUS PROBLEMS

6.27. (a) If P is the observed proportion of successes in a sample of size n, show that the
confidence limits for estimating the population proportion of successes p at the level

ciILe J1MITMALS 1 CoOLIiilallllys Lile 4igdld I At L=l s

of confidence determined by z. are given by

Pt \[P(l P,

1+—-

(b) Use the formula derived in (@) to obtain the 99.78% confidence limits of Problem
6.13. (c) Show that for large » the formula in (@) reduces to p = P = 2z./P(1— P)/n,
as used in Problem 6.138.
P—p _ P—-p

°r Vol —piin

The largest and smallest values of this standardized variable are *z. where z, determines
the level of confidence. At these extreme values we must therefore have

(a) The sample proportion P in standard units is

P—-—p» = "J p(1 )
L {‘ v n
Squaring both sides, _

Multiplying both sides by n and simplifying, we find
(m+zip2—CnP+2Bp+nP2 = 0

If a=n+z22 b=—@2nP+2%) and ¢ =nP2 this equation becomes ap®+ bp+¢ =0, whose
solution for p is given by the quadratic formula as
—b = Vb2 —dac 2nP + 2% * \/(2nP +22)2 — 4(n + 22)(nPH

= 2a = 2(n + 22)

2nP + 22 = z\/dnP(1 — P) + 22
2(n + 22)

Dividing the numerator and denominator by 2n, this becomes

a2 \]Pu—m 22
P‘I-EI z, ‘—"?‘—*—1‘@

Z

1+ —
n
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(b) For 99.73% confidence limits, z, = 3. Then using P = 0.55 and # = 100 in the formula de-
rived in (@), we find p = 0.40 and 0.69, agreeing with Problem 6.13(c).

(¢) If n is large, then z2/2n, 2%/4n? and z%/n are all negligibly small and can essentially be replaced
by zero, so that the required result is obtained.

Is it possible to obtain a 95% confidence interval for the population standard devia-
tion whose width is smaller than that found in Problem 6.22(a)?

The 95% confidence limits for the population standard deviation as found in Problem 6.22(a)
were obtained by choosing critical values of x2 such that the area in each tail was 2,56%. It is pos-
sible to find other 95% confidence limits by choosing critical values of x2 for which the sum of the
areas in the tails is 5%, or 0.05, but such that the areas in each tail are not equal

In Table 6-2 several such critical values have been obtained and the corresponding 95% con-
fidence intervals shown.

Table 6-2
Critical Values 95% Confidence Interval Width
Xo1 = 1244, x g6 = 15.32 92.3 to 113.7 21.4
X0z = 12,64, x.g; = 15.42 91.7 to 111.9 20.2
x.oz = 12.76, x4z = 15.54 91.0 to 110.8 19.8
X1 = 1285, xgo = 15.73 89.9 to 110.0 20.1

From this table it is seen that a 95% interval of width only 19.8 is 91.0 to 110.8.

An interval with even smaller width can be found by continuing the same method of approach,
using critical values such as x g5 and x.osi, X.032 8nd x.0g2, €te.

In general, however, the decrease in the interval which is thereby obtained is usually negligible
and is not worth the labor involved.

Supplementary Problems

UNBIASED AND EFFICIENT ESTIMATES

6.29.

6.30.

6.31.

Measurements of a sample of weights were determined as 8.3, 10.6, 9.7, 8.8, 10.2 and 9.4 pounds
respectively. Determine unbiased and efficient estimates of (a) the population mean and (b) the
population variance. (¢} Compare the sample standard deviation with the estimated population
standard deviation,

A sample of 10 television tubes produced by a company showed a mean lifetime of 1200 hr and a
standard deviation of 100 hr. Estimate (¢) the mean and (b) the standard deviation of the popu-
lation of all television tubes produced by this company.

(a) Work Problem 6.30 if the same results are obtained for 30, 50 and 100 television tubes. (b) What
can you conciude about the relation between sample standard deviations and estimates of popula-
tion standard deviations for different sample sizes?

CONFIDENCE INTERVAL ESTIMATES FOR MEANS (LARGE SAMPLES)

6.32.

6.33.

The mean and standard deviation of the maximum loads supported by 60 cables (see Problem 5.98)
are 11.09 tons and 0.73 tons respectively. Find (a) 95% and (b) 99% confidence limits for the
mean of the maximum loads of all cables produced by the company.

The mean and standard deviation of the diameters of a sample of 250 rivet heads manufactured by
a company are 0.72642 inches and 0.00058 inches respectively (see Problem 5.100). Find (a) 99%,
(b) 98%, (¢) 95% and (d) 90% confidence limits for the mean diameter of all the rivet heads manu-
factured by the company.



CHAP. 6] ESTIMATION THEORY 209

6.34.

6.35.

Find (a) the 50% confidence limits and (b} the probable error for the mean diameter in Problem 6.33.

If the standard deviation of the lifetimes of television tubes is estimated as 100 hours, how large a
sample must we take in order to be (a) 95%, (b) 90%, (c) 99% and (d) 99.73% confident that the
error in the estimated mean lifetime will not exceed 20 hours?

What are the sample sizes in Problem 6.35 if the error in the estimated mean lifetime must not
exceed 10 hours?

CONFIDENCE INTERVAL ESTIMATES FOR MEANS (SMALL SAMPLES)

6.37.

6.38.

6.35.

A sample of 12 measurements of the breaking strengths of cotton threads gave a mean of 7.38
ounces and a standard deviation of 1.24 ounces. Find (a) 95% and (b) 99% confidence limits for
the actual mean breaking strength.

Work Problem 6.37 assuming that the methods of large sampling theory are applicable and compare
the results obtained.

Five measurements of the reaction time of an individual to certain stimuli were recorded as 0.28,
0.30, 0.27, 0.33, 0.31 seconds. Find (a) 959 and (b) 99% confidence limits for the actual mean
reaction time.

CONFIDENCE INTERVAL ESTIMATES FOR PROPORTIONS

6.40.

6.41.

6.42.

An urn contains red and white marbles in an unknown proportion. A random sample of 60 marbles
selected with replacement from the urn showed that 709 were red. Find (e) 95%, (b) 99% and
{c) 99.73% confidence limits for the actual proportion of red marbles in the urn. Present the results
using both the approximate formula and the more exact formula of Problem 6.27.

How large a sample of marbles should one take in Problem 6.40 in order to be (a) 95%, (b) 99%
and (c) 99.73% confident that the true and sample proportions do not differ more than 5%?

It is believed that an election will result in a very close vote between two candidates. Explain by
means of an example, stating all assumptions, how you would determine the least number of voters
to poll in order to be (a) 80%, (b) 956%, (c) 99% confident of a decision in favor of either one of
the candidates.

CONFIDENCE INTERVALS FOR DIFFERENCES AND SUMS

6.43.

6.44.

Of two similar groups of patients, A and B, consisting of 50 and 100 individuals respectively, the
first was given a new type of sleeping pill and the second was given a conventional type. For
patients in group A the mean number of hours of sleep was 7.82 with a standard deviation of 0.24
hours. For patients in group B the mean number of hours of sleep was 6.75 with a standard devi-
ation of 0.30 hours. Find (c¢) 95% and (b) 99% confidence limits for the difference in the mean
number of hours of sleep induced by the two types of sleeping pills.

A sample of 200 bolts from one machine showed that 15 were defective, while a sample of 100 bolts
from another machine showed that 12 were defective. Find (a) 95%, (b) 99% and (e) 99.73%
confidence limits for the difference in proportions of defective bolts from the two machines. Discuss

Lo mamoasTd Al i
LI ITsUlls Ullalneu,

A company manufactures ball bearings having a mean weight of 0.638 ounces and a standard devi-
ation of 0.012 ounces. Find (a) 95% and (b) 99% confidence limits for the weights of lots con-
sisting of 100 ball bearings each.

CONFIDENCE INTERVALS FOR VARIANCES OR STANDARD DEVIATIONS

6.46.

6.47.

The standard deviation of the breaking strengths of 100 cables tested by a company was 1800 pounds.
Find (a) 95%, (b) 99% and (c) 99.73% confidence limits for the standard deviation of all cables
produced by the company.

Find the probable error of the standard deviation in Problem 6.46.
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6.48. How large a sample should one take in order to be (a) 95%, (b) 99% and () 99.73% confident
that a population standard deviation will not differ from a sample standard deviation by more
than 297

6.49. The standard deviation of the lifetimes of 10 electric light bulbs manufactured by a company is
120 hours. Find (a) 95% and (b) 99% confidence limits for the standard deviation of all bulbs
manufactured by the company.

650. Work Problem 6.49 if 25 electric light bulbs show the same standard deviation of 120 hours.

651. Work Problem 6.49 by using the x2 distribution if a sample of 100 electric bulbs shows the same
standard deviation of 120 hours. Compare the results with those obtained using the normal
distribution.

CONFIDENCE INTERVALS FOR VARIANCE RATIOS

652. The standard deviations of the diameters of ball bearings produced by two machines were found to
be 0.042 cm and 0.035 cm respectively, based on samples of sizes 10 each. Find (a) 98% and
(b) 90% confidence intervals for the ratio of the variances.

6.53. Determine the (¢) 98% and (b) 90% confidence intervals for the ratio of the standard deviations
in Problem 6.52.

654. Two samples of sizes 6 and 8 respectively turn out to have the same variance, Find (e) 98% and
(b) 90% confidence intervals for the ratio of the variances of the populations from which they were
drawn,

655. Do you believe that the two samples of Problem 6.54 were drawn from the same population? Give
reasons for your answer.

656, Work (a) Problem 6.52 and (b) Problem 6.54 if the samples have sizes 120 each.

MAXIMUM LIKELTHOOD ESTIMATES

6.57. Suppose that n observations, X,, ..., X,, are made from a Poisson distribution with unknown
parameter A. Find the maximum likelihood estimate of A.

658. A population has a density function given by f(x) = 2n/ofr22e 7", —x < 1 < ®, If n observa-
tions, X,, ..., X,, are made from this population find the maximum likelihood estimate of ».

function given by
(k+1lxk 0==x=1
0 otherwise

flz) =
If » observations X,,. . ., X, are made from this population find the maximum likelihood estimate of k.

MISCELLANEOQUS PROBLEMS

660. The 99% confidence coefficients (“two-tailed”) for the normal distribution are given by *2.58,
What are the corresponding coefficients for the t distribution if (a) » =4, (b) » = 12, (¢) v = 25,
() » =30, () »= 407

6.61. A company has 500 cables. A test of 40 cables selected at random showed a mean breaking
strength of 2400 pounds and a standard deviation of 150 pounds. () What are the 95% and 99%
confidence limits for estimating the mean breaking strength of the remaining 460 cables? (b) With
what degree of confidence could we say that the mean breaking strength of the remaining 460 cables
is 2400 = 35 pounds?

6.62. What is the 95% confidence interval of Problem 6.51 which has the least width?

6.63. Suppose that »n observations, X, ..., X,, are made from a normally distributed population having
unknown mean p and unknown variance o2. Can one determine maximum likelihood estimates of
p and o? in terms of zy, ..., 7,7 If so are these the same as those given by Problems 6.25 and 6.26?
Explain.



Chapter 7

Tests of Hypotheses and Significance

STATISTICAL DECISIONS

Very often in practice we are called upon to make decisions about populations on the
basis of sample information. Such decisions are called statistical decisions. For example,
we may wish to decide on the basis of sample data whether a new serum is really effective
in curing a disease, whether one educational procedure is better than another, whether a
given coin is loaded, ete.

STATISTICAL HYPOTHESES. NULL HYPOTHESES

In attempting to reach decisions, it is useful to make assumptions or guesses about
the populations involved. Such assumptions, which may or may not be true, are called
statistical hypotheses and in general are statements about the probability distributions of
the populations.

In many instances we formulate a statistical hypothesis for the sole purpose of reject-
ing or nullifying it. For example, if we want to decide whether a given coin is loaded we
formulate the hypothesis that the coin is fair, i.e. p = 0.5, where p is the probability of
heads. Similarly, if we want to decide whether one procedure is better than another, we
formulate the hypothesis that there is no difference between the procedures (i.e. any observed
differences are merely due to fluctuations in sampling from the same population). Such
hypotheses are often called null hypotheses and are denoted by H,.

Any hypothesis which differs from a given hypothesis is called an alternative hypothesis.
For example, if one hypothesis is p = 0.5, alternative hypotheses are p = 0.7, p = 05, or
p > 0.5. A hypothesis alternative to the null hypothesis is denoted by H..

TESTS OF HYPOTHESES AND SIGNIFICANCE
If on the aupposition that a particular hypothesis is true we find that results observed

fFawm manwl-adley Far thooan awvivantad s1;mdns tha haonethaoio aem tha haoio

in a random samp.e uuuu Mardedly 1roii uiGs3 eXpeCiet unacer the Nypouiesis O ui€ Oasis
of pure chance using sampling theory, we would say that the observed differences are
significant and we would be inclined to reject the hypothesis (or at least not accept it on the
basis of the evidence obtained). For example, if 20 tosses of a coin yield 16 heads we would
be inclined to reject the hypothesis that the coin is fair, although it is conceivable that we
might be wrong.

Procedures which enable us to decide whether to accept or reject hypotheses or to deter-
mine whether observed samples differ significantly from expected results are ealled fests of
hypotheses, tests of significance, or rules of decision,

211
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TYPE I AND TYPE 11 ERRORS

If we reject a hypothesis when it should be accepted, we say that a Type I error has
been made. If, on the other hand, we accept a hypothesis when it should be rejected, we
say that a Type II error has been made. In either case a wrong decision or error in judg-
ment has occurred.

In order for any tests of hypotheses or rules of decision to be good, they must be designed
s0 as to minimize errors of decision. This is not a simple matter since, for a given sample
size, an atitempt to decrease one type of error is accompanied in general by an increase in
the other type of error. In practice one type of error may be more serious than the other,
and so a compromise should be reached in favor of a limitation of the more serious error.
The only way 1o reduce both types of error is to increase the sample size, which may or
may not be possible.

LEVEL OF SIGNIFICANCE

In testing a given hypothesis, the maximum probability with which we would be willing
to risk a Type I error is called the level of significance of the test. This probability, often
denoted by «, is generally specified before any samples are drawn, so that results obtained
will not influence our choice.

In practice a level of significance of 0.05 or 0.01 is customary, although other values
are used. If for example a 0.05 or 5 level of significance is chosen in designing a test of
a hypothesis, then there are about 5 chances in 100 that we would reject the hypothesis
when it should be accepted, i.e. we are about 95¢ confident that we have made the right
decision. In such case we say that the hypothesis has been rejected at a 0.05 level of sig-
nificance, which means that we could be wrong with probability 0.05.

TESTS INVOLVING THE NORMAL DISTRIBUTION

To illustrate the ideas presented above, suppose that under a given hypothesis the sam-
pling distribution of a statistic S is a normal distribution with mean «», and standard devia-
tion o, Then the distribution of the standardized vari-
able Z = (S- u/)/o, is the standardized normal distribution
(mean 0, variance 1) shown in Fig. 7-1.

As indicated in the figure we can be 95% confident that, Critical | Critical
if the hypothesis is true, the z score of an actual sample Regicn Region
statistic § will lie between —1.96 and 1.96 (since the area
under the normal curve between these values is 0.95). = L9 z =186

However, if on choosing a single sample at random we Fig. 7-1

find that the z score of its statistic lies outside the range

—1.96 to 1.96, we would conclude that such an event could happen with the probability of
only 0.05 (total shaded area in the figure) if the given hypothesis were true. We would
then say that this z score differed significantly from what would be expected under the
hypothesis, and we would be inclined to reject the hypothesis.

The total shaded area 0.05 is the level of significance of the test. It represents the
probability of our being wrong in rejecting the hypothesis, i.e. the probability of making a
Type I error. Thus we sayv that the hypothesis is rejected at a 0.05 level of significance or
that the z score of the given sample statistic is significant at a 0.05 level of significance.

The set of z scores outside the range —1.96 to 1.96 constitutes what is called the critical
region or region of vejection of the hypothesis or the region of significance. The set of z
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scores inside the range —1.96 to 1.96 could then be called the region of acceptance of the
hypothesis or the region of nonsignificance.

On the basis of the above remarks we can formulate the following rule of decision or
test of hypothesis or significance:

(a) Reject the hypothesis at a 0.05 level of significance if the z score of the statistic S
lies outside the range —1.96 to 1.96 (i.e. either z>1.96 or 2 < —1.96). This is equiv-
alent to saying that the observed sample statistic is significant at the 0.05 level.

(b) Accept the hypothesis (or, if desired, make no decision at all) otherwise.

It should be noted that other levels of significance could have been used. For example,
if a 0.01 level were used we would replace 1.96 everywhere above by 2.58 (see Table 7-1).
Table 6-1, page 195, can also be used since the sum of the level of significance and level of
confidence is 100%.

ONE-TAILED AND TWO-TAILED TESTS

In the above test we displayed interest in extreme values of the statistic S or its cor-
responding z score on both sides of the mean, i.e. in both “tails” of the distribution. For
this reason such tests are called two-tailed tests or two-sided tests.

Often, however, we may be interested only in extreme values to one side of the mean,
i.e. in one “tail” of the distribution, as for example when we are testing the hypothesis
that one process is better than another (which is different from testing whether one process
is better or worse than the other). Such tests are called one-tailed tests or one-sided tests.
In such cases the critical region is a region to one side of the distribution, with area equal
to the level of significance.

Table 7-1, which gives eritical values of z for both one-tailed and two-tailed tests at
various levels of significance, will be found useful for purposes of reference. Critical
values of z for other levels of significance are found by use of the table of normal curve areas.

Table 7-1
Level of Significance o 0.10 0.06 0.01 0.005 0.002
Critical Values of z for —1.28 —1.645 —2.33 —2.58 —2.88
One-Tailed Tests or 1.28 or 1.645 or 2.33 or 2.58 or 2.88
Critical Values of z for —1.645 —1.96 —2.58 —2.81 —3.08
Two-Tailed Tests and 1.645 and 1.96 and 2.58 and 2.81 and 3.08

SPECIAL TESTS OF SIGNIFICANCE FOR LARGE SAMPLES

For large samples many statistics have normal distributions (or at least nearly normal)
with mean u; and standard deviation o;. In such cases we can use the above results to
formulate decision rules or tests of hypotheses and significance. The following special cases
are just a few of the statistics of practical interest. In each case the results hold for infinite
populations or for sampling with replacement. For sampling without replacement from
finite populations the results must be modified. See pages 158 and 160.

1. Means.

Here S = X, the sample mean; ps = pg — p, the population mean; o, = o3 = olﬁ,
where ¢ is the population standard deviation and =» is the sample size. The standard-
ized variable is given by

X—u

oI

Z = (1)
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When necessary the observed sample standard deviation, s (or 8), is used to estimate o.

To test the null hypothesis H, that the population mean is . =a we would use the
statistic (2). Then, using a two-tailed test, we would accept H, (or at least not reject it)
at the 0.05 level if for a particular sample of size n having mean &

T—a
-196 = —— = 1.96 2
AV 2)
and would reject it otherwise. For other significance levels we would change (2)
appropriately.

To test the hypothesis that the population mean is greater than « we would still use
the null hypothesis H, that it is equal to a. Then, using a one-tailed test, we would
accept Hy (or at least not reject it) at the 0.05 level if

T—a
o/Vn

(see Table 7-1) and reject it otherwise. To test the hypothesis that the population
mean is less than ¢ we would accept H, at the 0.05 level if

< 1.645 (3)

T—a

ol\V/n

> —1.645 (4)

2. Proportions.
Here S =P, the proportion of “successes” in a sample; g = p, = p, where p is the

population proportion of successes and n is the sample size; o; = o, = VVpq/n, where
g =1—p. The standardized variable is given by
z = LD (5)

vVraln

In case P = X/n, where X is the actual number of successes in a sample, (5) becomes

- X (6)

Vapq

Remarks similar to those made above for means can be made.

V4

3. Differences of Means.

Let X, and X, be the sample means obtained in large samples of sizes n, and %2
drawn from respective populations having means p, and g, and standard deviations o,
and o,. Consider the null hypothesis that there is no difference between the population
means, i.e. p, = p,. From (11), page 159, on placing p, = p, we see that the sampling
distribution of differences in means is approximately normal with mean and standard

deviation given by
f 2 g2
0 . — ﬁ + 2 {7y
X Xy V M N2 vy
where we can, if necessary, use the observed sample standard deviations s; and s: (or
§: and §.) as estimates of o, and o,.

By using the standardized variable given by

7 - XI;X%_O _ X:.l_'—_xz (8)
X1—Xg X Xp

li“":'?l_ﬁa -

in a manner similar to that described in Part 1 above we can test the null hypotheasis
against alternative hypotheses (or the significance of an observed difference) at an
appropriate level of significance.
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4. Differences of Proportions.

Let P, and P be the sample proportions obtained in large samples of sizes %, and 7
drawn from respective populations having proportions p; and p:. Consider the null
hypothesis that there is no difference between the population proportions, i.e. 71 = p»,
and thus that the samples are really drawn from the same population.

From (13), page 159, on placing p, = p: = p we see that the sampling distribution of
differences in proportions is approximately normal with mean and standard deviation

R 0 Op,—p, \!'P{l _p)(nll-i-%) 9)

IVEn Dy
where P = ﬂ% is used as an estimate of the population proportion p.
By using the standardized variable

P,-P,—0 _ P,—P,

z - = & (10)
Py~ Py Py—by

Y ¥y an +.ﬂﬂ+ hﬂ % aalf b‘] A;#ﬂvﬂ“ﬂﬂﬂ ﬂ+ % 21 ﬂ““w\h“u+ﬂ l-ﬂ"ﬂl n"" ﬂ;"“‘lﬂﬂﬂ“ﬂb ﬂ“l" *hhm‘\‘f ‘ﬂﬁ+
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the null hypothesis,.
Tests involving other statistics (see Table 5-1, page 162) can similarly be designed.

SPECIAL TESTS OF SIGNIFICANCE FOR SMALL SAMPLES

In case samples are small (n <30) we can formulate tests of hypotheses and significance
using other distributions besides the normal, such as Student’s t, chi-square, F, etc. These
involve exact sampling theory and so of course hold even when samples are large, in which
case they reduce to those given above. The following are some examples.

1. Means.
To test the hypothesis H, that a normal population has mean p we use

X - X -
T = “ghva-1 = —§—“fﬁ (11)
where X is the mean of a sample of size n. This is analogous to using the standardized

variable Z = X;\/"-f for large n except that §= Vvnr/(n—1) Sis used in place of 0. The
T,

difference is that while Z is normally distributed, T has Student’s ¢ distribution. As#n in-

creases these tend toward agreement. The results can also be used when the population

is not precisely normal but has a bell-shaped distribution curve. Tests of hypotheses

similar to those for means on page 213 can be made using critical ¢ values in place of

critical z values.

2. Differences of Means.

Suppose that two random samples of sizes %, and #n:; are drawn from normal (or
approximately normal) populations whose standard deviations are equal, ie. o, = o,
Suppose further that these two samples have means and standard deviations given by
X, X2 and S,, S: respectively. To test the hypothesis Ho that the samples come from
the same population (i.e. ., = 1, as well ag o, = 0,), we use the variable given by

p= XX ere o= | mSEEmSE (12)
1 1 M+ ng — 2

o4 —+ —

1 N2
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The distribution of 7' is Student’s distribution with v =n1+n.—2 degrees of freedom.
Use of (12) is made plausible on placing o, = o, = o in (12), page 159, and then using
as an estimator of o the weighted average

(i — 1S3+ (e~ 1)S3 7S} + maS}
(ni—1) + (n2—1) o e — 2

where §§ and §§ are the unbiased estimators of ¢ and o2. This is the pooled variance
obtained by combining the data.

3. Variances.

To test the hypothesis Ho that a normal population has variance o* we consider the
random variable N
_ onSt _ (n—1)8?

X = T g

which (see page 161) has the chi-square distribution with n — 1 degrees of freedom.
Then if a random sample of size n turns out to have variance 52 we would, on the basis

(13)

of a two-tailed test, accept H; (or at least not reject it) at the 0.05 level if
= ns®
Xoos = 2 - X375 (14)

and reject it otherwise. A similar result can be obtained for the 0.01 or other level.

To test the hypothesis H, that the population variance is greater than «* we would
still use the null hypothesis Ho, but would now employ a one-tailed test. Thus we would
reject Ho at the 0.05 level (and thereby conclude that H; is correct) if the particular
sample variance s> were such that

Z - Xk (15)
and would accept H, (or at least not reject it) otherwise.

4. Ratios of Variances.

In some problems we wish to decide whether two samples of sizes m and n respec-
tively, whose measured variances are sf and sZ, do or do not come from the same normal
population. In such case we use the statistic (see page 161)

S2/02
= B s (16)
S§/ad
where o, o2 are the variances of the two normal populations from which the samples
are drawn. Suppose that H, denotes the null hypothesis that there is no difference be-
tween population variances, i.e. ¢2 =62 Then under this hypothesis (16) becomes
L8 ,
o= & (17)
S3
To test this hypothesis at the 0.10 level, for example, we first note that F' in (16) has the
F' distribution with m — 1, n — 1 degrees of freedom. Then, using a two-tailed test, we
would accept Ho (or not reject it) at the 0.10 level if

53
F .05

1A
w) |
PG [ b2

= Fg (18)
and reject it otherwise.

Similar approaches using one-tailed tests can be formulated in case we wish to test
the hypothesis that one particular population variance is in fact greater than the other.
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RELATIONSHIP BETWEEN ESTIMATION THEORY
AND HYPOTHESIS TESTING

From the above remarks one cannot help but notice that there is a relationship between
estimation theory involving confidence intervals and the theory of hypothesis testing. For
example, we note that the result (2) for accepting H, at the 0.05 level is equivalent to the
result (1) on page 195 leading to the 95<% confidence interval

s 1960¢ 7 4 1960

— = gy = —

Vn ' vn
Thus, at least in the case of two-tailed tests, we could actually employ the confidence inter-
vals of Chapter 6 to test hypotheses. A similar result for one-tailed tests would require
one-sided confidence intervals. Although the need for such intervals is rare in practice, it
is possible to define them (see Problem 7.136 and also Problem 6.14).

19
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OPERATING CHARACTERISTIC CURVES. POWER OF A TEST

M haern annn hase thon Mg T aesens o ha 13 By 1aemaanader olhoo o2 NS T

Ve have seen now the L¥pe 1 eITor Can oe limited Uy Propeny Crioosing a i1 level of tug‘uul-
cance. It is possible to avoid risking Type II errors altogether by simply not making them,
which amounts to never accepting hypotheses. In many practical cases, however, this cannot
be done. In such cases use is often made of operating characteristic curves, or OC curves,
which are graphs showing the probabilities of Type II errors under various hypotheses.
These provide indications of how well given tests will enable us to minimize Type II errors,
i.e. they indicate the power of a test to avoid making wrong decisions. They are useful in
designing experiments by showing, for instance, what sample sizes to use.

QUALITY CONTROL CHARTS

It is often important in practice to know if a process has changed sufficiently to make
remedial steps necessary. Such problems arise, for example, in quality control where one
must, often quickly, decide whether observed changes are due simply to chance fluctuations

or to actual changes in a manufacturing process because of deterioration of machine parts,
mistakes of employees, etc. Control charts provide a useful and simple method for dealing

with such problems (see Problem 7.29).

FITTING THEORETICAL DISTRIBUTIONS TO SAMPLE
FREQUENCY DISTRIBUTIONS

When one has some indication of the distribution of a population by probabilistic reason-
ing or otherwise, it is often possible to fit such theoretical distributions (also called “model”
r “expected” distributions) to frequency distributions obtained from a sample of the popu-
lation. The method used in general consisis of employing the mean and standard devia-
tion of the sample to estimate the mean and standard deviation of the population. See
Problems 7.80, 7.32 and 7.38.

The problem of testing the goodness of fit of theoretical distributions to sample distri-
butions is essentially the same as that of deciding whether there are significant differences
between population and sample values. An important significance test for the goodness of
fit of theoretical distributions, the chi-square test, is described below.

In attempting to determine whether a normal distribution represents a good fit for given
data, it is convenient to use normal curve graph paper, or probability graph paper as it is
sometimes called (see Problem 7.31).
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THE CHI-SQUARE TEST FOR GOODNESS OF FIT

To determine whether the proportion P of “successes” in a sample of size n drawn
from a binomial population differs significantly from the population proportion p of suc-
cesses, we have used the statistic given by (5) or (6) on page 214. In this simple case only two
possible events A, Az can occur, which we have called “success” and “failure” and which
have probabilities p and ¢ =1—p respectively. A particular sample value of the random
variable X = nP is often called the observed frequency for the event A; while np is called
the expected frequency.

EXAMPLE 7.1. If we obtain a sample of 100 tosses of a fair coin, so that n =100, p =}, then the
expected frequency of heads (successes) is np = (100)(4) = 50. The observed frequency in the sample could
of course be different.

A natural generalization is to the case where & possible events A,, 4z, ..., Ax can occur,
the respective probabilities being pi, Pz, ..., Pr. In such case we have a multinomial pop-
ulation (see page 113). If we draw a sample of size n from this population the observed
frequencies for the events A, ..., Ax can be described by random variables X, ..., Xk
(whose specific values z,, %, . . ., 2x would be the observed frequencies for the sample), while
the expected frequencies would be given by np,, . .., np, respectively. The results can be
indicated as in Table 7-2.

Table 7-2
Event A 1 Az e A k
Observed , , o -
Frequency 1 2 k
Expected " " L "
Frequency P P2 Py

EXAMPLE 7.2. If we obtain a sample of 120 tosses of a fair die, so that n = 120, then the probahilities
of the faces 1,2, ...,6 are denoted by py, s, . ... Pg respectively and are all equal to . The corresponding
expected frequencies are npy, npy, ..., npg and are all equal to (120)(}) = 20. The observed frequencies of
the various faces which eome up in the sample can of course be different.

A clue as to the possible generalization of the statistic (6) which could measure the dis-
crepancies existing between observed and expected frequencies in Table 7-2 is obtained by
squaring the statistic (6) and writing it as

g = EK—mpP _ (Xi—wp) | (X2 —ng)

0
npq np ngq (20)

where X; =X is the random variable associated with “success” and X.=n—X, is the
random variable associated with “failure”. Note that ng in (20) is the expected frequency
of failures.

The form of the result (20) suggests that a measure of the discrepancy between observed
and expected frequencies for the general case is supplied by the statistic

_ (Xi—ap)? | (Xe—mpep | (Ke—wp)? < (Xi—npy)
X e e T E] —m (21)
where the total frequency (i.e. the sample size) is n, so that
Xi+Xe+ -+ Xk =n (22)
An expression equivalent to (21) is
k X2
¢ = 3ion (29)

3
3

i=1
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If *=0 observed and expected frequencies agree exactly while if 2> 0 they do not
agree exactly. The larger the value of x? the greater is the discrepancy between observed
and expected frequencies.

As is shown in Problem 7.62, the sampling distribution of x? as defined by (21) is approxi-
mated very closely by the chi-square distribution [hence the choice of symbol in (21)] if the
expected frequencies np; are at least equal to 5, the approximation improving for larger
values. The number of degrees of freedom for this chi-square distribution is given by:

Y

(@) v=Fk—1 if expected frequencies can be computed without having to estimate popu-
lation parameters from sample statistics. Note that we subtract 1 from & because
of the constraint condition (22), which states that if we know k — 1 of the expected
frequencies the remaining frequency can be determined.

(b) v=k—1—m if the expected frequencies can be computed only by estimating m pop-
ulation parameters from sample statistics.

In practice, expected frequencies are computed on the basis of a hypothesis Hy. If under
this hypothesis the computed value of y* given by (21) or (23) is greater than some critical
value (such as x— or X.Ew' which are the critical values at the 0.05 and 0.01 significance levels
respectively), we would conclude that observed frequencies differ significantly from expected
frequencies and would reject H, at the corresponding level of significance. Otherwise we
would accept it or at least not reject it. This procedure is called the chi-square test of

hypotheses or significance.

It should be noted that we must look with suspicion upon circumstances where y? is oo
close to zero, since it is rare that observed frequencies agree too well with expected frequen-
cies, To examine such situations, we can determine whether the computed value of x* is
less than X% or x%,» in which cases we would decide that the agreement is too good at the
0.05 or 0. 01 levels of significance respectively.

Besides applying to the multinomial distribution, the chi-square test can be used to
determine how well other theoretical distributions, such as the normal, Poisson, etc., fit
empirical distributions, i.e. those obtained from sample data. See Problem 7.44.

CONTINGENCY TABLES

an = - - F

Table 7-2 above, in which observed frequencies occupy a single row, is called a one-way
classification table. Since the number of columns is k, this is also called a 1 % k (read “1 by k")
table. By extending these ideas we can arrive at two-way classification tables or h X k
tables in which the observed frequencies occupy k rows and k columns. Such tables are
often called contingency tables.

Corresponding to each observed frequeney in an h Xk contingency table, there is an
expected or theoretical frequency which is computed subject to some hypothesis according
to rules of probability. These frequencies which occupy the cells of a contingency table
are called cell frequencies. The total frequency in each row or each column is called the
marginal frequency.

To investigate agreement between observed and expected frequencies, we compute

the statistic
(X;—nps)

= L 2}

X ; np; (4)

where the sum is taken over all cells in the contingency table, the symbols X; and np; repre-

senting respectively the observed and expected frequencies in the jth cell. This sum,

which is analogous to (21), contains hk terms. The sum of all observed frequencies is

denoted by = and is equal to the sum of all expected frequencies [compare with equation (22)).
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As before, the statistic (24) has a sampling distribution given very closely by the chi-
square distribution provided expected frequencies are not too small. The number of degrees
of freedom v of this chi-square distribution is given for k> 1, k> 1 by

(@) v=(h—1)k—1) if the expected frequencies can be computed without having to
estimate population parameters from sample statistics. For a proof of this see

Problem 7.48.
(b) v=(h— 1)k —1) — m if the expected frequencies can be computed only by estimat-
ing m population parameters from sample statistics.

Significance tests for . X k tables are similar to those for 1 X k tables. Expected fre-
quencies are found subject to a particular hypothesis H,. A hypothesis commonly assumed
is that the two classifications are independent of each other.

Contingency tables can be extended to higher dimensions. Thus, for example, we can
have h X k %[ tables where 3 classifications are present.

When results for continuous distributions are applied to discrete data, certain correc-
tions for continuity can be made as we have seen in previous chapters. A similar correction
is available when the chi-square distribution is used. The correction consists in rewriting
(21) as
(| X1 —npa] — 0.5)2 + (|1 X2 — npo| — 0.5)2 ey (| X = npe| — 0.5)2

nin npz TPy

x? (corrected) =

(25)
and is often referred to as Yates’ correction. An analogous modification of (24) also exists.

In general the correction is made only when the number of degrees of freedom is + = 1.
For large samples this yields practically the same results as the uncorrected »2, but diffi-
culties can arise near critical values (see Problem 7.41). For small samples where each
expected frequency is between 5 and 10, it is perhaps best to compare both the corrected
and uncorrected values of y2. If both values lead to the same conclusion regarding a hy-
pothesis, such as rejection at the 0.05 level, difficulties are rarely encountered. If they
lead to different conciusions one can either resort to increasing sample sizes or, if this
proves impractical, one can employ exact methods of probability involving the multinomial
distribution.

COEFFICIENT OF CONTINGENCY

A measure of the degree of relationship, association or dependence of the classifications
in a contingen le is gi
tingency table is given by W.
C = 4 (26)

Vxi+n
which is called the coefficient of contingency. The larger the value of C the greater is the

degree of association. The number of rows and columns in the contingency table deter-
mines the maximum value of C, which is never greater than one. For a kX k table the

maximum value of C is given by \/(k—1)/k. See Problems 7.52, 7.58 and 7.127.
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Solved Problems

TESTS OF MEANS AND PROPORTIONS USING NORMAL DISTRIBUTIONS

7.1.

7.2

Find the probability of getting between 40 and 60 heads inclusive in 100 tosses of a
fair coin.

According to the binomia] distribution the required probability is

wf \so i {;\\41 (1\59 L .( m(l\w
100‘-*40\\2) \2} "‘100'-f41[\2} \2} T TIOD‘-‘GU\2} \2j

The mean and standard deviation of the number of heads in 100 tosses are given by

g = mp = 100(%) = b o = Vnpg = (100)(%)(%) = b
Since np and ng are both greater than 5, the normal approximation to the binomial distribution
can be used in evaluating the above sum.

On a continuous scale, hetween 40 and 60 heads inclusive is the same as between 39.5 and 60.5

heads.
39.5 in standard units = 39‘—55‘ﬂ — —210 605 in standard units — &5'59— ~ 210

Required probability = area under normal curve between z=—2.10 and z =2.10
= 2{area between z =0 and z =2.10) = 2{0.4821) = 0.9642

To test the hypothesis that a coin is fair, the following rule of decision is adopted:
(1) accept the hypothesis if the number of heads in a single sample of 100 tosses is
between 40 and 60 inclusive, (2) reject the hypothesis otherwise.

(z) Find the probability of rejecting the hypothesis when it is actually correct.
(b) Interpret graphically the decision rule and the result of part (a).

(¢) What conclusions would you draw if the sample of 100 tosses yielded 53 heads?
60 heads?

-nld sy ha vaorwass

e
LU R WY LU

)

n your conclusions to (¢)? Ex

(a) By Problem 7.1, the probability of not getting between 40 and 60 heads inclusive if the coin is
fair equals 1—0.9642 = 00358, Then the probability of rejecting the hypothesis when it is
correct equals 0.0358.

{(b) The decision rule is illustrated by Fig. 7-2, which shows
the probability distribution of heads in 100 tosses of a
fair coin.
If a single sample of 100 tosses yields a z score
between —2.10 and 2.10, we accept the hypothesis; /\
otherwise we reject the hypothesis and decide that the :

R _ I
coin is not fair. Rejection
Region

Rejection

Acceptance Region

The error made in rejecting the hypothesis when - Region
it should be accepted is the Type I error of the de- =2 10 z =518
cision rule; and the probability of making this error, (28.5 heads) (60.5 heads)
equal to 0.0358 from part (a), is represented by the

total shaded area of the figure. Fig. 7-2

If a single sample of 100 tosses yields a number of heads whose z score lies in the shaded
regions, we could say that this z score differed significantly from what would be expected if the
hypothesis were true. For this reason the total shaded area (i.e. probability of a Type I error)
is called the level of significance of the decision rule; it equals 0.0358 in this case. Thus we
speak of rejecting the hypothesis at a 0.0358 or 3.58% level of significance.
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7.3.

()

(d)
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According to the decision rule, we would have to accept the hypothesis that the coin is fair in
both cases. One might argue that if only one more head had been obtained we would have re-
jected the hypothesis. This is what one must face when any sharp line of division is used in
making decisions.

Yes. We could accept the hypothesis when it actually should be rejected, as would be the case
for example when the probability of heads is really 0.7 instead of 0.5.

The error made in accepting the hypothesis when it should be rejected is the Type II error
of the decision. For further discussion see Problems 7.23-7.25.

Design a decision rule to test the hypothesis that a coin is fair if a sample of 64 tosses
of the coin is taken and if a level of significance of (a) 0.05 and (b) 0.01 is used.

{a) First method. If the level of significance is 0.05, each shaded

(b)

area in Fig. 7-3 is 0.025 by symmetry. Then the area be-
tween 0 and z; is 0.5000 — 0.0250 = 0.4750, and =z, = 1.96.

Thus a possible decision rule is: /JI'\
¥ o - - L

(1) Accept the hypothesis that the eoin is fair if Z is be-
tween —1.96 and 1.96.

(2) Reject the hypothesis otherwise.

The critical values —1.96 and 1.96 can also be read
from Table 7-1. Fig. 7-3

To express this decision rule in terms of the number of heads to be obtained in 64 tosses
of the coin, note that the mean and standard deviation of the exact binomial distribution of
heads are given by

g = np = 64(0.5) = 32 and ¢ = Vnpg = V64(0.5)(0.5) = 4
under the hypothesis that the coin is fair. Then Z = (X — p)fo = (X — 32)/4.

If Z2=196, (X —32)/4 =196 or X =3984. If Z2=-196, (X—32)/4=—-196 or X =
24.16. 'Thus the decision rule becomes:
(I) Accept the hypothesis that the coin is fair if the number of heads is between 24.16 and

Py, R T 1 - T, [ .

o0 oA £ mn Lada. (214
OuduD%, LT, DULWEEDE L) el OO0 INECILUSIVE,

(2) Reject the hypothesis otherwise.

Second method. With probability 0.95, the number of heads will lie between p— 1.96¢ and p+
1.960, i.e. np — 1.96\/npg and np -+ 1.96\npg or between 32 —1.96(4) = 24.16 and 32 + 1.96(4) =
39.84, which leads to the above decision rule.

Third method. —196 < Z < 1.96 is equivalent to —196 < (X —32)/4 < 1.96. Consequently
—1.96(4) < (X —32) < 196(4) or 32— 1.96(4) < X < 82 +1.96(4), ie 24.16 < X < 39.84, which
also leads to the above decision rule.

If the level of significance is 0.01, each shaded area in Fig. 7-3 is 0.006. Then the area between
0 and 2z, is 0.5000 — 0.0050 = 0.4950, and 2z, = 2.58 {more exactly, 2.575). This can also be
read from Table 7-1.

Following the procedure in the second method of part (a), we see that with probability 0.99
the number of heads will lie between u — 2580 and p + 2.58¢, i.e. 32 —2.58(4) = 21.68 and
32 1 2.58(4) = 42.32,

Thus the deeision rule becomes:
(1) Accept the hypothesis if the number of heads is between 22 and 42 inclusive.
{(2) Reject the hypothesis otherwise.
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74.

7.5.

How could you design a decision rule in Problem 7.3 so as to avoid a Type Il error?

A Type II error is made by accepting a hypothesis when it should be rejected. To avoid this
error, instead of accepting the hypothesis we simply do not reject it, which could mean that we
are withholding any decision in this case. Thus, for example, we could word the decision rule of
Problem 7.3(b) as:

(#) Do not reject the hypothesis if the number of heads is between 22 and 42 inclusive,
(2) Reject the hypothesis otherwise.

In many practical instances, however, it is important to decide whether a hypothesis should be
accepted or rejected. A eomplete discussion of such cases requires consideration of Type Il errors
(see Problems 7.23-7.25).

In an experiment on extrasensory perception (E.S.P.) a subject in one room is asked
to state the color (red or blue) of a card chosen from a deck of 50 well-shuffied cards
by an individual in another room. It is unknown to the subject how many red or
blue cards are in the deck. If the subject identifies 32 eards correctly, determine

whether the results are significant at the (a) 0.05 and (b) 0.01 level of significance.

If p is the probability of the subject stating the color of a card correctly, then we have to
decide between the following two hypotheses:

Hy: p = 0.5, and subject is simply guessing, i.e. results are due to chance
H;: p > 0.5, and the subject has powers of E.S.P,

We choose a one-tailed test, since we are not interested in ability to obtain extremely low scores
but rather in ability to obtain high scores.

If the hypothesis /, is true, the mean and standard deviation of the number of cards identified
correctly is given by

p = mp = 50(0.6) = 25 and e — Vupg = V50(0.6)0.5) = V125 = 3.54

(a) For a one-tailed test at a level of significance of 0.05, we
must choose z; in Fig. 7-4 so that the shaded area in the
critical region of high scores is 0.05. Then the area be-
tween 0 and z; is 0.4600, and z; = 1.645. This can also be

read from Table 7-1.

A==t ==

Thus our decision rule or test of significance is: i
Critical
(1) If the z score observed is greater than 1.645, the re- Region
sults are significant at the 0.05 level and the individual | k

has powers of E.S. I

(2) If the z score is less than 1.645 the results are due to
chance, lLe. not significant at the 0.05 level. Fig. 7-4

Since 32 in standard umits is (32 — 25)/3.54 = 1.98, which is greater than 1.845, decision (7}
holds, i.e. we conelude at the 0.05 level that the individual has powers of E.S.P.

Note that we should really apply a continuity correction, since 32 on a continuous seale is
between 31.5 and 32.5. However, 31.5 has a standard score of (31.5 — 25)/3.54 = 1.84, and so
the same conclusion is reached.

{b) If the level of significance is 0.01, then the area between 0 and z, is 0.4900, and =z, = 2.33.
Since 32 (or 31.5) in standard units is 1.98 (or 1.84), which is less than 2.33, we conclude that
the results are not significant at the 0.01 level.

Sone statisticians adopt the terminology that results significant at the 0.01 level are highly
significant, results significant at the 0.05 level but not at the 0.01 level are probably significant,
while results significant at levels larger than 0.05 are not sigwnificant.

According to this terminclogy, we would conclude that the above experimental results are
probably significant. so that further investigations of the phenomena are probably warranted.
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7.6.

1.
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Since significance levels serve as guides in making decisions, some statisticians quote actual
probabilities involved. For instance in this problem, since P(Z = 1.84) = 0.0322, the statistician
could say that on the basis of the experiment the chances of being wrong in concluding that
the individual has powers of E.S.P. are about 8 in 100. The quoted probability, in this case
0.0322, is sometimes called an experimental or deseriptive significance level.

an al]ergy for a period of 8 hours. In a sample of 200 people who had the allergy,
the medicine provided relief for 160 people. Determine whether the manufacturer’s
claim is legitimate.

The manufacturer of a patent medicine claimed that it was 90% effective in relieving

Let p denote the probability of obtaining relief from the allergy by using the medicine. Then
we must decide between the two hypotheses:

Hy p =049, and the claim is correct
H;: p < 0.9, and the claim is false

H [N i Seian waen o et mmenod o T B
Ly J1L W JILCLCELEL LI

& a £ T
mining whether the proportion of people relieved by the medicine '

- |
is too low. Critical
Region

If the level of significance is taken as 0.01, ie. if the

shaded area in Fig. 7-5 is 0.01, then =z; = —2.833 as can be ‘z
seen from Problem 7.5(b) using the symmetry of the curve, or '
from Table 7-1. Fig. 7-56

We take as our decision rule:
(1) The claim is not legitimate if Z is less than —2.33 (in which case we reject Hy).

(2) Otherwise, the claim is legitimate and the observed results are due to chance (in which case
we accept Hy).

If H,is true, p = np = 200(0.9) = 180 and o = Vnpg = V/(200)(0.9)(0.1) = 4.23.

Now 160 in standard units is {160 — 180)/4.23 = —4.93, which is much less than —2.33. Thus
by our decision rule we conclude that the eclaim is not legitimate and that the sample results are
highly significant (see end of Problem 7.5).

The mean lifetime of a sample of 100 fluorescent light bulbs produced by a company
is computed to be 1570 hours with a standard deviation of 120 hours. If p is the
mean lifetime of all the bulbs produced by the company, test the hypothesis pu=
1600 hours against the alternative hypothesis u ¢ 1600 hours, using a level of signifi-
cance of (a) 0.05 and (b) 0.01.

We must decide between the two hypotheses
Hy p = 1600 hours H;: p+ 1600 hours

A two-tailed test should be used here since p % 1600 includes values both larger and smaller
than 1600.

(z) For a two-tailed test at a 'level of significance of 0.05, we have the following decision rule:
(1) Reject H, if the z score of the sample mean is outside the range —1.96 to 1.96.
(2) Accept H, (or withhold any decision) otherwise.

The statistic under consideration is the sample mean X. The sampling distribution of X
has a mean ux = x« and standard deviation ox = o/Vn, where u and o are the mean and stand-
ard deviation of the population of all bulbs produced by the company.
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7.9.

Under the hypothesis Hy, we have n = 1600 and og = of\/n = 120/\/100 = 12, using the
sample standard deviation as an estimate of ¢. Since Z = (X — 1600)/12 = (1570 — 1600)/12 =
—2.50 lies outside the range —1.96 to 1.96, we reject H, at a 0.05 level of significance.

(b) If the level of significance is 0.01, the range —1.96 to 1.96 in the decision rule of part (a) is
replaced by —2.58 to 2.58. Then since the z seore of —2.50 lies inside this range, we accept
H, (or withhold any decision} at a 0.01 level of significance.

In Problem 7.7 test the hypothesis x = 1600 hours against the alternative hypothesis
¢ < 1600 hours, using a level of significance of (a) 0.05 and (b) 0.01.
We must deeide between the two hypotheses
Hy: u = 1600 hours H;: p < 1800 hours
A one-tailed test should be used here (see Fig. 7-5),
(a) If the level of significance is 0.05, the shaded region of Fig. 7-5 has an area of 0.05, and we find
that z; = —1.645. We therefore adopt the decision rule:
(1) Reject H, if Z is less than —1.645.
(2) Accept Hy (or withhold any decision) otherwise.

Since, as in Problem 7.7(a), the z score is —2.50, which is less than —1.645, we reject H,
at a 0.05 level of significance. Note that this decision is identical with that reached in Prob-
lem 7.7(a) using a two-tailed test.

(b) If the level of significance is 0.01, the z; value in Fig. 7-5 is —2.33. Hence we adopt the deci-
sion rule:
(1) Reject Hy if Z is less than —2.83.
(2) Accept H; (or withhold any decision) otherwise.

Since, as in Problem 7.7(ct), the 2 score is —2.,60, which is less than —2.33, we reject Hy at a
0.01 level of significance. Note that this decision is not the same as that reached in Problem
7.77(b) using a two-tailed test.

It follows that decisions concerning a given hypothesis H,; based on one-tailed and two-
tailed tests are not always in agreement. This is, of course, to be expected since we are test-
ing H, against a different alternative in each case.

The breaking strengths of cables produced by a manufacturer have mean 1800 lb and
standard deviation 1001b. By a new technique in the manufacturing process it is
claimed that the breaking strength can be increased. To test this claim a sample of
50 cables is tested and it is found that the mean breaking strength is 1850 Ib. Can
we support the claim at a 0.01 level of significance?
We have to decide between the two hypotheses
Hy g = 1800 Ib, and there is really no change in breaking strength
Hy: u > 1800 1b, and there is a change in breaking strength
A one-tailed test should be used here (see Fig. 7-4). At a 0.01 level of significance the decision
rule is:
(1) If the z score observed is greater than 2.33, the results are significant at the 0.01 level and H,
is rejected.
{£) Otherwise H, is accepted (or the decision is withheld).
Under the hypothesis that Hy is true, we find

P X—u _ 1850 — 1800 _ .

a/Vn 100/1/50

which is greater than 2.33. Hence we conclude that the results are highly significant and the claim
should be supported.
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TESTS INVOLVING DIFFERENCES OF MEANS AND PROPORTIONS

7.10.

711

An examination was given to two classes consisting of 40 and 50 students respec-
tively. In the first class the mean grade was 74 with a standard deviation of 8, while
in the second class the mean grade was 78 with a standard deviation of 7. Is there
a significant difference between the performance of the two classes at a level of sig-
nificance of (a) 0.05, (b) 0.017?

Suppose the two classes come from two populations having the respective means g; and g,
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Hy gy = pg, and the difference is merely due to chance

Hy: py # pg, and there is a significant difference between classes

Under the hypothesis H, both classes come from the same population. The mean and standard
deviation of the difference in means are given by

2 2
_ o] o3 3_2 7_2 _
Bz, = O o%,_%, = 1’% *a = V20t 50 = 1606

where we have used the sample standard deviations as estimates of o, and o,

}21_}22 74 — 18
Then Z—TRE—— W_._2'49

(¢) For a two-tailed test the results are significant at a 0.05 level if Z lies outside the range —1.96
to 1.96, Hence we conclude that at a 0.05 level there is a significant difference in performance
of the two classes and that the second class is probably better.

(b) For a two-tailed test the results are significant at a 0.01 level if Z lies outside the range —2.58
and 2.58. Hence we conclude that at a 0.01 level there is no significant difference between
the classes.

Since the results are significant at the 0.05 level but not at the 0.01 level, we conclude that
the results are probably significant, according to the terminology used at the end of Problem 7.5.

The mean height of 50 male students who showed above-average participation in
college athletics was 68.2 inches with a standard deviation of 2.5 inches, while 50
male students who showed no interest in such participation had a mean height of 67.5
inches with a standard deviation of 2.8 inches. Test the hypothesis that male students
who participate in college athletics are taller than other male students.

We must decide between the hypotheses
Hy: py = po, and there is no difference between the mean heights
Hy: uy > py, and mean height of first group is greater than that of second group

Under the hypothesis H,,

[¢ &8 [@sr e ..

“xy-%y U “%-% = \Im m, ~ \ B0 B0 U™

where we have used the sample standard deviations as estimates of o; and o,.

X, - X, 68.2 — 67.5
Th _ " = D2 DIy -
en z % %, 0.53 1.32

On the basis of a one-tailed test at a level of significance of 0.05, we would reject the hypothe-
sis Hy if the z score were greater than 1.645. Thus we cannot reject the hypothesis at this level
of significance.

