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Quantum Mechanics (henceforth QM) is without a doubt the most important and the most difficult branch 
of physics. Our entire current understanding of the material universe is based upon it. 

There are many useful introductory texts available today each with its own particular flavor and approach. 
The approach taken in this volume is to present to the beginning student an extensive and rich selection of prob- 
lems and solutions that cover all the main areas given in an introductory course in QM. Special emphasis was 
placed on presenting the basic concepts and results. Part of the task of assimilating introductory QM involves 
mastery of the formal (mathematical) methods. Such mastery is necessary to be able to continue with the more 
advanced topics. Effort was placed in presenting problems that demonstrate the application of QM to the solu- 
tion of applied problems. We have also found it useful to include a chapter on numerical methods. The computer 
is already firmly established as an important tool of the practicing physicist. 

We wish to thank the following individuals for their contribution and assistance to the production of this 
volume: Dr. Uri Onn, Zahir Millad, M.Sc., Moran Furman, M.Sc., and Arya Bart, M.Sc. 

It is our hope that this volume will help the novice to QM to overcome the initial hurdles to mastering this 
fascinating and important discipline. 

YOAV PELEG 
REUVEN PNINI 

ELYAHUZAARUR 
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Chapter 1 

Introduction 

1.1 THE PARTICLE NATURE OF ELECTROMAGNETIC RADIATION 

Isaac Newton considered light to be a beam of particles. During the nineteenth century, some experiments 
concerning interference and diffraction of light demonstrated light's wavelike nature. Later, optics was inte- 
grated into electromagnetic theory and it was proved that light is a kind of electromagnetic radiation. However, 
the phenomenon of black body radiation, which was studied toward the end of the nineteenth century, could not 
be explained within the framework of electromagnetic theory. In 1900 Max Planck arrived at a formula explain- 
ing black body radiation, and later proved that it can be derived by assuming the quantization of electromagnetic 
radiation. 

In 1905, generalizing Planck's hypothesis, Einstein proposed a return to the particle theory of light. He 
claimed that a beam of light of frequency v consists of photons, each possessing energy hv, where 
h = 6.62 x lo-)' Joules x second (Planck's constant). Einstein showed how the introduction of the photon 
could explain the unexplained characteristics of the photoelectric effect. About 20 years later, the photon was 
actually shown to exist as a distinct entity (the Compton effect; see Problem 1.3). 

The photoelectric effect was discovered by Heinrich Hertz in 1887. It is one of several processes by which 
electrons can be removed from a metal surface. A schematic drawing of the apparatus for studying the photo- 
electric effect is given in Fig. 1 - 1. 

Fig. 1-1 

The critical potential Vo such that eVo = Em,, (the maximum energy of the electrons emitted from the 
anode) is called the stopping potential. The experimental results of the photoelectric effect are summarized in 
Fig. 1-2. 

(a )  When light shines on a metal surface, the current flows almost instantaneously, even for a very weak 
light intensity. 

(b)  For fixed frequency and retarding potential, the photocurrent is directly proportional to the light intensity. 
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(c )  For constant frequency and light intensity, the photocurrent decreases with the increase of the retarding 
potential V ,  and finally reaches zero when V = V,. 

(d) For any given surface, the stopping potential Vo depends on the frequency of the light but is independent 
of the light intensity. For each metal there is a threshold frequency V ,  that must be exceeded for 
photoemission to occur; no electrons are emitted from the metal unless v > v , ,  no matter how great the 
light intensity is. 

The experimental correlation between the stopping potential V ,  and the frequency of light can be represented by 

e V ,  = h v  - h v ,  (1.1) 

where h is the same for all metals (Planck's constant). 

1.2 THE DUALITY OF LIGHT 

The double-slit experiment (Problem 1.4) shows that it is not possible to explain the experimental results 
if only one of the two characteristics of light-wave or particle-is considered. Light behaves simultaneously 
like a wave and a J u x  of particles; the wave enables us to calculate the probability of the manifestation of a 
particle. The dynamic parameters of the particles (the energy E and the photon momentum p) are linked to the 
wave parameters (the frequency v and the wave vector k )  by the relations 

where h = h/2n.  These are the Planck-Einstein relations. 

1.3 THE DUALITY OF MATTER 

Contemporaneously with the discovery of the photon, a fundamental phenomenon of atomic physics was 
observed. It was discovered that an atom emits or absorbs only light with well-determined frequencies. This 
fact can be explained by assuming that the energy of an atom can take on only certain discrete values. The exist- 
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ence of such discrete energy levels was demonstrated by the Franck-Hertz experiment. Niels Bohr interpreted 
this in 1913 in terms of electron orbits and proposed the following model for the hydrogen atom. 

The electrons move in orbits restricted by the requirement that the angular momentum be an integral mul- 
tiple of h / 2 x .  For a circular orbit of radius r ,  the electron velocity v is given by 

The relation between the Coulomb force and the centrifugal force can be written in the following form: 

where -e is the charge of the electron. We assume that the nuclear mass is infinite. Combining (1.3) and (1.4) 
we obtain 

and 

The energy is 

Bohr postulated that the electrons in these orbits do not radiate, despite their acceleration; they are in stationary 
states. Electrons can make discontinuous transitions from one allowed orbit to another. The change in energy 
will appear as radiation of frequency 

E - E '  v = -  
h 

The physical basis of the Bohr model remained unclear until 1923, when De Broglie put forth the hypothesis 
that material particles have wavelike characteristics; a particle of energy E  and momentum p is associated with 
a wave of angular frequency o = E / f i  and a wave vector k = p/h.  The corresponding wavelength is therefore 

This is the De Broglie relation, 

1.4 WAVE-PACKETS AND THE UNCERTAINTY RELATION 

The wave and particle aspects of electromagnetic radiation and matter can be united through the concept 
of wave-packet. A wave-packet is a superposition of waves. We can construct a wave-packet in which the waves 
interfere with each other almost completely outside a given spatial region. We thus obtain a localized wave- 
packet that can be considered an approximate description of a classical particle. A wave-packet consisting of a 
superposition of plane waves may be written 

or in one dimension, 

The evolution of wave-packets is determined by the Schriidinger equation (see Chapter 3) .  When a wave-packet 
evolves according to the postulates of quantum mechanics (see Chapter 4), the widths of the curves f (x)  and 
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g(k) are related by 

A x A k >  1 

Using the De Broglie relation p = hk , we have 

A p A x > h  

This is the Heisenberg uncertainty relation; if we try to construct a highly localized wave-packet in space, then 
it is impossible to associate a well-defined momentum with it. In contrast, a wave-packet with a defined momen- 
tum within narrow limits must be spatially very broad. Note that since f i  is very small, the notions of classical 
physics will fail only for a microscopic system (see Problem 1.14). The uncertainty relation acts to reconcile the 
wave-particle duality of matter and radiation (see Problems 1.4 and 1.5). 

Considering a wave-packet, one should distinguish between phase velocity and group velocity. For a wave 
of angular frequency o = 2rrv and wave number k = 2n/h, the phase velocity is 

This is the rate at which a point of constant phase travels through space. When a packet of waves differing in 
frequency and in phase speed combines to create a region of strong constructive interference, the speed vg at 
which the region advances is related to the angular frequency o and wave number k  of the component waves 
by the relation 

Solved Problems 

1.1. Consider the four experimental results of the photoelectric effect described in Section 1.1. For each 
result discuss whether i t  would be expected on the basis of the classical properties of electromagnetic 
waves. 

We refer separately to each of the effects described in Fig. 1-2. 

(a) An electron in a metal will be free to leave the surface only after the light beam provides its binding energy. 
Because of the continuous nature of the electromagnetic radiation, we expect the energy absorbed on the 
metal's surface to be proportional to the intensity of the light beam (energy per unit time per unit area), the area 
illuminated, and the time of illumination. A simple calculation (see Problem 1.1 1) shows that in the case of an 
intensity of lo-'' W/m2, photoemission can be expected only after 100 h. Experimentally, the delay times that 
were observed for the same light intensity were not longer than s. Classical theory is thus unable to explain 
the instantaneous emission of electrons from the anode. 

(b) With the increase of light energy, the energy absorbed by the electrons in the anode increases. Therefore, clas- 
sical theory predicts that the number of electrons emitted (and thus the current) will increase proportionally to 
the light intensity. Here classical theory is able to account for the experimental result. 

(c) This result shows that there is a distribution in the energies of the emitted electrons. The distribution in itself 
can, within the framework of the classical theory, be attributed to the varying degrees of binding of electrons 
to metal, or to the varying amount of energy transferred from the light beam to the electrons. But the fact that 
there exists a well-defined stopping potential independent of the intensity indicates that the maximum energy 
of released electrons does not depend on the amount of energy reaching the surface per unit time. Classical 
theory is unable to account for this. 

(6) According to the classical point of view, emission of electrons from the anode depends on the light intensity 
but not on its frequency. The existence of a frequency below which no emission occurs, however great the light 
intensity, cannot be predicted within the framework of classical theory. 

In conclusion, the classical theory of electromagnetic radiation is unable to fully explain the photoelectric effect. 

1.2. Interpret the experimental results of the photoelectric effect in view of Einstein's hypothesis of the quan- 
tization of light. 
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As in Problem 1.1, we refer separately to each of the effects described in Fig. 1-2. 

(a) According to the hypothesis that light consists of photons, we expect that a photon will be able to transfer its 
energy to an electron in a metal, and therefore it is feasible that photoemission occurs instantaneously even at 
a very small light intensity. This is contrary to the classical view, which proposes that the emission of electrons 
depends on continuous accumulation of energy absorbed from light. 

(6) From quantum theory's point of view, light intensity is equal to the energy of each photon multiplied by the 
number of photons crossing a unit area per unit time. It is reasonable that the number of emitted electrons per 
unit time (which is equivalent to the current) will be proportional to the light intensity. 

(c) The frequency of the electromagnetic radiation determines the energy of the photons hv. Therefore, the energy 
transferred to electrons in a metal due to light absorption is well defined, and thus for any given frequency there 
exists a maximum kinetic energy of the photoelectrons. This explains the effect described in Fig. 1-2. 

(d) Equation (1 .I) can be given a simple interpretation if we assume that the binding energy of the electrons that 
are least tightly bound to the metal is I$ = hv,. The maximum kinetic energy of emitted electrons is hv - +. 
Using the definition of stopping potential, eVo is the maximum kinetic energy; therefore, eV, = hv - hv,. 

13. Consider the Compton effect (see Fig. 1-3). According to quantum theory, a monochromatic electro- 
magnetic beam of frequency v is regarded as a collection of particlelike photons, each possessing an  
energy E = h v  and a momentum p = hv / c  = h/h,  where h is the wavelength. The scattering of elec- 
tromagnetic radiation becomes a problem of collision of a photon with a charged particle. Suppose that 
a photon moving along the x-axis collides with a particle of mass mo. As a result of the collision, the 
photon is scattered at  an  angle 0, and its frequency is changed. Find the increase in  the photon's wave- 
length as  a function of the scattering angle. 

Before collision 

Fig. 1-3 

Fist, since the particle may gain significant kinetic energy, we must use it by relativistic dynamics. Applying 
energy conservation we obtain 

hv + E, - - hv' + E 
(before collision) - v -- (after collision) 

photon particle photon particle 
(1.3.1) 

where E, is the rest energy of the particle (E, = m0c2). The magnitudes of the moments of the incident and scattered 
photons are, respectively, 

hv h hv' h 
P A =  c = X and p , . = , = ~  

The scattering angle 0 is the angle between the directions of p:, and p,.. Applying the law of cosines to the triangle 
in Fig. 1-4. we obtain 

P2 = p i  + p i ,  - 2p,p,, cos 0 

Recall that for a photon p c  = hv; therefore, multiplying both sides of (1.3.3) by c2, we obtain 

h2v2 + h2vv2 - 2hZvv1 cos 0 = p2c2 (1.3.4) 

Using (1.3.1) we have 
2 2 h v - h v 1 =  E-E,* h 2 v 2 + h 2 ~ ' 2 - 2 h 2 ~ ~ f  = E  +E,-2EEo (1.3.5) 
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"a 

Fig. 1-4 

Relying on relativity theory, we replace E' with E: + p 2 ~ 2 .  Subtracting (1.3.4) from (1.3.5). we obtain 

-2h2vv ' (1-cos9)  = 2~t -2EE, ,  (1.3.6) 

Therefore, using (1.3.1). 

h2vv' (1 - cos 9) = E, ( E -  E,) = m0c2(hv - hv') (1.3.7) 

h V - V '  c c. 
We see that 7 ( 1 - cos 9) = - c = - - - = h' - h. Therefore, the increase in the wavelength Ah is 

'"oc v v v' v 

This is the basic equation of the Compton effect. 

1.4. Consider a beam of light passing through two parallel slits. When either one  of the slits is closed, the 
pattem observed on a screen placed beyond the barrier is a typical diffraction pattem (see Fig. 1-5). 
When both slits are open, the pattern is as  shown in Fig. 1-5: an interference pattern within a diffraction 
envelope. Note that this pattern is not the two single-slit diffraction patterns superposed. Can this phe- 
nomenon b e  explained in terms of classical particlelike photons? Is it possible to  demonstrate particle 
aspects of light in this experimental setup? 

Fig. 1-5 

Suppose that the beam of light consisted of a stream of pointlike classical particles. If we consider each of these 
particles separately, we note t h a ~  each one must pass through either one of  he slits. Therefore, the pattern obtained 
when the two slits are open must be the superposition of the patterns obtained when each of the slits is open sepa- 
rately. This is not what is observed in the experiment. The paltern actually obtained can be explained only in terms 
of interference of the light passing simultaneously through both of the slits (see Fig. 1-6). 

Yet, it is possible lo observe particle aspects of light in this system: If the light intensity is very weak, the pho- 
tons will reach the screen a1 a low rale. Then if a pho~ography plate is placed at the screen, the pattern will be formed 
slowly, a point at a time. This indicates the arrival of separale photons to the screen. Note that it is impossible to 
de~ermine which slit each of ~hese  photons passes through; such a measurement would destroy the interference 
pattern. 
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Fig. 1-6 

1.5. Figure 1-7 describes schematically an experimental apparatus whose purpose is to measure the position 
of an electron. A beam of electrons of well-defined momentum px moving in the positive x-direction 
scatters light shining along the negative x-axis. A certain electron will scatter a certain photon that will 
be detected through the microscope. 

Electron Photon 

I a Lens 

Fig. 1-7 

According to optics theory, the precision with which the electron can be localized is 

where h is the wavelength of the light. Show that if we intend to minimize Ax by reducing h, this will 
result in a loss of information about the x-component of the electron momentum. 

According to quantum theory, recoiling light consists of photons, each with a momentum h v / c .  The direction 
of the photon after scattering is undetermined within the angle subtended by the aperture, i.e., 28. Hence the mag- 
nitude of the x-component of the photon is uncertain by 

h v 
Ap, - 2 7  sin 8 ( 1  S.2) 

Therefore, 

hv h 
Ax Apx - 2 7  sin 8~~ - 47th ( I  S.3) 

We can attempt to overcome this difficulty by measuring the recoil of the screen in order to determine more pre- 
cisely the x-component of the photon momentum. But we must remember that once we include the microscope as 
part of the observed system, we must also consider its location. The microscope itself must obey the uncertainty 
relations, and if its momentum is to be specified, its position will be less precisely determined. Thus this apparatus 
gives us no opportunity for violating the uncertainty relation. 

1.6. Prove that the Bohr hydrogen atom approaches classical conditions when n becomes very large and 
small quantum jumps are involved. 
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Let us compute the frequency of a photon emitted in the transition between the adjacent states n, = nand n, = 
2n2me4 c h  ch  

n - 1 when n B 1. We define the Rydberg constant R = - . So, E ,  = - R and E ,  = -R .  Therefore, the fre- 
quency of the emitted photon is h3c 4 4 

n, - n,  = 1 ,  so for n >) 1 we have 

n, + n, E 2n n Z n Z  k 1 -  = n4 

Therefore, v = 2 c ~ / n ~ .  According to classical theory of electromagnetism, a rotating charge with a frequency f 
will emit a radiation of frequencyf. On the other hand, using the Bohr hydrogen model, the orbital frequency of the 
electron around the nucleus is 

or f,, = 2 c ~ / n ~ ,  which is identical to v .  

1.7. Show that the uncertainty relation AxAp > h forces us to reject the semiclassical Bohr model for the 
hydrogen atom. 

In the Bohr model we deal with the electron as a classical particle. The allowed orbits are defined by the quan- 
tization rules: The radius r of a circular orbit and the momentum p = m v  of the rotating electron must satisfy 
pr  = n h  ( n  = 1, 2,. . .). To consider an electron's motion in classical terms, the uncertainties in its position and 
momentum must be negligible when compared to r andp; in other words, Ax (( r and Ap (c p. This implies 

On the other hand, the uncertainty relation imposes 

459 - 2 -  h AxAp 1 
r P rP rP n 

So (1.7.1) is incompatible with (1.7.2), unless n H 1 

1.8. (a) Consider a thermal neutron, that is, a neutron with speed v corresponding to the averagz thermal 
energy at the temperature T = 300K. Is it possible to observe a diffraction pattern when a beam of such 
neutrons falls on a crystal? (6)  In a large accelerator, an electron can be provided with energy over 

9 
1 GeV = 10 eV. What is the De  Broglie wavelength corresponding to such electrons? 

3 
(a) The average thermal energy of an absolute temperature T is E,, = 2 k T  where k is the Bolzmann constant 

( k  = 1.38 x J/K).  Therefore, we have 

According to the De Broglie relation the corresponding wavelength is 

For T = 300K we have 

This is the order of magnitude of the spaces between atoms in a crystal, and therefore a diffraction phenomenon 
analogous to that of x-rays. 

9 ( 6 )  We note that the electron's rest energy is m,c2 z 0.5 X lo6 eV. Therefore, if an energy of 10 eV is imparted 
to the electron, it will move with a velocity close to the speed of light, and it must be treated using relativistic 
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dynamics. The relation h = h /p  remains valid, but we have E = $'c2 + rn:c4. In this example. m,e2 is neg- 
ligible when compared with E, and we obtain 

With electrons accelerated to such energies, one can explore the structure of atomic nuclei. 

1.9. The wavelength and the frequency in a wave guide are related by 

Express the group velocity v in  terms of c and the phase velocity v p  = hv. 
g 

First we find how the angular frequency o depends on the wave number k. We have o = 2 n v ;  so using (1.9.1), 
we have 

Hence, the group velocity is 

Supplementary Problems 

1.10. Refer to R m l e m  1.9 and find the group velocity for the following relations: (a) v = f$ (water waves in shallow 

water; T is the surface tension and p the density). (6) v = (water waves in deep water). 
'2 I 
-I L 

Ans. (a)  v, = 2 v p ;  (6) vp = j v p  

1.11. Suppose that light of intensity lo-'' w / m 2  normally falls upon a metal surface. The atoms are approximately 3 
apart and it is given that there is one free electron per atom. The binding energy of an electron at the surface is 5 eV. 
Assume that the light is uniformly distributed over the surface and its energy absorbed by the surface electrons. If 
the incident radiation is treated classically (as waves), how long must one wait after the beam is switched on until 
an electron gains enough energy to be released as a photoelectron? Ans. Approximately 2800 years. 

1.12. Consider a monochromatic beam of light of intensity I and frequency v striking a completely absorbing surface. 
Suppose that the light is incident along the normal to the surface. Using classical electromagnetic theory, one can 
show that on the surface a pressure called the radiation pressure is acting, which is related to the light intensity by 
P = I /c .  Is this relation also valid from the point of view of quantum theory? 

hv 
Ans. Yes. P = T N ,  where N is the flux of the photon beam. 

1.13. Suppose that monochromatic light is scattered by an electron. Use Problem 1.3 to find the shift in the wavelength 
when the scattering angle is 90'. What is the fractional increase in the wavelength in the visible region (say, 
h = 4000 A)? What is the fractional increase for x-ray photons of h = 1 A? 

1 
Ans. Ah = - ( 1 - cos 8) = 0.0243 A. For h = 4000 A, the fractional shift is 0.006 percent. For h = 1 A it 
is 2 percent. "'oc 
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1.14. We wish to show that wave properties of matter are irrelevant for the macroscopic world. Take as an example a tiny 
particle of diameter I p m  and mass m = lo-'' kg. Calculate the De Broglie wavelength corresponding to this par- 
ticle if its speed is 1 rnm/s. Ans. h = 6.6 x 10 A. 

1.15. Consider a virus of size 10 A .  Suppose that its density is equal to that of water (g/cm') and that the virus is located 
in a region that is approximately equal to its size. What is the minimum speed of the virus? Ans, v,,, = 1 m/s. 



Chapter 2 

Mathematical Background 

2.1 THE COMPLEX FIELD C 

The complex field, denoted by C, is the field generated by the complex numbers a + hi, where a and b are 
real numbers and i is the solution of the equation x2 + 1 = 0, i.e., i = f i  If z = a + hi, then a is called the 
real part of z and denoted Re (z); b is called the imaginary part of z and denoted Im (z). The complex conjugate 
of z = a + hi is a - hi and is denoted by ;. Summation and multiplication of complex numbers is performed in 
the following manner: 

( a + b i )  + ( c + d i )  = ( a + c )  + ( b + d )  . i  (2.1) 

( a  + bi) ( c  + di) = ( ac  - bd) + (bc +ad)  (2.2) 

If z # 0 we define z-' and division by z by 

Figure 2-1 represents a geometric realization of the complex field as points in the plane. 

Fig. 2-1 

The distance between the point z and 0 is denoted 111 = ./= = and is called the modulus of z. The 
angle 9 is called the argument of z and denoted by arg(z). Since points in the plane can be characterized by polar 
coordinates, i.e., a pair (r, 8) where r > 0 and 0 < 0 < 21c, one can write a complex number in terms of its mod- 
ulus and argument. As one can easily verify, 

a = r cos 8 b = r s i n 8  (2.5) 

and 

and therefore z = r (cos 8 + i sin 8) = reie. 

2.2 VECTOR SPACES OVER C 

A vector space over C is a collection of elements V that is closed under associative addition (+) of its ele- 
ments (called vectors), and that satisfies the following conditions for each or, P in C and v,  u in V: 
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1. V contains a unique element denoted 0 that satisfies 

v + o  = 0 + v = v 

[CHAP. 2 

0 is called the null vector. 
2. a v  is also in V. 
3. a ( v + u )  = a v + a u .  
4. ( a + P ) v  = a v + p v .  
5 .  ( a  - p )  v = a ( p v ) .  
6 .  O ~ v = O , a ~ O = 0 , l ~ v = v .  

An Important E x a m p l d n :  Consider elements of the form ( z , ,  z2,  . . . , z,), where the zi are complex 
numbers. We define addition of such elements by 

and we define multiplication by a scalar (a complex number z) by 

Z ( z , ,  z2, . . . , z , )  = ( z z l ,  Z Z 2 '  . . . , zz , )  (2.9)  

It can be verified that the collection of these elements has all the properties of a vector space over C. This impor- 
tant vector space is denotedCn. 

Some Useful Definitions: A collection of vectors u, ,  . . . , u, in V span V if every element in V can be writ- 
ten as a linear combination of the u's; that is, 

V = Q I U l  + " ' + a , U ,  (2.10) 

where a , ,  . . . , a,  are complex numbers. The vectors u , ,  . . . , u, are called linearly independent if 
a l u l  + . . . + a,u, = 0 implies a ,  = a 2  = . = a ,  = 0. If u , ,  . . . , u, are linearly independent and span V 
they are called a basis of V. The number n is unique and is called the dimension of V. Suppose that W is a col- 
lection of vectors from a vector space V. W is a subspace of V if: (1) for every v ,  w, in W ,  v + w is also in W; (2) 
for every w in W and every scalar a, a v  is also in W. 

2.3 LINEAR OPERATORS AND MATRICES 

Linear Operators: Let V be a vector space over the complex field C. A map T :  V + V is an operator on 
V if i t  satisfies the following condition for every a, P in C and every u, v in V :  

T ( a v  + pu) = a T  ( v )  + PT ( u )  (2.11) 

If T and S are linear operators, their sum, the linear operator T + S, is defined by 

( T  + S)  ( u )  = T ( u )  + S ( u )  (2.12) 

for every u in V. Similarly, we define the product of two linear operators by 

( T . S ) ( v )  = T [ S ( v ) ]  (2.13) 

for every v in V. The set of linear operators equipped with addition and multiplication is therefore an algebra 
over the complex field. For now, let us restrict ourselves to a finite dimensional vector space. 

Assume e l ,  . . . , e,  is a basis of V and let T be a linear operator on V. Applying T to e l ,  . . . , en we get 

T ( e , )  = a,  , e l  + . . . + a I n e n  

where aij are complex numbers. Now we define the matrix representation of T relative to the basis e by 
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Note that the matrix representation of an operator is dependent on the choice of basis. For infinite matrices it 
is possible to sum and multiply infinite matrices like finite matrices, though one must pay attention to con- 
vergence whenever infinite sums are involved. Linear operators are of great importance in quantum 
mechanics, since as we shall see in the next chapters, they represent physical quantities such as energy, 
momentum, etc. 

Inner Product: An inner product on V is a function ( u ,  v )  from V x V to the complex field (i.e., taking 
every pair of vectors to a complex number), that satisfies the following conditions for every u, v, u' in V and a 
in C: 

(0  ( u ,  v) = rn 
(ii) ( u  + u', v) = ( u ,  v )  + (u', v )  

(iii) ( a u ,  v )  = a .  ( u ,  v) 

A vector space that has an inner product is called an inner product space. 
We can use the inner product to specify some useful definitions. The norm of a vector v is 

s v n  = JGG (2.1 7) 
1f ilvll = 1, then v  is called a unit vector and is said to be normalized. 

Two vectors u and v are said to be orthogonal if 

( u ,  v )  = 0 (2.18) 

A set of vectors { u i }  is orthogonal if any pair of two separate elements is orthogonal, that is, (ui ,uj)  = 0 for 
i # j. In particular, the set is orthonormal if in addition each of its elements is a unit vector, or compactly. 

(9 ,  uj) = qj (2.19) 

where tiii is the Kronecker delta function, which is 0 for i # j and 1 otherwise. An important result, used fre- 
quently in quantum mechanics, is the Cauchy-Schwartz inequality: For all vectors u and v, 

Operators and Inner Products: Suppose T is a linear operator on V and suppose V is an inner product 
t space. It can be shown that there is a unique linear operator denoted T that satisfies: 

t 
(Tu,  v )  = ( u ,  T v)  (2.21) 

t for every u, v in V .  This operator is called the conjugate operator of T.  If A = (aij)  is a complex matrix, A is 
t 

defined as A = (qi), i.e., found by swapping indices and taking the complex conjugate. If A represents an 
t t 

operator T,  then A~ represents T ,which justifies the use of the same symbol t in both cases. If T = T , then T is 
t 

called a Hermitian operator or self-conjugate operator. If T = -T , then T is called an anti-Hermitian opera- 
tor. If T preserves the inner product, that is, (Tu,  T v )  = ( u ,  v )  for every u, v in V ,  then T  is called a unitary 

t operator. If  TT+ = T T, then T is called a normal operator. Two vectors v and u are called orthogonal if 
( v ,  u) = 0. 

2.4 EIGENVECTORS AND EIGENVALUES 

Let T be a linear operator on V. A complex number h is called an eigenvalue (also known as characteristic 
value) of T if it satisfies Tv = hv for some v in V. The vector v is called the eigenvector of T corresponding to 
h. The same definition holds for matrices. Note that if V has a basis that consists of eigenvectors of T, then T is 
represented relative to that basis as a diagonal matrix. Diagonal matrices are not only easy to work with, but 
also reflect important characteristics of the physical system such as quanta of energy, and so forth. 

Characteristic Polynomial: Suppose that a given linear operator T is represented in some basis by the 
matrix A. The characteristic polynomial of T is defined by 

A(?) = det ( h i  - A )  (2.22) 
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where h is the parameter (scalar) and 1 is the identity matrix. The characteristic equation of T is defined by 

These expressions are independent of the basis chosen. 
The following result provides a method for finding the eigenvalues of a matrix or operator: The scalar is 

an eigenvalue of an operator T if and only if it  is a root of its characteristic polynomial, that is, A(?) = 0. 
If A is a Hermitian or unitary matrix, then there exists a unitary matrix U such that UAU-' is a diagonal 

matrix (this theorem will not be proved). Note also that if A and B are Hermitian matrices then a necessary and 
sufficient condition that they can be simultaneously diagonalized is that they commute, i.e., AB = BA (see 
Problem 2.13). These concepts have important physical meaning and will be discussed in greater detail in Chap- 
ter 4. 

2.5 FOURIER SERIES AND THE FOURIER TRANSFORM 

Fourier Series: Consider a function f(x) over the interval 0 < x < 1. The function is called square inte- 
grable if 

i f(x),2- (2.24) 
0 

is defined (i.e., convergent). It can be shown that the set of all such functions is an infinite dimensional vector 
space, denoted L2(0, I). We can define for L,(O, I )  an inner product 

0 

Every function f(x) in L2(0, 1) can be expanded in a Fourier series, 

I 
According to this relation, we can consider the functions en = zeiknX as a "basis" of the infinite dimensional 

space L2(0, I): Every function (vector) in this space can be expanded as a linear combination of the basis vec- 
tors. It can be shown that the {en} form an orthonormal basis, that is, (e,, e,) = 6,;. The coefficients fn in the 
expansion are called Fourier coefliicients and are derived using the relation 

0 

Since the functions e, are periodic, of period I, i t  is not difficult to show that the Fourier expansion developed 
above holds also for periodic functions f(x) of period I. 

Fourier Transform: Now consider a function f(x) defined on (-=, =) that is not necessarily periodic. We 
can imagine f(x) to be an approximation of periodic functions whose period approaches =. The numbers k, 
become progressively denser until we have in the limit a continuous range of functions eikx. This is the intuitive 
basis of the following result: 

00 
1 

where F(k) is given by - 
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F(k) and f (k) are said to be Fourier transforms of each other. The Parseval-Plancherel formula states that a 
function and its Fourier transform have the same norm: 

2.6 THE DIRAC DELTA FUNCTION 

In Section 2.3 we used the Kronecker 6,, function, which returns the value 1 whenever the integers n and 
m are equal, and 0 otherwise. There is a continuous analogue to Kronecker's &functionathe Dirac delta func- 
tion (Dirac &function). Define the function 6,(x) as 

6,(x) = I E 
0 for 1x1 > 2 

Consider the arbitrary function f(x), well defined for x = 0 with negligible variation over the interval 
[-&/2, ~ / 2 ] .  If E is sufficiently small, then we have 

Taking the limit as E + 0 we define the &function by 

More generally, we can write 

One can easily show that 6 (x  - y) dx  = 1 and that 6 (x  -y) = 0 for x f y. Although we use the term 6 
-m 

function, it is not a function in the regular sense; i t  is really a more complicated object called a distribution (it 
is nor defined at the point x = y). That is, we only consider it when it appears inside an integral: 

m 
D 

As this is a linear operation that maps a function to a number, the &-function can be viewed as a functional. 
The &function is often used to describe a particle located at a point ro = (x,, yo, z,,) in a three-dimensional 
Euclidian space by defining a 6 ( r  - ro): 

6 ( r - r O )  = 6(x-x0)6(y-yo)S(z-z , )  (2.36) 

The integral of 6 over the whole space is 1, indicating the existence of the particle. On the other hand, 6 vanishes 
when r f rO. 

It is straightforward to demonstrate that the following results hold for the &-function: 



16 MATHEMATICAL BACKGROUND 

The &function and the Fourier Transform: The Fourier transform of the &-function is - 

The inverse Fourier transform then yields 
OD 

1 ax - ~ j  = 2 -j'- ~ r .  p-'kyeik,ydk = dk 

Solved Problems 

[CHAP. 2 

2 
The complex conjugate of - z  = a  + - -  bi is a  - bi, denoted by ;. Show that ( a )  z ;  = lzl ; (b) z  + ; is real; 
(c) z1  + z 2  = ZI +z2;  (4 z , z 2  = ~ 1 ~ 2 ;  (e) 1z1z21 = (z111z21. 

2 2 2 
(a)  z;  = ( a  + bi)  ( a  - bi )  = a  + b  = lzl 
(b) z + z = ( a  + bi )  + ( a  - bi) = 20, which is real 

- - - - 
= ( a , + a , ) - ( h , + b , ) i =  ( a , - h , i ) + ( a , - b 2 i )  = z , + z ,  

- 
(d)  z,z,  = ( a ,  + b , i )  ( a 2 + h 2 i )  = ( a , a 2 - b l b 2 )  + (a1b2+a2h l )  i  - - 

= ala,-  b l b 2 -  ( a l b 2  +a,b,) i = ( a ,  - b l i )  (a,-h,i) = z l z 2  

l + i  5 
2.2. Calculate ( j -q)  . 

Method a: 
( I  + i )  ( I  + i ) ] '  - [ ( I  + i )  ( 1  + i )  
( I - i ) ( l + i )  - 2  

f i  (cos 45" + sin 45") 
i a / 4  5 

Method b: f i  (cos 45' - sin 45') Is  = [+) 
i a / 2  5 1x/2 

= ( e  ) = e  = cos9O0 + i  sin 90" = i 

23. Show that the sum and product of two linear operators are linear operators. 

Suppose that T  and S  are linear operators, so 

( T + S )  ( u + a v )  = T ( u + a v )  + S ( u + a v )  = T ( u )  + a T ( v )  + S ( u )  + a S ( v )  

= (T  + S )  ( u )  + a (T  + S )  ( v )  (2.3.1) 

and 
( T .  S )  ( u  + a v )  T  [ S  ( u  + a v )  ] = T  [S(u)  + aS(v)]  

= T [ S ( u ) ]  + a T [ S ( v ) ]  = ( T . S )  ( u )  + a ( T - S )  ( v )  (2.3.2) 

2.4. Let V be the space of infinitely differentiable functions in one variable. Rove that differentiation is a 
linear operator. 
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d 
We define the map ;i; from V to V: 

d 
;I; V) = f ' ( x )  

and using basic calculus we get 

2.5. Let V be cn, i.e., the collection of n-tuples a = ( a , ,  . . . , a,) ,  where the ai are complex numbers. Show 
" 

that (a, b) = x a i 6 i  is an inner product of V.  

We begin by checking the four conditions that an inner product on V must satisfy: 

and 

( a ,  b )  = 2 a i 6 ,  = z o , b ,  = 

( a a ,  b )  = x ( a a , ) h  = a x a , L ,  = a ( a ,  b )  

Finally, 

and is greater than zero if one of the a ;  is different from zero. 

2.6. If A and B are operators, prove (a) (A') ' = A; ( h )  ( A B )  ' = B'A+; ( e )  A + A t .  i ( A  - A t )  . and AA' arr 
Hemitian operators. 

( a )  For every u and v in V,  
- 

t t t t t  ( A v ,  u )  = ( v , A t u )  = ( A  u, v)  = ( u ,  ( A  ) v)  = ( ( A  ) v , u )  

Thus we obtain A  = ( A t )  t. 
(6)  For every u and v in V ,  

Hence, B t ~ t  = ( A B )  t .  

(c) We write 

Here we use the fact that the sum of conjugates is the conjugate of the sum, ( A  + B )  = At + B t ,  whicb can 
be easily verified, and we also use the result of part ( a ) .  

where we have used the fact that the conjugate of a complex number is the same as its conjugate as an operator, 
i.e.. z* = i. And finally, 

t t  t ( A A ~ )  = ( A  ) A = AA+ (2.6.4) 

according to part ( b ) .  
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2.7. Show that the eigenvalues of a Hermitian operator are real. 
t  Suppose h is an eigenvalue of T ,  and T  = T  . For every v  # 0 in V, 

h ( v ,  I,) = ( h v ,  v )  = ( T v ,  v )  = ( v ,  T v )  = ( v ,  h v )  
- 

= (hv, \I) = h ( v ,  v )  
- 

Since (I., v )  is a real positive number ( v  t 0), it follows that h = h, so h is a real number. The fact that the eigen- 
values of Hermitian operators are real is of great importance. since these eigenvalues can represent physical 
quantities. 

2.8. Show that eigenvectors that correspond to different eigenvalues of a Hermitian operator are orthogonal. 

Suppose T v  = h v  and T u  = pu, where p # h. Now, 

t  - 
h ( v ,  u )  = ( h v ,  u )  = ( T v ,  u )  = ( v ,  T  u )  = ( v ,  T u )  = ( v ,  pu) = p ( v ,  u )  (2.8.1) 

so, 
- 

( A - p )  ( v , u )  = ( A - p )  ( v , u )  = 0 (2.8.2) 
- 

(p = p, since T  is Hermitian). But h - p  t 0;  therefore (v, u )  = 0, i.e., v  and u  are orthogonal. 

2.9. Show that Hermitian, anti-Hermitian, and unitary operators are normal operators. 

t t t  2 t t  2 If T  = T  then T T  = T  T  = T  . Also, if T  = -T  hen T T  = T'T = -T . If T  is unitary, then 
( T u ,  Tv )  = ( u ,  v)  for every u, v in V .  Using the definition of conjugate operator and taking u = v, we get 

( u ,  U )  = ( T U ,  T U )  = ( u ,  TTL) (2.9.1) 

hence, 

for every u  in V. Since 1 - TT' is a Hermitian operator, it follows (prove!) that 1 - T T ~  = 0. This also completes the 
proof of T  being a normal operator. 

2.10. Let V be the space of nonzero square integrable continuous complex functions in one variable. For every 
pair of functions, define 

Show that with this definition V is an inner product space. 

We must check the following conditions: 

and 
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Since f is continuous and f # 0 in a neighborhood, its integral also differs from zero; hence C f . f )  + 0. 

2.11. (a) Show that if (v, u) = ( v ,  w )  for every v in V, then u = w. (h) Show that if T and S are two linear 
operators in V that satisfy (Tv, u)  = ( S v ,  u)  for every u, v in V,  then S = T. 

(a) The condition ( v ,  u) = ( v ,  w )  implies that ( v ,  u - w )  = 0 for every v in V .  In particular, if v  = u  - w  we 
obtain 

( u - w , u - w )  = 0 (2.11.1) 

Hence, u  - w  = 0 ,  that is, u  = w .  

(b) According to part (a), (Tv ,  u) = (Sv, u) for every v, u  in V implies that T v  = Sv; i.e., T  = S .  

2.12. Let A and B be Hermitian matrices. Show that A and B can be simultaneously diagonalized (that is, with 
the same matrix Lr) if and only if A B = BA . 

suppose CIA 11-I = D l ,  11811-I = D ,  where D l  and D2 are diagonal matrices. Hence, 

Multiplying on the right with U and on the left with u - I  we get A B  = B A .  We leave i t  to the reader to prove the 
other direction. This result is of great importance in quantum mechanics. 

2.13. Show that the modulus of the eigenvalues of a unitary operator is equal to 1. 

Suppose T  is a unitary operator, and let v  # 0 be an eigenvector with an eigenvalue h.  Then, 

Hence, 

- 
( v ,  v )  = ( T v ,  Tv)  = ( h v ,  hv)  = h h ( v .  v) 

- 
2 h h  = Ihl = 1 

2.14. Suppose that f is an integrable function. (a) If h + 0 is a real number and ~ ( x )  = f(hx + y ) ,  prove 
that 

where F and G are the Fourier transforms off and g, respectively. (b) Prove that if xf is also integrable, 
then F(k)  is a differentiable function, and 

F Lf'(x)] = F [-ixf (x)] (2.14.2) 

(a) By definition, 

(b) Consider the expression - 
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ihx  

Taking lim (v) = -i.r, we obtain 
h + 0 

[CHAP. 2 

1 
2.15. Show that (a) F [ 6  ( x  - x,) 1 = F [ 6  ( x )  1 p-'kxn: (b)  F 16 (ax)  ] = ;F [id:)] 

(a)  By definition, 

Supplementary Problems 

2.16. Prove the triangle inequality for complex numbers; that is, show that l z ,  + z,l S IZ ,~ + 1z21. 

2.17. Show that the vectors (1, 1, O ) ,  (0 ,0 ,  h), and (i, i ,  i) are linearly dependent over the complex field. 

2.18. Find the eigenvalues and eigenvectors of the matrix A = ( A). Hint: if h is an eigenvalue, then Av = hv, or 

( A  - hl)  v = 0 for some v t 0 ;  this implies that det (A  - hl)  = 0. Solve this equation for h, then substitute h and 

findv. Ans. h , = I ,  v , = ( : ) ,  A,=- I ,  = (-11)* 

2.19. Show that the matrix 

(2.19.1) 
cos 0 

in the plane, what is the geometric interpretation of u -, Tu? 
I 1  I I I 

2.20. Demonstrate that the system sin 2k, . . . , - cos k, - cos 2k, . . . is also orthonormal. h s 
2.21. Consider the space of polynomials with degree less than or equal to n. We can think of each polynomial 

p(x) = a, + a ,x  + . . . + anxn as a vector in the space c"' I ,  (ao, a , ,  . . . , a,).  In fact, this is the representation of 
d 

pix) relative to the basis { 1, x, . . . , xn). What is the matrix that represents the operator relative to this basis? 

2.22. Find the Fourier transform of e-r2/2. Ans. F(r) = e-kL/2. 

0 1 0 ... 0 )  

X-x X - ( - 1 ) "  
2.23. (a )  Find the Fourier series o f f  (r) = T, 0 L x 6 2n. (b)  Using part (a) ,  show that a = m. 

Ans. 

- - 
Ans. (a)  2 = 

,, = -- n = 11 

0 0 2  0 
. . . .  . , . . .  . 
0 0 : :  n 

\ O  0  : ... 0 ,  



Chapter 3 

The Schriidinger Equation and Its Applications 

3.1 WAVE FUNCTIONS OF A SINGLE PARTICLE 

In quantum mechanics, a particle is characterized by a wave function y ( r ,  r ) ,  which contains information 
about the spatial state of the particle at time t .  The wave function y ( r ,  r )  is a complex function of the three coor- 
dinates x, y, z and of the time t. The interpretation of the wave function is as follows: The probability dP(r,  r )  

3 
of the particle being at time t in a volume element d r = dx dy dz located at the point r is 

where C is a normalization constant. The total probability of finding the particle anywhere in space, at time t ,  
is equal to unity; therefore, 

I dP(r ,  t )  = 1 (3.21 

According to (3.1) and (3.2)  we conclude: 

(a)  The wave function y ( r ,  t )  must be square-integrable, i.e., 

is finite. 
(b) The normalization constant is given by the relation 

When C = 1 we say that the wave function is normalized. A wave function y ( r ,  t )  must be defined and contin- 
uous everywhere. 

3.2 THE SCHRODINCER EQUATION 

Consider a particle of mass rn subjected to the potential V(r,  r ) .  The time evolution of the wave function is 
governed by the Schrodinger equation: 

2 2 2 2 2 2  
where V is the Laplacian operator, a 2 / a x  + a / a y  + a / a z  .Pay attention to two important properties of the 
Schradinger equation: 

( a )  The Schriidinger equation is a linear and homogeneous equation in y. Consequently, the superposition 
principle holds; that is, if y , ( r ,  r ) ,  y2(r ,  t),  . . . , y n ( r ,  t )  are solutions of the Schrodinger equation, then 

y~ = $,aiW,(r, t )  is also a solution. 
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(6)  The Schriidinger equation is a first-order equation with respect to time; therefore, the state at time to 
determines its subsequent state at all times. 

3.3 PARTICLE IN A TIME-INDEPENDENT POTENTIAL 

The wave function of a particle subjected to a time-independent potential V(r) satisfies the Schrodinger 
equation: 

Performing a separation of variables y(r ,  t) = @ ( r ) ~ ( t ) ,  we have ~ ( t )  = ~e- ' ( " '  (A and o are constants), where 
@(r) must satisfy the equation 

where fio is the energy of the state E (see Problem 3.1). This is a stationary Schrodinger equation, where a 
wave function of the form 

is called a stationary solution of the Schrodinger equation, since the probability density in this case does not 
depend on time [see Problem 3.1, part (b)]. Suppose that at time t = 0 we have 

n 

where @,(r) are the spatial parts of stationary states, yn(r ,  t) = $(r)e-iont. In this case, according to the super- 
position principle, the time-evolution of W(r, 0) is described by 

n 

For a free particle we have V(r, t) = 0,  and the Schriidinger equation is satisfied by solutions of the form 
i ( k . r - o r )  

y ( r ,  t) = Ae (3.1 1 )  

where A is a constant; k and o satisfy the relation o = fik2/2m. Solutions of this form are calledplane waves. 
Note that since the y ( r ,  r )  are not square-integrable, they cannot rigorously represent a particle. On the other 
hand, a superposition of plane waves can yield an expression that is square-integrable and can therefore describe 
the dynamics of a particle, 

A wave function of this form is called a wave-packer. We often study the case of a one-dimensional wave- 
packet, 

3.4 SCALAR PRODUCT OF WAVE FUNCTIONS: OPERATORS 

With each pair of wave functions @(r) and ~ ( r ) ,  we associate a complex number defined by 

(($4 W) = /@*(r)v(r) d+ 

where (@, W) is the scalar product of @(r) and y ( r )  (see Chapter 2). 
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An operator A acting on a wave function ~ ( r )  creates another wave function \lrl(r). An operator is called a 
linear operator if this correspondence is linear, i.e., if for every complex number al  and a,, 

There are two sets of operators that are important: 

( a )  The spatial operators X. Y ,  and Z are defined by 

(b) The momentum1 operators p*, p,, and p_ are defined by 

The mean value of an operator A in the state ~ ( r )  is defined by 

The root-mean-squure deviation is defined by 

AA = d m -  
where A~ is the operator A . A .  