It should be noted, however, that the hypothesis ean be rejected at a level of 0.10 if we are
willing to take the risk of being wrong with a probability of 0.10, i.e. 1 chance in 10.
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7.12. By how much should the sample size of each of the two groups in Problem 7.11 be

7.13.

increased in order that the observed difference of 0.7 inch in the mean heights be
significant at the level of significance (a) 0.05, (b) 0.01?

Suppose the sample size of each group is n and that the standard deviations for the two groups

remain the same. Then under the hypothesis H, we have "‘i‘—t =0 and
2

oLt % _ [ese+es? _ [1a09 _ 3%
%, - %, n o n n n vn

For an observed difference in mean heights of 0.7 inch,

zZ = X - X - 07 _ 0TVm

7%~ Xy 3.75/Vn 3.75
(a) The observed difference will be significant at a 0.05 level if

0;;’;; = 1645 or Vn = 88 or n = 78

Thus we must increase the sample size in each group by at least 78 — 50 = 28,

{b) The observed difference will be significant at a 0.01 level if

9%‘?;2.33 or Vi Z 125 or n = 157

Hence we must increase the sample size in each group by at Jeast 157 — 50 = 107.

Two groups, A and B, each consist of 100 people who have a disease. A serum is
given to Group A but not to Group B (which is called the control group); otherwise,
the two groups are treated identically. It is found that in Groups A and B, 75 and
65 people, respectively, recover from the disease. Test the hypothesis that the serum
helps to cure the disease using a level of significance of (a) 0.01, (b) 0.05, (¢) 0.10.

Let p, and p, denote respectively the population proportions cured by (I) using the serum,
{2) not using the serum. We must decide between the two hypotheses

= po, and observed differences are due to chance, i.e. the serum

. J
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H,: p; > pg, and the serum is effective

Under the hypothesis Hy,

= = 1,1) o 1 1) _
Bp —p, = 0 %p by = m(n.+n2) = \I{D.'?O)(D.sm(]m+wo) = 0.0648

where we have used as an estimate of p the average proportion of cures in the two sample groups,
given by (764 65)/200 = 0.70, and where g=1—p = 0.30. Then

7 = Py—Py _ 0.750 — 0.650 _ 1.54

Ip Py 0.0648 .

{(¢) On the basis of a one-tailed test at a 0.01 level of significance, we would reject the hypothesis
H, only if the z score were greater than 2.33. Since the z score is only 1.54, we must coneclude
that the results are due to chance at this level of significance.

(b) On the basis of a one-tailed test at a 0.05 level of significance, we would reject H; only if the
z score were greater than 1.645. Hence we must conclude that the results are due to chance
at this level also.

(¢) If a one-tailed test at a 0.10 level of significance were used, we would reject H, only if the
z score were greater than 1.28. Since this condition is satisfied, we would conclude that the
serum is effective at a 0.10 level of significance.
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7.14.

7.15.
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Note that our conclusions above depended on how much we were willing to risk being wrong.
If results are actually due to chance and we conclude that they are due to the serum (Type I error),
we might proceed to give the serum to large groups of people, only to find then that it is actually
ineffective. This is a risk which we are not always willing to assume.

On the other hand, we could conclude that the serum does not help when it actually does help
(Type Il error}). Such a conclusion is very dangerous, espeeially if human lives are at stake.

Work Problem 7.13 if each group consists of 300 people and if 225 people in Group A
and 195 people in Group B are cured.

In this case the proportions of people cured in the two groups are respectively 225/300 — 0,750
and 195/300 = 0.650, which are the same as in Problem 7.13. Under the hypothesis H,,

- - 1,1) 1o, 1)
Hp,—py, = 0 O p, = \/ pq(n1+n2) = .\j(o.'m}(o.so)(aw+ 300) = 0.0374

where {225+ 195)/600 = 0.70 is used as an estimate of p. Then

=Py 0750 — 0.650
Z = opm,  oozd 267

Since this value of z is greater than 2.33, we can reject the hypothesis at a 0.01 level of signifi-
cance, ie. we can conclude that the serum is effective with only a 0.01 probability of being wrong.

This shows how increasing the sample size can increase the reliability of decisions. In many
cases, however, it may be impractical to increase sample sizes. In such cases we are forced to
make decisions on the basis of available information and so must contend with greater risks of
incorrect decisions.

A sample poll of 300 voters from district A and 200 voters from district B showed
that 56% and 48% respectively were in favor of a given candidate. At a level of sig-
nificance of 0.05, test the hypothesis that (a) there is a difference between the dis-
tricts, (b) the candidate is preferred in district A.

Let p, and p, denote the proportions of all voters of districts A and B respectively who are in
favor of the candidate,

Under the hypothesis (Hy: p; = p;) we have

1 1 1 1
FPI—PQ =0 o”]"’g = J}H}(E'l-;;) = 'J(D-528}(0.472)(m+ m) = 0.0456

where we have used as estimates of p and g the values [{0.56}(300) + (0.48)(200}1/500 = 0.528 and
1—0.528 = 0.472. Then

Py— Py _ 0.560 —- 0.480
Z = epm, T oo~ LT

(a) If we only wish to determine whether there is a difference between the districts, we must
decide between the hypotheses (Hy: py = ps) and (H;: p; # p2), which involves a two-tailed test.

On the basis of a two-tailed test at a 0.05 level of significance, we would reject H, if Z
were outside the interval —1.96 to 1.96. Since Z = 1.75 lies inside this interval, we cannot
reject fy at this level, i.e. there is no significant difference between the districts.

(k) If we wish to determine whether the candidate is preferred in district A, we must decide be-
tween the hypotheses (H: py = ps) and (Hy: p; > p3), which involves a one-tailed test.

On the basis of a one-tailed test at a 0.05 level of significance, we would reject H, if Z were
greater than 1.645. Since this is the case, we can reject H, at this level and conclude that the
candidate is preferred in district A.
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TESTS INVOLVING STUDENT’S { DISTRIBUTION

7.16. In the past a machine has produced washers having a mean thickness of 0.050 inches.
To determine whether the machine is in proper working order, a sample of 10 washers
is chosen for which the mean thickness is 0.0563 inches and the standard deviation is
0.003 inches. Test the hypothesis that the machine is in proper working order using
a level of significance of (a) 0.05, (D) 0.01.

We wish to decide between the hypotheses
Hy: p = 0.050, and the machine is in proper working order
H,: p+ 0.050, and the machine is not in proper working order
so that a two-tailed test is required.

-

X — —
Under the hypothesis H;, we have T = S EVn—1 = 1}£5%$\;‘10—1 = 3.00.

(a) For a two-tailed test at a 0.05 level of significance, we adopt the decision rule:

(1) Accept H if T lies inside the interval —t g;; to tg75, which for 10— 1 = 9 degrees of free-
dom is the interval —2.26 to 2.26.

Since T = 3.00, we reject Hy at the 0.05 level.
(b) For a two-tailed test at a 0.01 level of significance, we adopt the decision rule:

(1} Accept Hy if T lies inside the interval —¢f gy5 to fgg5, which for 10 —1 = 9 degrees of free-
dom is the interval —3.25 to 3.25,

(2) Reject H; otherwise.
Since T = 3.00, we accept H;, at the 0.01 level.

Because we can reject H; at the 0.05 level but not at the 0.01 level, we can say that the
sample result is probably significant (see terminology at the end of Problem 7.5). It would
thus be advisable to check the machine or at least to take another sample,

7.17. A test of the breaking strengths of 6 ropes manufactured by a company showed a
mean oreaking strength of 7750 1b and a standard deviation of 145 lb, whereas the
manufacturer claimed a mean breaking strength of 80001lb. Can we support the
manufacturer’s claim at a level of significance of (a) 0.05, (b) 0.017

We must decide between the hypotheses
Hy: p = 8000 lb, and the manufacturer’s claim is justified
H,: p < 8000 b, and the manufacturer’s claim is not justified

s0 that a one-tailed test is required.

X — —
Under the hypothesis Hy, we have T = S 'u\}n—l = EBOT“—S@\XG— = —3.86.

(¢) For a one-tailed test at a 0.05 level of significance, we adopt the decision rule:

(1) Accept H, if T is greater than —fg;, which for 6 — 1 = 5 degrees of freedom means
T>-201,

(2) Reject H; otherwise.
Since T = —3.86, we reject H,,.
(b) For a one-tailed test at a 0.01 level of significance, we adopt the decision rule:
(1) Accept H, if T is greater than —t gy, which for 5 degrees of freedom means T > —3.36.
(2) Reject H, otherwise.
Since T = —3.86, we reject H\,

We conclude that it is extremely unlikely that the manufacturer’s claim is justified.
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7.18.

7.19.
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The 1.Q.’s (intelligence quotients) of 16 students from one area of a city showed a
mean of 107 with a standard deviation of 10, while the 1.Q.’s of 14 students from
another area of the city showed a mean of 112 with a standard deviation of 8. Is
there a significant difference between the 1.Q.’s of the two groups at a (a) 0.01 and
(b) 0.05 level of significance?

If x; and p, denote population mean [.Q."s of students from the two areas, we have to decide
between the hypotheses

Hy py = po, and there is essentially no difference between the groups
Hy: py # py, and there is a significant difference between the groups

Under the hypothesis Hy,

X‘l - ig 82 + 2
T = —/—/—/—//— where o = ."_tjt—nzSg
oV 1/n;, + 1/n, ny +ny — 2

Then

5 -
_ \]16(10) + 146 _ o4 g T - 112107

16 + 14 —2 — 9.44/1/16 + 1/14

(g) On the basis of a two-tailed test at a 0.01 level of significance, we would reject H, if T were
outside the range —¢tgg5 to £ g95, which, for %, +m;—2 = 16 1 14 — 2 = 28 degrees of freedom,
is the range —2.76 to 2.76.

Thus we cannot reject H;, at a 0.01 level of significance,

(b} On the basis of a two-tailed test at a 0.05 level of significance, we would reject H, if T were
outside the range —¢t g;5 to 475, which for 28 degrees of freedom is the range —2.05 to 2.05.

Thus we cannot reject H, at a 0.05 level of significance.
We conclude that there is no significant difference hetween the 1.Q.’s of the two groups.

At an agricultural station it was desired to test the effect of a given fertilizer on
wheat production. To accomplish this, 24 plots of land having equal areas were
chosen; half of these were treated with the fertilizer and the other half were un-
treated (control group). Otherwise the conditions were the same. The mean yield of
wheat on the untreated plots was 4.8 bushels with a standard deviation of 0.40 bushels,
while the mean yield on the treated plots was 5.1 bushels with a standard deviation
of 0.36 bushels. Can we conclude that there is a significant improvement in wheat
production because of the fertilizer if a significance level of (a) 1% and (b) 5% is
used ?

If p; and u, denote population mean yields of wheat on treated and untreated land respectively,
we have to decide between the hypotheses

Hy: py = pg, and the difference is due to chance

H,: p; > py, and the fertilizer improves the yield
Under the hypothesis H,

p = KX . _ [mSt neS]
u"_l_lfnl+1ht2 where o = P—

Then
12(0.40)2 4+ 12(0.36)2 51 — 4.8
= 0.897 and T = = 1.85
\{ 12 +12 -2 0.397V1/12 + 1/12

(z) On the basis of a one-tailed test at a 0.01 level of significance, we would reject Hy if T were
greater than tg9, which, for n, +n,—2 = 12+ 12 — 2 = 22 degrees of freedom, is 2.51.

Thus we cannot reject H at a 0.01 level of significance.
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(b) On the basis of a one-tailed test at a 0.05 level of significance, we would reject H, if T were
greater than tgz, which for 22 degrees of freedom is 1.72.

Thus we can reject H; at a 0.05 level of significance.

We conclude that the improvement in yield of wheat by use of the fertilizer is probably
significant. However, before definite conclusions are drawn concerning the usefulness of the
fertilizer it may be desirable to have some further evidence.

TESTS INVOLVING THE CHI-SQUARE DISTRIBUTION
7.20. In the past the standard deviation of weights of certain 40.0 ounce packages filled

by a machine was 0.25 ounces. A random sample of 20 packages showed a standard
deviation of 0.32 ounces. Is the apparent increase in variability significant at the
(¢) 0.06 and (b) 0.01 level of significance?

We have to decide hetween the hypotheses

H,: o = 0.25 ounces, and the observed result is due to chance

H.: o > 0.25 punces, and the variability has increased

The value of x2 for the sample is x2 = ns2fo? = 20(0.32)2/(0.25)2 = 32.8.

(a) Using a one-tailed test we would reject Hj at a 0,05 level of significance if the sample value of
x2 were greater than x%s, which equals 30.1 for » = 20— 1 = 19 degrees of freedom. Thus we
would reject Hy at a 0.05 level of significance.

(b) Using a one-tailed test, we would reject H, at a 0.01 level of significance if the sample value of
x? were greater than x%,, which equals 36.2 for 19 degrees of freedom. Thus we would not
reject Hy at a 0.01 level of significance.

We conelude that the variability has probably increased. An examination of the machine
should be made.

TESTS INVOLVING THE F DISTRIBUTION

7.21.

An instructor has two classes, A and B, in a particular subject. Class A has 16
students while class B has 25 students. On the same examination, although there
was no significant difference in mean grades, class A had a standard deviation of 9
while class B had a standard deviation of 12. Can we conclude at the (a) 0.01, (b) 0.056
level of significance that the variability of class B is greater than that of A?

(e) We have, on using subscripts 1 and 2 for classes A and B respectively, s, = 9, 8, = 12 so that

M2
ﬂg—l

32 = %aﬁ = Por =864, 8= 2 = Zaze = 150
We have to decide between the hypotheses

Hy: oy = 0y, and any observed variability is due to chance

H,: o3 > oy, and the variability of class B is greater than that of 4

The decision must therefore be based on a one-tailed test of the F distribution. For the samples
in question,

82 1m0
_ E3 _ _
F=>= ggq = 1T
1

The number of degrees of freedom associated with the numerator is v, = 25 — 1 = 24; for the
denominator, »;, = 16 — 1 = 15. At the 0.01 level for 24, 15 degrees of freedom we have from
Appendix F, F' ;o = 3.29. Then, since F' < F g4, we cannot reject H; at the 0.01 level.

(b) Since F gz = 2.29 for 24, 16 degrees of freedom (see Appendix F), we see that F < F,
Thus we cannot reject H; at the 0.05 level either.
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In Problem 7.21 would your conclusions be changed if it turned out that there was a
significant difference in the mean grades of the classes? Explain your answer.
Since the actual mean grades were not used at all in Problem 7.21 it makes no difference what

they are. This is to be expected in view of the fact that we are not attempting to decide whether
there is a difference in mean grades, but only whether there is a difference in variability of the grades.

OPERATING CHARACTERISTIC CURVES

7.23.

7.24.

Referring to Problem 7.2, what is the probability of accepting the hypothesis that the
coin is fair when the actual probability of heads is p = 0.7?

The hypothesis Hy that the coin is fair, i.e.
p = 0.5, is accepted when the number of heads
in 100 tosses lies between 39.5 and 60.5. The
probability of rejecting H; when it should he
accepted (i.e. the probability of a Type I error)
is represented by the total area o of the shaded
region under the normal curve to the left in

| A DN . Ao e A f The 1M . A Ot s S —

rig. i-0. AEB compuiled in rroblem T7.zZidj, tnis 585 805
area a, which represents the level of significance heads feads
of the test of Hy, is equal to 0.0358. Fig. 7-6

If the probability of heads is p = 0.7, then the distribution of heads in 100 tosses is repre-
sented by the normal curve to the right in Fig. 7-6. It is seen that the probability of accepting H,
when actually p = 0.7 (i.e. the probability of a Type II error) is given by the cross-hatched area f.
To compute this area we observe that the distribution under the hypothesis p = 0.7 has mean and
standard deviation given hy

= np = (100)0.7) 70 e = Vupg — V(100)0.7){0.3) = 4.58

60.5 in standard units = 00— 10 — _pq
4.58
: L 395-70 _
39.5 in standard units = 158 = -—6.66

Then area under normal curve between z = —6.66 and z = —2.07 = 0.0192

ﬁ =
Thus with the given decision rule there is very little chance of accepting the hypothesis that the

petan T Bt meeloes o hee =MD e o A FT
CuUlll Is LEI WIIFI dAciuudlly ¢ — U, 1.

Note that in this problem we were given the decision rule from which we computed o and g.
In practice two other possibilities may arise:

(1} We decide on « (such ‘as 0.05 or 0.01), arrive at a decision rule and then compute f.

(2) We decide on « and £ and then arrive at a decision rule.

Work Problem 7.23 if (a¢) p=0.6, (b) p=0.8, (¢) p =079, (d) p =04,
(¢} If p = 0.6, the distribution of heads has mean and standard deviation given by

g = np = (100)(0.6) = 60 o = Vapg = V{100)(0.6)(0.4) = 4.90

60,5 — 60

60.5 in standard units = —a90 0.102
39.5 in standard units S50 = 60 —4.18
4.90
Then B = area under normal curve between z = —4.18 and z = 0.102 = 0.540b

Thus with the given decision rule there is a large chance of accepting the hypothesis that
the coin is fair when actually p = 0.6.
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7.25.

(b) If p =08, then p = np = (100)(0.8) = 80 and o = Vnpg = V(100)(0.8)(0.2) = 4.

60.5 in standard units = 000 - 80 _ g8

39.5 in standard units = 3—9'~5~—;89 = —10.12

Then B = area under normal curve between z = —10.12 and z = —4.88 = 0.0000, very closely.

1

(¢} From comparison with (b) or by calculation, we see that if p=0.9, g8 =0 for all practical

purposes.

(d) By symmetry, p = 0.4 yields the same value of g as p = 06, i.e. g = 0.5405,

Represent the results of Problems 7.28 and 7.24 by constructing a graph of (a) g vs. p,
(b) (1—p) vs. p. Interpret the graphs obtained.
Table 7-3 shows the values of £ corresponding to given values of p as obtained in Problems

7.23 and T7.24.
Table 7-3

P 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

B | 0.0000 | 0.0000 | 0.0192 | 0.5405 | 0.9642 | 0.5405 | 0.0192 | 0.0000 | 0.0000

Note that 3 represents the probability of accepting the hypothesis p = 0.5 when actually pisa
value other than 0.5. However, if it is actually true that » = 0.5, we can interpret § as the prob-
ability of accepting p = 0.5 when it should be accepted. This probability equals 1 — 0.0358 = 00,9642
and has been entered into Table 7-3.

B L—p
1.0 o = 0.0358 1.0+
0.9 0.9+
0.8 0.8+
9.7 6.7
0.6 0.6
0.5 0.5 4
0.4+ 0.4
0.3 0.3
0.2 0.2+
0.1+ 0.1

4
L L _—-I T ¥ T l-'-_ I T 1 p T | T | I T I; 0-9?58 T 1 T p
0 02 04 0.6 0.8 1.0 o 0.2 0.4 .6 0.8 1.0
(a) (b)Y
Fig. 7-7

(a¢) The graph of g vs.p, shown in Fig. 7-7(¢), is called the operating characteristic curve or OC
curve of the decision rule or test of hypotheses.

The distance from the maximum point of the OC curve to the line g =1 is equal to
a = 0.0858, the level of significance of the test.

In general, the sharper the peak of the OC curve the better is the decision rule for reject-
ing hypotheses which are not valid.
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(b) The graph of (1 — B)vs.p, shown in Fig. 7-7(b), is called the power curve of the decision rule
or test of hypotheses. This curve is obtained simply by inverting the OC curve, so that actually
both graphs are equivalent.

The quantity 1 — £ is often called a power function since it indicates the ability or power
of a test to reject hypotheses which are false, i.e. should be rejected. The quantity g is also
called the operating characteristic function of a test,

X

o0 A sarmnany mannfacstnre whnea hraal-in
L= LW I L =i Iv il

oy o AT atvanoathe hava a moan
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standard deviation 24 1b. It is believed that by a newly developed process the mean
breaking strength can be increased. (¢) Design a decision rule for rejecting the old
process at a (.01 level of significance if it is agreed to test 64 ropes. (b) Under the
decision rule adopted in (a), what is the probability of accepting the old process when
in fact the new process has increased the mean breaking strength to 3101b? Assume
that the standard deviation is still 24 1b.

(@) If p is the mean breaking strength, we wish to decide between the hypotheses

of 3

n o Ib and

LF X

Hy: » = 300 1b, and the new process is equivalent to the old one
Hy: x4 > 300 Ib, and the new process is better than the old one

For a one-tailed test at a 0.01 level of significance, we
have the following decision rule (refer to Fig. 7-8):

(1) Reject H, if the z score of the sample mean hreaking
strength is greater than 2.33.

(2} Accept H; otherwise.

- - ¢.0
_ X - )
Since Z = X # 30", X = 300+ 8Z. Then 300 b
o/\n 24/r/64
if Z> 233, X > 300+ 3(2.33) = 307.0 Ib. Fig. 7-8

Thus the above decision rule becomes:
(1) Reject Hy if the mean breaking strength of 64 ropes exceeds 307.0 lb.
(2) Accept H, otherwise.

(b) Consider the two hypotheses (H: » = 300 1b)
and (H;: » =3101b). The distributions of
breasking strengths corresponding to these
two hypotheses are represented respectively
by the left and right normal distributions of
Fig. 7-9.

&

The probability of accepting the old proc-
ess when the new mean breaking strength is
actually 310 b is represented by the region
of area # in Fig. 7-9. To find this, note that
307.0 Ib in standard units is (307.0—310)/3 =
—1.00; hence Fig. 7-9

ann L e AL amwa W
] oud J0 A0 D

£ = area under right-hand normal curve to left of z = —1.00 = 0.1587

This is the probability of accepting (Hy: » = 3001b} when actually (H,: n =3101b) is true, ie.
it ig the probability of making a Type II error.

7.27. Construct () an OC curve and (b) a power curve for Problem 7.26, assuming that
the standard deviation of breaking strengths remains at 24 lb.

By reasoning similar to that used in Problem 7.26(&), we can find 8 for the cases where the new
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7.28.

process yields mean breaking strengths p equal to 305 b, 315 lb, ete. For example if x = 3051b,
then 307.0 Ib in standard units is (307.0 — 305)/3 = 0.67, and hence

f# = area under right hand normal curve to left of 2 = 0.67 = 0.7486

In this manner Table 7-4 is obtained.
Table 7-4

m 290 295 300 305 310 315 320

£ 1 1.0000 | 1.0000 | 0.9900 | 0.7486 | 0.1587 | 0.0038 | 0.0000

B 1—g
1.0 e =001 1.0+
0.9 0.9+
0.8 0.8~
0.7 =1 0.7
0.6 0.6 -
0.5 0.5
0.4 0.4
0.3 - 0.3
0.2 - 0.2
0.1+ 0.1
T T T T L T +p (1b) T ] T ga _I 0‘011 T T— # (lb)
290 295 300 305 310 3ts 320 290 295 300 {05 310 315 320
(a) (b)
Fig. 7-10

(a) The OC curve is shown in Fig. 7-10{(c). From this curve we see that the probability of keeping
the old process if the new breaking strength is less than 300 lb is practically 1 (except for the
level of significance of 0.01 when the new process gives a mean of 300 lb), It then drops rather
sharply to zero so that there is practically no chance of keeping the old process when the mean
breaking strength is greater than 315 lb.

(b} The power curve shown in Fig. 7-10(b) is capable of exactly the same interpretation as that
for the OC curve. In fact the two curves are essentially equivalent.

To test the hypothesis that a coin is fair (i.e. p=0.5) by a number of tosses of the
coin, we wish to impose the following restrictions: (A) the probability of rejecting
the hypothesis when it is actually correct must be 0.05 at most; (B) the probability of
accepting the hypothesis when actually p differs from 0.5 by 0.1 or more (i.e. p=0.6
or p = 0.4) must be 0.05 at most. Determine the minimum sample size which is nec-
essary and state the resulting decision rule.

Here we have placed limits on the risks of
Type I and Type II errors. For example, the
imposed restriction (A) requires that the prob-
ability of a Type I error is « = 0.05 at most,
while restriction (5) requires that the probability
of a Type II error is 3 = 0.05 at most. The
situation is illustrated graphically in Fig. 7-11.

Let n denote the required sample size and x
the number of heads in n tosses above which we
reject the hypothesis p = 0.5. From Fig. 7-11, Fig. 7-11



236

TESTS OF HYPOTHESES AND SIGNIFICANCE [CHAP, 7

z—mp _ x—05n is 0.025.

1) Area under normal curve for p = 0.5 to right of
@ P g npq 0.5vn

z—mnp x—06n

Vipg 0497

Actually, we should have equated the area between

{2) Area under normal curve for p = 0.6 to left of is 0.05.

(n—zx)—0.6n x— 060
0.49 Va and 049 v

to 0.05; however (2) is a close approximation. Notice that by making the acceptance probability 0.05
in the “worst case,” p = 0.6, we automatically make it 0.05 or less when p has any other value
outside the range 0.4 to 0.6. Hence, a weighted average of all these probabilities, which represents
the probability of a Type II error, will also be 0.05 or less.

— 0.bn
From (1), =—"2" =196 or (3) == 0.5n+ 0.980y7.
m (. ]r 0.5\/? o {
— 0.6n
From (2), =— "™ — _1646 or (4) = = 0.6n— 0.806y7.
@), 0.4/ n

Then from (3) and (4), n = 318.98. It follows that the sample size must be at least 319, i.e.
we must toss the coin at least 319 times. Putting = = 319 in (8) or (4), = = 177.

For p=05, x—np =177 —159.6 = 17.5. Thus we adopt the following decision rule:

(@) Accept the hypothesis p = 0.5 if the number of heads in 319 tosses is in the range 159.5 % 17.5,
i.e. between 142 and 177.

() Reject the hypothesis otherwise.

QUALITY CONTROL CHARTS
7.29. A machine is constructed to produce ball bearings having a mean diameter of 0.574

inches and a standard deviation of 0.008 inches. To determine whether the machine
is in proper working order, a sample of 6 ball bearings is taken every 2 hours and
the mean diameter is computed from this sample. (a) Design a decision rule whereby
one can be fairly certain that the quality of the products is conforming to required

gtaondard. “'1\ Qhavar l\n“r +n ranvagant oranhically tha daciginn vnila in {0)
SwanGaras. o GW W U0 FEPprestnt grapiliCany une GeCision ruie in ).

(@) With 99.73% confidence we can say that the sample mean X must lie in the range (ug — 3o03) to
(ux + 30%) or (p—3a/Vn ) to (p + 3a/Vn). Since p=0.574, ¢ = 0.008 and n = 6, it follows that with
99.73% confidence the sample mean should lie between (0.574 — 0.024!\/-6- ) and (0.574 + 0.024/ \/E}
or between 0.664 and 0.584 inches.

Hence our decision rule is as follows:

(1) If a sample mean falls inside the range 0.564 to 0.584 inches, assume the machine is in
proper working order.

(2) Otherwise conciude that the machine is not in proper working order and seek to determine
the reason.

(6) A record of the sample means can be kept by means of a chart such as shown in Fig. 7-12,
called a quality control chart. Each time a sample mean is computed it is represented by a point.
As long as the points lie between the lower limit 0.564 inches and upper limit 0.584 inches, the
process is under control. When a point goes outside of these control limits (such as in the
third sample taken on Thursday), there is a possibility that something is wrong and investiga-
tion is warranted,

The control limits specified above are called the 99.73%¢ confidence limits or briefly 3¢ limits.
However, other confidence limits, such as 99% or 95% limits, can be determined as well. The
choice in each case depends on particular circumstances.
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Monday

Tuesday

Wednesday

Thursday

Friday

e
1)
4

0.574

Sample Mean (inches)

D.564

Fig. 7-12

FITTING OF DATA BY THEORETICAL DISTRIBUTIONS
7.30. Fit a binomial distribution to the data of Problem 5.30, page 178.

We have P(x heads in a toss of 5 pennies) = f(z) = sCp*g® %,
probabilities of a head and tail on a single toss of a penny. The mean or expected number of heads

is p = np = bp.

237

where p and g arc the respective

For the actual or observed frequency distribution, the mean number of heads is

2fx _

(38)(0) + (144)(1) + (342)(2) + (287)(3) + (164)(4) + (25)(6) 2470

2f

Equating the theoretical and actual means,

1000

tribution is given by f(x) = 3C,(0.494)*(0.606)5 -7,

5p = 2.47 or p = 0.494.

1000

= 247

Thus the fitted binomial dis-

In Table 7-5 these probabilities have been listed as well as the expected (theoretical) and actual
frequencies. The fit is seen to be fair. The goodness of fit is investigated in Problem 7.43.

Table 7-5
Number of Heads, Expected Observed
= P(x heads) Frequency Frequency
0 0.0332 33.2 or 33 38
1 0.1619 161.9 or 162 144
2 0.3162 316.2 or 316 342
3 0.3087 308.7 or 309 287
4 0.1607 150.7 or 151 164
b 0.0294 294 or 29 f 25

7.31. Use probability graph paper to determine whether the frequency distribution of

Table 5-2, page 163, can be closely approximated by a normal distribution.
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First the given frequency distribution is converted into
a cumulative relative frequency distribution, as shown in
Table 7-6. Then the cumulative relative frequencies ex-
pressed as percentages are plotted against upper class
boundaries on special probability graph paper as shown in
Fig. 7-13. The depree to which ali plotted points lie on a i
straight line determines the closeness of fit of the given FEE

Table 7-6
Cumulative
Relative

Height (inches) | Frequency (%) B 74171} n A .-'s',::i:1' LT b o

Less than 61.5 5.0 :

Less than 64.5 23.0 £
Z

Less than 67.5 65.0 g
[

Less than 70.5 92.0 g

Less than 73.5 100.0 =
&
o
A
43
=
=3
£
N
O

T I
|II .IIJ |'1| “I i .
distribution to a normal distribution. It is seen that there e 626 666 685 715 4.5

is a normal distribution which fits the data closely. See Height (inches)
Problem 7.32. .
Fig. 7-13
7.32. Fit a normal curve to the data of Table 5-2, page 163.
Table 7-7
Class Area under
Heights | Boundaries, | z for Class | Normal Curve Area for Expected Observed
(inches) x Boundaries from 0 to z Each Class | Frequency | Frequency
59.56 —2.72 0.4967
60-62 0.0413 413 or 4 5
62.5 —1.70 0.4554
63-65 0.2068 20.68 or 21 18
66-68 6.5 -0 02486)  ad—w0.3892 | 38.92 or 3 42
— ), . or
68.5 0.36 0.1406 (¢
69-71 0.2771 27.71 or 28 27
71.5 1.39 0.4177
72-74 0.0743 7.43 or 7 8
74.5 2.41 0.4920

# = 6745 inches, & = 2.92 inches

. The work may be organized as in Table 7-7. In calculating z for the class boundaries, we use

2z = (x — Z}/s where the mean £ and standard deviation 8 have been obtained respectively in Prob-
latne K 95 and E AN

In the fourth column, the areas under the normal curve from 0 to z have heen obtained by using
the table in Appendix C. From this we find the areas under the normal curve between successive
values of 2 as in the fifth column. These are obtained by subtracting the successive areas in the
fourth column when the corresponding z's have the same sign, and adding them when the 2’s have
opposite signs (which occurs only once in the table). The reason for this is at once clear from a
diagram.

Multiplying the entries in the fifth column (which represent relative frequencies) by the total
frequency n (in this case n = 100) yields the theoretical or expected frequencies as in the sixth
column., It is seen that they agree well with the actual or observed frequencies of the last column.

The “goodness of fit” of the distribution is considered in Problem 7.44.
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7.33. Table 7-8 shows the number of days f in a 50-day period Table 7-8
during which x automobile accidents occurred in a city. Number of | Number of
Fit a Poisson distribution to the data. Accidents, z | Days, f

The mean number of accidents is
0 21

_ 2fx __ (21)(0) + (A8)(1) + (7)N2) + (3)(3) + (1)(4)
A o= = 1 18
;3 50
2 7
= é‘g = 090 o o
au L) w0
Then, according to the Poisson distribution, 4 1
— (190

P(z accidents) = @'90;:# TOTAL 50

In Table 7-9 are listed the probabilities for 0,1, 2,3 and 4 accidents as obtained from this
Poisson distribution, as well as the theoretical number of days during which = accidents take place
(obtained by multiplying the respective probabilities by 50). For convenience of comparison, the
fourth column giving the actual number of days has been repeated.

Table 7-9

Number of Expected Number | Actual Number
Accidents, # | P(x accidents) of Days of Days

0 0.4066 20.33 or 20 21

1 0.36569 18.30 or 18 18

2 0.1647 B.24d or 8 7

3 0.0494 2.47 or 2

4 0.0111 0.56 or

Note that the fit of the Poisson distribution to the data is good.

For a true Poisson distribution, ¢2 = A. Computation of the variance of the given distribution
gives 0.97. This compares favorably with the value 0.90 for A, which can be taken as further evi-
dence for the suitability of the Poisson distribution in approximating the sample data.

THE CHI-SQUARE TEST
7.34. In 200 tosses of a coin, 115 heads and 85 tails were observed. Test the hypothesis
that the coin is fair using a level of significance of (a) 0.05, (b) 0.01.
Observed frequencies of heads and tails are respectively z; = 115, z, = 85.

Expected frequencies of heads and tails if the coin is fair are np, = 100, np; = 100 respec-
tively. Then
— - 2
(w1 —npy)®  (za—mpa)® (115 — 100)2 4 (85 —100)

=2 = -
x= - U

npy nPs 100 100

4 BN
X

- [E g

Since the number of categories or classes (heads, tails) is k=2, »r=k—-1=2-1=1,

(a) The critical value x%;s for 1 degree of freedom is 3.84. Then since 4.50 > 3.84, we reject the
hypothesis that the coin is fair at a 0.0 level of significance.

{b) The critical value x%g for 1 degree of freedom is 6.63. Then since 4.50 < 6.63, we cannot reject
the hypothesis that the coin is fair at a 0.01 level of significance.

We conclude that the observed results are probably significant and the coin is probably
not fair,

For a comparison of this method with previous methods used, see Method 1 ¢f Problem 7.36.



240 TESTS OF HYPOTHESES AND SIGNIFICANCE [CHAP. 7

7.35. Work Problem 7.34 using Yates’ correction.

(Jy — mpy| — 0.5)2 . (lzg — npy| — 0.5)2
np| npy

x2 (corrected) =

= 4.205

(1115 —100] — 0.5  (185—100| — 0.5)2 _ (1452 (145
100 100 100 100

Since 4.205 > 3.84 and 4.205 < 6.63, the conclusions arrived at in Problem 7.84 are valid.

For a comparison with previous methods, see Method 2 of Probiem 7.36.

7.36. Work Problem 7.34 by using the normal approximation to the binomial distribution.

Under the hypothesis that the coin is fair, the mean and standard deviation of the number of
heads in 200 tosses of a coin are p = np = (200)(0.5) = 100 and o = \Vnpg = V(200)(0.5)(0.5) = 7.07.

Method 1.
115 heads in standard units = (115 — 100)/7.07 = 2.12.

Using a 0.05 significance level and a two-tailed test, we would reject the hypothesis that the
coin is fair if the z score were outside the interval —1.96 to 1.96. With a 0.01 level the correspond-
ing interval would be —2.58 to 2.58. It follows as in Problem 7.34 that we can reject the hypothesis
at a 0.05 level but cannot reject it at a 0.01 level.

Note that the square of the above standard score, (2.12)2 = 4.50, is the same as the value of x2
obtained in Problem 7.34. This is always the case for a chi-square test involving two categories.
See Problem 7.60.

Method 2.

Using the correction for continuity, 115 or more heads is equivalent to 114.5 or more heads.
Then 114.56 in standard units = (114.5 — 100)/7.07 = 2.05. This leads to the same conclusions as in
the first method.

Note that the square of this standard score is (2.06)> = 4.20, apreeing with the value of x2
corrected for continuity using Yates’ correction of Problem 7.35. This is always the case for a chi-
square test involving two categories in which Yates' correction is applied, again in consequence of
Problem 7.60.

7.37. Table 7-10 shows the observed and expected frequencies in tossing a die 120 times.
Test the hypothesis that the die is fair, using a significance level of 0.05.

Table 7-10
Face 1 2 3 4 5 6
Observed
Frequency 26 17 16| 23 | 24 16
Expected | o | 50 | 20 | 20 | 20 | 20
Frequency

(g — mpy)? + (25 — npy)? + (x5 — npy)? 4 (24 — npy)? " (x5 — np3)? + (xg — npg)?

2 =
x npy nPo Py npy nps nPg
o (26—20)2  (17-—-20)2 K (15— 20)2 K (23— 20)2 (24— 20)2 , (16 —20)2 _
- 20 e 20 " 20 T8 ' 30 = b.0o

Since the number of categories or classes (faces 1,2,8,4,5,6) is k=6, v =k—1=6—1=5.
The critical value x%; for 5 degrees of freedom is 11.1. Then since 5.00 < 11.1, we cannot
reject the hypothesis that the die is fair.

For 5 degrees of freedom x%; = 1.15, so that x2 = 5.00 > 1.15. It follows that the agreement
is not so exceptionally good that we would look upon it with suspicion.
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7.38. A random number table of 250 digits had the distribution of the digits 0, 1,2, ...,9
shown in Table 7-11. Does the observed distribution differ significantly from the
expected distribution?

Table 7-11
Digit | 0|1 |2 |3 |a |5 |6 |7]|8]/o9
glf,,"ﬁf_, 1731129 18|14 ! 20 | 35| 30| 20| 36
llwu‘-ll‘a,
ppected | o5 | 25 | 25 | 25 | 25 |25 |25 25| 25 | 25
requency

(17 —26)2 | (31—26)>  (29—26)2 (18—25) (36— 26)2

x2
25 2b 25 2b 25

23.3

The critical value x%s for » = k — 1 = 9 degrees of freedom is 21.7, and 23.3 > 21.7. Hence
we conclude that the observed distribution differs significantly from the expected distribution at the
0.01 level of significance. It follows that some suspicion is cast upon the table of random numbers.

7.39. In Mendel’s experiments with peas he observed 315 round and yellow, 108 round and
green, 101 wrinkled and yellow, and 32 wrinkled and green. According to his theory
of heredity the numbers should be in the proportion 9:3:8:1. Is there any evidence
to doubt his theory at the (a) 0.01, (b) 0.05 level of significance?

The total number of peas is 315 108 + 101 + 32 = 566. Since the expected numbers are in
the proportion 9:3:3:1 (and 9+ 3+ 3+1 = 16), we would expect

%{556} = 312.76 round and yellow %{556) = 104.25 wrinkled and yellow
% (656) = 104.25 round and green 1—‘6 (556) = 84.75 wrinkled and green
Then
, - (315—81275)2 (108104261  (101—10426) (3234752 _ .o
X 312.75 104.25 104.25 75 - W

Since there are four categories, k = 4 and the number of degrees of freedom is » =4—1=8.
(@) For » =3, x%9 = 11.3 so that we cannot reject the theory at the 0.01 level.

(b) For » =3, x%; = 7.81 so that we cannot reject the theory at the 0.05 level.
We conclude that the theory and experiment are in agreement.

Note that for 3 degrees of freedom, x%; = 0.352 and x2 = 0.470 > 0.352. Thus although the
agreement is good, the results obtained are subject to a reasonable amount of sampling error.

7.40. An urn consists of a very large number of marbles of four different colors: red, orange,
vellow and green. A sample of 12 marbles drawn at random from the urn revealed
2 red, 5 orange, 4 yellow and 1 green marble. Test the hypothesis that the urn con-
tains equal proportions of the differently colored marbles.

Under the hypothesis that the urn contains equal proportions of the differently colored marbles,
we would expect 3 of each kind in a sample of 12 marbles.

Since these expected numbers are less than 5, the chi-square approximation will be in error.
To avoid this, we combine categories so that the expected number in each category is at least 5.
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If we wish to reject the hypothesis, we should combine categories in such a way that the evidence
against the hypothesis shows up best. This is achieved in our case by considering the categories
“red or green” and “orange or yellow,” for which the sample revealed 3 and 9 marbles respectively.
Since the expected number in each category under the hypothesis of equal proportions is 6, we have

_ B-62 (-6 _
e o= S+ B = 3

For » =2—-1=1, x% = 3.84. Thus we cannot reject the hypothesis at the 0.05 level of sig-
nificance (although we can at the 0.10 level). Conceivably the observed results could arise on the
basis of chance even when equal proportions of the colors are present.

Another method. Using Yates' correction, we find

(I3—6]—05)? , (9—61—05)2 _ (252  (256°
xt = 6 M 6 = 6 "6

= 21

which leads to the same conelusion given above. This is of course to be expected, since Yates’ cor-
rection always reduces the value of »2.

It should be noted that if the x2 approximation is used despite the fact that the frequencies are
too small, we would obtain

2 = (2—33}2 +(5—33)2+(4—33r2 N (1—33)2 _ 333

Since for » = 4—1 =8, x%; = 781, we would arrive at the same conclusions as above.
Unfortunately the x2 approximation for small frequencies is poor; hence when it is not advisable to
combine frequencies we must resort to exact probability methods involving the multinomial dis-
tribution.

In 360 tosses of a pair of dice, 74 “sevens” and 24 “elevens” are observed. Using a
0.05 level of significance, test the hypothesis that the dice are fair.

A pair of dice can fall in 36 ways. A “seven” can occur in 6 ways, an “eleven” in 2 ways.

Then P{“seven”) = :—‘% =2 and P(“eleven”) = 3% = TIE' Thus in 360 tosses we would expect
3(360) = 60 sevens and (360) = 20 elevens, so that

(74 — 60)2 + (24 — 20)2

2 = o % = 4.07

For »=2—1=1, x%; =384 Then since 4.07 > 3.84, we would be inclined to reject the hy-
pothesis that the dice are fair. Using Yates’ correction, however, we find

(174 — 60| — 0.5)2 + (124 — 20| — 0.5)2 (13.5)% + {3.5)2
60 20 - 60 20

x% (corrected) = 3.65

Thus on the basis of the corrected x2, we could not reject the hypothesis at the 0.05 level.

In general for large samples such as we have here, results using Yates' correction prove to be
more reliable than uncorrected results. However, since even the corrected value of »2 lies so close
to the critical value, we are hesitant about making decisions one way or the other. In such cases
it is perhaps best to increase the sample size by taking more observations if we are interested es-
pecially in the 0.05 level. Otherwise we could reject the hypothesis at some other level (such
as 0.10).

A survey of 320 families with 5 children each revealed the distribution shown in
Table 7-12. Is the result consistent with the hypothesis that male and female births
are equally probable?
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Table 7-12

Number of Bboys | 4 boys | 3boys | 2boys | 1 boy 0 boys
Boys and Girls | 0 girls | 1 girl 2 girls | 3 girls | 4 girls | 5 girls | TOTAL

Number of

Families 18 b6 110 88 40 8 320

Let p = probability of & male birth, and ¢ = 1 — p = probability of a female birth. Then the
probabilities of (5 boys), (4 boys and 1 girl), ..., (6 girls) are given by the terms in the hinomial
expansion

(p+4q)° = p°+ Bpig + 10p%¢2 + 10p%g® + 5pqt + ¢°
If p=gq=4, wehave

P(5 boys and 0 girls) = (3)° = P(2 boys and 3 girls) = 10(4)2(3)® = 1¢
P(4 boys and 1 girl) = B(1)1(1) = 35—: P(1 boy and 4 girls) = 5(3)($)* =
P(3 boys and 2 girls) = 1004332 = 1§ P(0 boys and 5 girls) = (1)° =

Then the expected number of families with b, 4, 3, 2,1 and 0 boys are obtained respectively by
multiplying the above probabilities by 320, and the results are 10, 50, 100, 100, 50, 10. Hence

(18—10)2 . (56 —50)2 (110 — 100)2 , (88— 100)® , (40 —50)2 , (8 —10)%
2 — =
x 10 " s0 0 ¢t 100 ' s ' 10 120

Since x%; = 11.1 and x% =161 for » = 6—1 = b degrees of freedom, we can reject the
hypothesis at the 0.05 but not at the 0.01 significance level. Thus we conclude that the results are
probably significant, and male and female births are not equally probable.

GOODNESS OF FIT
7.43. Use the chi-square test to determine the goodness of fit of the data in Problem 7.30.

= (38 — 33.2)2 + (144 — 161.9)2 4 (342 — 316.2)% + (287 — 208.7)2 | (164 — 150.7)2 + (26 — 29.4)2°
- 83.2 161.9 316.2 308.7 150.7 29.4
= 745
Since the number of parameters used in estimating the expected frequencies is m =1 (namely
the parameter p of the binomial distribution), r =k—1—m =6—1—1=4.

For v =4, x%; = 9.49. Hence the fit of the data is good.
For » =4, x%; = 0.711. Thus, since x2=17.54 > 0.711, the fit is not so good as to be incredible.

7.44. Determine the goodness of fit of the data in Problem 7.32.

2 = (5 —4.18)2 + (18 — 20.68)2 + (42 — 38.92)2 + (27 — 27.71)? n (8 —7.43)2

113 20.68 38.92 27.71 743 0989

number of parameters used in estimating the expected frequencies is m = 2 (namely
d the standard deviation o of the normal distribution), » = k—1—m =5—-1-2=2,

5.99. Thus we conclude that the fit of the data is very good.
0.103. Then, since x2 = 0.959 > 0.103, the fit is not “too good.”

CONTINGENCY TABLES
7.45. Work Problem 7.13 by using the chi-square test.

The conditions of the problem are presented in Table 7-13. Under the null hypothesis H that

the serum has no effect, we would expect 70 people in each of the groups to recover and 30 in each
group not to recover, as indicated in Table 7-14. Note that H; is equivalent to the statement that

recovery is independent of the use of the serum, i.e. the classifications are independent.
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Table 7-13 Table 7-14
FREQUENCIES OBSERVED FREQUENCIES EXPECTED UNDER Hj
Do Not Do Not
Recover | Recover | TOTAL Recover | Recover | TOTAL
Group 4 Group A
75 2 . 70 30 100
(using serum) 5 100 (using serum)
Growp B~} g5 | 35 | 100 Growp B 1 90 | 30 | 100
LNot USID],;,' mrum} tlI.UL Uusing scrumniy
TOTAL 140 60 200 TOTAL 140 60 200
(75— T0)2 (65— 70)2 (26 — 30)2 (35 — 30)2
2 - by
X o " we o  t a0 T w0 2.38
Table 7-15
To determine the number of degrees of freedom, Do Not
consider Table 7-15, which is the same as Tables 7-13 Recover | Recover | TOTAL
and 7-14 except that only totals are shown. It is S I——
clear that we have the freedom of placing only one Group 4 100
number in any of the four empty cells, since once
this is done the numbers in the remaining cells are Group B 100
uniquely determined from the indicated totals, Thus -
there is one degree of freedom. TOTAL 140 60 200

Since x%; = 3.84 for 1 degree of freedom, and since x2 = 2.38 < 3.84, we conclude that the
results are not significant at a 0.05 level. We are thus unable to reject H, at this level, and we
conclude either that the serum is not effective or else withhold decision pending further tests,

Note that x2 == 2.38 is the square of the 2 score, z = 1.54, obtained in Problem 7.13. In gen-
eral, the chi-square test involving sample proportions in a 2 X 2 contingency table is equivalent to
a test of significance of differences in proportions using the normal approximation as on page 215.
{See Problem 7.51.)

Note also that a one-tailed test using x2 is equivalent to a two-tailed test using y since, for
example, xZ > x%; corresponds to x > xg; OF x < —xg;. Since for 2 X 2 tables x? is the square
of the z score, x is the same as z for this case. Thus a rejection of a hypothesis at the 0.05 level
using x2 is equivalent to a rejection in a one-tailed test at the 0.10 level using z.

Work Problem 7.45 by using Yates’ correction.
. _ (176 — 70l — 0.5) (166 — 70/ —0.5)%  (|26—30]—0.5)2 A ({36 — 30| - 0.5)2 _
x2 (corrected) = 70 - 70 + 20 + 20 = 193
Thus the conclusions given in Problem 7.45 are valid. This could have been realized at once
by noting Yates’ correction always decreases the value of xZ.
In Table 7-16 are indicated the numbers of Table 7-16
students passed and failed by three instruc- FREQUENCIES OBSERVED
tors: Mr. X, Mr. Y and Mr. Z. Test the hy- Mr. X | Mr. Y | Mr. Z | ToTAL
pothesis that the proportions of students
failed by the three instructors are equal. Passed | 50 47 56 163
Under the hypothesis H;, that the proportions of Failed 5 14 8 27
students failed by the three instructors are the same, TOTAL 55 61 64 180

they would have failed 27/180 = 15% of the students
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and passed 85% of the students. The frequencies expected under H; are shown in Table 7-17.
Table 7-17
FREQUENCIES EXPECTED UNDER H, Table 7-18
Mr. X Mr. Y Mr. Z TOTAL Mr.X | Mr. Y | Mr. Z | TOTAL
85% of 55 | 86% of 61 | B6% of 64 Passed 153
Passed | " 4675 | =5185 | =54.40 | 193
Failed 27
. 15% of 55 | 15% of 61 | 15% of 64
Failed | " "00c™ | "2 g5 | = 9.60 27 TOTAL | 55 61 64 180
TOTAL 55 61 64 180
Then
2 _ (50 — 46.75)2 (47 —51.85)2 , (56— 5h4.40)2 , (6—8.25)2 (14 —9.15)2  (B—9.60)2 _ 484
X T 74675 51.85 54.40 8.25 9.15 960

To determine the number of degrees of freedom, consider Table 7-18, which is the same as
Tables 7-16 and 7-17 except that only totals are shown. It is clear that we have the freedom of
placing only one number into an empty cell of the first column and one number into an empty cell
of the second or third column, after which all numbers in the remaining cells will be uniquely deter-
mined from the indicated totals. Thus there are two degrees of freedom in this case,

Since x%; = 5.99, we cannot reject Hy at the 0.05 level. Note, however, that since x%, = 4.61,
we can reject H, at the 0.10 level if we are willing to take the risk of 1 chance in 10 of being wrong.

7.48. Show that for an k X k contingency table (2> 1, k> 1) the number of degrees of free-

dom is given by (k—1)(k—1).
There are k + k — 1 independent totals of the hk entries. It follows that the number of degrees
of freedom is
hk—(h+k—1) = (h—1)k—1)

as required. The result holds if the population parameters needed in obtaining theoretical frequen-
cies are known; otherwise adjustment is needed as described in (b), page 220.

7.49. Table 7-19 represents a general 2 X 2 contingency table. Show that
o = n(arbz — azby)?
M HaNAR
Table 7-19 Table 7-20
RESULTS OBSERVED RESULTS EXPECTED

1 I TOTAL I 11 TOTAL

a, @y np A nna/n nyn /N Ny

B b, by ng B nmgln nofp/n ng

TOTAL 7, ny n TOTAL 2y gy n

As in Problem 7.45, the results expected under a null hypothesis are shown in Table 7-20. Then

(g, —ngmpa/n)2 (A —mgna/n)2 (b — nyng/n)?

(bz = ﬂ@ﬂﬁfn)g

x2

ning/n Ngnafn nyngin nonp/n
_omng (et bie, ey aby —aghy
But @1 n = & [ 5 + bl + g + bgl - n
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gy b _ Mg bzﬁ’nzfna _ oqby — agh,
n n

n 1 7

Similarly ay —

Thus we can write

2 = n (“152_“261)2 4+ {“152_%51)2+ n (ulb2_aﬂbl)2 Lo (4"‘152,"“3‘21’1)2

nyny n EOAN n g n Hoitp n

which simplifies to
n(ayby —axhy)2 na2
Ny MattaMp T nymamamy

(1)

where A = a;by;—~agby, n =ay,+ e+, + by n, =a;+by, np=ay+by ny=a,+ay ng= b +bs
If Yates’ correction is applied, {1} is replaced by
n(la] — in)?

(2) x* (corrected) NyMgMNp

INustrate the result of Problem 7.49 for the data of Problem 7.45.
In Problem 7.45, a, = 75, ay = 25, b; = 65, by = 35, n, = 140, np, = 60, ny = 100, ng = 100, and

7 = - tl-a.t\ 1% of Prahlan 7 40 ﬂi!.f%

— Ay ACH (L Ua S LUNIEI .30 ga

200{(76)(85) — (25)(65)]2

(140)(60){100)(100) 2.38
Using Yates’ correction, the result is the same as in Problem 7.46:
 nllagby—aghy| — gm®  200[|(75)(35) — (25)(65)| — 100]2
x* (corrected) = e, = (140)(60)(100)(100) 1.93

Show that a chi-square test involving two sample proportions is equivalent to a sig-
nificance test of differences in proportions using the normal approximation (see
page 215).

Let P, and P, denote the two sample proportions and p the population proportion. With ref-
erence to Problem 7.49, we have

_ 4 _ Gy b _ b,
) Pl—En Pz—as 1"'P1—;;1‘. 1 Pz"*;‘;
n, ng
(2) P = l—p':q-_—-?-t-
so that
(2) ay = mPy, ey = mePy by = m(1—Fy), by = np(1—Py)
*) ny = np, myp = mg
Using (2) and (4), we have from Problem 7.49
2 = magby —ahy)2  aln Ping(l — Py) — ny Pomy(1 — Py)J2
NN Ny N nnnpng
nyng(Py — Pp)? (Py— Pyp)? .
= "pa = peln, ¥ /g (Since n=m+a)

which is the square of the Z statistic given in (10) on page 215.

COEFFICIENT OF CONTINGENCY

7.52.

Find the coefiicient of contingency for the data in the contingency table of Problem 7.45.

— ’ x2 — ' 2.38 _ _
cC = EFn 5381200 = V0.01176 = 0.1084
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7.53. Find the maximum value of C for all 2 X 2 tables that could arise in Problem 7.13.

The maximum value of C oceurs when Table 7-21
the two classifications are perfectly depend- Do Not
ent or associated. In such case all those who Recover | Recover | TOTAL
take the serum will recover and all those who
do not take the serum will not recover. The Group A 100 0 100
contingency table then appears as in Table (using serum)
7-21,

Group B

Since the expected cell frequencies, as- {not using serum) 0 100 100
suming complete independence, are all equal
to 50, TOTAL 100 100 200

(100 —50)2 (0 —50)2  (0—50)2 . (100 —50)2
X = 5 T wm ‘Yt w ' 5o = 200

Then the maximum value of C is Vx¥(x2+ n) = V200/(200 -+ 200) = 0.7071.

In general, for perfect dependence in a contingency table where the numbers of rows and col-
umns are both equal to &, the only nonzero cell frequencies occur in the diagonal from upper left to
lower right. For such cases, C,., = V(k—1)/k. (See Problem 7.127.)

MISCELLANEOUS PROBLEMS

7.54. An instructor gives a short quiz involving 10 true-false questions. To test the
hypothesis that the student is guessing, the following decision rule is adopted: (i) If
7 or more are correct the student is not guessing; (i) if less than 7 are correct the
student is guessing. Find the probability of rejecting the hypothesis when it is correct.

Let p = probability that a question is answered correctly.
The probability of getting x questions out of 10 correct is 1oC.p7¢'?~%, where ¢ =1—p.
Then under the hypothesis p = 0.b (i.e. the student is guessing),

P(7 or more correct) = P(7 correct) + P(8 correct) + P(9 correct) + P(10 correet)

_ oYY VY (11 — o11a
< ola @) o)) 3 (5) el - oo

Thus the probability of concluding that the student is not guessing when in fact he is guessing
is 0.1719. Note that this is the probability of a Type I error.

7.55. In Problem 7.54, find the probability of accepting the hypothesis » = 0.5 when actually
p=0.17.

Under the hypothesis p = 0.7,

P(less than 7 correct) = 1 — P(7 or more correct)
= 1 = [1gCo(0.TV(0.3) + 1(Cal0.7)8(0.8)2 + 14Co(0.7)%(0.3) + 16C10(0.3)10] = 0.3504

7.56. In Problem 7.54, find the probability of accepting the hypothesis p = 0.5 when actually
(@) p=06, (b)) p=108, (c)p=109, (d) p=04, () p=03, (/) p=02, (9) p=0.1

{(a) If p = 0.6, the required probability is given by

1 — [P(7 correct) + P(8 correct) + P(9 correct) -+ P(10 correct)]
= 1 — [;,C0.6)7(0.4)3 4+ ;4C4(0.6)8(0.4)% -+ 15C5(0.6)9(0.4) + 14C10(0.6)1] = 0.618
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The results for (b), (¢), ..., (g) can be similarly found and are indicated in Table 7-22 to-
gether with the value corresponding to p = 0.7 found in Problem 7.55. Note that the probability
is denoted by 2 (probability of a Type Il error). We have also included the entry for p = 0.5,
given by £ =1—0.1719 — 0.828 from Problem 7.54.

Table 7-22
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

£ | 1.000 | 0.999 | 0.989 | 0.945 | 0.828 | 0.618 | 0.350 | 0.121 | 0.013

Use Problem 7.56 to construct the B
graph of g vs. p, the operating char- 1.0 .
. e . . Fig, 7-14

acteristic curve of the decision rule 0.9
in Problem 7.54. 0.8

The required graph is shown in Fig. G
7-14. Note the similarity with the OC 0.6
curve of Problem 7.27. 0.5

If we had plotted (I — B)vs.p, the 0.4
power curve of the decision rule would 0.3
have been obtained. 0.2

The graph indicates that the given 0.1
decision rule is powerful for rejecting . ‘ . : . : , : f p
P = 0.5 when actually p=0.8. 0 0.2 0.4 0.6 0.8 1.0
A coin which is tossed 6 times comes up heads 6 times. Can we conclude at a (a) 0.05

and (b) 0.01 significance level that the coin is not fair? Consider both a one-tailed
and a two-tailed test.

Let p = probability of heads in a single toss of the coin.
Under the hypothesis (H;: » = 0.5) (i.e. the coin is fair),

) 1\ 1\ _ G

flz) = P(x headsin 6 tosses) = ¢C; P 3 = o1

Then the probabilities of 0, 1, 2, 3, 4, 5 and 6 heads are

given respectively by .'5, & 13, 29 &3 & and Jy, as

shown graphically in the probability distribution in
Fig. 7-15.

One-tailed test.

Here we wish to decide between the hypotheses 15/84 15/64
(Hy p=0.5) and (H,;: p>0.5). Since P(6 heads) =
Js = 0.01562 and P(5 or 6 heads) = §; -+ 1, = 0.1004,
we can reject Hy at a 0.05 but not a 0.01 level (i.e. the re-
sult observed is significant at a 0.05 but not a (.01 level).

Two-tailed test.

f(x)

20/ 04

664 G/64

Here we wish to decide between the hypotheses 1/64 | 1764
(Hy: p =0.5) and (H,: p+ 0.5). Since P(0 or 6 heads) = == . z
&5+ &5 = 0.08125, we can reject Hy at a 0.05 but not
a 0.01 level. Fig. 7-15

Work Problem 7.58 if the coin comes up heads 5 times.

One-tailed test. Since P(5 or 6 heads) = 8, + !y = Iy = 0.1094, we cannot reject H, at a level
of 0.05 or 0.01.

Two-tailed test. Since P(Dor 1 or 5 or 6 heads) = 2(F;) = 0.2188, we cannot reject H, at a level
of 0.05 or 0.01.



CHAP. 7] TESTS OF HYPOTHESES AND SIGNIFICANCE 249

7.60.

7.61.

7.62.

Show that a chi-square test involving only two categories is equivalent to the signifi-
cance test for proportions (page 214).

Table 7-23
If P is the sample proportion for cat- 1 I TOTAL
egory I, p is the population proportion,
and = is the total frequency, we can de- Observed Frequency | nP (1l — P) n
scribe the situation by means of Table
7-23. Then by definition, Expected Frequency | np | »(1 —p) = ng n
{""uD — ¥t ’2 {1!{1 - P} - ﬂ{\! - ?’9}}2
Xt = +
np ng
2P —p)2 2(P — p)2 — )2 Y
_ mP—p2 | mAP—p)P n{P_p)2(1+1 _ mP—p? _ (P-p)
np ng P q Pg pg/in

which is the square of the Z statistic (5) on page 214.

Suppose X,, X, ..., Xi have a multinomial distribution, with expected frequencies
NP1, NP2, . .., NPk respectively Let Y,, Y, ..., Yr be mutually independent, Poisson-
distributed variables, with parameters A1 = #ipy, A2 = #iP2, ..., Ax = fip respectively.
Prove that the conditional distribution of the Y’s given that

Y1+Y2+ e +Yk =n
is precisely the multinomial distribution of the X’s,

For the joint probability function of the ¥'s we have

(1’1?3’1]""3_””'] {“Pz)y’erw*] (ﬂpk}”"e_“""]
1 PlY, = Y.= y - Y, = = e —
(1) ¥y=wyn Yo=va .., Y = w) ! ! I: Yic!
B Wy' Fupt - Fug pylpg:. . pz,‘ .,
Yty !

where we have used the fact that p, + po+ -+ p, =1, The conditional distribution we are look-
ing for is given by

(2) PY, =y Yo=¥s .., Y=t | ¥y +¥g+ - +¥Y . =n)

P(Y1=y|, Yz-'_—yz,...,Yk=yk al'ld Y]+Y2+"'+Yk=‘n)

o PY, +Y,+ -4 Y, =n)

Now, the numerator in (2) has, from (1), the value
nhpy'par "pﬁ*
N !

As for the denominator, we know from Problem 4.95, page 147, that Y+ Yy -+ + ¥} is itself a
Poisson variable with parameter #up, +npy+ - -+ +np, = n. Hence the denominator has the value
e N

n!

Thus (2) becomes
'
PYy=y, Yo=9s ... Y= | i+ Y+ +Y, =n) = +P3'P5"”Pfc"‘

Y alt T T Ht
which is just the multinomial distribution of the X’s [compare (16), page 113].

Use the result of Problem 7.61 to show that x?, as defined by (21), page 218, is approx-
imately chi-square distributed.

As it stands, (27) is difficult to deal with because the multinomially distributed X’s are depend-
ent, in view of the restriction (22). However, Problem 7.61 shows that we can replace the X's by
the independent, Poisson-distributed Y's if it is given that Y, +Y,+ '+ + Y, =n. Therefore we
rewrite (21) as

Y, — a2 Yy — 2\ 2 Yi—N\2
1 2 = +oeee
W x (m)+(m) (m)
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As n— «, all the A's approach =, and the central limit theorem for the Poisson distribution
[(14), page 112] gives

(2) X2 o= A 25+ 2

where the Z's are independent normal variables having mean 0 and variance 1 whose distribution
is conditional upon the event

€)) x/_Z.+\/‘gzn+---+ﬂz.c=0 or Vi Zi+VpeZot - +VpZ, = 0

Let us denote by F,(x) the cumulative distribution function for a chi-square variable with » degrees
of freedom. Then what we want to prove is:

(6) PEI+Zi+ 2 Sx | VB Zit VP Zat - +VPLZ| < o)

P(Z2+ 23+ -+ 2 =¢ and (VB 2, t VP2 Zot - + VP Zi) < ) o)
= —— - x
P(|\r"_7|+\’__32+“'+ﬂzk|<€] Y

for a suitable value of ».

It is easy to establish (5) if we use our geometrical intuition. First of all, Theorem 4-3 shows
that the unconditional distribution of Z7+ Z2+ --- + ZZ is chi-square with k degrees of freedom.
Hence, since the density function for each Z; is (2.1-)‘”%”3"2,

(6) Fy(x) = (2z) k2 ‘ [ g~ (zltad=--- b2l dzy dzy* - +dz

24 =2y L ppd ez
- taf=x

Furthermore, we have for the numerator in (5):

(7 Numerator = (2z)~k/2 f f e~ GIHERT AR gy g diy,

LI 2
zp+ gyt tz ==,

.‘“'E"l"""ﬁézﬁ"' +\.J"9_kz | <€

We recall from analytic geometry that in three-dimensional space, x%+a+ 2% = a® represents

a spherical solid of radius a centered at the origin, while o, + ey + azz = 0 is a plane through

the origin whose normal is the unit vector (a,, a3, ay).

Figure 7-16 shows the intersection of the two bodies.

It is obvious that when a function which depends only
on distance from the origin, i.e.

= Va2 + 22
f(r} where 7 xf + af + 22 (a5, o a13)
is integrated over the circular area—or throughout a /

thin slab lying on that area—the value of the inte- \
gral is completely independent of the direction-cosines
&y, @, 3.  In other words, all cutting planes through
the origin give the same integral.

%3

By analogy we conclude that in (7), where ¢~ /2
is integrated over the intersection of a hypersphere / b
about the origin and a hyperplane through the origin, N ’ ’
the p's may be given any convenient values. We
choose
x
plzp:,:..;:pk_lzo' pk:]- 1
and obtain Fig. 7-16
8) Numerator = {27) &2 “""f"‘"%*"'"ﬁ-t”zdz dzy- « - dz), _ 4(2¢)
1 1
-..24_ ..21. e

||l"n

= {21?)""25'&—1(3’)(2!)
using (6). The factor 2¢ is the thickness of the slab.
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To evaluate the denominator in (5) we note that the random variable
W = Vi Zy+ VisZe + ++ + VPr 2,
is normal (because it is a linear combination of the independent, normal Z’s), and that
EW) = Vpi(0) + Vi (0) + -+« + VP (0) = 0
Var (W) = py(1) + py(1) + -+ + p(1) = 1

Thus the density function for W is ¢(w) = (2r)~V/2e=w*/2, and
9 Denominator = P(|W| <& = ¢{002¢) = (2r)~1/2(2¢)
Dividing (8) by (9) we obtain the desired result, where v = k—1.

The above “proof” (which can be made rigorous) shows incidentally that every linear constraint
placed on the Z’s, and hence on the Y’s or X’s, reduces the number of degrees of freedom in x2 by 1.
This provides the basis for the rules given on page 219.

Supplementary Problems

TESTS OF MEANS AND PROPORTIONS USING NORMAL DISTRIBUTIONS

7.63.

7.64.

7.65,

7.66.

7.67.

7.68.

7.69.

An urn contains marbles which are either red or blue. To test the hypothesis of equal proportions
of these colors, we agree to sample 64 marbles with replacement, noting the colors drawn and adopt
the following decision rule: (1) accept the hypothesis if between 28 and 36 red marbles are drawn;
(2) reject the hypothesis otherwise. (@) Find the probability of rejecting the hypothesis when it is
actually correct. (b) Interpret graphically the decision rule and the result obtained in (a).

(a) What decision rule would you adopt in Problem 7.63 if you require the probability of rejecting
the hypothesis when it is actually correct to be at most 0.01, ie. you want a 0.01 level of signifi-
cance? (b) At what level of confidence would you accept the hypothesis? (¢) What would be the
decision rule if a 0.05 level of significance were adopted?

Suppose that in Problem 7.63 you wish to test the hypothesis that there is a greater proportion of
red than blue marbles. () What would you take as the null hypothesis and what would be the
alternative? (b) Should you use a one- or two-tailed test? Why? (e¢) What decision rule should
you adopt if the level of significance is 0.067 (d) What is the decision rule if the level of signifi-
cance is 0.017

A pair of dice is tossed 100 times and it is observed that “sevens” appear 23 times. Test the hy-
pothesis that the dice are fair, i.e. not loaded, using (a) a two-tailed test and (b) a one-tailed test,
both with a significance level of 0.05. Discuss your reasons, if any, for preferring one of these
tests over the other.

Work Problem 7.66 if the level of significance is 0.01.

A manufacturer claimed that at least 95% of the equipment which he supplied to a factory con-
formed to specifications, An examination of a sample of 200 pieces of equipment revealed that 18
were faulty. Test his claim at a significance level of (a) 0.01, (b) 0.05.

It has been found from experience that the mean breaking strength of a particular brand of thread
is 9.72 ounces with g standard deviation of 1.40 ounces. Recently a sample of 36 pieces of thread
showed a mean brezsking strength of B.93 ounces. Can one conclude at a gignificance level of
(a) 0.05 and (b) 0.01 that the thread has become inferior?
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7.70. On an examination given to students at a large number of different schools, the mean grade was
74.5 and the standard deviation was 8.0. At one particular school where 200 students took the
examination, the mean grade was 75.9. Discuss the significance of this result at a 0.05 level from
the viewpoint of (a) a one-tailed test and (b) a two-tailed test, explaining carefully your conclu-
sions on the basis of these tests.

7.71. Answer Problem 7.70 if the significance level is 0.01.

TESTS INVOLVING DIFFERENCES OF MEANS AND PROPORTIONS

772. A sample of 100 electric light bulbs produced by manufacturer A showed a mean lifetime of 1190
hours and a standard deviation of 90 hours. A sample of 75 bulbs produced by manufacturer B
showed a mean lifetime of 1230 hours with a standard deviation of 120 hours. Is there a differ-
ence between the mean lifetimes of the two brands of bulbs at a significance level of (a} 0.05,
(b) 0,017

7.73. In Problem 7.72 test the hypothesis that the bulbs of manufacturer B are superior to those of
manufacturer A using a significance level of (a) 0.05, (b) 0.01. Explain the differences between
this and what was asked in Problem 7.72. Do the results contradict those of Problem 7.727

7.74. On an elementary school examination in spelling, the mean grade of 32 boys was 72 with a stand-
ard deviation of 8, while the mean grade of 36 girls was 75 with a standard deviation of 6. Test
the hypothesis at a (a) 0.05 and (b) 0.01 level of significance that the girls are better in spelling
than the boys.

7.75. To test the effects of a new fertilizer on wheat production, a tract of land was divided into 60
squares of equal areas, all portions having identical gualities as to soil, exposure to sunlight, ete.
The new fertilizer was applied to 30 squares and the old fertilizer was applied to the remaining
squares. The mean number of bushels of wheat harvested per square of land using the new ferti-
lizer was 18.2 with a standard deviation of 0.63 bushels. The corresponding mean and standard
deviation for the squares using the old fertilizer were 17.8 and 0.54 bushels respectively. Using a
significance level of (a) 0.05 and (b) 0.01, test the hypothesis that the new fertilizer is better than
the old one,

7.76. Random samples of 200 bolts manufactured by machine A and 100 bolts manufactured by machine
B showed 19 and 5 defective bolts respectively. Test the hypothesis that (a) the two machines are
showing different gualities of performance and (b) machine B is performing better than A. Use a
0.05 level of significance.

7.77. The mean lifetime of electric light bulbs produced by a company has in the past been 1120 hours
with a standard deviation of 125 hours. A sample of 8 electric light bulbs recently chosen from a
supply of newly produced bulbs showed & mean lifetime of 1070 hours. Test the hypothesis that
the mean lifetime of the bulbs has not changed, using a level of significance of (a) 0.05 and (b} 0.01.

7.78. In Problem 7.77 test the hypothesis p = 1120 hours against the alternative hypothesis x < 1120 hours,
using a significance level of (a) 0.05 and (b) 0.01.

7.79. The specifications for the production of a certain alloy call for 23.2% copper. A sample of 10 anal-
yses of the product showed a mean copper content of 235% and a standard deviation of 0.24%.

Can we conclude at a (a) 0.01 and (b) 0.05 significance level that the product meets the required
specifications?

780. In Problem 7.79 test the hypothesis that the mean copper content is higher than in required speci-
fications, using a significance level of (a) 0.01, (b) 0.05.

78l. An efficiency expert claims that by introducing a new type of machinery into a production process
he can decrease substantially the time required for production. Because of the expense involved in
maintenance of the machines, management feels that unless the production time ean be decreased
by at least 8.0% they cannot afford to introduce the process. Six resulting experiments show that
the time for production is decreased by B.4% with standard deviation of 0.32%. Using a level of
significance of (a) 0.01 and (b} 0.05, test the hypothesis that the process should be introduced.
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7.82.

743,

Two types of chemical solutions, A and B, were tested for their pH (degree of acidity of the
solution). Analysis of 6 samples of A showed a mean pH of 7.52 with a standard deviation of
0.024. Analysis of 5 samples of B showed a mean pH of 7.49 with a standard deviation of 0.032.

Using a 0.05 significance level, determine whether the two types of solutions have different pH
values.

On an examination in psychology 12 students in one class had a mean grade of 78 with a standard
deviation of 6, while 16 students in another class had a mean grade of 74 with a standard deviation
of 8. Using a significance level of 0.05, determine whether the first group is superior to the second
group.

TESTS INVOLVING THE CHI-SQUARE DISTRIBUTION

784,

7.85.

7.86.

The standard deviation of the breaking strengths of certain cables produced by a company is given
as 240 pounds. After a change was introduced in the process of manufacture of these cables, the
breaking strengths of a sample of 8 cables showed a standard deviation of 300 pounds. Investi-
gate the significance of the apparent increase in variability, using a significance level of (a) 0.05,
{b) 0.01.

The annual temperature of a city is obtained by finding the mean of the mean temperatures on the
156th day of each month. The standard deviation of the annual temperatures of the city over a
period of 100 years was 16° Fahrenheit. During the last 15 years a standard deviation of annual
temperatures was computed as 10° Fahrenheit. Test the hypothesis that the temperatures in the
city have become less variable than in the past, using a significance level of (a) 0.05, (b) 0.01.

In Problem 7.77 a sample of 20 electric light bulbs revealed a standard deviation in the lifetimes of
150 hours. Would you conclude that this is unusual? Explain.

TESTS INVOLVING THE F DISTRIBUTION

787,

7.88.

7.89.

Two samples consisting of 21 and 9 observations have variances given by sf =16 and s =28
respectively. Test the hypothesis that the first population variance is greater than the second at a
(a) 0.0, (b) 0.01 level of significance.

‘Work Problem 7.87 if the two samples consist of 60 and 120 observations respectively.

In Problem 7.82 can we conclude that there is a significant difference in the variability of the pH
values for the two solutions at g 0.10 level of significance?

OPERATING CHARACTERISTIC CURVES

7.90.

7.91.

]
l

=

7.93.

Referring to Problem 7.63, determine the probability of accepting the hypothesis that there are
equal proportions of red and blue marbles when the actual proportion p of red marbles is (a) 0.6,
{b) 0.7, (¢) 0.8, (d) 0.9, (e) 0.8.

Represent the results of Problem 7.90 by constructing a graph of (a) 8 vs. p, (b) (1—p) vs. p.
Compare these graphs with those of Problem 7.25 by considering the analogy of red and blue mar-
bles to heads and tails respectively.

(e) Work Problems 7.26 and 7.27 if it is agreed to test 400 ropes. (b) What conclusions can you
draw regarding risks of Type II errors when sample sizes are increased?

Construct (a) an OC curve and (5) a power curve corresponding to Problem 7.656. Compare these
curves with those of Problem 7.27.

QUALITY CONTROL CHARTS

7'9‘.

In the past a certain type of thread produced by a manufacturer has had a mean breaking strength
of 8.64 ounces and a standard deviation of 1.28 ounces. To determine whether the product is con-
forming to standards, a sample of 16 pieces of thread is taken every 8 hours and the mean break-
ing strength is determined. Find the (a) 99.73% or 3o, (b) 99% and (¢) 95% control limits on a
quality control chart and explain their applications.
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On the average about 3% of the bolts produced by a company are defective. To maintain this
quality of performance, a sample of 200 bolts produced is examined every four hours. Determine
(a) 99% and (b) 95% control limits for the number of defective bolts in each sample. Note that
only upper control limits are needed in this case.

FITTING OF DATA BY THEORETICAL DISTRIBUTIONS Table 7-24
796. Fit a binomial distribution to the data of Table 7-24.
@ 1] 1 2 3| 4
797. Use probability graph paper to determine whether the data_,
of Problem 5.98 can be closely approximated by a normal f 230 | 62 | 46 | 10 | 2
distribution.
798. Fit a normal distribution to the data of Problem 5.98.
799. Pit a normal distribution to the data of Problem 5.100.
7100. Fit a Poisson distribution to the data of Problem 7.96 and
compare with the fit obtained by using the binomial distribution. Table 7-25
7101. In 10 Prussian army corps over a period of 20 years from

®]
[~

1|2

-]
Y

1875-1894 the number of deaths per army corps per year
resulting from the kick of a horse are given in Table 7-25. f
Fit a Poisson distribution to the data.

109 | 66 | 22 | 3 1

THE CHI-SQUARE TEST

7.102,

7.103.

7.104.

7.105.

7.106.

7.107.

In 60 tosses of a coin, 37 heads and 23 tails were observed. Test the hypothesis that the coin is
fair using a significance level of (a) 0.05, (b) 0.01.

Work Problem 7.102 using Yates’ correction.

Over a long period of time the prades given by a group of instructors in a particular course have
averaged 127 A’s, 18% B’s, 40% C’s, 18% D’s and 12% F’s. A new instructor gives 22 A’s, 34 B’s,
66 C’s, 16 D's and 12 F’s during two semesters. Determine at a 0.05 significance level whether the
new instructor is following the grade pattern set by the others.

Table 7-26
Three coins were tossed together a total
of 240 times and each time the number Oheads | 1head | Zheads | 8 heads
of heads turning up was observed. The Observed .y BN o an
results are shown in Table 7-26 together Frequency = 108 J0 zs
with results expected under the hypoth-
esis that the coins are fair. Test this Expected 30 90 90 30
hypothesis at a significance level of 0.05. Frequency
The number of books borrowed from
a public library during a particular Table 7-27
week is given in Table 7-27. Test the Mon. | Tues. | Wed. | Thurs. | Fri.
hypothesis that the number of books
borrowed does not depend on the day Number of 135 108 120 114 146
of the week, using a significance level Books Borrowed
of (a) 0.05, (b) 0.01.
An urn consists of 6 red marbles and 3 white

ones. Two marbles are selected at random Table 7-28

from the urn, their colors are noted and then

the marbles are replaced in the urn. This I}red_, ! red., 2 red_,
process is performed a total of 120 times 2 white | 1 white | 0 white
and the results obtained are shown in Table Number of
7-28. (a) Determine the expected freguen- Drawings 6 53 61
cies. (b) Determine at a level of significance

of 0.00 whether the results obtained are con-

sistent with those expected.
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7.108.

Two hundred bolts were selected at random from the production of each of 4 machines, The numbers

of defective bolts found were 2,9, 10,3. Determine whether there is a significant difference

between the machines using a significance level of 0.05.

GOODNESS OF FIT

7.109. (a) Use the chi-square test to determine the goodness of fit of the data of Problem 7.96. (b} Is the
fit “too good”? Use a 0.05 level of significance.
7.110. Use the chi-square test to determine the goodness of fit of the data referred to in (a) Problem 7.98,
{b) Problem 7.99. Use a level of significance of 0.05 and in each case determine whether the fit is
“too good.”
7.111. Use the chi-square test to determine the goodness of fit of the data referred to in (@)} Problem 7.100,
(b) Problem 7.101. Is your result in (@) consistent with that of Problem 7.109?
CONTINGENCY TABLES Table 7-29
7.112. Table 7-29 shows the result of an experiment to investigate ‘* Got Did Not Get
the effect of vaccination of laboratory animals against a Disease Disgase
particular disease, Using a (a) 0.01 and (b) 0.05 signifi-
cance level, test the hypothesis that there is no difference Vaceinated g 42
between the vaccinated and unvaccinated groups, i.e. vacei-
nation and this disease are independent. Not
. 17 28
Vaccinated
7113. Work Problem 7.112 using Yates’ correction.
Table 7-30
7.114. Table 7-30 shows the numbers of students in each of two classes, A Passed | Failed
and B, who passed and failed an examination given to both groups.
Using a (a) 0.05 and (b) 0.01 significance level, test the hypothesis Class A 72 17
that there is no difference between the two classes. Work the
problem with and without Yates’ correction. Class B 64 23
7.115. Of a group of patients who complained that they did not sleep well, some were given sleeping pills
whila o ]-101-:: were riven cneaar nille falthaneh theav all #thavah$t thavy wera cottineg cleaanine nills)
FYARALE WralhA D PTRAL AT Al womjEnnd pRraad (Rassifugmal sy flar LA ooy ey W ol gl ukanip oeTO e priaioje
They were later asked whether the pills helped them or not. The results of their responses are
shown in Tabla 7-31. Assuming that all patients told the truth, test the hypothesis that there is
no difference between sleeping pills and sugar pills at a significance level of 0.05.
Table 7-31 Table 7-32
Slept Did Not In Favor | Opposed | Undecided
Well | Sleep Well
Democrats 85 78 37
Took Sleeping -
Pills 44 10 Republicans 118 61 25
Took Sugar
Pills 81 35
7.116. On a particular proposal of national importance, Democrats and Republicans ecast votes as indi-
cated in Table 7-32. At a level of significance of (a) 0.01 and (b) 0.05, test the hypothesis that
there is no difference between the two parties insofar as this proposal is concerned.
7.J17. Table 7-33 shows the relation between the performances of students in mathematies and physics.

Test the hypothesis that performance in physics is independent of performance in mathematics,
using a (a) 0.05 and (b} 0.01 significance level,
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7.118.

7.119.

7.120.

7.121,

7.122.

TESTS OF HYPOTHESES AND SIGNIFICANCE [CHAP. 7

Table 7-33

MATHEMATICS

High Medium Low
Grades | Grades | Grades

» | High Grades 56 71 12
[&]
g Medium Grades 47 163 38
Lo
A Low Grades 14 42 85

The results of a survey made to determine whether the age of a driver 21 years of age or older
has any effect on the number of automobile accidents in which he is involved (including all minor
accidents) are indicated in Table 7-84. At a level of significance of (a) 0.05 and (b) 0.01, test the
hypothesis that the number of accidents is independent of the age of the driver. What possible
sources of difficulty in sampling techniques, as well as other considerations, could affect your
conclusions?

Table 7-34
AGE OF DRIVER
21-30 | 31-40 | 41-50 | 51-60 | 61-70
(1] 748 821 786 720 672
=
ok
o 1 74 60 b1 66 bo
=B
m —
=0 2 31 26 22 16 156
&
More than 2 9 10 6 b 7

(a) Prove that 2 = 2 (a¥np;) —n for all contingency tables, where = is the total frequency of all
cells. (b) Using the result in (¢), work Problem 7.117.

If »; and n; denote respectively the sum of the frequencies in the ith row and in the jth column of
a contingency table (the marginal frequencies), show that the expected frequency for the cell belonging
to the ith row and jth column is nn;/n, where n is the total frequency of all cells.

Prove the result (2) of Problem 7.49.

By analogy with the ideas developed for h X k contingency tables, discuss h X kX[ contingency
tables, pointing out possible applications which they may have.

COEFFICIENT OF CONTINGENCY

7.123,

7124,

7.125.
7.126.

7.127.

Table 7-36 shows the relationship between

hair and eye color of a sample of 200 women. Table 7-35

(a) Find the coefficient of contingency without

and with Yates’ correction. (b) Compare the HAIR COLOR
result of (¢) with the maximum coefficient of

contingency. Blonde Not Blonde
Find the coefficient of contingency for the data w5 | Blue 49 25

of (a) Problem 7.112 and (b) Problem 7.114 E -63

without and with Yates’ correction. © | Not Blue 30 96

Find the coefficient of contingency for the data of Problem 7.117.
Prove that the maximum coefficient of contingency for a 3 X 3 table is \/E = 0.8165 approximately.

Prove that the maximum coefficient of contingency for a k X k table is v/ (k& — 1)/k.
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MISCELLANEOUS PROBLEMS

7.128.

7129,

7.130.

7.131.

7.132.

7.133.

7.134.

7.135.

7.136.

7.137.

7.138.

7.139.

7.140.

7.141,

7.142.

Two urns, A and B, contain equal numbers of marbles, but the proportions of red and white marbles
in each of the urns is unknown. A sample of 50 marbles selected with replacement from each of
the urns revealed 32 red marbles from 4 and 23 red marbles from B. Using a significance level
of 0.05, test the hypothesis that (@) the two urns have equal proportions of marbles and (b) A has
a greater proportion of red marbles than B.

Referring to Problem 7.64 find the least number of questions a student must answer correctly
before the instructor is sure at a significance level of (e) 0.05, (b) 0.01, (c) 0.001, (d) 0.06 that the
student is not merely guessing. Discuss the results.

Construct graphs similar to those of Problem 7.23 for Problem 7.55.

Work Problems 7.54-7.56 if the 7 in the decision rule of Problem 7.54 is changed to 8.

A coin which is tossed B times comes up heads 7 times. Can we reject the hypothesis that the coin
ig fair at a significance level of (a) 0.067 (&) 0.10? (e) 0.017 Use a two-tailed test,

Work Problem 7.132 if a one-tailed test is used.

Work Problem 7.132 if the coin comes up heads 6 times.

Discuss how sampling theory can be used to investigate the proportions of different types of fish
present in a lake,

Explain how you might define one-sided confidence intervals and give a possible application.

The percentage of A’s given in a physics course at a certain university over a long period of time
was 10%. During one particular term there were 40 A’s in a group of 300 students. Test the sig-
nificance of this result at a level of (a) 0.06, (b) 0.01.

Using brand A gasoline, the mean number of miles per gallon traveled by 5 similar automobiles
under identical conditions was 22.6 with a standard deviation of 0.48. Using brand B, the mean
number was 21.4 with a standard deviation of 0.54. Choosing a significance level of 0.05, investi-
gate whether brand A is really better than brand B in providing more mileage to the gallon.

In Problem 7.138 is there greater variability in miles per gallon using brand B than there is using
brand A? Explain.

For Table 7-36 prove that

2 2 Table 7-36
2 = 1 a_¥+§+a_§ + ﬁ.(b_l+f£+ b_%.) —
X ma\m My Mg/  mp\my Wy mg 1 | 11 | o1 | Torais
A ay ay | ag Tp
Generalize the result of Problem 7.140.
B bl bg 53 Mg
Use the result of Problem 7.140 to obtain the value of TOTALS | ny | %3 | mg n

2 for Problem 7.47.



Chapter 8

Curve Fitting, Regression and Correlation

CURVE FITTING

Very often in practice a relationship is found to exist between two (or more) variables,
and one wishes to express this relationship in mathematical form by determining an equation
connecting the variables,

A first step is the collection of data showing corresponding values of the variables.
For example, suppose * and ¥ denote respectively the height and weight of an adult male.
Then a sample of n individuals would reveal the heights xy, x2, . . ., #» and the corresponding
weights ¥1,¥2, . . ., Yn.

A next step is to plot the points (zs, 1), (%2, %2), - - ., (Xa, ¥») O a rectangular coordinate
system. The resulting set of points is sometimes called a scatter diagram.

From the scatter diagram it is often possible to visualize a smooth curve approximating
the data. Such a curve is called an approximating curve. In Fig. 8-1, for example, the
data appear to be approximated well by a straight line and we say that a linear relationship
exists between the variables. In Fig. 8-2, however, although a relationship exists between the
variables it is not a linear relationship and so we call it a nonlinear relationship. In Fig. 8-3
there appears to be no relationship between the variables.

- .
- - - L

Fig. 8-1 Fip. 8-2 Fig. 8-3

The general problem of finding equations of approximating curves which fit given sets
of data is called curve fitting. In practice the type of equation is often suggested from the
scatter diagram. Thus for Fig. 8-1 we could use a straight line

y = a+ bx (1)
while for Fig. 8-2 we could try a parabola or quadratic curve
y = a+bx + cat (2)

Sometimes it helps to plot scatter diagrams in terms of transformed variables. Thus for
example if logy vs.  leads to a straight line we would try logy = @ + bx as an equation
for the approximating curve.

2568
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REGRESSION

One of the main purposes of curve fitting is to estimate one of the variables (the
dependent variable) from the other (the independent variable). The process of estimation
is often referred to as regression. If y is to be estimated from x by means of some equa-
tion we call the equation a regression equation of y on x and the corresponding curve a
regression curve of y on x.

e e aE=s waw T A ww =

THE METHOD OF LEAST SQUARES

Generally, more than one curve of a given type will appear to fit a set of data. To avoid
individual judgment in constructing lines, parabolas, or other approximating curves, it is
necessary to agree on a definition of a “best-fitting line,” “best-fitting parabola,” etc.

To motivate a possible definition consider
Fig. 8-4 in which the data points are (z:, %), . . -, ¥
(xn,yn). For a given value of z, say x, there
will be a difference between the value #; and

e

the corresponding value as determined from the o )
curve C. We denote this difference by di, which o )A:
is sometimes referred to as a deviation, error, @ny) e

or residual and may be positive, negative or d, o

zero. Similarly, corresponding to the values dy *

Zs, ..., ¥n we obtain the deviations ds, ..., d.. (%2, ¥

A measure of the “goodness of fit” of the
curve C to the set of data is provided by the
quantity di +dz + - - - +d2 If this is small the
fit is good, if it is large the fit is bad. We *
therefore make the following Fig. 8-4

Definition. Of all curves approximating a given set of data points, the curve having the
property that

di+d;+ --- +di = aminimum
is the best-fitting curve.

A curve having this property is said to fit the data in the least-squares sense and is called a
least-squares regression curve or simply least-squares curve. Thus a line having this prop-

erty is called a least-squares line, a parabola with this property is called a least-squares
parabola, ete.

It is customary to employ the above definition when #z is the independent variable and y
is the dependent variable. If x is the dependent variable, the definition is modified by con-
sidering horizontal instead of vertical deviations, which amounts to interchanging the z-
and y—axes These two definitions lead in general to two different least-squares curves.

TTelacs Py ) . PRSPt Ay = e e ey |

ey . o A . Az A
LIIIESS Ul.rllGl. wise B]_.R:Lllit.'rl,l. we Ellﬁll L'Ullﬁlu!:l Yy as l.ullﬂ LUCPCIHUCIIL AlluU W& as l.fll.ﬂ Juuc[.m:ucul.,

variable.

It is possible to define another least-squares curve by considering perpendicular distances
from the data points to the curve instead of either vertical or horizontal distances. How-
ever, this is not used too often.

THE LEAST-SQUARES LINE

By using the above definition we can show (see Problem 8.3) that the least-squares line
approximating the set of points (xi, %), . . ., (s, ¥») has the equation

Yy = a+ bx 6]
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where the constants ¢ and b are determined by solving simultaneously the equations

dy=an+bDx
Say =aXx+bar

which are called the normal equations for the least-squares line. Note that we have for

(4)

brevity used Xy, X axy instead of X, ¥, 3 %;¥;. The normal equations (4) are easily
i=1 i=1

remembered by observing that the first equation can be obtained formally by summing on
both sides of (3), while the second equation is obtained formally by first multiplying both
sides of (3) by r and then summing. Of course this is not a derivation of the normal equa-
tions but only a means for remembering them.

The values of a and b obtained from (4) are given by
o = GY(E2) — (32)(3zy) nZzy — (32)(3y)

nSa?— (Say b= TS (e )
The result for b in (5) can also be written
_ 2%y —19)
b= T S@oap (6)

Here, as usual, a bar indicates mean, e.g. & = (2x)/n. Division of both sides of the first
normal equation in (£) by = yields

Thus if desired we can first find b from (5) or (6) and then use (7) to find @ = §—bx. This
is equivalent to writing the least-squares line as

y=i = a-d) or y-i= gDy ®

The result (8) shows that the constant b, which is the slope of the line (3), is the fundamen-
tal constant in determining the line. From (8) it is also seen that the least-squares line
passes through the point (&, %), called the centroid or center of gravity of the data.

The slope b of the regression line is independent of the origin of coordinates. This
means that if we make the transformation (often called a translation of axes) given by

x = a +h y =y +k (9)
where k and k are any constants, then b is also given by

_ n3wy - (C2)(3y) 2@ -T)y - 7)
b E ThmeT-(ZE T sw-wp 0

where x, ¥ have simply been replaced by «’, ¥’ [for this reason we say that b is invariant
under the transformation (9)). It should be noted, however, that a, which determines the
intercept on the x-axis, does depend on the origin (and so is not invariant).

In the particular case where h =%, k=4, (10) simplifies to
2ay

2:{.’12

The results (10) or (11) are often useful in simplifying the labor involved in obtaining the
least-squares line.

b = (11)

The above remarks also hold for the regression line of = on . The results are formally
obtained by simply interchanging x and y. Thus for example the least-squares regression
lineof x on v is
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2(x — &)y —7)
2y—up
It should be noted that in general (12) is not the same line as (8).

x — & = (y—19) (12)

THE LEAST-SQUARES LINE IN TERMS OF SAMPLE
VARIANCES AND COVARIANCE

The sample variances and covariance of  and y are given by

-2 o _ 30— |, _ Se-du-9)

2
8 =
¥ n n n

(18)

In terms of these the least-squares regression lines of ¥ on x and of x on ¥ can be written
respectively as

_ 8 . .8 _
y—9 = 5 (@—3%) r—& = Zy—9) (14)
'z v
If we formally define the sample correlation coefficient by [compare (54), page 82]
— S
r 58, (15)

y—y _ [x—& r—% _ (y—9
8y T( 8z ) 8 i‘( 8y ) (26)
In view of the fact that (x —#)/s: and (y — #)/s, are standardized sample values or standard
scores, the results in (26) provide a very simple way of remembering the regression lines.

It is clear that the two lines in (16) are different unless 7 = +1, in which case all sample

points lie on a line [this will be shown in (26)] and there is perfect linear correlation and
regression.

It is also of interest to note that if the two regression lines (16) are written as y = a + bz,
x = c¢+dy respectively, then
bd = 72 (17)

Up to now we have not considered the precise significance of the correlation coefficient
but have only defined it formally in terms of the variances and covariance. On page 263
the significance will be given.

THE LEAST-SQUARES PARABOLA

The above ideas are easily extended. For example, the least-squares parabola which
fits a set of sample points is given by

¥y = a+ bx + cx? (18)

where @, b, ¢ are determined from the normal equations

Sy = nae+brx+cyal
Say = eXar+brar+cyal (19)
Say = aXa+b>a® + ¢yt

These are obtained formally by summing both sides of (18) after multiplying successively
by 1, x and x® respectively.
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MULTIPLE REGRESSION

The above ideas can also be generalized to more variables. For example if we feel that
there is a linear relationship between a dependent variable z and two independent variables
x and y, then we would seek an equation connecting the variables which has the form

z=a+bx+cy (20)
This is called a regression equation of z on x and y. If x is the dependent variable a simi-

lar equation would be called a regression equation of x on y and z.

Because (20) represents a plane in a three-dimensional rectangular coordinate system it
is often called a regression plane. To find the least-squares regression plane we determine

a, b, ¢ in (20) so that
Dz = mw+bYr+cXy
Szz = axx +b2at+cxay (21)
Syr = a2y +bDay + ey

These equations, called the normal equations corresponding to (20), are obtained as a result

of applying a definition similar to that on page 2569. Note that they can be obtained for-
mally from (20) on multiplying by 1, z, ¥ respectively and summing.

Generalizations to more variables, involving linear or nonlinear equations leading to
regression Surfaces in three- or higher-dimensional spaces, are easily made.

STANDARD ERROR OF ESTIMATE

If we let Y.« denote the estimated value of y for a given value of z, as obtained from
the regression curve of ¥ on x, then a measure of the scatter about the regression curve is

supplied by the quantity
— ¥'J
Sy = 4 {Ewn_ves) (22)

which is called the standard error of estimate of y on x. Since Z(y— Yest)? = Sd?, as used
in the Definition on page 259, we see that out of all possible regression curves the least-
squares curve has the smallest standard error of estimate.

In the case of a regression line %.« = @+ bz, with @ and b given by (4), we have

st. = ¥ “Ef — b2ay (23)
or 33_: = 2(y— g)a —b f(x - ﬁ)(?f ) (24)

We can also express s;. for the least-squares line in terms of the variance and correlation
coefficient as
8. = s(1—1?) (25)

from which it incidentally follows as a corollary that 2=1, je. —-1=7r=1.

The standard error of estimate has properties analogous to those of standard deviation.
For example if we construct pairs of lines parallel to the regression line of ¥ on = at respec-
tive vertical distances s,., 2sy. and 8s,. from it, we should find if » is large enough that
there would be included between these pairs of lines about 68%, 95% and 99.7% of the
sample points respectively. See Problem 8.23.
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Just as there is an unbiased estimate of population variance given by %% = ns?(n—1)
80 there is an unbiased estimate of the square of the standard error of estimate. This is
given by 82, = nsi./(n —2). For this reason some statisticians prefer to give (22) with n — 2
instead of n in the denominator.

The above remarks are easily modified for the regression line of & on ¥ (in which case
the standard error of estimate is denoted by s:,) or for nonlinear or multiple regression.

THE LINEAR CORRELATION COEFFICIENT

Up to now we have defined the correlation coefficient formally by (15) but have not
examined its significance. In attempting to do this let us note that from (25) and the
definitions of s, and s, we have

-3
4

{ = 2= Yew)

- =0

?'2
Now we can show that (see Problem 8.24)
SW—9F = DWW Y + 2 (Yeu — J)? (27)

The quantity on the left of (27) is called the total variation. The first sum on the right of
(27) is then called the unexplained variation, while the second sum is called the explained
variation. This terminology arises because the deviations ¥ — yes behave in a random or
unpredictable manner while the deviations y.« — # are explained by the least-squares regres-
sion line and so tend to follow a definite pattern. It follows from (26) and (27) that

2 (Yest — Y) Explained variation

S(y—#)? _  Total variation (28)

?.2_

Thus r? can be interpreted as the fraction of the total variation which is explained by the
least-squares regression line. In other words, * measures how well the least-squares regres-
sion line fits the sample data. If the total variation is all explained by the regression line,
ie. if =1 or r= *1, we say that there is perfect linear corvelation (and in such case
also perfect linear regression). On the other hand if the total variation is all unexplained
then the explained variation is zero and so r = 0. In practice the quantity 7%, sometimes
called the coefficient of determination, lies between 0 and 1.

The correlation coefficient can be computed from either of the results

y o= Sm 2z — 2Ny —9) (29)
f=fb VE(r — 722 (y — i)
s _ Explained variation _  Z(yes — #)° o)
or ? Total variation - Sy -9

which for linear regression are equivalent. The formula (29) is often referred to as the
product-moment formula for linear correlation.

Formulas equivalent to those above, which are often used in practice, are

,o— . nExy - (2N)(3y)
VinZx? — (Zx)|[nZy? — (2y)?

(81)

and
_ -y (82)
N = &)~ 7)

.
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If we use the transformation (9), page 260, we find
,nzxry! — (Eml)(zy')
VInZz? - GV |[n3y” — (3¢))]

(83)

which shows that 7 is invariant under a translation of axes. In particular, if h=%, k=7,
(83) becomes

y = 2%V (34)
N(Ez?)(2y7)

which is often useful in computation.

The linear correlation coefficient may be positive or negative. If r is positive ¥ tends
to inerease with z (the slope of the least-squares line is positive) while if r is negative y
tends to decrease with = (the slope is negative). The sign is automatically taken into account
if we use the result (29), (81), (32), (33) or (34). However, if we use (30) to obtain r we
must apply the proper sign.

GENERALIZED CORRELATION COEFFICIENT

The definition (29) [or any of the equivalent forms (31) through (34)] for the correlation
coefficient involves only sample values x,%. Consequently it yields the same number for
all forms of regression curves and is useless as a measure of fit, except in the case of
linear regression, where it happens to coincide with (80). However, the latter definition, i.e.

, _ Explained variation _ 3(est — %) (85)
o= Total variation — Z(y— 77

does reflect the form of the regression curve (via the yes) and so is suitable as the definition
of a generalized correlation coefficient r. We use (85) to obtain nonlinear correlation coeffi-
cients (which measure how well a nonlinear regression curve fits the data) or, by appropriate
generalization, multiple correlation coefficients. The connection (25) between the correlation
coefficient and the standard error of estimate holds as well for nonlinear correlation.

Since a correlation coefficient merely measures how well a given regression curve (or

[0 3 3 L A A afuliairEs S ucRiieEwradw ATES A ASLAVAE A Y Wl

surface) fits sample data it is clearly senseless to use a linear correlatwn coefficient where the
data are nonlinear. Suppose, however, that one does apply (29) to nonlinear data and
obtains a value which is numerically considerably less than 1. Then the conclusion to be
drawn is not that there is little correlation (a conclusion sometimes reached by those unfa-
miliar with the fundamentals of correlation theory) but that there is little linear correlation.
There may in fact be a large nonlinear correlation.

RANK CORRELATION

Instead of using precise sample values, or when precision is unattainable, the data may
be ranked in order of size, importance, etc., using the numbers 1,2, ...,n. If two corre-
sponding sets of values x and ¥ are ranked in such manner, the coefficient of rank correlation,
denoted by 7renx or briefly r, is given by

62d?
n(n®—1)
where d = differences between ranks of corresponding x and y
n = number of pairs of values (z, %) in the data

The formula (36), derived in Problem 8.36, is called Spearman’s formada for rank correlation.

(86)

Trank = 1 —
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PROBABILITY INTERPRETATION OF REGRESSION

A scatter diagram, such as that in Fig. 8-1, is a graphical representation of data points
for a particular sample. By choosing a different sample, or enlarging the original one, a
somewhat different scatter diagram would in general be obtained. Each scatter diagram
would then result in a different regression line or curve, although we would expect that
these would not differ significantly from each other if the samples are drawn from the
same population.

From the concept of curve fitting in samples we are thus led to curve fitting for the
population from which samples are drawn. The scatter of points around a regression line
or curve indicates that for a particular value of x there are actually various values of y
distributed about the line or curve. This idea of distribution leads us naturally to the real-
ization that there is a connection between curve fitting and probability.

The connection is supplied by introducing the random variables X and Y which can
take on the various sample values « and y respectively. For example X and ¥ may repre-
sent heights and weights of adult males in a population from which samples are drawn.

It is then assumed that X and ¥ have a ioint nrobabilitvy funetion or density funetion, fix. )

AR VAATrma TR resssirna WAL £ S Lwsana ALY e T gWRREL g Wil nsadiny slasdievalril WA Sancasssaly A aswnaAlSRRy J ARy B Fy

according to whether they are con51dered discrete or continuous.

Given the joint density function or probability function, f(z, %), of two random variables
X and Y, it is natural from the above remarks to ask whether there is a function g(X) such
that

E{|Y —g¢(X)]*} = a minimum (37)
A curve with equation y = g(x) having property (87) is called a least-squares regression
curve of Y on X, Wae have the following theorem:

Theorem 8-1: 1If X and Y are random variables having joint density function or probabil-
ity function f(z, ), then there exists a least-squares regression curve of Y
on X, having property (37), given by

= g(x) = FY | X=2a) (88)
provided that X and Y each have a variance which is finite.
Note that E(Y | X = x) is the conditional expectation of ¥ given X = z, as defined on page 83.

Similar remarks can be made for a least-squares regression curve of X on Y. In such
case (87) is replaced by
E{[X —h(Y)}*} = a minimum

and (38) is replaced by x = h(y) = E(X |Y =y). The two regression curves ¥ = g(x) and
x = h(y) are different in general.

An interesting case arises when the joint distribution is the bivariate normal distribu-
tion given by (49), page 118. We then have the following theorem:

Theorem 8-2: If X and Y are random variables having the bivariate normal distribution,
then the least-squares regression curve of Y on X is a regressgion line given by

Y~ py ___ T — py
Oy a P( Tx ) (59)
_ Oxy
where = o (40)

represents the population correlation coefficient.
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We can also write (39) as

Y=y = Bl py) (41)
h = X
where B 2 (42)

Similar remarks can be made for the least-squares regression curve of X on Y, which also
turns out to be a line [given by (39) with X and Y, x and v, interchanged). These results
should be compared with corresponding ones on page 261.

In case f(x,y) is not known we can still use the criterion (37) to obtain approximating
regression curves for the population. For example, if we assume g(x) = o+ Bz we obtain
the least-squares regression line (39), where «, # are given in terms of the (unknown) pa-
rameters uy, py, oy, oy, p.  Similarly if g(x) =« +px+y2* we can obtain a least-squares
regression parabola, etc. See Problem B.39.

In general all of the remarks made on pages 259 to 264 for samples are easily extended
to the population. For example, the standard error of estimate in the case of the popula-
tion is given in terms of the variance and correlation coefficient by

of x = of(1—¢? (43)
which should be compared with (25), page 262,

PROBABILITY INTERPRETATION OF CORRELATION

From the above remarks it is clear that a population correlation coefficient should pro-
vide a measure of how well a given population regression curve fits the population data.
All the remarks previously made for correlation in a sample apply as well to the population.
For example, if g(x) is determined by (37), then

E((Y-Y)] = E[(Y — Ye)’] + E[(Ye— Y)Y (44)
where Yeq = g(X) and ¥ = E(Y). The three quantities in (44) are called the total, unex-

plained and explained variations respectively. This leads to the definition of the population
correlation coefficient p, where

Exvlained variation ElY... — V)
G J— Diained variauon — n 7 ( 4 5)
P “Total variation E[(Y — YY]

For the linear case this reduces to (40). Results similar to (31)—(34) can also be written for
the case of a population and linear regression. The result (45) is also used to define p in the
nonlinear case.

SAMPLING THEORY OF REGRESSION

The regression equation % =a + bz is obtained on the basis of sample data. We are
often interested in the corresponding regression equation y =« + Bz for the population
from which the sample was drawn. The following are some tests concerning a normal
population. To keep the notation simple we shall follow the common convention of indi-
cating values of sampling random variables rather than the random variables themselves.