Consider the operator called the Humiltonian of the particle. It is defined by 

where P2 is a condensed notation of the operator + p: + pf. Using the operator formulation, the Schriidinger 
equation is written in the form 

If the potential energy is time-independent, a stationary solution must satisfy the equation 

where E is a real number called the energy of state. Equation (3.22) is the eigenvalue equation of the operator 
H; the application of H on the eigenfunction Q(r) yields the same function, multiplied by the corresponding 
eigenvalue E. The allowed energies are therefore the eigenvalues of the operator H. 

3.5 PROBABILITY DENSITY AND PROBABILITY CURRENT 

Consider a particle described by a normalized wave function ~ ( r ,  t ) .  The probability density is defined by 
2 

p(r, t )  = blV9 01 (3.23) 

At time r ,  the probability dP(r, r )  of finding the particle in an infinitesimal volume d> located at r is equal to 

dP(r,  t )  = p(r, t) d> (3.24) 
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The integral of p(r, t) over all space remains constant at all times. Note that this does not mean that p(r, t )  must 
be time-independent at every point r. Nevertheless, we can express a local conservation of probability in the 
form of a continuity equation, 

where J(r, t) is the probability current, defined by 

Consider two regions in a space where their constant potentials are separated by a potential step or barrier, 
see Fig. 3-1. 

Fig. 3-1 (a) Potential step; (b) potential barrier. 

We define transmission and reflection coefficients as follows. Suppose that a particle (or a stream of parti- 
cles) is moving from region I through the potential step (or barrier) to region 11. In the general case, a stationary 
state describing this situation will contain three parts. In region I the state is composed of the incoming wave 
with probability current J ,  and a reflected wave of probability current J R .  In region I1 there is a transmitted wave 
of probability current JT .  

The reflection coeficient is defined by 

The transmission coeficient is defined by 

Solved Problems 

3.1. Consider a particle subjected to a time-independent potential V(r). (a) Assume that a state of the particle 
is described by a wave function of the form ~ ( r ,  t) = t$(r)~(t) .  Show that ~ ( t )  = ~ e - ' ~ '  (A is constant) 
and that $(r) must satisfy the equation 

where m is the mass of the particle. (b) Prove that the solutions of the Schrijdinger equation of part (a) 
lead to a time-independent probability density. 
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(a) We substitute ~ ( r ,  r) = @(r)x(r) in the Schrdinger equation: 

In the regions in which the wave function y(r, I) does not vanish, we divide both sides of (3.1.2) by @(r)~(r); 
so we obtain 

The left-hand side of (3.1.3) is a function of r only, and does not depend on r. On the other hand, the right-hand 
side is a function of r only. Therefore, both sides of (3.1.3) depend neither on r nor on t, and are thus constants 
that we will set equal to h o  for convenience. Hence, 

Therefore, 

where A is constant. Substituting in (3.1.3), we see that @(r) must satisfy the equation 

(6)  For a function of the form yr(r, t) = @(r)e-'"', the probability density is by definition 

p(r, t )  = Iy(r, r)12 = [@(r)e-imf] [@(r)e-im'] * = @(r)e-iml@*(r)e'm' = )@(r)12 (3.1.7) 

We see that the probability density does not depend on time. This is why this kind of solution is called 
"stationary." 

3.2. Consider the Hamiltonian for a one-dimensional system of two particles of masses m l  and m2 subjected 
to a potential that depends only on the distance between the particles x ,  - x2,  

(a) Write the Schrijdinger equation using the new variables n. and X, where 

x = X ,  - x2 (relative distance) X = 
mlxl + rn2x2 

(center of mass) (3.2.2) 
m l +  m2 

(b)  Use a separation of variables to find the equations governing the evolution of the center of mass and 
the relative distance of the particles. Interpret your results. 

(a) In terms of x ,  and x,,  the wave function of the two particles is governed by the Schradinger equation: 

In order to transform to the variables x and X, we have to express the differentiations a 2 / a x :  and d 2 / a x i  in 
terms of the new variables. We have 

Thus, for an arbitrary function f ( x , ,  x2) we obtain 
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Similarly, 

a a m l a  -+-- a - - a m2 a - - -  ax, - ax m ,  +n1,dX 
+-- 2.Y' ax m ,  + m , a X  

For the second derivatives in x ,  and x, we have 

[CHAP. 3 

The wave function must be a smooth function for both a, and x,, so we can interchange the order of differen- 
tiation and obtain 

rn, + m,aXdx 

For x,  we have 

Substituting (3 .2 .9)  and (3.2.10)  in (3.2.3) ,  we get 

ti' 
W X * X ~ ' ) + V ( X ) ' I ' ( X , X * ~ )  

(6)  Since the Hamiltonian is time-independent, ~ ( x ,  X, t )  = +(x, X)x( t )  (we separate the time and the spatial var- 
iables; see Problem 3.1 j .  The equation governing the stationary pan o(x, X) is H$(x, X)  = E,,,,,+(x, X), where 
E, , , ,  is the total energy. Substituting in (3.2.11)  we arrive at 

Performing a separation of the variables o(x,  X) = g(.r)q(X), (3.2.12) becomes 

f i 2  1 m ,  + m,  a2g(,) f i 2  I I a 2 ~ ( x )  -7m(=I7 + V(xj = - -  
2 I (X)  m , + m ,  ax' + 'total 

The left-hand side of (3.2.13)  depends only on x; on the other hand, the right-hand side is a function only of X .  
Therefore, neither side can depend on x or on X, and both are thus equal to a constant. We set 

By inspection, we conclude that (3.2.14)  is the equation governing the stationary wave function of a free par- 
ticle of mass m ,  + m,,  i.e., 

Note that the wave function corresponding to the center of mass of the two particles behaves as a free particle 
of mass m ,  + m2 and energy E,,. This result is completely analogous to the classical case. Returning to 
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(3.2.13), the equation for the relative position of the two particles is 

Equation (3.2.16) governs the stationary wave function of a particle of mass ( m l  + m , )  / m , m 2  held in a poten- 
tial V(.r) and having a total energy E,,,,, - E,,. Thus the relative position of the two particles behaves as a 
particle with an effective mass ( m ,  + m 2 )  / m , m ,  and of energy E,,,,, - E,, held in an effective potential V(x) .  
This is also analogous to the classical case. 

3.3. Consider a particle of mass m confined in a finite one-dimensional potential well V ( x ) ;  see Fig. 3-2. 

Fig. 3-2 

d ( x )  (P) - d ( p )  
d V  

Prove that (a)  - - -, and (b) - = (-;i;), where ( x )  and ( p )  are the mean values of the dt m d t  
d V  

coordinate and momentum of the particle, respectively, and (-;i;) is the mean value of the force acting 

on the particle. This result can be generalized to other kinds of operators and is called Ehrenfest's 
theorem. 

(a) Suppose that the wave function y ( x ,  t )  refers to a particle. The Schrodinger equation is 

a y * ( x ,  t )  ih a 2 y * ( x ,  t )  i 
and its conjugate equation is - = - - at  2 m  a x 2  

+ f L V ( ~ ) y * ( ~ ,  t ) .  [Notice that we assume V ( x )  to be - 
r e d ]  The integra1 J-- y ( x ,  t ) ~  dx must be finite: so we get 

2 aw(x ,  t )  aw(x7 t )  1 ( x  t  = I ( t )  = 0 and lim 7 = lim - - 
x  + m  x + - -  x + -  x+--= ax - O  

Hence, the time derivative of ( x )  is 

Substituting the SchrGdinger equation and its conjugate gives 
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Integration by parts gives 

d ( x )  dt - -- lim 
2 m  {+-  

Using (3.3.2), the first and third terms equal to zero; so we have 

[CHAP. 3 

Eventually, integration by parts of the first term gives 

(6) Consider the time derivative of ( p ) :  

Since ~ ( x ,  t )  has smooth derivatives, we can interchange the time and spatial derivatives in the second term. 
Using the Schrtidinger equation, (3.3.8) becomes 

Integration by parts of the first term gives 

Using (3.3,2), we arrive at 

Again, integration by parts gives 

Returning to (3.3.9), we finally have 
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W r ,  t )  3.4. Consider a particle described by a wave function ~ ( r ,  t). Calculate the time-derivative 7. where 

p(r, f)  is the probability density, and show that the continuity equation a*) + V J(r ,  f )  = 0 is valid, 
a t  

where J ( r ,  t )  is the probability current. equal to $ Re [V*(?vW)]  . 
- 

Using the Schr6dinger equation, 

dv*(r, t )  f i 2  
Assuming V(r) is real, the conjugate expression is - i h ~  = - - v2y*(r ,  I )  + V(r ,  t)y*(r, I ) .  According 2m 
to the definition of p(r, t ) ,  p(r, t )  = y*(r, t ) y ( r ,  t ) ;  hence, 

ap(r, t )  ~ * ( r ,  t )  a w r ,  t )  at - at  ( r  I )  + * ~  (3.4.2) 

Using (3.4.1) and its conjugate, we arrive at 

I f i  
+ %V*(rl [)v(rp t)W(r. I )  = -% Iy*(r. t )v2w(r ,  t) - y(r, t)~\*(r, 111 (3.4.3) 

We set 

f i  
J(r, t )  = :Re [ v * ( ; v y ) ]  = cy*(r, [)Vy(r,  0 - y(r, r)Vw*(r, t)l (3.4.4) 

Using the theorem V .  ( U A )  = ( V(I ) . A + U(V . A), we have 

3.5. Consider the wave function 

v(x, t )  = [ ~ ~ i p x / h +  + B e - i p x / h ~  e - i ~ 2 1 / 2 m f i  

Find the probability current corresponding to this wave function. 

The probability current is by definition 

The complex conjugate of is yr*(x, t )  = (A*~-'P"/% +*tipx/' ) eip2r/2mh; SO a direct calculation yields 

Note that the wave function ~ ( x ,  t )  expresses a superposition of two currents of particles moving in opposite direc- 
tions. Each of the currents is constant and time-independent in its magnitude. The term e-"p2r/2"" implies that the 
particles are of energy p2/2m. The amplitudes of the currents are A and B. 



30 THE SCHRODINGER EQUATION AND ITS APPLICATIONS 

3.6. Show that for a one-dimensional square-integrable wave-packet, 

where j ( x )  is the probability current. 
P- 

[CHAP. 3 

2 2 
Consider the integral I\y(x, t)l dr. This integral is finite, so we have lim ( ~ ( x ,  t)l = 0. Hence, 

x + * -  

Integration by parts gives 

Therefore, we have 

3.7. Consider a particle of mass m held in a one-dimensional potential V ( x ) .  Suppose that in some region V(x) 
is constant, V(x) = V. For this region, find the stationary states of the particle when (a )  E > V ,  (b)  E < V, 
and (c) E = V, where E is the energy of the particle. 
(a) The stationary states are the solutions of 

- -- fi2 a2@cx) 2m 2 + V@(X) = EM') 

2 2 
For E > V, we introduce the positive constant k defined by fi k /2m = E - V, so that 

The solution of this equation can be written in the form 

@(x) = ~ ~ 1 k . r  + 

where A and A' are arbitrary complex constants. 
(b) We introduce the positive constant p defined by hZp2/2m = V -  E; so (3.7.1) can be written as 

The general solution of (3.7.4) is $(x) = BePr + B'e-" where B and B' are arbitrary complex constants. 

d2@(x) 
(c) When E = V we have - = 0; so @(x) is a linear function of x, @(x) = Cx + C' where C and C' are. 

complex constants. ax2 

3.8. Consider a particle of mass m confined in an infinite one-dimensional potential well of width a: 

a a - - < X I -  
V(x)  = 2 -  2 

otherwise 
Find the eigenstates of the Hamiltonian (i.e., the stationary states) and the corresponding eigenenergies. 

For x > a / 2  and x < -a/2 the potential is infinite, so there is no possibility of finding the particle outside the 
well. This means that 

Since the wave function must be continuous, we also have ~ ( a / 2 )  = v(-a/2) = O.For -a/2 I x I a / 2  the poten- 
tial is constant, V(x) = 0; therefore, we can rely on the results of Problem 3.7. We distinguish between three 
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possibilities concerning the energy E. As in Problem 3.7, part (a), for E > 0 we define the positive constant k, 
h2k2/2m = E; so we obtain +(x) = Aelkx + Ale-lkX . Imposing the continuous conditions, we arrive at 

I Aeika/2 + Ate-ika/2 = 0 11 Ae-rka/2 + Aqedka/2 = 0 (3.8.3) 

Multiplying (3.8.31) by eikaf2 we obtain A' = -Ae'&". Substituting A' into (3.8.311) yields 

~ ~ - i k a / 2  - Apikaeika/2 = 0 (3.8.4) 

Multiplying (3.8.4) by e-ika/2 and dividing by A [if A = 0 then \y(x) = 0 ] we obtain e-lka - elka = 0 .  Using the 
relation ela = cos a + i sin a we have -2i sin ( k a )  = 0. The last relation is valid only if ka = nrc, where n is an 
integer. Also, since k must be positive, n must also be positive. We see that the possible positive eigenenergies of 
the particle are 

The corresponding eigenfunctions are 

W,(X) = ~~~~m~ - ~ ~ ~ ~ n ~ ~ - i k . x  = Aeinnx/a - einn (0-11 / a  = ~ ~ i n n / 2  [ e ; n ~  ( r / u  - 1/21 - e - i n x  ( x / a  - 1 / 2 1  ] 

where C is a normalization constant obtained by 

x 1 dx 
Defining y = - 2 and dy = ;, (3.8.7) becomes 

0 

I T; = a sin2 ( y )  d = [ I  - cos (2nny)  ]dy  = (3.8.8) 

Therefore, C = f i a .  Finally, 

Consider now the case when E < 0. As in Problem 3.7, part (b), we introduce the positive constant p, 
h2p2 / 2 m  = -E. Stationary states should be of the form ~ ( x )  = BePx + ~ ' e - ~ " .  Imposing the boundary conditions, 
we obtain 

I BePa/2 + B1e-Pa/2 = 0 11 Be-Pa/2 + B'ePa/2 = 0 (3.8.10) 

Multiplying (3.8.101) by e W 2  yields B' = -BePa, so - ~ e ~ ~ e ~ ~ / ~  = 0.  Multiplying by epa/* and dividing 
by B,  we obtain 1 - eZPa = 0 .  Therefore, 2pa  = 0. Since p must be positive, there are no states with corresponding 
negative energy. 

Finally. we consider the case when E = 0 .  According to Problem 3.7, part (c), we have ~ ( x )  = Cx + C'. 
Imposing the boundary conditions yields 

Solving these equations yields C = C' = 0,  so the conclusion is that there is no possible state with E = 0. 

3.9. Refer to Problem 3.8. At t = 0 the particle is in a state described by a linear combination of the two 
lowest stationary states: 

v(x, 0 )  = av, (x )  + P W ~ ( X )  (la12+ I P I ~  = 1) (3.9.1) 

(a) Calculate the wave function ~ ( x ,  r )  and the mean value of the operators x and p, as a function of time. 
(b) Verify the Ehrenfest theorem, m d  ( x )  /dt = ( P , ) .  

(a) Consider part (c) of Problem 3.1. The time-evolution of the stationary states is of the form 

yn(x. I) = yn(x) ~ X P  ( - i E n t / h )  (3.9.2) 
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Consequently, using the superposition principle gives 

We now calculate 

Consider each of the three elements separately: 

a / 2  a / 2  

x x  I )  dx = r sin [ n ( a  - t)] d i  
-u/2 

x 1 dx 
Defining y = - - -, dy = -, so a 2 a 

Solving these integrals yields 

y2 y sin ( 2ny )  - cos ( 2 n y ) I 0  + a  [Y --  sin ( 2 n y ) ] ( J  = - - + -  a a = 0 
8n2 2 4~ I 2 2 

One can repeat this procedure to show that 

Note that this result can arise from different considerations. The function f ( x )  = sin2 [ 2n (: - f )] is an even 
function of x: 

x = [sin 2n (- - f )] ' = [-sin 2n ( 5  + f )] ' = [-sin ( 2 n ( a  + i) + 2 n ) ]  

2 
= [sin 2n (5  - t )] = A X )  

2 On the other hand, f ( x )  = x is an odd function of x; therefore, x sin [2n ( x / a  - 1 / 2 )  ] is an even function 
of x, and its integral vanishes from -a /2  to a / 2 .  Consider now the last term in (3.9.4): 

a / 2  a / 2  
3n2ihr 

X V : ~ X ,  r)v2p, dx = rs in  [( a - :)I sin [2n(d  - i)] (--) dx (3.9.10) 
- 0 / 2  

2ma2 

Defining y = x / a  - I / 2 ,  dy = dx /a ,  and CII = 3n2h/2rna2, we obtain 
0 0 

I 
= ae-lwrI- l  ( 2 y  + I )  sin ( n y )  sin ( 2 n y )  dy = ar 3 

Finally, returning to (3.9.4) we obtain 

16a 32a 
( x )  = 7 2  Re (a*Pe-Iw') = 7 [Re ( a*P)  cos (at) + Re ( ia*P)  sin (or) ] (3.9.12) 

9 n 9 R 
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Consider the mean value of the momentum: 

We calculate separately each of the four terms in (3.9.13): 
a/2 

= a  "J a  sin [n(: - k)] cos [.(a - i I] cix 
-0/2  

sin [I(: - k)] is an even function of x and cos [ R (: - ;)I is an odd function, so their product is an odd func- 

tion, and therefore the integral of the product between x  = - a / 2  and x  = a / 2  equals zero. Also, 
u / 2  a /2  

aW2(x, 0 
W: (x. t )  7 = '"1 a  a  sin [..(a - i )] cos [ 2 n (  - k)] * 

-a/2 

an odd function of x  and cos an even one; therefore, their product is an odd 

function, and thus the integral between x = - a / 2  and a  = 2 vanishes. We have 
a /2  a /2  

3v2(x, '1 
W: ( 4  2) 7 & = fiI sin [.(a - i I] cos [21(' - ~)]r-" 'dr (3.9.16) 

-a/? a  * 
a / 2  

x 1 dx 
Defining y = - - 2 and dy = -, the integral I becomes a  a  

= - ' 0 '  4ne J 8 .  
s i n ( ~ y )  cos (2ny) dy = 

6n (3.9.17) 
a  

- I  

Finally. 

Using the same definitions used above, we arrive at 
0 

2n . [ COS(RY) cos (3ny)]n 8 .  
I- = "rlwf{l i n  y  o y y  = ;elw' - - - = --erwr 

a  2~ 6n I 3a (3.9.19) 

Substituting the results in equation (3.9.13), we finally reach 

(b) In part (a) we obtain 

Therefore, we have 

By inspection, the last expression is identical to ( p J .  Thus, for this particular case Ehrenfest's theorem is 
verified. 

3.10. Refer again to Problem 3.8. Now suppose that the potential well is located between x = 0 and x  = a: 

0  O l x l a  

w otherwise 

Find the stationary eigenstates and the corresponding eigenenergies. 
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We begin by performing a formal shift of the potential well, 2 = x - a / 2 ,  so the problem becomes identical to 
Problem 3.8: 

Using the solution of Problem 3.8, the possible energies are 

where n is a positive integer. The corresponding eigenstates are 

Or, in terms of the original coordinate, we have 

3.11. Consider the step potential (Fig. 3-3): 
Iv, x > o  

Fig. 3-3 

Consider a current of particles of energy E > V ,  moving from x = -w to the right. (u) Write the station- 
ary solutions for each of the regions. (b) Express the fact that there is no current coming back from 
x = += to the left. (c) Use the matching conditions to express the reflected and transmitted amplitudes 
in terms of the incident amplitude. Note that since the potential is bounded, it can be shown that the 
derivative of the wave function is continuous for all x. 

( a )  Refemng to Problem 3.7, part ( a ) ,  we define 

Then the general solutions for the regions I ( x  < 0 )  and I1 ( x  3 0) are 

(6)  The wave function of form elkx represents particles coming from x = -- to the right. and cik" represents 
particles moving from x = +m to the left. @,(x)  is the superposition of two waves. The first one is of incident 
particles propagating from left to right and is of amplitude A , ;  the second wave is of amplitude A', and repre- 
sents reflected particles moving from right to left. Since we consider incident particles coming from x = -= 
to the right, it is not possible to find in I1 a current that moves from x = +m to the left. Therefore, we set 
A; = 0 .  Thus, Q,,(x) represents the current of transmitted particles with corresponding amplitude A,. 

(c) First we apply the continuity condition of Q(x) at x = 0, @,(0) = Q,,(O). So substituting in (3 .11 .3 )  gives 
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a e o  
Secondly, ax should also be continuous at x  = 0;  we have 

a@,(o) aQ,,(o) 
Applying ,x = - ax , we obtain 

ik, (A, - A', ) = ik,A, 

Substituting A, gives A ,  + A; = ( A ,  - A; ) k,/k,, which yields 

Eventually, substituting (311.7) in (3.ll.4) yields A, (  1 + e, = A2: therefore, 
kl + k2 

3.12. Refer to Problem 3.1 1. (a) Compute the probability current in the regions I and I1 and interpret each 
term. (b) Find the reflection and transmission coefficients. 

(a) For a stationary state @ ( x ) ,  the probability current is time-independent and equal to 

Using (3.11.3) for region I, we have 

Similarly, for region I1 we have 

The probability current in region I is the sum of two terms: f ik ,  lA,12/m corresponds to the incoming current 
2 

moving from left to right, and -fik, lAf1 1 /rn corresponds to the reflected current (moving from right to left). 
Note that the probability current in region I1 represents the transmitted wave. 

(b) Using the definition of the reflection coefficient (see Summary of Theory, refer to Eq. 3.27), it equals 

Substituting (3.1 1.7). we arrive at 
2 

(k, - k,) 
A = , = 1- 

4 k ~  k 2  

(k, + k2) ( k ,  + k,)? 

The transmission coefficient is 

Substituting (3.1 1.8). we arrive at 
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3.13. Consider a free particle of mass m whose wave function at time t = 0 is given by 

[CHAP. 3 

Calculate the time-evolution of the wave-packet ~ ( x ,  t )  and the probability density Iv(x, r)12. Sketch 
qualitatively the probability density for t < 0, t = 0, and t > 0. You may use the following identity: For 
any complex number a and P such that -n/4 < arg (a) < n/4, 

Ja - a 2 ( k - k o ) 2 / 4 ,  The wave-packet at t  = 0 is a superposition of plane waves e'" with coefficients - 
( 2 ~ ) ~ ~ ~  

, this is 

a Gaussian curve centered at k = k,. The time-evolution of a plane wave elkx has the form e'kxe-'E'k)"" 

e i k x r - i ~ 2 v 2 m .  We set o ( k )  = f ik2 /2m,  so using the superposition principle, the time-evolution of the wave-packet 
y(x ,  0) is 

Our aim is to transform this integral into the form of (3.13.2). Therefore, we rearrange the terms in the exponent: 

2 2 2 2 a ( j k o + i x )  a 2  

- --k2 (3.13.4) 
( a 2  i f i r )  

4 - + -  
4 2m 

Substituting in (3.13.4) and using (3.13.2) yields 

$a e x - )  (+ko+ixr 
y(x,  t )  = - 

2 3 / 4 ~ 1 ' 4  Jz 2 2:. ] 
- + -  a +- 
4 2m 

The conjugate complex of (3 .133)  is 

Hence, 

I a2ki T ( d  4fi2 t2 
+ - ) + 2 ~ ( ~ - ~ ~ )  &kt 

1 m 
exp - 

a4 + 4f i2 t2 /m2  
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Fig. 3-4 

The probability density is a Gaussian curve for every time t entered at xc = ( f i k o / m )  t .  (i.e., the wave-packet 
moves with a velocity Vo = f i k o / m . )  The value of [ ~ ( x ,  t)12 is maximal for t = 0 and tends to zcro when r + m. 

The width of the wave-packet is minimal for t = 0 and tends tom when t + -; see Fig. 3-4. 

3.14. Consider a square potential barrier (Fig. 3-5): 

x < o  

V(x) = O < x < l  

Fig. 3-5 

(a) Assume that incident particles of energy E > Vo are coming from x  = --. Find the stationary states. 
Apply the matching conditions at x  = 0 and x  = 1.  (b) Find the transmission and reflection coefficients. 
Sketch the transmission coefficient as a function of the barrier's width I ,  and discuss the results. 

(a) Similar to Problem 3.7, piut (a), we define 

Thus, the stationary solutions for the three regions I ( x  < 0), IT ( 0  < x  < I ) ,  and IT1 ( x  > I )  are: 

Each of the solutions describes a sum of terms representing movement from left to right, and from right to left. 
We consider incident particles from x = --, so there should be no particles in region III moving from x  = m 

to the left. Therefore, we set A', = 0.  The matching conditions at x  = 1 enable us to express A, and A'2 in 
terms of A,. The continuity of +(x)  at x  = I yields +,,(!) = @,,,(T), so 
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The continuity of $'(x) yields 
ik I ik 2 A 2 eik2'- i k ,~ ; e - '~ z '  = ik,A,e 1 

Equations (3.14.4) and (3.14.5) give 

The matching conditions at x = 0 yield 

and 

so we obtain 

[CHAP. 3 

(3.14.5) 

Using (3.14.6), we can express A,  in terms of A,: 

- ( k ,  + k212 + (kl -k212 
- cos (k,l) - i 

4 k , k 2  
sin (k,l)  e ' ' l ' ~ ~  I 

Similarly, we express A; in terms of A,: 

k ,  - k2  k ,  + k 2  
A; = 7 A 2 +  A '  = + 2 [ 4 k k ,  Z k e  2 

t k2 - k : )  - (k:-k:)  (k:  - k:) + (k2 - k l )  
= [ 4k,k2 cos (k,l) + i 4 k ~  4 sin (k21) e " 1 ' ~ ~  (3.14.11) 

(b)  The reflection coefficient is the ratio of squares of the amplitudes corresponding to the incident and reflection 
waves (compare to Problem 3.12): 

Using the results of part (a) ,  we obtain 

Finally, the transmission coefficient is 

The transmission coefficient oscillates periodically as alfunction of 1 (see Fig. 3-6) between its maximum value 
(one) and its minimum value [ l  + v ; / ~ E  ( E  - V,,)]- . When 1 is an integral multiple of n/k , ,  there is no 
reflection from the barrier; this is called resonance scattering (see Chapter 15). 
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I x lk2 2 XI&, 

Fig. 3-6 

3.15. Consider the square potential barrier of Problem 3.14. Find the stationary states describing incident par- 
ticles of energy E < Vo. Compute the transmission coefficient and discuss the results. 

The method of solution is analogous to that of Problem 3.14. Referring to Problem 3.7, we define 

The stationary solutions for the three regions I (x < 0) ,  I1 (0 < x < I), and I11 (x > 1) are 

I $,,(.r) = A2ePX+ A;e-" (3.15.2) 

$ [ 1 1 ( ~ )  = ~ ~ e ~ ~ l ~  + ~ ; e - ' ~ l ~  

We describe incident particles corning from x = -M, SO we set A; = 0.  Applying the matching conditions in x = 1 
gives 

$'11(1) = $i l l ( [ )  a A,peP'- ~ ; e - ~ '  = ik 1 3  A e lk t i  

From (3.15.3) and (3.15.4) we obtain 

A, = [?$!.! e uk1-p)i 
p- i k ,  

The matching conditions at x = 0 yield 

$,(O) = $,,(0) a A + A; = A2 + A; 

$i(O) = $il(0) =+ i k ,A ,  - ik ,A' ,  = pA2 - pA; 

From (3.15.6) and (3.15.7) we obtain 

i k ,  + p i k ,  - p  
A,  = -A2 + 

Using (3.15.5), we arrive at 

A, = [ ( i : i . ~  p ~ '  ,(I*, - PI 1 - ] A 3  = [-ig sinh ( p l )  + cosh ( p l )  eik1'A3 (3.15.9) I 
Finally, consider the transmission coefficient: 
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where we used the identity cosh2 a - sinh2 a = 1. Hence, 

4 E ( V o - E )  
T =  

,/-81 
4 8  ( V o -  8) + V i  sinh [ ] 

[CHAP. 3 

We see that in contrast to the classical predictions, particles of energy E < V o  have a nonzero probability of crossing 
the potential banier. This phenomenon is called the tunnel effect. 

3.16. In this problem we study the bound states for a finite square potential well (see Fig. 3-7). Consider the 
one-dimensional potential defined by 

Fig. 3-7 

(a) Write the stationary solutions for a particle of mass m and energy -Vo < E < 0 for each of the regions 
I ( x  < -a/2), 11 ( 4 / 2  < x < a /2) ,  and 111 ( a / 2  < x ) .  (b) Apply the matching conditions at x = -a/2 
and x = a / 2 .  Obtain an equation for the possible energies. Draw a graphic representation of the equa- 
tion in order to  obtain qualitative properties of the solution. 

( a )  Refening to Problem 3.7, we define 

Then the stationary solutions for each of the regions are 

$ ] [ ( x )  = Lieik-' + ~ ' e - ~ ~ ~  

I $ ~ ~ ~ ( X )  = Cleox + Ce-PX 

Since $(x)  must be bounded in regions I and 111, we set A' = C' = 0; therefore, 

(b) The continuity of $ ( x )  and $ ' (x )  at x = - a / 2  yields 
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Similarly, the matching conditions at x = a /2  yield 

Ce-pa/Z = ~ ~ l k a / 2  + Bve-rka/? 

r k ~ e i k ~ / ?  - ik.tp-;ku/2 -pCe-~a/2 = ' 

Hence, we can express B and B' in terms of A: 

We substitute (3.16.7) in (3.1 6.6) to obtain 

To obtain a nonvanishing solution of (3.1 6.8), we must have 

which is equivalent to 

Equation (3.16.10) is an equation for E, since p and k depend only on E and on the constants of the problem. 
The solutions of (3.16.10) in terms of E are the energies corresponding to bound states of the well. 

We shall transform (3.16.10) to express it in terms of k only. There are two possible cases. The first one is 

The left-hand side of (3.16.1 1) is a complex number of modulus 1 and phase -2 tan-' (k/p). (p + ik is the com- 
plex conjugate of p - ik.) The right-hand side of (3.16.1 1) is also acomplex number of modulus 1, and its phase 

+ ka(-eika 1" ika I (n + ka) = e  . e  = e  ). Therefore, we have 

tan-' - - - - k x ka ( -  ( +  ,= tan[-(i+i)] = - t a n ( ~ + ~ ) = c o t ( $ ) =  tan (ka/2) 1 (3.16.12) 

and 

To = Jk'm, where the parameter k, is E-independent. Consider We define k, = 

Equation (3.16.1 1) is thus equivalent to the following system of equations: 

I tan ($1 > 0 

where we used (3.16.13) and (3.16.14) together with the fact that both p and k are positive. 
We turn to the second possible case, i.e., 

Similar arguments as in case I lead us to 
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Consider 

Thus, 

In Fig. 3-8 we represent (3.16.1 5 )  and (3.16.19) graphically. The straight line represents 

[CHAP. 3 

the function 

(3.16.19) 

k / k o ,  and 

the sinusoidal arcs represent the functions Isin(?)l and liros($)l. The dotted parts are the regions where the 

ka 
condition on tan(T) is not fulfilled. 

I nla 3 xla ko Srrla k  

Fig. 3-8 

The intersections marked with a circle represent the solutjons in terms of k. From these solutions it is possible 
to determine the possible energies. From Fig. 3-8 we see that if k, ,  I x / a ,  that is, if 

then there exists only one bound state of the particle. Then, if V ,  I V o  < 4 V ,  there are two bound states, and so 
on. If Vo n V , ,  the slope I / k o  of the straight line is very small. For the lowest energy levels we have 
approximately 

and consequently, 

3.17. Consider a particle of mass m and energy E > 0 held in the one-dimensional potential -Vo6(x - a) .  (a )  
Integrate the stationary SchrBdinger equation between a - E and a  + E. Taking the limit E + 0, show 
that the derivative of the eigenfunction $(x) presents a discontinuity at x = a and determine it. (h) Rely- 
ing on Problem 3.7, part (a), $ ( x )  can be written 
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where k = 4 2 m ~ / f i ' .  Calculate the matrix M defined by 

(a) Using the Schrodinger equation, 

Integrating between a - E and a + E yields 

According to the definition of the 6-function (see the Mathematical Appendix), the integration gives 

Since $(x) is continuous and finite in the interval [a - E, a + €1, in the limit E 3 0, 

X c U 

We see that the derivative of $(x) presents a discontinuity at x = a that equals 2m~,$(a) / t i~ .  

(b) We have two matching conditions at x = a.  The continuity of $(x) at x = a yields 

where the second matching condition is given in relation (3.17.6) and yields 

ti2 
- (A ,  ike ika  - ~ ; i k ~ - i k a  - A  ' k  'ka + A; ike-1'0) = -V A eika + A' e-ika 
2 m e O (  I I ) 

Equations (3.17.6) and (3.1 7.7) enable us to express A,  and A; in terns of A,  and A;: 

We therefore have 

where 

3.18. In this problem we study the possible energies (E > 0) of a particle of mass m  held in a &-function peri- 
odic potential (see Fig. 3-9). We define a one-dimensional potential by 
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Refening to Problem 3.7, part (a ) ,  for each of the regions Rn [ n a  < x < ( n  + 1 )  a ] ,  the stationary solu- 
tion can be written in the form 

ik ( x - n a )  + c e - i k ( x - n a )  
$,(x) = Brie n (3.1 8.2) 

Fig. 3-9 

( a )  Use Problem 3.17 to find the matrix T relating the regions R, + , and R,: 

Prove that T is not a singular matrix. (b) Since T is a nonsingular matrix, we can find a basis (b , ,  b2) of 
c2 consisting of eigenvectors of the matrix T. We write 

2 2 
where p, , p2 are complex numbers. Impose the condition that + ICnI does not diverge for n + f - 
to obtain a restriction on the eigenvalues of T. Express this restriction in terms of the possible energies E. 

(a) We compare the definitions of +,(x) and I$, + , (x)  according to (3.18.2) and the definition of +(x) in Problem 
3.17, part (b). The analogy is depicted in Table 3-1. 

Table 3-1 

Also, the boundary between the two regions R n  and R n  + , is set in x = ( n  + 1 )  a, whereas in Problem 3.17 
the boundary condition is imposed at x = a. Using this analogy we have 
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We therefore have 

where 

We see that T is not a singular matrix, since 

and therefore det T # 0.  
(b) Since T is a nonsingular matrix, we can find a basis ( b , ,  b,) of c2 consisting of eigenvectors of T with corre- 

sponding eigenvalues a,and a,; these eigenvalues are the solutions of the cubic equation det(T - a l )  = 0 
By definition, 

Tb ,  = a , b ,  

Tb, = a 2 b 2  

Using (3.18.4), we have (for n = 1 ,  2 ,  . . .) 

) = T T T  ( 1  = ~ ~ ( p b ~ + p ~ b , )  = pla:b,+P2a:b2 - 
n times 

Consider 

2 
Therefore, \all 5 1; otherwise lirn ( I B , / ~  + ICnI ) = m. Similarly, we must have la2t I 1. We apply a similar 

11 9 rn 

consideration for n + --: 

Hence, 

Therefore, 

2 
so lall 2 1 ; otherwise ($,(x)l diverges for n + -w, and similarly we must have la21 2 1. Summing our results, 
we must have la,[ = la21 = 1 ,  i.e., the eigenvalues of T must be of modulus 1. Therefore, we can write 

d e t ( ~  - e'") = 0 (3.18.15) 
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where $ is  a real constant. So 

A rearrangement of (3.18.16) gives 

Consider the real part of (3.18. IR): 

Using the relation cos (29) = 2 cos2 9 - 1, we arrive at 

A 
cosg = cos (ka)  + 2ka sin (ka) 

[CHAP. 3 

Note that since k = J 2 r n ~ / t i * ,  (3.18.20) is a constraint on the possible energies E: 

A 
cos (ka)  + - sin (ka) < 1 2ka (3.18.21) 

We can represent this inequality schematically in the following manner. The function 

A 
f(k) = cos (ka)  + ra sin (ka) (3.18.22) 

behaves for k + as cos(ka) approximately. The schematic behavior of f(k) is depicted in Fig. 3-10. 

Fig. 3-10 

We see that there are permitted bands of possible energies separated by domains where If(k)l 2 1 :and therefore 
the corresponding energy E does not correspond to a possible state. For E + - the forbidden bands become 
very narrow, and the spectrum of the energy is almost continuous. 

3.19. Consider a particle of mass m held in a three-dimensional potential written in the form 

p(x,  y,  z )  = V ( x )  + UCy) + W(z) (3.1 9.1) 

Derive the stationary SchrGdinger equation for this case, and use a separation of variables in order to 
obtain three independent one-dimensional problems. Relate the energy of the three-dimensional state to 
the effective energies of the one-dimensional problem. 
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In our case the stationary Schrodinger equation is 

where Y ( r )  is the stationary three-dimensional state and E is the energy of the state. We assume that Y ( r )  can be 
written in the form Y ( r )  = @(x)x(y)y(z), so substituting in (3.19.2) gives 

+ [ V(x) + Ub) + W(z)l @(x)x(Y)v(z) = E@(x)x(Y)v(z) 

Dividing (3.19.4) by Y(r)  and separating the x-dependent part, we get 

The left-hand side of (3.19.4) is a function of x only. while the right-hand side is a function of y and z, but does not 
depend on x. Therefore, both sides cannot depend on x; thus they equal a constant, which we will denote by E,. We 
have 

We see that @(x) is governed by the equation describing a particle of mass m held in the one-dimensional potential 
V(x). Returning to (3.19.4), we can write 

In (3.19.6) the left-hand side depends only on y, while the right-hand side depends only on z. Again, both sides must 
equal a constant, which we will denote by E,. We have 

Thus, ~ ( y )  is a stationary state of a fictitious particle held in the one-dimensional potential 1/01). Finally. we have 

where we set E, = E - Ex - E,. Hence, the three-dimensional wave function Y(r )  is divided into three parts. Each 
part is governed by a one-dimensional Schrijdinger equation. The energy of the three-dimensional state equals the 
sum of energies corresponding to the three one-dimensional problems, E = Ex + E, + E,. 

Supplementary Problems 

3.20. Solve Problems 3.1 1 and 3.12 for the case of particles with energy 0 c E c V, .  Ans. R = 1 and T = 0. 

3.21. Consider a particle held in a one-dimensional complex potential V(x)(l + i t )  where V(x) is a real function and 5 is a 

f i  av a y *  
real parameter. Use the Scmdinger equation to show that the probability current j = % ( y ~ * ~  - vX) and 

+ * T. (Hint: Compare the probability density p = v * y  satisfy the corrected continuity equation - ax a t  = 
with Problem 3.4.) 

3.22. Consider a particle of mass m held in a one-dimensional infinite potential well: 

V(x) = 
otherwise 
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Find the stationary states and the corresponding energies. 

xZtiZnZ 
Ans. E ,  = - + V, ( n  = 1,2, 3, . . .) . The corresponding states are the same as in Problem 3.10. 

2ma- 

3.23. Consider an electron of energy 1 eV that encounters a potential barrier of width 1 A and of energy-height 2 eV. What 
is the probability of the electron crossing the barrier? Repeat the same calculation for a proton. 

Ans. For an electron T = 0.78; for a proton T z 4 x 10-19. 

3.24. (a) A particle of mass m and energy E > 0 encounters a potential well of width 1 and depth V,: 

x < o  
(3.24.1) 

Find the transmission coefficient. (Hint: Compare with Problem 3.14.) (b) For which values of 1 will the transmis- 
sion be complete, if the particle is an electron of energy 1 eV and V, = 4  eV? 

1 
Ans. (a )  T = ; (b) 1 2.7n A, where n  is an integer. v; 

I + 4 E  (E + V,) 

3.25. An electron is held in a finite square potential well of width 1 A. For which values of the well's depth V, are there 
exactly two possible bound stationary states for the electron? 

x2h2 
- 37.6 eV. Ans. V, 5 V, 5 4Vl, where V, = - - 

2maz 

N 
3.26. Consider the wave function yr(x) = - ( a )  Calculate the normalization constant N where a is a real constant. 

x2 + a2' 7 

ti 
(b) Find the uncertainty Ax Ap (be careful in calculating Ap!). Ans. (a )  N = )<; (b) Ax Ap = - f i  

3.27. Consider a particle of energy E > 0 confined in the potential (Fig. 3-1 1) 

Show that for a stationary state with a nonvanishing probability of finding the particle to the right of the barrier (i.e., 
at b < x < a), there is also a nonvanishing probability of finding i t  to the left of the barrier (i.e., -a < x < -b). Note: 
For E < V, this is another example of the tunnel effect of Problem 3.15. 

Fig. 3-1 1 
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3.28. Consider a particle of mass m  confined in a one-dimensional infinite potential well: 

O < x < L  

otherwise 

n  RX n2h2n2  
Suppose that the particle is in the stationary state. $,,(x) = &sin(T) of energy En = - . Calculate (a)  
( x )  and ( p ) ;  ( h )  ( x Z )  and (p ' ) ;  ( c )  Ax A p .  2 m  L2 

L x2A2n2 
Ans. (a) ( x )  = 2,  ( p )  = 0; (b)  ( x 2 )  = L 2 [ i  - --!-I, ( p 2 )  = -. , ( c ) A x A p  = n n h  

2x2n' L 

3.29. Consider a particle of mass m held in the potential 

V ( x )  = -Vo [ 6 ( x )  + 6(x  - 1 ) ]  (3.29.1) 

where I is a constant. Find the bound states of the particles. Show that the energies are given by the relation 

(3.29.2) 

where E = - A Z p 2 / 2 m  and a = 2 m v o / h Z .  



Chapter 4 

The Foundations of Quantum Mechanics 

4.1 INTRODUCTION 

The State Space: In classical mechanics, the position of a particle is described by a vector having three 
real number elements. Though an analogous description exists in quantum mechanics, there are many signifi- 
cant differences. The state of a quantum mechanical system is described by an element of an abstract vector 
space called the state space and denoted E. In Dirac notation, an element of this space is called a ket and is 
denoted by the symbol I ). 

Observables: In Chapter 2 the concept of a linear operator was introduced. The Hermitian operator is a 
linear operator that is equal to its adjoint (see Section 4.6). A fundamental concept of quantum mechanics is the 
observable. An observable is a Hermitian operator for which one can find an orthonormal basis of the state space 
that consists of the eigenvectors of the operator. If the state space is finite-dimensional, then any Hermitian oper- 
ator is an observable. In the Dirac notation, an operator is represented by a letter. Since the action of an operator 
on a vector yields another vector, an expression of the form A Jy} also represents a ket. 

The Dual Space: Recall that a functional is a mapping from a vector space to the complex field. The dual 
space of the state space E consists of all linear functionals acting on E. It is designated by E*. In Dirac notation 
an element of E* is called a bra, and is designated by the symbol ( I .  We can associate with any ket I+) of E an 
element of E*, denoted by ($1. The action of a bra {\y( on a ket 1 ~ )  is expressed by juxtaposing the two symbols, 
(W~X). By definition, this expression is a complex number. (The terms bra and ket come from "bracket.") The 
correspondence between E and E* is closely related to the existence of a scalar product in E. 

Scalar Product: The basic properties of the scalar product are summarized below: 

I (Qlv) = (vl@)* (4.1) 

I I ( ~ l h , @ ]  +A,@,) = hi (wI$I) +h,(@,]v) (4.2) 

111 (hlel + ~ ,Q~IVI )  = ~;(Q~IY) + k;{$,l\y) (4.3) 

IV (vlv) is real and positive; it is zero if and only if (v) = 0 (4.4) 

Projector onto a Subspace of E: Let I@,), I@,), . . . , I$,) be m normalized pairwise orthogonal vectors; 

(@;I@,> = s,, i , j =  1 , 2  , . . . ,  m (4.5) 

We denote by E, the subspace of E spanned by these rn vectors. The projector into the subspace E, is defined 
by the linear operator 

Figure 4- 1 presents a simple example of this concept. The set { I@ ] is an orthonormal set of vectors. 
The projection of an arbitrary vector Iy) into the plane spanned by I@,) and I@,) is given by P,)y) = 

((@,l'f')) 141) + ((@,I'm I@,) 
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Fig. 4-1 

4.2 POSTULATES IN QUANTUM MECHANICS 

Postulate I: The state of a physical system at time to is defined by specifying a ket I y ( to)  ) belonging to 
the state space E. 

Postulate 11: A measurable physical quantity A is described by an observable A acting on E.  

Measurement of Physical Quantities: The extent of validity of a physical theory is continuously investigated 
by confronting results calculated by the theory with measurements obtained in experiments. In the context of 
quantum mechanics the measurement of physical quantity involves three principal questions: 

(a) What are the possible results in the measurement? 
(6) What is the probability of obtaining each of the possible results? 
(c) What is the state of the system after the measurement? 

The answers to these questions in the context of quantum mechanics is found in the following three postulates. 

Postulate 111: The possible results in the measurement of a physical quantity are the eigenvalues of the 
corresponding observable A. 

We can now answer the second question for the case of a discrete spectrum. The generalization to the case 
of a continuous spectrum is treated in Problem 4.2. 

Postulate IV: Let A be a physical quantity with corresponding observable A. Suppose that the system is 
in a normalized state Iy), so (y ly)  = 1 . When A is measured, the probability P(a,,) of obtaining the eigen- 
value a, of A is 

where g, is the degeneracy of a, and lul) ,  IU:), . . . , I U ~  ) form an orthonormal basis of the subspace E, that 
consists of eigenvectors of A with eigenvalues a,. 

In Problem 4.3 we introduce a different (though equivalent) formulation of postulate IV. The subspace en 
of the state space defined in postulate IV is also called the eigenspace associated with a n .  The following postu- 
late describes the state of the system after a measurement. 

Postulate V: If the measurement of a quantity A on a physical system in the state Iy) gives the result an, 
immediately after the measurement, the state is given by the normalized projection of Iy) onto the eigenspace 

1 
E, associated with a,; that is, Jrn) Pn I y ) ,  where P,, is the projector onto E ~ .  
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4.3 MEAN VALUE AND ROOT-MEAN-SQUARE DEVIATION 

Consider a state described by a normalized ket, (yJy) = 1. The mean value of an observable A in the state 
Iy) is defined by 

(A),,, = (vIAIv) (4 .a) 
The mean value of an observable has a clear physical meaning. Suppose the physical quantity represented 
by the operator A is measured a large number of times when the system is in the state 1 ~ ) .  Then (A),+, 
expresses the average of the results of the measurements (that is, the sum of each result multiplied by the 
probability of obtaining it). The derivation of this property is given in Problem 4.5. 

The root-mean-square deviation of the observable A is defined by 

The root-mean-square deviation has a direct physical interpretation. It characterizes the dispersion of the meas- 
urement results about (A),,, (see Problem 4.6). 

4.4 COMMUTING OBSERVABLES 

Consider two operators, A and B. In general, the expressions AB and BA are not identical-multiplication 
of operators is not commutative. An important concept in quantum mechanics is the commutator [ A ,  B] of two 
operators defined by 

[ A ,  B] = A B - B A  (4.10) 

Some useful properties of a commutator are given in Problems 4.7, 4.8, and 4.9. If [A, B ]  = 0, then A and B 
are called commuting operators. Consider the following theorem. 

Theorem: Observables A and B commute if and only if there exists a basis of eigenvalues common to both. 

A set of observables A,  B, C, . . . is called a complete set of commuting observables if all subpairs commute, and 
there exists a unique orthonormal basis of common eigenvectors. The uniqueness is within a multiplicative 
factor. 

4.5 FUNCTION OF AN OPERATOR 

Assume that in a certain domain the function F of variable x can be expanded in a power series in x: 

The corresponding function of the operator A is the operator F ( A )  defined by a series that has the same coeffi- 
cients a,: 

4.6 HERMITI AN CON JUGATION 

The adjoint (or conjugate) of an operator A is denoted by A'. For every 14) and (yr) we have 

(wlA'I@> = (@IAlw)* (4.13) 
The basic properties of the adjoint of an operator are derived in Problems 4.10 and 4.11. An operator A is Her- 
mitian if it is identical to its adjoint: 

A is Hermitian a A = A+ (4.14) 
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An inspection of Eq. (4.13) shows that in order to obtain the Hermitian (or the adjoint) of any expression, it 
suffices to apply the following procedure: 

I. Replace the constants by their complex conjugates. 
Replace the kets by the bras associated with them. 
Replace the bras with the kets associated with them. 
Replace the operators by their adjoint operators. 

11. Reverse the order of the factors (the position of the constants is of no importance). For example, 

4.7 DISCRETE AND CONTINUOUS STATE SPACES 

A discrete set of kets (lui), i = 1 ,  2, . . . } is orthonormal if it satisfies the following relation: 

(uiluj) = Sij (4.16) 

For a continuous set of kets (Iw,), I I  5 a 5 1 2 } ,  the orthonormalization relation is written as 

A set of kets constitutes a basis of the state space E if every ket I v )  belonging to E has a unique expansion on 
these kets: 

and for the continuous case: 

Iv) = jc ( a ,  lw,, d a  

It can be proved that an orthonormal set of kets constitutes a basis if and only if it satisfies the closure relation 
(see Problems 4.13 and 4.14): 

x Iui)(uil = 1 for the continuous case. ~ ~ w a ) { w J  du  = 1) 
I 

where 1 denotes the identity operator in E. Using the notion of the projector onto the space spanned by the set 
of kets, we can write these relations in an equivalent form: 

P{u , }  = 1 (or P {w,J = 1) (4.21) 

4.8 REPRESENTATIONS 

The validity of a physical theory is established by comparing experimentally obtained data with the data cal- 
culated by theory. When a basis is chosen in the abstract state space, each ket, bra, and operator can be 
characterized by specifying its coordinates for that basis. We say that the abstract object is represented by the 
corresponding set of numbers. Using these numbers, the theory-prescribed calculations are performed. Choos- 
ing a representation means choosing an orthonormal basis in the state space. 

Representations of kets and bras: In a discrete basis { lui)}, a ket I y) is represented by the set of numbers 
Ci = ( u j ~ ) .  These numbers can be arranged vertically to form a column matrix: 
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* 
A bra (+I is represented by the sets of numbers bi = (Q I ui) , which are the complex conjugates the com- 

ponents of the ket I$) associated with ($1. These numbers can be arranged horizontally to form a row matrix, 
(4 . $ ,  . . .). In a continuous basis {Iw,)}, kets and bras are represented by a continuous infinity of numbers, 
that is, by a function of a .  A ket Iy) is represented by the set of numbers C ( a )  = (w,ly), and a bra ($1 is 
represented by b*(a) = ($lwJ. Once a representation is chosen, we can use the components of the ket and the 
bra to calculate their scalar product. In the discrete case, 

( $ 1 ~ )  = h:~ ,  [in the continuous case, ( $ 1 ~ )  = I (4.23) 
i 

Representations of Operators: In a discrete basis {lui)}, an operator is represented by the numbers 

Aij = (u,lAIu,) (4.24) 

These numbers can be arranged in a square matrix, 

I A,, A I 2 . .  . AIj . . 
A21 A22 - . .  A 2 j * . .  I 

For a continuous basis {Iw,)}, we associate with A a continuous function of two variables: 

. ( a ,  a') = (wl,lAlw,,) 

As a consequence of (4.1 3), 

At ( a', a )  = ~ * ( a ' ,  a )  (4.28) 

If A is Hermitian operator (At = A), we have A ( a ' ,  a )  = A* ( a ' ,  a ) .  (Note that for the discrete case 
A, = A:,.) In particular, the diagonal elements of a Hermitian matrix are always real numbers. 

Change of Representation: We provide a simple method to obtain the representation of a bra, ket, or 
operator in a given basis when its representation in another basis is known. For simplicity, assume that we per- 
form a transformation from one discrete orthonormal basis {Jui)} to another, {(vi)}. Define the transformation 
matrix; 

s i k  = ('iIvk) (4.29) 

The Hermitian conjugate of Sik is given by 

( s t )  k i  = (s ik)  * = ( v ~ I u ~ )  (4.30) 

To pass from the components of a ket ly) represented in one basis to another, one applies the relation 

or the inverse relation, (u,ly) = z ~ , ~ ( v ~ l ~ ) .  For a bra ($1 we have 
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Finally, the matrix elements of an operator A transform as 

Ir) - and (P) -representations: In Section 4.1 we noted that to every ket 19) there corresponds a bra ($1. 
The converse is not necessarily true; there are bras with no corresponding kets. Nevertheless, in addition to the 
vectors belonging to E, we shall use generalized kets whose norm is not finite. At the same time, however, the 
scalar product of those kets with every ket is finite. The generalized kets do not represent physical states; they 
serve to help us analyze and interpret physical states represented by kets belonging to E. 

Consider the physical system of a single particle. Together with the state space of the system we introduce 
another vector space, called the wave function space, denoted by F. This space consists of complex functions 
of the coordinates (x, v, z )  having the following properties: 

(a) The functions ~ ( r )  are defined everywhere, continuous and infinitely differentiable. 
C 

(b)  The integral 1y(r)l2 d :  must be finite; i.e.. y ( r )  must be square integrable. 

To every function ~ ( r )  belonging to F there corresponds a ket Iy) belonging to E.  Using the wave functions 
$(r) and y(r )  corresponding to ($1 and Iy), we define the scalar product of ($1 and Iy): 

Consider two particular bases of F denoted { 6 ,  ( r )  } and { vpQ(r) }. These bases are not composed of functions 
belonging to F: 

kr,,(rl = S ( r - ro) (4.35) 

and 

To each 5 (r)  we associate a generalized ket denoted by Ir,), and similarly for v (r) we associate a general- 
r0 Po 

ized ket Ipo). The sets { IrJ} and { Ip,,)) constitute orthonormal bases in E: 

where we also have the following relations: 

We obtain two representations in the state space of a (spinless) particle: the { IrJ)- and { ly,,))-representations. 
The correspondence between the ket jy) and the wave function associated with it is given by 

and 
- 

W P O )  = ( P " ~ w )  

where i ( p )  is the Fourier transform of y(r). The value y ( r ) '  of the wave function-at the point t is the com- 
ponent of the ket Iy) on the basis vector (r) of the It)-representation. Also, the value y (p )  of the wave function 
in the momentum space at p is the component of the ket Iy) on the basis vector Ip) of the Ip)-representation . 
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Exchanging between the Ir)-representation and the Ip)-representaion is accomplished analogously to the 
case of continuous bases. Note that 

Now, we have 

and inversely, 

Therefore, using (4.41), we obtain 

and 

The Operators R and P: Let Iy) be a ket belonging to the state space and let y(x, y, z) = (r l  W) = ~ ( r )  
be its corresponding wave function. The three observables X, Y, Z are defined by their action in the 
Ir)-representation: 

( ~ ~ X I W )  = x ( r J ~ )  ( r P ' h >  = y(rlYJ) ( ~ ~ Z I V )  = z(rJW) (4.46) 

The operator X acting on Iy) yields the ket Iv'), which corresponds to the wave function yt' (x, y, z )  , 
= x y  (x, y, z), and similarly for Y and Z. The operators X, Y, and Z are considered to be the components of a vector 
operator R. Similarly, theoperators Px, P,,, and P z  are defined by their action in the Ip)-representation : 

(plP,)v) = P,(P~w) (plq,lv) = P,(P~w) (plPzIw) = P,(PIw) (4 4 7 )  

PI, P,, and P ,  are the components of the vector operator P. The observables R and P are of fundamental impor- 
tance in quantum mechanics. Their commutation relations are called the canonical commutation relations: 

[ R ,  Pj] = ifis;, [R,, R,] = 0 [ P,, P j ]  = 0 (4.48) 

Quantization Rules: By quantization rules we mean the method for obtaining the quantum-mechanics 
analog of a classical quantity. Consider a system of a single particle. The observables (X, Y, Z) are associated 
with the coordinates (x, y, z) of the particle; the obsewables (PI, Py,  PZ)  are associated with the momentum 
(px, p,, p,). We shall often use the notation R for (X, Y. Z) and p for (P,, P,, P ? ) .  In classical mechanics, a phys- 
ical quantity A related to a particle is expressed in terms of the particle's position vector r and the momentum p. 
To obtain the corresponding quantum-mechanics observable, replace r + R and p + P. Since the expression 
obtained is not always Hermitian, we apply a symmetrization between R and P to obtain a Hermitian operator. 
In Problem 4.29 we demonstrate this method. Note that there exist quantum mechanical physical variables which 
have no classical equivalent (as spin). These quantities are defined by the corresponding observables. 

4.9 T H E  TIME EVOLUTION 

In the previous sections we paid no attention to the time evolution of a system but rather considered a definite 
static state. We shall now present methods for treating the time evolution of a system. Consider the following 
postulate: 
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Postulate VI: The time evolution of the state vector ( y ( r ) )  of a physical system is governed by the 
Schriidinger equation: 

where H ( t )  is the observable corresponding to the classical Hamiltonian of the system. 

Some important implications of the Schrijdinger equation must be noted: 

(a) Since the Schriidinger equation is a first-order differential equation in t ,  it follows that if an initial state 
(v(to)) is given, the state ( y ( t ) )  is determined; therefore, the time evolution is deterministic. Note that inde- 
terminacy appears only when a physical quantity is measured. 

(b)  Let ( y , ( r ) )  and Iy,(t))  be two different solutions of the Schrodinger equation. If the initial state is 
Iy(r,)) = a , ( y l ( ro ) )  + a2 ( lvZ(tO)),  where a ,  and az are complex numbers, then at time t the system is in 
the state Iy ( t ) )  = a ,  I v , ( t ) )  + a, lvz(t ) ) .  

( c )  At time r ,  the norm of the state vector remains constant: 

This means that the total probability of finding the particle is conserved (see Problem 4.34). 

Time Evolution for a Conservative System: A physical system is conservative if its Hamiltonian does 
not depend explicitly on time. In classical mechanics, the most important consequence of such an observation 
is the conservation of energy. Similarly, in quantum mechanics, a conservative system possesses important 
properties. Most of the problems in this book concern conservative systems. 

The time evolution of a conservative system can be found rather simply. Suppose the Hamiltonian H does 
not depend explicitly on time. The time evolution of the system that was initially in the state Jy( to) )  is found 
using the following procedure: 

( a )  Expand Iy(to)) in the basis of eigenvectors of H: 

where ank( t0 )  = { +,,, 1 y( to) )  
-iE,, ( f  - f") / f i  

(b) To obtain Iy ( t ) )  for t > to, multiply each coefficient ank( tO)  by e where En is the eigenvalue of 
H associated with the state I+,. k ) :  

n k 

This procedure can be generalized to the case of the continuous spectrum of H .  So, 

k 

The eigenstates of H are called srationary states. 

Time Evolution of the Mean Value: Let Iy(r ) )  be the normalized ket describing the time evolution of a 
physical system. The time evolution of the mean value of an observable A is governed by the equation 

If A does not depend explicitly on time, we have 

1 da = ( [ A ,  H ( t ) ]  ) dt 
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By definition, a constant of motion is an observable A that does not depend explicitly on time and commutes 
with the Hamiltonian H. In this case, 

4.10 UNCERTAINTY RELATIONS 

As we have seen in previous sections, the position or momentum of a particle in quantum mechanics is not 
characterized by a single number but rather by a continuous function. By the uncertainty of the position (or 
momentum) of a particle, we mean the degree of dispersion of the wave function relative to a central value. This 
quantity can be given a rigorous definition; however, that is beyond the scope of this volume. 

The Heisenberg uncertainty relations give a lower limit for the product of the uncertainties of the position 
and the momentum of a particle: 

AX ~ p ,  r f i / 2  ~p ~ p ,  2 f i / 2  AZ Ap. 2 f i / 2  (4.5 7)  

For the case of a conservative system, there is also a relation between the uncertainty of time A t  at which the 
system evolves to an appreciable extent, and the uncertainty of energy AE: 

* * A t  A E 2 h  (4.58) 

This relation is distinguished from the Heisenberg uncertainty relations by the fact that t is the only parameter 
without a corresponding observable. 

4.11 THE SCHRODINCER AND HEISENBERG PICTURES 

In the formalism described in the previous sections we considered the time-independent operators that cor- 
respond to the observables of the system. The time evolution is entirely contained in the state vector Iy(t)). This 
approach is called the Sch~.iidin~e~-pic*rur.c~. Nevertheless, since the physical predictions in quantum mechanics 
are expressed by scalar products of bras and kets of matrix elements of operators, it is possible to introduce a 
different formalism for the time evolution. This formalism is called the Heisenberg picture. In this formalism, 
the state of the system is described by a ket that does not vary over time, IyH(t)) = Iy(tO)). The obsewables 
corresponding to physical quantities evolve over time as 

where As is the observable in the Schriidinger picture and 

U ( ! ,  !(I)  = exp 

The operator U ( t ,  t o )  is called the evolution oper-ator-, and is a unitary operator. Note that this operator describes 
the time evolution of the state vector in the Schrodinger picture: 

IW,-(0) = U(t9 ( , I )  I ~ . , ( t o ) )  (4.61) 

Solved Problems 

4.1. Let Iy,) and Iwz) be two orthogonal normalized states of a physical system: 

(yr,lyJz) = 0 and (yr l ly r , )  = (yrzlv2) = 1 

and let A be an observable of the system. Consider a nondegenerate eigenvalue of A denoted by a, to 
2 which the normalized state IQ,,) corresponds. We define P , ( a , )  = {@,ly,)  and Pz(a , )  = 

What is the interpretation of P I  (a,,) and P,(a,,)? (h) A given particle is in the state 
What is the probability of getting a,, when A is measured? 
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(a) According to the postulates of quantum mechanics, PI (an) is the probability of obtaining a, when A is meas- 
ured, while the system is in the state ly]). The same is the case with P,(a,) in the state ly,). 

( h )  The normalized state of the particle is 

Using the postulates of quantum mechanics (see Summary of Theory, Section 4.2), the probability of measur- 

ing a,, is 

4.2. Consider postulate IV introduced in the Summary of Theory. Section 4.2, and generalize for the case of 
a continuous spectrum. 

P Consider a physical observable A. Suppose that the system is in a normalized state Iy); (yly) = 1. Let Iv,) 
form an orthonormal basis of the state space consisting of eigenvectors of A: 

P AI~:) = alv,) (4.2.1) 

The index P distinguishes between eigenvectors corresponding to the same degenerate eigenvalue a of A. This 
index can be either discrete or continuous, and we assume that i t  is continuous and varies in the domain B(a). Since 
the spectrum of A is continuous, it is meaningless to speak about the probability of obtaining an eigenvalue a. Alter- 
natively, we should speak about the differential probability dP(a) of obtaining a result between a and a + da. An 
analogy to postulate IV for the discrete case, we then have 

4.3. Consider postulate IV for the case of a discrete spectrum. Show that an equivalent form for the proba- 
bility of obtaining the eigenvalue a, of the operator A is 

P(a,) = (yt1PS, P,Iw> (4.3.1) 

where P,, is the projector onto the eigensubspace of A associated with a,. 

Assume that Irrt), 14), . . . , and 11.4:) form an orthonormal basis of the eigensubspace associated with a, .  By 
definition. 

So, 

Therefore, the two formulations are equivalent. 

4.4. Consider two kets (yt) and b') such that MI) = eielW) where 0 is a real number. (a) Prove that if 1 ~ )  is 
normalized, so is b'). (h)  Demonstrate that the predicted probabilities for an arbitrary measurement are 
the same for Iyt) and k'); therefore, (yt) and w )  represent the same physical state. 



60 THE FOUNDATIONS OF QUANTUM MECHANICS [CHAP. 4 

(a) We assume that )v) is normalized, or ( y l y )  = 1. Then 

(b) According to postulate IV (see Summary of Theory, Section 4.2), the probabilities predicted for ameasurement 
depend on terms of the form lb:lur)12 or ( ~ $ $ ) 1 ~ .  We have 

Therefore, the predicted probabilities for the states Iv) and IV) are the same. 

4.5. Consider a large number of measurements of an observable performed on the system. Show that the 
mean value of an observable expresses the average of the results. Assume that the spectrum of the oper- 
ator consists of both a discrete and a continuous part, but for simplicity assume i t  to be nondegenerate. 

Consider first an eigenvalue a, belonging to the discrete part of the spectrum. From a quantity of N measure- 
ments of A (the system being in the normalized state l y ) )  the eigenvalue a, will be obtained N(a,) times with 

(4.5.1) 

where P(an) is the probability of obtaining an in a measurement. Similarly, if dN(a)  expresses the number of 
experiments that yield a result between a and a + d a  in the continuous part of the spectrum, we have 

The average of the results of the N measurements is the sum of the values divided by N. It is therefore equal to 

Average ( N )  = E an N(an) + ' C  
For N + m, we obtain 

Average ( N  + -) = a,  P(an) + C 
n 

Suppose now that tun) for n = 1.2, . . . , together with Jv,) , where a is a continuous index, form an orthonormal 
basis of the state space consisting of eigenvalues of A: 

All),) = a,lu,,) Alv,) = alv,) (4.5.5) 

The closure relation of this basis is 
L. 

n 

So, using (4.5.4) we arrive at 

Average (N + m) = ~ a n / ( y l u n ) 1 2  + J a/(ylva)12 da = ~ a n ( V ~ 1 4 , ) ( u n ~ l y )  + a(yllvd(v,l~) (4.5.7) J 
n 

Using (4.5.5) we obtain 

Average ( N  + -) = C ( V I A I ~ , ) ( ~ . I Y )  + (V I ' IV~) (V&IV)  da = (VIA 

n 

Substituting the closure relation we finally get 

Average ( N  + -) = 1 y )  (4.5.9) 

4.6. Consider another formulation for the root-mean-square deviation of the operator A (in the normalized 
state (y)): 

AA = whz-izi (4.6.1) 
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(a) Show that this definition is equivalent to that given in (4 .9 ) .  (b) Use the formulation (4 .6 .1)  to inter- 
pret the term root-mean-square deviation. 

(a) By the given definition we have 

( ( A  - (A)? ) = (wI ( A  - (A))? Iw) (4.6.2) 

Note that in this equation the term ( A )  is actually a shortened form of ( A )  1, where 1 is the identity operator; 
( A )  is a scalar. Hence, 

Using the known definition of mean value, we have 

(A2)  - 2 ( A )  ( A )  + (A)' = (A2)  - (A)' (4.6.4) 

So the two definitions coincide. 
(b)  The root-mean-square deviation expresses the average of the square of the deviations of A  from its mean value 

( A ) .  It therefore characterizes the dispersion of the measurement results about ( A ) .  For example, if the spec- 
trum o f A  is continuous and the probability has a Gaussian shape, then ( A )  characterizes the peak of the curve 
(the value of maximal probability), and AA characterizes the width of the Gaussian curve. 

4.7. Prove that for the operators A, 3, and C, the following identities are valid: 
(a) [ B ,  A1 = -[A, Bl 
( 4  [A + B, C l  = [A,  Cl  + [B, C l  
( c )  [ A ,  B C ]  = [ A ,  31 C + B [ A ,  C ]  

(a) By definition, 

[ B , A ]  = B A - A B  = - ( A B - B A )  = - [ A , B ]  

(b) By definition, 
[ A + B , C ]  = ( A + B ) C - C ( A + B )  = A C + B C - C A - C B  

= ( A C  - C A )  + ( B C  - C B )  = [ A ,  C ]  + [B ,  C ]  

(c) We write 

[A ,  BCJ  = A  ( B C )  - ( B C )  A  = ( A B C  - B A C )  + (BAC - BCA)  = [ A ,  B ]  C  + B  [A ,  C ]  

4.8. Suppose the operators A and 3 commute with their commutator, i.e., [ B ,  [A, B ]  ] = [A, [ A ,  B ]  ] = 0.  
Show that (a) [A, l ln]  = nItn- [A ,  B ]  ; (b)  [ A ~ ,  31 = n ~ ' -  [A,  B ] .  

(a)  Consider the following procedure: 

[ A ,  B* ]  = AB" + BnA = ABBn- '  -BABn- I  + B  (AB)  Bn-' - B  ( B A )  B ~ - ~  + . . + B * - ' A B  - B n - ' B A  

= [ A ,  B ]  B" -' + B[A ,  B ]  B"-' + . - - + B n - I  [ A ,  B ]  
(4.8.1) 

Using the fact that B  commutes with [ A ,  B ] ,  we obtain 

[A ,Bn ]  = B " - ' [ A , B ]  + B n - ' [ A , B ]  + . . . +  B " - ' [ A , B ]  = n B n - ' [ A , B ]  (4.8.2) 

(b )  According to Problem 4.7, part (a), [A", B ]  = - [B ,  A"]  . Using part (a)  above, we obtain 

[An. B ]  = -nAn- '  [ B ,  A ]  = nAn- I  [ A ,  B ]  (4.8.3) 

4.9. Consider the operators A and 3 presented in Problem 4.8. Prove that ( a )  for every analytic function F(x) 
we have [A, F ( B ) ]  = [A, B ]  F'(B) ,  where F ' ( x )  denotes the derivative of F(x)  . (b) eAeB = 

A + B  [ A . B ] / 2  e e 

(a) First we prove using induction that for every n  = 1, 2, . . . we have 

[ A , B n ]  = n [ A , B ] B n - '  (4.9.1) 

Proof: For n  = 1 ,  (4.9.1) is clearly true. Suppose that this equation is verified for n. Then, using part (c) in 
Problem 4.7 for n + I ,  we have 

[ A , B n + ' ]  = [A ,BB"]  = [ A , B ] B " + B [ A , B " ]  = [ A , B ] B n + ~ n [ ~ , B ] B " - '  (4.9.2) 
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B and [A, B ]  commute, so we finally have 

[A, B n + ' ]  = [A, B ]  B" + n [A, B]  B" = ( n  + 1 )  [A, B ]  Bn 

[CHAP. 4 

Equation (4.9.1) is therefore established. Consider now the expansion of F(x) in a power series,F (x) = 

z a n x n  . Using (49 .1 )  we obtain 
n 

7 7 

The power series expansion of the derivative of F(x)  is F1(x) = z n a n x n .  Therefore, by inspection we 
can conclude that n 

[A, F(B)I = [A, Bl F ' ( B )  (4.9.5) 

(b) Consider an operator F(s) depending on the real parameter s: 

F(s) = eASeB' 

The derivative of F with respect to s is 

Using part (a )  we can write 

[eAs,  Bl = - [B,  eAsl  = -S [B,  A ]  eAs = s [A, B ]  eAs 

Therefore, eASB = BeA.' + s [A, B] eAhnd e A " ~ e - A s  = B + .t [A, B ] .  Substituting in (4.9.7) we obtain 

Since A + B and [A, B ]  commute, we can integrate this differential equation. This yields 

Setting s = 0 we obtain F(0)  = eA "eB " = 1 . 1 = 1. Finally, substituting F(0)  and s = 1 in (4.9. IO), we 
Obtain PeB = + B e l A . B I / ?  

4.10. Let (yI be the corresponding bra of the ket Iy). We designate by Iy') the result of the action of the oper- 
ator A on Iy), so (y ' )  = AIy). Let (y'l be the bra corresponding to 1 ~ ' ) .  Prove that 

( ~ ' 1  = (VIA' (4.10.1) 
Recall the basic definition of a bra as a functional acting on the state space. The two functionals 

( ~ ' 1  and ( ~ I A '  are identical if their action on an arbitrary ket I+) yields the same result; i.e., we have to show that 

(~ '14))  = ( y h t l @ )  (4.10.2) 

Now, using Eq. (4.13) we have 

(v l~ ' l $ )  = ($IAly)* = (@lv1)* (4.10.3) 

and according to the basic property of the scalar product [see Eq. (4.1)] ,  we have 

(vIA+I@) = (vu1@) (4.10.4) 

t 4.11. Derive the following properties of thy adjoint of an operator: ( a )  (A') + = A; (b)  (LA) = h * ~ ' ,  where 
h is a complex number; (c) (A + B) = A t  + Bt; (4 (AB) '  = BtA'. 

First, recall that two operators are identical if their matrix elements in a basis of the state space are the same. 
Therefore, if for arbitrary I@) and lyr) we have (4IA , I  y )  = (@IA,l y ) ,  then A, and A, are identical. In the fol- 
lowing derivations we also use some basic properties of conjugation of complex numbers, given in Chapter 2. 

( a )  Using (4 . I3 )  we have 

(vI cat)+ Im) = (ml~'lv)* 
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and using (4.13) again, we have 

(@IAtlw) = (Wl~ l@)*  

Therefore, 

( v I c ~ ' ) ' l @ )  = (41atlv)* = ((wlAlO*)* = (WlAl@) 

(b) We write 

( 1  A = I *  = I *  = I *  = * I t  = ( 1  * A  (4.11.4) 

(c) We write 

(url (A + N t l @ )  = ($1 (A + B) l v ) *  = [ (@IAI W) + (@IBlv) l*  

= (@lAlv)* + (@IBIv)* = (yrlAtl@) + (W~B'~O)  = (yrl (At + Bt) 10) (4.11.5) 

(d) Let us define (x) = Blyr). Using the results of Problem 4.10, we have ( X I  = (w~B'. Now, 

3 
4.12. Consider a Hermitian operator A that has the property A = 1. Show that A = 1 

First we find the possible eigenvalues of A. Suppose A(w) = alyr), so we have 

1 ~ )  = A31W) = ~ ' ( a l y ) )  = aA21yr) = a2AlW) = a31v) 

Therefore, a" I .  The possible values of a are then 

Since A is Hermitian its eigenvalues are real; therefore, the only possible eigenvalue of A is a = 1. We can choose 
an orthonormal basis of the state space consisting of eigenvalues of A, so Alu,) = lu,). Every state (@) can be 
expanded as 

rr \ 

I@) = X l u , )  1 or I@) = ] Iu,) ds if the basis has a continuous index I (4.12.3) 

1 

Finally, 

I I 1 

which implies A = 1. 

4.13. Prove that if anorthononnal discrete set of kets {lu,), i = 1.2, . . .)  constitutes a basis, then it  follows that 

Let lyr) be an arbitrary ket belonging to the state space. Since {lu,)) is a basis, there exists, by definition, a 

unique expansion )y )  = C,lu,). We use the orthonormalization relation (4.16) to obtain C 

So, 
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Note that since (uiIv) is a scalar we could change the place of this expression. We see that for any ket Jv) the action 

of the operator P({lui)} ) = ~ l u i ) ( u J  on that ket yields the same ket Iyr). Therefore, it is, by definition. the iden- 

tity operator, P( { lu,)} ) = 1. 

4.14. Show that if the closure relation is valid for an orthonormal continuous set {lw,)], then this set consti- 
tutes a basis. 

Let 1 ~ )  be an arbitrary ket belonging to the state space. Using the closure relation we have 

I v )  = 1 lv )  = Iw,)(w,v) da I (4.14.1) 

Defining C(a) =(walv)we have Iv )  = C(a)Iw,) da. We see that any ket lyr) has an expansion on the (w,). To I 
show that this expansion is unique we assume that we have two expansions: 

and subtracting we obtain 
P 

J [C(a) -Cr(a) l  Iw,) da = 0 (4.14.3) 

Applying (w.1 on this ket, (w,,I w,) da = 0 and using the orthonormalization relation we obtain 

Equation (4.14.4) is valid only i f  C(af) -C'(al) = 0. Therefore, for any a '  we have C(a') = C1(a'), and the expan- 
sion of any ket lyr) on {(w,)} is unique. 

4.15. Suppose that in a certain basis [ lu,): the operators A and B are reprzsented by the matrices (Aij) and (B,), 
respectively; the ket Iy) is represented by c,;  and the bra ($1 by b i .  (a) Obtain the matrix representation 
of the operator AB. (b) Find the representation of the ket AIy ) .  (c) Obtain an expression for the scalar 
($IAI y) in terms of the various representations. 

(a) Consider the matrix element of AB: 

(As ) ,  = (.,lABl.) = ( u , l ~ l ~ l u )  

Using the closure relation we obtain 

(b) By definition, the ket Alv)  is represented by the numbers c; = (u,lAIv). Using the closure relation between 
A and Iv), we can write 

and in a matrix form, 
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or in a matrix form, 

4.16. Suppose that [@,),where n = 1,  2, . . . , form an orthonormal basis for the state space of a physical sys- 
tem. Let A be an operator with matrix elements A,, = ($,IAI$, ). Show that the operator A can be 
written as 

Recall that two operators are identical if and only if their matrix elements in a certain basis are identical. We 
write, therefore, the matrix elements of the expression in (4.16.1) as 

where we used the orthonormalization relations = a,, 

4.17. Consider a two-dimensional physical system. The kets Iy,) and )y,) form an orthonormal basis of the 
state space. We define a new basis I$,) and by 

An opera& P is represented in the Iyi)-basis by the matrix 

Find the representation of P in the basis loj), i.e., find the matrix aij = ($,IPI@,). 

Method 1: We define the transformation matrix T,, = (yilql). We calculate its elements; for example, 

and 

and so on. Then we find 
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2 

The adjoint matrix is T~ = - . Using the closure relation ~ y , ) ( y , ~  = 1. we obtain 
I =  1 

We can accomplish the calculation in matrix form: 

Method 2: Observing that I@,) are actually eigenvectors of P, 

and 

Therefore, 

PI@,) = ( 1 + & I  l$l) PI@J = (1 - E l  I@?) 

This implies that in the ($,)-representation P is diagonal: 

[CHAP. 4 

4.18. Refer to Problem 4.17 and obtain the representation of the ket eP1y,) in the Iyf,)-basis. 

Since P is diagonal in  the basis, it is easier to work in this basis. Hence, 

ePl@,) = e1  ~ ~ 1 0 ~ )  = e1-E1@2) (4.18.1) 

so we obtain 
1 

= 5 [el * 'Iw,) + e ' + E I ~ 2 )  + e l -E Iy I )  - e ' - ' I ~ ~ ) l  

Therefore, ePIyl) is represented in the Iy,) -basis as 

4.19. (a) Show that the ket Jr) ,  where r = ( x ,  y, z ) ,  is an eigenvector of the observable X with an eigenvalue 
x. (6) Show that Ip), where p = ( p x ,  p,, p - ) ,  is an eigenvector of PI with an eigenvalue px .  

(0) Using ihe r-representation we have (r'lxlr) = ~ ' ( r ' l r ) .  Substituting the representation for ( r ' l r )  we obtain 

(r ' lxlr) = x t 6 ( r ' - r )  = x 6 ( r ' - r )  (4.19.1) 

where r' = (x', y', z'). Therefore. we have (r ' lxlr) = x( r l I r ) .  Since this holds for all r' we have 

xlr) = xlr) (4.19.2) 

(h) In the p-representation we apply the same method as in part (a), so 

(P'IPIP) = P:(P'~P) = P : ~ ( P ' - P )  = P , ~ ( P ' - P )  = P,(P '~P) (4.19.3) 
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Therefore, P(p) = p-,(p). In conclusion, since analogous arguments can be applied to they- and z-components, 
one can write 

ti 
4.20. (a) Prove that (rlPIv) = = V ( r l y ) .  (b) Write an expression for ($lp,ly) using the wave functions 

corresponding to I$) and 1 ~ ) .  

(a) Consider, for example, the x-component (the y- and z-components can be treated in a completely analogous 
manner). We have 

(~IP,w) ' ~ ( ~ P ) < P ~ ~ I v )  db (4.20.1) 

where we use the closure relation of the p-representation. Using Eqs. (4.41) and (4.47) in the Summary of The- 
ory we obtain 

- fiaw(r) 
This expression is the Fourier transform of pxy(p), which is 7- ax . We therefore have 

f i  a 
(r[p,lW> = i%-,W(r) (4.20.3)  

(h) Suppose that @(r) and ~ ( r )  are the wave functions corresponding, respectively, to ]I$) and Iw); so 

$0') = ( r (@)  W(r) = ( r l v )  (4.20.4)  

Using the closure relation of the r-representation together with the result of part (a) we obtain 

4.21. Show that (a) [x, y ]  = 0; (b)  [p,, p,] = 0; (c) [x, P,] = iti ; (4 [ x ,  py1 = 0. 

(a) Using the r-representation we obtain the action of [x, y] on an arbitrary ket Iw): 
( ~ ~ [ X , Y ] I W )  = (r lxy lv)-  ( ~ ~ Y x I v )  (4.21.1 ) 

Using Eq. (4.46) in the Summary of Theory (Section 4.2). we arrive at ( r l  [x, y ]  ly) = x (r ly)y)  - y (r)x)yr). 
So 

(rlx,ylW) = xy(r(W)-yx(r/W) = 0 (4.21.2)  

Since this is valid for any (rl and arbitrary Jw) , we have [x, y l  = 0. 
(h) We apply the same method in the p-representation: 

(PI [P,, P,] Iv)  = (P]P,P,~ W) - (pIpp,Iv) 

= P,(PIP~/w> -P,<PIP~~v> = PxPJ(PIW) -P,P,(P~I) = 0 (4.21.3) 

( c )  We write ( r l  [x, p,I Iv) = (rlxpxlW) - (rlp,xlW); so 
f i  a n a A a 

( r J  [x,p,]J~) = n : ( r J p , J ~ ) - ~ ~ ( ~ l - ~ l v >  = ~xz ( ' \w )  - j x ( x ( r I ~ ) )  (4.21.4)  

If ~ ( r )  is the wave function corresponding to Iw), we have 

Since the calculation is valid for all Iw) and for any Ir), we obtain [x, px] = ifi. 
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(4 Again applying the method used in part (c), we obtain 

4.22. Consider the following operators: 

0,v (0 = x 3 v  ( x )  
dv(x )  

0 , ~  ( x )  = X- d x  

Find the commutation relation [ 0 , ,  02] . 

Method I: Substituting the operators 0 ,  and 0, in the commutation relation we obtain 

Method 2: According to the action of x and p in the x-representation, we have 0,  = x3 and 0, = ixp/?i. 
Therefore, 

Using Problem 4.2, part (h), we arrive at 

3i , 3 i 
LO,, 0,1= x x  [x,xpI = b ~ 2 [  I X . X I P  + X [ X , P I )  = -3x3 (4.22.4) 

Or equivalently, [ O , ,  O,] yl ( x )  = -3x3y (x) . 

4.23. The angular momentum is defined by L = r x p (for example, Lx = ypZ - z p Y ) .  Use the commutation 
relations between r and p and the properties of the commutator derived in Problem 4.7 to find the fol- 

2 2 2 
lowing commutation relations: (a) [L,,  L y ] ;  ( b )  [Ly ,  L,] and [ L ; ,  L , ] ;  (c) [ L  , L,] .  

(a) By definition, 

[L,, L ] = [ypz  - zpy, zp, - xp21 = [ Y P $  ~ P X I  + [ z P , ~  xpzl 
Y 

where we used the fact that ypl commutes with xp, and zp, commutes with rp,. Using the relation derived 
in Problem 4.1, part (c), we then have 

y [p,, zl p, + n: [ z ,  pz1 py = -ifiyp, + i f i v y  = ifiLz (4.23.2) 

(h) We write 
2 [ L y ,  L,] = L,, , [ L y ,  . L,] + [L,,, L,] Ly = -ifiLyL,- i?iL,Ly 

Similarly, 
2 

[L,,  L,] = L: [L,, L,] 4 [L,, L,] L,  = i?iL,L, + i?iLYL, (4.23.4) 

(c) We write 
2 

[L',L.J = [L:,L,I + [L:.L,I + [L,.L,I 
= O - ihL,L, - i?iL2LY + i?iLzLy + ifiLyL, = O 

This result also holds for [L', L,] and [L', L,]. 

4.24. A particle is described by the wave function 

Calculate Ax and Ap,  and verify the uncertainty relation. 
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We begin by considering the matrix element of x: 

-- -- 
2 

where we used the fact that xe-"" is an odd function. Also, - - rn 

In order to find Ap we calculate the wave function in the momentum representation: 

Since y(p) is an odd function we obtain (p) = 0, and - M 

so we obtain 

Eventually, the uncertainty relation will be Ax Ap = f i / 2 .  
This example demonstrates the basic nature of the uncertainty relation. If we choose a wave function with 

smaller dispersion around the central position (x), we obtain a higher dispersion of the momentum around (x). 

4.25. A particle is in the state lip) and its wave function is ip(r) = (rlip). (a) Find the mean value of 
the operator A = Ir)(rl. (b) Calculate (rlplyr). (c) Find the mean value of the operator k ,  = 
[Ir)(r]p + p)r)(r)] / 2 m ,  where p is the momentum operator and m is the mass of the particle. 

(a) By definition, 

(A) = (wIAIw) = (.l')(rlv) = w*(~)w( ' )  = I v(r)12 

(b) The x-component of ( r 1 ply) equals 

n n 
Therefore, (rlplyr), = [;vy (r)] . Similarly for y and z, so we obtain (rlpl y )  = ;Vy . 

(c) By definition, 

This example demonstrates the basic nature of the uncertainty relation: If we choose a wave function with 
smaller dispersion around the central position (x), we get a higher dispersion of the momentum around (p). 

4.26. The parity operator IT is defined by 
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(a) Let Iw) be an arbitrary ket with corresponding wave function ~ ( r ) .  Find the wave function corre- 
2 

sponding to 7CJy.r). (b) Show that 7C is a Hermitian operator. (c) Find the operator 7C . What are the 
possible eigenvalues of 7C? (4 We define the operators 

For an arbitrary ket Iv) we also define 

lv+> = P+Iw) Iw> = P-IW) 

Show that Iy,) and 1 ~ - )  are eigenvectors of n. (e) Prove that the wave functions corresponding to Jw,) 
and Jw-) are even and odd functions, respectively. 

* 

(a) We begin by considering the ket Iy) = y(r)lr) d%, so J 
Changing the integration variable to r' = -r, the wave function corresponding to ZIy) is 

I I 3 
(rl7ClV) = ( r )  ( r r )  d r = 8 (r - rt) v(-r') d r.. = w(-r) (4.26.5) 

(6) Using part (a) we have (rl7ClV) = (-rly). Therefore, (rln = (-rl. On the other hand, taking the Hermitian 
t 

conjugate of (4.26.1) yields (r17C = (-rl. Since this is valid for any (rl it follows that 7C = nt. 
(c) We have 

nLlr) = 7~n;lr) = 7~1-r) = ~ r )  (4.26.6) 

Since this is valid for any Ir), we have 7C2 = 1. Suppose that 19) is an eigenvector of 7C with an eigenvalue 
p ,  7Clo) = PI@). So, on the one hand we have 

and, on the other hand, we have 

Therefore, pZ = 1 .  But since 7C is a Hermitian operator, its eigenvalues must be real. Therefore, the possible 
eigenvalues are + 1 and - 1 . 

(d) We have 

Using part (c) we anive at 

Hence, Iy+) is an eigenvector of 7C with an eigenvalue + 1. Similarly, we can conclude that IV ) is an eigen- 
G 

vector of 71: with eigenvalue - 1 .  
(e) Using part (a) we have (rl7Cl y+) = y+(-r). On the other hand, relying on part (4, 

( r ln l~+)  = (rlv+) = y+(+r) (4.26.11) 

Therefore, v+(-r) = y+(+r), and y+ is an even function. Similarly, (rlnlyr_) = w.(-r) and 

( r l~~lv- )  = -(rlv-) = - ~ - ( r )  (4.26.12) 

Therefore, y-(r) = -y-(r), and W- is an odd function. Note that we can wrire any Iy) as Iy) = Iy,) + Iy-). 
Thus we have obtained a method for separating a wave func~ion into even and odd parts. 

4.27. Consider a one-dimensional physical system described by the Hamiltonian 
* 
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(a) Show that [H, x ]  = -ihp/rn. (b) For a stationary state find ( p )  (consider only square integrable 
states). 

(a) Considering the commutation relation. 