1. Test of hypothesis g = b.

To test the hypothesis that the regression coefficient 8 is equal to some specified
value b we use the fact that the statistic

B—b
Sy.af8x

Va2 (46)
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has Student's distribution with n — 2 degrees of freedom. This can also be used to find
confidence intervals for population regression coefficients from sample values. See Prob-
lems 8.43 and 8.44.

Test of hypotheses for predicted values.

Let 9o denote the predicted value of ¥ corresponding to « = z, as estimated from
the sample regression equation, i.e. %o= a4 bxe. Let 7, denote the predicted value of
9 corresponding to x = x, for the population. Then the statistic

SyzVn + 1+ [n(zo — &)*/s2

has Student’s distribution with # —2 degrees of freedom. From this confidence limits
for predicted population values can be found. See Problem 8.45.

Test of hypotheses for predicted mean values.
Let yo denote the predicted value of y corresponding to x = zo as estimated from

PN A Iy P A as — oo 1 Fna T nd a2 P PR PR )4 PP

ule Sallpe TegIession wuuuuu, l.t: o — W T ULD. LEL jfp QEIioLe ule PI'BUILLUU mean

value of y corresponding to « = %o for the population [i.e. 7, = F(Y | X = z0)]. Then the
statistic
_ (Yo — Yp)yn— 2
Su=V1 + [(20 — £)*/s2]

has Student’s distribution with n — 2 degrees of freedom. From this confidence limits
for predicted mean population values can be found. See Problem 8.46.

(48)

SAMPLING THEORY OF CORRELATION

We often have to estimate the population correlation coefficient p from the sampling cor-

relation coefficient 7 or to test hypotheses concerning p. For this purpose we must know the
sampling distribution of . In case p, =0 this distribution is symmetric and a statistic
having Student’s distribution can be used. For p # 0 the distribution is skewed. In such
case a transformation due to Fisher produces a statistic which is approximately normally
distributed. The following tests summarize the procedures involved.

1.

N

Test of hypothesis , = 0.
Here we use the fact that the statistic
V1—?
has Student’s distribution with n — 2 degrees of freedom. See Problems 8.47 and 8.48.

Here we use the fact that the statistic

1 /147y 1+7
Z = E In (m) = 1.1513 lOgm(l — 'l‘) (50)
is approximately normally distributed with mean and standard deviation given by
1 1+, - (1 + p\ _ 1
By, = Eln (1 ___P) = 1.1513 logo i _p), o, = _n—B (51)

These facts can also be used to find confidence limits for correlation coefficients. See
Problems 8.49 and 8.50. The transformation (50) is called Fisher’s Z transformation.
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3. Significance of a difference between correlation coefficients.

To determine whether two correlation coefficients 7 and 7, drawn from samples of
sizes 71 and m: respectively, differ significantly from each other, we compute Z; and Z.
corresponding to 7, and 72 using (50). We then use the fact that the test statistic

e = LT BT rnn (52)

Uz, 2,

1 _
where Bz-z, = Pz, ~Bzy gz, = Vo, top, \Im 3tm—3 (53)

is normally distributed. See Problem 8.51.

CORRELATION AND DEPENDENCE

Whenever two random variables X and Y have a nonzero correlation coefficient p, we
know (Theorem 3-15, page 82) that they are dependent in the probability sense (i.e. their joint
distribution does not factor into their marginal distributions). Furthermore, when , #= 0,

wra oo nan an annatinn Af tha foarm (20 0 MDI'&J'“ tha valna nf V frnm tha valna of Y

It is important to realize that “correlation” and “dependence” in the above sense do not
necessarily imply a direct causal interdependence of X and Y. This is shown in the follow-
ing examples.

EXAMPLE 8.1. Let X and Y be random variables representing heights and weights of individuals, Here
there is a direct interdependence between X and Y.

EXAMPLE 8.2. If X represents teachers’ salaries over the years while ¥ represents the amount of crime,
the correlation coefficient may be different from zero and we may be able to find a regression equation pre-
dicting one variable from the other. But we would hardly be willing to say that there is a direct inter-
dependence between X and Y.

Solved Problems

THE LEAST-SQUARES LINE
traight line passes through the points (2, 1) and (x2, ¥2). Show that the equation

81l As
of the line is
¥ —wm = yﬁ_yl)(ﬂ:—atl)
T2 — 1
The equation of a line is ¥ = a+ bx. Then v
since (%, ¥,) and {x,, ¥s) are points on the line
we have
g = a+bx, w; = a+ bxy /Q
(=2 ?ﬂr
Thus
(1) Y2 ¥
¥ — 1 = (a+bx)—(a+bxy) = blxz—ax) (=1, 1)
(2} P Iﬂ;ﬁ-’l
y2— 1 = (a+bxy) = (a+bx) = blxg—x)
Obtaining b = (yo — ¥ )f(z, — x;) from (2) and
substituting in (f), the required result follows.
The graph of the line PQ is shown in Fig. p P x
1

8-5. The constant b = (y3— y)/(xg — x;) is the
slope of the line. Fig. 8-5
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8.2.

84.

(@) Construct a straight line which approxi- Table 8-1
mates the data of Table 8-1. (b) Find an equation 211 3 4 6 8 8 11 14

for this line.

(a) Plot the points (1,1), (3,2), (4,4), (6,4), (8,5), (9, 7),
{11,8) and (14,9) on a rectangular coordinate sys-
tem as shown in Fig. 8-6.

vy 1 2 4 4 b 7 B 9

y
A straight line approximating the data is drawn
freehand in the figure. For a method eliminating
the need for individual judgment, see Problem 8.4 '°] -
which uses the method of least squares. 8- - ’;"
-~
(&) To obtain the equation of the line constructed in (a), 6- ;f Q
choose any two points on the line, such as P and @, | »T
for example. The coordinates of these points as . « A
read from the graph are approximately (0,1) and . ,d"
(12,%7.5). Then from Problem 8.1 2-,,’ .
-
— 7.5 - 1 P | T T r T T T T x
yv—1 = 12—__'—(3—0) 2 4 6 8 10 12 14
or y—1=0542x or y =1+ 0.542 . Fig. 8-6

Derive the normal equations (4), page 260, for the least-squares line.
Refer to Fig. 8-7. The values of ¥ on the

least-squares line corresponding to 2,2y, ..., %, v Q
are
a+ bz, ¢+ bxs, ..., a+ bz, (s )
The corresponding vertical deviations are d
dy = a+bzy—yy, dg = ¢+ bxy—pyy ..., 3 (g, ¥2)
d, = e+ bz, — y, "
Then the sum of the squares of the deviations is Fig, 8-7
B+d&+ - +dE = (a+bay,—y,)2+ (aFbra—yo)? + - + (@ + bx,— yn)?
or Sd2 = I(a+bx—y)2

This is a function of ¢ and b, i.e. F(a,b) = Z(a + bx — ¢)2. A necessary condition for this to be a
minimum (or a maximum) is that aF/dae = 0, aF/ab=10. Since

= S2@tbz-u = S2atbz—y)

F o @ . _

% = EE{G+M—1I} = 2 2x(e+bx—y)
we obtain

Sa+bz—y) = 0 Safa+bx—y) = 0
i.e. 2y = an + b3z Szy = a3z + b3ax?

as required. It can be shown that these actually yield a minimum.

Fit a least-squares line to the data of Problem 8.2 using (a) « as independent variable,
(b) x as dependent variable.
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() The equation of the line is ¥ = a+ bz. The normal equations are
Sy = an + b3z
Sxy = adz + bl

The work involved in computing the sums can be arranged as in Table 8-2. Although the
last ecolumn is not needed for this part of the problem, it has been added to the table for use

in part (b).
Table 8-2
x v x2 Y y2
1 1 1
3 2 9 6
4 4 16 16 16
6 4 36 24 16
8 51 64 40 25
9 7 81 63 49
11 8 121 B8 64
14 9 196 126 81
2x = b6 Zy=40 Bx2 =524 | Zxy = 364 | Zy? = 2b6

Since there are 8 pairs of values of x and y, » = 8 and the normal equations become
8a + b6b = 40
bba + b24b = 364

Solving simultaneously, a = {5 or 0.545, b = J;; or 0.636; and the required least-squares line is
¥ = +4x or y =0545+0.636x. Note that this is not the line obtained in Problem 8.2
using the freehand method.

Another method.

_ (Zy)(3a) — (3a)(Zzy) _ (40)(524) — (BE)N364) _ 6 ...
e = n2z? — (3z)2 - (8)(524) — (66)2 11 °r Vo
_ nZzy — (Zx)(Zy) _  (B)(364) — (B6)(40) _ ¥
b = T S#—(Gar - 8620 - Ger 11 °F 0636

(b) If = is considered as the dependent variable and y as the independent variable, the equation of
the least-squares line is # = ¢+dy and the normal equations are

Sz = en +d3y
2ay = ey +dZy?
Then using Table 8-2, the normal equations become
8¢ + 40d = 56
40¢ + 266d = 364
from which ¢ = —4 or —0.50, d = § or 1.50.
These values can also be obtained from

¢ = (B2N3) — (Ey)3ay) _  (56)(266) — (40)(364) _ o0
nly? — (Zy)? (8)(2566) — (40)* )

d — "2y —(2x)(3y) _  (8)(364) — (66)(40) _ 1.50
nZy? — (Zy2 T (8)(266) — (4012
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8.7.

Thus the required equation of the least-squares line is z = —0.50 + 1.50 ¢.

Note that by solving this equation for y we obtain y = 0.333 4 0.667 =, which is not the
same as the line obtained in part (o).

Graph the two lines obtained in Problem 8.4. y

The graphs of the two lines, y = 0.545 + 0.636 2
and z = —0.b00 + 1.0 ¢, are shown in Fig. 8-8. Note
that the two lines in this case are practically coincident,
which is an indication that the data are very well de-
scribed by a linear relationship.

The line obtained in part (a) is often called the
regression line of y on = and is used for estimating
¢ for given values of z. The line obtained in part (b)
is called the regression line of x on y and is used for
estimating x for given values of y.

12+

Fig. 8-8

(a) Show that the two least-squares lines obtained in Problem 8.4 intersect at point
(%, 7). (b) Estimate the value of ¥ when z = 12. (c) Estimate the value of z when

y=3.

&-—ﬁzt g=——=——=25

£=ﬂ-_3 n 8

Then point (2, ), called the centroid, is (7, b).
(a) Point (7,6) lies on line y = 0.545 + 0.636 =z or, more exactly, y = {; + L, since 6 = & + [L(7).
Point (7,5) lies on line « = —4 + y, since 7= —4 + §(5).

Another method.

The equations of the two lines are y = & +442 and = =—}+ §y. Solving simultane-
ously, we find x =7, ¥ =25. Thus the lines intersect in point (7, 5).

(b) Putting z = 12 into the regression line of ¥ on z, ¥ = 0.545 4+ 0.636(12) = 8.2.
(¢} Putting ¥ = 3 into the regression line of z on y, = = —0.60 + 1.50(3) = 4.0.

Prove that a least-squares line always passes through the point (Z, 7).

Case 1. =z is the independent variable.

The equation of the least-squares line is (1) ¥y =a+bx
A normal equation for the least-squares line is (#) 2y = an+ b3x
Dividing both sides of (2) by n gives %) 7 =a+ bz
Subtracting {8) from (7}, the least-squares line can be written
4) y— ¥ = blx—%)

which shows that the line passes through the peint (£, #).

Case 2. y is the independent variable.

Proceeding as in Case 1 with x and ¥ interchanged and the constants a, b replaced by ¢, d re-
spectively, we find that the least-squares line can be written

(%) x—2 = dly—7)
which indicates that the line passes through the point (2, 7).

Note that, in general, lines (4) and (5) are not coincident, but they intersect in (2, #).
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8.8. Prove that the least-squares regression line of ¥ on  can be written in the form (8),

page 260.
We have from (4) of Problem 8.7, y—# = b(zx —2). From the second equation in (5), page 260,
we have
_ nZzy — (Zx)(2y)
(1) b = n2x2 — (2x)2
Now F(xz—2)2 = Z(x2—2%x+ x2)
= ZaZ — 233x + 32
32 — 2ng? 4+ np?
Y
= Zx2 — };(Ex)z
= Apnzez— 3ap)
Also Ea—2y—9) = Z(zy—2y—jz+ W)

Say — #3y — 2z + Z2P
= Zzxy — nij — njd + niy
= Zxy — nij
S Pte )

n
= Ln3ay - @03y

Thus (1) becomes
p = 2lz—#)u—1)
Z(x— )2

from which the result (8) is obtained. Proof of (12), page 261, follows on interchanging = and .

89. Let z=2"+h, y=y +k, where h and k are any constants. Prove that
y . n3ay — (Sa)(3y) _ n3xy — () (3y)

n3x? — (Bx)2 T n3x? — (Sx’)?
From Problem 8.8 we have
b nxy — (2z2)(2y) . -y —9)
nZa? — (Zx)2 Z(x—3)2

Now if x=2'+h, y=1y +k, we have
F=2+h §=v+k

2@—)y—u _ 2 —2 ) —v)

2z — ) Sz — 7P

nix'y’ — (22")(2y’)
n2x’2 — (Zx')2

The result is useful in developing a short cut for obtaining least-squares lines by subtracting
suitable constants from the given values of # and y (see Problem 8.12).

8.10. If, in particular, h =&, k= % in Problem 8.9, show that

22,"!{'
p

b =
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This follows at once from Problem 8.9 since

and similarly Zy’ =

= E(zx—g) =

|
&
I

Table 8-3 shows the respective heights « and ¢ of a sample of 12 fathers and their
(b) Find the least-squares regression

oldest sons.

line of ¥ on z.

(a) Construct a scatter diagram.

(¢) Find the least-squares regression line of « on .

Table 8-3

Height = of Father (inches)

66 63 67 64

68 62 70 66

68 67 69 T1

Height ¢ of Son (inches)

68 66 68 6b 69 66 68 65

7T 67 68 70

(a) The scatter diagram is ocbtained by plotting the

(d)

points {#, ¥) on a rectangular coordinate system y
as shown in Fig. 8-9. 70 z = —338 + masy—.-\/

. . ] .
The regression line of ¥ on x is given by y = o
a+ bz, where ¢ and b are obtained by solving 7 10 / P
the normal equations g }' -

< g8 ob .
2y = an + bEx é .
-"' =
Sey = o3z + b3a? Tl o oo”? V= 3582+ 04762
3 | %,
The sums are shown in Table 8-4, and so the E - ,’ *
normal equations become 64
12a + B00b = 811 .
800a + 53,4180 = 54,107 ) x
62 64 66 68 70 72
from which we find a = 356.82 and & = 0.476, Height of Father (inches)
so that v = 36.82 4 0,476 x. The graph of this
equation is shown in Fig. 8-9, Fig. 8-9
Table 8-4

x v x2 Ty y2

65 68 4225 4420 4624

63 66 3969 4158 43566

67 68 4489 4556 4624

64 65 4096 4160 4225

68 69 4624 4692 4761

62 66 3844 4092 4366

70 68 4900 4760 4624

66 66 4366 4290 4226

68 mn 4624 4828 5041

67 67 4489 4489 4489

69 68 4761 4692 4624

Tl 70 b041 4970 4900

Sz = 800 Sy = 811 S22 = 53,418 Say = 54,107 342 = 54,849
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Another method.

_ ()32 — (Zx)(Zxy) _ _ n2zy — (3x)(3y) _
= ST (e = 3682, b = LS TS = 0476

{¢) The regression line of » on y is given by x = ¢+ dy, where ¢ and d are obtained by solving

the normal equations
2x = en+ dEy

Bxy = cZy + dEy2

12¢ + 811d = 800
8l1e + 54,849d = 54,107

from which we find ¢ = —3.38 and d = 1.036, so that « = —3.38+ 1.036y. The graph of this

equation is shown in Fig. 8-9.

Another method.

_ GG ~ GG _ _ nZay— (Gy(En) _
S . A i o 7

8.12. Work Problem 8.11 by using the method of Problem 8.9.

Subtract an appropriate value, say 68, from z and y (the numbers subtracted from # and from

¢ could be different). Thig leads to Table 8-b.

Table 8-5
z' v z'2 z'y’ y'2
—3 0 9 0 0
—b -2 256 10 4
-1 0 1 0 0
—4 -3 16 12 9
0 1 0 0 1
—6 —2 36 12 4
2 0 4 0 0
—2 -3 4 6 9
0 3 0 0 9
-1 -1 1 1 1
1 0 1 0 0
3 2 9 6 4
2z’ = —16 2y'=—b S22 = 106 Ex'y' = 49 2y2=41
From the table we find
b = nZz'y’ — (22)(Zy’) - (12)(47) — (—16)(—b6) _ 0.476
nE2x'2 — (Zx")2 {12)(106) — (16)2 -
Also since 2’ = x—68, ' =y —68 wehave 2’ =% —68, 3’ =#—68. Thus
£:?+68=—%—g-+68=66.67, ﬁ=?+63=-—'15—2-+63=67.58

The required regression equation of ¥ on z is y — ¥ = b(x — £), ie.
¥ — 67.58 = 0.476(x —66.07) or vy = 3b5.85+ 0476 x

in agreement with Problem 8.11, apart from rounding errors. In a similar manner we can obtain

the regression equation of x on y.
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NONLINEAR EQUATIONS REDUCIBLE TO LINEAR FORM

8.13. Table 8-6 gives experimental values of the pressure P of a given mass of gas corre-
sponding to various values of the volume V. According to thermodynamic principles
a relationship having the form PV* = C, where y and C are constants, should exist
between the variables. (a) Find the values of y and C. (b) Write the equation con-
necting P and V. (c¢) Estimate P when V = 100.0in3.

AR UV

Volume V (in3) 54.3 | 61.8 | 72.4 | 88.7 | 1186 | 194.0

Pressure P (Ib/in2) | 61.2 | 49.6 | 37.6 | 28.4 19.2 10.1

Since PVY = C, we have upon taking logarithms to base 10
logP + ylogV = 1logC or logP = logC — ylogV
Setting logV =z and log P = g, the last equation can be written
{1) ¥y = a-+ bx
where ¢ = logC and b= —vy.

Table 8-7 gives the values of 2 and y corresponding to the values of V and P in Table 8-6 and
also indicates the calculations involved in computing the least-squares line (1).

The normal equations corresponding to the least-squares line (I) are
2y = an + b3Zx Exy = aZx + bEx2

from which

_ EnEa?) — (Za)(Zay) _ _ rizy — (22)(2y) _
S PR & 7 A S S =iy s 7 A

Then y = 4.20 —1.40=%.

Table 8-7
x = ]og Vv ¥ = ]ogP x2 2y
1.7348 1.7868 3.0095 3.0997
1.7910 1.6946 3.20977 3.0350
1.8597 1.6762 3.4b86 2.9294
1.9479 1.4533 3.7943 28309
2.0741 1.2833 4.3019 2.6617
2.2878 1.0043 5.2340 2.2976
Z2x = 11.6953 2y = 8.7976 Zx2 = 23.0059 Zxy = 16,8543

(e} Since a =420 =1ogC and b = —1.40 = —y, C=1.60xX10% and y = 1.40.
(b) PV140 = 16,000.

(¢} When V=100, x —logV =2 and y = log P = 4.20 — 1.40(2) = 1.40. Then P = antilog1.40 =
25.1 1b/inZ.

8.14. Solve Problem 8.13 by plotting the data on log-log graph paper.

For each pair of values of the pressure P and volume V' in Table 8-6, we obtain a point which
is plotted on the specially constructed log-log graph paper shown in Fig. 8-10,
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Fig. 8-10

A line (drawn freehand) approximating these points is also indicated. The resulting graph shows
that there is a linear relationship between log P and log V which can be represented by the equation

logP = a+blogV or y = a4 bx

The slope b, which is negative in this case, is given numerically by the ratio of the length of
AB to the length of AC. Measurement in this case yields b = —1.4.

To obtain e, one point on the line is needed. For example when V =100, P =25 from the
graph. Then

a = logP — blogV = log25 + 14logl00 = 1.4 + (1.4)(2) = 4.2
so that
logP+14logV = 42, logPV'4 = 42, and FPV4 = 16,000

THE LEAST-SQUARES PARABOLA
8.15. Derive the normal equations (19), page 261, for the least-squares parabola

Yy = a-+ bx + cx?

Let the sample points be (2, 1), (X2, ¥2), - . ., (X, 2,).  Then the values of ¥ on the least-squares
parabola corresponding to z,, #q, ..., %, are

o+ bx, + ex}, a+ bxy+cx, ..., o+ bx,+ cxl
Thus the deviations from %, ¥s, ..., ¥, are given by
dy = a+br,+exi—y, dy = e+tbrytext—wys ..., d, = a+ bz, + cxl—y,
and the sum of the squares of the deviations is given by

Sd2 = I(a+ bx+cx2—y)?
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This is a function of a, b and ¢, ie.
F(a,b,¢) = 3 (a4 bx+ cx? —g)2

To minimize this function we must have

aF aF aF _

9% - Y -0 0
N aF _ a - 2
oW 2w = Eﬁ(a+bx+ox2—y) = 2 2(a+bx+cxt—y)
oF _ E ad 2 2 e
= $(a+bx+cﬁ—y] = 2z(a + bx + cx2—y)
aF _ 26 — 22
% = 2olatbrtet—yp = 3 22%(a + bx + ca? — )

Simplifying each of these summations and setting them equal to zero yields the equations (19), page 261.

8.16. Fit a least-squares parabola having the form 4 = e+ bx + cx® to the data in Table 8-8.

Table 8-8
x| 1.2 1.8 31 49 B7 71 86 98
vy |45 89 70 78 72 68 45 29

The normal equations are
3y = an+ bZx + ¢Za?

(1) Bxy = aZx + bEx? 4 ¢
Sy = aZg?+ bZxd + eZad

The work involved in computing the sums can be arranged as in Table 8-9.

Table B-9
% y x2 3 xi xy 22y
1.2 4.5 1.44 1.73 2.08 5.40 6.48
1.8 5.9 3.24 5.83 10.49 10.62 19.12
31 7.0 9.61 20.79 92.35 21.70 67.27
4.9 7.8 24.01 117.65 576.48 38.22 187.28
5.7 7.2 32.49 185.19 1055.58 41.04 233.93
7.1 6.8 B0.41 357.91 2541.16 48.28 34279
8.6 4.5 73.96 636.06 5470.12 38.70 332.82
9.8 27 96.04 941.19 9223.66 26.46 259.31
2y = By = 322 = Zq3 = Ext = Bxy = B2y =
42.2 46.4 291.20 2275.35 18,971.92 230.42 144500

Then the normal equations (1) become, since n = 8,
8a + 4225 + 291.20¢c = 464
(2) 4226 + 291.20 b + 2275.35¢ = 230.42
20120 a + 2275.35 b 4+ 18971.92¢ = 1449.00

Solving, e = 2,688, b = 2.065, ¢ = —0.2110; hence the reguired least-squares parabola has the

equation
y = 2.688 + 2.0656 x — 0.2110 22
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Use the least-squares parabola of Problem 8.16 to estimate the values of ¥ from the
given values of z.

For z = 1.2, y.q = 2.588 1+ 2.065(1.2) — 0.2110(1.2)2 = 4.762.  Similarly other estimated values
are obtained. The results are shown in Table 8-10 together with the actual values of .

Table 8-10
Yest | 4-762 | 5.621 1 6.962 | 7.640 | 7.503 | 6.613 | 4.741 | 2,561

y | 45 | 59 | 70 | 7.8 | 72 | 68 | 456 | 27

MULTIPLE REGRESSION

8.18.

8.19.

A variable 2 is to be estimated from variables z and ¥ by means of a regression equa-
tion having the form z = a+ bx + cy. Show that the least-squares regression equation
is obtained by determining a, b and ¢ so that they satisfy (21), page 262.

Lot the eamnls nointe ha (2. . 2.) (2 o =) Then the values o
et the sample pomnts De (2, ¥y Zids - - -2 T ¥ y)e 201€n the valueg OF

regression plane corresponding to (z,, %), ..., (#5, ¥,) are respectively

z on the laast-souares
z0n e ares

ey
wai USSR e el

a+bx, ey, ..., a+ bx,+ ey,
Thus the deviations from z,, ..., 2, are given by
dy = a+bxy ey, —zy ..., dy = a+ bz, + oy, — 2,
and the sum of the squares of the deviations is given by
2d? = Z(e+ bx+cy—=2)?

Considering this as a function of &, b, ¢ and setting the partial derivatives with respect to @, b and ¢
equal to zero, the required normal equations (21) on page 262 are obtained.

Table 8-11 shows the weights z to the nearest pound, heights = to the nearest inch,
and ages ¥ to the nearest year, of 12 boys. (¢) Find the least-squares regression
equation of z on = and y. (b) Determine the estimated values of z from the given
values of z and . (¢) Estimate the weight of a boy who is 9 years old and 54 inches tall.

Table 8-11

Weight (z) | 64 | 71 | 53 | 67 | 56 | 58 | 77 | 57 | 56 | 51 | 76 | €8

Height () | 57 | 59 | 49 [ 62 | 51 | 50 | 55 | 48 | 52 | 42 | €1 | 57

Age (v) 8110| 611 g 7110 910 6112 9

(a) The linear regression equation of z on x and ¥ can be written
z = a+ bx + ey
The normal equations (21), page 262, are given by
3z = no+ b3z + 2y
(n Bxz = aZx + bEx2 + 2y
2yz = aly + b2xy + cZy?

The work involved in computing the sums can be arranged as in Table B-12.
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Table 8-12
z ¥ 8 z2 xt ye xz yz xy
64 b7 8 4096 3249 64 3648 512 456
Tl 59 10 5041 3481 100 4189 710 590
53 49 6 2809 2401 36 2597 318 204
67 62 1 4489 3844 121 4154 737 682
bb 51 8 3025 2601 64 28056 440 408
b8 50 T 3364 2500 49 2900 406 350
il 55 10 5929 3025 100 4235 770 bb0
b7 48 9 3249 2304 81 2736 513 432
b6 52 10 3136 2704 100 2912 660 b20
b1 42 6 2601 1764 36 2142 306 252
76 61 12 bTT6 3721 144 4636 912 732
&8 57 - 4624 3245 81 3878 612 513
2z= Ex = 2y = 322 = Sx?= 3y2 = Exz = Eyz = Sxy =
753 643 106 48,139 34,843 976 40,830 6796 5779

Using this table, the normal equations (1) become
12a + 643b + 106¢ = 753
(2) 643a + 34,8430 + 5779¢ = 40,830
106 + 6779b + 976e¢ = 6796
Solving, o = 3.6512, b = 0.85646, ¢ = 1.5063, and the required regression equation is
() z = 3656+ 0.855x + 1.506y
(b) Using the regression equation (3) we obtain the estimated values of z, denoted by z.y, by sub-

stituting the corresponding values of 2 and y. The results are given in Table 8-13 together
with the sample values of z.

Zoet | 64.414 | 69.136 | 54.564 | 73.206 | 59.286 | 56.925 | 65.717 | 58.229 | 63.153 | 48.582 | 73.857 | 66.920

z 64 71 63 67 55 b8 il b7 b6 51 76 68

(c) Putting =54 and ¥ =9 in (3), the estimated weight is 2., = 63.366, or about 63 lb.

STANDARD ERROR OF ESTIMATE

8.20. If the least-squares regression line of ¥ on z is given by ¥ = a+ bz, prove that the
standard error of estimate s, is given by

2yt — a3y — bIxy
n

31%.:: =
The values of y as estimated from the regression line are given by v, = a-+bdx. Then

— E(y - yesl)z - Eq‘,y —a— bx}2

2
8
vz n 7

Byly—a— bx) — aZ(y —a— bx) — b3x(y — a — bx)
n
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But Ey—ae—bz) = Zy—an— bZEx = 0
Zx(fy—a—bx) = Zxy — aZx — bEx2 = 0

since from the normal equations

32y = an + b3x Sry = a3z + b2
—a-— 2 — —
Then 82, = M _ 3y aE:; b3y

This result can be extended to nonlinear regression equations.

Prove that the result in Problem 8.20 can be written

2y —9) — b3(x— )y —9)
n

2
Sy.x

Method 1.
Let e=2'4+%, y =% +#. Then from Problem 8.20

nsl, = Zy?— a3y — bIxy

= I+ 9P — a2y +§) — b3+ 2Ny +d)

= S+ 29+ 7)) — a3y +ni) — b3y + FY + 2'F + £i)

= Zy2 4 252y + ni? — ang — bEx'y — biZy" — b2z’ — bniy

= 3y + ng? — ang — b32'y — bniy

= Zy'?— bEx'y + nij(§ —a— bx)

= Zy'2— bZx'y

= 3y—iP — b3 — &)y —12)
where we have used the results 22’ =0, Z2y¢' =0 and ¥ = e+ b% (which follows on dividing both
sides of the normal equation Zy = an+ dZx by n). This proves the required result.

Methed 2.

We know that the regression line can be written as y— 7 = b(x — ), which corresponds to
starting with ¥ = a+ bx and then replacing ¢ by zero, x by «+ — % and ¥ by ¥y —%. When these
replacements are made in Problem 8.20 the required result is obtained.

Compute the standard error of estimate, s,., for the data of Problem 8.11.

From Problem 8.11(b) the regression line of ¥ on x is ¥ = 35.824+0.476x. In Table 8-14 are
listed the actual values of y (from Table 8-3) and the estimated values of y, denoted by 7., as ob-
tained from the regression line. For example, corresponding to x = 6b we have ., — 35.82+
0.476(65) = 66.76.

Also listed are the values g — g, Which are needed in computing s, ,.

Table 8-14
x &5 63 67 64 68 62 70 66 68 67 69 71
Yy 68 66 68 6b 69 66 68 66 71 67 68 T0

Yeost 66.76 | 65.81 | 67.71 | 66.28 | 68.19 | 65.33 | 69.14 | 67.24 | 68.19 | 67.71 | 68.66 | 69.62

¥— Yest | 1.24 | 0.19 | 0.290 | —1.28| 0.81 | 0.67 | —1.14 | —2.24 | 2.81 | —0.71 | —0.66 | 0.38

(Y~ Yest)* (L24)2 + (0.19)2 + --- + (0.38)2

2 —
8yr = " = 12 1.642

and 8,, = V1.642 = 1.28 inches.
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8.23. (a) Construct two lines parallel to the regression line of Problem 8.11 and having ver-
tical distance s, from it. (b) Determine the percentage of data points falling between
these two lines.

(a) The regression line y — 35.82-+04762 as Yy
obtained in Problem 8.11 is shown solid in
Fig. 811. The two parallel lines, each
having vertical distance s,,= 128 (see
Problem 8.22) from it, are shown dashed in

i ©_ 11
PFig. o-11.

(b) From the figure it is seen that of the 12 data
points, 7 fall between the lines while 3 ap-
pear to lie on the lines. Further examination
using the last line in Table 8-14 reveals that
2 of these 3 points lie between the lines. Then
the required percentage is 9/12 = 75%.
Another method,

From the last line in Table B-14, y — ¥4
lies between —1.28 and 1.28 (i.e. *s,,} for

9 points (z, #). Then the required percentage
is 9/12 = 75%. Fig. 8-11

If the points are normally distributed about the regression line, theory predicts that about
68% of the points lie between the lines. This would have been more nearly the case if the
sample size were large.

NOTE: A better estimate of the standard error of estimate of the population from which the sam-
ple heights were taken is given by #,, = Vn/(n—2)s,, = V/12/10(1.28) = 1.40 inches.

THE LINEAR CORRELATION COEFFICIENT
824 Prove that Z(y — %) = 2(Y — Yest)? + Z(Yest — F)%.
Squaring both sides of ¥~ § = (¥ — Yeet) + Weer — #) and then summing, we have
2y —9P = 2V Yext)® + EWest — 1) + 22 (Y = Uest (Ve — 7)

The required result follows at once if we can show that the last sum is zero. In the case of linear

E(Y — Yost) Wet — 7)) = E(ly—a—bx)a+ bx—1)
= a2(y—a—bx) + bZx(y —a—bx) — y2(y — & — bx)
= 0
because of the normal equations E(y —e—bx) =0, Zx{iy—a—bx) = 0.

The result can similarly be shown valid for nonlinear regression using a least-squares curve
given by ¥ = gt o+ agx?+ -+ + g

8.25. Compute () the explained variation, (b) the unexplained variation and (c) the total
variation for the data of Problem 8.11.

We have # = 67.68 from Problem 8.12 (or from Table 8-4, since # = 811/12 = §7.68). Using
the values g,y from Table 8-14 we can construct Table 8-15.
Table 8-15
Yet — ¥ | —0.82 )| —1.77 1 013 | —1.30 | 0.61 | —2.25 | 1.56 | —0.34 | 0.61 | 0.13 | 1.08 | 2.04

(e} Explained variation = E (¥ — #)2 = (—0.82)2 4+ --- + (2.04)2 = 19.22,
(8) Unexplained variation = Z(y — yeu)® = ms2, = 19.70, from Problem 8.22.
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(¢) Total variation = Z(y — #)? = 19.22 + 19.70 = 388.92, from Problem 8.24.
The results in (b) and (c} can also be obtained by direct calculation of the sum of squares.

Find (a) the coefficient of determination and (b) the coefficient of correlation for the
data of Problem 8.11. Use the results of Problem 8.25.

Explained variation _ 19.22
Total variation = 38.92

mﬁciepte {““""“!3 ion = » — :1';'9.41922 = =0 7027

Rt i L 4 2 L E walfan 4 staal A R <3

(a) Coefficient of determination = »? = = 0.4938.

—
>
—

Since the variable g, increases as x increases, the correlation is positive and we therefore
write r = 0.7T027, or 0.70 to two significant figures.

Starting from the general result (30), page 263, for the correlation coeflicient, derive
the result (34), page 264 (the product-moment formula), in the case of linear regression.

The least-squares regression line of ¥ on x can be written y., =a+bx or yl, = bz’, where
b= Za'y'/22", o' =x— 3%, and Ylg = Yex —# Then, using ¥ = y—#, we have

2 —  Explained variation _ Z(Yest — 9)° _ Zyd
) Total variation E(y— )¢ 3y'2
1" P S PUVA S PANS POPLY
T Ey2 T 2y T 322 | \3p2) T Ea2Ey?
Ex'y’
and so - =2y
" Vi3t

However, since 2z'y’ is positive when y,., increases as = increases, but negative when y,,, decreases
as z increases, the expresgion for » automatically has the correct sign associated with it. Thus the
required result follows.

By using the product-moment formula, obtain the linear correlation coefficient for the
data of Problem 8.11.
The work involved in the computation ean be organized as in Table 8-16. Then
ool
ro= ¥ A0 gqoer

V(E22)(3v%) V(84.68)(38.92)

agreeing with Problem 8.26(b).

Table 8-16
[ J— P —
x Y :h_i ;’_} 22 z'y y'?
65 68 -1.7 0.4 2.89 —0.68 0.16
63 66 —3.7 -1.6 13.69 5.92 2.56
67 68 0.3 0.4 0.09 0.12 0.16
64 65 —2.7 ~2.6 7.29 7.02 6.76
68 69 1.3 1.4 1.69 1.82 1.96
62 €6 —4.7 —1.6 22.09 7.52 2.66
70 68 3.3 0.4 10.89 1.32 0.16
66 65 —0.7 —2.6 0.49 1.82 6.76
68 71 1.3 3.4 1.69 4.42 11.56
67 67 0.3 —0.6 0.09 —0.18 0.36
69 68 2.3 0.4 b.29 0.92 0.16
71 70 4.3 24 18.49 10.32 b.76
Zx = 800 Zy = 811 22 = Saty’ = Iyt =
& = 800/12 7 = 811/12 84.68 40.34 38.92
= 66.7 = 67.6
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8.29. Prove the result (17), page 261.

The regression line of ¥ on «

-

T8y
¥y = a+bx where b = —
8
Similarly, the regression line of x on y is
78
@ = c-+dy where d = f

|
%

- ()

8.30. Use the result of Problem 8.29 to find the linear correlation coefficient for the data of
Problem 8.11.

From Problem 8.11(b) and 8.11(c) respectively
484 484

b = 1016 = (.476 d = 467 = 1.036
Then 2 = bd = (%)(%) or ¥ = 0.7027

agreeing with Problems 8.26(b) and 8.28.

8.31. Show that the linear correlation coefficient is given by

_ n2xy — (2x)(Zy)
VIn2a® — (32)%][n2y* — (2y)’]

In Problem 8.27 it was shown that

) , = S’y _ e —a)y—9)
V(2D (Ey?) VEE-2)[E — 97
But Se—&y—9) = 2ay—2y—xy-+2y) = Zay — 2y — §3x + n2y
= Zpy — nly — nYE + ndj = Zxy — nky
= Say — E9CEy)
n
since £ = (Zxz)/n and § = (E)/n
Similarly, Bx—%)2 = Z(a2— 228+ %) = Zax? — 232z + nz?
— St — 2(2x)2 + (Zx)2 = St — (Zx)2
n n n
and O

Then (1) becomes
— Say — (32)(Zyl/n _ n2zy — (2x)(3y)

ViZaZ— (Sa)2/n|[292 — (Zw)P/n) VinZEzt— G2 [n2y2 — (2v)?)
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8.32. Use the formula of Problem 8.31 to obtain the linear correlation coefficient for the

data of Problem 8.11.

From Table 8-4,
nEZzy — (Zx2)(Zy)
VinZEx2 — (2x2)2])[n2e2 — (2y)?)

ry =

_ (12)(54,107) — (800)(811) - 0n027
VI(12)(53,418) — (800)2][(12)(54,849) — (811)2]

as in Problems 8.26(b), 8.28 and 8.30.

GENERALIZED CORRELATION COEFFICIENT
8.33. (e) Find the linear correlation coefficient between the variables x and y of Problem

8.16. (b) Find a nonlinear correlation coefficient between these variables, assuming
the parabolic relationship obtained in Problem 8.16. (¢) Explain the difference
between the correlation coefficients obtained in (a) and (b). (d) What percentage of
the total variation remains unexplained by the assumption of parabolic relationship
between x and ¥?

(@) Using the calculations in Table 8-9 and the added fact that 2% = 290.52, we find

nEzy — (Zx)}(2y)
VnZE22 — G [n2y? — Sy)?)

ry =

_ (8)(230.42) — (42.2)(46.4) ~ _oa743

V][(8)(291.20) — (42.2)2][(8)(290.52) — (46.4)?|

(b)) From Table 8-9, 7 = (Zy)/n = (46.4)/8 = 5.80. Then
Total variation = Z(y—#)2 = 21.40

From Table 8-10
Explained variation = Z(y., —#)? = 21.02

Explained variation _ 21.02

Thus " = “otal variation  _ 21.40

= 0.9822 and r = 0.9911

(¢} The fact that part (a) shows a linear correlation coefficient of only —0.83743 indicates practically
no linear relationship between z and y. However, there is a very good nonlinear relationship
supplied by the parabola of Problem 8.16, as is indicated by the fact that the correlation coeffi-
cient in (b) is very nearly 1.

@ Unexplained variation

—_ 2 = —_— -
Total variation 1 -7 1 — 0.9822 0.0178

Thus 1.78% of the total variation remains unexplained. This could be due to random
fluctuations or to an additional variable which has not been considered.

Find (a) s, and (D) s, for the data of Problem 8.16.
(@) From Problem 8.33(b), =(y —#)? = 21.40. Then the standard deviation of ¥ is

— )2
8, = 1'&;1]— = \’%‘}— = 1.636 or 1.64
(b) First method.

Using (e) and Problem B.33(b), the standard error of estimate of % on =z is
8y, = 8,\)1 —72 = 1.636y/1— (0.9911)2 = 0.218 or 0.22
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Second method.
Using Problem 8.33,

Sy — 2 . A ’ _
62 = r (v ﬂyest} _ Unexplamid variation _ w = 0.218 or 0.22

Third method.
Using Problem 8.16 and the additional calculation 2y? = 290.62, we have

_ qzﬁ—aiy—bEmy—cEmﬂy _
Byx = =

n

0.218 or 0.22

8.35. Explain how you would determine a multiple correlation coefficient for the variables
in Problem 8.19.

Since z is determined from x and y we are interested in the multiple correlation coefficient of
z on =z end y. To obtain this, we see from Problem 8.19 that

Unexplained variation = 3(z— z,,)?
= (64— 64.414)2 + --- + (68— 65.920)2 = 258.88

Total variation = Z(z—2)2 = 3Zz2 — nz?
= 48,139 — 12(62.75)2 = 88B.25

Explained variation = 888.25 — 258.88 = 629.37
Multiple correlation coefficient of z on x and v
Explained variation 629.37 _
\l Total variation \, gRga; ~ U-8418

It should be mentioned that if we were to consider the regression of x on % and z, the multiple cor-
relation coefficient of « on ¥ and z would in general be different from the above value.

RANK CORRELATION
8.36. Derive Spearman’s rank correlation formula (36), page 264.

Here we are considering n z-values (e.g. weights) and n corresponding y-values (e.g. heights).
Let z; be the rank given to the jth z-value, and y; the rank given to the jth y-value. The ranks
are the integers 1 through n. The mean of the z; is then

1+24+ -+ _ nrtl)f2 _ =nt1l
n

2 = n 2

while the variance is

— 2 2 4 - 2 2
2 = o = 1+2+ﬂ + _(-n_zn)

_ nn+DEn+1)6  [n+1)
B n 2
n2—1
12

using the results 1. and 2. of Appendix A. Similarly, the mean 7 and variance s are equal to
(n-+1)/2 and (n2 — 1)/12 respectively.

Now if d; = x;—y; are the deviations between the ranks, the variance of the deviations, 82,
is given in terms of 8%, 87 and the correlation coefficient between ranks by

9 _ 2 2 __
8g = 8;t 8, — 2ry,8:8y
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Then
82 + 32 — 8%
) Trank B8,
Since d = 0, a:";’ = (Z2d?)/n and (1) becomes
@ -, o mE-112 + (n2—-1)/12 — (Z2dY)/n 1 62 d?
rank = "2 —1)/6 - T nnz—1)

Table 8-17 shows how 10 students were ranked according to their achievements in
both the laboratory and lecture portions of a biology course. Find the coefficient of
rank correlation.

Table 8-17
Laboratory |8 3 9 2 7 10 4 6 1 b

Lecture 9 b 10 1 8 7T 3 4 2 &

The difference of ranks d in laboratory and lecture for each student is given in the following
table. Also given in the table are d2 and 2d2,
Table 8-18
Difference of Ranks,d | -1 -2 -1 1 -1 3 1 2 -1 —1
Td2=
d2 1 4 1 1 1 9 1 4 1 1 24
_ _ 62 d? _ _ 6(24) _

Then Tk = 1o opamyy T 17 woae-n - 08648

indicating that there is a marked relationship between achievements in laboratory and lecture.

Calculate the coefficient of rank correlation for the data of Problem 8.11 and compare
your result with the correlation coefficient obtained by other methods.

Arranged in ascending order of magnitude, the fathers' heights are
1) 62, 63, 64, 6b, 66, 67, 67, 68, 68, 69, 70, 71

Since the 6th and 7th places in this array represent the same height (67 inches), we assign a mean
rank 6.5 to both these places. Similarly the 8th and 9th places are assigned the rank 8.b. Thus
the fathers’ heights are assigned the ranks

(2) 1, 2, 3, 4, b, 6.5, 6.5, 8.5, 8.5, 10, 11, 12
Similarly the sons’ heights arranged in ascending order of magnitude are
(2 65, 65

9 £ £ £ 0 70 71
v U0y U0, U, Ua, iU, dL

and since the 6th, 7th, 8th and 9th places represent the same height (68 inches), we assign the mean
rank 7.5 [(6 + 7+ 8+ 9)/4] to these places. Thus the sons’ heights are assigned the ranks

[#4] 1.5, 1.5, 8.5, 3.5, 5, 7.5, 1.6, 7.6, 7.5, 10, 11, 12
Using the correspondences (I} and (2), (3) and (4), Table 8-3 becomes

Tsble 8-19
Rank of Father | 4 2 66 3 856 1 11 b 8b 6b 10 12

Rank of Son 756 35 756 156 10 35 75 16 12 b 75 11
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The difference in ranks d, and the computations of d2 and £d? are shown in Table 8-20.

Table 8-20
d|] -85 —-1b5 —-10 15 -—-15 -—-25 35 36 -85 156 2.5 1.0

a| 1225 225 100 225 22 625 1226 1226 1226 226 625 1.00 f,fﬁ:
o i 63d2 ] 6(7250) . ...
Then Trank — 1 — m = 1 - m = {.746D

which agrees well with the value = 0.7027 obtained in Problem 8.26(b).

PROBABILITY INTERPRETATION OF REGRESSION AND CORRELATION
8.39. Derive (39) from (37).
Assume that the regression equation is
y = EY|X=2) = a+ Bz
For the least-squares regression line we must consider
E{[Y — (e+pX))2} = E{[(Y —py) — B(X — px) + (uy — Bux — o)|%}
= E{(Y — uy)?] + BE((X — px)*] — 2BE[(X — (Y — py)] + (uy — Bux —a)?
= of + Bk — 2Boxy + (uy — Bux —a)?
where we have used E(X — ux) =0, E(Y —py) = 0.

Denoting the last expression by F(a, 8) we have

oF aF
% = —2(py = Bux —a), B 2Bok — 2axy — Z2ux(py — Bux — o)

Setting these equal to zero, which is a necessary condition for F(a, 8) to be a minimum, we find
py = a+ Bux Bok = oxy
Thus if ¥ =a+ Bz then y¥—uy = Blx— px) or
oxy

v ry = 5@ mx)
X

¥y (ﬂc - #x)
or = p
oy ox

The similarity of the above proof for populations, using expectations, to the corresponding
proof for samples, using summations, should be noted. In general, results for samples have analo-
gous results for populations and conversely.

8.40. The joint density function of the random variables X and Y is
flx+2y) O0=x=1,0=y=1

0 otherwise

flx,y) = {

Find the regression curve of (@) Y on X, () X on Y,

(a) The marginal density funetion of X is

1
he = [ Zatma = Fe+
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for 0 =x =1, and f,(x) =0 otherwise. Hence, for 0 = x =1, the conditional density of ¥

given X is
z+2% <o <
folwl®) = ____f}”(ﬁ;) _ lz+1 0=¥=1
1
1] y<Oory>1

Il
= L
L
——
k]
+|+
-
~—
&

|
¥
+i+
ol

Neither fo(y | ) nor the regression curve is defined when =z <0 or z > 1.

() For 0=y =1 the marginal density function of Y is
1 2 1
faly) = X §(3+2ﬂ)¢h = 5{1"'4?)

Hence, for 0 =y = 1, the conditional density of X given Y is

2x + 4y -
f(z,9) Tray O0=5%=1
= = Y
fl(zly, fz{y}
0 z<0orz>1

and the regression curve of X on Y is given by

z = BX|Y=y) = ‘[wxfltxlyydz

1
— J',Bz““" de = 216y
b A\ 1T+ 4y 3+ 12y

Neither f;(x]¥) nor the regression curve is defined when y <0 or y > 1.

Note that the two regression curves y = (8x + 4)/(6x + 6) and = = (2+ 6)/(8 + 12y) are
different.

841. Find (a) X, (b) Y, (¢) o2, (d) 02, (€) oyy» (f) p for the distribution in Problem 8.40.

(a) X = J:zo f;o z[g{x +2v]']dxdy = g
®) Y = f;n J‘u; y[§($+2y}]dzdy = -}%
@ ® o= [ f e Ferm]ea = G
Then oﬁ:ﬁ_j2=%_(%)2=fl6%
@ o= _[;; et |ama = §
Then o2 = Vi— ¥ = %_(%)2 _ %
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— 1 1
() XV = f f zy[ (a:+2y):|dzdy =1
x=0 3
v _ee _ 1 (B\fu)y _ 1
Then oxy = XY — XY = 2 —( )(18) = 165
axy —1/162

= = = —0.0818

h : X oy V13/162/23/324

et fn paanll MTh's o - ha Aseean
v I3 Silian. A s I3 v Ot TApECLEd

- I
tion of the lea.st-squares regression lines obtained in Problem

PR PR e ———

842. Write the least-squares regression lines of (a) ¥ on X, (b) X on Y for Problem 8.40.

(¢} The regression line of ¥ on X is y— Y = p(z_x) or
oy ox

n _ -1162f/ _ b

- axy
y=¥ = g8 o ”_i’ﬁ‘lsnez(” 9)

-% — ¥
(b) The regression line of X on Y is a:c =p yu Y) or
Y

XY _5 _ —uiezf 11
v-X = .l,“’ ) o = 9‘231324( 13)

SAMPLING THEORY OF REGRESSION

843. In Problem 8.11 we found the regression equation of y on = to be y = 35.82 + 0.476 x.
Test the hypothesis at a 0.05 significance level that the regression coefficient of the

population regression equation is as low as 0.180.

0.4'76 — 0.180 N
t \;‘ T128/2.66 Vv12—-2 = 195

a,,_,: f 8

since 8, .= 1.28 (computed in Problem 8.22) and s, = 2%~ 2 = 266 from Problem 8.11.

On the basis of a one-tailed test of Student’s distribution at a 0.05 level we would reject the hy-
regression coeflicient is as low as G180 if # > ¢, = 1.81 for 12— 2 = 1§ degrees

pothesis that the

of freedom. Thus we can reject the hypothesis.

8.44. Find 95% confidence limits for the regression coefficient of Problem 8.438.

8
B=0b+ ¢ 2(?- .  Then 95% confidence limits for 8 (obtained by putting &= *fg;5 =
mn— xI
+2.23 for 12 — 2 = 10 degrees of freedom) are given by

2.23 (Fu) _ 2.23 1.23) _
— = 0.476:_"@\2_66; = 0.476 * 0.340

y;a—n

i.e. we are 95% confident that g8 lies between 0.136 and 0.816.

8.45. In Problem 8.11, find 95% confidence limits for the heights of sons whose fathers’
heights are (a) 65.0 and (b) 70.0 inches.
Since tg7; = 2.23 for 12 — 2 = 10 degrees of freedom, the 957 confidence limits for y, are

w{xg — E)2

2,23
Wy ¥ ——s,, n+14 —
N e %

where 3, = 85.82 + 0.476 x, (Problem 8.11), 8, , = 1.28, 8, = 2.66 (Problem 8.48), and » =12,
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(a) If x,= 65.0, yo = 66.76 inches. Also, (x,— £)2 = (65.0 — 800/12)2 = 2.78. Then 95% confidence
limits are

12(2.78)
(2.66)2

66.76 = 223 (1.28) \[ 1241+ 66.76 + 3.80 inches
V1o

i.e. we can be about 956% confident that the sons’ heights are between 63.0 and 70.6 inches.

by If x5="70.0, yo= 69.14 inches. Also, (xq— %)2 = (70.0 — 800/12)2 = 11.11. Then the 95% con-
fidence limits are computed to be 69.14 * 5.09 inches, i.e. we can be about 95% confident that
the sons’ heights are between 64.1 and 74.2 inches.

Note that for large values of n, 96% confidence limits are given approximately by y, > 1.968, ,
or yp * 28, ., provided xz;— & is not too large. This agrees with the approximate results mentioned
on page 262. The methods of this problem hold regardless of the size of n or x;— £, i.e. the sam-
pling methods are exact for a normal population.

In Problem 8.11, find 95% confidence limits for the mean heights of sons whose
fathers’ heights are (a) 65.0 and (b) 70.0 inches.

[« I rs — O DA o A M Y g ALl _ AP_{\’ P Y - W L T
2lNece g7 — &< 10T AU O rees ol 1reedom, Lne Jo/c connaence jnmius 1or y', are
- 2.23 (xp— 2)?
yﬂ - sy.z + 82
V10 T

where y, = 85.82+ 0.476 , (Problem 8.11), &, = 1.28 (Problem 8.43).

(a) If =z, = 65.0, we find [compare Problem 8.45(¢)| the 95"« confidence limits 66.76 * 1.07 inches,
i.e. we ean be about 95% confident that the mean height of all sons whose fathers’ heights are
66.0 inches will lie between 65.7 and 67.8 inches.

(b) If x, = 70.0, we find [compare Problem 8.45(b)] the 95 confidence limits 69.14 = 1.45 inches,
i.e. we can be about 95% confident that the mean height of all sons whose fathers’ heights are
70.0 inches will lie between 67.7 and 70.6 inches,

SAMPLING THEORY OF CORRELATION

8.47.

8.48.

A correlation coefficient based on a sample of size 18 was computed to be 0.32. Can
we conclude at a significance level of (a) 0.05 and (b) 0.01 that the corresponding
population correlation coefficient is significantly greater than zero?

We wish to decide between the hypotheses (Hy: p = 0) and (H,: p > 0).

r\/frz —2 0.32y18 — 2 135
t = = = .
V1—#2 1— (0.32)2

(¢} On the basis of a one-tailed test of Student’s distribution at a 0.05 level, we would reject H, if
t>1g; =176 for 1B —2 = 16 degrees of freedom. Thus we cannot reject Hy at a 0.05 level.

(b) Since we cannot reject H, at a 0.06 level, we certainly cannot reject it at a 0.01 level.

What is the minimum sample size necessary in order that we may conclude that a
correlation coefficient of 0.82 is significantly greater than zero at a 0.05 level?

At a 0.05 level using a one-tailed test of Student’s distribution, the minimum value of n must

be such that
0.32yn —2
_— for n — 2 degrees of freedom

-t
Vi3
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8.49.

For an infinite number of degrees of freedom, fg; = 1.64 and hence n = 2b.6.
For n = 26, v = 24, tgs = L71, ¢t = 0.32V/24/y/1 — (0.82)2 = 1.6b.
For n =27, » = 25, tgs = 1.71, t= 0.82y/25/3/1— (0.32)% = 1.69.
For n =28, »= 26, tgs = L71, t= 0.82/26/\/1— (0.82) = 1.72.

Then the minimum sample size is n = 28.

A correlation coefficient based on a sample of size 24 was computed to be »r = 0.75.
Can we reject the hypothesis that the population correlation coefficient is as small as
(a¢) p=0.60, (b) p=0.50, at a 0.05 significance level ?

_ 1+076Yy _ 1+ 060\ _
(a) Z = 1.1513 log(l__—m) = 09730, pz = 1.1513 log (_“0.60) = 0.6932,
1 1
0y = = — = 0.2182
vVn—3 \’_2_1
The standardized variable is then
Z — pg 0.9730 — 0.6932
8= e T ocisz -~ 128

At a 0.05 level of significance using a one-tailed test of the normal distribution, we would
reject the hypothesis only if z were greater than 1.64. Thus we cannot reject the hypothesis
that the population correlation coefficient is as small as 0.60.

(b) If p =050, pz = 1.1513 log 8 = 0.5493 and z = (0.9730 — 0.6493)/0.2182 = 1.94. Thus we can
reject the hypothesis that the population correlation coefficient is as small as p =050 at a
0.05 level of significance.

The correlation coefficient between physics and mathematics final grades for a group
of 21 students was computed to be 0.80. Find 95% confidence limits for this coefficient.

Since r = 0.80 and n = 21, 9b% confidence limits for u; are given by
Z * 1960; = 1.1513 log (1'”\ +196\ __._} 1.0986 * 0.4620
- z = = = — = {.
Then uz has the 96% confidence interval 0.5366 to 1.5606.
1+p
1.1513 log(l p)

11618 Iog(l + ") = 1.5606, p = 0.9156.

0.4904,

1l

0.6366, p

If pz

Il

f

Thus the 956% confidence limits for p are 0.49 and 0.92.

Two correlation coefficients obtained from samples of size 7, =28 and n.= 85 were
computed to be 7, = 0.50 and 7, = 0.30 respectively. Is there a significant differ-
ence between the two coefficients at a 0.05 level?

1+ r, 1 + 1‘2
2, = 11513%0g( 7 ) = 06498, 7, = 11513log( 71— ) = 0.309
d = 1,1 — o269
an uzl"z’r - ﬂl - 3 !12 - 3 -

We wish to decide between the hypotheses (Hy: p z,= nz) and (Hy: ng Kz
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Under the hypothesis Hy,

Zy — Zy — (pz,—#z) _  0.5493 — 0.3095 — 0
-2, - 0.2669

Using a two-tailed test of the normal distribution, we would reject Hy only if z > 1.96 or
z < —~1.96. Thus we cannot reject Hy, and we conclude that the results are not significantly differ-
ent at a 0.05 level.

= 0.8986

z =

MISCELLANEOUS PROBLEMS
8.52. Prove formula (25), page 262.

For the least-squares line we have, from Problems 8.20 and 8.21,
Ey—9)2 b Sz -2y —9)

8. — "

But by definition,
2y —9)2 _ 2 Sy —§ _ s

n - ¥ n -

and, by (6) on page 260,
2(x — 2)2 s
2 831' 2 By \?
Hence Sz — 33 e - % 1 - e :l = #(1—1r?
X Ty

An analogous formula holds for the population (see Problem B.54).

8.53. Prove that E[(Y — ¥)?] = E[(Y — Yest)?] + E[(Yest — ¥)?] for the case of (a) a least-
squares line, (b) a least-squares parabola.

We have Y—F = (Y- YY)+ Xeu— ¥)
Then (Y =7 = (Y Y2+ (Yoq— Y2+ 2(Y — YWY oo — ¥)
and so E[(Y = V)] = B{(Y ~ Yex)?| + E[(Ye— ¥)¥] + 2E((Y — Yee) (Ve — ¥)]

The required result follows if we can show that the last term is zero.

{a) For linear regression, Y 4 = a+ 8X. Then
E[(Y —a— BX)(e+ X —Y)]
= (a—f’)E(Y—a—BX}+£E{XY—aX—BX2}

i

E[(Y = Yeu) (Ves — ¥)]

=0

E(¥Y—a—p#X) =0, EXY—-aX—8X2 =0
(Compare Problem 8.3.)

(b} For parabolie regression, Y.y = a+ gX +yX2. Then
E[(Y =Y )Yet — V)] = E[(Y —a— X —yX¥(a + X + yX2— V)]
= (a— V)E(Y —a—pX — yX?) + BE[X(Y — a — X — vX?)]
+ YE[XXY — o« — BX — yX2)]



CHAP. 8] CURVE FITTING, REGRESSION AND CORRELATION 293

because of the normal equations
E(Y—a—BX—vX) = 0, E[X(¥—a—pX—vX)] = 0, E[XA¥Y—c—BX—vX9] = 0
Compare equations (19), page 261,

The result can be extended to higher-order least-squares curves.

8.54. Prove that o}, =¢%(1—p?) for least-squares regression.

By definition of the generalized correlation coefficient p, together with Problem 8,53, we have
for either-the linear or parabolic case

2 — E[(Yea'—?)z] _ E[(Y_Y(-st)‘zl _ l_fi,i
T TE-Yy® = E(Y-YP a2

and the result follows at once.

The relation also holds for higher-order least-squares curves.

Show that for the case of linear regression the correlation coefficient as defined by
(45) reduces to that defined by (40).

The square of the correlation coefficient, i.e. the coefficient of determination, as given by (45)
is in the case of linear regression given by

] E{(Ye — ¥P]  E[(a+BX—Y)]
@ E[(Y —-Y)] oy
But since Y = a + X,
(2) Ella+pX—-¥)] = E[AX-X)2 = pE[X—X)]
.
Z)
Then (1) becomes "
) 2 = ————oﬂ or = Jxv
LA ui u%, L L.

as we were required to show. (The correct sign for p is included in oxy.)

Refer to Table 8-21. (a) Find a least-squares regression parabola fitting the data.
(b) Compute the regression values (commeonly called {rend values) for the given years
and compare with the actual values. (c) Estimate the population in 1945. (d) Esti-
mate the population in 1960 and compare with the actual value, 179.3. (e) Estimate
the population in 1840 and compare with the actual value, 17.1.

Table 8-21
Year 1850 1860 1870 1880 1890 1900 1910 1920 1930 1940 1960

U.S. Population

(millions) 232 314 398 502 629 T6.0 920 1057 1228 131.7 1511

Source: Bureau of the Census

(a) Let the variables x and y denote respectively the year and the population during that year.
The equation of a least-squares parabola fitting the data is

(n ¥y = a+ bx+ ca?

where a, b and ¢ are found from the normal equations
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(@)

2y
2y
S22y

an + bZx + ¢Zx2
aZx + bEx2 + ¢Zxd
aZx? + b33 + e3ad

[CHAP. 8

It is convenient to locate the origin so that the middle year, 1900, corresponds to = =0,
and to choose a unit that makes the years 1910, 1920, 1930, 1940, 1950 and 1890, 1880, 1870,

1860, 1850 correspond to 1, 2, 3, 4, b and —1, —2, —38, —4, —b respectively.

2z and Zx3 are zero and equations (2) are simplified.

The work involved in computation can be arranged as in Table 8-22.

tions (2) become

(3)

1la + 110e = 886.8
1106 = 1429.8
110a + 1968¢ = 9209.0

With this choice

The normai equa-

From the second equation in (8), b = 18.00; from the first and third equations, a = 76.64,
¢ = 0.3974. Then the required equation is

{2y
\#y

as
-

A E

78 64 4+ 12 04
e ] - e

WA e

+0.3974 22

where the origin, * = 0, is July 1, 1900 and the unit of x is ten years.

Table 8-22

Year x v a2 x3 xd xy x%y
1850 —b 23.2 25 —125 625 —116.0 580.0
1860 —4 314 16 —64 2b6 —12b.6 5024
1870 -3 39.8 9 —27 81 —119.4 368.2
1880 —2 50.2 4 —8 16 -100.4 200.8
1890 —1 62.9 1 -1 —62.9 62.9

1900 1] 76.0 0 0 0 ] 0
1910 1 92.0 1 1 92.0 92.0
1920 2 106.7 4 8 16 2114 422.8
1930 3 122.8 9 27 81 268.4 1105.2
1940 4 131.7 16 64 256 526.8 2107.2
19560 b 161.1 25 12b 625 755.5 37776
Sz =10 Iy = gt = 3 =0 St = ZBxy = aZy =
886.8 110 1958 1429.8 9209.0

(b) The trend values, obtained by substituting = = —b, —4, —3,—2,—-1,0,1,2,8,4,56 in (4), are

shown in Table 8-23 together with the actual values. It is seen that the agreement is good.

Table 8-23
Year x=—b|lz=—4|z=—8|lz=-2|z=-1|xz=0jz=1|xz=2|x=8x=4|x=5
1860 | 1860 | 1870 | 1880 | 1890 | 1900 {1910 | 1920 | 1980 | 1940 | 1950
Trend Value | 21.6 31.0 41.2 52.2 640 | 76.6 | 90.0 [104.2 |119.2 |135.0 |151.6
Actual Value| 23.2 314 39.8 50.2 62.9 | 76.0 | 92.0 |105.7122.8 | 131.7 |151.1

(¢} 1945 corresponds to x = 4.5, for which y = 76.64 + 13.00(4.5) + 0.3974(4.5)2 = 143.2.

(d) 1960 corresponds to x = 6, for which y = 76.64 4+ 13.00(6) + 0.3974(6)2 = 168.9. This does not
agree too well with the actual value, 179.8.



CHAP. 8] CURVE FITTING, REGRESSION AND CORRELATION 295

(e) 1840 corresponds to = = —6, for which ¥ = 76.64 4 18.00(—6) + 0.3974(—6)2 = 12.9. This does
not agree with the actual value, 17.1.

This example illustrates the fact that a relationship which is found to be satisfactory for
a range of values need not be satisfactory for an extended range of values.

8.57. The average prices of stocks and bonds listed on the New York Stock Exchange
during the years 1950-1959 are given in Table 8-24. (a) Find the correlation coeffi-

cient and (b) interpret the results.
Table 8-24
Year 1950 | 1951 | 1952 | 1953 | 1954 | 1956 | 1956 | 1957 | 1958 | 1959
-Average Price of | oo 05| 0097 | 41.85 | 43.23 | 40.06 | 58.20 | 5414 | 4912 | 40.71 | 65.15
Stocks (dollars) ' : . - . . ) * ) -
Average Price of | oo 19110093 | 97.48 | 97.81 | 98.82 | 100.07 | 97.08 | 91.69 | 94.85 | 94.65
Bonds (dollars)

Source: New York Stock Exchange

{a) Dencting by = and y the average prices of stocks and bonds, the calculation of the correlation
coefficient can be organized as in Table 8-25. Note that the year is used only to specify the
corresponding values of x and y.

Table 8-25
x' = y.' = e v - e
x i} xT— & ¥ w 4 v
35.22 102.43 —10.04 4.91 100.80 —49.30 24.11
30.87 100.93 —b.39 3.41 29.05 —18.38 11.63
41.86 97.43 —3.41 —0.09 11.63 0.21 0.01
43.283 97.81 —2.03 0.29 4.12 —0.59 0.08
40.06 98.32 —5.20 0.80 27.04 —4.16 0.64
b3.29 100.07 8.03 2.bb 64.48 20.48 6.50
54.14 97.08 8.88 —0.44 78.86 —-3.91 0.19
49.12 91.59 3.86 —5.93 14.90 —22.89 36.16
40.71 94.85 —4.66 —2.67 20.70 12.16 7.13
566.15 94.65 9.89 —2.87 97.81 —28.38 8.24
3z = Iy = g’z = Ix'y = Iy =
452.64 975.16 449.38 —94.67 93.69
F = ¥ =
45.26 97.62
Then by the product-moment formula,
, = 3z'y - —94.67 = —0.4614
V(Z2"2)(Zy'?) V (449.38)(93.69)

(b) We conclude that there is some negative correlation between stock and bond prices (i.e. a tend-
ency for stock prices to go down when bond prices go up, and vice versa), although this rela-
tionship is not marked.

Another method.

Table 8-26 shows the ranks of the average prices of stocks and bonds for the years 1950-1959
in order of increasing prices. Also shown in the table are the differences in rank d and =d2
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Table 8-26
Year 1950 | 1951 | 1952 | 1953 | 1954 | 19565 | 19566 | 1957 | 1958 | 1959
Stock Prices in
Order of Rank 1 2 5 6 3 8 9 7 4 10
Bond Prices in
Order of Rank 10 9 5 6 7 8 4 1 3 2
Differences in 9 71 0 { 0 | —4 ] 0 5 6 | 1 8
Rank, d - -
2d2 =
a2 81 49 0 0 16 0 25 36 1 64 279
= 6Xd2 _ 6(272) _
Then Tramgk — 1 — w1 — 1 - 100102 — 1) 0.6485

This compares favorably with the result of the first method.

8.58. Table 8-27 shows the frequency distributions of the final grades of 100 students in
mathematics and physics. With reference to this table determine (a) the number of
students who received grades 70-79 in mathematics and 80-89 in physics, (b) the
percentage of students with mathematics grades below 70, (¢) the number of stu-
dents who received a grade of 70 or more in physics and less than 80 in mathematics,
(d) the percentage of students who passed at least one of the subjects assuming 60
to be the minimum passing grade.

Table 8-27
MATHEMATICS GRADES
4049 5059 6069 70--79 8089 9099 TOTALS

9099 2 4 4 10

ﬁ 6089 1 4 6 5 16
g 70-79 5 10 8 1 24
g 6069 1 4 9 b 2 21
E 5059 3 6 6 2 17
4049 3 5 4 12
TOTALS 7 15 25 23 20 10 100

(a) Proceed down the column headed 70-79 (mathematics grade) to the row marked 80-89 (physics
grade). The entry 4 gives the required number of students.

(b) Total number of students with mathematics grades below 70
= (number with grades 40-49) + (number with grades 50-59) + (number with grades 60-69)
= T4+15+2b = 47

Percentage of students with mathematics grades below 70 = 47/100 = 4%%.
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(¢) The required number of students is the total of the entries in Table 8-28, which represents part
of Table 8-27.

Required number of students = 1 +5+ 2 + 4 + 10 = 22

Table 8-28 Table 8-29
MATHEMATICS MATHEMATICS
GRADES GRADES
6069 70-79 4049 50--59
)
wwn| 90-99 2 Ouw ) 50-59 3 6
2 w wma
# 9| so-ss 1 4 > & | 40-a9
Feo 5o
o G| 70-79 5 10
-

(d) Referring to Table 8-29, which is taken from Table 8-27, it is seen that the number of students
with grades below 60 in both mathematics and physics is 3+ 3+ 64+ 5 = 19. Then the number
of students with grades 60 or over in either physics or mathematics or both is 100 — 17 — 83,
and the required percentape is 83/100 = 83%.

Table 8-27 is sometimes called a bivariate frequency table or bivariate frequency distribution.
Each square in the table is called a cell and corresponds to a pair of classes or elass intervals. The
number indicated in the cell is called the cell frequeney. For example, in part (a) the number 4 is
the frequency of the cell corresponding to the pair of class intervals 70-79 in mathematics and
80-89 in physics.

The totals indicated in the last row and last column are called marginal totals or marginal
frequencies. 'They correspond respectively to the class frequencies of the separate frequency distri-
butions of mathematics and physics grades.

8.59. Show how to modify the formula of Problem 8.31 for the case of data grouped as in
Table 8-27.

For grouped data, we can consider the various values of the variables x and y as coinciding
with the class marks, while f, and f, are the corresponding class frequencies or marginal frequen-
cies indicated in the last row and column of the bivariate frequency table. If we let f represent
the various cell frequencies corresponding to the pairs of eclass marks (x,y), then we can replace
the formula of Problem 8.31 by

nZfxy — (2fx) (25, v)
V[nEf2? — Gf 2 [n2f,17 — (2,97
If we let == xg+ c,u, and y = yo +ec,u,, where e, and ¢, are the class interval widths

(assumed constant) and x, and gy, are arbitrary class marks corresponding to the variables, the
above formula becomes

1) r =

nEfuzu, — (2f u)(Zf,u,)

(2) r =
V[nEf u: — (3fu)?[nEf,uf — (Sf,u,)?]

This is the coding method used in Chapter 5 as a short method for computing means, stand-
ard deviations and higher moments.

8.60. Find the coefficient of linear correlation of the mathematics and physics grades of
Problem 8.58.

We use formula (2) of Problem 8.59. The work can be arranged as in Table 8-30, which is called
a correlation table.
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Table 8-30
Mathematies Grades, x
x | 445 | 54.5 | 64.5 | 745 | 845 | 945 Sum of
corner
.fp fyu, fyﬂ% numbers
" Yl 9| -1 | o 1 2 | 3 in each
Uy
045 2 2 4 4 10 20 490 44
[4 [18] [24]
= | 845 1 1 4 6 5 16 16 16 31
] 6] & [ [
=1
Elms | o 5 | 10| 8 1 24 0 0 0
@ (o] [0] [o] [o]
Zleas | -1 1| 4, 9 | 5 | 2 21 —21 21 -3
~ [2] [4] [0 [55  F4
545 | —2 3 6 6 2 17 —34 68 20
[i2] [iz] [0 f~4]
| .
445 | —3 3 5| 4 : 12 —36 108 33

i - 2
ix 7, 15 25| 23 20 | 10 [MeT3| | Bl 3w,

=n=100| =55 | =253 | =125
Frtty 14 | -15! 0o | 28| 40 | 30 T‘:’c %‘;" /
fouz 28 | 15, 0 | 23| 80 | 90 if ;;‘E cﬁ"*
Sembeen | 82 | 81| 0 | —1| 24 | 39 Ef*’i’é’é" /
each column —

The number in the corner of each cell represents the product fu,u,, where f is the cell frequeney.
The sum of these corner numbers in each row is indicated in the corresponding row of the last
column. The sum of these corner numbers in each column is indicated in the corresponding column
of the last row. The final totals of the last row and last column are equal and represent = fu,u,.

From Table 8-30 we have
nE fupy — (2f,u,) (3, u,)
VInEfu2 — (3f,u,)?) [n2f,uf — (3,u,)?]
_ (100)(125) — (64)(—55) _ 16,020 = 04686
V1(100)(236) — (64)2][(100)(253) — (—55)2] V(19,504)(22,275)

8.61. Use the correlation table of Problem 8.60 to compute (@) s., (b) sy and (c) s and

verify the formula r = s,,/s,s,.

2f u? Efz'“a:)z 236 64 \?
a = - — £00 D% =
(a) 8, cz‘J ( 10 100 (100) 13.966
2fy uy 2fyu,\2 253 —55\*
b = Lt vy = ave {09 —
(b) 8y c‘.;J " ( ) 10 100 (100> 14.925

b ) _
(€ 8y = c,,c,,[ f: "“"-( ’:’:““)( E’f:u")] = (10)(10) %—(%)(1—3@] = 160.20
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Thus the standard deviations of mathematics grades and physics grades are 14.0 and 14.9 re-
spectively, while their covariance is 160.2. 'We have

Sy _ 16020
8,8y (13.966)(14.925)

= 0.7686

agreeing with r as found in Problem 8.60.

8.62. Write the equations of the regression lines of (a¢) ¥ on # and (b) = on y for the data

of Problem 8.60.
From Table 8-30 we have

aty o) ey 10)64)

£ = wmy + ¢, 100 = 709
_ 2fyuy (10)(—55)
¥y = Yo+ ¢y poy = 745 + BT 69.0

From the results of Problem 8.61

We now use (16), page 261, to obtain the equations of the regression lines.
_ (0.7686)(14.925)

o ey o -
(@) Vo= (x—2), y—69.0 o6 @ 709),
or y — 69.0 = 0.821(x —70.9)
L T8 _ __ (0.7686)(13.966) ,
or x—T0.9 = 0.719(y — 69.0)

8.63. Compute the standard errors of estimate (e) sy. and (b) s., for the data of Problem

8.60. Use the results of Problem 8.61.
(@) 8, = 8 V1—172 = 14.926y/1 — (0.7686)2

9.548

(®) s, = s/1— 72 = 13.966\/1 — (0.7686) = 8.934
Supplementary Problems
THE LEAST-SQUARES LINE Table 8-31

8.64.

8.65.

B.66.

Fit a least-squares line to the data in Table 8-31 using (a) z as
the independent variable, (b) x as the dependent variable. Graph
the data and the least-squares lines using the same set of coor- vyl2 3 4 6 5 8
dinate axes.

2|8 b 6 8 9 11

For the data of Problem 8.64 find (a) the values of ¥ when # =5 and =z = 12, (b) the value of
x when y="1.

(¢) Use the freehand method to obtain the equation for a line fitting the data of Problem B8.64.
{(b) Answer Problem 8.65 by using the result of part (a).
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8.67.

8.68.
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Table 8-32 shows the final grades in algebra and physics obtained by 10 students selected at
random from a large group of students. (¢) Graph the data. (b) Find the least-squares line fitting
the data, using « as the independent variable. {c¢) Find the least-squares line fitting the data, using
¥ as independent variable. (d) If a student receives a grade of 75 in algebra, what is his expected
grade in physics? (e) If a student receives a grade of 95 in physics, what is his expected grade
in algebra?

Table 8-32
Algebra () | 75 80 93 656 87 71 98 68 84 77

Physies(y) | 82 78 86 %2 91 80 95 72 89 74

Refer to Table 8-833. (a) Construet a scatter diagram. (b) Find the least-squares regression line of
y on z. (¢) Find the least-squares regression line of =z on y. (d) Graph the two regression lines of
(b) and (¢) on the scatter diagram of (a).

Table 8-33
Grade on First Quiz (z) 6 5 8 8 7 6 10 4 9 7

Grade on Second Quiz (y) 8 7 7 10 5 8 10 & 8 [
LEAST-SQUARES REGRESSION CURVES Table 8-34
8.69. Fit a least-squares parabola, ¥ = a + bz + cx2, z| 0 1 2 3 4 b 6

8.70,

8.71.

8.592.

8.73.

MULTIPLE REGRESSION

8.74.

to the data in Table 8-34.

v |24 21 32 56 93 14.6 21.9

Table 8-35 gives the stopping distance d (feet) of an automobile traveling at speed v (miles per hour)
at the instant danger is sighted. (a) Graph d against v. (b) Fit a least-squares parabola of the
form d=a+ bv+cv? to the data. (¢) Estimate d when v» = 45 mi/hr and 80 mi/hr.

Table 8-35
Speed, v (mi/hr) 20 30 40 50 60 70

Stopping Distance, d (ft) | 54 90 138 206 292 396

The number y of baeteria per unit volume present in a culture after # hours is given in Table 8-36.
{a) Graph the data on semi-logarithmic graph paper, with the logarithmic scale used for y and
the arithmetic scale for x. (b) Fit a least-squares curve having the form y = ab® to the data and
explain why this particular equation should yield good results. (¢) Compare the values of y obtained
from this equation with the actual values. (d) Estimate the value of ¥ when = = T7.

Table 8-36
Number of Hours (z) 0 1 2 3 4 b 6

Number of Bacteria per Unit Volume () | 32 47 65 92 132 190 275

In Problem 8.71 show how a graph on semi-logarithmic graph paper can be used to obtain the
required equation without employing the method of least squares.

Write the normal equations for the least-squares cubic curve given by ¥ = a+ bx + ex2 + da8.

Table 8-37

Table 8-37 shows the corresponding values of three var- x| 3 5 6 8 112 | 14
iables x, ¥ and 2. (a) Find the linear least-squares 16 | 10 7 4 3 2
regression equation of z on x and y. (b) Estimate z v

when z =10 and y =6. 2|90 | 72 54|42 30/ 12
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8.75.

8.76.

8.77.

8.78.

Prove that the equation for linear regression of z on # and ¥ can be written as
z2—z = bleg—2) +cly— ¥)

and obtain expressions for the least-squares regression coefficients b and c.
Use the result of Problem 8.75 to work Problem 8.74.

Obtain the normal equations for a linear least-squares regression of w on =z, ¥ and z. Is there a
geometric interpretation of this? Explain.

A repression surface of 2 on # and y has the form
z2 = A+ Bx + Cy + Dx? + Exy + Fy?

Obtain normal equations for the least-squares regression ecoefficients.

STANDARD ERROR OF ESTIMATE AND LINEAR CORRELATION COEFFICIENT

8.79.

8.90.

Find (a) 8,, and (b) 8., for the data in Problem 8.68.

Compute [a) the total variation in gy, (b) the unexplained variation in y, and {

ompuLle V) ArlALIOr

variation in y for the data of Problem 8.68.

Use the results of Problem 8.80 to find the correlation coefficient between the two sets of quiz
grades of Problem 8.68.

(e) Find the correlation coefficient between the two sets of guiz grades in Problem 8.68 by using the
product-moment formula and compare with the result of Problem 8.81. (b) Obtain the correlation
coefficient directly from the slopes of the regression lines of Problem 8.68(b) and (c).

Find the covariance for the data of Problem 868 (a) directly and (b) by using the formula
8,, = 78,8, and the result of Problem 8.81 or 8.82.

Table 8-38 shows the ages x and systolic blood pressures y of 12 women. (a) Find the correlation
coefficient between x and y. (b) Determine the least-squares regression line of y on z. (¢) Estimate
the blood pressure of a woman whose age is 45 years.

Table 8-38

Age (z) 56 42 72 36 63 47 55 49 38 42 68 60

o - R =

Blood Pressure (y) | 147 125 160 118 149 128 150 145 115 140 152 155

Find the correlation coefficients for the data of (a) Problem 8.64, (b) Problem 8.67.

The correlation coefficient between two variables x and y is » = 0.60. If s, = 1.50, s, = 2.00,
£ =10 and ¥ = 20, find the equations of the regression lines of (a) y on =, (b) =z on .

Compute (a) s,, and (b) s, for the data of Problem 8.86.
If 8y, =38 and s,=5, findr

If the correlation coefficient between x and y is 0.50, what percentage of the total variation remains
unexplained by the regression equation?

{a) Compute the correlation coefficient between the corresponding Table 8-39
values of z and y given in Table 8-39. (b) Multiply egch z-value
in the table by 2 and add 6. Multiply each y-value in the table z|2 4 65 6 8 11

by 3 and subtract 16. Find the correlation coefficient between
the two new sets of values, explaining why you do or do not
obtain the same result as in part (a).

¥y |18 12 10 8 T b
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GENERALIZED CORRELATION COEFFICIENT

891,

8.92,

8.93.

8.94.

Find the correlation coefficient for the variables in Problem 8.68 using the result ($5), page 264.
Find the standard error of estimate of z on = and y for the data of Problem 8.74.

(a) Compute the coefficient of multiple correlation for the data of Problem 8.94. (b) What percent-

age of the total variation is explained by the regression surface?

Prove the result (27), page 263, for the case of a linear regression surface for 2z on z and y.

RANK CORRELATION

8.95.

8.96.

8.98.

Two judges in a contest, who were asked to rank 8 candidates, A, B, C, D, E, F, G and H, in order
of their preference, submitted the choices shown in Table 8-40. Find the coefficient of rank cor-
relation and decide how well the judges agreed in their choices.

Table 8-40
Candidate A B C D E F G H
First Judge 5 2 8 1 4 6 3 7
SecondJudge | 4 5 7 3 2 8 1 6

Find the coefficient of rank correlation for the data of (a) Problem 8.68, (b) Problem 8.84.

(a) Find the coefficient of rank correlation for the data of Problem 890. (b) From your cbserva-
tions in (a), discuss a possible disadvantage of the method of rank correlation.

Show how a multiple rank correlation coefficient ean be designed.

PROBABILITY INTERPRETATION OF REGRESSION AND CORRELATION

8.99.

8.100.

8.101.

8.102.

8.103.

8.104.

8.105.

8.106.

The joint density function of the random variables X and Y is given by
{2z+3y 0<2<], 0<y<?

n otherwise

[ EAs WY =

fle,) =

Find the regression curve of (a) Y on X, (b) X on Y.

Find the least-squares regression line of (a) ¥ on X, (b) X on Y for Problem 8.99,
Obtain the linear correlation coefficient for Problem 8.99.

Find the regression curve of (a) ¥ on X, (b) X on Y for the data of Problem 2.8, page 52.

Find the least-squares regression line of {a) ¥ on X, (b) X on Y for the data of Problem 2.8,
page 52,

Find the linear correlation coefficient for the random variables of Problem 2.8, page 52.

Give an example to show how you would find () the standard error of estimate, (b) the explained
and unexplained variations, (c) the generalized correlation coefficient, in the case of two random
variables X and Y having joint density function (or joint probability function) f(x, y).

Do any simplifications occur in the regression curves of ¥ on X or X on Y for the case of indepen-
dent random wvariables? Explain.
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SAMPLING THEORY OF REGRESSION

8.107. On the basis of a sample of size 27 a regression equation ¥ on # was found to be % = 25.0+ 2.00 .
If 8,, =150, s, =3.00 and % = 7.50, find (a) 95%, (b) 99%, confidence limits for the regression
coefficient.

8.108. In Problem 8.107 test the hypothesis that the population regression coefficient is (a) as low as 1.70,
(b) as high as 2.20, at a 0.01 level of significance.

8.109. In Problem 8.107 find (a) 95%, (b) 99%, confidence limits for ¥ when z = 6.00.

8.110. In Problem 8.107 find (a) 96%, (b) 99%, confidence limits for the mean of all values of ¥ cor-
responding to x = 6.00.

8.111. Referring to Problem 8.84, find 95% confidence limits for (a) the repression coefficient of ¥ on =z,
(b) the blood pressures of all women who are 45 years old, (¢) the mean of the blood pressures of all
women who are 45 years old.

SAMPLING THEORY OF CORRELATION
8.112. A correlation coefficient based on a sample of size 27 was computed to be 0.40. Can we ¢ onclude

8
o ciremifionran lawal oF el NNOE Ry NNt thod 1l s
at a BIETILCANCE 18Ver 01 (fy Vo, 1U) v.wi, uidv uie

is significantly greater than zero?

8.113. A correlation coefficient based on a sample of size 35 was computed to be 0.50. Can we reject the
hypothesis that the population correlation coefficient is (@) as small as p=0.30, (b) as large as
p = 0,70, using a 0.05 significance level?

B.114. Find (a) 95%, (b) 99%, confidence limits for a correlation coefficient which is computed to be 0.60
from a sample of size 28.

8.115. Work Problem 8.114 if the sample size is 52.
B.116. Find 95% confidence limits for the correlation coefficient computed in Problem 8.84,

8.117. Two correlation coefficients obtained from samples of sizes 23 and 28 were computed to be 0.80 and
0.95 respectively. Can we conclude at a level of () 0.05, (b) 0.01, that there is a significant dif-
ference between the two coefficients?

MISCELLANEOUS RESULTS
8.118. Verify the coefficients (5), page 260, for the least-squares line.

8119, Prove that for the case of linear regression the minimum value of E{[Y — (a + 8X)]2} is
Gy = o=
8.120. The sample least-squares regression lines for a set of data involving X and Y are given by 2x — by = 3,
bx — 8y = 2. Find the linear correlation coefficient.
8.121. Prove that the angle between the two sample least-squares regression lines is given by
(1 —v%)s,s,

tan™1 r(s + 83)

8.122. Prove that the correlation coefficient between 2 and ¥ can be written
Ty — &y
NEREIRS

T =

8.123. Prove that a correlation coefficient is independent of the choice of origin of the variables or the units
in which they are expressed. (Hint: Assume x’ = x,+ &, ¥ = yy+ oy, where xg, ¥, €, ¢2 are
any constants, and prove that the correlation coefficient between z’ and g’ is the same as that
between x and ¥.)
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8.124,

8.125.

8.126.

8.127,

8.128.

8.129.

8.130.

CURVE FITTING, REGRESSION AND CORRELATION [CHAP. 8

82, 82
Prove that for linear regression ‘2-2—: ﬁ-. Does the result hold for nonlinear regression?
u xr

Find the correlation coefficient between the heights and weights of 300 adult males in the United
States as given in the following frequency table.

Table 8-41
HEIGHTS « (inches)
. 5962 63—66 6770 71-74 7578
90109 2 1

- 110129 7 8 4 2
T
2 130149 5 15 22 7 i
f=%
= 150169 2 12 63 19 b
L) -
E 170189 7 28 32 12
i
E3 190209 2 10 20 7

210-229 1 4 2

(a) Find the least-squares regression line of y on x for the data of Problem 8.125. (b) Estimate
the weights of two men whose heights are 64 and 72 inches respectively,

Find (a) s,, and (b) 5., for the data of Problem 8.125.
Find 95% confidence limits for the correlation coefficient computed in Problem 8.125.

Find the correlation coefficient between U.S. consumer price indexes and wholesale price indexes
for all eommodities as shown in Table 8-42. The base period 1947-1949 = 100,

Table 8-42

Year 1949 1950 1961 1952 1953 1954 1955 1956 1957 1958
Consumer
Price 101.8 | 1028 | 111.0 | 113.5 | 1144 | 1148 | 1145 | 116.2 | 120.2 | 1235
Index
Wholesale
Price 99.2 | 103.1 | 1148 | 111.6 | 110.1 | 110.3 | 110.7 | 1143 | 1176 | 119.2
Index

Source: Bureau of Labor Statistics
Refer to Table 8-43. {a) Graph t ata. (b) Find a least-squares line fitting the data and construct

its graph. {(¢) Compute the trend valuee and compare with the actual values. (d) Predlct the price
index for medical care during 1958 and compare with the true value (144.4). (¢) In what year can
we expect the index of medical costs to be double that of 1947-1949, assuming present trends continue?

Table §-43
Year 1950 19561 1952 1963 1954 1955 1956 1957

Consumer Price Index
for Medical Care 106.0 T111.1 1172 121.3 1252 128.0 1326 138.0

(1947-1949 = 100)

Source: Bureau of Labor Statistics
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8.131. Refer to Table 8-44. (a) Graph the data. (b) Find a least-squares parabola fitting the data. (¢) Com-
pute the trend values and compare with the actual values. (d) Explain why the equation obtained
in (b) is not useful for extrapolation purposes.

Table 8-44

Year 1916 1920 19256 1930 1936 1940 1945 1950 1956

Birth Rate per

1000 Population 26,0 237 213 189 169 179 195 236 246

Source: Department of Health, Education and Welfare
8.132. Let X and Y be random variables having joint density function (or probability funetion) f(z, ).
Prove that if g(z) = E(Y | X =2) then
E{[Y —¢(X)]?} = E{[Y—9(X)]?} + E{[g(X) — ¢(X)]?}

where ¢(x) is any function of x» for which these expectations exist.
8.i33. Discuss the reiationship, if any, of Problem 8.i32 io explained and unexpiained variations.
8.134. Prove Theorem 8-1, page 265. (Hint: Use Problem 8.132.)
8.135. In Theorem 8-1, is g(x) unique? Explain.

8.136. Prove Theorem 8-2, page 265,



Chapter 9

Analysis of Variance

THE PURFPOSE OF ANALYSIS OF VARIANCE

In Chapter 7 we used sampling theory to test the significance of differences between
two sampling means. We assumed that the two populations from which the samples were
drawn had the same variance. In many situations there is a need to test the significance of
differences among three or more sampling means, or equivalently to test the null hypothe-
sis that the sample means are all equal.

EXAMPLE 9.1. Suppose that in an agricultural experiment four different chemical treatments of soil pro-
duced mean wheat yields of 28, 22, 18 and 24 bushels per acre respectively. Is there a significant differ-
ence in these means or is the observed spread simply due to chance?

Problems such as these can be solved by using an important technique known as the
analysis of variance, developed by Fisher. It makes use of the F distribution already con-
sidered in previous chapters.

ONE-WAY CLASSIFICATION OR ONE-FACTOR EXPERIMENTS

In a one-factor experiment measurements or observations are obtained for ¢ indepen-
dent groups of samples, where the number of measurements in each group is b. We speak
of a treatments, each of which has b repetitions or replications. In Example 9.1, a = 4.

The results of a one-factor experiment can be presented in a table having a rows and b
columns (Table 9-1). Here xj denotes the measurement in the jth row and kth column,
where 7=1,2,...,a and k=1,2,...,b. For example, x5 refers to the 5th measurement
for the third treatment.

Table 9-1
Treatment 1 Zn Zy2 cas Zyp 3'.
Treatment 2 | z5, 299 [ Top | &g
Treatment @ | 24, %50 Zop | &4
We shall denote by #; the mean of the measurements in the jth row. We have
1 b
=3 Emjk i=12,...,a (1)

The dot in ;. is used to show that the index % has been summed out. The values ;. are
called group means, treatment means or row means. The grand mean or overall mean is
the mean of all the measurements in all the groups and is denoted by &, i.e.

. 1 1 & <«
€r = — X = -— ji 2
@ & T B R A ®

306
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TOTAL VARIATION. VARIATION WITHIN TREATMENTS.
VARIATION BETWEEN TREATMENTS

We define the total variation, denoted by v, as the sum of the squares of the deviations
of each measurement from the grand mean &, i.e.

Total variation = v = 2 (xjic — &)? (2)
f

By writing the identity

—
=
S

wik — & = (@ — &5) + (&5 — &)
and then squaring and summing over j and &k we can show (see Problem 9.1) that
; (T —&)* = ,2:: (@i — L) + Ek (& — x)* (5)
or 2 ww—af = 3l &) + 0 X (@2 (6)
" jlk j

We call the first summation on the right of (5) or (6) the variation within treatments (since it
involves the squares of the deviations of x; from the treatment means #;) and denote it
by v». Thus

Vo = 2 (ak— &) (7)
N3

The second summation on the right of (5) or (6) is called the variation between treatments
(since it involves the squares of the deviations of the various treatment means ;. from the
grand mean &) and is denoted by v». Thus

vy = 2 (#.—Z)? = b (z.—a) (8)
i ]
Equations (5) or (6) can thus be written
V= Pwtw {9)

SHORTCUT METHODS FOR OBTAINING VARIATIONS

To minimize the labor in computing the above variations the following forms are
convenient:

_ 2 T

_ 1 72
w =y X g (11)
Yo = V— (12)
where r is the total of all values x; and 7, is the total of all values in the jth treatment, i.e.
N . P 10
T = 2 Tk T T L Tik L)

hk C

In practice it is convenient to subtract some fixed value from all the data in the table; this
has no effect on the final results.

LINEAR MATHEMATICAL MODEL FOR ANALYSIS OF VARIANCE

We can consider each row of Table 9-1 as representing a random sample of size b from
the population for that particular treatment. Thus, for treatment j we have the indepen-
dent, identically distributed random variables Xj, X, ..., X;» which respectively take on
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the values @ji, xp, ..., %p». Each of the X (k=1,2,...,b) can be expressed as the sum of
its expected value and a “chance” or “error” term:

X, = B+ A, (14)

ik

The 4;. can be taken as independent (relative to 5 as well as to k), normally distributed ran-
dom variables with mean zero and variance ¢?. This is equivalent to assuming that the X
(/=12,...,a; k=1,2,...,b) are mutually independent, normal variables with means p,
and common variance o’

Let us define the constant . by

2|

3o

We can think of . as the mean for a sort of grand population comprising all the treatment
populations. Then (14) can be rewritten as (see Problem 9.18)

X, = p+o+4, where ’Eaj =0 (15)
The constant «, can be viewed as the special effect of the jth treatment.

The null hypothesis that all treatment means are equal is given by (Ho: o,=0; =1,2,.. .,a)
or equivalently by (He: p,=p; 7=1,2,...,a). If Ho is true, the treatment populations,
which by assumption are normal, have a common mean as well as a common variance. Thus
there is just one treatment population, and all treatments are statistically identical.

EXPECTED VALUES OF THE VARIATIONS

The between-treatments variation V,, the within-treatments variation V. and the total

variation V are random variables which respectively assume the values vy, v» and v as
defined in (8), (7?) and (3). We can show (Problem 9.19) that

E(Vy = (a—1)* + b ,2 o (16)
E(Vey) = a(b—1)e* (17)
EV) = (ab—1)0>+bY (18)
From (17) it follows that
E [a(b n]= (19)
so that §: = a(bK}I—} (20)

is always a best (unbiased) estimate of o® regardless of whether H, is true or not. On the
other hand, from (16) and (18) we see that only if H, is true will we have

Ve \ _ Vv _
so that only in such case will
8, Ve a8, Vv
R S$? = T (e2)

provide unbiased estimates of 2. If H, is not true, however, then we have from (16)

EG) = o+ -2 e (23)
a—1%"
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DISTRIBUTIONS OF THE VARIATIONS

Using Theorem 4-4, page 116, we can prove the following fundamental theorems con-
cerning the distributions of the variations V., V, and V.

Theorem 9-1: V./o* is chi-square distributed with a(b — 1) degrees of freedom.

Theorem 9-2: Under the null hypothesis Hy, V,/o® and V/e® are chi-square distributed with
a—1 and ab — 1 degrees of freedom respectively.

It is important to emphasize that Theorem 9-1 is valid whether or not we assume H,, while
Theorem 9-2 is valid only if H, is assumed.

THE F TEST FOR THE NULL HYPOTHESIS OF EQUAL MEANS
If the null hypothesis H, is not true, i.e. if the treatment means are not equal, we see

from (23) that we can expect §§ to be greater than o, with the effect becoming more pro-
nounced as the dlecrvepancy between means increases. On the other hand, from (19) and

{OM wxrn pnom avvaad 02 +rn ha amiial +n 2 macowdlacsa nf sohatlhas + v oo oo | -
\=vy we {an CAMCLL Wy, WO PUC TYHUAL W U ITEGLULLDD UL WICLNET Lll‘: IHICallD ﬂl.c c‘i“ﬂl Or not.

It follows that a good statistic for testing the hypothesis H, is provided by St?/Sﬁ,. If this
statistic is significantly large we can conclude that there is a significant difference between
treatment means and thus reject Hy,. Otherwise we can either accept Ho or reserve judg-
ment pending further analysis.

In order to use this statistic we must know its distribution. This is provided in the fol-
lowing theorem, which is a consequence of Theorem 5-8, page 161.

Theorem 9-3: The statistic F = §§! §;’.; has the F’ distribution with @ — 1 and a(b — 1) degrees
of freedom.

Theorem 9-3 enables us to test the null hypothesis at some specified significance level
using a one-tailed test of the F' distribution.

ANALYSIS OF VARIANCE TABLES

The ealeulationg mnlnrnﬂ for the ahove test are summarized in Table (L9 which ig called

an analysis of variance table. In practice we would compute v and ve using either the long
method, (3) and (8), or the short method, (10) and (71), and then compute vw=v—v. It
should be noted that the degrees of freedom for the total variation, i.e. ab — 1, is equal to the
sum of the degrees of freedom for the between-treatments and within-treatments variations.

Table 9-2
Variation Degrees of Freedom | Mean Square F
Between Treatments, ) vy, 32
e—1 52 = - b
v, = b3 (%, —#)? a—1 82
b ]
with
cer s e—1,eb—1)
Within Treatments, alb—1) s 2 = Vo degrees of
Uy = UV — T a(b —1) freedom
Total,
v = 1}” + 'vw ﬂrb - 1
=3 (x5 — £)°
ik
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MODIFICATIONS FOR UNEQUAL NUMBERS OF OBSERVATIONS

In case the treatments 1, . . ., a have different numbers of observations equal to n1, . . ., 74
respectively, the above results are easily modified. Thus we obtain

b= T en—d = Pah -y (24)
2

v = 2(:&,-_—5:)2 = iEra,-(a':j_—:r:)z = ,En_j;'g (25)

Vw = UV — Vp (26)

where 3 denotes the summation over k from 1 to #; and then over j from 1toa, n= 3 n;
ik 3

is the total number of observations in all treatments, - is the sum of all observations, 7; s

the sum of all values in the jth treatment and ¥ is the sum from j=1 to a.
i

The analysis of variance table for this case is given in Table 9-3.

Table 9-3
Variation grees of Mean Square F
Freedom
Between Trexi.tment.:, .1 '53 _ % : 3%
v, = §‘n‘,(xj‘—:ﬂ @ _?l%
with ¢ —1,
Within Treatments, N v, | T @ degrees
h—a §2 = of freedom
Uy — U — Uy n—a
Total,
v = vyt vy, n—1
= T, — 7)2
,’Ek( w — )

TWO-WAY CLASSIFICATION OR TWO-FACTOR EXPERIMENTS

The ideas of analysis of variance for one-way classification or one-factor experiments
can be generalized. We illustrate the procedure for two-way classification or two-factor
experiments.

EXAMPLE 9.2. Suppose that an agricultural experiment consists of examining the yields per acre of 4
different varieties of wheat, where each variety is grown on 5 different plots of land. Then a total of
(4)(5) = 20 plots are needed. It is convenient in such case to combine plots into blocks, say 4 plots to a
block, with a different variety of wheat grown on each plot within a block. Thus, 5 blocks would be re-
quired here.

In this case there are two classifications or factors, since there may be differences in yield per acre due
to (i) the particular type of wheat grown or (ii) the particular block used (which may involve different
soil fertility, ete.).

By analogy with the agricultural experiment of Example 9.2 we often refer to the two
classifications or factors in an experiment as fireatments and blocks, but of course we could
simply refer to them as Factor 1 and Factor 2, etc.
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NOTATION FOR TWO-FACTOR EXPERIMENTS

Assuming that we have a treatments and b blocks, we construct Table 9-4, where it is
supposed that there is one experimental value (for example, yield per acre) corresponding

Table 9-4
Blocks
1 2 b
2 %11 *12 ‘en iy ®y,
E 2 gy Zgp Ty &g
g :
e 42 Tay g . Xab id.
& 4 &g . &y

to each treatment and block. For treatment j and block k we denote this value by zj.
The mean of the entries in the jth row is denoted by &;., where 7 =1, ..., a, while the mean
of the entries in the kth column is denoted by #x, where k=1, ...,b. The overall or grand
mean is denoted by #. In symbols

2

b a

T = -15 > T, Ek = >N, &= 1 2:12;1 (27)
k=1 i=1 .

VARIATIONS FOR TWO-FACTOR EXPERIMENTS

As in the case of one-factor experiments, we can define variations for two-factor exper-
iments., We first define the total »variation, as in (3), to be

v = ’Ekt (%ik — Z)? (28)
By writing the identity
T — & = (T — T, — Tx+ &) + (&5 — &) + (Tx— F) (29)
and then squaring and summing over j and k& we can show that
V = Ve + Ur + Ve (80)
where ve = Variation due to error or chance = § (@i — & — Ex + £)?

vr = Variation between rows (treatments) = b 3, (&;. — £)?
=1

]
ve = Variation between columns (blocks) = @ 2, (Z.x — £)?
k=1
The variation due to error or chance is also known as the residual variation.

The following are short formulas for computation, analogous to (10), (11) and (12).

v = j;xfn ~ ab (81)
1 < 2

v =3 29- 3 (32)
1 r

Ve = E kgl'rﬁ - E {33)

Ve = UV — Uy — Ve (3-&)

where 7, is the total of entries in the jth row, =, is the total of entries in the kth column
and - is the total of all entries.
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ANALYSIS OF VARIANCE FOR TWO-FACTOR EXPERIMENTS

For the mathematical model of two-factor experiments let us assume that the random
variables X;x whose values are the x; can be written as

Xj.,: = ptot Bt A, (35)

Here .. is the population grand mean, o is that part of Xj due to the different treatments
(sometimes called the treatment effects), ;3,‘ is that part of X due to the different blocks

(sometimes called the block effects) and Aj is that part of X due to chance or error, Ag

AWML VALY wisaaiuL LEg S ra iy e and YaiZaw praas ¥ wa Sk it LW 31 T 0L

before we can take the Aj; as mdependent normally dlstrlbuted random variables with
mean zero and variance ¢?, so that the Xj. are also independent normally distributed vari-
ables with variance o2, Under suitable assumptions on the means of the X; we have

e =0 6 =0 (36)
which makes

E(X)

ik

Eg,l —t

Corresponding to the results (16)-(18) we can prove that

E(V,) = (a—1)®> + b ; o? (87)
EV) = (b—1)0®> + a %} B2 (38)
E(V.) = (a—1)(b—1)? (39)
EV) = (ab—1)uﬂ+b§a§+a§p§ (40)

There are two null hypotheses which we would want to test:
H{V: All treatment (row) means are equal, ie. o, =0, 7=1,...,a
H®: All block (column) means are equal, ie. 8, =0, k=1,...,b
We see from (39) that, without regard to H{V or H{», a best (unbiased) estimate of ¢? is

provided by n v

Sﬁ = m ie. E(gﬁ) = o (41)

Also, if the hypotheses H{"> and H® are true, then
v

A2 A2 - A2 .
S a—1’ S“_b——l’ S T ab—1 (42)
will be unbiased estimates of o®. If H{" and H{* are not true, however, we have from (37)

and (38) respectively .
= 4 g
E(S?) cr2+a_]izccj (43)
ES) = @+ 525 3B (44)
k

The following theorems are similar to Theorems 9-1 and 9-2.

Theorem 9-4: V./o® is chi-square distributed with (@ — 1)(b — 1) degrees of freedom, without
regard to H{ or H{?.
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Theorem 9-5: Under the hypothesis H§", V./¢? is chi-square distributed with ¢ — 1 degrees
of freedom. Under the hypothesis H{», V./o? is chi-square distributed with
b —1 degrees of freedom. Under both hypotheses H{" and H{?, V/e* is chi-
square distributed with ab — 1 degrees of freedom.

To test the hypothesis H{" it is natural to consider the statistic §$l§§ since we can see
from (43) that § % is expected to differ significantly from o® if the row (treatment) means are
significantly different. Similarly, to test the hypothesis H{* we consider the statistic §3/§§.
The distributions of §$f§§ and §3}'§§ are given in the following analogue to Theorem 9-3.

Theorem 9-6: Under the hypothesis H{" the statistic 82/52 has the F distribution with a —1
ind (@ — 1)(b — 1) degrees of freedom. Under the hypothesis H{® the statistic

#/S2 has the F' distribution with b—1 and (a — 1)(b — 1) degrees of freedom.

The theorem enables us to accept or reject H{" or H{® at specified significance levels. For
convenience, as in the one-factor case, an analysis of variance table can be constructed as
shown in Table 9-5.

Tabie §-5
Variation D;m lOn: £ Mean Square F
2/32
Between Treatments, v s3/se
o —1 2 - with a —1,
v = b3 (# — #)? Tooe—1 (2 —1)(b—1)
i degrees of freedom
Iy
Between Blocks, . suse
b—1 2 = € with 6 —1,
vy = a3 (E)y— %) ¢ b-1 (e—1)(b—1)
k degrees of freedom
Residual or Random, A Ve
f— — = —
v = v, | ETVETD L E = e
Total,
1?:1?'+U‘:+‘U¢ ab —1
= Xz — %)
ik

TWO-FACTOR EXPERIMENTS WITH REPLICATION

In Table 9-4 there is only one entry corresponding to a given treatment and a given block.
More information regarding the factors can often be obtained by repeating the experiment,
a process called replication. In such case there will be more than one entry corresponding
to a given treatment and a given block. We shall suppose that there are ¢ entries for every
position; appropriate changes can be made when the replication numbers are not all equal.

Because of replication an appropriate model must be used to replace that given by (85),
page 312. To obtain this we let X;. denote the random variable corresponding to the jth
row or treatment, the kth column or block and the Ith repetition or replication. The model
is then given by

le:l = ,u+aj+ﬁk+7’k+ﬂm
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where y, «,, B, are defined as before, Ajq are independent normally distributed random vari-
ables with mean zero and variance o, while v, denote row-column or treatment-block inter-
action effects (often simply called interactions). Corresponding to (36) we have

§af=0, g‘ﬂ"zo’ g}’ikz 0, kz?’szo (45)

As before, the total variation v of all the data can be broken up into variations due to
rows ¢, columns #., interaction #; and random or residual error .:

V= Ut Ve + Vi + Ve (46)
where v = ; (@it — Z)? (47)
Lk,
v = be¥ (& — TP (48)
i=1
b
ve = acy, (Fx—I)? (49)
k=1
v o= ¢ 2": (Tit. — &j.. — T p. + )2 (50)
i
ve = ’% (ke = T )? (51)

In these results the dots in subscripts have meanings analogous to those given before
(page 306). Thus, for example,

_ 1 1 .
X, = Ekztxm = b ;.‘rjk‘ (52)

Using the appropriate number of degrees of freedom for each source of variation, we can set
up the analysis of variation table, Table 9-6.