I ,  1 i h  
[ H ,  s] = - [p-, .r] + [ V ( s ) ,  s] = 2,12p [(I, .r] + 0 = --(I 2 m  n? (4.27.2) 

(b )  In a stationary state we have HI$ = hly), where h is the eigenvalue. Since H is a Hermitian operator, we 
also have (ylH = hlyr). Using part (a) we finally obtain 

im irn 
(P) = (vIPIv) = h(yIH"-"HIyr) = [h(yrl.d~)-h(yrlxlyr)l = 0 (4.27.3) 

4.28. Consider a free particle in one dimension whose wave function at t = 0 is given by 

(4.28.1) 

where N is a normalization constant and ko is a real number. In a measurement of the momentum at time 
t, find the probability P b ,  t) of getting a result between -pl and pl.  

First note that the relation between the wave function of the particle yr(s, t) and its wave function in the 
momen tum representation y(p, 1 )  is - 

-00 

(This is a Fourier transform.) Substituting k = p / h  in y(s, 0) we obtain 

-- 
Therefore, 

From the normalization condition of ~ ( p ,  0) we can find the constant N: 

1 
Therefore, N = -, and = - 

2 I,PI //I k, ,  
~ ( ~ 7 0 )  = - &, 

(4.28.6) 

The Hamiltonian of a free particle is H = p'/2rn. The basis b) of the state space consists of eigenvectors of H: 

!I2 

HIP) = %[P) = Epb) (4.28.7) 

Note that for every p, (p, t )  is actually the coefficient of h) in the expansion of the state of the particle I y(t) ) in 
the basis [p): 

where ;(p, I) = (p I y). The time evolution of lyr(t)) is described by 
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So finally we obtain 

4.29. Consider a classical quantity f expressed in terms of the dynamic variables r and p, so that f (r, p). Sup- 
pose that in f (r, p) there appears a term of the form r . p. Using the quantization rules, find the quantum 
mechanical operator corresponding to the term r . p. 

Let the operator R correspond to the classical coordinate r, and the operator P correspond to the classical 
momentum p. Note that R  . P is not a Hermitian operator: 

( R  . P ) ~  = ( X P ,  + Y P v  + ZP:)+ = P.,X + P,Y + P;Z = P . R  (4.29.1) 

In order to obtain the Hermitian operator corresponding to r . p, we must perform a symmetrization of the operator 
R .  P: 

As an exercise, prove that this operator is indeed a Hermitian operator. 

4.30. Consider a physical system with a three-dimensional state space. An orthonormal basis of the state space 
is chosen; in this basis the Hamiltonian is represented by the matrix 

(a) What are the possible results when the energy of the system is measured? (b) A particle is in the state 

Iyr), represented in this basis as - 

Therefore, E, = I and E2 = 3 .  Note that E ,  is a nondegenerate eigenvalue where E, is degenerate, so a two- 
dimensional subspace corresponds to it. 

(h) Method I: We write 

(a) The possible energies are the eigenvalues of H that are found by solving the equation det (H - h l )  = 0, or 

2 - h  1 0 

I 2 - h  0 

0 0 3 - h  

= [ ( 2 - h f  - I ]  ( 3 - h )  = ( h 2 - 4 h + 3 )  ( 3 - h )  (4.30.2) 

= ( 3 - h f  ( 1 - A )  
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Also, 
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and 

Method 2: We define 

Iu,) = $[;I Iu,) = 

Thus, Iy) = jlu ,) + &lu2). Note that lu ,) and lu,) are eigenvectors of H: 

Similarly, Hlu,) = 3 lu2) = E21u2). The eigenvectors lu,) and Iu,) are orthogonal since they correspond to dif- 
ferent eigenvalues of H. So we obtain 

Also, 

431. Refer to Problem 4.30. Suppose that the energy of the system was measured and a value of E = 1 was 
found. Subsequently we perform a measurement of a variable A described in the same basis by 

(a) Find the possible results of A. (b) What are the probabilities of obtaining each of the results found in 

Part (a)? 

(a) The possible results are the eigenvalues of A obtained by solving the secular equation 

Therefore. a ,  = 1, a, = 3, and a, = 5. 
(h) The energy E = I is a nondegenerate eigenvalue of the Hamiltonian. so after the energy measurement the state 

of the system is well defined by the eigenvector 

(4.31.3) 
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Now we can find the eigenvectors of A corresponding to each of the eigenvalues obtained in part (a). This can 
be accomplished directly by solving the equation 

for each j. For example, for a ,  we have 

5a = a 
2 P + i y  = p 

Therefore, a = 0 .  Choosing arbitrarily P = I we obtain y = i, so after normalization we get 

In the same manner we obtain the eigenvectors of A corresponding to a ,  and a,: 

2 
Finally, the probability P(a,) of a measurement yielding a, is P(a,) = 1(5, I w ) I  . Thus, 

Similarly, we obtain 

and 

4.32. A particle of mass m is confined within an infinite one-dimensional well, between x = 0 and x  = L. 
The stationary states I$,) of the particle correspond to the energies 

d h2 n2 
E,, = - 

2m~' 

( r r ~ x ) .  Consider the case in which at time r = 0 the particle and to the wave functions $,, ( x )  = -sin - 

is in the state l y r ( 0 ) )  = [ I $ , )  + /A .  (a) Find the time-dependent Iyr ( t ) ) .  (b) Calculate the wave 

function ~ ( x ,  t) .  
" 2  7 ( a )  Since E ,  = x 2 h 2 / 2 r n ~ '  and E, = 2 ~ - h  / m L - ,  we have, 
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(h)  The wave function v(.r, t)  is obtained by ( .rJ v(I)); that is 

1 ix2ht I 'irc2hr 2 r ~ x  
= - exp [--I sin ( y )  + eXp (-+) sin (T) 
Ji 2mL mi,- 

4.33. Show that the norm of the state vector evolving from the Schrodinger equation remains constant. 

Consider the Schrodinger equation: 

Taking the Hcrmitian conjugates of both sides of (4..33.1) we obtain 

since Hir) is ;in observable and it must therefore be a Hermitian operator. So we get 

4.34. The Hamiltonian of a particle in a potential V(r) is 

I 
H = -p2 + V(R) 2n1 (4.34.1) 

{a )  Write the Schrodinger equation in the r-representation. (h) Repeat part (a) in the p-representation. 

(u )  Consider the Schrodinger equation: 

d 
i f i j g~ (r? )  = HIv(~?) (4.34.2) 

Projecting this equation into the r-basis, we obtain 

a I 
ifi&(rlv(t)) = G(rlp21v(t)) + trlv(R?lvv)) (4.34.3) 

The wave function corresponding to lyr(r)) is v(r,  r) = ( r  1 ~ ( r ? ) .  We also have 

and we have {rlv(R?l ~ ( 1 ) )  = Y(r?v(r, r ) .  Therefore. 

(h )  We begill by pro-jecting the Schrodinger equation onto the p-basis: 

a I 
ifi%(plv(f)) = G ( ~ l ~ 2 v ( t ) )  + {PMR)IW(~) )  (4.34.6) 

- 
The wave function in the momentum representation is defined by ~ ( p ,  I) = (PI ~ ( t ) ) .  So we have 

In order to calculate the term ( p ( ~ ( R ) ( v ( t ) )  in (4.34.6), we insert the closure relation in the p-basis between 
V(R) and lyr(t)), and obtain 
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Using the closure relation in the r-basis we have 

We also have 

(rlv(R)l p') = v(r) ( r  1 p') = ~ ( r ) e " ' ~ ' / '  

So, using Eqs. (4.34.8) to (4.34.10) we see that 

where 

Note that C'(p) is the Fourier transform of V(r). Finally, we have 

[CHAP. 4 

4.35. Show that the operator exp (-ilp,Jfi) describes a displacement of a distance 1 along the x-direction. 

Consider the problem in the .r-representation. We search for an operatorA acting on a wave function yr(x), with 

Ayr(.t) = yr(x- 1) (4.35.1) 

Using the Taylor expansion, we can write 

In the x-representation the momentum operator acts as pIyr(x) = - ihayr(x)/ax. Therefore, 

4.36. Assume the validity of all the postulates given in the Summary of Theory except postulate 11; i.e., we 
introduce a system whose Hamiltonian is not Hermitian. Consider a system whose state space is two- 
dimensional. Suppose I$,) and lo2) form an orthononnal basis of the state space and are eigenvectors 
of the Hamiltonian with eigenvalues E l  = 5 f i  and E2 = (4  - i) f i ,  respectively. (a) Suppose that at 
time t = 0 the system is in the state What is the probability of finding the system at time t in the 
state I$,)? (b) Repeat part (a) for I$,). (c) Interpret the results of parts (a) and (b). 

(a) Using the postulates of quantum mechanics, the state vector at time t is 

2 
The probability of finding the system in the state I$,) at time I is, then. PI(()  = le-5'fl = 1 .  

(b) In this case, we have 

Iyr(t)) = 
diE,r/h = e-r (4-21) 1 lq2) (4.36.2) 

r (4-2,) r The probability of finding the system in  I$*) is P2(t) = l e  1 = e-2". 

(c) By inspection, we see that the state I$,) is unstable. The probability of finding the system in this state decreases 
exponentially. This is not the case for the state I$,) , which is stable and remains in the initial state permanently. 
This means that the Hamiltonian is not a Hermitian, and therefore cannot represent rigorously an independent 
physical system. Nevertheless, the system could have been a part of a larger system, and then, phenomenolog- 
ically, the notion of complex energies proves to be useful for taking into account the instability of states. 
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4.37. Consider a particle in a stationary potential V ( r ) .  Show that 

I and I1 are known as the Ehrenfest equations and are analogous to the classical Hamilton-Jacobi 
equations. 

We begin by considering the Hamiltonian of the system: 

Since the observables p and V ( R )  do not depend explicitly on time. we have, according to Eq. (4.5.3, 

where we used the fact that R and V ( R )  commute. Using the canonical commutation relations we can obtain 

Hence, d ( R ) / d t  = ( p ) / m .  Also, using Eq. (4.55) for p and Problem 4.9, 

Compare with Problem 3.3. 

4.38. Assume that in the Schrijdinger picture all the operators are time-independent, (a )  Work in the Heisen- 
berg picture and derive an equation expressing the time evolution of an operator AH(?). (b) Show that 
Eq, (4.55) is also valid in the Heisenberg picture. 

( a )  In the Schrodinger picture, combining the Schrijdinger equation and Eq. (4.61 j, we have 

Since this is valid for any Jw,,(I,)) we obtain ifiaU(t, ro)/ar = H,U(t, I , ) .  H, is a Hermitian operator, so we 

d t t 
also have -ifLzU ( t ,  to) = HsU ( t ,  t o ) .  We differentiate Eq. (4.59) with respect to time and obtain 

Substituting the time derivatives we arrive at 

t 
Since U(t,  t,)U (t .  to) is equal to the identity operator, we insert this product between A ,  and H, and obtain 

dA ,(t) 
Using (4.59) we finally obtain i h ~  = [A,([ ) ,  H , ( t ) ] .  

(b) The mean value of an operator in the Heisenberg picture is 

( A ( t ) )  = ( v H ( ~ H ( ~ ) ~  w H )  

On the right-hand side of (4.38.51, only AH(t) depends on time. Therefore, 

We assume that A is time-independent in the Schrodinger equation, so using the result of part (a )  we obtain 
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4.39. In this problem we show that for a conservative system the greater the energy's uncertainty, the faster 
the time evolution. Consider a Hamiltonian with a continuous spectrum, and assume that the spectrum 
is nondegenerate. Consider a state ( ~ ( t , ) )  with an uncertainty energy AE and show that if A t  is the time 
interval at the end of which the system evolves to an appreciable extent, then 

At A E 2 h  (4.39.1) 

A state Iyf(t,)) can be written in the form 

Iyf(~,.)) = J-CY(E)I$,) dE 

2 
where I$E) is an eigenstatc of H with an eigenvalue E. We define a state for which la(E)I has the form depicted in 
Fig. 4-2. 

Fig. 4-2 

In this case AE represents the uncertainty of the energy of the system. Using ( 4 . 5 3 ,  the state Iyf(t,)) evolves to 
P 

In order to estimate the time interval during which the system evolves to an appreciable extent, we calculate the 
probability of finding the system in a state 1 ~ ) .  This probability is 

If AE is sufficiently small, we can neglect the variation of ( X I  qE) relative to the variation of a ( E ) ;  therefore, replac- 

ing ( x I $E) by ( x 1 $4,)- we obtain 

Thus, P(x ,  t )  is approximately the square of the modulus of the Fourier transform of a ( E )  and using the properties 
of the Fourier transform, the width A/  of P(x ,  f )  is related to AE by 

where At is the time period during which there is an appreciable probability of finding the system in Ix). and there- 
fore it can serve as an estimation of the time during which the system evolves to an appreciable extent. 

Supplementary Problems 

2 4.40. Consider the projector onto a subspace E,, of E (see Section 4.1). Verify that P ,  = P,.  

4.41. Repeat Problem 4.13 for the case of a continuous set of kets. 
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4.42. Repeat Problem 4.14 for the case of a discrete set of a kets. 

4.43. Consider the following four expressions (A is an operator): 

(9 (wlAl4) ( ~ 1 4 )  lii) (wl4)(wlA (iii) (wl4)Al4>(wl (iv) AIv) (4IAIw) 

(a) For each of the expressions, find whether it is a scalar, operator, ket, or bra. (b) Obtain the Hermitian conjugate 
of each expression. 

Ans. (a) (i) scalar; (ii) bra; (iii) operator; (iv) ket. ( b )  (i) ( 4 1 ~ ~ 1 ~ )  ( $ 1 ~ )  or (YJlA1@)* {V4)*;  

(ii) ( ~ I ~ ) * A ' I v ) ;  (iii) ( w I ~ ) * I w ) ( ~ I A ' ;  (iv) ( O I A I W ) * ( W I A ~ .  

4.44. Derive the expression of the scalar product 
" 

in terms of components of the ket and the bra in a given representation. (Hint: Use the closure relations.) 

4.45. Show that eZn""/ and eladh commute for every real number a. [Hint: Use Problem 4.9, part (b).] 

4.46. Show that the transformation matrix between two orthonormal bases [Eq. (4.29)] is a unitary transformation, i.e., 
sst = sts = 1. 

4.47. Derive Eqs. (4.31), (4.32), and (4.33) using the orthonormality and closure relations for the two bases 

{lu,)} and {Iv,)}. 

4.48. Refer to Problem 4.28. (a) What is the form of the wave-packet at time t = O? (b) Calculate the product 
7 

1 
, (h) AxAp = h/&.  Ax Ap at r = 0. Ans (a) ~ ( x ,  0) = r3-. 

51 kix2 + 1 

4.49. Using the Schrijdinger equation, derive Eq. (4.54). 

4.50. Derive Eqs. (4.52) and (4.53) of postulate VI. [Hint: First find the time evolution of an eigenvector of the Hamilto- 
nian and then use property (h) of the Schrijdinger equation; see Section 4.9.) 

4.51. Find the operator describing a shift of p, in the x-direction momentum. (Hint: Compare to Problem 4.36.) 
1p0x/h 

Ans. e . 



Chapter 5 

Harmonic Oscillator 

5.1 INTRODUCTION 

In this chapter we consider a particle moving under the harmonic oscillator potential, 

1 2  
V(x)  = 5k.x ( k  = constant) 

The general differential equation for the oscillator potential can be solved using a technique that is frequently 
exploited in solving quantum mechanics problems. Many problems in physics can be reduced to a harmonic 
oscillator with appropriate conditions. In classical mechanics, for example, in expanding potentials around a 
classical equilibrium point, to the second order, we obtain the harmonic potential kx2/2. 

Schrodinger Equation: The Hamiltonian for the one-dimensional harmonic oscillator is 

where k = mu2.  The variables w and m are, respectively, the angular frequency and the mass of the oscillator. 
We have 

rnw2x2 k d2 rnd , H = -+- = --- 
2m 2 2mdx2 + 

X 

Thus the stationary Schrodinger equation is 

The eigenfunctions that are the solutions of the Schrodinger equation are 

where h = ,/ti/mw and H,[(S) are the He~.rnite polynomials. The eigenvalues of the harmonic oscillator that 
are the eigenenergies are 

5.2 THE HERMITE POLYNOMIALS 

The Hermite polynomial H,(q)  is a polynomial of degree n that is symmetric for even n and antisymmetric 
for odd n. The Hermite polynomial is a solution of the differential equation 

This equation can be reduced to 
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The Hermite polynomials also satisfy the following relations: 

and 

H" + , ( 5 )  = 25H, , (5)  - 2 n H n  - ,C5) 

The generating function of the Hermite polynomials is 

n = O 

and 

More information on Hermite polynomials is given in the Mathematical Appendix. 

5.3 TWO- AND THREE-DIMENSIONAL HARMONIC OSCILLATORS 

Similar to the one-dimensional case, the Hamiltonian in the two-dimensional case is 

In this case the Harniltonian is separable in x  and y, so the problem is reduced to two one-dimensional harmonic 
oscillators, one in x and the other in y. The eigenfunctions in this case are 

where w (x i )  is the eigenfunction of the one-dimensional harmonic oscillator. The eigenvalue corresponding to ", 
W n  n ( x ,  Y )  is 

I Y 

The generalization to the three-dimensional case is straightforward. 

5.4 OPERATOR METHODS FOR A HARMONIC OSCILLATOR 

Eigenfunctions can be thought of as an orthonormal basis of unit vectors in an n-dimensional vector space 
that is obtained by solving the Schrodinger equation. Here we will go a step further. We will find the eigenvalues 

t 
spectrum and eigenfunctions using operators alone. The lowering and raising operators, a and a , are defined by 

These operators are very useful tools for the representation of the eigenfunctions of the harmonic oscillator. 
Note that the Hamiltonian of the harmonic oscillator can be written as 
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It can be proved that the commutation relations for these operators are 
t t t 

[ a ,a  ] = 1 [H ,  a ]  = -fiwa [ H ,  a ] = fiwa (5.19) 
t 

Let us denote the nth state of the harmonic oscillator vn(x) as In), so a and a satisfy (see Problem 5.10) 

Now we can justify the names lowering and raising operators for a and at, respectively. Thus one can build the 
state In) as 

where 10) is the vacuum state (n = 0). 

Solved Problems 

A one-dimensional harmonic oscillator is characterized by the potential 

where k is a real positive constant. It can be shown that the angular frequency is o = m, where m 
is the mass of the oscillator. (a) Solve the stationary Schriidinger equation for this potential and find the 
stationary eigenstates for this system. (b) Refer to part (a), and find the energy eigenvalues of the oscil- 
lator. What is the minimal energy eigenvalue? Explain. 

( a )  The Hamiltonian of this system can be written as 

Thus, the eigenvalue equation is 

2 E 
We define & = 6, and we change the variable to 6 = hence, we have 

Therefore, 
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For large 6 (large x) the dominant part of the differential equation (5.1.7) is 

The solution for this equation points to the asymptotic behavior of the wave function for large y : 
-6-/2 

W t 5 ?  - e 

So we can assume 

- i L / 2  W(5) = Ht5?e 

Substituting in (5.1.8) yields 

Thus we have 

-5 - /2  
[H"-2(H'+ (6'- l ) H ] e  + (E- ( ' )H~- ' - "  = 0 

We obtain the Hermite polynomials differential equation. 

d 3 ? - 2 c d y +  cry- ( E -  I)H(<) = 0 

The wave function's behavior around 6 = 0 (x = 0) is accounted for by these polynomials. In order to solve 
- 

this equation we substitute H(5) = ~ a , , i " .  so that 
n = O  

and 

Hence, 

Therefore all the coefficients of this series must vanish: 

a n + , ( n + 2 )  ( n +  1 )  + ( E - 2 n -  l )u ,  = 0 

We set a, # 0 and a ,  = 0 to obtain the values of a,, a,. . . . a,, (m = positive integer), and similarly a, # 0 
and a ,  = 0 to obtain the values of a,, a,, . . . , a , ,  , ( m  = positive integer). The a,, or a ,  values are com- 
puted using a normalization condition for the wave function. 

-c2/2  
(b) As in part (a) we wish the wave function to asymptotically approach e for large y. To begin. set the values 

of the coefficients of H(y) to zero for some value n. For that n, we obtain 
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Hence, we obtain the quantization condition for the energy eigenvalues. Without an energy source, the system 
reaches its minimal energy eigenvalue EO = h o / 2  at the temperature T = 0. This value is imposed by the 
uncertainty relation 

h 
A x A p  = - 

2 
(5.1.22) 

and is the minimal energy eigenvalue the system can have 

5.2. A particle with energy E = h o / 2  moves under the potential of a harmonic oscillator. Compute the 
probability that the particle is found in the classically forbidden region. Compare this result to the prob- 
ability of finding the particle in higher energy levels. 

For the classical harmonic oscillator we have 

x = A n  cos ( a t )  p = -mA,osin ( o t )  (5.2.1) 

Hence the energy is 
2 2 

p2 1 r 2 m o A n  E,, = - + - m o  x- = - 
2n1 2 2 

which yields An = F. The classically forbidden region is 1x1 > A , ,  or 1x1 > F. Thus the probability of 
m a  m a  

finding the particle i n  the classically forbidden region is 

Considering the ground state, we have 

Changing integration variables q = x / h  we obtain 

We have A , / h  = 1; hence, 

0 

Solving this numerically we obtain Po = 0.1578 (see Problem 12.8). 
For excited states the probability for being in the classically forbidden region is 

Putting = x / h ,  we arrive at 
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Using the known Hermite polynomials H , ( q )  = I .  H , ( q )  = 2 q ,  H 2 ( q )  = 4 q 2  - 2 ,  and A , / h  = &, we obtain: 

The numerical solution is PI = 0.1 116. Also we find 

Thus we have seen that P ,  = 0.1573, P ,  = 0.1 1 16, and P 2  = 0.095 1 . Note that the value of P,, is smaller for 
higher energy levels. The reason for this is that particles with high energy are "more classical" than those with lower 
energies, and hence the probability for particles in higher energy levels to be in the classically forbidden region is 
less. 

5.3. Using the uncertainty relation Ap Ax 2 h / 2 ,  estimate the energy ground state of the h m o n i c  
oscillator. 

The Hamiltonian of the harmonic oscillator is 

The expectation value of the energy is 

We can write 

For the h m o n i c  oscillator (p) = ( x )  = 0 .  The proof for these results is as follows: 

2 
The integral of the antisymmetric function x l y ,  ( x ) \  over a symmetric interval is zero; hence, ( x )  = 0 .  
Similarly, 

X 
Changing variables to 6 = and h = E. we have 

so, 

Thus we obtain 

Notice that 
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a H n  
As the Hermite polynomials are either symmetric or antisymmetric, the multiple H,, (0 7 is always antisym- 

" 3 
metric, and for the same reason that (.r) vanishes, {p) also vanishes. Thus, 

A 
According to the uncertainty relation, the minimal value of Ap is Ap = E~; hence, 

Finally, the minirnal value of E (Ax) is obtained by 

So Ax,, = ,/A. Also. 

Hence, the minimal value is 

h 2  nr 03 f i ~  f i ~  ho 
Ern," = + -  = - + ~ ( A . V ~ ) ~  = q 4 

4m (Ax(,) - 2 

as we expected. Here we obtained the exact solution by relying on the lower bound of the uncertainty relation 
Ax Ap = h/2 .  This follows from the result that in the ground state we havc a Gaussian form of the eigenfunction: 

Though the uncertainty relation is norn~ally used to estimate the ground state energy eigenvalue. for the case given 
above we can evaluate it exactly. 

5.4. Find the eigenfunctions and  eigenvalues of  a two-dimensional isotropic harmonic oscillator; find the 

degeneracy of the energy levels. T h e  Hamiltonian of  this system is 

The Hamiltonian of the system can be separated into two parts, H = H, + Hv , where 

Thus, the wave function can be written as a multiple of two functions, ~ , ( s )  (the eigenfilnction of H , )  and yr,(y) 
(the eigenfunction of H I )  with eigenvalues E, = h o ( r z ,  + 1 /2)  and E, = hw ( n ,  + 1/2),  respectively. So we 
have H y  = Eyr, where yr(.r,p) = yr,(,t)yr,.(y); hence, 

Hyrt.r.y) = ( H I  +H, . )  w , ( ~ ) w , O )  = H,v,(x)w,(Y? + ~,(.r?H,.yr,(y) 
- - E,yr,W,+E,'+',W! = (E,+E,)W,Wr (5.4.3) 

Therefore. 

E = E, + E,. = (n ,  + tt,, + I )  hw (tt + I )  f i o  (5.4.4) 

The degeneracy of each state E (n, ,  n,.) is computed as follows: (n + I)  is an integer that assumes all values from 
0 to 03. We can see from Fig. 5- 1 that (n  + 1 ) = const. defines a line in the ~r , .n , ,  space. One can also see that the 
degeneracy of the state n is n + 1 .  
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Fig. 5-1 

5.5. Consider a particle with charge +e moving under a three-dimensional isotropic harmonic potential: 

in an electric field E = E,?. Find the eigenstates and the energy eigenvalues of the particle. 

The Hamiltonian of the system is 

We separate the Hamiltonian into three parts: H = H r  + Hv + H z ,  where 

Notice that H ,  and H T  are identical to the Harniltonian of the one-dimensional harmonic oscillator, so we can 
write the wave function as yl ( x ,  y, z) = V ,  ( . r )  yr,  ( y )  V ,  ( 2 ) .  where V ,  ( y )  and V ,  ( z )  are the wave functions of 
the one-dimensional harmonic oscillator: 

with h = - The equation of V ,  ( . r )  is 
dm:. 

ti2 a2yI mw2 
H A y l  ( x )  = --- + - s ' ~ ~  - e E " x ~ ,  = Elyll 

2m axZ 2 

x eE, 
Changing variables to 6 = - - - 

1 = yields 

We obtain the differential equation for a one-dimensional harmonic oscillator with the solution 
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The quantization condition in this case is 

so the energy eigenvalues are 

In conclusion, the wave functions are 

UI (x, Y ,  2 )  = W L  ( 4  W2 ( Y )  U13 ( 2 )  

and the energy eigenvalues are 

5.6. Consider a particle with mass m in a one-dimensional harmonic potential. A t  r = 0 the  normalized 
wave function is 

~ - 

2 f i  
where o # ma is a constant. Find the  probability that the momentum of the  particle at r > 0 is positive. 

We denote by G@, r) the wave function of the particle in the momentum space at time t. The probability P for 
a positive momentum is 

- 
We can write y@, f) as a linear combination of the eigenfunctions in the momentum space: 

where @,@) are the stationary eigenfunctions in the momentum space and the coefficients are C, = ($,(x)Iy(x)). 
Note that here @,(x) are the eigenfunctions in the coordinate space. ~ ( x ,  r) can also be written as 

The functions @,(x) are eithe_r symmetric or antisymmetric, as-are &@) (their Fourier transform). This attribute is 
conserved for every 1; thus, y@, 0) is symmetric, G@, 0) = y(-p, 0) ,  and also I&, t )  = W(-p, r). Hence, 

Using the fact that G@, t )  is normalized, that is, 
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we obtain 
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5.7. (a) Refer to the  initial condition in Problem 5.6 a n d  calculate \y(s, t). (b) Given that a t  t = 0 the particle 
i s  in state 

1 
~ ( x )  = - [QO + Q l  (x) I & (5.7.1) 

where 4, ( x )  are the eigenfunctions of  a one-dimensional harmonic oscillator. Compute  the expectation 

value of  x a t  t > 0. 

2 fL 
(a) First, note that the given ~ ( x )  is not ~ , ( x )  (the eigenfunction) since o # rw, so to find ~ ( x ,  t )  we must write 

~ ( x )  as a linear combination of the eigenfunctions $,(x): 

where 

and 

2 h  Now, writing h  = - we have 
m a '  

SO. 

Recall that H, ( x / h )  are either symmetric (for even n )  or antisymmetric (for odd n); hence, since H, ( x / h )  

i s  antisymmetric and exp is symmetric. C n  vanishes for odd n.  Thus we need only compute 

' z m  = [7vlrn ( 2 m )  ! o h ]  j exp[-ix2($]]dx -- 
2 h 2 0 2  

Substituting v h b l e s  q = /= and x  = /zq we obtain, 
2 1  o A + o  
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Using the identity 

i 2 ( 2 m )  ! 
H , ,  ( a x )  P' d r  = h~ ( a 2 -  I)"' 

-- 
we get 

W(,V. r )  = 2 O,,{yI,,, ( I )  e 
( 2 n  + l / 2 )  w~ 

(b) It is given that at t = 0 we have 

Thus, for r > 0, 

By definition, the expectation value of .x is 

I 
( x )  = ( y ( x ,  1)IxIy(1, 0) = 5 I ( + O ( ~ ) l ~ f l @ , ( ~ ) )  + ( ~ + ( x ) ~ x \ + , ( x ) )  

Let us compute each part separately: 

2 
Since 1+0(~)1 is symmetric and .x is an antisymmetric function, the integration vanishes on a symmetric inter- 
val, (+,(x)lxl @,(x) )  = 0, and also (+,r(.r)l.rl @, , (x) )  = 0. We turn now to compute 

We have H ,  ( x / h )  = 1 and H I  ( . r / h )  = 2 x / h  (see the Mathematical Appendix). Therefore, - 

So, we finally obtain 

5.8. Consider the one-dimensional harmonic oscillator with the Hamiltonian 
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We define new operators 

P p = -  mu 
f i n  and Q = xJT 

2 2 s o  H = 2 ( Q  + P ). (a )  Compute the commutation relation [ P ,  Q ] .  (b )  For the operators a and 
t 

a defined as 

t compute aln)  and a  In), where In) is the eigenfunction of the oscillator for the nth energy state. 

(a )  We use the known commutation relation [ x ,  p ]  = i h ,  so 

(b) Using the result obtained in part ( a )  we can write 

so substituting in (5.8.1), we have 

t 
Now we turn to compute the commutation relation a and a : 

1 
[ a t , a ]  = j [ Q -  i f .  Q + i f ]  = i [ Q ,  PI = - I  

t t Thus, a a - aa = - 1 .  Therefore, we obtain 

We also need to compute the commutation relation of a and at with H, 
t t 

[ a ,  HI = h w  [ a ,  a a ]  = h w  [ a ,  a ] a = hwa 

Similarly, 
t t t t + t 

[ a  ,HI = h w  [ a  , aa 1 = fiw [ a  , a ]  a = -boa 

Thus, using the eigenvalue equation of the energy Hln) = fiw ( n  + 1 / 2 )  In), we can write 

Therefore, ataln) = nln). Similarly, 

t 1 t 
so aa In) = ( n  + I )  In). We apply a '  = -- [ a  , HI on the state In), so h o  
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t Hence, we conclude that a In) is a state that is proportional to In + I), i.e., 
t 

Iy+) = a In) = a+ln + 1) 

where a+ is a constant given by 

a: = (w+Iv,) = (nlaatln) (5.8.17) 
2 

We have already seen that aat in) = ( n  + I ) In); thus a, = ( n + 1 ). Choosing a+ = *jn+l, we finally get 

atln) = * jn+ l ln  + 1) (5.8.18) 

1 
Similarly, we apply a = [a ,  H] on the state In) and find 

So we conclude that aln) is a state that is proportional to In - 1). i.e., 

Iy- )=aln)  = a- In - 1) 

where a- is also a constant 
t 

a! = ( y-Jy-> = (nla aln) 

We have seen that ataln) = nln); therefore c$ = n. Choosing a- = & we get 

aln) = &In - 1) 

Note that if we apply a to the ground state 10) we get 

a10) = 0 

Thus, we introduce the lowering and raising operators a and at  defined above that satisfy 

5.9. Compute the matrix elements of the operators x  and p for the one-dimensional harmonic oscillator, 

where $,, ( x )  are the eigenfunctions of the harmonic oscillator. 

t Let us write x and p using the lowering and raising operators a and a (see Problem 5.8): 

Similarly, 

mw -$-- 2fi ( a  - a t )  = i& m o h  ( a 7 -  a )  
P = 2 i  m o  

from which we can now compute 
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We have seen that 
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alk) = &lk- 1) 

{ a t  [k )  = &-l lk + 1) 

Therefore, we have 

where 

Hence, 

k  = n +  1 

k =  n - l  

1 0  otherwise 

In the same way we can compute 

m o h  m o h  
(n lp lk )  = i&(nl ( a t - a )  14  = i& ( ( n b t / k )  - ( n l a t k ) )  

Now using the relation (5.9.6) we have 

m o h  mwfi 
(n1plk) = i& ( m ( n , k +  1) -&(n lk  - 1)) = j& - & + n , k - l )  (5.9.1 1 )  

so we obtain 

I O 
otherwise 

We can express ( nlxl k) and (nlpl k )  in a matrix form as 

and 

( ~ I P I ~ )  = i 

0 - 1  0 - - .  
1 0 -,h . * .  
0 .$2 0 - f i . . .  
0 0 0 . . .  
. . 
. . 
. . 

\ 

As expected, x  and p  are represented by Hermitian matrices. 
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5.10. Consider a one-dimensional oscillator in the nth energy level. Compute the expectation values 

b2>, ( $ 9  (p2), (P) 
What can you say about the uncertainty relation Ax Ap? 

t 
Using the operators a and a , one can find that 

and (p) = 0, (x)  = 0. Therefore, 

Hence, the ground state satisfies the minimum of the uncertainty relation: 

5.11. The simplest molecular crystals are formed from noble gasses such as neon, argon, krypton, and xenon. 
The interaction between the ions in such a molecular crystal is approximated by the Lennard-Jones 
votential: 

The values of V ,  and o for the noble gasses are listed in Table 5-1. 

Table 5-1 

Find approximately the ground state energy of a single ion is such a crystal. Hint: The ion near the min- 
imal value of V ( r )  can be treated as a harmonic oscillator. 

We begin by approximating the potential V ( r )  near the minima to a polynomial of the form 

k 3 V ( r ) = ~ , + ~ ( r - r , , , ) '  + O [ ( r - r , )  ] 

where V ,  is the value of V(r,) and r ,  are the minima. Hence, 

thus, V(r,) = -V,. Similarly, 
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Now we can approximate the behavior of an ion in the crystal to the behavior of a harmonic oscillator. The ground 

2 .  state of a harmonic oscillator with potential V ( r )  = Oo + (l) ( r  - ro)  IS  

where m is the mass of the ion. Therefore. 

Supplementary Problems 

5.12. Show that the eigenfunctions of the harmonic oscillator in the ground state and in the first excited state have inflec- 
tion points wherever the condition V(x)  = E is satisfied, i.e., 

5.13. Find the eigenenergies and eigenfunctions for a particle moving under the potential 

Hint: It is easy to solve the Schrodinger equation for x  > 0 and for x  < 0 separately, and then demand that the eigen- 
function for all values of x  will be continuous. 

Ans. The eigenfunctions are 4 ,  for n odd where 4 ,  are the eigenfunctions of the harmonic oscillator. The corre- 

sponding eigenenergies are E, = ha n + - . ( 3 
5.14. Consider an isotropic three-dimensional harmonic oscillator. ( a )  Perform a separation of variables and find the 

eigenstates of the system. ( h )  Find the eigenenergies and determine the degeneracy of the levels. 

1 4, ( x )  Hn2 0)  4, (z)  - ( * 2  + ! 2 +  z2,  /2,.2 

Ans. ( a ) v ( x , y , z )  = - 

5.15. The wave function of a harmonic oscillator at time r = 0 is 

where 4, is the stationary eigenfunction of the oscillator for the nth state and A is a normalization constant. (a) Com- 
pute the constant A. ( h )  Compute the eigenfunction v ( x ,  t )  for all values oft. ( c )  Calculate the average (E) at times 
r = 0, r = ~/w. and r = 2n/o. (d)  Find the expectation values ( x )  and ( p )  for r 2 0. 

3ior/2 -5!or/2 
dns. (o) A = 6 ( h )  v ( x ,  r )  = $ i ( f i r n 1 e  + - h e  */z 
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5.16. Consider an isotropic two-dimensional harmonic oscillator. (a) Write the stationary Schrijdinger equation for the 
oscillator. Solve the equation in Cartesian coordinates. ( h )  Write the stationary Schrijdinger equation in polar coor- 
dinates and solve it for the ground state. Is this state degenerate? 

Ans. (a) Schrodinger equation: 

(h)  Schriidinger equation: 

i l a  --- 1 a2v ( r ,  0 )  m w 2  
zrnrar '\v(', 8) +; + T r  2v ( r ,  8)  = E v  ( r ,  0 )  ae2 

woo ( r ,  0 )  = rs exp ( - y r 2 )  

and the state is not degenerate (ground state). 

5.17. Compute the matrix elements (nlx21 m }  and (n(p21m) for the one-dimensional harmonic oscillator. 

n = m 
Ans. (nIx21m) = n = m + 2  

l o  otherwise 

l o  otherwise 

5.18. Compute (nlpxlm) for the one-dimensional harmonic oscillator 

Ans. (nlpxlm) = 
I 

5.19. Compute the matrix elements (nlx31m) and (nlx41m) for the one-dimensional harmonic oscillator. 

Ans. (nlx31m) = ' 
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Chapter 6 

Angular Momentum 

6.1 INTRODUCTION 

As in classical mechanics we introduce the quantum angular momentum as the quantity 

L = r x p  (6.1)  

In quantum mechanics L ,  r ,  and p are operators having representations in Cartesian coordinates: 

L = (L,, Ly, L,) P = (P,? P,, P:)  r = ( x , y ,  z )  (6 .2)  

Thus, 

I L ,  = yp ,  - zpy = -ili 

L, = z p x - x p z  = -ih 

and also 
2 2 2 2  L = L x + L y + L ,  

In Cartesian coordinates the commutation relations between L, ( j = x ,  y, z )  are 

[L,,  Lyl = ihLz 

6.2 COMMUTATION RELATIONS 

Using the commutation relations in Section 6.1, one can also find another useful commutation relation: 
2 2 

[ L 2 , L ]  = o *  [ L , L z ]  = [ L , L x ]  = [ L 2 , L Y ]  = o  (6 .8)  

2 2 
[ L , , p  ] = [L , ,  r ] = [L , ,  r - p]  = 0 (6 .11)  

where 

i j k  have cyclic permutation 
i jk  have anticyclic permutation 
otherwise 
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6.3 LOWERING AND RAISING OPERATORS 

We define the raising operator as 

L+ = L, + iLy 

Similarly, the lowering operator is defined as 

L- = L,- iL, 

so we can write 

L+ and L- are not Hermitian operators, since it can be proved that 

Moreover, 

2 2 1 L = Lz + 2 (L+L_ + L- L+) 

and also 

2 2 L-L+ = L - L .  + hLz 

Thus, we have the commutation relations: 

The operators L and L+ enable us to represent all the eigenfunctions of L' and Lz using only one eigenfunc- 
tion and the operators L+ and L-. 

6.4 ALGEBRA OF ANGULAR MOMENTUM 
2 

The operators L and L, describe physical quantities; hence, they must be Hermitian operators, that is, 

2 t  2 
(L,)' = L,  a ( L  ) = L (6.22) 

2 
One can verify that L and Li are commutative operators, [L2,  LZ]  = 0 [see Problem 6.2, part (a)];  it is thus 

2 
possible to find the simulation eigenfunctions of both L and L,  (I lm)),  which comprise acomplete orthonormal 
basis: 

Operating the lowering and raising operators on I l m )  gives 

~ + l i m )  = & ( I +  I )  - m ( m + ~ ) n l ~ , m +  I ) =  J ( i - m )  ( l + m + ~ ) f i l l , m + ~ )  (6.25) 

~ - 1 l m )  = J ~ ( I +  1 )  -m(m- fill, m - I )  = J ( I + ~ )  ( I - m +  1 ) f i 1 1 , m - l )  (6.26) 

Note that if ( lm) is an eigenvector of L" with eigenvalue 1 ( 1  + I ) ,  then for a fixed 1 there are (21 + 1 )  possible 
eigenvalues for L. : 

m = - I ,  -1+1, . . . ,  0 ,..., / - I , !  (6.2 7 )  
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Thus. 

The basis Ilm) is orthonormal, i.e, 

(ilml ll2m2) = 6,,I2C,,, 
This basis is called the standard basis. The closure relation for the standard basis is 

6.5 DIFFERENTIAL REPRESENTATIONS 

The representation of eigenvectors and eigenvalues is often more convenient using spherical coordinates: 

x = r sine cos$ y = r sine sin$ z = r c o s e  (6.32) 

The representation of the angular momentum operators in spherical coordinates is 

a C O S Q ~  
L, = ifi ( sin$ - a e t a n e a m  + --) 

which yields 

a a 
L+ = fiei(&j + i cote -) 

34 

2 
Thus, the eigenvectors of L and L, are functions that depend on the angles 8 and 4 only; hence, we can repre- 
sent the wave function as 

~ ( r ,  094) = ~ ( r )  y:(e, 0) (6.37) 

For a central potential V(r) = V(r), we find that Y; (0, $) are the spherical harmonics, where 

Ilm) = Y;~(B, 4) 
The algebraic representation of Y ~ ( B ,  $) for m > 0 is 

and for m < 0, 

P;(X) are the associated Legendre functions defined by 
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where Pl ( x )  are the Legendre polynomials, 

1 I 
(-I) (1  -X2)' P J x )  = -- 
2'1! dx' 

Note that the Y;(O, 4) are uniquely defined except for sign, which is changeable. The spherical harmonic func- 
tions, the associated Legendre functions, and Legendre polynomials are described in detail in the Mathematical 
Appendix. 

6.6 MATRIX REPRESENTATION OF AN ANGULAR MOMENTUM 

We have already mentioned in Chapter 4 that an operator can be represented in matrix form; this 
representation depends on the basis vectors (eigenvectors) that we choose. For an angular momentum 
operator we usually use the standard basis Ilm), so every matrix element Aij that represents the operator A 
satisfies 

Thus, for every I = const., we can write a (21 + 1) x (21 + I )  matrix for L ~ ,  Lx, Ly, and L,; that is, 

For 1 = 1, for example, we have 

and 

6.7 SPHERICAL SYMMETRY POTENTIALS 

From classical mechanics we know that when a spherical symmetry potential V(x, y, z) = V(r) acts on a 
particle, its angular momentum is a constant of motion. In terms of quantum mechanics this means that the angu- 
lar momentum operator L2 commutes with the Hamiltonian: 
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where the angular dependence of the Hamiltonian is found only in L ~ .  We can thus split the wave function in two: 
an angular part depending only on 0 and 4, and a radial part depending only on r (see Problems 6.16 and 6.18). 

6.8 ANGULAR MOMENTUM AND ROTATIONS 

Let 1 ~ )  be a state vector of a system in a certain coordinate system 0. To represent the state vector in 
another coordinate system 0' we define the rotation operator U, ,  such that the state vector in 0' is given by 

For a system 0' obtained by the rotation of 0 around an axis in the direction of f i  with an angle 0 ,  U ,  is given as 

U ,  (0,;) = exp (6.52) 

where L is the angular momentum operator. L is said to be a generator of rotation. One can conclude from the 
definition that 

Note that to obtain U ,  we usually use the infinitesimal rotation operator: 

Note also that , 

UR can be used as a rotation operator not only for state vectors, but also for other operators or obse~ables .  Thus, 
an observable A in the system 0 is transformed to A' in the system 0' such that 

Or similarly, 

Solved Problems 

6.1. Using the definition of angular momentum, L = r X p ,  prove the following commutation relations: 

(a) [Li, r,] = i h x e U k r k ;  (h )  [L,, L,] = i h z e , ,  Lk (i ,  j ,  k = x, y, i). Note that if A and B are 
k L 

vector operators, then the kth component of the vector operator A x B is 

(A x B), = ~ E , , A , B ~  

Use also the identity C e i j k  ennk = 6i,S,n - Sin%. 

(a) Using the definition L = r x p we obtain L, = &,,,r,p, ; thus, C 
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Using the commutation relations [ r r  r,] = 0 and [p,, I ) ]  = -in&, ,, where 

l = j  

otherwise 

we obtain 

(b) We decompose the commutation relation [L , ,  L,] = ifl &,,,LA into the three following commutation rela- C 
k 

tions: [L,, L,] = i hLZ ,  [L,, L-] = ihLx.  and [L , ,  L,] = i h L , .  Note that 

L,  = ( r X P ) r  = ryPz - r :P , .  L,, = ( r ~ p ) , .  = r ; p , - r p :  (6.1.5) 

Thus, 

[LA ,  L,,1 = by P: - r: P,, r: P I  - 1'1 P11 

- - [t.,,pZ9 I ' r ~ , r I  - I~,P:, r1P:I - [":P)* r:PrI + [ r ; P , ~ r . ~ y I  (6.1.6) 

We compute each part separately: 

Iryp:,r;ps1 = r v I ~ : . r ; ~ . r l  + [ ~ ? , ~ , P , ~ I P . -  

= r , ( r , [ ~ : . ~ , l  + [ p _ , r : ] p , )  + ( r . : [ r ? , ~ ~ ]  + [ I ' , . ~ ~ . : ] P . ~ ) P ;  (6.1.7) 

Now, using the known relations 

[P,, P,] = 0 [ p L ,  r.1 = -ih [ ~ . , , p ~ l  = 0 [r,, r,1 = 0 (6.1.8) 

we obtain [r,,p,, r,p,l = -ihr,p,. Similarly. 