Table 9-6
Variation I.‘;‘c-e‘:g“rief:f Mean Square F
252
Between Treatments, ~ Uy y r;?e
e—1 82 = p— with & —1, ab(e — 1)
r degrees of freedom
f2/82
Between Blocks, ~ Ve aelve
b—1 52 = — with & —1, ab(c —1)
Pe degrees of freedom
§2/82
Interaction, ay v . Eilse
l@—Db-1) | 8 = GG =) | with (@—1)(b—1), able—1)
Ui degrees of freedom
Residual or Random, ~ Ve
— 9 — €
v, ablc—1) 52 2ble—1)
Total,
abe — 1
v
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The F ratios in the last column of Table 9-6 can be used to test the null hypotheses
H{P: All treatment (row) means are equal,ie. ;=0

H{?: All block (column) means are equal, i.e. 8, =0
H{®: There are no interactions between treatments and blocks, i.e. v, =0

From a practical point of view we should first decide whether or not H{®’ can be rejected
at an appropriate level of significance using the F ratio §%/§2 of Table 9-6. Two possible
cases then arise.

Casel. H{® cannot be rejected. In this case we can conclude that the interactions are not
too large. We can then test H{" and H{® by using the F' ratios §2/52 and 5%/52
respectively as shown in Table 9-6. Some statisticians recommend pooling the
variations in this case by taking the total v: + v. and dividing it by the total corre-
sponding degrees of freedom, (a — 1)(b — 1) + ab(c — 1), and using this value to re-
place the denominator 82 in the F test.

Case II. H{® can be rejected. In this case we can conclude that the interactions are signifi-
cantly large. Differences in factors would then be of importance only if they were
large compared with such interactions. For this reason many statisticians recom-
mend that H!V and H{® be tested using the F' ratios §%/82 and 52/82 rather than
those given in Table 9-6. We shall use this alternate procedure also.

The analysis of variance with replication is most easily performed by first totaling repli-
cation values which correspond to particular treatments (rows) and blocks (columns). This
produces a two-factor table with single entries, which can be analyzed as in Table 9-5. The
procedure is illustrated in Problem 9.13.

EXPERIMENTAIL DESIGN

The techniques of analysis of variance discussed above are employed after the results
of an experiment have been obtained. However, in order to gain as much information as
possible the details of an experiment must be carefully planned in advance. This is often
referred to as the design of the experiment. In the following we give some important
examples of experimental design.

1. Complete randomization. Suppose that we have an agricultural experiment as in Ex-
ample 9.1, page 306. To design such an experiment we could divide the land into
4 X 4 = 16 plots (indicated in Fig. 9-1 by squares, although physically any shape can be
used) and assign each treatment, indicated by A, B, C, D, to four blocks chosen com-
pletely at random. The purpose of the randomization is to eliminate various sources
of error such as soil fertility, ete.

plalc|c 1 |c|BlalD piB|CclaA B,|Ag| Ds| C,
B|D|B|A InHJlA B|D|C B|DiA|C As| B,| C, | Dy
D|C|B|D HI | B C|D|A ?FA D\ B D, Cs| Bg | A,
Al B|C|A IV |A| D| C|RB A|C|B|D Cpg| D, Ay | Bs
Complete Randomized Latin Graeco-Latin
Randomization Blocks Square Square

Fig. 9-1 Fig. 9-2 Fig. 9-3 Fig. 9-4
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Randomized blocks. When, as in Example 9.2, it is necessary to have a complete set of
treatments for each block the treatments A, B, C, D are introduced in random order
within each block I, I1, I1I, IV (see Fig. 9-2) and for this reason the blocks are referred
to as randomized blocks. This type of design is used when it is desired to control one
source of error or variability, namely the difference in blocks (rows in Fig. 9-2).

Latin squares. For some purposes it is necessary to control two sources of error or
variability at the same time, such as the difference in rows and the difference in columns.
In the experiment of Example 9.1, for instance, errors in different rows and columns
could be due to changes in soil fertility in different parts of the land. In such case it
is desirable that each treatment should occur once in each row and once in each column,
as in Fig. 9-3. The arrangement is called a Latin square from the fact that Latin let-

ters A, B, C, D are used.

Graeco-Latin squares. If it is necessary to control three sources of error or variability
a Graeco-Latin square is used, as indicated in Fig. 9-4. Such a square is essentially two
Latin squares superimposed on each other, with Latin letters A, B, C, D used for one
square while Greek letters o, 8, y, 8 are used for the other square. The additional re-
quirement which must be met is that each Latin letter must be used once and only once
with each Greek letter. When this property is met the square is said to be orthogonal.

Solved Problems

ONE-WAY CLASSIFICATION OR ONE-FACTOR EXPERIMENTS

9.1.

Prove that
> @n— P = 3 (@ &)+ 2 (D)
i, 1.k ik

We have #; —& = (x; — %;)+ (& —%). Then squaring and summing over j and k we find
3 (ap—2R = § (25— %;)2 + ‘2!: (&.— @) + 2 ‘E& (21 — & 0&;— %)

To prove the required result we must show that the last summation is zero. In order to do this
we proceed as follows.

a b
j;l (2, —®) I:'EI (i — f,'.):’

. (&~ f)[(kél fjk) - b:rj_:’ =0

sz (@ — & )&; — £)

Il
YL

i

>
since &; = + L .
! b =, ik
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9.2. Verify that (a) r = abZ, (b) r, = bZ;, (¢) X 7; = abZ, using the notation on page 307.
3

1
(@) T = szxjk = ab(ﬁazﬂ‘) = abz
(b) 7, = ?m,,c = b(% Exj&) = b
(¢} Since 7; = Emn we have
%

by part (a).

9.3. Verify the shortcut formulas (10)—(12), page 307.
We have
v = E(xﬂg"'fle = 3 (a:jz;,—2£§:jk+£2}
ik ik
= 2 _ 2
1.21': x5 — 2% a xg4 + abz
= 12’: af — 2#(ab2) + abz?

— 2
= x5 — abi?
=

- &33‘_%

using Problem 9.2(a) in the third and last lines above. Similarly
7 —&)2 = &7 — 22%; + &2
’.Ek(j. ) E(,. 2z%; + &%)

Vp
= & — 22 3 & + aba?
ik ik
'J'_'. 2 7j.
= () — 2235 + abz2
b xb

1 a b
= 3 s 21-,;_ — 22 (abz) + abz?

=1 k=1

1 a
= 3 2-:-,3 — abz?

using Problem 9.2(5) in the third line and Problem 9.2(a) in the last line.
Finally (12) follows from the fact that v =v,+ v, or v, =v— 1,

94. Table 9-7 shows the yields in bushels per acre of a certain Table 9-7
variety of wheat grown in a particular type of soil treated Alas 49 B0 49
with chemicals A, Bor C. Find (a) the mean yields for the
different treatments, (b) the grand mean for all treatments, Blar 49 a8 48
(c) the total variation, (d) the variation between treatments
and (e) the variation within treatments. Use the long Ccl49 51 B0 50

method.
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9.6.
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To simplify the arithmetic we may subtract some suitable number, say 45, Table 9-8
from all the data without affecting the values of the variations. We then ob-
tain the data of Table 9-8. 3 4 b5 4
(a) The treatment (row) means for Table 9-8 are given respectively by 2 4 3 3
. = 1 _ -1 _
1
23, = ;(4+6+5+5) = b
Thus the mean yields, obtained by adding 45 to these, are 49, 48 and 50 bushels per acre for A,
B and C respectively.
(b) 2 = é{3+4+5+4+2+4+3+3+4+5+5+5) = 4
Thus the grand mean for the original set of data is 45+ 4 = 49 bushels per acre.
(¢) Total variation = v = ,Ek(&‘jk" z)?
= B3—4P2+ @d—4)2+(b—4)2+ (4—4)?
+(2—4)2+ (4—4)2 + (B3—4)2 + (3—4)®
+(4—4)2 + (6—4)2 + (b—4)2 + (b —4)2
= 14
(d) Variation between treatments = v, = b 3 (ﬁ,-. — Z)2
i
= 4[4—4P+(@B—4)2+(b—4) = 8
(e) Variation within treatments = #, = v—v, = 14—8 = 6
Another method.
P — 3‘ (xjk - ‘Ei.)g
= (3—42+ (4—42+ (b—4)2+ (4—4)2
+(2—82+(4—8)2+(8—3)2+ (3—23)2
+(4—6)2+ (6—5)2+ (b—5)2 + (5 —b)2
= 6
Referring to Problem 9.4, find an unbiased estimate of the population variance ¢ from

(a) the variation between treatments under the null hypothesis of equal treatment
means, and (b) the variation within treatments.

F

2 = — —_— =
(a) b a—1 3—1 4
IEY Ag _l!}w — 6 _ g
R o T ogb—1) ~ 34—1D 3

Referring to Problem 9.4, can we reject the null hypothesis of equal means at (a) the
0.05 significance level? (b) the 0.01 significance level ?

~
g2

—_ Sy 4
We have F = %?D = 33

with a—1=3—-1=2 and a(b—1) = 3(4 — 1) = 9 degrees of freedom.

(2) Referring to Appendix F, with »; =2 and r; =9, we see that F o3 =4.26. Since F=6>F
we can reject the null hypothesis of equal means at the 0.05 level.
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(b) Referring to Appendix F, with », =2 and », =9, we see that F o =8.02. Since F=6<F g
we cannot reject the null hypothesis of equal means at the 0.01 level.

The analysis of variance table for Problems 9.4-9.6 is shown in Table 9-8.

Table 9-9
L. Degrees of
Variation Freedom Mean Square F
Between ]m-_-".ta’ 3—1:2 ?2 =§ = 4 F: 8‘%= i
vy = 8 b2 2" 2/3
Within Treatments, P 2 with 2,9
V= v —Vp a(b—1) = (3)}3) =9 ?31=§=§ degrees of
=14—8=6 f om
Total, ab—1=(3)(4)—1
v=14 =il

9.7. Use the shortcut formulas (10)-(12) to obtain the results of Problem 9.4.

(e) We have
§x§=9+16+25+16
' +44+16+9+9
+16 + 36 + 26 + 26
= 206
Also r = 3+4+5+4
+2+4+3+38
+4+6+65+56
= 48
2
— 2 _ T
Thus v = j§x,k ab
(48)2 —
206 — —~ = 206 — 192 = 14
(8)(4)

() The totals of the rows are
7 = 3+4+5+4 = 16

7, = 2+4+3+3 = 12
vy, = 4+6+5+56 = 20

Also T = 16+12 4+ 20 = 48
_ 1 _

Then v, = b ; 1-]2 b
S (s 2 oy _ (482 200 — 192 =
= 4(16 + 122 4 202) (3)(4) 00 92 8

(c) Vp = v—v, = 14—8 = 6
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It is convenient to arrange the data as in Table 9-10.

Table 9-10
i 7
Al3 4 b 4 16 256
B2 4 3 38 12 144
Cl14 6 b b 20 400
T =27 32
zﬁ‘ = 206 ? 3 T
hk = 48 = 800
(48)2
— 206 —
v 6 3)4) 14
_ 1 (800) — (48)2
v = 3800~ 15
The results agree with those obtained in Problem 9.4 and from this point the analysis proceeds

as before.

98. A company wishes to purchase one of five different Table 9-11

machines A, B,C, D, E. In an experiment designed to Ales 72 75 42 B3
decide whether there is a difference in performance of

the machines five experienced operators each work on B172 b2 63 b6 48
the machines for equal times. Table 9-11 shows the cleo 82 6 7 76
number of units produced. Test the hypothesis that

there is no difference between the machines at the D148 61 57 64 B0
(a) 0.05, (b) 0.01 level of significance. Eles 65 70 68 B3

Subtract a suitable number, say 60, from aill the data to obtain Table 9-12.

Then

Table 9-12

| 2

A 8 12 16 -—18 -7 10 100
B 12 -8 3 -5 -2 0 0
c 0 22 N 6 17 15 60 | 3600
D | —12 1 -3 4 —10 |-20 | 400
E 4 b 10 8 -1 20 400
Zaf, = 2366 70 | 4500

v = 2356 — %‘?% 2366 — 246 = 2111
vy = %(4500) - g)—[?; 900 — 246 = 655
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We now form Table 9-13.

Table 9-13
. Degrees of
Variation Freedom Mean Square F
Between Treatments, 72
o a—1=4 | 32="5% _ 16375 | F =t = 2.2
Uy = 656 4 L
Within Treatments, | a(b—1) = 5(4) | 1466
82 = ——+- = T2.8
v,, = 1466 =20 (6)(4)
Totals,
ons ab—1 =24
v = 2111

For 4, 20 degrees of freedom we have F gy = 2.87. Thus we cannot reject the null hypothesis at a
0.05 level, and therefore certainly cannot reject it at a 0.01 level.

MODIFICATIONS FOR UNEQUAL NUMBERS OF OBSERVATIONS

9.9. Table 9-14 shows the lifetimes in hours of Table 9-14
samples from three different types of tele-
vision tubes manufactured by a company.
Using the long method, test at (a) the 0.05, Sample 2 | 404 406 408 406 402
(b) the 0.01 significance level whether there
is a difference in the three types.

Sample 1 | 407 411 409

Sample 3 | 410 408 406 408

It is convenient to subtract a suitable number, say 400, obtaining Table $-15.

Table 9-15
Total Mean
Samplel | 7 11 9§ 27 9
Sample2 | 4 6 8 b5 2 25 b
Sampled |10 8 6 8 32 8
£ = Grand mean = % = 7

In this table we have indicated the row totals, the sample or group means and the grand mean.
We then have

Lrd Lrd 1 411 1 Era Vs Lri ]
T— —iyF = e

LY mo s s A
Iy T AL =y 7T "7 T\

o
|
M
0

o e ==\
& — %)~ =

S
=

vy, = E(tj'_t)g = ?ﬂ}({f}_—-‘]—?rz
= 80—+ 5(T—5)2+48—T)?2 = 36
vy — v— v, = T2—36 = 36

‘We can also obtain v,, directly by observing that it is equal to
(T—9N24+ (11 —-924+ (9 -2+ (4-52+(6—52+ (8—52+ (b— by
+ (2—5)2+ (10 —8)2+ (B—~B)2+ (6 —B)2 + (B—8)2
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The data can be summarized in the analysis of variance table, Table 9-16.

Table 9-16
Variation Deg of Mean Square F
Freedom
~ 36

v, = 36 a—1=2 sg‘—"—z—zls ?ﬁ_}ﬁ
22 7 4
52 4

=4
v, = 36 n—a=29 ?3,=%=4 b

Now for 2 and 9 degrees of freedom we find from Appendix F that F g3 = 4.26, F gy = 8.02. Thus
we can reject the hypothesis of equal means (i.e. no difference in the three types of tubes) at the
0.05 level but not at the 0.01 level.

Work Problem 9.9 by using the shortcut formulas included in (24), (25) and (26).
From Table 9-15,

ﬂ1=3, ﬂ2=5, n, =4, n=12, 1'1_:27; 72_:25, 7q = 32, 7=84

Thus we have
(84)2

= 2 T _ o 2 4 e 2 — =
v —LEkx,-,‘ o = T+ + 6+ - = 72
_osT L oem e @ e _ g
o T &% T 3 5 4 12
v, = v — v, = 36

Using these the analysis of variance then proceeds as in Problem 9.9.

TWO-WAY CLASSIFICATION OR TWO-FACTOR EXPERIMENTS

9.11.

Table 9-17 shows the yields per acre of four different plant crops grown on lots treated
with three different types of fertilizer. Using the long method, test at the 0.01 level of
significance whether (a) there is a significant difference in yield per acre due to fer-
tilizers, (b) there is a significant difference in yield per acre due to crops.

Table 9-17
Crop I Crop II | Crop HI | Crop IV
Fertilizer A 45 6.4 72 6.7
Fertilizer B 8.8 7.8 9.6 7.0
Fertilizer C 5.9 6.8 5.7 5.2

Compute the row totals and row means, as well as the column totals and column means and
grand mean, as shown in Table 9-18,
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Table 9-18
Row Row
Crop 1 Crop 11 Crop III | Crop IV Totals Means
Fertilizer A 4.b 6.4 7.2 6.7 24.8 6.2
Fertilizer B 8.8 78 9.6 7.0 33.2 8.3
Fertilizer C 5.9 6.8 6.7 5.2 23.6 5.9
Column Grand total
Totals 19.2 21.0 22.6 18.9 — 816
Column Grand mean
6.4 .0 - :

Means 7 75 6.3 = 6.8

v, = Variation of row means from grand mean
= 4[(6.2 — 6.8)2 + (B3 —6.8)2 + (5.9 — 6.8)?] = 13.68

v, = Variation of column means from grand mean
= 3[(6.4 — 6.8)2 + (7.0 — 6.8)2 + (7.6 — 6.8)% 1 (6.3 —6.8)2] = 2.82

v = Total variation
= (4.5— 6.8)2 4 (6.4 — 6.8)2 + (7.2 — 6.8)2 + (6.7 — 6.8)2
+ (B.8 — 6.8)2 4+ (7.8 — 6.8)2 + (9.6 — 6.8)2 + (7.0 — 6.8)2
+ (5.9 — 6.8)2 -+ (6.8 — 6.8)2 + (5.7 — 6.8)? + (5.2 — 6.8)2
= 23.08

v, = Random variation = v — v, — v, = 6.b8

This leads to the analysis of variance in Table 9-19.

Table 9-19
Variation Degrees of Mean Square F
Freedom
F =%2/82=6.24
v, = 13.68 2 §2=6.84 82
df: 2, 6
F =%2/82 = 0.86
v, = 2.82 3 £2 = 0.94 “re
df: 3,6
v, = 6.58 6 £2 = 1.097
v = 23,08 11

At the 0.05 level of significance with 2, 6 degrees of freedom, F g; = 5.14. Then, since 6.24 > b.14,
we can reject the hypothesis that the row means are equal and conclude that at the 0.05 level there
is a significant difference in yield due to fertilizers.

Since the F' value corresponding to differences in column means is less than 1 we can conclude
that there is no significant difference in yield due to crops.
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9.12. Use the short computational formulas to obtain the results of Problem 9.11.
We have from Table 9-18:

Sah = (452 + (642 + --- + (522 = b77.96
i.k

+ = 248 + 332 + 236 = 816

S = (2482 + (3827 + @36 = 227424

B2 = (192) + (2102 + (2252 + (18972 = 1673.10

Then o
— 2 _ T — =

o= Zd- 5 577.96 — 5b54.88 23.08

v, = 13,27 _ Llooniog — 5oass = 13.68

r b2 ab 4 C2T4 :

v = 132 - ™ _ Lliugrai) — 55488 = 2.82

e a K ab 3 ) ' :

ve = v — v, — v, = 23.08 — 1368 — 282 = 6.8

in agreement with Problem 9.11.

TWO-FACTOR EXPERIMENTS WITH REPLICATION

9.13. A manufacturer wishes to determine the effectiveness of four types of machines, A, B,
C, D, in the production of bolts. To accomplish this the number of defective bolts pro-
duced by each machine on the days of a given week are obtained for each of two shifts.
The results are indicated in Table 9-20. Perform an analysis of variance to test at the

0.05 level of significance whether there is (@) a difference in machines, (b) a difference
in shifts.

Table 9-20
FIRST SHIFT SECOND SHIFT
Mon Tues Wed Thurs Fri Mon Tues Wed Thurs Fri
A 6 4 b b 4 5 7 4 6 B
B 10 8 7 7 9 7 9 12 8 B
C 7 5 6 5 9 9 7 b 4 6
D B 4 6 b b b i 9 T 10

The data can be equivalently organized as in Table 9-21. In this table the two main factors,
namely Meachkine and Shift, are indicated. Note that for each machine two shifts have been indicated.

The days of the week can be considered as replicates or repetitions of performance of each machine
for the two shifts.
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Table 9-21
FACTOR 1| FACTOR 1l REPLICATES
Machine Shift Mon Tues Wed Thurs Fri TOTALS
A 1 6 4 b b 4 24
2 b 7 4 6 8 30
B {1 10 B T T 9 41
% 2 7 9 12 8 8 44
c 1 7 b 6 b 9 32
2 7 b 4 6 31
D 1 8 4 6 b b 28
2 b T 9 7 10 38
TOTALS b7 bi b4 47 by 268

The total variation for all data of Table 9-21 is
2
v=6+@+5rt e+ 100 - EBE = 1046 — 17056 = 1504
In order to consider the two main factors, Machine and Shift, we limit our attention to the total

of replication values corresponding to each combination of factors. These are arranged in Table
9-22, which thus is a two-factor table with single entries.

Table 9-22
First Shift Second Shift TOTALS
A 24 30 b4
B 41 44 8b
C 32 3 | 63
D 28 38 66
TOTALS 125 143 268

The total variation for Table 9-22, which we shall call the subtotal variation v, is given by

_ {(24)® | (41)2 | (32)2  (28)2 ,k (30)2 | (44)2 , (81)2 | (3B)? (268)2
=5 vt vt vt vt st s 40

= 1861.2 — 1796.6 = 6b.6

Vg

The variation between rows is given by

_ (542  (86)% . (63) . (66)2 (268)2 _ _ -
v =T+t 10t 10 70 = 1846.6 — 17956 = 610

The variation between columns is given by

_ (1262 | (143)* _ (268)
Ve = 5o T35 20

= 1803.7 — 1796.6 = 8.1

If we now subtract from the subtotal variation v, the sum of the variations between rows and col-
umns (v, + v.) We obtain the variation due to interaction between rows and columns. This is given by

v — vy— v, — v, — 6b.6—b610—81 = &5
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Finally the residual variation, which we can think of as the randem or error variation v, {provided
we believe that the various days of the week do not provide any important differences), is found by
subtracting the sum of the row, column and interaction variations (i.e. the subtotal variation) from
the total variation v. This yields

Ve = v—(v,tv.+v) = v— v, = 1504 — 656 = B4.8

These variations are indicated in the analysis of variance, Table 9-23. The table also gives the num-
ber of degrees of freedom corresponding to each type of variation. Thus, since there are 4 rows in
Table 9-22 the variation due to rows has 4 — 1 = 3 degrees of freedom, while the variation due to
the 2 columns has 2 — 1 = 1 degree of freedom. To find the degrees of freedom due to interaction
we note that there are 8 entries in Table 9-22. Thus the total degrees of freedom is 8 ~1="17.
Since 3 of these are due to rows and 1 to columns, the remainder, 7— (3+1) = 3, is due to interaction.
Since there are 40 entries in the original Table 9-21 the total degrees of freedom is 40--1 = 39.
Thus the degrees of freedom due to random or residual variation is 39 — 7 = 32.

Table 9-23
Variation Dl'-‘ff;:;;:f Mean Square F
Rows (Machines), 9 82 = 17.0 170 _ 49
v, = 51.0 ' eI 265
y = Bl
Columns (Shifts), : 22— g1 81 _ 1.06
v = 8.1 * 2.65
Interaction, A~ 2.167
: 2 = 2. S - 0.817
v; = 6.5 ; % 2167 2.65 081
Subtotal, 7
vy, = 65.6
Random or Residual,
6is 32 32 = 266
v, =
Total,
49
v = 150.4

To proceed further we must first determine if there is any signifieant interaction between the
basic factors (i.e. rows and columns of Table 9-22). From Table 9-23 we see that for interaction
F = 0.817, which shows that interaction is not significant. i.c. we cannot reject hypothesis H® of
page 315. Following the rules on page 315, we see that the computed F for rows is 6.42. Since
F g5 = 2.50 for 3, 32 degrees of freedom we can reject the hypothesis H{ that the rows have equal
means. This is equivalent to saying that at the 0.05 level we can conclude that the machines are
not equally effective.

For 1, 32 degrees of freedom F,; = 4.156. Then since the computed F for columns is 3.06, we
cannot reject the hypothesis H{®' that the columns have equal means. This is equivalent to saying
that at the 0.05 level there is no significant difference between shifts.

If we choose to analyze the results by pooling the interaction and residual variations as rec-
ommended by some statisticians, we find for the pooled variation and pooled degrees of freedom
v+ v, = 6.5+ 848 = 91.3 and 3+ 32 = 356 respectively, which lead to a pooled variance of
91.3/385 = 2.61. Use of this value instead of 2.65 for the denominator of F in Table 9-23 does not
affect the conclusions reached above.
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9.14. Work Problem 9.13 if the 0.01 level is used.

At this level there is still no appreciable interaction, so we can proceed further.

Since F gy = 4.47 for 8, 82 df and since the computed F' for rows is 6.42, we can conclude that
even at the 0.01 level the machines are not equally effective.

Since F g9 = 7.51 for 1, 32 df and since the computed F for columns is 3.06, we can conclude
that at the 0.01 level there is no significant difference in shifts.

LATIN SQUARES
9.15. A farmer wishes to test the effects of four different Table 9-24

fertilizers, A, B, C, D, on the yield of wheat. In or-

. . e n oe1s A1l 2 D
der to eliminate sources of error due to variability sl oczn % | B1
in soil fertility he uses the fertilizers in a Latin D22 | B12| A 15 C 19
square arrangement as indicated in Table 9-24,
where the numbers indicate yields in bushels per Bi15 | A20| c23 | D24
unit area. Perform an analysis of variance to de-
termine if there is a significant difference between cC22 | D21| B10 | A 17
the fertilizers at the (a) 0.05 and (b) 0.01 levels of
significance.

Table 9-25
TOTALS

A18 | C21 | P25| B 11 76 Table 9-26

D 22 B 12 A 16 C 19 68 A B C D

B 156 A 20 C 23 D 24 82 TOTAL 70 48 8b 02 206

C 22 D 21 B 10 A 17 70
TOTALS 77 74 73 71 296

We first obtain totals for rows and columns as indicated in Table 9-25. We also obtain total
yields for each of the fertilizers as shown in Table 9-26. The total variation and the variations for
rows, columns and treatments are then obtained as usual. We find

Total variation = v = (18)2 + (21)2 + (26)2 4 -+ + (10)2 4 (17)2 — (?'f—g]z
— 5769 — 5430.06 = 829.94

(75)* , (68)2 | (822 | (702 _ {2?5)2
4 4 4 4 16

5468.25 — 5439.06 — 20.19

Variation between rows = », =

2 2 2 2
Variation between columns = v, = (7:} + [7:}2 + (743) + {7:} - (23?

= b443.75 — b439.06 — 4.69

2 2 2
Variation between treatments = v, = (72) + (421 + {85}2 + (942)2 - {2??

= b723.26 — b439.06 = 284.19
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The analysis of variance is now shown in Table 9-27.

(b)

Table 9-27
Variati Degrees of M S F
ariation Freedom ean Square
Rows, 20.10 3 Q.73 4.92
Columns, 4.69 3 1.563 0.79
Treatments, 284.19 3 94.73 47.9
Residuals, 11.87 6 1.978
Total, 329.94 15

Since F g5, = 4.76, we can reject at the 0.05 jevel the hypothesis that there are equai row
means. It follows that at the 0.05 level there is a difference in the fertility of the soil from
one row to another.

Since the F value for columns is less than 1, we conclude that there is no difference in soil
fertility in the columns,

Sinee the F wvalue for treatments is 47.9 > 4.76, we can conclude that there is a difference
between fertilizers.

Since Flgy 3¢ = 9.78, we can accept the hypothesis that there ig no difference in soil fertility in
the rows (or the columns) at a 0.01 level of significance. However, we must still conclude that
there is a difference between fertilizers at the 0.01 level.

GRAECO-LATIN SQUARES

9.16. It is of interest to determine if there is any difference in mileage per gallon between
gasolines A, B, C, D. Design an experiment using four different drivers, four different

care and four different reoads

9.17.

AP REAARE AW RA E R L i il ) 3% A SR LARTe

Since the same number (four) of gasolines, drivers, cars and

roads are involved we can use a Graeco-Latin square. Suppose Table 9-28
that the different cars are represented by the rows and the dif-
ferent drivers by the columns, as indicated in Table 9-28. We DRIVERS
now assign the different gasolines A, B, C, D to rows and col- 1 2 3 4
umns at random, subject only to the requirement that each letter
appears just once in each row and just once in each column. By | A4g | Ds | Co
Thus each driver will have an opportunity to drive each car and
use each type of gasoline (and no car will be driven twice with » As | By | C, | Dy
the same gasoline). -

We now assign at random the four roads to be used, denoted © Do | Co | By | 4y
by «, B, v, 8, subjecting them to the same requirement imposed
on the Latin letters. Thus each driver will have the oppor- Cs | Dy | Aa | Bs

tunity to drive along each of the roads also. One possible
arrangement is that given in Table 9-28,

Suppose that in carrying out the experiment of Problem 9.16 the numbers of miles per
gallon are as given in Table 9-29. Use analysis of variance to determine if there are
any significant differences at the 0.05 level.
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We first obtain row and column totals as shown in Table 9-30.

Table 9-29 Table 9-30
DRIVERS TOTALS
1 2 3 4 B,19 | Ay16 | Ds 16 | C, 14 65
1|{B,19| A316 | Ds 16 | C, 14
A; 16 | B, 18 | C, 11 | D, 16 59
w 2|A4,16| B, 18| C, 11 | Dy 15
z wE | D,14 | C5 11 | By 21 | A, 16 62
© 3|D,14| Cy11| By 21| A, 16
Cs;16 | D, 16 | A, 15 | B, 23 70
4]Cp16) D, 16| A, 15 | B; 23
TOTALS 64 61 63 68 256

Then we obtain totals for each Latin letter and for each Greek letter, as follows:
Atotal: 15+ 16+ 15+ 16 = 62
B total: 19+ 18 + 21 4- 28 = 81
C total: 16 + 11 +11 + 14 = 52
D total: 14+ 16 4+ 16 + 16 = 61

etotal: 14+ 18+ 16+ 14 = 61
Btotal: 16416+ 21 + 16 = 68
y total: 19 + 16 + 11 + 16 — 62
8 total: 15411+ 16+ 23 = 66

We now compute the variations corresponding to all of these, using the shorteut method.

2 2 2 2 2
Rows: (GF ., B3 (21, (TOF _ 255F — 411260 — 4096 = 1660
2 2 2 2 2
Columns: (6:’ +‘6:’ +‘Gi" +(e;3) —‘2152} = 4102.60 — 4096 = 6.50
2 2 v 2 2
Gasolines: (027 4 (B1)2  (62)2 | (61) —‘2fg]' = 4207.50 — 4096 = 111.50
@a,cnp ¢ 4 4 4
2 2 2 2 2
Roads: {6;’ +‘ﬁfj +wf’ +{6:'} - [215? — 4103.50 — 4096 = 7.50
(ﬂ’v ﬁtY!s}

The total variation is

2
(19)2 + (16)2 + (16)2 + - -+ + (15)2 + (28)2 — (21%- ~ 4244 — 4096 = 148.00

so that the variation due to error is

148.00 — 16.50 — 6.50 — 111.50 — 7.50 = 6.00

The results are shown in the analysis of variance, Table 9-31. The total number of degrees of
freedom is »2 —1 for an n X n square. Rows, columns, Latin letters and Greek letters each have n — 1
degrees of freedom. Thus the degrees of freedom for error is #2—1—4(n—1) = (n— 1}(n — 8).
In our case n = 4.
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Table 9-31
Variati Degrees of Mean Squar F
ariation Freedom €
Rows (Cars), 5.600
16.50 3 5.500 2.000 — 2.76
Columns (Drivers), 3 2167 2167 _ 08
6.50 2.000
Gasolines 37.167
(Ar Bv Cr D )s a7, s =
3 37.167 3000 18.6
111.60
Roads 2.500
yBsYs® k 3 = =
(@ B, 8), 3 2.500 Zo00 = 125
7.60
Error,
3 2.000
6.00
Total,
15
148.00

We have Fg; 33— 9.28 and Fgg 33 = 29.5. Thus we can reject the hypothesis that the gaso-
lines are the same at the 0.05 level but not at the 0.01 level.

MISCELLANEOUS PROBLEMS
9.18. Provethat X o, = 0 [(15), page 308].

9.19.

(¢) By definition we have

using (16) of Chapter 5.

The treatment population means are given by p; = p+e; Hence

a
u+ E‘“j = ﬂp+‘2'a’- =

— p— "t e
F=5x =1 J— A F=1

where we have used the definition u = (Zg;)/a. It follows that 2e; = 0.

Derive () equation (17), (b) equation (16), on page 308.

Vo = Ez (xﬁ: - ii-)z

a b

where Sf is the sample variance for the jth treatment, as defined by (15), Chapter 5. Then,
since the sample size is b,

E(Vy)

b 121 E(S3)
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9.20.

9.21.

(b) By definition,

vV, = b’El (X, — X2

b’i X} — 2bX :iu X; + abX2
=¢1 =

a
= b 3 X} — abX2
=1

. o (e /.. N L i
since = s [+ % Then, omitting the summation index, we have
(%) / . g

(1) E(Vy) = b3 EX]) — obE(X?)

Now for any random variable U, E(U?) = Var(U) + [E(U)]2. Thus

(2) E®X}) = Var(X)) + [E(X;)]2
) EX?) = Var(X) + [EX)?
But since the treatment populations are normal, with means p; and common variance o2, we
have from Theorem 5-4, page 158:
2
4) var(X;) = %
®) Var () = %
(6) EX;)) = n = 2to
7) E(i) = nu

Using the results (2)~(?), plus the result of Problem 9.18, in (1) we have
2 2
E(Vy) = b3 [% + (e + aj)"] - Gb[:—b + ”g]
= a4+ b2 (u+a)? — o — aby?

= (@—1)o? + abp® + 2bp B a; + b 2 af — abu?
= (@a—1)o + b Z o}

Prove Theorem 9-1, page 309.

As shown in Problem 919(0,),
= b E S} or

i=1

Th
I
M=

3t

e auar Jegrees eedom

By Theorem 5-6, page l.cu., voi'.w' has a chi-square distribution 1 degrees of freedom.
Then, since the variances S? are independent, we conclude from Theorem 4-4, page 116, that V,/o?
is chi-square distributed wit.h a(b — 1) degrees of freedom.

where S? is the sample vanance for samples of size b drawn from the population of treatment j.
mee bl L
w

In Problem 9.13 we assumed that there were no significant differences in replications,
i.e. the different days of the week. Can we support this conclusion ata (e) 0.05, (d) 0.01
significance level ?

If there is any variation due to the replications it is included in what was called the residual
or random error, v, = 84.8, in Table 9-23. To find the variation due to replication we use the
column totals in Table 9-21, obtaining
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_ (672 | (b1 | (B4)2 | (47)* | (69)2 _ (268)2
Yrep = g + 8 + 8 + 8 + B 40
= 1807 — 17956 = 114

Since there are 5 replications, the number of degrees of freedom associated with this variation is
65— 1 = 4. The residual variation after subtracting variation due to replication is »}/=84.8—-114 =
78.4. The other variations are the same as in Table 9-23. The final analysis of variance table,
taking into account replications, is Table 9-32,

. as Degrees of
Variation Freedom Mean Square F
Rows (Machines), 17.0 _
v, = B1.0 3 17.0 2621 — 6.49
Shifts
Columns (Shifts), 1 8.1 Bl _ 305
7, = 81 2.621
Replications 285
Days of Week), == = ],
(Day ) 4 2.86 2.621 1.09
Vpep = 11.4
Interaction, 2167 _
v = 65 3 2.167 2621 — 0.827
Rand Residual,
ndom or nesidua 28 2.621
v} = 734
Total,
39
v = 160.4

From the table we see that the computed F for replication is 1.09. But since Fg; = 2.71 for
4, 28 degrees of freedom, we can conclude that there is no significant variation at the 0,05 level (and
thus at the 0.01 level) due to replications, i.e. the days of the week are not significant. The con-
clusions concerning Machines and Shifts are the same as those obtained in Problem 9.18.

Describe how analysis of variance techniques can be used for three-way classification
or three-factor experiments (with single entries). Display the analysis of variance
table to be used in such case.

We agsume that classification is made into A-groups, denoted by Ay, ..., A ; B-groups, denoted
by By, ..., By; and C-groups, denoted by Cy, ..., C.. The value which is in A;, By and C, is denoted
by 2;- The value 2 , for example, denotes the mean of values in the C-class when A; and By, are
kept fixed. Similar meanings are given to #;; and ;. The value #; _is the mean of values for
the B- and C-classes when A; is fixed. Finally # denotes the grand mean.

There will be a tofal varietion given by
(1 vo= 3 (g 5P

$kal

which ean be broken into seven variations, as indicated in Table 9-83. These variations are between
classes of the same type and between classes of different types (interactions). The interaction be-
tween all clagses is as before called the residual or random variation.

The seven variations into which (1) can be broken are given by

L — vA+vB+v¢+vm+vB¢+v¢A+vABC
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where
vy = be ; (B, — 22, vg = ca g (Ey. — 22, wve = ab ? (® ,—%)*
Vap = © !2!: (®g, — %5, — &, + %P
Vpe T @ "2‘ Ep—Ep— %+ )2
vea = b ﬁ (&, —2 % +&)2
Vagc = _l%l g — Epe, — Fju— Bpa+ &5+ By +E —F)P
Table 9-33
Variation Degrees of Freedom Mean Square F
v, (between -1 224 83/5c
A-groups) 4 e—1 a—1, (@a—1)(b—1)(c — 1) df
vg (between b—1 p2—_UB 83/5%c
B-groups) B b—1 b—1, (@— 1)(b—1)(c—1) af
ve (between e—1 22— Ve 33@%
C-groups) € e—1 c—1, (a—1)(b—1)(c —1) df
vap (between A- (@—1)b—1) 2 — Vap %23@33(!
and B-groups) AB - (a=1)b—1) j(a—1}b—1),(e—1)(b— 1} c—1) df
vpc (between B- & —1)c—1) 22 — Vuc 325,
and C-groups) BC — (b—1)(c—1) (b —1)e—1),(a— 1)(b — L)(c — 1) df
. v §2,/82
vca (between C (c— 1)(a—1) 82, = = 1}*‘-;: =" cal SaBC

and A-groups)

(e—1)a—1),(a— 1)(d—1)c—1) df

Yagc (between

Vapce
A-,B-and | (a—1)b—1)e—1) (82 = ——7—
C-groups) BC {a—1}b—1}c—1)
v (total) abe — 1
Supplementary Problems
ONE-WAY CLASSIFICATION OR ONE-FACTOR EXPERIMENTS Table 9-34
9.23. An experiment is performed to determine the yields of b different Al20 12 15 19
varieties of wheat, A, B, C, D, E. Four plots of land are assigned - B — 12 12 16
to each variety and the yields (in bushels per acre) are as shown in 17
Table 9-84. Assuming the plots to be of similar fertility and that C|l2 16 18 14
varieties are assigned at random to plots, determine if there is a _D 5 17 2 12
significant difference in yields at levels of significance (e) 0.05, - —
(b) 0.01. Ejl21 14 17 18
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A company wishes to test 4 different types of tires, A, B, C, D, The lifetimes of the tires, as deter-
mined from their treads, are given (in thousands of miles) in Table 9-35, where each type has been
tried on 6 similar automobiles assigned at random to tires. Test at the (a) 0.05, (b) 0.01 levels
whether there is a difference in tires.

A teacher wishes to test three different teaching methods, I, II, III. To do this, three groups of
b students each are chosen at random, and each group is taught by a different method. The same
examination is then given to all the students and the grades in Table 9-36 are obtained. Determine
at (a) the 0.05, (b) the 0.01 level whether there is a significant difference in the teaching methods.

Table 9-35 Table 9-36
33 38 36 40 31

Method I 7% 62 T1 5B T8

31 37 36 33 34

36
32 40 42 38 30 34 Method IT | 81 85 68 92 90
30 Method IIT | 78 99 60 176 81

S|a| W >

20 34 32 30 33 A

MODIFICATIONS FOR UNEQUAL NUMBERS OF OBSERVATIONS

9.26.

9.27.

9.28.

Table 9-37 gives the numbers of miles to the gallon obtained by similar automobiles using § differ-
ent brands of gasoline. Test at the (o) 0.05, (b) 0.01 level of gignificance whether there is any
significant difference in brands,

During one semester a student received grades in various subjects as shown in Table 9-38. Test at
the (a) 0.05 and (b) 0.01 levels whether there is any significant difference in his grades in these
subjects.

Table 9-37 Table 9-38
Brand A |12 16 14 11 15 Mathematics | 72 80 83 76
Brand B| 14 12 1b Science 81 74 M
BrandC | 11 12 10 14 English 88 82 90 87 80
Brand D | 16 18 16 17 14 Economics 4 71 77 70
Brand E | 10 12 14 12

Prove the results (24), (25) and (26), page 310, for the case where numbers of observations are
unequal.

TWO-WAY CLASSIFICATION OR TWO-FACTOR EXPERIMENTS

9.29.

9.30.

e
1Y)

Prove the result (30), page 311.

Prove the short formulas (81)—(84), page 311.

Articles ma

ctured bv a comnany are nroduced bv 2 gnerator
T T OEEESSpTTEAy SR pt e D -

ufactured by oduced by rators using 8 different machines, The
manufacturer wishes to determine whether there is a difference (a) between operators, (b) between
machines. An experiment is performed to determine the number of articles per day produced by
each operator using each machine; the results are given in Table 9-39. Provide the desired infor-

mation using a level of significance of 0.05.

Table 9-39
Operator 1 Operator 2 Operator 3

Machine A 23 27 24
Machine B 34 30 28
Machine C 28 26 27
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9.32.

9.33.

9.34.

9.35.

9.36.

9.37.

Work Problem 9.31 using a 0.01 level of significance. Table 9-40
TYPES OF CORN
Seeds of 4 different types of corn are planted in 5 blocks. I I I v

Each block is divided into 4 plots, which are then ran-

domly assigned to the 4 types. Test at a 0.05 level

whether the yields in bushels per acre, as shown in

Table 9-40, vary signifieantly with (e) soil differences BLOCKS
{i.e. the b blocks), (b) differences in type of corn.

12 16 10 14
16 19 12 11
14 18 156 12
11 16 12 16
18 17 11 14

10 LN i1 i4s

YO m

Work Problem 9.88 using a 0.01 level of significance.

Suppose that in Problem 9.24 the first observation for each type of tire is made using one particular
kind of automobile, the second observation using a second particular kind, and so on. Test at the
0.05 level if there is a difference in (a) the types of tires, (b} the kinds of automobiles.

Work Problem 9.85 using a 0.01 level of significance.

Suppose that in Problem 9.25 the first entry for each teaching method corresponds to a student at
one particular school, the second to a student at another school, and so on. Test the hypothesis at
the 0.05 level that there is a difference in (a) teaching methods, (b) schools.

9.38. An experiment is performed to test whether color Table 9-41
of hair and heights of adult female students in
the United States have any bearing on scholastic Redhcad _Blonde Brunette
achievement. The results are given in Table 9-41, Tall 5 78 80
where the numbers indicate individuals in the top
109 of those graduating. Analyze the experiment Medium 81 76 79
at a 0.0b level.
Short 73 75 77
9.39. Work Problem 9.38 at a 0.01 level.
TWO-FACTOR EXPERIMENTS WITH REPLICATION Table 9-42
9.40. Suppose that the experiment of Problem 9.23 was carried out in the Al16 18 2 23
southern part of the United States and that the columns of Table 9-34
now indicate 4 different types of fertilizer, while a similar experi- Blis 17 16 19
ment performed in the western part yields the results in Table 9-42.
Test at the 0.06 level whether there is a difference in (e) fertilizers, cl2r 19 18 21
() locations.
D|18 22 21 23
941. 'Work Problem 9.40 using a 0.01 level. El1r 18 2¢ 20
942. Table 9-43 gives the number of articles produced by 4 different operators working on two different

types of machines, f and ii, on different days of the week. Determine at the 0.06 ievel whether there
are significant differences in (a) the operators, (b) the machines.
Table 9-43

Machine I Machine I

Mon Tues Wed Thurs Fri Mon Tues Wed Thurs Fri
Operator 4 16 18 17 20 12 14 16 18 17 15
Operator B 12 16 14 18 11 11 15 12 16 12
Operator C 14 17 18 16 13 12 14 16 14 11
Operator D 19 16 21 23 18 17 15 18 20 17
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LATIN SQUARES

9.43. An experiment is performed to test the effect on corn yield Table 9-44
of 4 different fertilizer treatments, A, B, C, D, and of soil
variations in two perpendicular directions. The Latin ¢8| 410 D12} EB1
square Table 9-44 is obtained, where the numbers indicate
corn yield per unit area. Test at a 0.01 level the hypothe-
gis that there is no difference in (a) fertilizers, (b) soil

Al14 ) C12 | B11 | D 15

variations. D10 | B14 | C16 | A 10
9.44. Work Problem 9.43 using a 0.05 level. B 7| D16 Al4 | Ciz
9.45. Referring to Problem 9.38 suppose that we introduce an additional Table 9-45

factor giving the section E, M, or W of the United States in which E 75| W1 | M 80
a student was born, as shown in Table 9-45. Determine at a
0.05 level whether there is a significant difference in scholastic MBlL | E 7| WT9
achievement of female students due to differences in (a) height,
(b) hair color, (c) birthplace. W | M7 | E T

GRAECO-LATIN SQUARES Table 9-46

9.46. In order to produce a superior type of chicken W, W W3 W,
feed, 4 different quantities of each of two
chemicals are added to the basic ingredients. Si) G 8 By 6 4a B D; 6
The different quantities of the first chemical

are indicated by A, B, C, D while those of the S| A 4 | Do 3 | G T | B, 3
second chemical are indicated by «, 2, ¥, 8.
The feed is given to baby chicks arranged in S3| Dg b A, 6 Bs b Co 6
groups according to 4 different initial weights,
Wy, Wa, Wg, Wy, and 4 different species, S|, S, S, B, 6 C; 10 D, 10 Ag B

83, 83 The increases in weight per unit time
are given in the Graeco-Latin square of Table 9-46. Perform an analysis of variance of the experi-
ment at a 0.05 level of significance, stating any conclusions which can be drawn.

947. Four different types of cables, Ty, Ty, Ty, T4, are manufactured by each of 4 companies, C,, Cy, Cg, C,.
Four operators, A, B, C, D, using four different machines, a, 8, v, 8, measure the cable strengths.
The average strengths obtained are given in the Graeco-Latin square of Table 9-47. Perform an
analysis of variance at the 0.05 level, stating any conclusions which can be drawn.
Table 9-47
Cl Cﬁ CS C‘l

T, Ap 164 | B, 181 C, 193 | D; 160

7,| €, 11 D, 162 A, 183 B 145

T,| D, 198 Cp 212 Bs 207 A, 188

7.| B, 157 Ay 172 Dy 166 C, 136

MISCELLANEOUS PROBLEMS

948. Table 9-48 gives data on the accumulated rust on iron treated with chemical A, B or C, respectively.
Determine at the (a) 0.05, (b) 0.01 level whether there is a significant difference in the treatments.

Table 9-48 Table 9-49
Al3 b 4 4 Tall 110 105 118 112 90
Bl4 2 3 38 Short 95 108 115 107

Cl6 4 5 5 Medium | 108 112 93 104 96 102
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9.49.

9.50.
9.51.

952,

9.53.

9.54.

955.

9.56.

9.57.

9.58.
9.59.
9.60.

9.61.

9.62.

An experiment measures the 1.Q.’s of adult male students of tall, short and medium stature. The
results are indicated in Table 9-49. Determine at the (a) 0.05, (&) 0.01 level whether there is any
significant difference in the I.Q. scores relative to height differences.

Prove (a) equation (37), (b) equation (38), page 312.
Prove (a) equation (39), (b) equation (40), page 312.

An examination is given to determine whether veterans or nonveterans of different 1.Q.’s performed
better. The scores obtained are shown in Table 9-50. Determine at the 0.05 level whether there is
a difference in scores due to differences in (a) veteran status, (b) 1.Q.

Table 9-50
High 1.Q. Medium 1.Q. Low 1.Q.
Veteran 90 81 74

Nonveteran 85 78 70

Work Problem 9.52 using a 0.01 level. Table 9-51
High Medium Low

Table 9-51 shows test scores for a sample of college
students from different parts of the country having East 88 80 72
different I.Q.’s. Analyze the table at a 0.05 level of
significance and state your conclusions. West 84 8 75
‘Work Problem 9.54 at a 0.01 level. South 86 82 70
In Problem 9.42 can you determine whether there is North
a significant difference in the number of articles pro- & Central B0 75 79
duced on different days of the week? Explain.

In analysis of variance calculations it is known that a suitable constant can be added or subtracted
from each entry without affecting conelusions. Is this also true if each entry is multiplied or divided
by a suitable constant? Justify your answer.

Derive the results (48) and (4£), page 312.
Prove Theorem 9-2, page 309.
Prove Theorem 9-3, page 309,

Suppose that the results in Table 9-48 of Problem 9-48 hold for the northeastern part of the United
States, while corresponding results for the western part are given in Table 9-52. Determine at the
0.05 level whether there are differences due to (a) chemicals, (b) location.

- a!-‘!e 9‘&2 = ab!e 9‘&3
Albs 4 6 3 Al17 14 18 12
Bla 4 2 3 Bl20 10 20 15

C 1 1
cls 7 a4 &6 18 b 6 17

Dl12 11 14 11

E |15 12 19 14

Referring to Problems 9.23 and 9.40 suppose that an additional experiment performed in the north-
eastern part of the United States produced the results in Table 9-53. Test at the 0.05 level whether
there is a difference in (a)} fertilizers, (b) the three locations.
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9.63.

9.64.

9.65.

9.66.

9.67

9.68.

9.69.

9.70.

9.71.

ANALYSIS OF VARIANCE [CHAP. 9

Work Problem 9.62 using a 0.01 level.

Perform an analysis of variance on the Latin square of Table 9-64 at a 0.05 level and state con-
clusions.

Make up an experiment leading to the Latin square of Table 9-54.
Table 9-54
FACTOR 1

Ble | C21 | A 16

FACTOR2 | A 18 | B23 | C 14

Cl6 | A18 | B 12

Perform an analysis of variance on the Graeco-Latin square of Table 9-55 at a 0.05 level and state
conclusions,

Table 9-55
FACTOR 1
A, 6 Bg 12 Cs 4 D, 18
Bs 3 A, 8 D, 15 Cp 14
FACTOR 2
D, 15 C,2 | B, 9 | A; 5
C. 16 D, 6 Ay 17 B, 17

Make up an experiment leading to the Graeco-Latin square of Table 9-55.
Describe how to use analysis of variance techniques for three-factor experiments with replications.
Make up and solve a problem illustrating the procedure in Problem 9.68,

Suppose that in Problem 9.21 we had found a significant difference in the days of the week, i.e. the
replications. Would the conclusions reached in Problem 9.13 have to be modified? Justify your

conclusions.

In practice would you expect to find (a) a 2% 2 Latin square? (b) a 3 X 8 Graeco-Latin square?
Explain.
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Appendix A

Mathematical Topics

SPECIAL SUMS

The following are some sums of series which arise in practice.
Where the series is infinite the range of convergence is indicated.

-l=2<1

1. ;i =14+2+383+---+m = m{m_2+u
2. gﬁ = 142434 bmE = m(m+1‘)5(2m+1)
3. e = 1+z+;—§+%+“’ = ;% all z
4 sine=z-S4+5-Ti. = :0(—(;]‘1—”:’)? all
5. cos:c:l—g—i+§;——%+--- =g(_(21;.;?ﬁ all z
6. lix=1+z+xz+xa+---=;xf | < 1
7. In(l-2) = —z—%—%—%— ceeo= —:
EULER’S FORMULAS
8. € = cosf +1i8inf, e ® = cosf —isind
9. cosg = &te” 4'23_“, sing = &2 ¢ _zieﬁw
THE GAMMA FUNCTION
The gamma function, denoted by T(n), i8 defined by
r(n) = J:t“"e-‘dt n>0

341

By definition 0!=1.

(1)
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A recurrence formula is given by
"n+1) = nr(n) (2)
where T(1)=1. An extension of the gamma function to 72 <0 can be obtained by the
use of (2).
If » is a positive integer, then
rm+1) = n! 1G]
For this reason I'(n) is sometimes called the factorial function. An important property of
the gamma function is that

m

T@)r1-p) = o (4)
For p =1, (4) gives
1‘(%) = V= (5)
For large values of n we have Stirling’s asymptotic formula:
n+1) ~ yV2mnme™ (6)

where the sign ~ indicates that the ratio of the two sides approaches 1 as n > «, In par-
ticular if n is a large positive integer, a good approximation for n! is given by

n! = 2rnnne ™ (7)

THE BETA FUNCTION
The beta function, denoted by B(m,n), is defined as

1
B(m,n) = j w1 —u)" " du m>0, n>0 (8)
1]
It is related to the gamma function by
r(m
Blm,m) = 10 ®)

SPECIAL INTEGRALS
The following are some integrals which arise in probability and statisties.