[ r y  P:, rxpt1 = r,, [P;,  r I ~ : l  + [r!, rrp21 Pz 

- - r , (r , [p: ,pr1  + [I),. ~ . , I P : )  + ( [ r v ~ r A l ~ r + ~ ' r [ r v ~ ~ , l ) P ~  = 0 (6.1.9) 

and 

[r2p,,.. rr P . ~ I  = rl [P, ,  r.-p.,I + [r:. r.-pI.1 P,, 

= r: ( [ p Y ,  r21 px + rr [P,,., pr1 ) + ( [ r r r  ~ : I P ,  + r, [ r - t , ~ l l  ) P y  = 0 (6.1.10) 

Also, 

[ r z p y ,  rxp21 = r: [P?, r.r~:l + [r:. r r ~ r l ~ ?  

= r,( [p,, r , lpT + I:, [p,, ,~.' ,] + ( [ r r . ~ ' , l ~  + r x  [ r : , ~ ; ]  ) P ,  = i h r , ~ ,  (6.1.11) 

Thus, we obtain 

[ L x , L , ]  = ifi(r,,p,-r,,p,) = i f l ( r x p ) :  = ihLT (6.1.12) 

We leave it to the reader to prove the other two relations. 

6.2. Prove the following relations for the angular momentum operator: ( a )  [ L 2 ,  L . ]  = 0; (b)  L x L = i h L .  

( a )  The operator LZ can be written as L2 = L: + L,Z + LI,  and hence 

[L2 .  L,] = IL,2+ L;+ L:, L,1 = [ L t ,  L,l + [ L t ,  L,l + [L! ,  L,l 

We compute each part separately: 

[ L t ,  L,l = Lr  [ L , ,  L:l + [ L , ,  L:l L ,  

We have shown in Problem 6.1 that [L , ,  L z ]  = - [L; ,  L,] = - i h L , .  Therefore, 

[L,$,L:I = -ih (L,Ly+ L,LI) 

Similarly, using the commutation relation [L, ,  L1] = ihL,, we have 

[L; ,  L:] = L,  [L?' L,l + [ L y ,  L:l L ,  = ifl (L,.L, + L,&,.) 
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Since LZ commutes with itself, [L f ,  L:] = 0, we arrive at 

[L2, L;] = - ih (L,L, + L,L,) + ih (LyLx + L,L,) = 0 

(b) We will compute separately the components of L x L: 

Thus, summing over the three components we obtain L x L = ihL. 

6.3. Consider a system of two particles; each particle has its own angular momentum operator, L, and L2. 
Show that L = L,  + L, is an angular momentum operator; in other words, show that L satisfies the 
relation in part (bj of Problem 6.2. 

As L ,  and L, are both angukar momentum operators, for the sum L = L, + L, we have 

L x L  = (L ,+L, )  x (L,+L,)  = (L,  x L , )  + (L2xL,)  + ( L , x L 2 )  + ( L 2 x L , )  (6.3.1) 

In Problem 6.2, part (b), we saw that if L is an angular momentum operator, then L x L = ihL . Thus. 

L x L = ihL, +ihL, + (L,  x L,) + (L, x L , )  = ih (L,  + L,) + (L,  x L2) + (L, x L,) 

= ifiL + (L,  x L,) + (L, x L,)  (6.3.2) 

We will now compute the term L, x L,: 

L I X L ~  = ( L , , . L ~ : - L I : L ~ ~ ) ~ +  (L,,L2,-L,,L2,)j+ (L I ,L21 -L~yL2 , )~  (6.3.3) 

Similarly, 

L 2 x L ~  = (L2,L,1-L2,Lly)2+ (L22L~I-L2,LI:)9+ ( L ~ , L ~ , - L Z g L I , l ) f  (6.3.4) 

Since L ,  and L2 are different operators, their components commutate; hence we obtain 

(L,  x L,) + (L, x L,) = 0 (6.3.5) 

So finally, 

L x L = (L2 + L,)  x (L,  + L,) = ih (LI  + L2) = ihL (6.3.6) 

6.4. Consider the following relations: 

L+ = Lx + iL, L- = L,- iL, 

L+llm) = h d I ( l + l j  - m ( m +  1)II ,  m +  1)  

~-1im) = nJi~1(1+ 1 )  - m ( m - l ) ~ i ,  m-1) 

L,(Im) = mh(lm) 

~ ~ l l r n )  = 1 (1 + 1 ) fi211m) (6.4.5) 

Consider a system of I = 1, and find the matrix representations of L,, L,, LZ, and L2 in the basis of 
eigenvectors of L- and L2. 

First we note that the L,, Ly, L,, and L2 are Hermitian operators, as are their matrix representations; for each 
component of the matrix ai, we have a,, = a,', . For a system that has an angular momentum 1 = 1, the eigenvectors 
of L, are 

i (1 )  corresponding to I = 1 ,  m = 1 

10) corresponding to I = 1 ,  m = 0 

(-1) corresponding to I = I , m = - I  
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To find the matrix representation of L, we need to compute the following relations: 

If we choose the standard basis 

then the matrix representation of L ,  is 

Similarly, for L, we have 

Hence, 

Also, for L, we have LJ1)  = h ( l ) ,  LJO) = 0 ,  and L,I-1) = -hi-I); thus, 

0 0 

For L2 we have L211) = 2h2(1),  L210) = 2hz10), and L21-1) = 2h21-1); thus, 

6.5. What is the probability that a measurement of L, will equal zero for a system with angular momentum 

of one and is in the state - 

First we will find the eigenvectors of L, for 1 = 1 in the basis of L,: i.e., we want to find the eigenvectors and 
eigenvalues of 



106 ANGULAR MOMENTUM [CHAP. 6 

Assuming that the eigenvalues of L, are hh /&,  the secular equation of L, is 

Hence, h = 0, f 3 and thus the eigenvalues of LA are fh or 0. The eigenvector corresponding to the eigenvalue 
f i  is 

= al l )+h10)+cJ-1)  (6.5.3) 

where laI2 + \bI2 + Icl? = 1 is the normalization condition. Therefore, 

From (6.5.51) and (63.5111) we obtain b = &a = h c ;  thus, using the normalization condition, we have 

Hence, the eigenvector I I ), is 

Similarly, the eigenvector corresponding to the eigenvalue zero is 

where a, h, and c satisfy the normalization condition and 

or 

I h = O  I1 a + c  = 0 

Therefore, a2 + 0 + a* = 1 a a = I / & .  Finally, the eigenvector lo),, is 

Also, the eigenvector corresponding to the eigenvalue -fi is 

I )  = h = a l l )  + h10) +cl-1) I:) 
where a, h, and c satisfy the normalization condition, and 
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or 

I b = -&a I1 a + c = - & b  111 b = -&c (6.5.14) 

Thus, b = -.,ha = -.,hc; using the normalization condition we obtain a2 + 2a2 + a 2  = 1 * a = 1 / 2 .  Hence, 

So, we can write 

In the basis of the eigenvectors of L.,, we have 

la), = x( 1 la) l 1 >, + .(Ola> lo), + ,(- 1 la) k 1 >, 
We compute the terms separately: 

1 1 
.,(OIa) = ( I - 3 )  = -3 

and 

The probability that a measurement of L, yields zero is therefore 

I 
P, ( 0 )  = lx(Ola))2 = 7 

6.6. Apply the operators L+ = L, + iL, and L- = L, - iL, on the eigenstates of L2 and L, ( J l m ) )  and interpret 
the physical meaning of the results. Follow the stages: (a) Find the Hermitian conjugate of L,. (b) Cal- 

2 
culate the norm of L+Jlm) and L- Jlm). (c) Calculate the eigenvalues of L and L, for the state L+llm) 
and L- Ilm) . 

i t  t t' (a) The Hermitian conjugate of L+ is L: = L, - iLy ,  but since L, = L, and L, = Ly we have L: = L-.  
( b )  The norm of L+llm) is 

IlL+llm)(12 = (L+llm)') (L+Pm)) = (lml (LIL,)  Ilm) = ([ml ( L -  L+) I 1 4  (6.6.1 ) 

We see that 
2 2 2 L- L+ = ( L ,  - iL,) ( L ,  + iLy)  = L,2 + Ly - iLyLx + iL,Ly = L,2 + L3 + i [L,, L,] = L - L, - hL,  (6.6.2) 

Thus, substituting L- L+ , we obtain 
2 

IIL+llm)(12 = (lml ( L -  L+) Ilm) = (lml ( L  2- LI - hL,  ) Ilm) 

= h2[1(1+ 1 )  - m 2 - m ]  = h2[1(1+ 1) - m ( m +  I ) ]  (6.6.3) 

The norm of L- Ilm) is JIL- llm)1(2 = (lm(L+ L- Ilm). Again, 

L+L- = ( L x  + iLY)  ( L ,  - iLY)  = L: + Lf2 + iLyL, - iLILy = L2 - LI - i [L,, L,] = L2 - L? + hLz (6.6.4) 

Hence, we obtain 

I(L-IIm)112 = ( I m ( ( L  - Li + h L ,  ) [Im) = ii2 [ I ( [ +  1 )  - m 2 +  ml 

= h 2 [ i ( l +  1 )  - m ( m - 1 ) ]  (6.6.5) 

(c)  Fist consider the commutation relations: 

[L2, L+] = [L2, L, + iL,] - [L2 ,  L,] + i [ L 2 ,  L,] = 0 (6.6.6) 
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and 
[L*, L-1 = [L2, L, - iL,] = [L2, L,] - i [L2, L,] = 0 

This means that L2L+ = L+L2 and L2L- = L- L2. The eigenvalues of L2 for L+llm) and L- Ilm) are 

L2 (L+llrn)) = L+ ( ~ ' l l m ) )  = f i 2 1  ( I  + 1) L+llm) 

L2 (L-  Ilm)) = L- (L211m)) = h21 ( 1  + 1 )  L- llm) 

That is, L+llm) and L- Ilm) are eigenstates o f  L2 with eigenvalues h21 ( 1  + 1 ) .  Before we continue to calculate 
the eigenvalues of L, note that 

[ L + ,  L,] = [L,+iL,,L,] = [L,,LI] + i [ L y , L , ]  = - i f iLy -AL,  = -fiL+ (6.6.9) 

Hence, L+L, - L,L+ = -hL+ and L,L+ = L+L, + fiL+. Similarly, 

Therefore, L- Li - L,L- = A L- and LzL- = L- Lz - fiL- . Thus, we can calculate 

and also 

L,L- Ilm) = (L-  L, - hL- ) Ilm) = L- LZllm) - fiL- Ilm) 

We see that L+llm) and L- Ilm) are eigenstates of L, with eigenvalues ( m  + 1) A and ( m  - 1 )  A ,  respectively. 
To conclude: 

and, 

From (6.6.14) we see that L+llm) and L Ilm) are proportional to Ilm') (note that m' is distinct from m). From 
(6.6.15) we conclude that L+(lm) is proportional to 11 ', m + 1) and that L- (lm) is proportional to 11 ', m - 1); 
thus, 

L+ilm) - 11, m + 1 )  ; L- llm) - 11, m - 1 )  (6.6.16) 

Recall that the norm of 11 ', m + 1) and L_ (lm) is 1 ;  hence, from 6.6.13 we get 

So we see that the operators L+ and L- allow us to "travel" between the eigenvalues of L2 and L,. Note also 
that L+11, I )  = 0 and L- ( I ,  -1) = 0. 

6.7. Compute the expressions (fmlL,2lfm) and (ImJ (L.r L, ) IIm) in the standard angular momentum basis. 

We begin by representing L, and L v ,  using L+ and L-: 

L+ + L- L+ - L- 
L, = - 

2 
and L , = -  

2i 

Keeping in mind that 

L+llm) = f iyl  ( I  + 1) - m  ( m  + I )  11, m + 1) 
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and 

the operator L,2 can be written as 

1 I 
L,2 = i ( L + - L J 2  = 4 ( L : - L 2  + 2 L + L -  + 2 L - L + )  

The terms Li and Li do not contribute to the expression (lmlL,2llm) since 

(lm(Ljl1m) - (lmll, m + 2 )  = 0 

(lmJL3 Ilm) - (lrnll, m -  2)  = 0 

Thus to compute (lmlL,2llm) we consider only the contribution of L L+ and L+L-; that is, 

f i 2  = - [ l ( l +  1 )  - m ( m - 1 )  + / ( I +  1 )  - m ( m +  I ) ]  
2 

= h 2 [ l ( l +  I )  - m 2 ]  

We turn now to compute (lml (LAL, , )  Ilm). Using the operators L+ and L-, we obtain 

Once again the terms of L: and L! do not contribute to (lml ( L x L y )  { im);  thus 

6.8. Consider a particle with a wave function 

where N is a normalization constant and a is a parameter. We measure the values of L2 and LZ. Find 
the probabilities that the measurements yield: (a) L2 = 2h2, Lz  = 0; (b)  L2 = 2h2, L, = h; ( c )  
L2 = 2h2, L, = -6. Use the known relations 

First, we will express yr ( x ,  y, 2.) in spherical coordinates: 

x  = r sin0 cos$ y = r sin0 sin$ z = r cos0 
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where r2 = s2 + y2 + z2. SO, 

w (r,  8, $) = N [sin8 (cos$ + sin$) + cose] re-r2/u2 (6.8.4) 

We write (r ,  8, $) as a multiple of two functions yr (r ,  8, () = R ( r )  T (8, $) where R (r)  = and 

I ni 

The coefficients a,, are determined by 

Using the properties of spherical harmonics one can prove that 

To compute the probabilities, we must normalize the function T (0,$); we denote the normalized function by 
T'(8, $) = PT (0, $1, where 

or p = 1 / f i .  Hence we have 

Thus, the probabilities are computed as follows: 

(a) For L2 = 2h? and L2 = 0 we have 

1 2 1  
P = l(l,01T')12 = - J i l  = j a 

(b) For L2 = 2f i2  and L, = f i  we have 

(c) For L b  22 t  and L, = - f i  we have 

6.9. A symmetrical top with moments of inertia I-,  = I ,  and I, in the body axes frame is described by the 
Hamiltonian 

Note that moments of inertia are parameters and not operators. L,, L,, and L, are the angular momen- 
tum operators in the body axes frame. (a) Calculate the eigenvalues and the eigenstates of the 
Hamiltonian. (b) What values are expected for a measurement of L, + Ly  + L, for any state? (c) The 
state of the top at time r = 0 is I I = 3, rn = 0). What is the probability that for a measurement of L, 
at t = 4 ~ I , / f i  we will obtain the value f i ?  

(a) We begin by writing the Hamiltonian as 
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where L is the total angular momentum. Recall that if A is an operator that has the eigenvalues ai 
(i = 1, . . . , n ) ,  the eigenvalues of f (A) (where f (A) is a function of A) are f (a;). Therefore, the eigenvalues 
of the energy are 

So the eigenstates of the Harniltonian are those of L* and L, ,  i.e., the spherical harmonics Y;" (0 ,@)  with the 
eigenenergies E,, . 

(b) Measuring L, + L, + LZ for the top, we find the top at eigenstate Y;" (8, @); that is, a measurement of 
L, + Ly + L1 yields 

0 
(C) The state of the top at t = 0 is ~ ( t  = 0, 0, 0) = Y,(B, @), which is an eigenstate of the Hamiltonian. A meas- 

urement of L1 for this state yields zero, and since it is an eigenstate of H, the top will always remain in this 
state. Therefore the probability of the measurement of h. is zero. 

6.10. The spherical harmonic functions are defined by 
m m q ( e ,  $1 = C, P, ( C O S ~ )  pi"' 

where C; is a normalization constant and P ;  ( x )  are the associated Legendre functions defined by 

Compute the function Y)r(e,$) for rn = 0, f 1. 

d 
Consider the Legendre polynomial P, (x) = x; so d7; ( PI (x)) = 1 .  Therefore, relying on (6.10.2) (see the 

Mathematical Appendix), we have 

0 
Similarly, PI  (x) = x; thus, using (6.10.1) we obtain 

Also, 

Yy1 (0, 41) = CTI sin&-'' 
0 

Y, (e ,$)  = C ~ C O S ~  

Using the normalization condition we arrive at 

con2 0 d (cos0) = I .  that is. C: = g. Similarly, 

0 

Finally, we have 
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6.11. Solve the eigenvalue equation L2Y (8, $) = h h 2 Y  (e, @). and find the eigenvalues of L2. Use the 
expression for L2 in spherical coordinates. 

We begin by substituting the expression for L V n  the eigenvalue equation, so we obtain 

1 a* l a .  [z q += z(Slne $)I yce, m) = - w e ,  p) 

We solve this equation using the variables separation method; thus we substitute Y (9, I$) = @ ($) 0 (8) and get 

Dividing (6.11.2) by 
@ (8)  @ ( m )  

we obtain 
sin e 

1 d 2 @  sin8 d do 
We now have two parts: The first. 0, , is a function of I) only, and the second. 7 %(sin8 z) + I  sin28. 

is a function of 9 only: the sum of these parts yields zero. Therefore, each of them must be a constant by itself. We 
set 

I d l @  

0, w = -m2 
(6.11.5) 

and 

sine d 
- O(e) d e  -(sine $) + A  sin28 = m? 

The solution of (6.1 1.5) is 
dl((,) = e'"'" 

To qualify as a periodic function, @($) must satisfy the condition Q, ($ + 2n) = Q, (@); that is e2nim = I , th us,m 
must be an integer number, m = 0, f I, f 2, . . . . Now (6.13.5) can be expressed in terms of x = cos9, where 

Substituting into (6.1 1.6), we now have 

We rearrange (6.11.9) in order to obtain the usual form of the generalized Legendre equation: 

Note that under the transformation .r + -x, (6.1 1.10) is unchanged. This means that the solutions of the generalized 
Legendre equation are either symmetric or antisymmetric in x .  Consider the equation for m2 = 0: 

Assume that the solution can be represented by a power series: so O (x) = xs anxn. We leave it for the reader 
to show that by substituting we obtain E ,t = 0 

- 

Hence, each coefficient must vanish, and we have 

( s + n + 2 )  ( s + n +  l )a , ,+ ,  = [ ( I  + n )  ( s + n + l )  - A l a n  
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The function O ( x )  is bounded at x = 1 ( 0  = O), so the condition (s + n )  (.r + n  + 1 ) - h = U must hold for 1. That 
is, h must be of the form h = 1 ( 1  + 1 ), where I is an integer number. Hence, the eigenvalues of L2 are h21 ( I  + 1 ) . 
The solution of (6.1 1.1 I )  can be represented as 

1 dl 
@ / ( X I  = ~ ~ I ( - ~ ~ -  

Similarly, the general solutions of (6.1 1.10) are 

d"' 
ds "' PI ( A-1 

6.12. Consider a particle in a central potential. Given that ( lm)  is an eigenstate of LZ and L T :  (a) Compute the 
sum AL.: + AL; . (b)  For which values of I and m does the sum in part (a) vanish? 

( a )  The uncertainties AL,: and AL: are defined as 

AL.; = (L.;) - ( L J 2  AL: = ( L t )  - (Lj ) '  

L+ + L- L+ - L- 
Using the raising and lowering operators L+ and L-, we write LA = 7 and LV = 7. Therefore 
we have 

since 

L+([m) = ~ J I ( I +  1 )  - m ( m +  I ) ( , ,  m +  I )  

L - I I ~ )  = f i J ~ ( / +  1 1  - m ( m -  I ) I I ,  m - I )  

Similarly, we can compute 

Relying on the properties of the raising and lowering operators we have 

L51fm) - 11, nz + 2 )  L1 Ilm) - 11, m - 2)  

We also have 

L + L - I ~ ~ ) = L , ( ~ J I ( I + I )  - m ( m - 1 ) l l . m - 1 ) )  = f i 2 [ 1 ( l + 1 ) - m ( m - ~ ) ] ~ l m )  (6.12.7) 

and 

L- L+llm) = L- ( h d l ( l +  1 )  - m ( m  + ] ) I / ,  m  + I ) )  = f i 2  [ l  ( 1  + 1 ) -  m  ( m  + I ) ]  llm) (6.12.8) 

Thus we obtain 

(L:)  = f i 2 [ 1 ( 1 + I )  - M ( M - I )  + I ( / +  I )  - m ( m + l ) ]  = 2 f i 2 [ 1 ( i + 1 )  -m2]  (6.12.9) 

Similarly, 

(L:)  = (L : )  = 2h? [ / ( I  + 1 )  -m?] 

Finally, we have 

AL;+AL; = ( L : ) -  ( L ; ) -  (L,.)' = 4 f i 2 1 [ ( l +  1 )  - m 2 j  (6.12.1 1) 
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(b) Using the result of part (a), we see that AL; + AL; vanishes when 1(1+ 1) - m2 = 0; that is, m2 = 
I (I  + I). Using the fact that m and I must be integers, we conclude that this condition is satisfied only when 
I = m = O .  

6.13. Consider a system with a state function 

( r ,  t = 0) = NG exp -- [ k) 
where 5 = x  + iy; N is a normalization constant and ro is a given parameter. It is also given that the 
eigenfunctions of L2 and L, are the spherical harmonic functions 

Y: ( 4  y ,  2 )  , -F5 8x r  Y ,  ( x ,  y ,  2 )  = &: Y;I ( x ,  y ,  2 )  = -$15* 0 

8x r (6.13.2) 

(a) What are the values obtained from a measurement of L~ and L,? Find also the probability for each 
measurement. (b) Write the three eigenfunctions of L2 and L, corresponding to the given spherical har- 
monics. (c) Find the values that are expected from a measurement of L,. What is the probability for each 
value? 

(a) Consider the operators L2 and Li.  They operate only on the part of the function that depends on the angles I$ 

and 8. Note that we can write v as 

Hence, we see that the possible values in a measurement of L2 and L: are 2h2 and h , respectively, with a prob- 
I 

ability of 100 percent (since L2 and LI operate only on Y ,  (x, y, z), which is an eigenfunction of these 
operators with these eigenvalues). 

(b) Consider a system k" of which the x', y', and z' axes are parallel to the x, y, and z axes of our system. In this 
system the operator LZ. is similar to L, in K; thus the eigenfunction of L:. is also the eigenfunction of L, with 
exchanging of x' + 1); y' + z ;  z' + x. The eigenfunction of L:, is 

x' + iy' 

Therefore the eigenfunction of L,  is 

Since L2 commutes with L; and L,, (y: )  ,, is an eigenfunction of L,; it is also an eigenfunction of L2. 
Similarly, 

(c) Following parts (a) and (b), we use the expansion theorem to write (see Chapter 4) 

v ( r ,  t = 0 )  = Nr exp 

Consider only the part of t+/ that is an eigenfunction of L,  and L2: 

1 
where a is a normalization constant, ( PI P) = a2 = 1 3 a = -. Therefore, Jz 
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The values expected from the measurements of L, and L2 are therefore as follows: For L2 = 2fi2 and L, = 0, 

2 1 2 f 
the probability is I( ( Y;),)P)I = j .  For L2 = 2 f i2  and LC = h ,  the probability is I( (Y;),.!P)~ = 4. Finally, 

2 1 
for L2 = 2fi2 and Lx = 4 ,  the probability is I( ( Y ; ) , , I P ) I  = 4. 

6.14. Consider a particle in a spherical and infinite potential well: 

0  O l r l a  
V ( r )  = - a < r  

(a) Write the differential equations of the radial and angular parts, and solve the angular equation. (b) 
Compute the energy levels and the stationary wave equation for I = 0. 

( a )  We begin by writing the Hamiltonian of the system: 

where V 2  in spherical coordinates is 

Thus, 

The differential equation for the stationary wave function yr ( r ,  0 ,  0 )  is 

It is evident that [ H ,  L21 = 0; hence, we write yr (r .  0 ,  $) = N,, ( r )  Y: ( 0 ,  0 )  and obtain 

- 
t i 2  y; ( 0 ,  $1 a2 - R,, ( r )  L2q" ( 0 , $ )  - [rR,, ( r )  I + 2m r a r 2  2mr2 + Knl ( r )  v ( r . )  ylm 1 0 ~ 0 )  = EN,, ( r )  ~ y ( 0 ,  $) (6.14.6) 

Since YJ" ( 0 ,  $) is the eigenfunction of L2, L2y;  (0, 0 )  = fi21 ( I  + 1 )  Y ;  ( 0 ,  $). Hence, the radial equation is 

f i 2  I a2 752 
---- 2mrar-2 [rRn1 ( 1 . )  I + LK21 ( 1  + 1) + v ( r ) ] ~ , , ~  ( r )  = EN,, ( r )  

(b) For 1 = 0 we have 

f i 2  I a2 
2mrar2 ['Rno ( r )  I + V ( r )  Kno ( r )  = ENno ( r )  (6.14.8) 

We denote R,,(r) = K(r). For r > a ,  the function must vanish [because V ( r )  is infinite]; therefore we have 
for 0 S r S a: 

f i 2  a'u 
We substitute U ( r )  = rR ( r ) ;  hence, -%p = EU(r),  or 

The solution of (6.14.10) is 

( r )  = A cos ( k r )  + B sin ( k r )  

where k = J 2 r n ~ / f i ' .  A and B are constants that can be determined using the boundary conditions: 

I The value of U vanishes on r = 0 :  U ( r  = 0 )  = [ r R  ( r )  ] l r  = = 0. 
I1 The value of U vanishes on r  = a :  U ( r  = a )  = [rX ( r )  ] 1, = = 0. 
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Thus, from condition I we have U ( 0 )  = A = 0 ,  and using the second condition, 

we obtain 

Finally, to compute the value of B we use the normalization condition of the wave function R ( r ) :  

sin ( k r )  
O l r S a  

R ( r )  = 7 - (6.14.14) 
otherwise 

Hence, 

i i sin2 ( k r )  
IR (r)124xrZdr = 4xB2  r2 r2dr = 4xB2 sin ( k r )  dr i 
I 

S O B = -  
&a 

. Thus, for 1 = 0 we have 

2mE v ( r ,  0, @) = R ( r )  = -- I l s in(&r)  
Z a  r 

6.15. Consider the Hamiltonian of a three-dimensional isotropic harmonic oscillator: 

(a) Write the Harniltonian in spherical coordinates. (b) Find the eigenfunctions of the Hamiltonian in 
spherical coordinates. (c) Find the energy eigenvalues. 

( a )  We begin by writing 

which, in spherical coordinates, becomes 

t a 2 ( r )  I a 
-fL2v2 = 4 2  -- 

[ r  a , .  + = (  
Using ~2 = -fiz [d:0d38(dn0&) -- + ---+$]. we arrive at 

In spherical coordinates, the Hamiltonian is therefore 

(b) The angular dependence of the Hamiltonian comes only from L" therefore, writing the eigenfunction in the 
form y, ( r ,  0, @) = R ( r )  Y: (0, @), we have 

~2 Y$ (0, $) d ?  m 0 2  ~v = -- - (rh! ( r )  ) + Rs~2~; (0,  Q) + -j-r2R ( r )  Y: = E y ,  2m r dr2 
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We get the radial equation 

- 
ti2 1 d 2  [""(I' 1) mu2 2] 
2m (rK ('1 ) + + ~r H ( r )  = ER ( r )  (6.15.8) 

2mr 

ti2 I d lu  + (ti21 (I  + 1) m u 2  ) 
By substituting u ( r )  = rR (r),  (6.15.8) becomes -%;$ uG) + 2' ~ ( r )  = E r ,  or 

2mr3 

[:r: - - - - F r 2 + h E ]  / ( / + I )  m202 
r2 f i 2  u(r) = 0 (6.15.9) 

m202 2m E 
We denote pz = 7 and E = fi.2; SO we obtain 

d 2  1(1+1)  [$ - 7 - p2r2 + E] u(r) = 0 (6.15.10) 

d 2  
Note that for large r. the dominant part of (6.15.10) is - P'r2)u(r) = 0. Therefore, for large r, 

u ( r )  - g ( r )  e-flr2/2 (6.15.11) 

Let us compute 

= (g" - Pg-Prg' + P2r2g) e-Br2/2 

Hence we have 

The differential equation for g(r) is 

We substitute g(r) = rS anrn  (for a, # 0), so g' = an (n + s) rS+n-I ,  and 

Note that r2 = xa,rs+n-2 = 2 an + ,rS + ", so (6.15.14) becomes 
n = O  n = -2 

For n = -2 we have [s (s  - 1 )  - 1 (I + 1 )  ] a. = 0. Since a, # 0, it foflows that s = 1 + 1 .  For n = -1  we 
h a v e [ ( s + I ) s - l ( l + l ) ] a ,  = 0.Sinces = I +  I,weobtaina, = 0;so 

(c) The eigenfunction must be bounded for large r, so we must demand that g(r) be a polynomial of a finite degree; 
i.e., we set an" = 0 for a certain no: 

or E = 3P + 20 (no + 1) = 2mEnU/ti2. Thus the energy eigenvalues are 
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6.16. Consider the infinitesimal rotation operator: 

U,(d0, P) = 1 - d0L ii (6.16.1) 

Find the rotation operator for a finite angle 0 .  Hint: Define d0 = 0 / N  for N w. 

Let Jyl) be a state vector in a coordinate system 0. The state vector in coordinate system 0' that rotates around 
fi by an angle 0 (relative to 0) is 

Hence the rotation operator for a finite angle 0 is UR(O, n) = [UR(dO, A)] N .  Defining d0  = 8 / N ,  we arrive at 

N 
Recall that lim (1  + i) = ea; so using this identity we finally obtain 

N 4- 

6.17. (a) Refer to Problem 6.16 and compute the rotation operator around 2 = j, for 1 = 1. (b) Use the rota- 
tion operator obtained in part (a), and find the representation of the eigenvectors of L, in the standard 
basis of LZ. 

i 0 
(a)  Consider the rotation operator UR = exp (-zL .A). For h = j we obtain 

Let us compute 

0  -i 0  0  - 1  0 2 = -+[i 0  i ]  = i ( l  0  

O i O  0 1  0  

and 

so we obtain 

Note that 
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therefore, 

r t + c o s O  sin0 1 - c o s 0 '  - - - - 
2 A 2 

- cos0 -- sin0 - Jz f i  

(6)  To obtain the eigenvectors of L, by using the eigenvectors of L,, we must rotate the eigenvectors of L. by 
0 = n/2; hence, in this case we have 

-1 /h (6.1 7.9) 

1/2 I / &  1/2 

Thus, 
n 

ll)x = uR(:9i)11) lo).r = j)l0) l-.l)x = u R ( ? ,  j)l-I) (6.1 7.10) 

where 

are the standard basis. Therefore, 

and 

Supplementary Problems 

6.18. h o v e  the foliowing relations: (a)  [ ~ , , p , ]  = i h C E , , ,  p , .  ( b )  [L,, p21 = [L,. r 2 ]  = [ L , .  r pl = O ,  

k 
Recall that i, J, and k can assume the values x, y, and z, and that E,,, is 

i j k  cyclic permutation ot'xyz 

&Ilk = ijk anticyclic permutation of xyz 

otherwise 
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Hint: By definition. L = r x p and use L, = ( r  x p) , = C E I J k r i  pj. 

i .  J 

6.19. Prove the following relations for the angular momentum operator: (a) L2 = L,L-p - hL, + L?; (b) 
[L,, L* ] = * AL* . 

6.20. Show that if the matrices of L, and Ls are real, i.e.. 

(1mlLxll'm')* = (lml Lxll'm') (IrnlL,ll'rn')* = (lm)L,ylr m') 

then the matrix of Lz is imaginary. (lmlL211'm')* = (lm[L;lrm'). Hint: Recall that [L,, L,] = iAL,. 

6.21. For a system with an angular momentum 1 = 1, find the eigenvalues and eigenvectors of L,Ly + LyL,. 
1 1 

Ans. lv,) = 11,O); lv2) = -(ill, l )+ l I , - l ) ) ;  Iv3) = 8 -(-ill, I ) +  11,-I)) h 

6.22. In a system with an angular momentum 1 = 1, the eigenvalues of Lz are given by I+ I), lo), and CI), where 

L2(+l) = AJ+1) L , t I )  = -hl-l) L, = 10) (6.22.1) 

Wo 
The Hamiltonian is H = (L.; - L;), where W0 is a constant. Find (a) The matrix representation of H in the 

basis I+ I), lo), and 1-1) ; (6) the eigenvalues and the eigenvectors. 

Ans. (a) I+ 1) 10) I- 1) 

(6) The eigenvalues and eigenstates are o 0 A  (I+ 1). 2moh ( 10) 1. and mOA (t-1)). 

6.23. Prove that in spherical coordinates the operators Lx, Lyr and L, are written as 

6.24. The Hamiltonian of a three-dimensional isotropic harmonic oscillator is 

1 2  1 2 2  
Calculate the following commutation relations: (a) [H, L,], (6)  [ H ,  Hz], (c) [L, Hz], where Hz = %PZ + $mO z . 
Ans. (a) [H, L,] = 0; (6) [H, H,] = 0; (c) [L, H,] = 0. 

6.25. Prove that the time derivative of the mean value of the angular momentum operator L is given by 

where V is the potential. What can you say about the time derivative of L for a central potential? 

Ans. For a central potential, VV = r r x V V  = 0, and the time derivative of L vanishes; thus, the eigenval- 
2 

ues of L are time-independent. 
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6.26. Use the following data to compute P ,  (x): (a)  P, (x) is a polynomial of the fourth degree; (b) P, ( 1 ) = 1; ( c )  

P, (x) is orthogonal to 1 ,  x, x2, and x3, i.e., xkP, (.s) dx = 0 for k = 0, 1 ,  2.3. Hint: Choose P, (x) to be of J-, 
A 

f 
the form P4(r) = Z c k x k .  Am.  P, (x) = g ( 3 5 2  + 30x2 + 3) 

k = 0 

6.27. Let Iy) be a state function of a certain system and U, (0, n) be a rotation operator with angle 0 around n (n is a 
unit vector), so that Jy t )  = URIyf) is the state function rotated by angle 0 about n. Using a matrix representation, 

I 
show that for 1 = 1, UR (0, n) = exp ( - i o n  I,) (this operator is the rotation operator for all values of 1). 



Chapter 7 

Spin 

7.1 DEFINITIONS 

Spin is an intrinsic property of particles. This property was deduced from the Stern-Gerlach experiment. 
The formal definition of the spin operator S is analogous to the angular momentum operator (see Chapter 6). 

s21a) = s (S + I )  h21a) (7.1) 

la )  being an eigenfunction of S' and S (S + 1 ) the corresponding eigenvalues. We define also 
2 2 2 2  

S = S,+S,+Sz (7.2) 

where S,, S,,, and S- obey the following commutation relations: 

[S,, S,] = ins, IS,, S,] = ifis,, [S,, S.,] = i f i s  Y (7.3) 

Analogous to angular momentum, the quantum number of spin in the z-direction is ms = -S, -S + 1, . . .,+S, 
and 

Sll a )  = m,hl a )  (7.4) 

7.2 SPIN 112 

For particles (an electron, for example) with spin of 112 we have ms = + 1 /2  and two distinct eigenvectors 

2 1 1 
of S and S. denoted by I+z) and I-?). These eigenvectors are called the standard bask ,  where 

As its name hints, it is this basis that is usually used, though alternative bases are of course available. Any wave 
function in the spin space can be written as a linear combination of the standard basis. 

7.3 PAUL1 MATRICES 

The Pauli matrices o = (ox, o,,, 0;) are defined using 

where 

S being written in the standard basis. The commutation relations of the Pauli matrices are 

[ox, oy] = 2ioz [o,, o,] = 2io, [o_,  0.~1 = 2ioy 

Other useful relations for the Pauli matrices are 
2 2 2 
0, = 0, = 0; = 1 

and also 

( 0 . A )  ( 0 . B )  = ( ~ . ~ ) l + i o .  ( A x B )  

where A and B are two spatial vectors. 
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7.4 LOWERING AND RAISING OPERATORS 

Analogously to the angular momentum, we define the lowering and raising spin operators: 

S+ = S, + is, S = S,y- iS, 
6 

where 

7.5 ROTATIONS IN THE SPIN SPACE 

To find the representation of a state la) in a given coordinate system that is rotated by an angle 8 around an 
axis in the direction of the unit vector li (see Fig. 7-1 ), we compute 

Fig. 7-1 

Thus, the rotation matrix is 

CO' ( e l 2 )  s i n  (9/2) e-i') 
U R  = e x -  s) = [ 

sin (8 /2 )  eiQ cos (8/2)  

Notice that for 4 = 0 (rotation around the z-axis) we have 

cos (8 /2 )  -sin (8 /2 )  
U ,  = sin (8 /2 )  cos (8/2) 1 

which is a rotation of 8 / 2  around the z-axis. The rotation of a spin vector differs from that of a spatial vector. 
This result is unique to the spin vector and can thus be used to define a spin vector. A spin vector is called a 
spirtor-. 

7.6 INTERACTION WITH A MAGNETIC FIELD 

Consider a system consisting of particles with a spin S. Applying a magnetic fieid B will introduce an addi- 
tional term to the free Hamiltonian Ho.  so that 
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Solved Problems 

7.1. Calculate the commutation relation [o,, o,], where j = x, y, z and oi are the Pauli matrices. 

We begin by considering the Pauli matrices: 

Therefore, we see that 

Also, 

and, finally, 

So we conclude that 

where 

1 i j k  have cyclic permutation 

- I  ijk have anticyclic permutation 
0 otherwise 

1 1 1 
7.2. Using the basis vectors of S, eigenvectors, calculate Sil+l)  and S i t - )  2 ( i  = X, y, 2 ) .  where i+i) and 

1 are the eigenvectors of S, with eigenvalues +h/2 and -h/2, respectively. 1-2) 

The basis vectors of S, eigenvectors are (see Summary of Theory, Section 4.2) 

n 1 
and S = 30. Denoting by + )  [ 1, I - )  [ 1, we write 

Note that S, produces a transition between the eigenstates of S , ,  so that when S, operates on one eigenstate it pro- 
duces a multiple of the other. Similarly, for S, : 
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And so, as expected, 

7.3. (a) If the z-component of an electron spin is +h/2, what is the probability that its component along a 
direction z' that forms an angle 0 with the z-axis equals +h/2 or -h/2 (see Fig. 7-2)? (b) What is the 
average value of the spin along z'? 

Fig. 7-2 

1 
(a) The present state of the electron is I+?): the spin operator component along z' is 

h  
S,. = S . n  = 2 0 . "  (7.3.1) 

where n is a unit vector along z'. In our case, n = .i sin0 cos$ + 9 sin0 sin$ + f cos0 and therefore, 

S., = S, sin0 cos$ + S ,  sin0 sin$ + S7 cos0 (7.3.2) 

The eigenvalues of S ,  are + h / 2  or - f i / 2 ,  and the eigenvectors of S2. with the basis eigenvectors of S, are 

and 

where a, b, c, and dare complex constants. By substituting (7.3.2) and (7.3.3) into (7.3.4) we obtain 

(S, sin0 cos$ + S, sin0 sin $ + S2 cos0) (7.3.7) 
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Using the known relations 

1 ifi 1 

1 f i l  
S.rl-j) = j l+ j )  

1 ifi 1 s I--) = --I--) 
J 2 2 2 

1 f i  1 
S:I--) 2 = --I--) 2 2 

so (7.3.7 ) turns into the form 

Hence, we obtain 

u sine cos@ + iu sine sin@ - b cose = b 

u cose + b sine cos$ - ib sine sin@ = u 

(1 + C O S ~ )  b I 
or (1 = sine (cos@ + isin$) ' I+?) must be a unit vector; thus, luI2 + lbI2 = 1 and (bI2 

I, so 

sin2e sin% 4sin2(f)cos'(f) , e 
Ib(2 = - - 

2 + 2cose 
= sin ( j) 

4C0S2(i) 4COS2(i) 

We choose h = el@sin (8/2); hence 

(1 + C O S ~ )  
2 cos2(:) sin(;) 

u = sin Be1@ sin(f)el@ = sine = cos( f ) 
so we obtain 

1 
Since I-!)' is oflhogonal to (+-)I we have 

2 2 

' 1 1  
(+j1-2) = ccos ( f ) + dsin(f)e-'+ = 0 + c = -tan(;)e-'(d 

I 2 
Note that I--)' is also a unit vector, so Ic12 + ld12 = 1 .  Substituting c we obtain [tan (8/2)  + 11  Id2 = 1, 2 
or IdI2 = cos2(8/2). We choose d = -cos (8/2),  and so c = -e-losin (8/2). Therefore, 

The present state of the electron represented by the basis eigenvectors of S:. is 

Therefore, the probability that the spin component along z' is +fi / 2: 

and the probability that i t  is -h/2 ; 

1 1  
(b)  The average value of the spin along z' is (S..) = (+jIS,,l+i). Using the relation 
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we obtain 

SPIN 

7.4. Consider a particle with spin S = 1/2. (a) Find the eigenvalues and eigenfunctions of the operator 
S, + S, where Si is the spin operator in the i-direction ( i  = x, y, z ) .  (b )  Assume that la} designates the 
eigenfunction of S, + S, that belongs to the maximal eigenvalue, and that the particle is in state la). If 
we measure the spin in'the z-direction, what are the values and their probabilities? (c) The particle is in 
state (a). Find, if possible, the direction n in which the spin measurement will with certainty yield the 
value S ,  = f i / 2 .  

(a) We begin by writing ]he matrices 

thus, 

To find the eigenvalues of this operator (hfi/2), we must solve the equation det [a - (hfz/2) 11 = 0; that 
is. 

So, h 2  - 2 = 0, which yields h = * a ,  and the eigenvalues of a are +ti/&. The eigenfunction of a cor- 
responding to the eigenvalue + f z /  is 

I I 
That is the state u l+j )  + bl-2). where 

.J2 1 1 
Thus, a = -bib. For a l+ j )  + bl--) to be normalized we must satisfy the condition laI2 + lb12 = I; hence, 2 

I I - i  e-in/4 I 
which yields b = I/.& and a = - = - = - 

r + l  2 Therefore, the first eigenstate Iv,) = ul+j )  

1 e-1n/4 I I I + b(-2) is found to be I v , )  = - I+-} + -I--). Similarly, for the second eigenfunction of a correspond- 
$ 2  a2 

ing to the eigenvalue -A/.& we obtain 
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1 I 
Or Iv2) = c[+2) + dl-?), where 

[CHAP. 7 

-r2 1 
so r = --.d. The normalization condition of I\#,) yields d = I /.& and c = -- = e3x'4/,h, and 1 + 1  r +  l 

e7X.'4 I 1 1 
therefore, (v,) = - I+-) + - I - - ) ;  so finally .Jz 2 f i 2  

(b) The maximal eigenvalue of S,, + S,, is +#I/ .& ; thus, 

The values that can be obtained from a measurement of S: are f fi/2. The probability for S- = f i / 2  is 

Therefore the probability for S. = - f i /2  is 

(c )  If the measurement of an observable gives only one result. then the state of the system is an eigenstate of that 
observable; thus, the state la) is the eigenstate of a spin operator in a certain direction (the one we wish to 
find). As we have seen in part ((0, 

IvL) is also an eigenstate of S,  + S, with the eigenvalue h / f i ,  that is, 

fi I fi 
a) = -la) 3 - (S ,  + S , )  la) =  la) 

c s , + s l ) '  fi f i  (7.4.14) 

Hence, (a) is theeigenstate of (S, + S,,) /+& and the measurement of (S,  + S,.) /.& always yields the result 
fi/2. Note that (S,  + S, )  / f i  is the spin operator in the direction of the spatial unit vector n = .i + j  where 
2 and j are unit vectors in the .r and y directions. respectively. 

7.5. Consider a particle with spin 1 /2.  (u) What are the eigenvalues and eigenvectors of S,, Si, and Sz ? (h)  
Consider a particle in eigenstate S, .  What are the possible results and their probabilities ~f we measure 
the z-component of the spin? ( c )  At t = 0 the particle is in the eigenstate S , . ,  which corresponds to the 

eB 
eigenvalue - f i / 2 .  The particle is in a magnetic field and its Hamiltonian is H = G S , .  Find the state 

at t > 0. (4 If we measure S, at t = r,, what is the result? What is the result for a measurement of S ,  at 
t = r,? Explain the difference in tl-dependence. ( r )  Calculate the expectation values of S ,  and S: at 
t = t,. 

(a)  Consider the matrices S,,  S,, and S. written in the basis eigenvectors of S. ,  

I 
First we shall determine the eigenvectors of S . .  For eigenvalue +h/2 we have I+j); = [ A 1 and for eigen- 

value -fi / 2  we have I--) 2 -- = [ ~ ) . T h e e i g e n v a l u e s o f S r a r e h h / 2 . w h e r e d e t ( S , - ( h h / 2 ) 1 )  = 0 ;  
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that is, 

SPIN 

or h2 - 1 = 0. Therefore, we obtain the eigenvalues +fi/2. The eigenvector corresponding to the eigenvalue 

1 
Solving (7.5.3) we obtain h = a .  Now, I+-) must be normalized, so we set the condition la(? + Ih12 = 1.  2 ,  
Substituting for a we obtain 

Thus, the eigenvector of S ,  with eigenvalue +h/2 is 

1 
The other eigenvector I--) (with eigenvalue -fi/2 ) is obtained either from orthogonality and normalization 

2 r 

condilions (since the two eigenvectors belong to different eigenvalues), or in the same manner in which the 
first eigenvector was obtained. We will follow the former course: 

and 

giving r .  = -d .  Using the ~~ormalization condition, lc12 + ( ~ 1 1 ~  = 1; we can choose c = -d = 1 / f i  and 
obtain 

Similarly, the eigenvalues of S,, are ( fi /2) h  , where 

det (S I - ; h l )  = (:y( 1; ) = 0 

or h? - l = 0; so the eigenvalues of S, are also f f i / 2 ,  and the eigenvector corresponding to the eigen- 
value +h/2 is 

where 

so ia = h. Using the normalization condition [aI2 + lh12 = 1 we obtain 21h12 = 1 ,  so we can choose 
h = 1 / f i  and a = - i / $ .  And finally, we obtain 
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1 1 1 1 1 
Using the orthogonality relation of I--)Y to I+?),, we have I--) = (.I+-) + dl--) and 2 2 J 2 :  2 :  

so d = i c ,  and from the normalization condition we get Ir12 + ld12 = 21c12 = 1 .  Thus, r = 1 / &  and 
d = i /&; therefore, 

(b) As we found in part (u), the eigenstates of S ,  are 

I 
If we measure the spin component in the :-direction, the state of the particle will be either I+z):, giving 

1 
S ,  = fi/2, or I--) , giving S ,  = -fi/2. The probability for S -  = h/2  is 2 .- 

and for S2 = -h/2 is 

1 1 
Note that if the initial state is either I+$, or I--)A we obtain the same results. 2 

(c) At I = 0 the particle is in initial state: 

a yr 
We want to find the time evolution of this state, so we use the Schrijdinger equation, i t i x  = Hyr. As the 

Hamiltonian is time-independent, we write yr ( r ,  s, t )  = @ ,  ( r ,  s )  @ , ( t ) ;  substituting in the Schrodinger equa- 
tion gives 

Assuming that $ , ( I )  is of the form Q 2 ( t )  = e-iE1/\ where E is a constant, we obtain 

and we must require that @ , ( r ,  s )  = E @ ,  ( r ,  s). In other words, Q , ( r ,  s )  must be an eigenfunction of the Ham- 
iltonian H .  Note that 

Thus, the eigenstates of H are similar to the eigenstates of S; ,  where the eigenvalues of H are the eigenvalues 
of S, multiplied by the constant e B / m c .  Therefore, 

and 

Also, 

which gives 
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Therefore, each state of the particle can be written as 

For our system, the initial condition is 

hence a = j3 = I /& , giving 

(4 A measurement of S ,  or S ,  will give either + h / 2  or - h / 2 .  The probability for a measurement S, = + h / 2  is 

and for S, = - f i / 2  we have 

Similarly. the probability for S: = + h / 2  is 
2 

(7.5.31) 

and for S2 = - f i / 2 ,  

(7.5.32) 

(e) We can calculate the expectation value of S ,  in two ways: the first by calculating ~ ( r ,  s, t , )  jS,I ~ ( r ,  s, t , )  ) 
and the second by summing over the products of the possible values multiplied by their probability. In the sec- 
ond possibility, 

f i  f i h  eBr  e B t  h 
( S x )  = + - P x ( + ? )  2  - i P x ( - i )  = [cos2 (d) - sin2(&)] = 3 c o s ( 2 )  

Similarly, 

e B 
Note that (S,,)  is not conserved in time; this is because [H, S,] = , [S: ,  S , ]  # 0, while ( S - )  is conserved 

since 
e B 

[H,S , l  = , I S ,  S , l= 0 (7.5.35) 

7.6. (a) Prove that [ S 2 ,  Szj  = 0 where S 2  = S: + S; + S? . (b )  Show that the eigenvectors' basis of S ,  diag- 
onalizes S 2 .  Find the eigenvalues of S 2 .  

(a) In Problem 7.1 we found that [ox, o,] = 2 i o Z ;  [o,, a,] = 2 i o , ;  and [o,, o, l = 2io , ;  therefore, recalling 
that S = h o / 2  we write 

[S,,S,] = i f i s :  [ S , , S , I = i f i S ,  I S z , S x l = i f i S , ,  (7.6.1) 

Hence, 

[S2 ,S , l  = [ S : + s ; + S ~ , S , 1  = ~ I S ' , S , I  
I 

where i = x, y, z . We see that 

[ S 2 ,  S,] = s;sz - S,S,Z + SIS,Sl - S,S,S, 

= S ; ( S , S , - S , s , )  + ( s l S , - s , s , ) S I  = S ,  [ S , , S : ]  + [Si, S,] S ,  (7.6.3) 

so [S,', S,] = 0. Also, 

1s:-,S,l = S,[S,,S,I + [ S , , S ; ] S ,  = - i h ( S x S , + S , S , )  
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and 
IS:, Szl = S ,  . [S,, , Srl + [S , ,  S21 S, = -ifi (S,S, +S,S , )  

And finally, 

[s2, s.1 = C IS:, s;] = i f i  (s,s. + s,,s,, - ifi ( s , s ~  + S,,S.) = o 

(b) To obtain the matrix representation of S2 we calculate it, using the matrices of S,, S,, and S, in the basis of 
the eigenvectors of S , ;  that is, 

hence, 

S2 = s;+ S,Z + S f  = ( ; ) 2  (0; + 4; + 0:) 

Using the known result that a; = 1, we obtain 

We see the S Z  is diagonalized (in the basis of the eigenvectors of SZ) .  From linear algebra we know that if a 
vector basis diagonalizes the matrix of an operator, then the basis is con~prised of the operator's eigenvectors, 

1 1 
i.e., (+2) and I--)  are also the eigenvectors of S2. In other words, we conclude that if the commutation relation 2 
of two operators is zero, then we can find similar eigenvectors for both of them. To find the eigenvalue of S2 

1 
for the eigenvector I+,) we calculate 

1 1 
So the eigenvalue of I+2) is 3 f i 2 / 4 ,  and the eigenvalue of I- 2 )  is 

1 
Thus the eigenvalue of I- 2) is also 3 f i 2 / 4 .  Note that if we set S = 1 /2  to be the quantum number of the 

total spin, then (like the angular momentum theory) the eigenvalue 3 h 2 / 4  can be written as fi2S ( S  + 1).  

1 1 
7.7. Find the result of applying the  operators S,, + is, and  S,- is, on the eigenvectors I+?) and I-?) of S ,  . 

What  is the importance of  these operators? 

We begin with the operator S,  + i s ,  and calculate 

1 1 
( S ,  + is,) I+$ = S,(+2) + 

and 
1 1 

( S ,  + is ,)  I--) = 2 
For the operator Sx- i s ,  we have 

and 

To conclude, we have 

1 1 1 I I 
S+l+2) = 0 S- I + T )  = hI-2) 

1 s+ I-,) = fiI+?> s- I-,} = 0 (7.7.5) 
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where S+ = S,  + i s ,  and S- = S,- i s y .  The latter relations justify calling S+ a spin-raising operator, since it 
increases the spin in z-direction from - h / 2  to + h / 2 .  Similarly, we call S_  a spin-lowering operator, since it 
lowers the z-component of the spin from + h / 2  to - h / 2 .  S+ and S- allow us to jump from one eigenstate of S ,  
to the other. They are very useful in spin calculation. 

7.8. Using the operators S+ and S- compute the matrices S ,  and Sy; show that S2 = S: + S; + Sf is diag- 
onalized in the basis of eigenvectors of S,. 

The spin-raising S+ operator and the spin-lowering S- operator are defined as 

S+ = S,  + i s ,  S- = ,S, - i s ,  

Hence, we can write 
1 1 

s, = g s + + s - )  s, = , 7 . ( S + - S )  

Therefore, 
1 1 

S 2  = s ;+s . ;+s , ;  = S ; Z + j ( S +  + S - ) 2 - j ( S + - S - ) 2  

1 
= Sf + 5 (S,S- + S-  S,) 

To find the matrix representation of S2 we compute 

And also 

Therefore, 

which is diagonalized. 

7.9. For a particle with spin 1/2, compute in two ways the expectation value of iS,SyS,, where the 

1 1  1 
particle wave function is --(I+-) + ti)) : (a) using S+ and S- operators, where S+ = S ,  + is, */i 
and S- = S,- is,; (6) in a direct way. 

(a) Consider the matrices S+ and S-: 

1 1 
s, = p + + s - )  s, = z ( S + + s - )  (7.9.1) 
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Therefore, 
i 1 

A = i s , s , s ,  = - ( s + + s )  Si ( s + - S - )  ( s + + s - )  = ~ ( s : - s + s -  +s-S+ -s:) ( s , + s  ) 

1 
= 8 (S:  - S+S- St + S- - S i  .Y+ + S+S: - S,SI + S S+S.. - S ) (7.9.2) 

Recall that 

I 1 1 1 1 
S + l + j )  = 0 

1 
S+l- j )  = f i I + j )  S I + - )  2 = t i l- - 2 )  s_  I-$ = 0 (7.9.3) 

Hence, 
2 I 7 1 

S+I--) = 0 2 " l+z) = 0 (7.9.4) 

Therefore, all the expressions in a that contain S,Z or S I  do not contribute to the expectation value, that is, 

1 1 1 I 1 
= [ ( ( t i l  + (- i t ) ss+s -  + S+S- ~ + ( l + ~ )  + I ? ) ) I  

It can be seen that 
1 1 1 

s- s+s- 1+ j )  = ti"- 9 )  s_  s+s_ I- 5 )  = 0 

and also, 
1 1 1 

st s- st I+?) = o s+ S- s+ I + Z )  = fz31+9 

Substituting in (7.9.5) we obtain 

(b) The matrix representation of iS,S,Sr in the standard basis is 

d = S S S  = [ y b )( )( 1 ) = %( Y ]( 1 o o ]( y A ) 

The particle wave function in the standard basis is : ) and. therefore. 

7.10. Consider the commutation relations: 

IS,, S,l = ifis- 

[S , ,  S,l = i f i s ,  (7.10.3) 

Given that Sx,  S,, and S Z  are Hermitian operators with eigenvalues f h / 2 .  find the matrix representa- 
tion of S,, S,, and S- in a basis where S ,  is diagonalized. 

Note that S,, S,., and Sr each have two eigenvectors and that they are Hermitian operators; thus we conclude 
that their matrix representation is 2 x 2: so, 
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We want to express the matrices in a basis in which S, is diagonalized; thus we write 

Substituting S, and S; in (7.10.3) gives 

or 

Thus, we obtain 

0 - ihl  0 -ic' 
S, is a Hermitian matrix; i.e., S,I = S , ,  or ( ) = [  , o l ) . T b n i d r e , h l = c , = a H e n r e .  

Substituting SZ and S, in (7.10.2) gives 

Thus, we obtain 

0 -ia 

Finally, we substitute S, and S, in (7.10.1) and obtain 

Thus, la12 = fL2/4. I f  we choose a to be areal positive number (a = fL/2), we obtain the standard representation 
of S,, S,, and S:: 

7.11. Using the Pauli matrices prove: (a) ( a .  A )  (a + B )  = ( A  ~ ) 1  + i o  . ( A  x B),  where a = (ox, 9, 
-ie 

a )  1 is a 2 x 2 matrix. A =(A, ,  A,, A,). B = (B,, By.  B?); (b) e x p ( - p .  a) = cos ( 8 1 2 )  1 - 
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1 
in . os in  (0/2).  Recall that we can expand an operator A in a Taylor series, e" ~ C A )  (see 

n 

Chapter 4). 

(a)  We begin by considering the Pauli matrices: 

B* Bx-  iB,, 
Similarly, 0 .  B  = . Thus we obtain 

Note that 

so that 
( 0 - A )  ( 0 - B )  = ( A B ) ~  + ( A x B ) ;  ioz+ ( A x B ) ,  ioY+ ( A x B ) , i o x  

(b )  We expand the exponent as 

Note that 
[ 

1 for even n (-;)n = for even n ( n .  0)" = 
n . o for odd n (-,I (-1) (n- 1) /2  for odd n 

Thus we obtain 
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exp i ~ n  . 0 ( 2 n ) !  2 ( " 2 n + ' ( n . 0 ) ]  ( ) = z[ ' ("2n11-z[(2n+ l ) !  2 

n = O  n = 0 

Using the known expansions of 

sina = (2n+ I)! 

we eventually obtain 

7.12. Consider the eigenvectors of S,, the spin component in n-direction, where n is a unit vector: 

n = 2 sin0 cos@ +9 sine sin$ + ?  cos0 (7.12.1) 

Find the rotation operator U,, where 

1 1 1 1 
I+?) and 1- 2) are the standard bases of S z  eigenvectors; I+?)' and 1- 5)' are the eigenvectors of S ,  

with eigenvalues +h/2 and - h / 2 ,  respectively. Recall that 

1 
We choose I+:) = ( ) a d  I- 2 )  = [ ), so that 

1 cos (0/2) 
I + - Y = [  2 sin(B/2)ei@ ) 1 -sin(0/2)e-'6 1- ->' = 

2 cos (0/2) 

Assume that the matrix representation of U, is U R  = 
1 1 [ :: ); Ihen the condition (7.12.2) U I--) = I-->' can 

R 2  
be written as 

2 

(7.12.5) 
sin(0/2)ete sin (0/2)c1@ 

1 1 -sin(0/2)e-'+ 
Similarly. for URIpi) = - we obtain ( ] = [ ; so finally we get 

cos (0/2) 

cos (8/2) -sin (0/2)e-'@ 
sin(0/2)u1Q cos (0/2) 1 

cos (8/2) 0 0 -sin(€)/%) cos@ 0 +sin(0/2)sin@ 
= [ 0 cos(012) 0 sin (0/2) sin@ 0 

8 
= C O S ( ; ) ~  - i sin(5)(cosm)oy - i sin(;)(-rinm) ?, 

1 
8 = c o s ( )  i n )  0) (7.1 2.6) 
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.Y ?' 

Fig. 7-3 

2 x n  
where fi = x  ̂ sin@ + 9 cos$ (see Fig. 7-3). Note that ic = - 

i x n / ' S O  

9 
i x n  = 0 = -,f sin 8 sin @ + 5 sin 8 cos @ 3 12 x n/ = sin 8 (7.12.7) 

1 sin 8 cos @ sin 8 sin $ cos 8 I 

In Problem 7.1 1, part ( h ) ,  we obtain the result 

cos(:) l- i  sin(:) ( i  8 S )  = exp ( 7  --t s 1 
So, in conclusion, the rotation operator is 

2 x n 
where ic is a unit vector in the direction of the axis around which we want to rotate the system, ir = - . n i s a  

12 x nl 

unit vector in the direction of the new z-axis, and 8 is the angle between the new and old z-axis. 

Supplementary Problems 

7.13. Prove that 0.; = a,2 = 0: = 1, where 1 is a 2 x 2 unit matrix. 

A  h A A  A A  

7.14. Calculate the anticommutation relation [ai, u,] + where we defined [ A B 1 + = A B + B A .  

Ans. [o,, o j ] ,  = 0. 

7.15. Show that the matrix of S2 = S t  + S,? + S.2 is diagonalized in the basis of eigenvectors of both S, and S, 

I I 1 
7.16. Calculate the value of ( S , )  and AS,  ( i  = r, y, i) for the spinor - ( r '@'21+Z)  + e - ' @ I 2 k  ?)). .b 

f i  iz f i  75. ti 
Ans. ( S , )  = 2 cos@, AS,  = - sin@; ( S , . )  = -- cos$, AS,. = 2 cos@; ( s , )  = 0. AS, = ?. 

2 2 

7.17. The matrix representation of S ,  in a certain basis is S ,  = f [ O ) Find the basis and the matrix representation 
of S,  and S, .  0 -1 
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I 
A * .  I - )  = - I+-) 2 ,  $2 2 ,  

7.18. Consider the rotation operator 

i e i 0 
U,(e, ic) = exp(hir - S )  = exp( a) (7.18.1) 

By rotating the eigenvectors of S.,  find the eigenvectors of S, and S ,  in the standard basis. 

n 



Chapter 8 

Hydrogen-like Atoms 

8.1 A PARTICLE IN A CENTRAL POTENTIAL 

The Hamiltonian of a particle of mass M placed in a central potential V(r) is 

where the Laplacian V' in spherical coordinates is 

1 a2 1 a +--I 1 a2 
tan 0 8 0  sin2 0a02 

Comparing (8.2) with the expression for the operator L' obtained in Chapter 6,  we see that H can be written as 

The three components of L commute with L', and therefore according to (8.3) they commute also with H: 

IH, Lrl  = [ H ,  L,J = [ H ,  LZl = 0 (8.4) 

We can now solve the three eigenvalue equations: 

H w ( ~ ,  0,  $1 = EWr,  0, $1 
L2yJ(r, 0 ,  @) = l(1 + l)h2yJ(r, 0, Q) 

L-W, e , @ )  = mfiyJ(r, e ,  Q) 
2 to determine those states that are eigenfunctions of H, L , and Lv (where we used the notations of Chapter 6). 

Using separation of variables (see Problem 8.1 ), we get 

where is the spherical harmonic function and Rnl(r) is the radial function (which does not depend on the 
quantum number m). Since the yY(0, (p) are normalized by definition: 

J, J, ( Y,")* ( Y;") sin d~ d~ = ti,,timm. 

the normalization condition is 

According to Problem 8.1, the radial equation for R,,(r) is 

We can simplify this equation by writing 
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from which we have 

HYDROGEN-LIKE ATOMS 

Equation (8 .13)  is analogous to the one-dimensional problem of a particle of mass M moving in an effective 
potential Veff (r) ,  where 

For the angular part we have the equations: 

8.2 TWO INTERACTING PARTICLES 

Consider a system of two spinless particles of mass m l  and m, and positions r ,  and r2.  We assume the 
potential energy to depend only on the distance between the particles, V(rl - r2) .  The study of the motion of the 
two particles is simplified if we adopt the coordinates of the center of mass: 

and the relative coordinates: 

r = r l - r 2  

We can then derive the equations (see Problem 8.2): 

and 

where p is the reduced mass of the two particles: 

From Eq. (8.19) we conclude that the center of mass behaves like a free particle of mass m l  + ma and energy 
E,,. The relative motion of the two particles is determined by Eq. (8.20) and is analogous to the motion of a 
particle of mass y placed in a potential V(r). 

8.3 THE HYDROGEN ATOM 

The hydrogen atom consists of a roton of mass mp = 1.67 x lo-" kg and charge e = 1.6 x C, and 
Po an electron of mass me = 0.91 x 10- kg and charge -e .  The interaction between these two particles is essen- 

tially electrostatic. and the potential energy is 

e2 
V(r) = -- 

P- 
(8.22) 
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where r is the distance between the two particles. Since mi, is much greater than m,, the reduced mass p of the 
system is very close to ni,,: 

This means that the center of mass of the system is practically in the same place as the proton; the relative 
motion can be identified, to a good approximation, with the electron. 

According to Eqs. (8.8) and (8.12), we may write the states of the system in the form 

I n1 
vnin,(r, 8, $1 = y Un,(r)Yi (0' $1 

We introduce the Bohr radius a,, which characterizes atomic dimensions: 

and the ionization ener-gy of the hydrogen atom: 

To solve the radial equation for the hydrogen atom. we define p = r./ao and hki = ,/-. The radial 
equation (8.13) then becomes 

where we use the index k instead of n ( n  = k + I). The radial equation is solved by performing a change of func- 
tion (see Problem 8.1 j: 

uki(p) = e - p h i ~ k i ( ~ )  

and expanding tL1 in powers of p: 

The coefficients Cq can be obtained from the recursion relation (see Problem 8.1): 

2 9 ( k -  I ) !  (21+ l ) !  
' 9  = (-I) ' (=) ( k - q -  l ) !q!  ( q + 2 1 +  I)', 

The solution for Rni(p) can be written in the form 

where ~ z ( p j  are the associated Laguerre polynomials (for detailed information, see the Mathematical Appen- 
dix). Some examples of the radial functions are 
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8.4 ENERGY LEVELS OF THE HYDROGEN ATOM 

For fixed 1, there exists an infinite number of possible energy values: 

Each of them is at least (21 + 1)-fold degenerate. This essentiaf degeneracy results from the radial equation's 
being independent of the quantum number rn. Some of the energy values manifest acc.idenraI degeneracy. Here 
the Ekl do not depend on k and 1 separately but only on their sum. We set n = k + I ,  and then 

The shell characterized by n is said to contain n subshells, each corresponding to one of the values of 1: 

1 = O , I , 2  , . . . ,  n - 1  (8.3 7) 
Each subshell contains 2I + 1 distinct states corresponding to the possible values of m, 

m = -1 , - !+I , . . . ,  1 - 1 , l  (8.38) 

The total degeneracy of the energy level En is 

If one takes into account the electron's spin (which can be in one of two possible orientations) then the number 
g,, should be multiplied by 2. 

For historical reasons (from the period in which the study of atomic spectra resulted in empirical classifi- 
cation of the lines observed) the various values of I are associated with letters of the Latin alphabet, as follows: 

( I  = 0 )  t , s  

( I  = 1) t , p  

( I  = 2) t , d  

(1 = 3)  t,f 

( I  = 4 )  t , g  

in alphabetical order 

8.5 MEAN VALUE EXPRESSIONS 
In the following list we include some mean value expressions of rk that are useful in many problems: 
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8.6 HY DROGEN-LIKE ATOMS 

The results obtained above originate in calculations for systems of two particles with mutual attraction 
energy inversely proportional to the distance between them. There are many physical systems that satisfy this 
condition: deuterium, tritium, ions that contain only one electron, muonic atoms, positronium, etc. The results 
are applicable to these systems, provided that we properly select the constants introduced in the calculations. 
For example, if the charge of a nucleus is Z, then e2  + 2 c 2  in all the calculations. 

Solved Problems 

8.1. ( a )  Write the eigenvalue equation for a particle in a central potential V ( r ) ,  and perform the separation of 
variables in the wave function. Obtain the radial equation and the two angular equations. ( h )  Solve the 
radial equation for the potential of the hydrogen atom V ( r )  = - e 2 / r .  

( a )  Consider the Hamiltonian of the system: 

We have the following eigenvalue equation: 

The three obse~ables  H, L', and L .  commute. Thus we can look for functions yr(r, 8 ,  @) that are eigenfunc- 
tions of L2 and L: as well. We ha;e the following system of differential equations: 

Hw(I., 8 ,  $) = Eyro., 8,  0) (8.1.3) 

L2v(t-, 8 ,  @) = 1 (1 + I )  f L 2 ~ ( r ,  8 ,  @) (8.1.4) 

and 

L,v('., 8, @) = m h v ( r ,  8, @) (8.1.5) 

Note that we have three differential equations for v(r, 8, Q), which is a function of three variables. Since 

a 
and L- = -ifi- (see Chapter 6), (8.1.4) and (8.1.5) can be replaced by a @ 

and 

The solutions ~ ( r ,  8 ,  @) to these equations corresponding to fixed values of I and m must be products of a func- 
tion of u and the spherical harmonic ~,"\8, I$) : 

v ( r ,  8 ,  $1 = ~ ( r )  ylm(e, (8.1.9) 
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Substituting (8.1.9) in (8.1.2). (8.1.8), and (8.1.9), we obtain 

and 

Equation (8.1.10) is the radial equation; (8.1.1 I )  and (8.1.12) are the angular equations. From (8.1.12) we can 
conclude that the $-dependence of Y , ~ ( O ,  $) is of the form elm9 . Thus Y,"?B, $) = ~;'(8)e'"\ where G/"(8) 
is a function of 8 only. 

(b )  We write the radial equation in the form 

Introducing the function ukl(r)  = rR,,(r) we arrive at 

We define an effective potential: 

We may view (8.1.14) as a one-dimensional problem, i.e., a particle of mass p moving in the effective poten- 
tial Veff, the one difference being that r. assumes nonnegative values only. To express (8.1 . I # )  in dimensionless 
form, we define 

Equation (8.1 . I#)  becomes 

Let us define uL,(p) = e-p+lkA,(p); we now obtain 

with the boundary condition 5,,(0) = 0. An expansion of Ck1(p) in a power series of p yields$,(p) = 

p s z C , p q ,  where C ,  is the first nonzero coefficient. Thus. 

= n  

and 

Substituting (8.1.19) and (8.1.20) into (8.1.18). we obtain a power series on the LHS and zero on the RHS; thus 
the coefficients of the powers of p equal zero. We assume that the solution of (8.1.13) behaves at the origin 
as r " :  

Rkl ( r )  - Cr' 
r 4 I1 
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Substituting (8.1.21) to (8.1.13) we obtain 

I ( / +  I)  -s(s+ I)  = 0 

which is satisfied if s = 1 or s = - ( I  + I ) .  Therefore, for a given value of E,,, there are two linearly inde- 
pendent solutions of (8.1.13). The solutions behave at the origin as r 1  and I / r l +  I ,  respectivety. The latter 
solution must be rejected, as i t  can be shown that ( I / r l+  I) Y ; ~ O ,  9)  isnot a solution of the eigenvalue equation 
(8.1.2) for r = 0 .  It follows that the solutions of (8.1.13) go to zero at the origin for all 1, since 

u,, ( r )  - Crl+  I .  Therefore the condition u,, ( 0 )  = 0 should be added to (8.1.13). In the power series that 
r 4 0 

we obtain we now take the lowest term and equate its coefficient to zero. It follows that 

Since C, # 0, we have s = -I or s = 1 + t. Next, we set the coefficient of the general term pq+"' equal 
to zero (for s = I + I ) and obtain the following recurrence relation: 

q ( q + 2 1 +  I)C, = 2 [ i 4 + I ) h k l -  l lC , - ,  (8.1.24) 

Hence, assuming that C, is known, we can calculate C,,  C,, . . . . Since Cy/Cy- I + 0 when q + 00, the 
series is convergent for all p.  One can show that 

q ( k -  l ) !  (21+ l ) !  
C ( & q -  I ) !  ( q+21+  I ) !  0 

where C, can be determined from the normalization condition: 

8.2. A hydrogen atom can be viewed as two point-charged particles-a proton and an electron with Cou- 
lomb's interacting potential between them. Write the Schrodinger equation for such a system and 
separate it into two parts: one describing the motion of the center of mass, and another describing the 
relative motion of the proton and the electron. 

The Schrodinger equation for the proton and the electron is 

where m, and m, denote the mass of the proton and the electron, respectively. The indices I and 2 refer to the 
proton and the electron, respectively. The potential between the partic tes is 

I 
V(1-) = V(rl - r2) = -Ze2 - Ze2 - -- 

2 2 r 
(8.2.2) 

. - 2 )  + (yl -y$ + ( 2 ,  - 2 2 )  

Define the relative coordinates: 

x r = x  2 - X I  ', = ' 2 - Y l  , r - Z  - - -I 2 I (8.2.3) 

m r  + nl,r2 
P 1 and the center of mass coordinates r,,, = . For the differential operators we have 
nl,, + m, 

and 

a2 a2 az 
Similar relations hold for the operators -, - - 

a2 
and - Substituting the operators into (8.2.1), we obtain ay: ay;' a ~ : '  az;' 
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mpmP 
where p is the reduced mass, p = - . We separate the wave function w into two parts. The first part 

mp + 

depends only on the center-of-mass coordinates, while the second part depends only on the relative coordinates, 
v = Q(r,,)~(r.,). Substituting into (8.2.6). we arrive at 

- -- 
" ' I  

h' I 2  zr2 
2Q(rCm) m,, + n,c,v~m~(rcm)] = =) [ p ~ r  + 7 + E] X(r.1 

For (8.2.7) to be valid for all values of r;, and rr, each side of the equation must be equal to a constant. Therefore 
we obtain two separate equations: 

and 

Em, is the translational kinetic energy of the center-of-mass frame and E,, is the relative energy. Clearly we have 
E = E,, + E,. To obtain the wave function of a hydrogen atom's electron one must solve (8.2.9) (see Problem 
8.1). 

8.3. The wavefunction of an electron in a hydrogen-like atom is yr ( r )  = ~ e - " ' ~ ,  where a = ao/Z;  
a, = 0.5 k. is the Bohr radius (the nucleus charge is Ze and the atom contains only one electron). 
(a)  Compute the normalization constant. (h)  If the nucleus number is A = 173 and Z = 70, what is the 
probability that the electron is in the nucleus? Assume that the radius of the nucleus is 
1.2 x A"' fin. ( c )  What is the probability that the electron is in the region x, y, i > O? 

(a) The normalization condition is i y * ~  dd.: = I. Substituting we have 

The integral in (8.3.1) is 

- 
1 

Therefore, C = - -  
J2 

( h )  Denoting by R the radius of the nucleus, the probability that the electron is found in the nucleus is 

(8.3.3) 

(I  I1 0 

Since R is small compared to a ( R  - 1 fm = lo-' A and a - 1 A). we can consider lV( '  as a constant in the 
nucleus, i.e., P - ~ " "  - e-lR'" - 1 .  Thus, we have 

D 

(c) The wave function is independent of both 0 and Q {it  is a symmetrical function). Thus the probability that the 
electron is found in 118 of the space (i.e., in x, y, z > O ) is simply 118. 

8.4. Compute the normalized momentum distribution of a hydrogen atom electron in states Is, 2s, and 2p. 
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2 
The normalized momentum distribution is I\y(p)l . where ~ ( p )  is the wave function in the momentum repre- 

sentation, In order to find ~ ( p ) ,  we perform a Fourier transform of the wave function W(r), 

We then substitute in (8.4.1) the explicit forms of W,,(r), WZ,r(r), and W2Jr), and obtain 

and 

There are three different eigenfu~lctions for the state 2p: rn = - I ,  0, I .  Thus, 

and 

8.5. Consider a wave function for a hydrogen-like atom: 

( 6  - Zr )  ~ r e - ~ " % o s  0 

where r is expressed in units of ao. (a )  Find the corresponding values of the quantum numbers n, 1, and 
nl. (b) Construct from ~ ( r ,  0 )  another wave function with the same values of n and I, but with a different 
magnetic quantum number, m + 1 .  ( r )  Calculate the most probable value of r for an electron in the state 
corresponding to y and with Z = 1 .  

(a) Consider the exponential factor in \y(r, 0); it has the form exp (-KE~.). Since E = -z2/n2, we conclude 
that n = 3. The angular quantum number [can be determined either by exploiting the factor r l ,  which multi- 
plies the Laguerre polynomial in hydrogen-like wave functions, or by carrying out the following operation: 

Thus, 1 = I .  To find the magnetic quantum number, we use the operator L,: 

a 
L,y(r, 0) = -1- l f ( r - )  cose] = 0 = my(,-, 0) (8.5.3) 

3 4 
It follows then that rn = 0. 
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(b) In order to generate a new hydrogen-like wave function with a magnetic quantum number m + I ,  we use the 
raising operator L+ (see Chapter 6). Since I = 1 and m = 0, we have 

We use the differential representation of L,: 

and obtain 

Combining (8.5.4) and (8.5.6) we obtain 

(c) The most probable value of r occurs when ( r ~ ) ~  assumes its maximum value. For Z = 1 we have 

We obtain the quadratic equation r2 - 15r + 36 = 0; its roots are r = 12 and r .  = 3. Evaluating lrvl we find 
that it is maximal for r = 12. Therefore, the most probable value of r is 1 2ao. 

8.6. Consider a particle in a central field and assume that the system has a discrete spectrum. Each orbital 
quantum number 1 has a minimum energy value. Show that this minimum value increases as 1 
increases. 

We begin by writing the Hamiltonian of the system: 

Using H I  = - 

h2 a (  ;) h2 I ( I +  1) 
H = --- rZ- +--+V(r) 

2rnr2a' 2m r -  
h2 a 

- - ( r2g)  + "(r) we have 
2mr2ar 

h21 (1+  1) 
H = HI  + G- 

r 

The minimum value of the energy in the state I is 

The minimum value of the energy in the state 1 + 1 is given by 

Equation (8.6.4) can be written in the form 

h21+ 1 
Since Iw,+ ,I' and -- are positive, the second term in (8.6.5) is always positive. Consider now the first term 

m r 2  
h2 I ( [ +  1 )  

of (8.6.5). v, is an eigenfunction of the Hamiltonian H = H, + ~2 and coresponds to the minimum r 
eigenvalue of this Harniltonian. Thus. 

I I +  1 
This proves that Emin < E,,,, 
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8.7. Write the Schrodinger equation for a two-dimensional hydrogen atom. Suppose that the potential is 

- e2/t.,  where I .  = h2 + !'. Using separation of variables, find the radial and the angular equations. 

Solve the angular equation. Describe the quantum numbers that characterize the bound states and the 
degeneracies of the system. 

Consider the Schrodinger equation in two dimensions: 

Performing a separation of variables y = R(1-)@(+), we obtain the angular equation 

The constant rn must be an in~eger number. so the solution of (8.7.2) is 

Consider the radial equation: 

Every state Rnl,,(t-) is characterized by the principal quantum number n and the absolute value of the angular quan- 
tum number n7. The energies of the system are E,,l,,J,. Every state with rn # 0 is twofold degenerate. and the states 
with nr = 0 are not degenerate. 

8.8. The muon is a particle with fundamental properties, excepting mass, similar to  those of the electron 

nz = 207rnc, 
P (8.8.1) 

The physical system formed by a p' and an electron is called rnuoniunz. Muonium behaves like a light 
isotope of hydrogen, and the electrostatic attraction is the same as for a proton and an electron. Deter- 
mine the ionization energy and Bohr radius. 

The reduced mass of ihe system is 

The Bohr radius is 

ti- 
l l , ,  (muonium) = PC' -? E a , , ( H )  

where a,, ( H )  is the Bohr radius of the hydrogen atom. The ionization energy is 

PC'' 
E, (muonium) = -,=El ( H )  

2 h -  

where E ,  (H)  = 13.6 eV is the ionization energy of the hydrogen atom. The study of the muon is of greal interest. 
The two particles that comprise the system are not subject to strong nuclear interactions, thus enabling energy levels 
to be calculated with great precision. 

8.9. Prove the following relation between the spherical hannonic functions: 
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Use the expansion of the Legendre polynomials (see the Mathematical Appendix): 

where y is the angle between two directions given by O , ,  and Q2, Q2. 

We write the spherical harmonic functions in the form 

Then, 

We set in (8.9.2), 0 ,  = 0 ,  = 0 ,  and 4,  = +, = @ and obtain 

Substituting (8.9.5) into (8.9.4) we arrive at 

Since (21 + 1 ) / 4 n  is a constant, we have established the proof. 

8.10. Thepariry operator is defined by the replacement r + -r (see Chapter 4). How does the parity operator 
affect the electron's wave function in a hydrogen atom? 

In a hydrogen atom we can express the wave functions using thc spherical coordinates (r, @ , + ) ;  we determine 
how the parity operation affects these coordinates (see Fig. 8- 1 ). 

Fig. 8-1 

We see that under the panty operator r + r, 0 + n - 0 and Q -+ n + Q. Since the radial part of the hydrogen 
atom's eigenfunctions depends onty on I-, we conclude that the parity operator affects only the sphericat harmonics 
part. For spherical harmonics we have Y;(O,  @) = a,  ( sin 0)' ellQ; thus, 

I 
Y1(n- 0 , n  + ,) = ( - l ) l y 1 ( 0  ,) I '  (8.10.1) 

Therefore, under the parity operator, 

yj'(0, $1 + (- 1 ) l ~ , ! ( o ,  +I (8.10.2) 
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a a a a 
Moreover, since - + -- and - + -, it follows that the operators L, are not affected by the parity opera- ae ae a+ a4 
tion. Since we have obtained the explicit form of YJ"(o, Q )  by applying the operator L- on Y,!, we can conclude 
without any further calculation that 

Y ~ " ( K - 8 ,  K + Q )  = ( - I ) ~ Y ; ( O ,  0 )  (8.1 0.3) 

In other words, under the parity operation 

q"(0, Q )  + (- l ) ly ; (e ,  4 )  

Supplementary Problems 

8.11. Consider a hydrogen atom in a state n = 2, 1 = 0 ,  and rn = 0.  Find the probability that an electron has a value r 
that is smaller than the Bohr radius. Ans. 0.176. 

8.12. For an electron in the state n and 1 = n - I in a hydrogen-like atom, find the most probable value of r 

Ans. r = n 2 / z  in units of a,. 

8.13. Show that the degeneracy of the nth shell in a hydrogen atom equals 2 n 2 .  Take into account the spin of the electron 
but not the spin of the proton. 

8.14. The six wave functions of the state 2 p  for the hydrogen atom are 

rqr/2uo 

W+, = A- sin eei' 
uo 

t r~-~'2u,, 
m, = 0,  m, = 5, wo = B -  cos 0 

a0 

rn, = - I ,  
1 

rn, = fj. 
rp-r/2a,, 

w - ,  = C- sin ee-;' 

where uo is the Bohr radius and A, B, and C are the normalization constants. ( a )  Compute the constants A, B, and 
C. (b) Show that the sum / y ~ , , , , ~  is a function of r only. (r) Compute { r )  for m, = 0.  

0 r ,  

I I I 
Ans. (0)  A = 

8.15. Consider a hydrogen atom in the state with the quantum numbers n and I. Calculate the dispersion of the distance 

of the electron from the nucleus. Note that the dispersion is defined by d ( r 2 )  - ( Y ) ~ .  

J n 2 ( n 2 + 2 )  - 1 2 ( / +  1 1 2  
Ans, 9 

8.16. In a hydrogen atom the wave function V ( r )  describes the relative motion of a proton and an electron. If the coordi- 
nates of the center of mass of this system are x = 0, y = 0, and z = 0,  show that the probability density of the 

m + M  m + M  2 
proton equals ( m)31W(Tr)I . 

8.17. For a two-dimensional hydrogen-like atom the Schr6dinger equation is (- V' - 2 Z / r )  y~ = E ~ J  (in atomic units). 
Use cylindrical coordinates to find the equations for R(r) and @ ( + ) .  

d2 @ 
Ans. - - - -m2@ ( Q )  and 

dQ2 
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-V, r < a  
8.18. Consider a particle in a spherical well, v ( r )  = . Assuming that the angular momentum is zero find 

the particle's energy spectrums. 

flk 
Ans. The energy spectrums are given by ka = nn - arcsin 

h2k2 
and E = K. These equations can be 

solved either graphically or numerically (see Chapter 12). 



Chapter 9 

Particle Motion in an Electromagnetic Field 

9.1 THE ELECTROMAGNETIC FIELD AND ITS ASSOCIATED POTENTIALS 

Consider an electromagnetic field, characterized by the values of the electric field E(r, I )  and of the mag- 
netic field B(r, 1). The fields E(r, t )  and B(r, t )  are not independent; they must satisfy Malrwell's equations. It 
is possible to introduce a sca1a1- potential $(r, t )  and a vector potential A(r, t )  such that 

and 

B = V X A  (9.2)  

Using Maxwell's equations, i t  is possible to show that we can always find $ and A. However, when E and B 
are given, $ and A are not uniquely determined. When we choose a particular set of potentials, we say that we 
choose a gauge. From one set of potentials ( $, A )  we can obtain another set, ($',A') by performing a gauge 
transforn~ation: 

and 

A' = A + Vf (r, t )  (9.4)  
where f ( r ,  t )  is an arbitrary function of r and r (see Problem 9.2). The equations describing the physical system 
involve the potentials $ and A, but we shall see that in quantum mechanics, as in classical physics, the predic- 
tions of the theory do not depend on the gauge chosen (that is, the particular set of $ and A describing the 
electromagnetic field). This important property is called the gauge invariance (see Problem 9.5). 

Let us consider two examples of gauges describing a constant magnetic field in the z-direction, B = B o l .  
First we have the symmetric gauge, 

or A = -f (-y, x, 0)  . Another gauge is the Landau gauge: 

9.2 THE HAMILTONIAN OF A PARTICLE IN THE ELECTROMAGNETIC FIELD 

Consider a particle of mass m and charge q. The classical equation of motion in the presence of electric and 
magnetic fields E and B is 

The Hamiltonian that leads to this equation of motion is 

where $ and A are the potentials relating to E and B according to (9 .1)  and (9 .2)  (see Problem 9.1). 
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In this chapter we use a semiclassical theory for particle motion in an electromagnetic field. In this theory 
the field is analogous to a classical field, while the system is treated according to the postulates of quantum 
mechanics. Thus, the particle is described by a wave function ~ ( r ,  r), and the Hamiltonian is written as in (9.8), 
but now p, A, and $I represent the corresponding operators (see Problem 9.3). 

When we perform a gauge transformation according to (9.3) and (9.4), the wave function describing the 
particle transforms (see Problem 9.4) as 

9.3 PROBABILITY DENSITY AND PROBABILITY CURRENT 

Given a wave function ~ ( r ,  r), the probability density is 

p = Iw(ro q2 
where p expresses the probability of finding the particle at time t at the point r,,. For particles with mass rn and 
charge q (without a magnetic moment), the probability current density is 

If we consider a particle with spin S and a magnetic moment p,, we have 

The continuity equation 

relates the probability density and the probability current (see Problem 9.3). Both p and s do not depend on the 
gauge chosen, and they are said to be gauge-invariant; see Problem 9.5. The "real" current corresponding to 
particle of charge c/ is defined by 

I = qs (9.14) 

9.4 T H E  MAGNETIC MOMENT 

For a particle with a magnetic moment p, in a magnetic field B, the interaction Hamiltonian is 

Hi,,, = -p, . B (9.15) 

This term should be added to the Hamiltonian (9.8). An electron of spin S has a magnetic moment 

where ,q, the gyronlagnetic relation constant is very close to 2: 

9.5 UNITS 

In discussing electromagnetic phenomena, it is customary to adopt one of the many possible systems of 
units. The MKS system is popular in solving practical or engineering problems. In the study of the interaction 
of electromagnetic radiation with the fundamental constituents of matter, it is more convenient to adopt the 
Gaussian system of units. Therefore, as in the other chapters of this book, we have preferred to use the latter 
system. 
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Solved Problems 

9.1. The classical equation of motion for a particle with mass m and charge q in the presence of electric and 
magnetic fields E and B are 

where a is the acceleration of the particle and v is its velocity and a = - - 
3 must satisfy Maxwell's equations so it is possible to define the vector potential A (r, t) and the scalar 
potential Q (r,  t )  such that 

Show that the Hamiltonian 

leads to the equation of motion. Use the Hamilton equations: 

You can follow the following steps: (a) Write I: as a function of p and A. (b) Write r as a function of 
p and A. (c )  Use (9.1.411) to write p as a function of v and A. (6) Use the vector "chain rule," 

and the vector identity 
( v . V ) A  = - v x  ( V x A )  + V ( v . A )  

dA 
to find x. (e) Combine parts (a) to (6) to get the equation of motion. 

(a) Using (9.1.41) and (9.1.3) we get 

(b) As in part (a) we obtain 

(c) From (9.1 AII) and (9.1.3) we arrive at 

Recall that r and p are independent phase space variables in Hamilton's approach, so V . p = 0. Using 
V ( p  - p)  = 0, we write (9.1.9) as 

From (9.1.7) and from (9.1.10) we have 

(6) From (9.1.5) and (9.1.6) we obtain 

- -  dA s - v x  ( v ~ A )  + V ( ~ . A )  dt - at 
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Finally. using (9.1.211) we have 

( e )  Combining (9.1.8) .  ( 9 . I . I I ) ,  and (9.1.13) we obtain 

Multiplying (9.1.14) by rn and using (9.1.21) we finally get 

which is the equation of motion. 

9.2. Let A ( r ,  t )  and @ ( r ,  t )  satisfy Eqs. (9.1.2). For given electric and magnetic fields E and B, are the 
potentials A and @ determined uniquely? If not, explain this freedom. 