10. fe—ex’dxzé r a>0
1}

) P(mg— 1)
11, f ame—art dgp =
i}

2aim+ 172 a>0, m>-1

12. f g—ax* cosbe dx = %,\[_Ee—bzun a>0
0

13. J; e “eosbr dr = -ﬁ a>0



14.

15.

16.

17.

18.

19

APPENDIX A

C  apai _ b
e Slnb“’dx—_aa+bz a>0
f :c"'e‘“d:cz—l:-(ﬂ a>0,p>0
0 ar
N g-ladt tbzte) go. — 1Ee(b2—‘lﬂc)i4u a>0
jm e-tettbrte) dop — lﬁe“’"‘“”“ erfc(i) a>0
o 2Va 2va
where 0 5
erfc@) = 1 — erf(u) = 1——_)" e dr = ——f e+ da
() (w) Ve =4}
is called the complementary error function.
J;x,&:%dx=—é%e‘“‘“ a>0, 0>0
" r(m) ()
2m-—1 2n—1 —
J: sin 0 cos 6 de ST(m + n) m>0, n>0



Appendix B

Ordinates (y)
of the
Standard
Normal Curve “-I_
at 2z z
z 0 1 2 3 4 5 6 7 8 9
0.0 | .3989 .3989 .3989 .3988 .3986 .3984 .3982 .3980 3977 3973
01 | .3970 .3965 .3961 .3956 .3951 .3945 .3939 .3932 .3925 .3918
0.2 | .3910 .3902 .3894 .3885 .3876 .3867 .3857 3847 .3836 .3825
0.3 | .3814 3802 .3790 3778 .3765 3752 3739 8726 .3712 3697
0.4 | .3683 3668 .3653 .3637 .3621 .3605 .3589 .3572 .3555 .3538
0.5 | .3521 3508 .3485 .3467 .3448 .8429 .3410 .3391 3372 .3352
0.6 | .3332 3312 .3292 3271 .3251 .3230 .3209 3187 8166 .3144
0.7 | .3123 .3101 .3079 .3056 .3034 .3011 2989 2966 2043 2920
0.8 | .2897 2874 2850 2827 2803 2780 2756 2732 .2709 .2685
0.9 | .2661 2637 2613 2589 .2565 2541 2516 2492 2468 2444
1.0 ]| .2a20 .2396 2371 2347 .2323 .2299 2275 2251 2297 2208
1.1 | .2170 2155 .2131 2107 2083 2059 2036 2012 1989 1966
1.2 | 1942 1919 .1895 1872 .1849 1826 1804 1781 1768 1736
1.3 2714 1691 .1669 1647 .1626 .1604 .1582 1561 .1539 1518
14| 407 1476 1456 1435 1415 1394 1374 1354 1334 1315
1.5 | 1295 1276 1257 .1238 1219 1200 1182 1163 1145 1127
1.6 | .1109 1092 1074 1057 1040 1023 .1006 0989 0978 0957
1.7 | .0940 0925 .0909 0893 .0878 0863 .0848 .0833 0818 0804
1.8 | .0790 0775 0761 0748 0734 0721 0707 L0694 0681 0669
1.9 | .0656 0644 .0632 .0620 0608 .0596 0584 0573 0562 0551
2.0 | .0540 05209 0519 .0508 0498 .0488 0478 .0468 0459 .0449
2.1 | .0440 .0431 .0422 .0418 .0404 0396 .0387 0379 0371 0363
22 | .0355 .0347 .0339 .0332 .0325 0317 0310 .0303 0297 0290
2.3 | .0283 0277 0270 0264 .0258 0252 0246 .0241 0235 0229
2.4 | .0224 .0219 0213 .0208 0203 0198 .0194 .0189 .0184 .0180
25 | 0175 0171 0167 0163 0158 0154 0151 0147 0143 0139
2.6 | .0136 .0132 0129 0126 0122 0119 0116 0113 0110 0107
27 | .0104 .0101 .0099 0096 0093 .0091 0088 ,0086 L0084 L0081
2.8 | .0079 0077 0075 0073 .0071 0069 0067 0066 0063 0061
2.9 | .0060 .0058 .0056 .0066 0053 .0051 .0050 0048 0047 .0046
3.0 | .o044 .0048 0042 0040 .0039 .0038 .0037 0036 .0036 0034
31 | .o033 .0032 .0031 .0030 .0029 0028 .0027 0026 .00256 .0025
82 | .0024 0028 0022 0022 20021 0020 .0020 0019 0018 0018
33 | .o017 0017 .0016 .0016 .0015 .0015 .0014 0014 0013 0013
3.4 | .0012 0012 .0012 .0011 0011 .0010 0010 .0010 .0008 0009
35 | .0009 .0008 L0008 .0008 0008 L0007 0007 0007 20007 0006
3.6 | .0006 .0006 0006 .0005 0005 .0005 .0005 20005 0005 .0004
3.7 | .0004 .0004 .0004 0004 .0004 .0004 .0003 .0003 .0003 .0008
38 | .0008 .0003 .0003 0003 0003 .0002 .0002 .0002 .0002 .0002
3.9 | .0002 .0002 .0002 0002 0002 0002 .0002 0002 .0001 L0001
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Appendix C

Areas
under the
Standard
Normal Curve |
from 0 to z -

z 0 1 2 3 4 5 6 7 8 9

0.0 | .0000 .0040 0080 0120 0160 0199 0239 .0279 0319 0359
01 | .0398 .0438 .0478 0617 0557 L0596 0636 0675 0714 L0754
02| .0793 .0832 .0871 0910 .0948 20987 1026 1064 1108 1141
03| 1179 1217 1255 1203 1331 .1368 1406 1443 1480 1517
0.4 ] .1554 1591 1628 1664 1700 1736 1772 .1808 1844 1879
05| .1915 1950 1985 2019 .2054 .2088 2123 2157 2190 2224
0.6 | 2258 2201 .2324 2357 .2a89 2492 2454 2486 2518 .2549
0.7 | .2580 2612 2642 2673 2704 2734 .2764 2794 2823 2852
0.8 | .2881 .2910 .2939 2967 .2006 3023 .3051 3078 .3106 3133
0.9 | .3159 3186 .3212 .3238 .3264 .3289 .3315 .3340 .3365 .3389
1.0 | .3413 .3438 .3461 .3485 .3508 .3531 .8554 8577 3599 3621
1.1 | .3643 .3666 3686 .8708 3729 .3749 3770 .8790 L3810 .3830
1.2 | .3849 .3869 .3888 3007 .3925 .3944 2962 .3980 .3997 4015
1.3 ] .4032 4049 4066 .4082 .4099 4115 .4131 4147 4162 A177
1.4 | .4192 4207 4222 4236 4251 4265 4279 .4292 4306 4319
1.5 | .4332 4345 4357 4370 .4382 4364 4406 4418 4429 .4441
1.6 | .4452 4463 4474 .4484 4495 4505 4515 .4525 4535 .4545
1.7 | .4554 .4564 4573 4582 .4591 .4599 4608 4616 4625 4633
1.8 | .4641 4649 4656 4664 4671 4678 4686 .4693 4699 4706
1.9 | 4713 4719 4726 .4732 AT38 4744 A750 4756 A761 AT6T
20| .a772 ATT8 4783 4788 4793 4798 L4803 .4808 .4812 4817
21| .4821 4826 .4830 L4834 4838 L4842 4846 4850 .4854 4857
2.2 1 4861 4864 4868 4871 AE75 .4878 .4881 4884 4887 L4890
2.3 | .4893 4896 4898 .4901 .4904 .4906 4909 4011 4913 4916
24 | .4918 4920 4922 .4925 4927 .4929 4931 .4932 4934 4936
25 | .4938 4940 4941 .4943 4945 4946 4948 .4949 .4951 .4952
26 | .4953 .4955 4956 A957 .4959 4960 4961 4962 .4963 4964
27 | .4965 4966 4967 4968 .4969 4970 L4971 4972 4973 4974
28 | 4974 4975 4976 4977 4977 4978 4979 .4979 L4980 .4981
29 | .4981 .4982 4982 4988 4984 L4984 4985 4985 L4986 .4986
3.0 | .4987 4987 4987 4988 4988 4989 4989 .4989 4990 L4990
81| .4990 4991 4991 4991 .4992 4992 L4992 L4992 4993 4993
3.2 | .4993 .4993 4994 .4994 4994 4994 4994 .4995 4995 4995
3.3 | .4995 4995 4995 4996 L4996 4996 L4996 4996 4996 4997
3.4 | .4997 4997 4997 4997 4997 4997 4997 4997 4997 4998
3.5 | .4998 4998 4998 .4998 4998 4998 4998 4998 4998 4998
3.6 | .4998 4998 .4999 4999 4999 .4999 .4999 4999 4999 L4999
3.7 | .4999 4999 .4999 4999 4999 .4999 .4999 .4999 .4999 .4999
38 | .4999 4999 .4999 4999 .4999 4999 4999 4999 4999 4999
3.9 | 5000 5000 5000 5000 5000 5000 5000 5000 .5000 5000
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Appendix D

Percentile Values (t,)
for
Student’s ¢ Distribution
with . Degrees of Freedom

v tss Lo t 70 x5 tso £ 90 tgs to7s t g9 t 905
1 158 .325 727 1.000 1.376 3.08 6.31 12,71 31.82 63.66
2 142 .289 617 816 1.061 1.89 2,92 4.30 6.96 9.92
3 A37 277 584 765 978 1.64 2.356 3.18 4.54 5.84
4 134 271 569 741 941 1.563 2.13 2.78 3.76 4.60
b 132 267 .65 127 920 1.48 2.02 2.67 3.36 4.03
6 131 .265 .b53 .T18 506 1.44 1.94 2.45 3.14 37
7 .130 263 549 .11 B96 1.42 1.90 2.36 3.00 3.50
8 130 .262 546 706 889 1.40 1.86 2.31 2.90 3.36
9 129 261 543 703 883 1.38 1.83 2.26 2.82 3.256
10 129 .260 .b42 700 B79 1.37 1.81 2.23 2.76 317
11 .129 .260 540 607 876 1.36 1.80 2.20 2.72 311
12 128 269 539 695 BT3 1.36 1.78 2.18 2.68 3.06
13 128 .2569 .538 694 870 1.35 1.77 2.16 2.65 3.01
14 128 268 53T .692 .B68 1,34 1.76 2.14 2.62 2.98
15 128 .258 536 691 | .B66 1.34 1.75 2.13 2.60 2.95
16 128 .258 535 .690 865 1.34 1.75 2.12 2.68 2.92
17 128 267 .b34 .689 863 1.33 1.74 211 2.57 2.90

18 127 257 534 .688 862 1.33 1.73 2.10 2.56 2.88
19 127 257 .533 .688 861 1.38 1.73 2.09 2.54 2.86
20 127 257 533 687 860 1.32 1.72 2.09 2.53 2.84
21 127 257 .532 .686 859 1.32 1.72 2.08 2.52 2.83
22 127 .256 .532 686 .868 i.32 1.72 2.07 2.561 2.82
23 127 256 .532 .685 .858 1.32 1.711 2.07 2.50 2.81
24 127 .256 531 .685 .B57 1.32 1.7 2.06 2.49 2.80
25 127 256 531 684 866 1.32 1.71 2.06 248 2,79
26 127 256 | .531 684 .B56 1.32 1.71 2.06 2.48 2.78
27 127 256 531 .684 866 1.31 1.70 2.05 2.47 2.77
28 A27 .2566 530 683 .855 1.31 1.70 2.06 2.47 2.76
29 127 .266 530 .683 .854 131 1.70 2.04 2.46 2.76
127 .256 830 683 854 1.31 1.70 2,04 2.46 2.75
40 126 255 B25 .681 .Bb1 1.30 1.68 2.02 242 2.70

60 126 254 527 679 .848 1.30 1.67 2.00 2.39 2.66
120 126 .254 526 677 .B45 1.29 1.66 1.98 2.36 2.62

@ 126 253 524 674 842 1.28 1.645 1.96 2.33 2.58

Source: R. A. Fisher and F. Yates, Statistical Tables for Biolegical, Agricultural and
Medical Research, published by Longman Group Ltd., London (previously pub-

lished by Oliver and Boyd, Edinburgh), and by permission of the authors and
publishers.
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Appendix E

with » Degrees of Freedom

Percentile Values (2
for the
Chi-Square Distribution

v x?oos!, or | as | %5 | X0 | Xos | X% | Xas | Xbe Xos | Xors | Xen ! Xos | Xo00

1| .0000 " 0002 | .0010 | .0039 | 0158 | 102 | .455 | 1.32 | 2.71 | 3.84 | 5.02 | 6.63 | 7.88 | 10.8

2| .0100 .0201 {.0506 | .103 | .211 | .575 | 1,39 | 2.77 | 4.61 | 599 | 7.38 | 9.21 | 10.6 | 138

3lom7! 115 | 216 | 352 | 584 | 1.21 | 237 | 4.11 | 6.25 | 7.81 | 9.35 | 11.3 12.3' 16.3

41 207 | 207 | 484 | 711 | 1.06 | 1.92 | 336 | 539 | 7.78 | 9.49 | 11.1 | 13.3 | 149 | 185

5| 412 | 554 | .831 | 1.15 | 1.61 | 2.67 | 4.35 | 6.63 | 9.24 | 11.1 | 128 | 151 | 16.7 | 205

6| .676 | 872 | 124 | 1.64 | 220 | 345 | 535 | 7.84 | 10.6 | 126 | 144 | 168 185 | 225

7| 989 | 1.24 | 1.69 | 217 | 2.83 | 4.25 | 6.35 | 9.04 | 12,0 | 141 | 16,0 | 185 | 20.3 |, 24.3

8| 1.34 | 165|218 | 273 | 349 [ 507 | 7.34 | 102 | 134 | 155 | 17.5 | 201 | 22.0 | 26.1
9| 178 {209 | 270 | 333 | 417 | 590 | 834 | 11.4 | 14.7 [ 169 | 19.0 | 217 | 236 | 27.9
10| 216 | 256 | 3.25 | 394 | 487 | 6.74 | 93¢ | 125 | 16.0 | 183 | 205 | 23.2 | 252 | 20.6
11| 260 | 3.05 | 382 | 457 | 558 | 7.58 | 10.3 | 13.7 | 17.3 | 19.7 | 219 | 24.7 l 26.8 | 31.3
12| 3.07 | 357 | 440 | 523 | 630 | 844 | 11.3 | 148 | 185 | 21.0 | 23.3 | 262 ' 283 | 329
13| 357 | 411 | 501 | 589 | 7.04 | 930 | 123 | 16.0 | 198 | 22.4 | 24.7 | 27.7 | 208 | 345
14| 4.07 | 4.66 | 563 | 657 | 7.79 | 102 | 13.3 | 17.1 | 21.1 | 23.7 | 261 | 29.1 | 313 | 36.1
15| 460 ! 523 | 626 | 7.26 | 855 |{ 11.0 | 143 | 182 | 22.3 | 250 | 27.5 ! 30.6 | 32.8 | 37.7
16| 5.14 | 581 | 6.91 | 7.96 | 9.31 | 11.9 | 153 | 19.4 | 235 | 26.3 | 288 | 32,0 | 34.3 | 39.3
17| 570 ' 641 | 7.56 | 8.67 | 101 | 128 | 163 | 20.5 | 24.8 | 27.6 | 30.2 | 334 | 35.7 | 408
18| 6.26 | 7.01 | 8.23 | 9.39 | 109 | 18.7 | 17.3 | 21.6 | 26.0 | 28.9 | 31.5 | 348 | 37.2 | 423
19{ 684 | 7.63 | 891 { 101 | 1.7 | 146 | 183 | 22.7 | 27.2 | 301 | 329 | 36.2 | 38.6 | 438
20| 7.43 | 826 | 959 ' 10.9 | 12.4 | 155 | 193 | 23.8 | 28.4 | 81.4 | 34.2 | 37.6 | 40.0 | 453
21| 803 | 890 | 103 | 11.6 | 132 | 16.3 | 20.3 | 24.9 | 296 | 32.7 | 35.5 | 38.9 | 41.4 | 46.8
22| 864 | 954 | 11.0 | 123 | 14.0 | 17.2 | 21.3 | 26.0 | 30.8 | 33.9 | 36.8 | 40.3 | 42.8 | 483
23| 926 : 102 | 10.7 | 131 | 148 | 181 | 223 | 27.1 | 32.0 | 35.2 | 38.1 | 41.6 | 44.2 | 49.7
24| 989 | 109 | 124 | 138 | 157 | 19.0 | 233 | 28.2 | 33.2 | 36.4 | 39.4 | 43.0 | 45.6 | 51.2
25| 10.5 | 115 | 13.1 | 14.6 | 165 | 199 | 24.3 | 29.3 | 34.4 | 37.7 | 40.6 | 44.3 | 46.9 | 52.6
26! 11.2| 122 | 138 | 154 | 173 | 208 | 25.3 | 30.4 | 35.6 | 38.9 | 41.9 | 456 483 | 54.1
271 118 | 120 | 146 | 162 | 181 | 217 | 263 | 315 | 367 | 401 | 432 | 47.0 | 496 | 555
og! 125 | 13.6 | 153 | 169 | 189 | 227 | 27.3 | 32.6 | 37.0 | 41.3 | 445 | 483 | 51.0 | 56.9
201 1831 | 143 | 160 | 177 | 198 | 23.6 | 28.3 | 33.7 | 391 | 42.6 | 45.7 | 49.6 | 523 | 583
30| 138! 15.0 | 168 | 185 | 20.6 | 245 | 20.3 | 348 | 40.3 | 438 | 47.0 | 50.9 | 53.7 | 59.7
40| 207 222 | 24.4 | 265 | 20.1 | 337 | 39.3 | 456 | 51.8 | 6558 | 59.3 | 63.7 | 66.8 | 73.4
50| 28.0 | 2907 | 324 | 348 | 37.7 | 429 | 49.3 | 563 | 63.2 | 675 | 71.4 | 76.2 ; T9.5 | 86.7
60| 355 | 37.5 | 405 | 43.2 | 465 | 52.3 | 59.3 | 67.0 | 744 | 79.1 | 83.3 | 88.4 | 92.0 | 99.6
70 433 | 454 | 488 | 51.7 | 55.3 | 61.7 | 69.3 | 77.6 | 855 | 90.5 | 95.0 | 100 | 104 | 112
80! 51.2 | 535 | 57.2 | 60.4 | 64.3 | 71.1 | 79.3 | 88.1 | 96.6 | 102 ! 107 | 112 | 116 | 125
90| 59.2 | 618 | 65.6 | 69.1 | 73.3 | B0.6 | 80.3 | 98.6 | 108 | 118 | 118 | 124 | 128 | 137
100| 673 ) 701 | 742 | 77.9 | 824 | 90.1 | 99.3 | 109 | 118 | 124 | 130 | 136 A 140 | 149

Source: E. S. Pearson and H. O. Hartley, Biometrika Tables for Statisticians, Vol. 1

(1966), Table 8, pages 137 and 138, by permission.
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Appendix F

95th Percentile Values (0.05 Levels), Fg;,

for the

F' Distribution

v, degrees of freedom in numerator

y

.

.

v, degrees of freedom in denominator Foe

ol 123 a5 |6 | 789110 1215|2230 60|12«

1 | 161 200|216 ; 225 | 230 234 | 237 " 239 | 241 242 244 | 246 | 248 249 | 250 | 251 252 | 2563 | 254
2 1185]19.0 19.2I19-2 19.3 193|194 194 19.4'19.4 194|194 19.4-19.5 19.5119.5.19.5|19.5 [19.5
3 110.1|9.55(9.28(9.12!9.01 28.94 B.89 8.85|8.81 B.79 (R.74 R.70 |B.66|B.64|B.628.59 8.57| B.55|8.53
4 117.71[6.94]6.59|6.39]|6.26,6.16 | 6.09 6.04|6.00 596 1591|586|580|5.77(5.75 5.72j5.69 5.66 | 5.63

5 | 6.61|5.79|5.41 {5.19|5.05]4.95 | 4.88 '4.82|4.77 4.74 |4.68 | 4.62 4.56:4.53 4.50 4.46|4.43| 4.4014.37
6 |599|5.14:4.76 | 4.53 4.39 1 4.28 | 4.21 14,15 | 4.10 { 4.06 |4.00 | 3.94 | 3.87 | 3.84 | 3.81 &77!3.74 3.70 | 3.67
T | 559)4.74|4.835|4.12| 3.97: 3.87{3.79 3.73[13.68 3.6413.57|3.51(3.443.41|3.38{3.34 3.30| 3.273.23
8 5.32;4.46 4.07 [3.843.69 ! 3.58 3.50 3.44 3.39.3.35 13.28 [3.22(3.15 ' 3.12( 3.08 3,04;3.01 2.97]2.93
9 |512'4.2613.86|5.63]|3.48 3.37|3.20 3.23/3.18:3.14 13.0713.01|2.94 290286 2.83 ' 2.991 2.7512.71
10 4.96i4.10 3.713.48]3.3313.22 |3.14  3.07 3.02_2.98:2.91 2.85|2.7712.742.70 2,66I2.F|-2 2.68  2.54
11 | 4841398 3.50|3.36]3.2073.0018.01 295 2.90|2.85|2.79 2.72]2.652.6112.57|2.5312.49 | 2.45 |2.40
12 4.75!3.89 3.4‘9I3.26 3.11,3.00 12,91 2.85 2.8012.75:2.60|2.62| 254 |2.51[2.47|2.43 2.38|2.34 [2.30
13 {4.6773.81§3.413,18]|3.03|2.92 2.33?2.77_2,71 12,67 |2.60)2.53, 2.46 | 2.42 | 2.38 | 2.34 | 2.30{ 2.25 | 2.21
14 4.60i3.74 3.34(3.11 296 2.85 2.76i2.70 2.65-2.60;2.5312.46; 2.39 2‘3552.3] 227222218 ]2.13
15 | 4.54! 3.68]3.29 | 3.06 2.90i2.79 2.7 2.64‘2.59!2.54 2.48 .2.40 2.33'!2.29!2.25 2201216211 !2.07
16 | 4.49]3.63[3.24 [2.01|2.85 274 | 266259 251.2.49 |2.42|2.35 | 2.28 | 2.24| 219 |2.15: 2.11| 2.06 | 2.01
17 | 4.45]3.569'3.20 2.96|2.81.2.70 |2.61 255|249 2.45 2.3812.31;22312.19 2.15 2.10!2.06 2.01:1.96
18 | 4.41]3.55 3.16.2.93 2.77'2.66 2.585:2.51 2.46 2.41/2.34°2.27(2.19(2.15:2.11 2.06 2.02{1.97[1.92
19 | 438]3521313 2.90|274;2.68| 254 2.48|2.42 2.38 |2.31(2.23] 216|211 2.07] 2031 1.98: 193 |1.88
20 14.35 3.49|3'10l‘2.3'? 2.71 !2.60'2.51 {2.45(2.39 2.35(2.28 2.201:2.12 2.08 2.0431.99}.95' 1.90 }1.84
21 | 4.32|3.47'3.07;2.84|2.68| 2.57 2.49'2.42 2.37;2.32 2.25(2.18(2.10,2.05|2.01|1.96:1.92/1.87{1.81
22 |4.30:3.44 3.05I2.82 2,66'2.552.46'2.40|2.34:2.30 | 2.23 | 2.15 2.0712,0311.98 1.94!!.39 1.84 11.78
23 14.28|3.42(3.0312.80(2.64,2.53|2.44 2.37|2.32.227|2.20 [2.13 2.05 2.01]1.9¢ 1.91;1.86]1.81 |1.76
24 }4.26.340;3.01 278 2.62'.2.51 2.42%2,36'2-30 225 (2,18 (2.1112.03 1.98|1.94 1.89|1.84 1.79 |1.73
25 |4.24)|3.39:2.99 276|2.60 2.49 2.40|2.34 22812241216 12.09,2.01 .1.96 1.2 | 1.87: 1.82! 1.77 | 1.71
26 [4.23:3.37|2.98 274 |2.592.47|2.39 232{2.27!222 215 |2.07|1.99 '1.95|1.90|1.85| 1.80| 1.75 | 1.69
27 | 4.21)3.3512.96]2.73 2.57i2.46 2.37|2.81(2.2512.20(2.13(2.06 | 1.97 1.93[1.88|1.84:1.79|1.73 |1.67
28 |4.20/3.34|2.9512.71 | 2.56| 2.45 | 2.36 | 2.20 | 2.24 | 2.19 |2.12 | 2.04 | 1.96 |1.91 | 1.87 | 1.82 [ 1.77 | 1.71 | 1.65
29 14.18 3.33’2.93'2.70 2.55(243]235|2.281222,218(2.10|2.03|1.94:1.890(1.85{1.81 1.75(1.70 |1.64
30 |4.17]8.32(2.92;2.69 2.563|242(2.33]2.2712.21!216[2.09 (201 [1.93|1.891.84/1.79/1.74|1.68 [1.62
40 | 4.08]3.23 2.84;2.61 2.4512.34 2.25 2.1852.12:2.03 200(1.9211.8411.7911.741.69|1.64|1.58 [1.51
60 |4.00i3.15' 276 2,53]2.37 2.25|2.17 210!204!1.99(1.92(1841.75{1.70 1.65!1.59 1.53(1.47(1.39
120 | 3.92 3,07|2.63-2.45 2.?.9::2.18 2.0912.02 1.86}1.91;1.83/1.95|1.66 |1.611.55:1.50|1.43{1.35 1.25
= 3.84 3.00 260 2.37|2.21 : 2.1012.01 (1,94 : 1.831 1.83 |1.75 [ 1.67 | 1.57 |1.52 1.46‘ 1.39]1.32| 1.22 | 1.00

Source: E. S. Pearson and H. O. Hartley, Biometrika Tubles for Stutisticiuns, Vol. 2

(1972), Table 5, page 178, by permission.
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APPENDIX F

99th Percentile Values (0.01 Levels), Fg,
for the
F' Distribution
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4052
98.5
34.1
21.2

EWl ]

i6.3
13.7
12.2
11.3
10.6
10.0
9.65
9.33
9.07
8.86
8.68
8.53
8.40
8.29
B.18
8.10
8.02
7.95
7.88
7.82
7.97
7.72
7.68
7.64
7.60
7.56
7.31
7.08
6.85
6.63

99.0199.2 | 99.2 199.3 1 99.3 | 99.4 | 99.4 |99.4 199.4
30.8 | 29.5| 28,7 | 28.2 | 27.9 | 27.7 | 27.5 | 27.3 | 27.2
18.0 [ 16.7|16.0 | 15.5 | 15.2 | 15.0 | 14.8 |14.7 | 14.5
i3.3 121 114110 10.7 10,6 |10.3 {10.2 110.1
10.9 (9,78 | 9.15 | 8.75 | 8.47 | 8.26 | 8,10 | 7.98 | 7.87
9.55|8.45 | 7.85 | 7.46 | 7.19 | 6.99 | 6.84 | 6.72 | 6.62
8,65 | 7.50 [ 7.01 | 6.63 | 6.37 | 6.18 | 6.03 | 5.91 | 5.81
8.02 | 6.99 | 6.42 | 6.06 | 5.80 | 5.61 | 5.47 | 5.35 | 5.26
7.56 | 6.55 { 5.99 | 5.64 | 5.39 | 5.20 | 5.06 [4.94 14.85
7.21|6.22 | 5,67 | 5.32 | 5,07 | 4.80 | 4.74 | 4.63 |4.54
6.93 | 5.95| 5.41 | 5.06 | 4.82 | 4.64 | 4.50 | 4.39 14.30
6.70 | 5.74 |{ 5.21 | 4.86 | 4.62 | 4.44 | 4.30 (4.19 | 4.10
6.51 | 5.56 | 5.04 | 4.70 | 4.46 | 4.28 | 4,14 | 4.03 | 3.94
6.36 | 5.42 | 4.89 | 4.56 | 4.32 | 4.14 | 4.00 | 3.89 | 3.80
6.23 1 5.29 {4.77 | 4.44 14.20 | 4.03 [ 3.89 | 3.78 | 3.69
6.11 | 5.19 | 4.67 | 4.34 [ 4.10 | 3.93 | 3.79 | 3.68 | 3.50
6.01 ) 5.09 | 4.58 | 4.25 | 4.01 | 3.84 | 3.71 | 3.60 | 3.51
5.93|5.01|4.50 | 4.17 | 3.94 | 3.797 | 3.63 |3.562 | 3.43
5.8514.94|4.43 1 4.10 [ 3.87 | 3.70 | 3.56 [3.46 | 3.37
5.78 | 4.87 | 4.37 | 4.04 | 3.81 | 3.64 | 3.51 | 3.40 |3.31
5.7214.8214.31(3.99 | 3.76 | 3.59 | 3.45 (3.35 | 3.26
5.66 ] 4.76 | 4.26 | 3.94 1 3.71 | 3.54 | 3.41 |3.30 | 3.21
5.61 | 4.72 | 4.22 | 3.90 { 3.67 | 3.50 | 3.36 | 3.26 | 3.17
5.57 | 4.68 | 4.18 | 3.86 | 3.63 | 3.46 | 3.32 {3.22 | 3.13
5.53|4.64 | 4.14 | 3.82 | 3.59 | 3.42 |3.29 [3.18 |3.09
5.49 | 4.60 | 4.11 | 3.78 | 3.56 | 3.39 | 3.26 |3.15 | 3.06
5.45] 4.57 | 4.07 | 3.75 | 3.63 | 3.36 | 3.23 [3.12 | 3.03
5.42 | 4.54 |1 4.04 | 3.73 | 3.50 | 3.33 | 3.20 | 3.09 |3.00
5.39 | 4.51 | 4,02 13,70 | 3.47 | 3.30 | 3.17 |3.07 | 2,98
518 | 4.31 | 3.83 | 3.51 | 3.29 | 3.12 | 2.99 |2.89 | 2.80
4.98 | 4.13 | 3.65 | 3.34 | 3.12 | 2,95 | 2.82 |2.72 | 2.63
4.90 | 3.95 | 3.48 [ 3.17 | 2.96 | 2.70 | 2.66 | 2.56 | 2.47
4.61|3.98 | 3.32 [ 3.02 | 2.80 | 2.64 | 2.51 | 2.41 | 2.32

5000 5403|5625 | 5764 | 5859 | 5928 5981 6023|6056

6106
99.4
27.1
14.4
.89
7.92
6.47
5.67
5.11
4.7
4.40
4.16
3.06
3.80
3.67
3.55
3.46
3.87
3.30
3.23
317
3.12
3.07
3.03
2.99
2.96
2.93
2.90
2.87
2.84
2.66
2.50
2.34
2.18

6157
99.4
26.9
14.2
7.56
6.31
5.52
4.96
4.56
4.25
4.01
3.82
3.66
3.62
341
3.31
3.23
3.15
3.09
3.03
2.98
2.93
2.89
2.85
2.82
2.78
2.75
2,73
2.70
2.52
2.35
2.19
2.04

6209
99.4
26.7
14.0
8.5
7.40
6.16
5.36
4.81

4.41

4,10

3.86
3.66

3.51

3.37
3.26
3.16
3.08
3.00
2.94
2.88
2.83
2,78
2.74

2.70
2.66
2.63
2.60
2.57
2.55
2.37
2.20
2.03
1.88

6235
99.5
26.6
13.9
§.47
7.31
6.07
5.28
4.73
4.33
4.02
3.78
3.50
3.43
3.29
3.18
3.08
3.00
2,92
2.86
2.80
2.75
2.70
2.66
2.62
2.568
2.55
2.62
2.49
2.47
2.20
2.12
1.95
1.79

6261
99.5
26.5
13.8
9.38
7.23
5.09
5.20
4.65
4.25
3.94
3.70
3.51
3.35
3.21
3.10
3.00
2,92
2.84
2.78
2,72
2.67
2.62
2.58
2.54
2.50
2.47
2.44
2.41
2.39
2.20
2.03
1.86
1.70

6287
99.5
26.4
13.7
9.29
714
5.01

5.12
4,57

4.17
3.86
3.62

3.43

3.27
3.13
3.02
2.92
2.84
2.76
2.69
2.64

2.58
2.54

2.49
2.45
2.42
2.38
2.35
2.33
2.30
2.11

1.94

1.76
1.59

6313
99.5
26.3
13.9
3.20

7.06
5.82
5.03
4.48
4.08
3.78
3.54

3.34

3.18
3.05
2.93
2.83
2.75
2.67
2.61

2.55
2.50
2.45
2.40
2.36
2.33
2.29
2.26
2.23
2.21

2.02
1.84
1.66
1.47

6339
99.5
26.2
13.6
9.11
6.97
5.74
4.95
4.40
4.00
3.69
3.45
3.25
3.09
2.96
2,84
2.75
2.66
2.58
2.52
2.46
2.40
2.35
2.31
2.27
2.23
2.20
2,17
2.14
211
1.02
1.73
1.53
1.32

6366
09.5
26.1
13.5
9.02
6.88
5.65
4.86
4.31
3.91
3.60
3.36
3.17
3.00
2.87
2.75
2.65
2.57
2.49
2.42
2.36
2.31
2.26
2.21
2.17
2.13
2.10
2.06
2.03
2.01
1.80
1.60
1.38
1.00

Source: E. S. Pearson and H. O. Hartley, Biometrika Tables for Statisticians, Vol. 2
(1972), Table 5, page 1B0, by permission.




Appendix G

Four-Place Common Logarithms

Proportional Parts
N 0 1 2 3 4 5 6 7 8 9 L 23 45678 9
10 | 0000 0043 0086 0128 0170 | 0212 0253 0294 0334 0374 4 8 12 17 21 25 29 33 37
11 | 0414 0453 0492 0531 0569 | 0607 0645 0682 0719 0755 4 8 11 15 19 23 26 30 34
12 | 0792 0828 0864 0899 0934 | 0969 1004 1038 1072 1106 3 710 14 17 21 24 28 31
i3 | 1139 1173 1206 1239 1271 1303 1335 1367 1399 1430 3 6 10 13 16 19 23 26 29
14 | 1461 1492 1523 1553 1584 1614 1644 1673 1703 1732 3 6 912 15 18 21 24 27
15 | 1761 1790 1818 1847 1875 | 1903 1931 1959 1987 2014 3 6 811 14 17 20 22 25
16 | 2041 2068 2095 2122 2148 | 2175 2201 2227 2253 2279 3 5 811 13 16 18 21 24
17 | 2304 2330 2355 2380 2405 | 2430 2455 2480 2504 2529 2 5 71012 15 17 20 22
18 | 2553 2577 2601 2625 2648 | 2672 2605 2718 2742 2765 2 5 7 912 14 16 19 21
19 | 2788 2810 2833 2856 2878 | 2900 2023 2945 2067 2989 2 4 7 911 13 16 18 20
20 | 3010 3032 3054 3075 3096 | 3118 3139 3160 3181 3201 2 4 6 811 13 15 17 19
21 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404 2 4 6 8 10 12 14 16 18
22 | 3424 3444 3464 3483 3502 | 3522 3541 3560 3579 3598 2 4 6 81012 14 15 17
23 | 3617 3636 3655 3674 3692 | 3711 3729 3747 3766 3784 2 4 6 7 911 13 15 17
24 | 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962 2 4 5 7 911 12 14 16
25 | 3979 30997 4014 4031 4048 | 4065 4082 4099 4116 4133 2 3 5 7 91012 14 15
26 | 4150 4166 4183 4200 4216 | 4232 4249 4265 4281 4208 2 3 5 7 81011 13 15
27 | 4314 4330 4346 4362 4378 | 4393 4409 4425 4440 4456 2 3 56 6 8 911 13 14
28 | 4472 4487 4502 4518 4533 | 4548 4564 4579 4594 4609 2 3 5 6 &8 911 12 14
29 | 4624 4639 4654 4669 4683 4698 4713 4928 4742 4757 1 3 4 6 7 91012 13
80 | 4771 4786 4800 4814 4820 | 4843 4B5T 4871 4886 4900 1 3 4 6 7T 91011 13
31 4914 49928 4942 4955 4969 4983 4997 5011 5024 5038 1 3 4 6 7 81011 12
32 | 5051 5065 5079 5092 5105 5119 5132 5145 5159 K172 1 3 4 5 7T 8 911 12
33 | 5185 5198 5211 5224 5237 5260 5263 5276 5289 5302 1 3 4 5 6 8 91012
34 | 5315 5328 5340 5353 5366 | B3T8 5391 5403 5416 5428 1 3 4 5 6 8 91011
85 | 5441 5453 5465 5478 5490 5502 5514 5527 5539 5551 1 2 4 5 6 7 91011
36 | 5563 5575 5587 5599 5611 5623 5635 5647 5658 BBT0 1 2 4 5 6 7 81011
37 | 5682 5694 5705 5717 5729 | 5740 5752 5763 5776 5786 1 2 3 5 6 7 8 910
38 | 5798 5809 5821 5R32 5843 5855 bHBGG bHBTT HEBR 5899 1 2 3 5 6 7 8 910
39 | 5911 5922 5933 5944 5955 5966 5977 5988 5999 6010 1 2 3 4 5 7 8 910
40 | 6021 6031 6042 6053 6064 6075 60B5 6096 6107 6117 1 2 3 4 5 6 8 910
41 | 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222 1 2 3 4 586 7 8 9
42 | 6232 6243 6253 6263 6274 G284 6294 6304 6314 6325 1 2 3 4 5 6 7 8 9
43 | 6335 6345 6355 6365 6375 | 6385 6395 6405 6415 6425 1 2 3 45 6 7 8 9
44 | 6435 6444 6454 6464 6474 6484 6493 6503 6513 6522 1 2 3 4 5 6 7 8 9
45 | 6532 6542 6551 6561 B571 6580 6590 6599 6609 6618 1 2 3 4 5 6 7 8 9
46 | 6628 6637 6646 6656 6665 | 6675 6684 6693 6702 6712 | 1 2 3 4 5 6 7 7 8
47 | 6721 6730 6739 6749 6758 6767 6776 6785 6794 6203 1 2 3 4 5 b 6 77 8
48 | 6812 6821 6830 6839 6848 | G857 6866 6875 G884 68903 1 2 3 4 4 5 6 7 8
49 | 6002 6911 6920 6928 6937 6946 6955 6964 6972 6981 1 2 3 4 4 5 6 7 8
50 | 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067 1 2 3 3 45 6 7 8
51 | 7076 7084 7093 7101 7110 | 7118 7126 7135 7143 7152 1 2 3 3 4 5 6 7 8
52 | 7160 7168 7177 7185 7193 | 7202 9210 7218 7226 7235 1 2 2 3 4 5 6 7T 7
53 | 9243 7251 7259 7267 7275 | 7284 7202 7300 7308 7316 1 2 2 3 4 56 6 6 7
54 | 7824 7332 7340 7348 7356 | 7364 7372 7380 7388 7396 1 2 2 3 4 5 6 6 7
N 0 1 2 3 4 1 6 T 8 9 1 2 3 4 5 6 7T 8 9
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APPENDIX G 351
Four-Place Common Logarithms
Proportional Parts

N|] 0 1 2 3 4 56789123456789
55 | 7404 7412 7419 7427 7435 | 7443 7451 7459 9466 74794 | 1 2 2 3 4 5 5 & 4
56 | 7482 7490 7497 7505 7513 | 7520 7528 7536 7543 7551 | 1 2 2 8 4 5 5 6 7
57 | 7559 7566 7574 7582 7589 | 7597 7604 7612 619 7627 |1 2 2 38 4 5 5 & 7
58 | 7634 7642 7649 7657 7664 | 7672 7679 T6R6 7694 7701 |1 1 2 3 4 4 5 6 7
59 | 7709 7716 7723 7731 9738 | 7745 7752 7760 7767 7774 {1 1 2 3 4 4 5 6 7
60 | 7782 7789 7796 7803 7810 | 7818 7825 7832 7839 7846 | 1 1 2 3 4 4 5 6 6
61 | 7853 7860 7868 7875 7882 | 7889 7896 7903 7910 7917 |1 1 2 3 4 4 5 6 6
62 | 7924 7931 7938 7945 7952 | 7959 7966 T973 7980 7987 |1 1 2 3 3 4 B 6 6
63 | 7993 8000 8007 8014 8021 | 8028 8035 8041 8048 8055 [ 1 1 2 3 3 4 5 5 6
64 | 8062 8069 8075 8082 8089 | 8096 8102 8109 8116 8122 [ 1 1 2 3 3 4 5 5 6
65 | 8129 8136 8142 8149 8156 | 8162 8169 8176 8182 8189 [ 1 1 2 3 3 4 5 5 6
66 | B195 8202 8200 R®215 8222 | 8228 8235 8241 8248 8254 | 1 1 2 3 3 4 5 5 6
67 | 8261 8267 8274 8280 8287 | 8293 8299 8306 8312 8319 |1 1 2 3 3 4 5 5 6
68 | 8325 8331 8338 8344 8351 | 8357 8363 8370 8376 8382 | 1 1 2 3 3 4 4 5 6
69 | 8388 8395 8401 8407 8414 | 8420 8426 8432 8439 8445 |1 1 2 2 3 4 4 5 6
70 | 8451 8457 8463 8470 8476 | 8482 8488 8494 8500 8506 | 1 1 2 2 3 4 4 5 6
71 | 8513 8519 8525 8531 8537 | 8543 8549 B555 8561 8567 | 1 1 2 2 3 4 4 5 5
72 | 85673 8579 8585 8591 8597 | 8603 B609 B615 8621 8627 | 1 1 2 2 3 4 4 5 5
73 | 8633 8639 8645 8651 8657 | B663 8669 8675 B681 8686 | 1 1 2 2 3 4 4 5 5
74 | 8692 8698 8704 8710 8716 | 8722 8727 8733 8739 87465 |1 1 2 2 3 4 4 5 5
75 | 8751 8756 8762 BT68 8774 | 8779 8785 8791 8797 8802 |1 1 2 2 3 3 4 5 5
76 | 8808 8814 8820 RB825 8831 | 8837 8R42 884R 8854 8859 | 1 1 2 2 3 3 4 5 5
77 | 8865 8871 8876 8882 K887 | 8893 B8O BI04 8910 8915 |1 1 2 2 3 3 4 4 5
78 | 8921 8927 8932 8938 8943 | 8949 8954 8960 8965 8971 |1 1 2 2 3 3 4 4 5
79 | 8976 8982 8987 8993 8998 | 9004 9009 9015 9020 9025 | 1 1 2 2 3 3 4 4 5
80 | 9031 9036 9042 9047 9053 | 9058 9603 9069 9074 9079 [ 1 1 2 2 8 3 4 4 5
81 | 9085 9090 9096 9101 9106 | 9112 9117 9122 9128 9133 |1 1 2 2 8 8 4 4 5
82 | 9138 9143 9149 9154 9159 | 91465 9170 9175 9180 9186 {1 1 2 2 8 3 4 4 5
83 | 9191 9196 9201 9206 9212 | 9217 9222 9227 9282 9238 [ 1 1 2 2 3 3 4 4 5
84 | 9243 9248 9253 9258 9263 | 9269 9274 9279 9284 9289 {1 1 2 2 3 3 4 4 5
85 | 9294 9299 9304 9309 9315 | 9320 9325 9330 9335 0340 [ 1 1 2 2 3 3 4 4 5
86 | 9345 9350 9355 9360 9365 | 9370 9375 9380 9385 9390 [ 1 1 2 2 83 3 4 4 5
87 | 9395 9400 9405 9410 9415 | 9420 9425 9430 9435 9440 | 0 1 1 2 2 3 3 4 4
88 | 9445 9450 9455 9460 9465 | 9469 9474 9479 9484 9489 { 0 1 1 2 2 3 3 4 4
80 | 9494 9499 0504 9509 9513 | 9518 9523 9528 9533 9538 | 0 1 1 2 2 3 3 4 4
90 | 9542 9547 9552 9557 9562 | 9566 9571 9576 9581 9586 | 0 1 1 2 2 3 3 4 4
91 | 9590 9595 9600 9605 9609 | 9614 9619 9624 9628 9633 [ 0 1 1 2 2 3 8 4 4
92 | 9638 9643 9647 9652 9657 | 9661 9666 9671 9675 9680 | 0 1 1 2 2 3 3 4 4
93 | 9685 9689 9694 9699 9703 | 9708 9713 9717 9722 9727 | 0 1 1 2 2 3 3 4 4
94 | 9731 9736 9741 9745 9750 | 9754 9759 9763 9768 9773 | 0 1 1 2 2 8 3 4 4
95 | 9777 9782 9786 9791 9795 | 9800 9805 9809 9814 9818 [0 1 1 2 2 3 3 4 4
96 | 9823 9827 9832 9836 0841 | 9845 9850 OR54 9850 9863 | 0 1 1 2 2 3 3 4 4
97 | 9868 9872 9877 0881 9886 | 9890 0894 9899 9903 9908 { 0 1 1 2 2 3 3 4 4
98 | 9912 9917 9921 9926 9930 | 9934 9939 9943 9948 9952 { 0 1 1 2 2 3 3 4 4
99 | 9956 9961 9965 9969 9974 | 9978 0983 9987 9991 9996 { 0 1 1 2 2 3 3 3 4
Nl o 1 2 38 4 | 5 6 7 8 9 |1 2 3 45 6 7 8 9




Appendix H

Values of ¢

(0 <A< 1)

Y 0 1 2 3 4 5 6 7 8 9
0.0 1.0000 5900 9802 0704 9608 0512 .9418 9324 .9231 9139
041 9048 8958 8869 .8781 8694 8607 8521 .8437 .8353 B270
0.2 .8187 8106 8025 7945 7866 7788 711 7634 .75568 7483
0.3 7408 L7334 L7261 .T189 7118 L7047 6977 6907 .6839 6771
0.4 6703 6636 6570 6505 6440 6376 .6313 6250 G188 .6126
0.5 6065 6005 .5945 .5886 5827 5770 5712 56565 5599 .5643
0.6 .5488 5434 b379 .6326 5273 5220 .5169 B117 .5066 5016
0.9 .4966 4916 4868 .4819 4771 4724 4677 .4630 4584 4538
0.8 .4493 .4449 4404 .4360 4317 A274 .4232 4190 4148 4107
0.9 .4066 .4025 3985 .3946 3906 3867 .3829 3791 3753 3716

(A=1,2,3,...,10)
A 1 2 3 4 5 6 7 8 9 10
et 36788 13534 .04979 .01832 .006738 .002479 .000912 .000835 .000123 .000045
NOTE: To obtain values of e~ * for other values of A, use the laws of exponents.
Example: e—348 = (g—3.00)(¢—048) = (,04979)(.6188) = .03081.
Appendix 1
Random Numbers
51772 74640 42331 20044 46621 62898 93582 04186 19640 87056
24033 23491 83587 06568 21960 21387 76105 10863 97453 90581
45939 60173 52078 25424 11645 55870 56974 37428 93507 94271
30586 02133 75797 45406 31041 86707 12073 17169 88116 42187
03585 79353 81938 82322 06799 85659 36081 50884 14070 74950
64937 033565 05863 20790 65304 551890 00745 65253 11822 15804
15630 64759 51135 98527 62586 41889 25439 88036 24034 67283
09448 56301 57683 30277 94623 85418 68829 06652 41982 49159
21631 911567 77331 60710 52290 16835 48653 71590 16159 14676
01097 17480 29414 06829 87843 28195 27279 47152 35683 47280
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Answers to Supplementary Problems

CHAPTER 1
157. (a) A = {6,8,10,12,14} (b) A = {2 |« is even, b <2 <15}

163. (a) {1,2,3,4,5} (e) {5} (e) @ (g) {2,5,8)
& {1,2,3,4,5} (d) {5} o & (k) {5)

164, (2) {2,3

4% (kY (2 ) {2
=5 L EH P G A

A%

I

0 22224 (4 4y (& (Y (H {3
My o L B 1 =y L £ L b

¥ =5

41
=

181. (@) 5/26 (b) 5/36 (c) 0.98, (d) 2/9 (e) /8

182. (e) Probability of king on first draw and no king on second draw.
(b) Probability of either a king on first draw or a king on second draw or both.
{¢) No king on first draw or no king on second draw or both {ne king en first and second draws),
(d) No king on first, second and third draws.
(¢) Probability of either king on first draw and king on second draw or no king on second draw and

o rwn Amron wae

| P [ SO P |
ALl WII LILIIW Uliv.

183. (a) 1/8 (b) 3/6 ({e¢) 11/15 (d) 2/5 (e) 4/5

184 (a) 4/25 (c) 16/25 (e) 11715 (g) 104/225 (i) 6/25
(b) 4/75 (d) 64/225 h 1/5 (r) 221/225 (j) 52/225

185. (a) 29/185 (¢) 118/185 (e) 11/15 (g) 86/185 (i) 9/37
(b) 2/37 (d) 52/185 hH 1/ (k) 182/185 () 26/111

1.86. (a) 3/10 (b) 1/Z10 (c) 3/5

187. (a) 1/2197 (b) 1/17,576

188. 1/3

194,  21/56 1107. 26

195. 21/31 1108. (a) 120 (b) 72 (c) 12
196, 1/3 1109. (0} 10 (b) 70 (c) 45
197, 14/67 1110, n=6

1.100. 8 LI1L. 210

1101. (a)12 (b) 2520 (c) 720 L112. 840

1102. n=5 1118, (a) 42,000 (b) 7000
L103. 60 1114, () 120  (b) 2520
1104. (a) 5040 (b) 720 (c) 240 1115, (a) 150 (b) 45 (c) 100
L105. (a) 8400 (b) 2520 L116. (a) 17 (b) 163

1106. () 32,805 (b) 11,664 L117. (@) 20 (b) 330 (c) 14/99

853



354 ANSWERS TO SUPPLEMENTARY PROBLEMS
1.118. (@) «® + 625y + 15z4y? + 2023y® + 152%° + 6xy> + 3°

{b) =t — 48y + 6x2y? — dayP + *

(¢) =5 — 52 + 10z — 102~ 4 ba=3 — x5

(d) 28 + B8 + 2424 + 3222 + 16
L119. 2016
1122, (a) 5/18 (b) 11/36 (c) 1/36
1.123. (o) 47/52 (b) 16/221 (c) 15/34 (d) 13/17 (e} 210/221 (f) 10/13 (g) 40/51
1.124. 5/18
1.125. (a) B1:44 (b) 21:4
1126, (@) (;3C(13C2)15C3)(13C1 )/ 52C15  (B) 4/50Cy5
1127, (6C3)(sC2)/14C5
1128. (a) 91/216 (b) at least 17
1129. (a) 4°,3Cs/50C5 (b)) (4C2* 46Cy + 4Csl/53Cs
1180,  4(35Co)30Cs) 5oCss 1.138. (a) 120 (B) 60 (c) 72
1131, 2.95x10% 1.139. (a) 63/125 (b) 96371000
1.133. 0.8% approx. 1.140. 1,419.857/34,012,224
1135, 11— 8 Ll41. (a) 13 (B) 53
1.146. (a) 4/5C; (e} 45(13C5)/52C5

(b) (13)(2)(4)(6)/52C5 (d) (5M(4)(3)(2)/(52)(51)(50)(49)
1.147. 2/2483
1148, (a) 126 (b) ,4+,—1Cn—1
1.149. (e) 462 (b} ,_4Cy_1y
1150. (a) 3/32 (b) 1/16 (e} 1/32 (d) 1/8
1.151. prob. A wins = 61/216, prob. B wins = 5/36, prob. of tie = 125/216
1153, (@) 12/(52C13)(25Crs) () 24/(55C,3)(30C13)(26C13)
CHAPTER 2
238. (a) x 0 1 2 3 239. (@) x 0 1 2

fl®) | 1/8 | 8/8 | 8/8 | 1/8 f(=) | 8/28 | 15/28 | 5/14
240. (o) x 0 1 2
flx) | 9/64 | 16/32 | 25/64

(k) 77/442



242,

243.

241,

251.

253.

256,

257.

258.

2.60.

2.61.