Assume that A,  and 4, 4, and 4, satisfy (9.1.2)  with the same E and B, namely, 

and 

B = V x A ,  = V x A ,  

Now, if A and $ are determined uniquely, then we must have A,  = A* and 4, = $,. We define a = A, -A ,  
and $ = $, - $, and investigate whether a = 0 and $ = 0. From (9.2.2)  we obtain 

V x a  = 0 (9.2.3) 

Since the gradient of any function f ( r ,  t )  satisfies V  x (Vf) = 0, one can show that a = Vf for some function 
f ( r ,  t )  . If we use (9.2.1) we obtain 

where C(t)  is a function of t .  Without loss of generality we can choose C = 0 ,  since this corresponds to shifting 
the energy by a constant. From (9 .2 .5)  we therefore obtain 

where f ( r ,  t )  is any function of r and t. We see that a and $ are not necessarily zero. The potentials A and $ are 
not determined uniquely since f is arbitrary. The nonuniqueness in (9.2.6)  is called "gauge freedom." This means 
that if A and $ satisfy (9.1.2), then A' and $' obtained by the transformation equations 

are also potentials. 

9.3. (a) Write the quantum Hamiltonian for a particle with mass m and charge q in the presence of an 
electromagnetic field. (b) What is the probability density for finding the particle in r = ro at 
t  = to? ( c )  Obtain the equation of conservation of probability and find the probability current 
density. 

(a) From the classical Hamiltonian (9.1.3)  we reach the quantum Hamiltonian by replacing r and p with the oper- 
ators i and p . Remember, however, that A (r, t )  and Q ( r ,  t )  are functions of r, so we must also replace r 
with i in these functions. Thus we obtain 
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(h) Let w ( r ,  t )  be the wave function of the particle. Then the probability density of finding the particle in r = r, 
at t = to is 

2 
P (rol to) = IV  (ro, to) 1 = V* ( ro, t o )  Wro? t o )  (9.3.2) 

a~ 
(c) First, let us calculate : 

aw* Using the Schrijdinger equation and its complex conjugate - i k  at = ( H w )  * we get 

We use the coordinates representation 

f = r fi = -jhV 

In a coordinate representation, A ( i ,  r )  becomes a vector function, so 

A (i., 1 )  = A (r,  t )  

and the quantum Hamiltonian is 

Equation (9.3.4) then gives 

which can be written as 

The equation describing the probability conservation is 

* + v . s  = 0 
at (9.3.10) 

where s is the probability current density. From (9.3.9) and (9.3.10) we conclude 

which is the probability current density for a particle moving in a region with an electromagnetic field. In a 
vacuum in which there is no electromagnetic field, A = 0, and (9.3.11) is reduced to the known probability 
current density described in Chapter 3. 

9.4. According to  the postulates of quantum mechanics, a given physical system is characterized by a state 
vector (w). Consider a particle of mass m and charge q influenced by an electric field E and a magnetic 
field B. In Problem 9.2 w e  have shown how different pairs of potentials A and I$ can describe the same 
E and B. In this problem we  study how the state vector Iw) depends on the choice of gauge (A and 4). 
Follow these steps: (a) Write the Hamiltonian with A and 4; then with A' and 0' relate A and 4 by 
(9.2.7). (h)  Write the Schrodinger equation for the  two cases. ( c )  Show that if yr is the solution of the 
first Schrodinger equation, then 

- 
w(', r )  = e i ~ f ( r ,  r Y ~ f i  ~ ( r ,  t? (9.4.1) 

is  the solution of the second equation [where f is the same a s  in (9.2.7)J. (4 Discuss the results. 

(a) According to (9.1.3), the Hamiltonian for A and 9 is 
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Similarly, for A' and 0' we have 

Using (9.2.7) we obtain 

( b )  The Schrodinger equation for the first case is 

d lv )  
H I v )  = ih- d t 

We can use (9.4.2) to write the Schrodinger equation, in the coordinates representation, by replacing p with 
- i  hV,  and obtain 

I aw(r ,  0 
[%(- i h v  - f A ) l  + q)] v ( r .  t )  = i h ~  

For the second case we have 

Using (9.4.4) we have, in the coordinates representation. 

( c )  Suppose that y ( r ,  t )  is a solution of (9.4.6). Define 

,,,(,., t )  = e i9 f ( r .  rYch W('. t )  

We wish to show that ; is the solution of (9.4.8). Using (9.4.6)  and (9 .4 .9 )  we have 

- - safer, t ) -  - -- ~ ( r ,  t )  + e k f ( r .  r k ' ~  h - at [ Z a ( - ; h ~  - fA) '  + y 4 ] e ' q f l r . r ~ c h -  W(r, t )  (9.4.10) 

s 0, 

a$(rcr, t )  9af(r, t )  1 2 ih- 
at [ + 9$],(r,  t )  + e'qf(rqr~c"[G(- ;hV - :A) ] e - . ~ / ( r . l ~ c h  $(b t )  (9.4.1 I )  

We calculate the last term in the right-hand side of (9.4.11): 

[ (  i  - A )  (- i  - 0 

= (- i h v  - :A) [e i4f(r . r~( 'n(-  : ~ f ( ~ ,  - i f iv  - :A)] c ( r ,  t )  

hence, 

So ;(r,  t )  is indeed the solution of the SchrGdinger equation (9.4.8). 
(4 We see that when we pass from one gauge to another, the state: vector describing the system is transformed by 

the unitary transformation e-'qJ(r.lYi'" where f ( r ,  t )  is the function relating the two gauges. For the wave func- 
tion, the gauge transformation corresponds to a phase change that varies from one point to another and is 
therefore not a global phase fictor. However, the physical predictions obtained by using the wave functions 
and ; are the same, since the operators that describe the physical quantities are also transformed when we 
change between the gauges (see Problem 9.5). 

9.5. In Problem 9.4 w e  have shown that when we perform a gauge transformation 
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T h e  wave function describing a particle of mass m and charge q transforms according to  
rq ]'(r, I ) ' ,  h 

W(r, t )  3 W'(r, t) = f W(r. f )  (9.5.2) 

(a) D o  the probability density and the probability current change when we  pass from one gauge to  
another? (b) Suppose that at time t we want to measure a physical quantity Q . Does the probability of 
obtaining an eigenvalue q of Q depend on the gauge'? (Assume for simplicity that q is nondegenerate.) 

(a) The probability density in the first gauge is 

p(r, [ I  = I ~ ( r ,  r )  l 2  = ~ ( r ,  rlV*(r, r )  (9.5.3) 

After the gauge transformation, and according to (9.5.21, 
2 ryf'(r. r Y c h  

p'(r, '1 = I ~ ' ( r ,  t)l = v l ( r ,  r)v1*[r,  f )  = F v ( ~ , t ) e - ~ q l ( ~ . ~ ~ ~ ~ $ ( r . r ) = ~ ( r , r ) ~ * ( r , t )  (9.5.4) 

We see that the probability density is gauge-invariant. Now, the probability current density in the first gauge is 

When we perform the gauge transforniation (9 .5 .1)  we have 

We see that the probability current density is gauge-invariant. 
(h) Suppose that Q(r, t )  is the eigenfunction of Q corresponding to the eigenvalue q: 

QQ(r,  t )  = qQ(r,  t )  (9.5.6) 

According to the postulates of quantum mechanics (see Chapter 4). the probability of obtaining q when the 
system is in the state ~ ( r ,  r) is 

P ,  = ( 4 1 ~ )  = Q*@, r ) v ( r .  t )  (9.5.7) 

When we make the gauge transformation (Y. .5 .1) ,  the wave function $(r ,  r )  will transform to 

$(r ,  t )  3 @ ( r ,  t )  = d q f t r .  Q(r ,  t )  (9.5.8) 

The probability of obtaining q will be determined according to (9.5.2) and (9.5.9): 

P; = O*(r,  r )v l ( r ,  1 )  = C ' ~ f ( r .  " fim*lr, r)e'4", I)" fi ~ ( r ,  t )  = Q*('. t ) ~ ( r .  t )  = pq (9.5.9) 

We can conclude by saying that all the physical predictions do not depend on the gauge that has been chosen. 

9.6. A one-dimensional harmonic oscillator consists of a particle with mass m and potential energy 

In addition, this particle has a charge q and is placed in a uniform electric field E parallel to the x-axis, 
E = El. (a) Find a suitable potential field @ (.u) corresponding to the electric field. (h) Write the Ham- 
iltonian of the particle. (c )  Perform a coordinate transformation y = a x  + h (a and h are constants), 
such that in the y-coordinate the Hamiltonian is similar to that of a one-dimensional harmonic oscillator 
(with no  charge). What are a and h? (6) Find the energy eigenvalues and eigenstates of the system. 

(a) We have E = E2 and we seek @(x. r )  such that 
E = - V $  
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Since B = 0. we seek a gauge in which A = 0. Integrating (9.6.2) we obtain $ (x) = -EX + c ,  where c is a 
constant of integration. Let us choose (. = 0; then 

$ (.r) = -EX (9.6.3) 

( h )  The total Hamiltonian is 

p2 I H = - + -nlw2x? - 
2 m  2 (9.6.4) 

The first term on the right-hand side of (9.6.4) is the standard kinetic term, the second term is the harmonic 
oscillator potential energy, and the third term is the electrical potential energy. 

(c) We will now write (9.6.4) in the following forn~:  

where Ho is a constant and y = a x  + h .  Consider the kinetic term. We see that p ,  = p,, so a = I .  Now we 
can substitute y = x  + h into (9.6.5) and obtain 

~t I 2 pi I I 
H,, = - + - m d  ( x  + h)  + H O  = - + - m w 2 s 2  + nlw2hx + - m w 2 h 2  + H ,  

2 m  2  2 m  2  2 

From (9.6.4) and (9.6.6) we see that H ,  = H,,  only if h = - e / m w 2  and H ,  = - E 2 / 2 m d .  To conclude, if 
we perform the coordinate transformation y = .u - E / m w 2 ,  we get a one-dimensional harmonic oscillator with 
no charge, and the energy shifted by - € * / 2 m w 2 .  

(6) The energy eigenvalues of a one-dimensional harmonic oscillator are 

corresponding to the eigenstate Iw,,). We have a shifted harmonic oscillator; thus, the energy eigenvalues are 
now, 

Its eigenfunctions are 

As a function of y,  (9.6.9) expresses the standard one-dimensional harmonic oscillators' eigenfunctions. Note 
that as a function of .r, however, those eigenfunctions are different. 

9.7. Consider the constant magnetic field B = B,,?. ( a )  Find the potential A corresponding t o  the symmetric 

1 
gauge A = 2 r  x B . (b)  Find the potential A corresponding t o  a nonsymmetric gauge. (c) Compute  the  

gauge function f (r,  t )  relating the t w o  gauges used in parts (a) and (h). 

I 
(a )  In the symmetric gauge A = - 3 r  x B we get 

( h )  We can use any other gauge and find a different A. As an example, we can try to find A only in the x-direction, 
A = 2 ,ti-. In that case, 
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By integrating (9.7.3) we obtain 2 ,  = -Boy + c. We can choose c = 0, so 

A ,  = -Boy 
- - 
A, = AI = 0 (9.7.4) 

(c) We want to find the gauge function f (r) such that A = + Vf (see Problem 9. 2). From (9.7.2) and (9.7.4) 
we find that 

or, explicitly, 

Hence, 

By integrating (9.7.7) we finally obtain 

0 
f (x, y) = ~ x y  + const. 

9.8. A particle with mass m and charge q is in a region of a constant magnetic field B. Assume that B is in 
the 9 -direction and use the Landau gauge; i.e., A = (-By, 0 , O ) .  (a) What is the Hamiltonian of the par- 
ticle? (b) Show that the Hamiltonian commutes with p, and p:. ( c )  Work with the basis of the eigenstates 
of jw and j, and use a separation of variables to show that for the y-component, the Schradinger equa- 
tion reduces to a Schrodinger equation of a harmonic oscillator (see Problem 9.6). (4 Find the 
eigenstates and eigenenergies of the Hamiltonian. 

(a) The classical Hamiltonian is 

where 2, is a unit vector in the x-direction. The Hamiltonian operator is therefore 

(6) To find the commutation relations between H and p or p- ,  we use the known relations 
.I - 

and obtain 

By definition, [p,, p, ] = [p- ,  L] = 0, SO we easily find that [ H ,  p ] = 0, and also for p. - - 

(c) Since H commutes with p,, and p,, we can find eigenstates of H  that are also eigenstates of p,  and p: (recall 
also that [ p r ,  p - ]  = 0 ). We use a separation of variables; namely, y ( x ,  y, z )  = v, (x) W, (y) W, (z) .  For 
vx (x) and yl (z) we choose the eigenstates of p ,  and p 2 ,  respectively: 
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where p, and p, are now constant numbers (these are the eigenvalues). Using (9.8.2) and (9.8.7) we get the 
Schrijdinger equation: 

Note that in (9.8.8), p, and p: are constant numbers and only p, and p are operators. Let us denote 

1 2 2  - ( p ,  + p , )  = a ;  then (9.8.8) can be written as 2m 

We see now that the y-component of the Schrodinger equation is similar to the Hamiltonian of Problem 9.6 
[see, for example, (9.6.4)]. In order to show that the y-component is identical to the Hamiltonian of a harmonic 
oscillatorke make a transformation similar to the one in Problem 9.6; that is, 

CP., 
y + y  = y + -  

q B 
P, ' P;. = P ,  

The Schrodinger equation (9.8.9) then becomes 

If we denote = E - p : / 2 m ,  (9.8.12) becomes 

2 
where oi = (g)  . We see that (9.8.13) is indeed a Schrblinger equation for a one-dimensional harmonic 
oscillator. 

(6) Since (9.8.13) is the Schrijdinger equation of a harmonic oscillator, we know its eigenvalues and eigenstates: 

and 

where H, (x) are Hernlite polynomials. The eigenvalues of the original Hamiltonian (9.8.2) are E [see (9.8.8)]. 
Hence. 

where the eigenfunctions w,, ( x ,  y, z) are 

9.9. Solve Problem 9.8 for a particle of spin 1 / 2  (an electron, for example) and with a magnetic moment 

P = P,S. 

( a )  We add to the Hamiltonian (9.8.2) the interaction energy between the spin and the magnetic field, 

H = - p . B  (9.9.1) 

and obtain the total Hamiltonian: 
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The magnetic field is B = Bi ,  and we use the gauge A = (-By, 0,O) to obtain the Hamiltonian operator: 

(6) One can easily see that the Hamiltonian (9.9.3) commutes with p, and pi .  The only term that we need to check 
P.7 B 

(after using the results of Problem 9.8) is 7 S 1 .  Since the degrees of freedom of the spin are free from the 

spatial ones, we have [p, S] = 0 .  Specifically, 

(c) Including the spin states. we use the basis of the eigenstates of p, and pl as well as of S 2  and S,; namely, our 
wave function is 

ipr . r ih  r p , : / h  
W (x ,  Y ,  Z )  Xsp in  = e e W? 0)  X ( S  = 1/29 S: )  (9.9.3) 

where ( S  = 1 /2, S,) is the spin state of the electron that is an eigenstate of S2 and S::  

S,X ( S  = 1/2, S,) = hS,x ( S  = 1 /2, SJ = ( f f )hX ( S  = I /2, S,) (9.9.7) 

h 1 1  
We will represent the operator S using the Pauli matrices S = $0. The states X ( 2 ,  +$) can be written as 

see Chapter 7. 
(6) In order to find the eigenfunctions and eigenvalues, we follow Problem 9.8, part (6). and write the Schrodinger 

equation: 

(9.9.9) 

where [following Problem 9.8, part (4, see (9.8.10) and (9.8.13)] 

and pl, S = 1/2, and S. = f 1/2 are constants. Defining 

we obtain from (9.9.9) a standard one-dimensional harmonic oscillator Schrodinger equation, 

1 I 
(Z-,Pt + jmwi i 2 ) ~  = EW (9.9.12) 

- 
with the eigenvalues E = hw, ( n  + 1 / 2 )  and the eigenfunctions tq (x ,  y, z )  xzpin,  where y (x ,  y ,  z )  is as 
given in (9.8.17). Hence, the eigenvalues of our Schrodinger equation (9.9.9) are 

These eigenvalues are known as the Landau levels. 

9.10. Consider the particle of Problem 9.8. (a) Assume that the particle is in a very large, but finite, box: 
0 I x I L,, -Ly I y I Ly,  and 0 I z I Lz.  Write the eigenfunctions in that case. (b) Find the number of 
states per unit area (in the xy-plane). 

(a) Consider the Schrodinger equation 
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where H is given in (9.8.2). We also have the boundary conditions 

Using the separation of variables of Problem 9.8 and (9.10.24, and (9.10.2110, we replace (9.8.6) with 

where 

Assuming that L, is very large such that %L: u 1. the y-part of the wave function (9.8.15) will hardly be 

affected by the boundary condition (9.10.211). as is the case for the y6)  wave function. The eigenstates are 

therefore [see (9.8.1 7)] 

1 /4 1 sin (p,  x )  sin (p,  z) exp [-T(y + %)I H , ( ~  + 5) 
(9.10.5) 

The eigenenergies are [see (9.8.16)] 

where we used p, = n f i n z / L  [see (9.10.4)]. Note that (9 10.6) does not depend on n,r ,  so we have a 
degeneracy. 

(b) The number of states in the xy-plane is the number of different possible n, and n , ,  such that the particle is 
inside the region 0 I x 5 L, , -L, 5 y 5 L,, . We note that in the y-direction we have a harmonic oscillator cen- 
tered at yo = -cp,/qB [see (9.8.10) and (9.8.11)]. Assuming that the deviations from the equilibrium point 
y = y,, are small, we need only to demand that -Ly  5 yo I Ly. So 

Using (9.10.4) we get 

The number of different states in the region 0 5 x 5 L, and -L ,  5 y 5 L, is the number of different n, in 
(9.10.8). namely, 

Including the two spin states for each n, we finally find the total number of states: 

The number of states per unit area is, therefore, 

qB 
N 2il;LXLY - qS 

n = - =  - 
area 2LxL ,  hc 



166 PARTICLE MOTION IN AN ELECTROMAGNETIC FIELD [CHAP. 9 

9.11. Refer to Problem 9.10. In the case p., = 0,  show that the current I is indeed zero. 

Using the definition of the probability current density (see Problem 9.3) we obtain the probability current: 

Since is real, we have W*VW - yvv* = 0, and so 

We have shown in Problem 9.5 that the probability current is gauge-invariant. So we can choose, for example, the 
vector potential A = (-By, 0,O) (see Problem 9.8). We have 

Using (9.10.5) and p, = 0,  we easily see that y*y is an even function of y. The current I is 

We have I,. = I:  = 0, so 

2 Sincc ~y (y)  1' is an even function (only in the case where p-, = 0 ), we finally get I /v (Y) y dy = O and 

I,( = 0. The classical motion of the particle is a circle and so the total current in the x- or y-directions is zero. 

12. For the particle in Problem 9.10 and electric field E = E J :  (a) Find the eigenstates and eigenvalues of 
the particle. (h)  If p., = 0 show that I,. f 0 even though E is only in the y-direction. What is the drift 
velocity? 

(a) We add to the Hamiltonian (9.8.2) the potential energy: 

Helcclr ic = 9$ (9.12.1) 

where E = -V$. Since E = E j ,  we have Q = -Ey ,  and the total Hamiltonian is 

Working in  a coordinate representation, we get the Schrodinger equation: 

where we use the fact that He,ec,,ic commutes with p ,  and p , .  The equation for y ( y )  is 

1 2  
P; P, 

where E = E - - - -. Defining 2m 2m 

c E qB 
where v, = - and w, = - we get from (9.12.3) B em ' 
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where 

The eigenstates of (9.12.6) are the standard harmonic oscillator eigenfunctions, and the energy spectrum is 
2 - P: 1 

= E,, +- -  v  + - m v k  = fio 
Enlngnz zrn P . r D  2 (9.12.8) 

Note that, unlike (9.10.6), (9.12.8) depends on n,  and the degeneracy is removed (due to the electric field). 

(b) The current (9.11.4) is1 = J dr dy  dz  . Using (9.11.3) we have 1,. = 1: = 0 ,  and I 
2 Notice, however, that in contrast to Problem 9.1 1, here even in the case where p, = 0 ,  the function IW ( y )  1 

is not even since from (9.12.5) we can conclude that for p, = 0, 

IW ( y )  I *  is even in y but nor in y. If we make the coordinate transformation y -+ y in (9.12.9) we obtain 

- L ,  + V D / W B  

v~ Now using L, u - , we obtain 
WB m 

The first term (linear with y ) will give zero since the integrand is antisymmetric. The second term will give 
00 

as we expected. vD is the drift velocity ( v ,  = c E / B ) .  

9.13. Consider a spinless particle of mass in and charge q, subjected simultaneously to a scalar potential V(r) 
1 

and a magnetic field B = B,S . Use the symmetric gauge A = -2r x B and find the Hamiltonian of the 

particle. Write it as a sum of H ,  corresponding to the case of no magnetic field and additional term H,. 

We have 

Using Eq. ( 9 3 ,  we calculate 

qB0 q2B:, qB,  q2B; 
= p2 + 7 ( xp ,  - yp,) + 7 ( x 2  + = p2 + 7 L Z  + - ( x 2  + y 2 )  (9.13.2) 

4 c 4c2 
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Substituting (9.13.2) in (9.13.1). we obtain 

1 clB, 9% 
H = -p2 + -L. + 7 ( x 2 +  y 2 )  + V(r) 2 m  2 m c  - g,, 

We see that H = H, + H, , where 

and 

9h where p denotes the Bohr magneton, p = G. 

9.14. Polarized electrons, with a spin polarization (+) in the z-direction, enter a region of constant magnetic 
field B = BoR. The electrons move in the y-direction. After time T the electrons reach a Stern-Gerlach 
apparatus in which the magnetic field is in the z-direction. (a) Write the interaction Harniltonian in the 
region of a constant magnetic field. (b) In a detector D we can detect only electrons with spin polariza- 
tion (-) in the z-direction. Find the values of Bo such that all the electrons will reach the detector D. (c)  
For the smallest value of Bo [found in part (b)], what is the percentage of electrons that will reach D if 
the traveling time in the constant magnetic field region is T / 2  (not 7')? 

(a) The interaction between the electron and the magnetic field is due to the magnetic moment of the electron 
2e  

p, = S and the external magnetic field B = B,?. The interaction Hamiltonian is m,c 

We can use the two-vector representation of the *z  spin states (see Chapter 7). 

In this representation, the electron spin operator can be described by the Pauli matrices: 
h 

S = 50 (9.14.3) 

where 

1 0  
o x = ( :  L )  o !=( ! , i )  o : = ( o  (9.14.4) 

Using (9.14.4). we can write (9.14.1) as 

heB, 0 1 
= ,( 1 0 ) (9.14.5) 

(b)  In order to find the state of the electrons at time r we need to solve the time-dependent Schrodinger equation: 

alw) i h ~  = Hlv) (9.14.6) 

The state Iy) can be written as 

Iw(t)) = a+(t)l+z) + a-(r)l-z) 
2 2 where a, + a- = 1 ,  or in the two-vector representation, 

Using (9.14.5) and (9.14.8), the Schrodinger equation (9.14.6) becomes 

a a+ ( 1 )  fieBo o 1 a+ ( r )  heB, a+ ( t )  
ifida- ( t )  1 = F( i o )(4 ( t )  ) = rn/(a-  ( r )  1 
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Equation (9.14.9) is equivalent to the following two equations: 

where a, = eB, , /mcc .  Making another derivative of (9.14.1011) we get 

From (9.14.11) and (9.14.10 I )  we obtain 

and similarly, 

The solutions of (9.14.12) and (9.14.1 3 )  are 

where a, and b, are constants determined by the initial condition. The initial condition is 

(9.14.15) 
2 1 

So a+ = 1 and a- = 0. From a+ + a: = 1 we get b+ = 0 and b_  = 1. Thus the solutions of (9.14.14) are 

a+ ( t )  = cos (mot)  

a- ( I )  = sin (mot)  

and the quantum state (9.14.8) is 

cos (wet) 
l v ( t l )  = [ sin (coot) ) 

After a time T, the state of the electrons is 

cos (w ,T)  

= (sin ( w o T )  ] 
If we want all the electrons to reach the detector D, we must demand that 

since the detector D detects only electrons with polarization - 2 .  From (9.14.17) and (9.14.1 8 )  we obtain 
lcos (a,,T) I = 0 and [sin ( o , T )  I = 1, or, equivalently, 

R 
w , T =  s + n n  n  = 0, + I ,  + 2 , .  . . (9.14.20) 

Using w ,  = eB,/m,c we finally get 

(c) The minimum positive value for B, satisfying (9.14.20) is, for n  = I, 

Assuming that B ,  equals (9.14.21). the quantum state \yr(t)) after time T / 2  is 
cos ( w, ,T/2)  

Now, using (9.14.21), we have 

(',)mi" R 
w,, = - - 

mec - 2T 
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Hence, from (9.14.22) and (9.14.23) we get 
cos (woT/2) 

v ( T / 2 ) )  = [sin(,,,/2,] = ( r 1 
The probability of finding the electron in the detector D is 

[CHAP. 9 

9.15. In this problem we examine how the energy levels of the hydrogen atom are modified in the presence of 
a static magnetic field; this effect is called the Zeeman eflect. We shall ignore here the effects of spin 
("normal" Zeeman effect). Suppose that the mass of the electron is m and its charge is q .  (a) We denote 
by Ho the Hamiltonian of the electron in the hydrogen atom (without magnetic field). Write the eigen- 
states of Ho that are also eigenstates of L~ and LZ.  What are the corresponding eigenvalues? (6) Suppose 
that the atom is placed in a uniform magnetic field Bo along the ?-axis. Write the new Hamiltonian. Are 
the states of part (a) also eigenstates of the new Hamiltonian? How are the energy levels modified? 

q 2 ~ 2  P B  
Assume that the term (x2 + Y2) is negligible compared to b B o L ,  (this can be shown by a detailed 

calculation). 

(a) The eigenstates of the Hamiltonian of the hydrogen atom can be written in the form 

The number n determines the energy level, En = - E ,  / n S .  The energy levels in a hydrogen atom are degener- 
ate; for each n the number I can assume one of the values I = 0, 1,2, . . . , n - 1, and m is an integer between 
-I and I. The total degeneracy of the energy level En is n2 (without spin). The wave function $,,, is an eigen- 
function of L2 with an eigenvalue I ( I  + I )  h2 ,  and also an eigenfunction of L. with an eigenvalue mh. 

(b )  According to Problem 9.13, the Hamiltonian is the sum of 14, and 

Now we assume (without a detailed proof) that the second term in (9.15.2) is negligible when compared to the 
first one. Since @,,, ( r )  is an eigenstate of L,, we have 

P ( H ~  + H,)  $n,m ( P )  = Ho$,,,, ( r )  - zB~L,$,,Im ( r )  = (E,l-m!JBo) @ n l m  ( r )  

We see that $,,, ( r )  are also eigenstates of the new Hamiltonian, but the energies are shifted by mpB,. Also, 
the degeneracy is removed, because of the presence of the magnetic field. 

9.16. An electron is constrained to move on a one-dimensional ring of radius R, see Fig. 9- 1. At the center of 
the ring there is aconstant magnetic flux @ in the z-direction. (a)  Find the vector potential A on the ring, 
in the gauge in which it is independent of @. (h) Write the Schrodinger equation for the constrained elec- 
tron. (c) What are the general boundary conditions on the wave functions of the electron? (d) Find the 
eigenstates and eigenenergies of the electron. Use functions of the form eik@. 

Fig. 9-1 
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( a )  The magnetic field is B = Bf . The magnetic flux through the surface bounded hy the ring is 

~ n \ ~ c l c  ~ t i r ~ d c  

the rlnp the rlnp 

We would like to find A on r = R, such that B = V x A .  and A does not depend on Q . From (9.16.1) we obtain 

where S is the surface bounded inside the ring. Using Stokes's theorem wc can write (9.16.2) as 

where C. is the boundary o f ' S ,  which is the ring p = R. and dl is along the curve C. Now, 

dl = ( R ~ Q ) $  (9.16.4) 

where 6 is a unit vector tangential to the ring (in the "n-direction"). From (9.16.3) and (9.16.4) we find 
2 n 

Using the gauge in which A does not depend on Q. we get, from (9.16.-$), Q, = ZnRA,. Finally we obtain 

(h)  Considering the symmetry of the problem. it is more convenient to use cylindrical coordinates. To write the 
Schrodinger equation we have to express the gradient '? in cylindrical coordinates as follows: 

where p.  4. and 3 are unit vectors in the p-, Q-, and :-directions, respectively. Since the electron is constrained 
to move on the ring, we have I$ = R = const. and 1 = cor~st. Thus, the only nonvanishing part of V in 

, I  a 
(9.16.7) is Q-- Applying (9.16.6) and (9.16.7) on the ring we get 

pa$.  

and the Schrodinger equation is 

(c) Since is defined over 2x, the general boundary condition for any function of determines that the function 
av will be periodic in 2 ~ t ,  so we have I V  (I$ + 2x)  I = Iy ( Q )  I and similarly for 5- We consider only absolute 
Q,' 

values--as in quantum mechanics it is only l W 1 2  that has a real physical meaning. 
I .  

(4 Check whether v(Q) = Ne1k4 (k = const.) are solutions of (9.16.9). First, we find the normalization constant N: 

I 
(9.16.10) 

1 
S O N = -  Next, we use y(Q) = ' d l b  in (916.9)  and obtain ZR ' N 
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or, equivalently, 

C 
We define O o  = a and write (9.16.12) as 

1 
From the boundary condition and the wave function y (@) = ie'k9 , we have 

2 x k  = 2 r n  n = O , f l , f 2 ,  . . .  

From (9.16.13) and (9.16.14) we get the eigenenergies: 

[CHAP. 9 

and the eigenstates: 

9.17. Refer to Problem 9.16, Eqs. (9.16.15) and (9.16.16). The magnetic field is zero on the ring (recall that 
the flux is inside the ring but not on the ring). (a )  In classical mechanics, a particle (electron), constrained 
to move on the ring, will not be affected by the magnetic flux. Is this also the case in quantum mechan- 
ics? Is the energy of the electron a function of the flux @? (6 )  Plot a graph describing the ground state 
of the electron as a function of (or @/ao ). (L ' )  The current on the ring can be defined by 

where H is the Hamiltonian and @ the flux. Write the current operator 1 in the coordinates representa- 
tion. (6) Calculate the expectation value of I in state y,. Find the relation between the energy and the 
current of the state w,~. 
(a)  Using (9.16.15) we can easily see that the energy's eigenvalues for the electron depend on 0; thus, in contrast 

to classical mechanics, in quantum mechanics a particle can be affected by a magnetic field even when the 
magnetic field is zero in the region in which the particle moves. This surprising phenomenum is known as the 
Aharonov-Bohm effect. 

(h) The energy eigenvalues are 

The ground states depend on (or 0/0,,). For -1 / 2  < 0/0, < 1 / 2 ,  the minimum energy in (9.17.2) cor- 
responds with n = 0 (Fig. 9-2). For a / @ , ,  > 1 / 2  , the value n = 0 is no longer the minimum energy (the ground 

1 0 3  3 0 5  
state). For - < - c: -, the minimum energy in (9.17.2) corresponds to n = 1. For 3 < 5 < 5 ,  yn =, is the 2 , ,  2 0 

n - 1  n +  l 
ground state, and so on. For T < 0/0, < T the ground state is y,. So the ground state is periodic in 

0/0, with period 1. as shown in Fig. 9-2. 

n = -2 n = - 1  n = O  n =  l n = 2  
: ground state ground state I ground state ground state ground state 

Fig. 9-2 
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(c) Using (9 .I 7.1) and (9 .I 6.8) we have 
a 1 

l = c -  - 
a e a  ifi2 e 2 )  

[ 2 R 2 i f i  ] = ( - 1 -  am- c2n  

(4 The expectation value of 1 is 

From (9.1 7.2) and (9.1 7.4) we obtain 

Supplementary Problems 

9.18. Consider an electron in a region of a constant magnetic field of 1 gauss in the z-direction. Assume that the electron 
is in a very large box, 0 5 x S L,, -L, I g I L, ,  and 0 I z 5 LZ.  What is the number of state per unit area (in the xy- 

N 1 
plane)? Ans. According to (9.10.1 1), n = area E 8 0 2 .  

9.19. Solve Problem 9.8, but now use the. symmetric gauge, A = - ~ y ,  2.r. 0 . Show that the eigenvalues in (9.8.16) ( " "  ) 
1 

are the same (as they must be). Anr. H = [ ( p . ,  + % y ) l +  (P, - $ X ) l +  Pj] 

9.20. Using formula (9.9.2) solve Problem 9.3 for a charged particle with spin and a magnetic moment p, 
2 

Ans. (a) H = 2rn l(- i f i ~  - f A )  - p,T - B. (b )  p(r,,) = ~*(r~,)y.f  (rO). 

9.21. Conductivity is defined by 

where it,, is the total current per unit length and V is the electric potential. Consider Problem 9.12. In this case, 
E = Ejj and I$ = -Ey , so V = 2EL,. The total current in thex-direction is = Ni,, where N is the number 
of states in a complete Landau level. which is given in (9.10.10). Find a for this case. Ans. a = e 2 / h .  

9.22. Consider the following harmonic oscillator Hamiltonian: 

I 2  2  2  I H~ = 3 (P, + P= + P,  - 3 m 4  ( A *  + y 2 )  

(a) Is it possible to find a basis of eigenstates that is common to H ,  and Lz? (h )  Assume that the oscillator has a 
1 

charge of q and is placed in a region of constant magnetic field B = B,2. Use the gauge A = -5r x B and find the 

corresponding Hmiltonian of the system. 
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Ans. ( a )  Yes, since [ H , , ,  L , ]  = 0. 

9.23. Refer to Problem 9.22. (a)  Is it possible to find a basis of eigenstates that is common to L; and the Harniltonian of 
9.22, part (h)? ( h )  Are the eigenstates of part ( h )  also the eigenstates of part (a )?  

Ans. (a)  Yes, since [ H ,  L.] = 0. ( h )  No, since [ H ,  H , , ]  + 0. 

9.24. Consider a hydrogen atom placed in a constant magnetic field of lo4 gauss. Calculate the wavelengths correspond- 
ing to the three transitions between the levels 3d and 2p. 



Chapter 10 

Solution Methods in Quantum Mechanics-Part A 

10.1 TIME-INDEPENDENT PERTURBATION THEORY 

The quantum mechanical study of a conservative physical system (whose Hamiltonian is not explicitly 
time-dependent) is based on the eigenvalue equation of the Hamiltonian operator. Some systems, for example, 
the harmonic oscillator, are simple enough to be solved exactly. In general, the equation is not amenable to ana- 
lytic solutions and an approximate solution is sought, usually using computer-based numerical methods. 

In this section we present the widely used time-independent perturbation theory. The approach of this 
method is often encountered in physics: We begin by studying the primary factors that produce the main prop- 
erties of the system, then we attempt to explain the secondary effects neglected in the first approximation. 

Perturbation theory is appropriate when the Hamiltonian H  of the system can be put in the form 

where the eigenstates and eigenvalues of H ,  are known and h is a parameter. The operator hW must be "much 
smaller" than H o ,  that is, the relation hW << H o ,  i.e., h  << 1 must hold and the matrix elements of W are compa- 
rable in magnitude to those of H o  . More precisely, the matrix elements of W are of the same magnitude as the 
difference between the eigenvalues of H ,  . 

The Unperturbed State: We assume that the unperturbed energies (that is, the eigenvaIues of H  ) form a dis- 
0 O; 

Crete spectrum Ep , where p is an integral index. We denote the corresponding eigenstates by I$p), where the 
additional index i distinguishes between the different linearly independent eigenvectors corresponding to the 
same eigenvalue in the case of a degenerate eigenvalue. We have 

where 14;) form an orthonormal basis of the state space, 

Possible Effects of the Perturbation: When the parameter h  is equal to zero, H  ( A )  is equal to the unperturbed 
Hamiltonian H o  . The eigenvalues E (h)  of H  (h)  generally depend on h. Figure 10.1 represents possible forms 
of the variation of energy levels with respect to h. 

0 
In the case of a nondegenerate energy level, the perturbation may either affect the energy level ( E l  in Fig. 

0 
10.1) or not affect it  (as in case of E ,  ). For a degenerate energy level, it is possible that the perturbation "splits" 

0 
it into distinct energy levels, as in the case of E ,  in Fig. 10.1. We say then that the perturbation removes the 
degeneracy of the corresponding eigenvalue of H , .  The perturbation may also leave the degeneracy of an 
energy level, as in the case of E: in Fig. 10.1. 

Approximate Solution for the Eigenvalue Equation: We are looking for the eigenstates Iy (h)  ) and eigen- 
values E (h)  of the Harniltonian H  (1): 

H  ( A )  I W  (A)) = E ( A )  I W  (A)) (10.4) 
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Fig. 10-1 

We shall assume that E ( h )  and Iy (A) ) can be expanded in a power series of h in the form 

I y ( h ) )  = lo)+ h l l ) + . - .  + hqlq) (1 0.6) 

When the parameter is equal to zero, we have the energy level and eigenstate of the unperturbed Harniltonian. 
When h << 1, each element in the series expansions (10.5) and (10.6) is much smaller (in general) then the pre- 
vious one; in practice, it usually suffices to consider ynly the first few elements. The element containing h is 
called the first-order correction, the one containing h- is called the second-order correction, etc. 

10.2 PERTURBATION OF A NONDEGENERATE LEVEL 
0 

Consider a particular nondegenerate eigenvalue En of the unperturbed Hamiltonian, with eigenvector 14,) 
(this eigenvector is unique to within a constant factor). We now give first- and second-order corrections for the 
energy level and corresponding eigenvector (the derivation is given in Problem 10.1). 

(10.8) 

q # t r  i 

Note that the first-order correction for the energy level is simply the mean value of the perturbation term hW 
in the unperturbed state I$,,). 
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10.3 PERTURBATION OF A DEGENERATE STATE 

Assume that the level E: is gH -fold degenerate. We present a method for calculating the tirst-order cor- 
rection for the energies and the zero-order correction for the eigenstates. The derivation is given in Problem 
10.8. 

Arrange the numbers (@;Iw~+:) in a g,, x gn matrix (i  is the row index and i' the column index). This 

matrix, which we denote w'"'. is "cut" out of the matrix that represents W in the {I@;)} basis. Note that w'"' 
0 

is not identical to W, i t  is an operator in the 8,-dimensional space corresponding to the energy level E n .  
0 

The first-order corrections E: of the energy level En are eigenvalues of the matrix w'"'. The zero-order 
0 

eigenstates corresponding to E, are the eigenvectors of w ' ~ ' .  Let r: (j = 1.2, . . . f i l l  ) be the roots of the 
characteristic equation of Win' (that is, the eigenvalues of w','). The degenerate energy level splits, to the first 
order, into fJ1) distinct sublevels: 

E ,  ,(A) = E: + h 4  j = 1 , 2  , . . . ,  f,, ( 1 )  < - g n  ( I  0.9) 

When f kl) = g, we say that to first order the perturbation W completely removes the degeneracy of the level 
0 

E n .  When f kll < g ,  the degeneracy is only partially removed, or not at all if f :,I) = 1. 
0 

Suppose that a specific sublevel E,,,(h) = E, + hd, is y-fold degenerate, in the sense that there 
are q linearly independent eigenvectors of w ' ~ '  corresponding to it. We distinguish between two com- 
pletely different situations: 

1. Suppose that there is only one exact energy level E ( h )  that is equal to the first order to E,, j .  This energy 
n 

is q-fold degenerate. [In Fig. 10.1 for example, the energy E ( h )  that approaches E, when h + 0 is two- 
fold degenerate.] In this case the zero-order eigenvector 10) of H ( h )  cannot be completely specified, since 
the only condition is that this vector belongs to the q-dimensional eigensubspace of H ( A )  corresponding 
to E ( h ) .  This situation often arises when the H ,  and hW possess common symmetry properties, implying 
an essential degeneracy of H (A) .  

2. A second possibility arises when several different energies E ( h )  are equal to first order to E . . The dif- 
n.! 

ference between these energies appears in calculation of the second or higher orders. In t h ~ s  case an 
eigenvector of H ( A )  corresponding to one of these energies certainly approaches an eigenvector of E,,, 
for h -+ 0 ; the inverse however, does not hold. 

10.4 TIME-DEPENDENT PERTURBATION THEORY 

Consider a physical system with Hamiltonian H,. We assume the spectrum of H ,  to be discrete and 
nondegenerate (the formulas can be generalized to other situations). We have 

Suppose that H, is time-independent but that at I = 0 a time-dependent perturbation is applied to the system 

H(r)  = H,, + LW(r) (10.11) 

where h is a parameter, h << 1, and W(t) is an operator of the same magnitude as H,, , and zero for t < 0 .  Sup- 
pose that the system is initially in the state which is an eigenstate of H ,  with eigenvalue E,. We present an 
expression for calculating the first-order approximation of the probability <,.(I) of finding the system in another 
eigenstate IQf) of Ho at time t. The derivation of this expression is given in Problem 10.12. 

where wif is the Bohr angular frequency, defined by 

E; - Ef 
Oif = - fL 

and oif ( t )  is the matrix element of W ( t ) :  

Wf,(0 = (4) W(t)lO;) 
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Consider now the case of transition between a state 14;) and a state I$f) of energy Ef belonging to a con- 
2 

tinuous part of the spectrum of H O B  In  this case the probability of transition at time t .  I (ely! ( I )  )I is actually 
a probability density. That is, we must integrate the probability density over a range of final states in order to 
give a physical prediction. 

The time-dependent perturbation theory can be applied to this situation. One very important result is 
Fermi's golden rule. This formula relates to the case of a constant perturbation. It can be demonstrated that i n  
this case, transitions can occur only between states of equal energies. The probability density Pf, of transition 
from 14;) to \qf) increases linearly with time, and 

where p(Ef) is the density of the final states. 

Solved Problems 

10.1. Derive the formulas for the first- and second-order energy corrections for a time-independent perturba- 
tion. Also, derive the first-order corrections to the eigenstates. Assume that there is no degeneracy. 

We write the Hamiltonian in the form H = H a  + kW, where H ,  is the Hamiltonian of the unperturbed system 
and W  is the perturbation ( A  N 1).  We assume that the eigenstates Iy(k)) and the eigenenergies E(k) of the per- 
turbed system can be expanded in a power series of k :  

lV(k)) = lo)+ k I l )+ .  . . +  kYlq) (1O.I.lj 

and 

E(A) = eo+ he ,  + - .  - + Aqeq (10.1.2) 

Substituting into the Schrodinger equation we obtain 

Then, by equating the coefficients of successive powers of A we obtain 

Halo) = ~010) 

( H , - & , , ) I l ) +  (W-&,)IO) = 0 

and 

(H,-~,)12)+ ( W - ~ , ) l l ) - ~ , l 0 )  = 0  

For the nth order we oblain 

( H , , - E , ) I ~ ) +  ( W - & , ) I n -  1) -e21n-2)+. . .  -&,lo) = 0  (10.1.7) 

Note that we are free to choose the norm and the phase of 1 ~ ( k ) ) ,  so we require that [ ~ ( k ) )  is normalized and that 
its phase is such that the inner product ( O l ~ ( k ) )  is a real number. This implies that 

For the nth order we obtain 

Note that when k  -+ 0, we have E,, = E L ' ) .  Using (l0.1.4), we conclude that I@,) is proportional to 10); therefore, 
we choose I@,,) = 10). Multiplying (10.1.5) on the left by ($,,I, 
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The first term in (10.1 . l o )  is zero; therefore, 

E l  = (@"IWIO) = (@,IWI@,) 

For the first order we have 

= E',O' + A ( @ , , I  Wl@,> + o(k I 
We see that the first-order correction to the energy is simply equal to the mean value of the perturbation term W in 
the unperturbed state I@,). Multiplying (10.1.5) by the basis vectors (1$~,1 we obtain 

( $ ( H , -  1 1  ( 1  W E , ) + . )  = 0 ( P  * n )  (10.1.13) 

This leads to the equation 

(E:' -E? 1) + ( @ p ~ ~ ~ @ . )  = 0 (10.1.14) 

where we used the orthogonality of the basis vectors. Then, 

Since (@,I I )  = (01 1) = 0 ,  wearrive at 

Therefore, to the first order, the eigenvectors I@,(A)) of H that correspond to the unperturbed state can be writ- 
ten as 

To obtain the second-order correction of the energy we multiply (10.1.6) by (@,I: 

(*.I ( H ~ - E : O ' ) ~ ~ )  + ( W - ~ l ) l l )  - ~ 2 ! @ ~ / @ ~ )  = 0 

This leads to E ,  = (@"lWI 1). Substituting (10.1.16) for I v (h ) )  we arrive at 

Therefore, to the second order, the energy is given by 

10.2. Consider a particle in the two-dimensional, symmetrical, infinite potential well. The particle is subject 
to the perturbation W = C x y ,  where C is a constant. ( a )  What are the eigenenergies and eigenfunctions 
of the unperturbed system? (b) Compute the first-order energy correction. ( c )  Find the wave function of 
the first excited level. 