ANSWERS TO SUPPLEMENTARY PROBLEMS

() x 0 1 2 3 4

194,580 | 69,184 | 6768 | 192 1
f@) | 370725 | 270,725 | 270,725 | 270,725 | 270,725

Fle) |1/8| 1/2} 7/8 | 1

(@) x 1 2 3 4
flx) | 1/8 | 1/4 | 3/8 | 1/4

()34 (c}7/8 (d)3/8 (e) 7/8

(@) 3 (b)e3—e® (c)e® (d1—e3

Fay = {1—9—3* x=0

0 =0

L

(a) 6/29 (b) 15/29 (¢) 19/116

0 z=1
(223 —2)/29 1=zx=2
(Bx2+2)/20 2=gx=

1 =3

Fx) =

r2/9 0=2<3

(a) 1/27 (b)) flo) = { (c) 26/27 (d) 7/27

0 otherwise
0 =0
{a) 1/2 (b) 1/2 (¢) 314 (d) F(z) = x4 0=zx=2
1 x =2

(@ 1/36 (b) 1/6 () 1/4 (d) 5/6 (e) 1/6 () 1/6 (g) 1/2

6 2=1,2,3

y/6 y=1,2,8
(a) nw)={0

(b) folw) = {

other = 1] other y

(@) 3/2 (b)) 1/4  (c) 29/64 (d) 5/16

0 x=0 0 v=0
(@ Fy@) = g[é‘”“'ﬂ 0=2=1 @) F = L(v”w 0=y=1
ll =1 l.l vz1

(a) flx|y) = fi(x) for y =1,2,3 (see Problem 2.55)
(b) fly]|=) = fo(w) for 2 =1,2,3 (see Problem 2.55)

(+yly+d 0=2=1 0=y=1
(@) flzly) = {

0 otherz, 0=y =1

(x+wlz+d) 0=z=1 0=y=1

®) flyl=) = {0 0=z=1, othery

356



356 ANSWERS TO SUPPLEMENTARY PROBLEMS

(2 +y)f(2+1) 0=2z=1, 0=y=1
262. (@) f]y) = { i

0 otherz, 0=y =1

(2 4+ )22 +}) 0=z=1 0=y=1
(®) flylz) { b

0 0=2x2=1, other y

e =0, y=0 e ¥ =0, y=0
268, @ Sl =, Lo y=e ® fwl® =40 oo

264, e~ V¥/2\/y for y > 0; 0 otherwise
268. (2m)—12y—12g-w2 for y > 0; 0 otherwise

290. 1/ for —nf2 < y < »/2; 0 otherwise
I—y-23 0<y<i1

b gly) = Jy—1D-23 1<y<2
0 otherwise

3 -b<y<i1

272. (o) gly) = {0 otherwise

274. ve (14 u)® for « =0, v = 0; 0 otherwise

—Inz 0<z<1 e~ Tf6 x=0
27 9@ = 0 otherwise 282 glo) = 0 x <0
U =u=1
278. gu) = {2—u 1Su=2 283. 1/4
0 otherwise
ue v u=~0 284 61/72
2.0 = u<0 |
2.6, 2 @) F 0 vl d) 26/8 1/9
= 6/81
(@2 (&) F=) 1-3v y=z<y+ly=123,.. @D €)
Il—e‘zz(2x+ 1) =0
281, (@) 4 (b)) Flo) = @ 3672 (&) 5e~t—Te®
10 z <0
288. (a) 3/7 (b) B/7

289. (@)e=1 (b)) e 4— 3e~24 2e-1

291, (@) ¢;=2,¢,=9 (b) 9e2—14e~3 (c) de~5—4e~7 (d) e~2—e~¢ (&) de—3

z+3 0<z<l 1y+1) O<y<2
293, 14 (b) 27/64 - -
(@) (b) 27/64 () fy(2) { o otherwise @ @) { 0 otherwise
e Wy y>0 1872t 2> 0
2%. @ {0 otherwise ®) {0 otherwise
29 () 3(1-2) () ++ime (@) 1me 2100, (b) 15/256 (c) 9/16 (d) O
 (fe2 zz0
298, g(z) = {0 o 2106. (a) 45/512  (b) 1/14

299, (b) 7/18 2.108. V/2/2



ANSWERS TO SUPPLEMENTARY PROBLEMS

CHAPTER 3
343. (@1 ()7 (o6 352. (0)2/3 (b)2/3 (c)4/3 (d)4/9
344, (a)3/4 (b)1/4 (c) 3/ 354. (@) 712 (b) /6
() 6/12 (d)6/3 () T/4 () 2/3

345. (@1 B2 (o)1 355. (a)5/2 (b) —65/12 (o) 1/4 (d) 1/4
3.46. 105 356. (@n (b)2n
347. 3 357. (o) 36/12 (b) V35/12
348. (o)1 (b)1 (c)1/4 358. (a)4/3 (b) V43
350. () 7/10 (b)6/56 (c) 19/10 (d) 5/6 359. (@)1 (b)1
360. (@) Var(X) =5, ox =V  (b) Var(X) = 3/80, ox = VI5/20
361, (a)4 (b)2
362. (a)7/2 (b)15/4 (o) VIB/2
364. (a) M2+ e t/2) =cosh (t/2) (B) p=0, y3=1, p3=0, ps=1
365. (o) (1+2te2t—e2)/2t2 (b} p=4/3, us =2, pj = 16/6, pq = 16/3
366. (0). py=0, pp=0"5, pya=—b, py =36

(®) p1 =0, pup = 3/80, p3 = —121/160, u, = 2307/8960
367. (@) V/(1—0), |t|<1 (b)) p=1, p3=2, pf=6, pg=24
368. 4 =0, pp=1, p3=2, pg =33
369. (a) (Bk+1—ak*)/(k+1)b—a)  (B) [1+(—1)K|(b— a)/2k+1(k+1)
372 peis + gelud
373. (sin aw)/aw
374 (¢fiw - 2iwe 2w - 1)/24°
377, (o) 11/144 (b)) 11/144 (o) VIINNZ () VIL/IZ (o) —1/144 (f) —1/11
3. (@1 ()1 (1 @1 (0 (NO
3.79. (a) 73/960 (b) 73/960 (c) VT3/960 (d) VT3/960 (e) —1/64 (f) —15/73
380. (o) 233/324 (b) 233/324 (c) V233/18 (d) V233/18 (e) —91/324 (f) —91/233
381, (@) 4 (b) 4/V3E
382. —V/1b/4
383. (a) (Bz+2)/(6x+3) for 0=z =1 (b) (By+2)/(6y+3) for 0=y =1
384. (@) /2 for 2=0 (b) 1 for y =0
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3.89.

3.90.

3.91.

3.92.

3.100.

3.101.

3.105.

3.108.

3.109.
3.113.
3.114,
3.116.
3.118.
3.119.
3.120.
3.121.

8.122.

w
-
£

3.124.

3.125,

3.126.

3.127.

ANSWERS TO SUPPLEMENTARY PROBLEMS

(@) X 0 | 1| 2 (®) y

E(Y|X) |4/3 | 1 | B/7

6x2 4 6x + 1 - =
(a)—lwforosxsl (b)
(a) 1/9 b1
(@) X 0 1 2

Var(Y|X) | 5/9 | 4/6 | 24/49

(@) 1/2 (b) 2 (useless) 3.102.
(e} e=2 (b)) 0.6 3.108.
(@) +0 () n2 () 1 3.104.

(@) 1W3 () \J1-(2) (o) 8/15

0

1

2

EX|Y)

4/3

7/6

1/2

6y + 6y + 1

182y + 1)2

for0=y=1

@ \1-(BVI0) () \1-(V3/2 () VIZ2 (@

(@1 (b (VB—1)/4 (c) 16/81
(a) 1 (b) 0.17 (¢} 0.051

(a¢) 1 — 2e1 (b) does not exist

(@) (65—2V/3)/3 (b) (3— 2¢1V3)/3
(@2 (b9

(a) 0 (b) 24/ba

@2 ()9

(@) 7/8  (b) 5/9 (c) (et+ 2¢2% 4 3€3)/6

@ 1/3  (B) /18  (c) 2(et—1— e)/e2

(z) 21/2  (b) 3b/4

-

(¢} (1+ 2te2t — e2ty/242

) 4/3 () (
(b) 2/9 (d) —(1+ 2iwedin — ¢2iv)/2,2
1

(@ 1 (b) BE2VZ—-1)/15

(@2 (b) VEr/2

(@0 (b)1/3 ()0

(b) Y 0 1 2
Var(X|Y) | 5/9 | 29/36 | 712
() doesnot exist (b)) —1  (c) 0
(@38 ()3 (c)3
(@) 1—4V3 (b) 1/2
1—(1/V/10)

(d) (etw + 2e2ie 4 3e3i0)f/6 (e} —T/27

(d) —2(eto — 1 —iw)/u?  (e) 1/135




ANSWERS TO SUPPLEMENTARY PROBLEMS 359

CHAPTER 4

461. (a) 1/64 (b) 3/32 (c) 16/64 (d) /16 (e) 15/64 (f) 3/32 (g) 1/64

462.  (a) B7/64 (b) 21/32 465. (@) 17/162 (b) 1/324
4.63. (o) 1/4 (b} 5/16 (c) 11/16 (d) 5/8 4.66. 64/243
464. (a)250 (b)26 (c) 500 467.  193/512

468. (o) 32/243 (b) 192/243  (c) 40/243  (d) 242/243

469. (a) 42 (b) 3.5560 () —0.1127 (d) 2.927

471.  (a) npg(g—p)  (b) npq(l —6pg) + 3n?pi¢?

473. (s) 1.5,—16 (b) 72,90

474. (a)76.4 (b)9

475. (a) 0.8767 (b) 0.0786 (c) 0.2991

476. (a) 0.0375 (b) 0.7123 (c) 0.9266 (d) 0.0154 (e) 0.7251 (f) 0.0395
477.  (a) 0.9495 (b) 0.9500 (c) 0.6826

478. () 0.75 (b) —1.86 (c) 2.08 (d) 1.625 or 0.849  (e) *1.645
479. —0.996

480. 0.0668

48l. (a)20 (b)36 (c)227 (d)40

(0) 93% (b) B1% (c) 0.47% (d) 16%

84

B &

484  (a) 61.7% (b) 54.7%

485. (a) 95.4% (b) 23.0% (c) 93.3%

486, (a) 1.16  (b) 0.77

487.  (a) 0.9962 (b) 0.0687 (c) 0.0286 (d) 0.0568

488. (@) 0.2611 (b) 0.1342

4.89. (@) 0.0667 (b) 0.9198 (c) 0.6404 (d) 0.0079

490.  0.0089

491.  (a) 0.04979 (b) 0.1494 (c) 0.2241 (d) 0.2241 (e) 0.1680 (f) 0.1008
452. (a) 0.0838 (b) 0.5976 (c) 0.4232

493.  (a) 0.05610 () 0.06131



360 ANSWERS TO SUPPLEMENTARY PROBLEMS

494. (a) 000248 (b) 0.04462 (c) 0.1607 (d) 0.1033 (e) 0.6964 (f) 0.0620

4.101. (a) 5/3888 (b) 65/324

4.102. (z) 0.0348 (b) 0.000295

4103. 1/16

4.104. (o) 70/429 (b) 1/143 (c) 142/143

we o (F)(7)/5) o ()6

4106. (a) (:g) (‘fg ) /(gg) (5) [(40Co)M20C20) + (40C1M20C10) + (40C2)(20C18)]/80C20
4109, (a) 3/4 (b) 3/4 4120, (a) 1 — sl\% (0) o1z~ 3o

A1, (@ 0 (b) (b— a)¥/80 4126. (a) 21.0 (b) 262 () 23.3

4112, (a) 0 (b) 9/5 4127. (a) 15.5 (b) 30.1 (e) 41.3 (d) 65.8
4113, 1/4 4128. (a) 201 (b) 36.2 () 483 (d) 637
4114. (a) 3/4 (b) 1/3 4129. (a) 9.59 and 34.2

4130. (a) 16.0 (b) 6.35  (c) assuming equal areas in the two tails, x2 = 2.17 and xJ = 14.1
4131, (o) 1225  (b) 179.2

4132. (a) 207.7 (b) 295.2

4135. (2) 260 (b)176 (c)1.34 (d)2956 (e)2.13

4136. (e)3.76 (b)268 (c)2.48 (d)2.39 (e)2.33

4137. (a) 1.71 (b) 2.09 (c) 4.03 (d) —0.128

4138. (a) 181 (b) 2.76 (c) —0.879 (d) —1.37

4141. (a)262 (b)1.73 () 240 (d) 0362 () 0.340 (f) 0.166

CHAPTER 5

549. (@) 9.0 (b) 447 (¢) 9.0 (d) 316

550. (a) 8.0 (b) 4.47 (e) 9.0 (d) 2.568

551. (a) px = 22.40 oz, o5 = 0.008 oz (b) px = 22.40 oz, oy is slightly less than 0.008 oz
552.  (a) ug =22.40 0z, ox = 0.008 0z (b} ag = 22.40 oz, oz = 0.0057 oz

553. (o) 237 (B) 2 (c) none (d) 24

554. (a) 0.4972  (b) 0.1687 () 0.0918  (d) 0.9544

555. (a) 0.8164  (b) 0.0228 (c) 0.0038  (d) 1.0000



5.56.

557,

5.58.

5.59.

5.60.

5.62.

5.63.

5.64.

5.65.

5.80.

5.81.

5.82.

5.86.

5.87.

592

5.93.

594,

5.96.

597.

5.98.

5.107.

5.108.

5.109.

5.111.

5.112.

5.113.

ANSWERS TO SUPPLEMENTARY PROBLEMS 361
0.0026 5.66. 0.0482
(e) 0.0029  (b) 0.9696 (¢) 0.1446 567. 0.0188
(@) 2 (b) 996 (c) 218 5.68. 0.0410
(z) 0.0179 (b) 0.8664 (c) 0.1B41 570. (a) 118.791b (b) 0.741b
@6 (@9 (@©2 (dI12 571. 0.0228
(a) 19 (b) 126 572. (2) 10,00  (b) 11.49
(@) 0.0077  (b) 0.8869 578. (o) 40/3  (b) 28.10
(a) 0.0028 (b) 0.9172 574. (a) 060 (b) 0.17 (c) 0.28
(a) 0.2150 (b) 0.0064 (c) 0.4504 5.75. (a) 0.36 (b) 0.49
(a) between 0.01 and 0.06 (b) greater than 0.05
(a) greater than 0.05 (b) greater than 0.05
(a) T99 {c) 94956 (e) 100 (hours) (g) 62/400 = 0.166 or 16.5% (i) 19.0%
(b) 1000 (d) 1099.5, 1199.5 (f) 76 (h) 29.5% (7) TB.0%
(@) 24% (b) 11%  (c) 46%
(a) 0.003 in.
(b) 0.3195, 0.3226, 0.3255, ..., 0.337b in.
(¢) 0.320-0.322, 0.323-0.325, 0.326-0.328, ..., 0.335-0.337
86 5.99. 5010
0.650 s 5.100. 0.72642 inches
8.26 5101. 26.2
(0) 82 (b)) 79 5102. (a) 216 (B) 0.90 (c) 0.484
78 5104. 45
80%, 209 5.105. (a) 0733 ton  (b) 38B.60
11.09 tons 5106. (e) # =247 (b) s =1.11

(¢) 0.000676 inches (b} 72.1%, 93.3%, 99.76%
(a) 146.81b, 129 1b

(a) 0.7349 in., 0.00495 in.

(@6 (b) 40 (c) 288 (d) 2188
(@0 ()4 ()0 (d) 2586
(@-1 ()56 () —91 (d) 53



362 ANSWERS TO _SUPPLEMENTARY PROBLEMS

5.115. 0, 26.25, 0, 1193.1

5116. 7

5117. () 0, 6,19, 42  (b) —4, 22, —117,560  (c) 1,7, 38, 156
5.118. 0, 0.2344, —0.0586, 0.0696

5121, iy = 0, my, = 597, my; = —8.97, m, = 89.22

5.122. g = 0, m, = 0.53743, mg = 0.36206, m, = 0.84914

5128. (a) O (¢) 92.35 (e) 26.2 (g) 739.38 (i) 706,428
(b) 52.95 (d) 7158.20 (f) 7.28 (h) 22,247 (7) 24,545

5.124. (a) —0.2464 (b) 2.62 5128. (a) 7.2 (b) 8.4
5125. (a) 09190 (b) 294 5.129. (a) 106 (b) 4
5.126. first distribution 5.130. 1569

5.127. (a) second (b) first 5131. (a) 787 (b) 0.0090
CHAPTER 6

620. (a) 951b (b) 0.741b2  (c) 0.78 and 0.86 1b respectively
630. (a) 1200 hr  (b) 105.4 hr

631. (a) Estimates of population standard deviations for sample sizes 30, 50 and 100 tubes are respectively
101.7, 101.0 and 100.5 hr. Estimates of population means are 1200 hr in all cases.

632. (a) 11.09 = 0.18 tons (b} 11.09 = 0.24 tons

6.33. (a) 0.72642 = 0.000095 in. (¢) 0.72642 = 0.000072 in.
(B) 0.72642 * 0.000085 in. (d) 0.72642 = 0.000060 in.

i = AR Aad AL
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634. (o) 0.72642 = 0.000025 in.  (b) 0.000025 in.

635. (a) atleast97 (b) atleast 68 (¢) at least 167 (d) at least 225
6.36. (a) at least 385 (b) at least 271 (¢) at least 666 {d) at least 900
637. (a) 7.38 = 0.B2 ounces (b) 7.38 = 1.16 ounces

s

638, (a) 7.38 = 0.70 ounces (b) 7.38

I+

(.96 ounces

6.39. (a) 0.298 = 0,030 seconds  (b) 0.298 * 0.049 seconds

6.40. (o) 0.70 = 0.12, 0.69 = 0.11 (t) 0.70 = 0.15, 0.68 * 0.15 (¢) 0.70 = 0.18, 0.67 = 0,17
641. (a) at least 323  (b) at least 560  (c) at least 756

643. (a) 1.07 £ 0.09 hr (b) 1.07 = 0.12 hr

644. (a) 0.045 = 0.073  (b) 0.0456 + 0.087 (c) 0.045 * 0.112
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6.45. (a) 63.8 = 0.24 ounces (b) 63.8 = 0.31 ounces

646. (z) 1800 =2491b  (b) 1800 =3281b  (c) 1800 + 382 1b

647. 861b

648. (o) at least 4B02  (b) at least 8321 (e) at least 11,250

6.49. (o) 87.0 to 230.9 hours  (b) 78.1 to 288.5 hours

650. (a) 95.6 to 170.4 hours (b) 8B.9 to 190.8 heurs

651. (a) 106.1 to 140.6b hours (b) 102.1 to 148.1 hours

652. (a) 0.269 to 7.70  (b) 0.453 to 4.58

653. (z) 0.519 to 2.78  (b) 0.673 to 2.14

654. (a) 0.140 to 11.025 (b) 0.264 to 5124

656. (o) 0.941 to 2.20, 1.067 to 1.944 (b) 0.664 to 1.563, 0.741 to 1,35

657. X = (2x)/n

R et

659. k = —1— m

6.60. (a) =460 (b) =3.06 (c) =279 (d) =2.76 (e} *2.70

6.61. (z) 2400 = 45 pounds, 2400 = 59 pounds  (b) B7.6%

6.62. 105.5 to 139.6 hours

CHAPTER 7

763. (a) 0.2606

764. (a) Accept the hypothesis if between 22 and 42 red marbles are drawn; reject it otherwise. (b) 0.99,
(¢) Accept the hypothesis if between 24 and 40 red marbles are drawn; reject it otherwise.

765. (o) (Hy: p=0.5), (Hy: p>0.5). (b) One-tailed test. (¢) Reject H, if more than 39 red marbles are
drawn, and accept it otherwise (or withhold decision). (d) Reject Hy if more than 41 red marbles
are drawn, and aceept it otherwise (or withhold decision).

766. (a) We cannot reject the hypothesis at a 0.05 level.

(b) We can reject the hypothesis at a 0.05 level.

7.67. We cannot reject the hypothesis at a 0.01 level in either (a) or (b).

788. We can reject the claim at both levels using a one-tailed test.

7.69. Yes, at both levels, using a one-tailed test in each case.

7.10. The result is significant at a 0.05 level in both a one-tailed and two-tailed test.



364

7.1,
1.72.
7.73.
.74
.75,

7.76.

1.77.
7.18.
7.79,

7.80.

781,

782,

7.83.

7.84.
7.85.
7.86.
7.87.
788,
7.89.
7.90.

7.94.
7.95.
7.96.
7.98.
7.99.

7.100.

7.101.
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The result is significant at a 0.01 level in a one-tailed test but not in a two-tailed test.

(a) yes (b) no

A one-tailed test at both levels of signficance shows that brand B is superior to brand A.
A one-tailed test shows that the difference is significant at a 0.05 level but not a 0.01 level.
A one-tailed test shows that the new fertilizer is superior at both levels of significance.

(a) A two-tailed test shows no difference in quality of performance at a 0.05 level.
(b) A one-tailed test shows that B is not performing better than A at a 0.05 level,

A two-tailed test shows that there is no evidence at either level that the mean lifetime has changed.
A one-tailed test indicates no decrease in the mean at either the 0.05 or 0.01 level.
A two-tailed test at both levels shows that the product does not meet specifications.

A one-tailed test at both levels shows that the mean copper content is higher than specifications
require.

A one-tailed test shows that the process should not be introduced if the significance level adopted
is 0.01, but should be introduced if the significance level adopted is 0.05.

Using a two-tailed test at a 0.05 level of significance, we would not conclude that there is a differ-
ence in acidity.

Using a one-tailed test at a 0.05 level of significance, we would conclude that the first group is not
superior to the second.

The apparent increase in variability is not significant at either level.

The apparent decrease is significant at the 0.05 level but not at the 0.01 level.

We would conclude that the result is unusual at the 0.05 level but not at the 0.01 level.
We cannot conclude that the first variance is greater than the second at either level.
We can conclude that the first variance is greater than the second at both levels,

no

(@) 03112 (b) 00118 ()0 (d) 0 (e) 0.0118

(a) B.64 = 0.96 ounces (b) 8.64 = 0.83 ounces (¢} B.64 * 0.63 ounces

(@ 6 (b) 4

f(x) = 4C.(0.32)7(0.68)*~*; expected frequencies are 32, 60, 43, 13 and 2 respectively
Expected frequencies are 1.7, 5.5, 12.0, 15.9, 13.7, 7.6, 2.7 and 0.6 respectively.
Expected frequencies are 1.1, 4.0, 11.1, 23.9, 39.5, 50.2, 49.0, 36.6, 21.1, 9.4, 3.1 and 1.0 respectively.
Expected frequencies are 41.7, 53.4, 34.2, 14.6, and 4.7 respectively.

(0.61)ze—0.61 ) .
flz) = T expected frequencies are 108.7, 66.3, 20.2, 4.1 and 0.7 respectively
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7.103.

7.104.

7.105.

7.106.

7107,
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7.113.

7.114,

7.115.

7.116.

7117,

7.129.

7.132.

71317,

7.138.

7139,
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The hypothesis cannot be rejected at either level.
The conclusion is the same as before.

The new instructor is not following the grade pattern of the others. (The fact that the grades
happen to be better than average may be due to better teaching ability or lower standards or both.)

There is no reason to reject the hypothesis that the coins are fair.
There is no reason to reject the hypothesis at either level.

(a) 10, 60, 50 respectively (b) The hypothesis that the results are the same as those expected cannot
be rejected at a 0.05 level of significance.

The difference is significant at the 0.05 level.

(z) The fit is good. (b) No.

mL. . £a 2 . o L ML . 84 3o Al N NE 1.
L i L

Fmy P L . e 8% e § = 1
QEy LI L 13 LU EUUALL, e AIle 1l =1 l.ll..HJ aL e AT 1%

ViEL,

(a) The fit is very poor at the 0.05 level. Since the binomial distribution gives a good fit of the data,
this is consistent with Problem 7.108. (b) The fit is good but not “too good.”

The hypothesis can be rejected at the 0.05 level but not at the 0.01 level,
Same conclusion.

The hypothesis cannot be rejected at either level,

The hypothesis cannot be rejected at the 0.06 level.

The hypothesis can be rejected at both levels,

The hypothesis can be rejected at both levels.

The hypothesis cannot be rejected at either level.

(a) 0.3863, 0.3779 (with Yates’ correction)

(a) 0.2206, 0.1985 (corrected)  (b) 0.0872, 0.0738 (corrected)

0.4651

()9 ()10 ()10 (8 7133. (a)yes (b) yes (c)no

(@) no  (b) yes (c) no 7134, (@)no {(b)no (c)no

Using a one-tailed test, the result is significant at the 0.05 level but is not significant at the 0.01 level,
We can conclude that brand A is better than brand B at the 0.05 level.

Not at the 0.05 level.
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CHAPTER 8

864. (a) ¥y = -1

3+$x or y = —0.333 40714z (b)) « = l+$y or = = 1.00+129y

8.65. (a) 3.24, B.24 (b) 10.00

867. (b) vy = 29.13 + 0.661 x (¢) 2 = —1439 + 116y (d) 79 (e) 95

868. (b) y = 4.000 + 0.500 = (c) = 2.408 + 0.612 y

869. y = 551 + 3.20(x—3) +0.733(x—3)2 or y = 2.61 —1.20x + 0.733 22
870. (b)) d = 41.77 — 1.096 v + 0.08786 v2 (c) 170 it, 516 it

871. (b) y = 32.14(1.427) or y = 32.14(10)0-1544z or y = 32,14¢0-3556x (dy 387
8.74. (a) z — 61.40 — 3.65x + 264y (b) 40

8.79. (a) L304 (b) 1.443

8.80. (a) 24.50 () 17.00 (c) 7.50

8B8l. 0.5533

883. 1.6

g84. (a) 0.8961 (b) » = 80.78 + 1.138 =z (c¢) 132

8.85. (a) 0.968 (b) 0.872

886. (a) y = 08z +12 (b) = = 046y + 1

8.87. (a) 1.60 (b) 1.20

888.  +0.80 893. (a) 0.9927

889. 76% 895. Tk = 3

890. (a) —0.9203 896. (a) 05182  (b) 0.9318
892. 3.12 897. (a) —1.0000

8.107. (a) 2.00 = 0.21 (b)Y 2.00 = 0.28

8108, () Using a one-tailed test we can reject the hypothesis,
(b) Using a one-tailed test we cannot reject the hypothesis.

8109, (a) 37.0 = 3.6 (b) 37.0 = 49
8110, (a) 37.0 = 1.5 (b) 37.0 = 2.1
8111. (a) 1.138 = 0.398 (h) 132.0 = 19.2 () 132.0 = 54

8112. (a) yes (b) no 8114. (a) 0.2923 and 0.7951
(b) 0.1763 and 0.8361

8.113. (a) no (b) yes 8.115. (a) 0.3912 and 0.7500
(b) 0.3146 and 0.7861



ANSWERS TO SUPPLEMENTARY PROBLEMS 267

8.116. 0.7096 and 0.96563 8.126. (a) y = 4.44x — 14222
(b) 141.9 and 177.5 pounds

8117. (a) yes (b)) no 8.127. (a) 16.921b

(b) 2.07 in.
8120. 0.8 8J28. 0.4961 and 0.7235
8125, 0.5440 8.129. 0.9263

B.130. (b) v = 12242 +2.19x if x-unit is | year and origin is at Jan. 1, 1954; or y = 107.1+ 4.38x if
z-unit is 1 year and origin is at July 1, 1850  (d) 142.1 (e) 1571

8.131. (b) y = 18.16 — 0,1083 = + 0.4653 x2, where y is the birth rate per 1000 population and x-unit is
b years with origin at July 1, 19356

CHAPTER 9

923. There is a significant difference in yield at both levels.

924, There is no significant difference in tires at either level.

925 There is a significant difference in teaching methods at the 0.05 level but not the 0.01 level,
926. There is a significant difference in brands at the 0.05 level but not the 0.01 level,

927. There is a significant difference in his grades at both levels.

931. There is no significant difference in operators or machines.

932. There is no significant difference in operators or machines,

9.33. There is a significant difference in type of corn but not in soils at the 0.05 level,

834. There is no significant difference in type of corn or soils at the 0.01 level.

9.35. There is a significant difference in both tires and automobiles at the 0.05 level.

936. There is no significant difference in either tires or automobiles at the 0.01 level.

937. There is a significant difference in teaching methods but no significant difference in schools at the

0.05 level.
938. 'There is no significant difference in either hair color or height.

939  Same answer as Problem 9.38,

940. There is a significant difference in locations at the 0.05 level but not in fertilizers.
941. There is no significant difference in locations or fertilizers at the 0.01 level.

9.42. There is a significant difference in operators but not in machines.

943. There is no significant difference in either fertilizers or soils.

944, Same answer as Problem 9.43.
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9.45.

9.46.

9.47.

9.48.
9.49.

9.52.

9.53.

9.54.

9.55.

9.61.

9.62,

9.63.

9.64.

9.66.

ANSWERS TO SUPPLEMENTARY PROBLEMS

There is no significant difference in scholastic achievement due to differences in height, hair color or
birthplace.

There are significant differences in species and quantities of the first chemical, but no other signifi-
cant differences.

There are significant differences in types of eables but no significant differences in cable strengths due
to operators, machines or companies.

There is no significant difference in treatments at either level,

There is no significant difference in [.Q. scores at either level.

There are significant differences in examination scores due to both veteran status and 1.Q. at the 0.05
level.

At the 0.01 level the differences in examination scores due to veteran status are not significant, but
those due to 1.Q. are significant.

There are no significant differences in test scores of students from different parts of the country, but
there are significant differences in test scores due to 1.Q.

Same answer as Problem 9.54.

There is a significant difference due to chemicals or locations at the 0.05 level.
There are significant differences due to locations but not to fertilizers.

There are no significant differences due to locations or fertilizers.

There are no significant differences due to factor 1, factor 2 or treatments 4, B, C.

There are no significant differences due to factors or treatments.



Acceptance, region of, 213
Aggregate, 1 (se¢ also Sets)
Algebra of events, 5
Alternative hypotheses, 211
Analysis of variance, 306-338
for one-factor experiments, 306-310,
316-321
shorteut formulas in, 307, 311, 317, 319,
320, 324
tables, 309, 313, 314, 319, 323
for three-factor experiments, 332, 333
for two-factor experiments, 312-315
unequal numbers of observations in, 310,
321, 322
A posteriori approach to probability, 6
Approximating curves, 258, 260
A priori approach to probability, 5
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Associative laws, for convolutions, 47
for sets, 3
Asymptotically normal random variables,
111, 158, 161
Axes, translation of, 260
Axiomatic approach to probability, 6
Axioms of probability, 6

Bar chart or graph, 39, 49
Bayes’ theorem or rule, 9, 20, 21
Bernoulli, James, 108
Bernoulli-distributed random variables, 108
Bernoulli distribution (see Binomial
distribution)
Bernoulli trials, 108, 118
law of large numbers for, 109, 123, 124
Best-fitting curves or lines, 269
Beta-distributed random variables, 115
Beta distribution, 115, 134, 135
Beta function, 115, 342
Biased estimates, 194 (see alsc Unbiased
estimates)
Bimodal distribution, 84
Binomisal coefficients, 11, 25
Binomial distribution, 108, 109, 119-123
fitting of data by, 287
negative-, 118
normal approximation to, 127, 128,
168, 169
Poisson approximation to, 129
properties of, 108, 109
relation of to normal distribution, 112,
127, 128
relation of to Poigson distribution, 112
Binomial expansion, 26, 108
Binomial population, 166, 158, 196
Binomially distributed random variables,
108
Birthday problem, 50, 81
Bivariate frequency distributions and
tables, 207
Bivariate normal distribution, 118, 141
Block effects, 312
Blocks, 310, 311
randomized, 815, 316
Boltzmann's constant, 151
Bose-Einstein statisties, 36
Bridge, 36, 37
Buffon's needle problem, 67, 68

INDEX

Categories, 163
Cauchy-distributed random variables,
114, 115
Cauchy distribution, 114, 115, 133, 134
Cell frequency, 219, 297, 298
Cells, 219, 297
Central limit theorem, 112, 113, 130, 131,
158, 250
for binomially distributed random
variables, 130, 131
proof of, 131
Central moments, 79
Centroid or center of gravity of data, 260
Chance, b
Change of variables, 46, 47, 56-60
for continuous case, 46, 47
for discrete case, 46
Tharactariatis !‘lu—.ai-inn. £
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68, 99
of binomial distribution, 109
of normal distribution, 111
of Poisson distribution, 112
thegrems on, 81
uniqueness theorem for, 81
Chebyshev’s inequality, 83, 84, 94, 95
Chi-sguare distributed random variables,
116
relation with ¢ and F distributions, 118,
139-141
Chi-square distribution, 113, 116, 117,
135-137, 197, 216
areas under, 136, 347
relation of to normal distribution, 135
as special case of gamma distribution,
116
theorems on, 116
Chi-square test for goodness of fit, 218,
219, 243
Class, | (see also Sets)
Class boundaries, 168, 177
Class interval, 163, 177, 297
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Classes and class frequencies, 163, 164,
177, 297
Classical approach to probability, 5, 6
Coding methods and formulas, 164, 165,
180-184, 297
Collection, 1 (see also Sets)
Combinations, 10, 11, 23, 24
Combinatorial analysis, 9, 21
probability using, 25-27
Commutative laws, for convolutions, 47, 61
for sets, 3
Complement of a set, 3
Complementary error function, 343
Complete randomization, 315
Complex numbers, 2
Conditional distributions, 48, 61-63
Conditional expectation, 83, 94, 265
Conditional moments, 83, 94
Conditional probability, 8, 17-20
function, 48
theorems on, &
Confidence coefficients, 195
Confidence intervals, 194-206
for differences and sums, 196, 197, 199,
203, 204
for means, 195, 156-202
for proportions, 196, 202, 203
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Confidence intervals (cont.)
for variance ratios, 197, 198, 206, 206
for variances, 197, 204, 205
Confidence levels, 195
Confidence limits, 195
Contingency, coefficient of, 220, 246, 247
Contingency tables, 219, 220, 243-246
Continuous probability distributions, 40, 41
Continuous random variables, 38
Continuous from the right, 40
Continupus sample spaces, 4
Control charts, 217
Control group, 227, 230
Convolutions, 47, 60, 61
Correlation, 258-305
independence and, 268
probability interpretation of, 266, 2B87-28%
rank, 264, 285-287, 265, 256
sampling theory of, 267, 268, 290-292
table, 297
Correlation coefficient, 82, 83, 92-94, 100,
118, 263, 264, 281-284
generalized, 264, 284, 286
for grouped data, 287
multiple, 264, 285
population, 266-267
sample, 261
tests of hypotheses and significance for,
267, 268
Countably infinite sample spaces, 4
Counting, fundamental principle of, 9, 21
Covariance, 81, B2, 92-94
theorems on, B2
Critical region, 212, 213
Critical values, 195
Cumulative distribution function, 39
(see aleo Distribution functions)
Cumulative frequency distributions, 164,
178, 179
Cumulative frequency polygon, 179
Curve fitting, 258, 265 (see also Correlation
ad regression)

Deciles, BS
Decision, rules of, 211, 213, 221-225, 248
Degrees of freedom, 116, 117, 219, 220,
308, 312
additivity of for chi-square distribution,
116, 135
De Morgan’s laws, 3, 13
Density function, 41
graphical interpretation of, 42, 43
joint, 44, B3, 54
marginal, 45
of sums of random variables, 47
Dependent random variables
(see Independent random variables)
Dependent variables, 259, 262, 268, 269
Design of experiments, 315, 316
Determination, coeflicient of, 263, 282
Deviation, 259
standard (see Standard deviation)
Difference of sets, 3
Dimensionless random variables, 79
Dimensions or units, 78
Digcrete probability distributions, 38, 39,
51, 52
Discrete randorm variables, 38, 48, 60
Discrete sample spaces, 4
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Disjoint sets, 3, §

Dispersion, 78, 85, 97

Distribution functions, 39
conditional, 48, 61-63
for continuous random variables, 41, 42
for discrete random variables, 39, 40,

50, b1

joint, 44, 46, 55
marginal, 45, 64, 55, 268

Distributive law, for convolutions, 47
for sets, 3,13

Duality, principle of, 8

Einstein-Bose statistics (see Bose-Einstein
statistics)
Elementary events, 4, 7
Elements or members of sets, 1
Empirical probability, 6, 164
distributions, 164
Empty or null set, 2
Envelope problem, 29, 30, 37
Equal sets, 1
Equally likely ways, 5, 6
Error function, 110
complementary, 343
Error or residual, 259, 308
E.S.P, 223, 224
Estimate, standard error of (see Standard
error of estimate)
Estimates, 166, 157, 194-210
efficient, 194, 198, 199
unbiased (see Unbiased estimate)
Estimation, 194-210, 259
Euler's formulas, 92, 341
Events, 4, 5, 14, 16
Exact sampling theory, 161, 195, 196
Expectation, 76, 77, B6-BB
conditional, B3, 94, 266
definition of, T7
of functions of random variables, 77
theorems on, 77
Experimental design, 315, 316
Experiments, random, 4, 5, 14, 15
Explained variation, 263, 266, 281, 282,
284, 285
Exponential distribution, 119
Exponential values, table of, 352
Extrasensary perception (see E.S.P.)

F distribution, 117, 118, 138, 139, 161, 197,
198, 216, 309
mean and variance of, 117
mode of, 117
percentile values of, 348, 349
relationship with chi-square and ¢,
118, 139-141
theorems on, 117, 118
Factorial function, 342
Factorial », 10
Stirling's approximation to, 11, 27, 342
Failure, probability of, 108
Fair coin, b
Fermi-Dirac statistics, 87
Fiducial limits, 196
{see also Confidence limits
Finite populaticn, 165, 158, 150
Finite sample space, 4
Fisher, R. A., 117, 198, 267, 306
Fisher's Z transformation, 267
Fitting of data by thecretical distributions,
217, 237-239
Fourier integrals, 81, 98
Fourier series, 1, 98
Fourier transforms, 81

S

INDEX

Frequency appreach to probability, 6

Frequency distributions, 163, 177-179
cumulative, 164, 178, 179
relative, 163, 164

Frequency polygon, 163, 177, 178
cumulative, 179

Frequency tables, 163 (see also Frequency

distributions)
Full house, 36

Gamma-distributed random variables, 115
Gamma distribution, 115, 116, 134
Gamma function, 116, 341, 342
recurrence formula for, 342
Stirling's asymptotic formula for, 342
Gaussian distribution, 109 (see also
Normal distribution)
Geiger counter, 144
Geometric distribution, 118, 142
relationship of with negative binomial,
118
Geometrical probability, 48, 62, 64
Goodness of fit, 217, 238, 2438, 269
chi-square test for, 218, 219, 243
Graeco-Latin squares, 816, 328, 330
Grand mean, 306, 311, 312

Group means, 306

Hglf open or half closed intervals, 2
Heights of fathers and eldest sona, 273, 274,
286, 287, 289, 290
Heredity, 241
Highly significant, 224, 225
Histogram, 39, 49, 1632, 177, 178
Hypergeometric distribution, 118, 132, 138
mean and variance of, 113, 114
relation of to binomial distribution, 113
Hypotheses, tests of, 211 {see also Tests of
hypotheses and significance)

Idesl gas, 151

Impossible event, §, 6

Inclusion symbols, 8

Independent events, §, 17-20, 46

Independent random variables, 45, 46,
52-56, 63

Independent samples, 169, 171, 196

Independent variable, 259, 262, 269, 270

Inefficient estimates, 194

Inference, statistical, 156

Infinite population, 155, 168

Integrals, special, 342, 343

Intelligence quotient, 230

Interaction effects, 814, 326

Intercept, 260

Intersection of sets, 3

Interval estimates, 194

Invariance under transformation, 260,
264, 272

Inverse Fourier transform, 81

Inversion formula, 81

1.Q., 230

Jacobian, 46, 47, 56, 58, 69
Joint density function, 44, 63, 54
Joint distribution function, 44, 46, 55
for continuous random variables, 46
for discrete random variables, 44
Joint distributions, 43-45, 52-56
continuous, 44
discrete, 43, d4
variance for, 81, 82

Joint probability function, 43, 44
Joint probability table, 43

Kelvin temperature, 151

Kurtosis, B5, 97-99, 143, 183
of binomial distribution, 109
of normal distribution, 111
of Poisson distribution, 112

Large samples, 195, 189-201
Latin squares, 316, 327, 328
Law of large numbers, 84, 95
for Bernoulli trials, 109, 123, 124
Least-squares lines, 259, 260, 268-274, 289,
292294
intersection of, 260, 271
in terms of sample variance and
covariance, 261
Least-squares method, 269
for curves, 259, 266
for lines (see Least-squares lines)
for parabolas, 259
Leibniz's rule for differentiating an
integral, 42, 58, 60
Levels of significance, 212, 221
experimental or descriptive, 224
table of, 213
Linear correlation coefficient, 263, 264,
281-284
generalization of, 264
product-moment formula for, 263, 282,
293, 2
Linear or mathematical model for analysis
of variance, 307, 308, 312, 313
Linear relationship, 258, 262, 284
Loaded coin, 5
Logarithms, table of common, 850, 351
Lottery, 86

Marginal density functions, 45
Marginal distribution functions, 45, b4,
55, 268
Marginal frequency, 219, 297
totals, 297
Marginal probability functions, 44, 53
Mathematical expectation, 76, 77 (s¢e alzo
Expectation)
Mathematical models, 7
for analysis of variance, 307, 308, 312, 313
Maximum likelihood estimates, 198, 206, 207
Maxwell distribution, 119
Mean, 76, 96, 97 (see also Expectation)
of binomial distribution, 104, 123
computation of for grouped data, 164,
165, 176-183
of F' distribution, 117
of normal distribution, 111
of Poisson distribution, 112
of a sample, 157
of a set of numbers, 76
of Student’s ¢ distribution, 117
Mean deviation, 85, 97
Measurable sets, 6

Measures of central tendency, 76, 84, 86,
96, 97
Measures of dispersion, 85, 96, 97
Median, 84, 156, 194, 198
nonuniqueness of, 84, 96, 97
sampling distribution of, 162
Members or elements of sets, 1
Mendel's experiments, 241
Mode, B4, 96
of beta distribution, 116
of F distribution, 117



Molecule of ideal gas, 151
Morment generating function, 80, 89-91, 98
of binomial distribution, 109, 122, 123
of chi-square distribution, 135
of normal distribution, 111, 126, 127
of Poisson distribution, 112
theorems on, 80
uniqueness theorem for, 80
Moments, 79, 80, 89-91, 166
central, 79
computation of for grouped datsa, 164, 165
179-183
conditional, 83, 94
about the mean, T8
about the origin, 79
Monotonically increasing functions, 40,
41, 43
Multimodal distributions, 84
Multinomial distribution, 113, 132, 220, 249
Multinomial expansion, 113
Multinomial population, 218
Multiple correlation coefficients, 264, 285
Multiple regression, 262, 278, 279
Mutually exclusive events, 5-7

Negative binomial distribution, 118
Noncountably infinite sample spaces, 4
Nondiscrete sample spaces, 4
Nonlinear regression rurves, 264
Nonlinear relationships, 258, 284
Nonparametric statistics, 186
Normal eurve, 99 (see aiso
Normal distribution)
areas under, 124, 125, 345
standard, 110, 344, 345
Normal curve graph paper, 217
Normal distribution, 109-111, 124-127
bivariate, 118, 141
chi-square and, 135
density function for, 109
fitting of data by, 237, 238
properties of, 111
Normal equations, for least-squares line,
260, 269, 270, 268, 204
for least-squares parabola, 261, 276, 277
for least-squares regression plane, 262,
278, 279
Normal population, 156
Normally distributed random variables,
110
Nuil hypotheses, 211, 214
Null set, 2

Observed frequency, 218

OC curves, 217, 232-236, 248

Odds, 5

Ogives, 164, 179

One-factor experiments, 306410, 316-321

One-tailed tests, 213

OUmne-way classification or one-factor
experiments, 306, 316-321

One-way classification table, 219, 220

Open and closed intervals, 2

Operating characteristie curves, 217,

Ordinates, 49, 84

Orthogonal squares, 316

Overall mean, 306, 311

Parabola, 259
least-squares, 259, 261, 265, 276, 277,
292, 293
Parabolic curve, 258
Parameters, population, 166

INDEX

Pascal's distribution, 118
Pascal's triangle, 25
Percentage frequency, 163
Percentage frequency distributions, 163
cumulative, 178
Percentage ogives, 164
Percentiles or percentile values, 84, B5, 99
Perfect linear correlation and regression,
261, 263
Permutations, 10, 21-23
Point estimates, 194
Poisson, S. D., 111
Poisson-distributed random variables,
1ii, 248
Poisson distribution, 111, 112, 129, 130, 145
fitting of data by, 239
properties of, 111, 112
relation of to binomial distribution, 112
relation of to normal distribution,
112, 129
Poker, 26, 27, 36, 37
Polygon graph, 163
Pooled variance, 216
Population, 155, 158, 158
normal, 156
parameters, 156
size, 155
Fopulation variance, case of unknown,
161, 176
Fower curve, 234, 248
Power of & test, 217, 234
Probabilities, assignment of, 7, 8
calculation of, 15-17
Probability, of causes (see Bayes® theorem
or rule)
concept of, 5
conditional, 8, 17-20, 48
density function, 41
function (see Probability function)
geometrical, 48, 63, 64
graph, 37, 39
graph paper, 217, 237, 238
as & real-valued function, 6
some important theorems on, 6, 7, 15
using eombinatorial analysis, 25-27
Probability distributions, 38, 49, 50
continuous, 40, 41
diserete, 38, 39, 51, b2
of functions of random variables, 46, 47
Probability function, 6, 38
marginal, 44, b3
Probable significance, 228, 226, 231, 23§
Product-moment formula for linear
rorrelation coeflicient, 263, 282, 208, 204
Proper subsets, 1
Property method, 1, 11
Proportions, sampling distribution of,
158, 159, 162, 168-171

Quadratic curve, 258
Quality control, 217
Quality control charts, 217, 236, 237

Radioactive particles, 144

Pondorm awnarinante 4 E 14 15
DANGEM eXpentimnenis, 4. J, 14, 1Jd

Random function (sre Random variable)
Random numbers, 156, 188, 184, 241
table of, 352
Random sample, 156
Random variables, 38, 49, 50
binomially distributed, 108
continuous, 38
dimensionless, 79
discrete, 38, 49, 50

371

Random variables (cont.)
independent, 45, 46, 52-56, 63
normally distribured, 110
Poisson-distributed, 111, 249
standardized, 79, 89, 110
uncorrelated, 82
uniformly distributed, 114
Randomization, complete, 315
Randomized blocks, 315, 816
Range, 85, 97
semi-interquartile, 85, 97, 198
Rank correlation, 264, 285-287, 295, 296
Raw data, 163
Heaction times, 151, 201
Redl line, 2
Real numbers, 2, 12
Regression, 254
roeffieient, 266, 289, 200
curve, 25%, 264, 265, 287-289
equation, 259, 262
line, 271
multiple, 262, 278, 279
plane, 262
probability interpretation of, 265, 266,
Z87-289
sampling theory of, 266, 267, 280, 200
surfaces, 262
Rejection region, 212
Relative frequency, 163, 164
cumulative, 164
Relative frequency distribution, 163, 164
cumulative, 164
Reliability, 194
Replications, 306, 313-315, 324-327
Residual, 259
Residual or random variation, 311, 826
Rod graph, 108
Root mean square (rms) speed, 151
Roster method, 1, 11
Row means, 306
Royal fiush, 36
Russell’s paradox, 32

Sample mean, 157

Sample point, 4

Sample size, 155

Sample space, 4, 14, 15

Sample statistics, 156, 157

Sample variance, 160
expectation of, 194, 195

Qonnlon 1EE
LTS, 3O

independent, 159, 171, 196
random, 166
Sampling, 155
number, 183, 184
with or without replacement, 113, 114,
155, 156, 165-167, 186, 196, 200
theory of correlation and regression,
266-268, 280-202
Sampling distribution, 157
of differences and sums, 159, 160, 171-173
of means, 158, 162, 166-168, 184
of medians, 162
of proportions, 158, 159, 162, 168-171
of ratios of variences, 161, 162, 176, 177
of standard deviations, 162
of variances, 160-162, 173-176
of various statistics, 162
Scatter, T8, 85, 262
diapram, 258, 265, 278
Score sheet, 177
Secretary or envelope problem, 29, 30, 37
Semi-interquartile range, 85, 97, 198
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Series, 341
Taylor, B0
Set operations, 2, 3, 12, 13
on events, 5
Qets, 1, 11-13
theorems on, 12, 13
Significance, region of, 212
tests of, 211 (see alse Tests of hypotheses
and significance)
Significance level, 212, 213, 221
experimental or deseriptive, 224
Simple events, 4, 7
Skewed to right or left, BS
Skewness, 85, 97-99, 143, 156, 183
of binomial distribution, 109
of normal distribution, 111
of Poisson distribution, 112
Spearman's furmula for rank correlation,
264, 285-287, 295, 296
derivation of, 2B5, 286
Staircase function, 40
Standard deviation, 78, BE, B9
tsee alsp Variance)
Standard error, 167, 165, 154
Standard error of estimate, 262, 263,
279-281, 28B4, ZBS
in terms of variance and correlation
coefficient, 262, 266, 208, 299
Standard normal curve, 110
ureas under, 345
ordinates of, 344
Standard normal density function, 110
Standard seore, 79, 110
Standard units, 79
Standardized random variables, 79, £9, 110
Statistieal decisions, 211
Statistical hypotheses, 211
Statistical inference, 155
Statisties, sample, 156, 157
Step function, 40
Stirling’s approximation to n!, 11, 27, 842
Stochastic variable (see Random variahles)
Strong law of large numbers, 84 (sce also
Law of large numbers)
Student’s ¢ distribution, 116, 117, 137, 138,
161, 195, 196, 215, 266, 267
areas under, 138, 346
mean and variance of, 117
relation of to chi-square and F. 118,
138-141
relation of to normal distribution, 117
theorems on, 117
Subsets, 1
Success, probability of, 108
Sums, special, 341

INDEX
Sure event, &

t distribution {see Student's { distribution)
Tally, 177, 184
Taylor series, B0
Tests of hypotheses and significance,
211-257
for correlation coefficient, 267, 268
involving chi-square distribution, 216,
218, 219, 231
involving differences of means, 214, 215,
226-228
involving differences of proportions, 215,
226-228
involving F distribution, 216, 231, 232
involving means, 213-215, 221-225
involving normal distribution, 212, 213
involving proportions, 214, 221-225
involving ratios of variances, 216
involving Student’s ¢ distribution, 215,
216, 229-231
for large samples, 213, 214
for predicted mean values, 267
for predicted values, 266
for regression coefficients, 266, 289, 200
relationship of to estimation theory, 217
for small samples, 215, 216
{or variances, 216
Three-way elassification or three-factor
experiments, 332, 333
Total variation, 263, 265, 281, 282, 284, 285
in analysis of variance, 307, 811, 817, 318
degrees of freedom for, 309, 312
Transformation, invariance under, 260, 264,
272
Transformed variables, 258
Translation of axes, 260
Treatment effects, 312
Trestment means, 306
Treatments, 306
Tree dizgrams, 9, 10, 21
Trend values, 293, 204
Trizl, Bernoulli, 108
Trimodal distribution, 84
Two-factor experiments, 310, 311
notation for, 311
with replications, 313-315, 324-327
variations for, 311
Two-tailed tests, 213
Two-way classification experiments
(see Two-factor experiments)
Two-way classification tables, 218
in analysis of variance, 310, 311, 322-327
Type 1 and type 11 errors, 212, 221, 222

Unbiased estimate, 160, 198, 199, 263, 308,
312, 318

Unbiased estimator, 160, 194

Uncorrelated random variables, 82

Unexplained variation, 263, 266, 281, 282,
284, 285

Uniform distribution, 114, 133

Uniformly distributed random variables,
114

Union of scts, 2

Uniqueness theorem, for characteristic
function, 81, 82

for moment generating function, B0

Units or dimensions, 78

Universal set, 2, 4

Universe of discourse, 2

Variance, T8, 88, BY
of binomial distribution, 109, 123
computation of for grouped data, 164,
165, 179-183
conditional, 83, 94
of F distribution, 117
for joint distributions, 81, 82
of normal distribution, 111
of Poisson distribution, 112
pooled, 216G
sample (see Sample variance)
of sampling distribution o
as second moment, 79
for a set of numbers, 78
of Student’s £ distribution, 117
Variations, between columns or blocks, 311
degrees of freedom for, 309
distributions of, 309
expected values of, 308, 309
explained and unexplained, 263, 266, 281,
262, 284, 285
between rows or treatments, 311
shortcut methods for obtaining, 307
between and within treztments, 307,
17, 318
for two-factor experiments, 311
Venn diagrams, 2

Weak law of large numbers (see Law of
large numbers)

Weibull distribution, 119, 142

Well-defined sets, 1

r-axis, 2
intercept on, 260

Yates' correction for continuity, 220, 240,
242, 244

Z transformation, Fisher's, 267