(a )  For the unperturbed system, the wave functions and eigenenergies are (see Chapter 3) 

(h) The first-order correction to the energy is given by 

Thus, 
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(cj In order to find the wave function of the first excited level we compute the following matrix elements: 

and 

Thus, the eigenvalue equation can be written as 

2 5 6  1 1 1 I 
L C and u ,  = -, u, = - o r u ,  = J ~ , u ,  =-T~ where = (a * -) Jz Jz . Note that as the first excited 

81 lC4 

level is twofold degenerate, there are two solutions for the wave functions: 

10.3. Consider a harmonic oscillator with a force constant k and a reduced mass m. The small perturbation 
W = a x 3  is applied to the oscillator. Compute the first-order correction to the wave functions and first 
nonvanishing correction to the eigenenergies. 

The Hamiltonian of the system is given by 

The eigenenergies for the unperturbed Hamiltonian are E!" = ( n  + 1 / 2  j h o ,  and the eigenfunctions are given by 
I - 

where a = m ~ / h  and H, are the Hermite polynomials. Note that when we compute the first-order correction Eil', 
we obtain an integral with an integrand of an odd function; the integral therefore vanishes and we have the result 
E L ' )  = {n lau31k}  = 0. For the second-order correction we obtain 

Note that this result can be obtained by using the relation l ( n a r 3 m ) 1 2  = a C { n l x 2 1 k ) { k l x m ) .  The required 
matrix elements are 

I 

(n1ax31n- 1) = a { n l x 2 1 n - 2 ) { n  - 2 l x l n  - 1) + { n l x 2 1 n ) ( n l x l n -  I )  = 3 a  (10.3.6) 

and 
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Substituting into (10.3.3) yields 

The same matrix elements are required to calculate the first-order cor~ection to the wave functions; hence, we obtain 

10.4. Consider a particle of mass m in a one-dimensional infinite potential well of width a: 

O l x < u  

otherwise 

The particle is subject to perturbation of the form 

W ( x )  = aoo6 ( x  - a / 2 )  

where a is a real constant with dimension of energy. ( a )  Calculate the changes in the energy level of the 
particle in the first order of a,,. (b) This problem can be solved without using perturbation theory; find 

the exact solution. Defining k = A/=', show that the possible levels of energy are given by one 
of the following equations: 

How do these results depend on the absolute value and sign of a,? Show that for o0 -+ 0 one obtains 
the results of part (a). 

(a) For the unperturbed system the energy eigenvalues and eigenfunctions are given by 

The first-order corrections of the energy eigenvalues are given by 

n odd 
0 1  - zssin2( ~ ) u a o ~ ( x  - 

= {yo AE"' = (y:o)/w~lyn ) - a n even (10.4.5) 
0 

(b) Turning now to the exact solution, we divide the well po~ential into two regions: I and 11, as shown in Fig. 10-2. 
The wave function for region I is yr,(x) = A sin (kx) ,  and for region 11, y l l ( x )  = B sin [ k  ( a  - x )  ] . 

Fig. 10-2 

From the boundary condition v I ( x  = a / 2 )  = y a ( x  = a / 2 )  we have A = B .  Using the normalization condition 

2 I ~ ( x j  1 dr = 1 we obtain A = B = Jz Hence, from the discontinuity relation between the derivatives 
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W ;  (.r = u / 2 )  and ~ ; , ( . t -  = ~ / 2 )  we obtain 

2  nz 
-g f i uw( ,  sin ( k u / 2 )  

2muw,, , 
Therefore, k  cos ( k u / 2 )  = h -  cos ( k u / 2 )  - - sln ( k u / 2 ) .  so 

f i 2  

2nrclw,, , ti?k 
2k cns ( X u / 2 )  = --sin ( X u / 2 )  a tan ( k u / 2 )  = -- 

f,. - m"('41 

[CHAP. 10 

For sin ( k u / 2 )  = 0. we obtain the unperturbed solution corresponding to k = n n / 2 ,  where n  is an even number. 
As o,, -+ O we get -hL /muw, ,  + fw, which from (10.4.7) occurs when k u / 2  = n / 2  + nn ,  or k = n n / u  for odd 
rz .  We introduce 1 = - ku /2  + nt7/2. where n  is an odd number. In this case. tan ( A u / 2 )  = cot 1. Using the expan- 
sion of cot .v in  the vicinity of zero we can write 

Note that the last equality comes from (10.4.7). Therel'ore, 

and k , ,  , = [ . Using the expression 

E 
and the expansion ZE = I + - + - - . ( E  (( I ) we obtain 2 

The energy eigenvalues are therefore 
f,? 2 n? n? 

E = - = -  
9 + 2 to,, 2nt 

The first term on the right-hand side of (10.4.12) corresponds to the unperturbed energy eigenvalues, and the second 
term is the first-order correction that we obtained in part (a ) .  

10.5. Consider a particle with mass m in a two-dimensional square box of length L. There is a weak potential 
in the box given by 

, = v,,L'~ (.r-x,,) 6 ( y  -?,,I ( / o . ~ . I J  

( a )  Evaluate the first-order correction to the energy of the ground state. (h) Write the expressions fbr the 
second-order correction to thc energy, and the first-order correction to the wave function of the ground 
state. Explain how you would calculate the expressions for (x,,, v,,)  = ( L / 2 ,  L / 2 ) .  ( r )  Find an expres- 
sion for the energy of the first excited state to the first order in V,, . What is the difference between the 
energy sublevels for (s,,, 3,)) = ( L / 4 ,  L / 4 ) ?  ((1) For the first excited state, find the points (.\,,, yo) 
defining a potential V ( x ,  y) that do not remove the degeneracy. Explain your result in terms of the sym- 
metry of the problem. 

(a)  The eigenfunctions and eigenenergies of the unperturbed state are (see Chapter 3) 
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The ground state is nondegenerate, but since E:;' = E::', the first excited state is degenerate. For the ground 
state, the first-order correction of the energy is 

(h) For the second-order correction of the energy of the ground state we have 

2 

: j j s i n ( ~ ) s i n ( ~ ) \ f o L 2 6  L ( X  i o )  6 jy-&)) s i n ( y ) s i n ( y ) &  

= C 
It, k 

7? Ti2 
( 2 - n 2 - k 2 )  

( n , k )  * ( 1 ,  1 )  2mL 

When (x,, yo) = (L/2, L/2) we obtain 

For the first-order correction of the ground state we have 

Rx '40 ~ n x  ' n k ~ o  
4 \ ~ ~ s i n ( f  ) s i n ( ~ _ ) s i n ( & " ) s i n ( ~ ) ~  

= C dTi2 ( 2 - n 2 - k 2 )  i n )  s i n )  (10.5.6) 
n, t 

( 4 k )  * (1, 1 )  2 m ~ ~  
We turn to the case where xo = y, = L/2. We substitute n = 2p + 1 and k = 2q + 1 and obtain 

(c) The first excited state is degenerate, E::' = E::'; according to Sec. 10.3, the secular equation will be 
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Thus we obtain 

where V,, = (n[V(x ,  y)lrn) and 
Rnx nky,, ~ l x  RmY 

v",. ,,,, = 4 ~ , ,  s i n ( + ' )  s i n ( T )  s i n ( ~ ) s i n ( ~ )  

For x, = yo = L / 4  we obtain V,,, ,, = 1f,2,21 = V Z I .  1 2  = V21.21 = 21f,, SO 

(4 The degeneracy will not be removed if 
2 2 

(V,2.12-V21,21) +4IV12.211 = 0 

Thus, 

[CHAP. 10 

Hence, each of the variables xo and y, can assume the values 0, L, and L / 2 ;  altogether we attain nine points 
in the two-dimensional box. These nine points are the only points where the symmetry of the system is not 
removed when the perturbation is applied. 

10.6. Consider a particle of  mass m subjected to the Hamiltonian 

-+- O l r l a  2m 2 

L 

where r  = .jr'+y'. Use the second-order perturbation to find the corrections to the ground state 
energy. 

One can write the Hamiltonian in the following form: 

where the perturbation is 

The wave function of Ho for the ground state is moo ( r )  = E+.h e X P [ - 4 1 ,  where k = d a  and 
2k 

e' = hw. (In the function pOo one of the zeros corresponds to an eigenfunction of the unperturbed Hamiltonian, 
and the other zero corresponds to the ground state.) For the first order in V we have 

hw[ m~02]exp(-m$), This result is valid for h~ I m J a 2 .  In the second order, the first or Eo= h w - 2  I + -  

state that contributes to the energy correction is ( r )  at energy 3hw, yielding the contribution 
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Hence, we obtain approximately 

Note that this analysis is incorrect only if E > rn w2 u 2 / 2 .  

10.7. Consider now a three-dimensional problem. In a given orthonormal basis the Hamiltonian is represented 
by the matrix 

- 0  - I  
Here H = H + H and Cis  a constant, C rc I . (N) Find the exact eigenvalues of H. (h )  Use the second- 
order perturbation to determine the eigenvalues. ( c )  Compare the results of parts (a) and (h). 

(a) The eigenvalues of H are the roots of the equation det ( H  - hl )  = 0, 

Thush = C - 2 ,  2 f J l + c 2 .  
(b) The second-order correction to the energy may be written as E n  = E!,o) + E ~ ( I ]  + or 

o =  

It can be seen that (H0),. = 1 ,  3. and -2. The first-order energy correction is given by H : ,  = 0. Hi2 = 0, 
and H:, = C. For the second correction we have 

and 

I - A  C 0 

C 3 - h  0 

0 0 C - 2 - A  

Thus, 

= ( C - 2 - h )  1 I = ( c - 2 - A )  , A 2 - 4 h + 3 - c 2 ]  (10.7.2) C 3 - h  

and 
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(c) We expand 2 k ,/G2 in a binomial series: 

[CHAP. 10 

This gives the same result to the second-order corrections (10.7.7) and (10.7.8). 

10.8. Derive the first-order correction of a degenerate state according to perturbation theory (Section 10.3). 
I 

We assume that the energy level E,, is g-fold degenerate, so we have g orthonomal vectors I@,) such that 

H,,I@;) :$= E,IP) (10.8.1) 

We add a perturbation XW to lhe Hamiltonian H,, ,  and we seek the possible energy levels E corresponding to the 
first-order correction state 10): 

[H,,+kWl10) = (EP+k&)10) (10.8.2) 

We have 

(4';lwlo) = &(@;lo) 

Using the closure relation for the basis { I$:)} we obtain 

p' !. 

Since 10) is an eigenvector of H,, with the eigenvalue E,, i t  is orthogonal to every I@;:) for p' # p ,  so 

k ' t  l 

We define the matrix { w"} by 

w,; = (@JwI4';> (1 0.8.6) 

Equation (10.8.5) is equivalent to the vector equation ~ " 1 0 )  = ~10) .  Therefore the possible values of E are the solu- 
tions of 

det(wl'-XI) = 0 (10.8.7) 

10.9. Consider an electron of mass m in a three-dimensional box with energy 37c2fi2/rna2. A weak electric 
field in the z-direction and of strength E is applied to the system; the perturbation is then W = e & z .  
Compute the first-order correction to the electron's energy. 

A free electron in the three-dimensional box has energy ~ ' h ~ n ~ / 2 r n u ' ;  and so n + nf + nt = 6. Three vec- 
tors satisfy this condition: 

(nr, n,., n,) = ( 1 ,  1 ,  2) (n,,  n,., n:) = ( 1 .  2, 1 ) (n,, n,,, n:) = (2,  1 ,  1 )  (10.9.1) 

The state is therefore threefold degenerate. The wave functions for these three possibilities are 

and 

Note that (2,  1, 11~12, I ,  1) = ( 1, 2, 11~11, 2, 1) = ( 1 ,  I ,  2\21 1, 1, 2) and 



CHAP. 101 SOLUTION METHODS IN QUANTUM MECHANICS-PART A 187 

ltcanbesirnilarly shownthat (2, I, 11zIl,2, 1) = (2, 1, IIzll, l , 2 )  = ( l , 2 ,  Ilzll, l , 2 )  = 0. Thusall theoff-  
diagonal matrix elements vanish and the energy is given by 

10.10. Consider a hydrogen atom placed in a uniform static electric field E that points along the 2 -direction. 
The term that corresponds to this interaction in the Hamiltonian is 

W = -CEZ  (1O.lO.I) 

Note that for the electric fields typically produced in a laboratory, the condition W << Ho is satisfied. The 
appearance of the perturbation removes the degeneracy from some of the hydrogen states. This phenom- 
enon is called the Stark effecr. Calculate the Stark effect for n = 2 in a hydrogen atom. 

Before we explicitly calculate the matrix elements of the perturbation, we note that the perturbation has 
nonzero matrix elements only between states of opposite parity; as we are considering level n = 2, the relevant 
states are those with I = 0 and I = 1. Using symmetry, the m-values of the two states must be equal. Therefore, 

2 s 2p,m = O  2p, m = l 2p, m = -1 

An explicit calculation gives (2p, m = OIW12s) = 3euoE, where u, is the Bohr radius. Note that the matrix ele- 
ment is linear in E ,  so this correction is called the linem Sturk effect. We transform to the basis that diagonalizes 
the perturbation: this basis is 

I 1 
{ )2p ,  m = -I), 12p, m = I), - (12s, m = 0) + 12p, m = O)), - (2s, Im = 0) - 12p, m = 0)) ) 

(10.10.3) 
.J2 J2 

Schematically, Fig. 10-3 depicts how the linear Stark effect removes some of the degeneracy of the n = 2 level. 

1 

t 
- (12s, m = 0) +12p, m = 0)) 
fi 

h a , , €  

1 12p. m = -1)  and l2p, m = I )  

3eaoe 

I I - ( 12s, m = 0) - 12p, m = 0)) 
d3 

Fig. 10-3 

10.11. Consider a planar molecule consisting of four atoms: one atom is of type A and the three other atoms are 
of type B; see Fig. 10-4. An electron in the molecule can be found in a vicinity of each atom. If the elec- 
tron is close to atom A, it has energy E:"; if it is close to any of the B atoms, it has energy 

(0) E,  , where E :0' < E:')! We denote the states by 

1 1 )  = ( 1000) 12) = (0100) 13) r (0010) 14) = (0001) (10.1 1.1) 

(u) For the first approximation, the electron cannot move from one atom to another. Using the basis 
{)I) ,  12), 13). 14)), write the Hamiltonian Ho for this approximation. ( h )  For the case in which an electron 
can move from an atom B to atom A and back, but cannot move from one B to another, we denote by a 
the energy associated with the transition from atom A to an atom B, where a << E l .  Write the perturbation 
in this case. (c )  Using perturbation theory, calculate the second-order correction to the energy of the state 
11) and the first-order correction to the states 12), 13), and 14). (6) Calculate exactly the corrections to the 
energies of the states. Show that when a << E ,  one obtains the result of part (c ) .  
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Fig. 10-4 

(a )  In the basis ([I),  12). 13), 14)} the Hamiltonian H,, is represented by the following matrix: 

(b) The perturbation matrix representing the transitions between the state 11) and each of the states (2), 13), or 14) 
is 

( 0  a a a) 

l a 1 0  o 01 
(c) The energy level E;') is nondegenerate. For the perturbation W the second-order correction is, in accordance 

with (10.6), 

The energy level El') is threefold degenerate, so we need to use perturbation theory for a degenerate state. 
Since the matrix elements of W between the states 12), 13), and 14) are zero, the secular equation is 

2 
and therefore -E = 0  , and the first-order correction to energy level E:'" is zero: 

(01 E:" = E 2  Ei 1 1 = E:( ' l  E : l j  = E;ol (10.11 -6) 

We see that to the first order the degeneracy is not removed. 
(4 The total Hamiltonian is 

To find the eigenenergies of H .  we must solve ihe quadratic equation det (H - 1 1 )  = 0. An explicit calcu- 
lation gives 
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Thus we obtain 
r 1 

We see that the degeneracy level E:' is not completely removed by the perturbation, but it is partly removed. 
For u G E,"' we have 

This is in accordance with the second-order correction for the El,"' (10.1 1.4) and the first-order correction for 
the level E?'. 

10.12. Derive the transition probability equation for the first-order time-dependent perturbation theory. 

Let c,(t) be the components of the vector Iy(6)) in the (I$,,)) basis: 

We define W,, = (@,\W(t)l$,). The Schrodinger equation is 

By multiplying (10.12.2) by ((I,( and using (10.12.1) we obtain 

k 

- t E , , ~ / h  
Using the Bohr angular frequency on, = ( E ,  - E,) / h  and the substitution c.,(t) = u,,(t)e , (10.12.3) becomes 

We write h,,(t) in the form of a power series expansion in  h: 

We seek the solution to the first order in k.  For t < 0 we assume the system to be in the state so according to 
(10.12.1) ar~d the relation between un(t) and I - . , ( [ )  we have 

un(r = 0) = i jn i  (10.12.6) 

If we substitute (10.12.5) in (10.12.4) and equate the coefficient of kr on both sides of the equation, we obtain [by 
using (10.1.?.6)] 

Equation (10.7.7) can be integrated to obtain 
* I  
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Finally, the transition probability Pf,(t) between the states I$,) and I$,) is, according to (10.12.1). equal to l5(r)l2. 
Note that af(t) and cj(t) have the same modulus, and to the first order, 

( 0 )  ( 1 )  
af(t) z uf (t) + XU, (t) (10.12.9) 

Since the transition is between two different stationary states, we have b;("(t) = 0. and consequently 

where we used (10.12.8). 

10.13. Consider a one-dimensional harmonic oscillator with angular frequency w, and electric charge q. At 
time t = 0 the oscillator is in ground state. An electric field is applied for time T, so  the perturbation is 

W ( t )  = otherwise 

where E is a field strength and x is a position operator. (a) Using first-order perturbation theory, calcu- 
late the probability of transition to the state n = I .  ( h )  Using first-order perturbation theory, show that 
a transition to n = 2 is impossible. 

(a) We denote by Po, the probability of transition from the ground state to n = I ; then, according to the first- 
order time-dependent perturbation theory, 

where @,(x) and @, (I) are the energy eigenfunctions in the coordinate representation for n = 0 and n = 1 ,  
respectively. Using results for a harmonic oscillator we know that (see Chapter 5) 

where x, = E. Substituting these in (10.13.2) we obtain 

(6) To the first order for the transition n = 0 + n = 2 we can write 

We have 

where we used the relation x = ( U  + a t )  (see Chapter 5). Therefore. P',:'(T) = 0. 

10.14. Consider a one-dimensional harmonic oscillator embedded in a uniform electric field. The field can be 
considered as a small perturbation and depends on time according to 

where A is a constant. If the oscillator was in ground state until the field was turned on at i = 0, com- 
pute in the first approximation, the probability of its excitation as a result of the action of the 
perturbation. 
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Consider the total momentum p imparted to the oscillator by the field over the duration of the perturbation: 

e A  j- e p = 1 e c ( t ) d t  = - (,/I) dr = eA = const. (10.14.2) 
-- h~ - - 

We see that p does not depend on the time constant z of the perturbation. This means that the areas under the curves 
of Fig. 10-5 are equal for every r. 

Fig. 10-5 

The probability of a transition from the state n to the state k is given by 

where V,,,  = W : ' l * ~ d " d x  is the matrix element of the perturbation and w,, = IE:" - ~ ' " l / f i .  Let i 
e ,  m ,  and w denote the charge, mass. and natural frequency of the oscillator, respectively, wherex denotes its devi- 
ation from its equilibrium position. In the case of a uniform field, the perturbation is given by 

V (x, t) = -exE(I )  - x (1 0.14.4) 

The oscillator is the ground state ( n  = 0), so the nonvanishing elements of the perturbation matrix are 

Thus, in the first approximation, a uniform field can produce a transition of the oscillator only to the first excited 

state. If we substitute (10.14.5) and o,, = w , ,  = I E : " )  - E:"I/h = w into (10.143) we obtain 

ipx - u.r2 
Using the identity e 2 e - ~ 2 / d a  we arrive at J -- dx = / a  

We conclude that for a given classically imparted momentum p, the pmbability of the excitation decreases with the 
increase of t ; so for z ,, I / w  this probability is extremely small. This is the case of a so-called adiabatic pertur- 
bation. On the contrary, for a rapid perturbation z (< I /w  the probability of excitation is constant. Note that in the 
limit r + 0. 

I/  lim&(r) = A8( t )  = ;8(0 
r+O 

so we have a sudden perturbation. In this case, the probability assumes the value 

pL lim Po, = - 
T + O  2mfLw 

which is equal to the ratio of the classically imparted energy p 2 / 2 m  to the difference between the energy levels of 
the oscillator, fiw. The criterion for the applicability of perturbation theory is that the probability of excitation must 
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be small compared to the probability that the oscillator will remain in the ground state: 

, ( 1 - 0 ,  or P(,, << 1 

It is apparent from (10.14.7) that 

[CHAP. 10 

is a sufficient condition for (10.14.10). However, if the field's change is sufficiently adiabatic, that is, z B I / o ,  
then condition (10.14.11) is too rigorous and perturbation theory can be applied. (This is if p 2 / 2 m  is of the order 
of hw.) 

10.15. Consider a linear oscillator in its ground state. Suppose that the equilibrium point begins at a time t = 0 
to move slowly and uniformly and at time t = T it stops. Using the adiabatic approximation find the 
probability that the oscillator will be excited. What is the validity of this approximation. (In an adiabatic 
approximation one assumes that the perturbation changes very slowly with time. It turns out that for adi- 
abatic perturbation, the probability of excitation is very small.) 

The Hamiltonian of the oscillator at I > 0 has the form 

where u(I), the position of the equilibrium point, is L~(,I  according to the given condition, with vo = const. being 
the velocity of the equilibrium point. The instantaneous eigenfunctions of the Hamiltonian (10.16.1) have the form 

r 7 

a H  7 

The matrix element of the operator - = -mwAvo [s - u(t)] computed from these functions is nonzero only for the 
a t  

transition n = 0 + n = I (recall that the initial state is the ground state), being equal to 

Evidently, the spectrum of the energy levels of the oscillator does not change during the motion of the equilibrium 
point; i.e., all the w are constant. The probability amplitude of the first excited state is obtained by substituting 

Therefore, the probability that at time I the oscillator will be in the first excited state is 

Note that this probability oscillates with time. Thus, the probability of excitation for I 2 T is 
2 

"0 
P , ( V  = fiw ( 1 - cos (at) ) 

For the adiabatic approximation to be valid, the inequality P , ( n  (< 1 must hold for all I. This is equivalent to the 
condition 

10.16. Consider a hydrogen atom in its ground state at time 1 = 0. At the same time a uniform periodic electric 
field is applied to the atom. (a) Find the minimum frequency that the field needs in order to ionize the 
atom. (b) Using perturbation theory, find the probability of ionization per unit time. Assume that when 
the atom becomes ionized, its electron becomes free. 

(a) The equation for the transition probability per unit time from a state in a discrete spectrum to a state in a con- 
tinuous spectrum, under the action of a periodic perturbation, has the form 
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2rr 
dP, ,  = 7 ; ( ~ , n 1 2 8 ( ~ ,  - E:" - hw) d v  (10.16.1) 

where w is the frequency of the periodic perturbation, n represents the set of quantum numbers that character- 
ize the states of the discrete spectrum, d v  is the corresponding infinitesimal energy interval of the continuous 
spectrum, EL" is the unperturbed energy level in the discrete spectrum, E, is the unperturbed energy level in 
the continuous spectrum, and V,, is the matrix element of the perturbation operator for the considered transi- 
tion. The perturbation operator has the form 

.. * w = e ( E ( t )  . t') = e ( E o  . r )  sin ( 0 1 )  = c e x p  ( - iwr)  + V exp ( iwr)  

where E(t) is the electric field, (E,,I its amplitude, and f is given by 

Note that the &-function in (10.161) assures that the transitiol~ takes place only when E, - E'') - fi6l = 0; 
therefore, 

Since the hydrogen atom is in its ground state, we have 

which gives us the minimum frequenc~ of the electric field needed to ionize the atom. 

(6 )  Consider the matrix element V,, = J v ~ ~ $ l  d3r. For $ : I 1  we take the ground-state wave function of the 
hydrogen atom: 

1 dnO' = - Jz exp (5) P2 L) 
For yr, we take approximately 

I 
y ~ ,  = e x p  ( i k  . r )  

&3 

(10.16.7) 

where v = hk2/4rrrn. Note that 4,;' is normalized to unity and v, is normalized to 8 ( v  - v ' ) .  Substituting 
all this into V,, we obtain 

v =?-- ' JexP(- ik  - ; ) E , )  i d3r (10.1 6 .8)  
'" &Jz 

To calculate the integral, we use the spherical coordinates ( r ,  8, 4 )  . We assume that k is directed along the 
polar axis, and we denote the angle between k and E, by X. The scalar product E,, . r is 

Eo . r = E,,r [ c o s ~  cos8 + sin2 sine cos ( 4 -  Q,,)  I (10.16.9) 

where I$, is the corresponding coordinate of E,. Substituting (10.16.9) into (10.16.8) (denoting i = cos8) we 
obtain 

Let us now turn to d v :  

where we have used the relation E, = f i 2 k 2 / 2 r n  ( d Q ,  is an element of the solid angle with axis along k ) .  Sub- 
stituting (10.16.13) and (10.16.14) into (10.16.1), we obtain 

2 I E , , ~  'k3 cos x 
dP,, = x 8 (E,, - E,:" - f iw)  dR,  dE, 

( 1 + k'u2) 

The probability of ionization when the electron makes a transition with a final wave vector k within the element 
dQ, is obtained by integrating (10.16.12) over dE,. Using the properties of 6-function in (10.16.12), we have 
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( 0 )  to consider only the point where E, = E n  + h o :  thus it follows that 

2n7Eu 2n1 ( W  - amin j k 2 = - -  - 
h2 ?i 

W 
and 1 + k2u2 = -. We now have 

WmI" 
64a3 wmln  3 / 2  2 

P A  = ( -  O m i n  F,COS x ~ R ,  

[CHAP. 10 

[The probability is denoted now by d P h  since (10.16.14) depends only on k . ]  We use the fact that cos2X = 
1 /3, and integrate ( 1  0.16.14) over the angles. We finally obtain the total probability of the atom ionization per 
unit time: 

10.17. Consider a quantum system with two stationary eigenstates 11) and 12). The difference between their 
eigenvalues is given by E2 - E, = f iw2,.  At time t = 0, when the system is in state Il), a small pertur- 
bation that does not change in time and equals H' is applied. The following matrix elements are given: 

(a) Using the first-order time-dependent perturbation theory, calculate the probability of finding the sys- 
tem at time t in the state [ I ) ,  and the probability of finding it in the state 12). ( h )  Solve exactly the 
Schrijdinger equation and find I ~ ( t )  ). (c) What is the probability that at time t the system is in state 12)? 
When is the approximation used in part (a) a correct one? At what time (for the first order) will the sys- 
tem be with probability 1 in state 12)? 

(uj From first-order time-dependent perturbation theory we have PI , ,  , I , , ,  and since there are only two eigenstates 
for the system, we obtain 

- 
Pll) + 1 1 )  - 1 - Pll) + 12) (10.1 7.2) 

2 

i2 J e f i f  ( r we arrive a1 Using the formula P,:) = - 

2 e 1 w 2 ~ u 2  ( e l ~ 2 , r / ?  - e - i ~ ~ ~ r / ?  e1021"22i sin ( w 2 , t / 2 )  
= W o  

iw,,  iW2,  

Since 0 2 , t a  1, P , I , , 1 2 ) ~ w ~ t 2 ~  1 andthus q,ta 1.Thetwoinequalities w 2 , t a  1 and %fa 1 arethecon- 
- ditions for applicability of the first-order approximation. Consequently, P I , ,  ,I,,  - 1 - G I .  

(b) Method 1: By diagonalitation of the Hamiltonian H = H,, + H'. First, we express the Hamiltonian explicitly 
in the basis of the eigenstates I I) and 12): 

2 2 where we used the relation E2 - E, = h a , .  The eigenvalue equation is Hv = kv ,  then ( E l  - k )  - ( h )  = 
0 and A,, , = El + hw,.  For two eigenvectors v,  and I,, we obtain 

So, for the state I ~ ( t )  ) we have 
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Using the initial condition 1 yr(t = 0 )  ) = I I )  we get a,  = a, = 1 /$2 , so eventually 

I - .  1 
ly r ( t ) )  = ~ ( e  '('1 +hwCl ) r / h  + - ; ( E l  -ho,) I / * )  I ] )  + - (e - ' (E l  +hoO)uh -' - hwo) l / h  

e 2 - e 112) 

- ; E l  r/h 
= e [cos ( o 0 t j  11) - sin (coot) 12)1 (10.17.7) 

Method 2: Explicit solution of the Schrodinger equation. We write (yr(t)  ) in the form 

Iyr(t) ) = C,( t )  e- 'E1r / f i l l )  + C2( t )  I - ' ~ ~ ~ / ~ I ~ )  (10.1 7.8) 

dl V ( t ) )  
Substituting this into the Schrodinger equation i n 7  = (Ho  + K )  Iy r ( t )  ) we obtain 

- i E , l / b  
= ( H o + H ' )  [ C , ( t ) e  

-1E,1/d 
I I ) + C , ( t ) e  12>1 

Multiplying (10.17.9) by (11 we get 

= ~l(t)e~lE~l~h({l~Ho~l)+(l~~~~)) +C2(t)e~1E2r~h((l~~o~2)+(l~K~2)) 

- 1 E l r / h  - r E ? t / h  
= E , C , ( t )  e + C, ( I )  n(o0e (10.1 7.10) 

which leads to 

i n d 1 ( t )  = e - I W 2 l f ~ , ( t )  ha ,  (10.17.11) 

1 
where w,, = (E, - E l ) .  In the same way, multiplying (10.17.9) on the left by (21 we arrive at 

i f i d  2 ( y r )  = C1( t )  ei02l')i~,, - C, ( t )  hw2, (10.17.12) 

Equations (10.17.11) and (10.17.12) give a system of differential equations with coefficients C , ( t )  and 

C*( t ) :  

I i f i d  , ( t )  = e- 'w21r~,  ( t )  hwo 

i f i d , ( t )  = C l ( t )  e ' ' ' ' ~ ~ ' n ~ ~ - ~ ~ i t ) h w ~ ~  

i 
Extracting C2( t )  from the first equation. C2( t )  = -C ( t )  el02lr, and differentiating: 

0 0  

Substituting these two expressions into the second equation in (10.1 7.13) we get 

2 
C , ( t )  + woC, ( t )  = 0 

Using the initial condition C ,  ( t  = 0 )  = 0. (10.17.15) gives Cl ( I )  = cos (w,,t). Thus, we can calculate the 
coefficient C,(t) and find C2 ( f )  = -i sin (mot)  e'"'211, SO eventually, 

- r E l r / h  
I W t ) )  = e [ cos (wet) 11) - i sin (coot) 12)] 

Note that the results of the two methods coincide. 
(c) The probability of finding the system in state 12) is given by 

2 
PI,)+l,) = 1(21V(t))l = sin2(w0t) (10.1 7.17) 

The approximation used in part (a) is thus correct when uot  = 1. The system will be in state 12) when P = 0 
I[ n: ltk 

or woT = f - + xk ,  k  E N. At times T = f - + -, k F N ,  the system will be in state 12). 2 200 wo 
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Supplementary Problems 

10.18. Repeat Problem 10.3, using the raising and upper operators, a and u'. respectively 

10.19. Consider a one-dimensional oscillator with a linear perturbation Ax. For the ground state energy, compute the first 
two orders of the perturbation (use dimensionless units). Ans. E(A) = 1 - A2/4. 

10.20. A small perturbation, W = ax4, is applied to a harmonic oscillator with force constant k and reduced mass m. Com- 
pute the first-order correction to the eigenenergies and first nonvanishing correction to the wave functions. 

3 a 3 f i a  
Ans. E:" = - ( n 2 + n  + f ) ;  9, = mi0) --$LO' + . . .  . 

2a2  4hwa2 

10.21. Consider the Hamiltonian H = Ho + V (x, y) ,  where Ho = mo2 (x2 + j-') / 2  is the free Hamiltonian, where 
2 

V (x, y) = Am@ xy is a perturbation. (a) Find the exact ground state. (b) Using the second-order perturbation, cal- 
culate the ground state energy. 

Ans. (a) yfo (x, g )  = ( I - exp(- 
~ W ( ~ + J T X ) X  

4h 

x Z n o  (b) E;~' = -- I A~ nw 
8 , where the exact result is E,, = 2fiw (- + m) % hw - - + . . . . 

8 

10.22. A particle with mass m and electric charge e moves in a one-dimensional harmonic potential, subjected to a weak 
electric field E.  (a) Calculate the corrections to the energy levels and to the eigenstates of the first nonvanishing 
order. (b) Calculate the electric dipole moment of the particle. (r.) Solve parts (a) and (b) exactly, and compare the 
results to the approximate solutions. 

(W2 Ans. (a) AE = -- . Iv,) = 19,) - Ee 
2m02 ' mw3 

10.23. A plane rotator with electric dipole moment d and an inertia moment I is subject to a uniform electric field E that 
lies in the plane of rotation. Calculate the first nonvanishing corrections to the energy levels of the rotator. Consider 
the field E as a small perturbation. Hint: The perturbation is W = -d . E. 

(0, ( 2 )  fi2n2 I (W2 
Ans. En = En + E n  + 

- 21 n2(4m2-1 )  

10.24. Consider the Hamiltonian 

1 2  2 where V,, (x l  - x2) = imw,  (x, - x,) . (a) Find the exact energy of this system. (b) Assuming that W = 

V,, (x, - x2) , use the second-order perturbation to compute the energy of the ground state. 

Ans. (a) EN, = (N+  1/21 h a o  + ( n  + 1 /2) fi,/o.$, + 4 (N. ,I = 0, 1, . . .), where 

I hwf n my 
E, = 2 - n ~ o + f n J ~ z f i ~ o + - - - - -  + . . - .  (b)  E, = no,+-----. ti mi 

4(J4b l64 4% 16 % -7 

10.25. In the first approximation, compute the energy of the ground state of a two-electron atom or ion having a nuclear 
charge Z. Considering the interaction between the electrons as a small perturbation. 

5 me4 
Ans. E = E " ' + E " )  = -(Z2-gZ)7, 
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10.26. Consider a quantum system that has an orthonormal basis of three unperturbed states. The perturbed Hamiltonian 
is represented by the matrix: 

where E2 > E l .  Use a second-order nondegenerate perturbation to find the perturbed eigenvalues. Diagonalize the 
matrix and find the exact eigenvalues. Repeat using a second-order degenerate perturbation. Explain the inconsis- 
tencies arising from the different approaches. 

The exact solution is 

Using a degenerate perturbation, AEIl, = 0 ; AE12) = 
la12 + lb12 
E, - El ' 

10.27. Consider a inolecule consisting of three atoms arranged on a line; see Fig. 10-6. 

Fig. 10-6 

If an electron is in the vicinity of atom A,  its energy is E l ;  if i t  is in the vicinity of either of the atoms B, its energy 
is E, (El  < E,) . (a) To the first approximation, assume that there is no transition of an electron between atoms. 
Find the Hamiltonian H,,.  (h) A small perturbation is applied and the electron can move from one atom to another. 
The energy associated with a transition is a, where a (( E l .  To the first order, compute the corrections to the energies 
and eigenstates (for E l  apply to the second order). (c) Suppose that at t = 0 the electron is near atom B. Using the 
approximation of part (6). calculate the probability that at t > 0 the electron will be in vicinity of atom A. (6) Find 
the exact eigenenergies of the electron. (e) An electron can now move from an atom B to another atom B, and the 
energy associated with the transition is b. where h <( a .  Using perturbation theory, find the energies and eigenstates 
of H when the unperturbed Hamiltonian is H, + W ,  where W is the perturbation introduced in part (b). 

l(21wl 1)12 2a2 
Ans. (a) H o =  E I = ~ ~ 0 ) + ( 1 ~ ~ 1 ~ ) + 2  ( 0 )  -. 

E2-E, = El +E,-E, .  

a 
(21Wll) (31Wll) a -- 

1 ~ 1 )  = 1 1 ) . - = 1 2 ) - n P )  = ll)-- ( 2 )  + 3 r 1 )  = . The states Iy,) and Iy3) 
E2- El 

are degenerate; therefore, to the first order there are no corrections to the eigenstates. ( c )  PI,, , ,,, = 0. (6) E ,  = 

1 ( 0 )  ( 0 )  ( 0 )  (0) 2 - I 
E, = i ( E l  + E ,  +,/(E, - E, ) - 8 2 ) .  E, = EiO! (e) B2 = E2-  b, E, = E3 = z ( E ,  + E2 + b +  
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10.28. In the first approximation, compute the shift in the energy level of the ground state of a hydrogen-like atom resulting 
from the fact that the nucleus is not a charge point. Regard the nucleus as a sphere of radius R throughout the volume 
of which the charge Ze is distributed evenly. Hint: The potential energy of an electron is the field of a nucleus that 
has an evenly distributed charge, 

for O < r < R  

V(r)  = 

for r 2 R 

10.29. Consider a harmonic oscillator described by 

where ~ ( t )  = wo + cos ( a t )  6w and 6w << w,, (a  is a constant). Assume that at t  = 0 the system is in the ground 
state. Using perturbation theory, find the transition probability from the ground state to a final state5 You may use 

the result ( n  ( x 2 ( 0 )  = mhw/ ../? for n = 2 and zero otherwise. 

Ans. Po +,([I = ( aso. 2% + 6,. o) . 



Chapter 11 

Solution Methods in Quantum Mechanics-Part B 

11.1 T H E  VARIATIONAL METHOD 

The perturbation theory studied in Chapter 10 is not the only approximation method in quantum mechanics. 
In this section we present another method applicable to conservative system. Consider a physical system with 
time-independent Hamiltonian H.  We assume for simplicity that the entire spectrum of H is discrete and 
nondegene rate: 

(HI@,) = En/@,)) n = l , 2 , 3 ,  . . .  ( 1 1  . I )  

We denote by E, the smallest eigenvalue of H (that is, the smallest energy of the system). An arbitrary state 
I y )  can be written in the form 

Then 

On the other hand, 

Thus we can conclude that for every ket, 

Equation (11 .5 )  is the basis of the variational method. A family of kets ) y  ( a ) )  is chosen, called trial kets. The 
mean value of H in the states J y  ( a ) )  is calculated, and the expression ( H )  ( a )  is minimized with respect to 
the parameter a .  The minimal value obtained is an approximation of the ground state energy E,,. 

Equation (11.5) is actually a part of a more general result called the Ritz rheoj-c~rn: The mean value of the 
Hamiltonian H is stationary in the neighborhood of its discrete eigenvalues (see Problem I I .  1). 

The variational method can therefore be generalized and provide estimations for other energy levels besides 
the ground state. If the function (H)  ( a )  obtained from the trial kets Iyf ( a ) )  has several extrema, they give 
approximate values of some of its energies En. 

11.2 SEMICLASSICAL APPROXIMATION (THE WKB APPROXIMATION) 

Apart from the perturbation and variational methods described earlier, there is another method, which is 
suitable for obtaining solutions to the one-dimensional Schrodinger equation. This is the so-called semiclassi- 
cal, or WKB approximation (named after Wentzel, Kramers, and Brillouin). The WKB method can also be 
applied to three-dimensional problems, if the potential is spherically symmetric and a radial differential equa- 
tion can be separated. 

The WKB method introduces an expansion in powers of h in which terms of order than h' are neglected. 
Thus, one replaces the Schrodinger equation by its classical limit (fi -+ 0). However, the method can be 
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applied even in regions in which the classical interpretation is meaningless (regions inaccessible to classical 
particles). 

Consider the Schrodinger equation in one dimension: 

We consider only stationary states, and write the wave function in the form ~ ( x )  = ciu"' . We shall use the 
abbreviations 

for E > V(x)  

I -i 
k(+u)= ( - i ) ~ ( x ) = ~ J 2 n l [ V ( x ) - E ]  for E<V(x)  

Substituting ~ ( x )  into (11. 7) one finds that u(x) satisfies the equation 

In the WKB approximation we expand u(x )  in power series of f i :  

and we consider only uo and u ,  . We obtain then the approximate wave function according to the WKB method: 

A region in which E > V(x) is called a cbssically allowed region of motion, while a region in which E < V(x)  
is called classically inaccessible. The points in the boundary between these two kinds of regions are called 
turning points [where E = V(x) I. 

Applicability Condition: The WKB approximation is based on the condition 

2 It 
This condition can be expressed in a number of equivalent forms. Using the de Broglie wavelength h = - we 
can write ( I f  . I  1 )  as 

k 

Adjacent to the turning points, for which k(x,) = 0, we have 

Thus the semiclassical approximation is applicable for a distance from the turning point satisfying the condition 

The Connection Formulas: Consider a turning point. Assume that except in its immediate neighborhood 
the WKB approximation is applicable. The matching between the WKB approximations on each side of the 
turning points depends on whether the classical region is to the left of the point (Fig.1 1-1) or to the right of it 
(Fig. 1 1-2). 
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Fig. 11-1 Fig. 11-2 

In the first case we have, x > b: 

while in the second case, for x < a , 

Application to the Bound State: The WKB approximation can be applied to derive an equation for the 
energies of a bound state. Using the connection formulas in each side of the potential well one obtains (see 
Problem 1 1.13) 

which may be written 

This equation is called the Bohr-Sommerfeld quantization rule. 

Barrier Potential: If one considers a potential barrier of the form V ( x )  between x = a and x = a and a 
particle with energy E, the transmission coefficient in the WKB approximation is given by 

Solved Problems 

11.1. We define (H)  by (H)  = ('IH"), where 1 ~ )  is any vector in the state space. Show that (H) is sta- (wlw) 
tionary (that is, 6(H)  = 0), if and only if [yr) is an eigenvector of H with eigenvalue (H). 
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and 

I mw m o r 2 / 2 r i  3 
We obtain Do = 5~ and yp,(x) = xe ; so (H) , ,  = 2ho. Thus, (H) , , ,  equals the energy of the 

n = 1 level of the one-dimensional harmonic oscillator. (Try to explain this result.) 
(c) Applying the procedure of parts ( a )  and (6 ) .  we obtain 

and 

1 
hence (H),,, = fiZfiw. We see that (H),,,  is equal to & times the ground-state energy. 

11.3. (a) Using the variational method, estimate the ground-state energy of an atom of hydrogen. Choose as 
trial functions the spherically symmetrical functions - $,(I whose r-dependence is given by 

f o r r s a  
Ou(r) = 

for r > a  

where C is a normalization constant and a is the variational parameter. ( b )  Find the extremum value of 
a. Compare this value with the Bohr radius a,,. 

2 
(a)  First we compute the normalization constant. This gives C = 15 / r ta3 .  The kinetic energy is given by 

Integration by parts gives 
2 

7ch2 
( E , )  = - - m 

1: + J: [L ( r l a ( r ) ) ]  dr ( r q a ( r )  7 cir 

But since (r$ , (r ) )  I = (r$ , (r ) )  I r  = a = 0, the first term vanishes and we have 
7 = 0 

The potential energy is 

Thus, the total energy as a function of a is given by 

h2 1 ke2 I 
( E ( a ) )  = ( E , )  + (V) = 5 

( 6 )  The extremum condition d (  E) / d a  = 0 leads to 

Note that the Bohr radius is a ,  = f i 2 /kme2;  thus, a,  = 40,. 
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11.4. (a) Write the Schrijdinger equation for the helium atom. What are the solutions for the ground state if 
one neglects the interaction between the two electrons? ( h )  Assume that the electrons perform an electric 
screening of each other and define Z as a variational parameter. Use the variation method and find (H) 
and the screening charge. 

( a )  We begin by considering the Hamiltonian of the helium atom: 

where r12 = Irl - r21. We transform the Hamiltonian to units i n  which e = h = rn = I. In these units the 
Schrodinger equation becomes 

If one neglects the tenn e2/rI2 (the interaction tenn), the solutions are obtained by separation of variables: 

z?/2 zSI2 
Note that the factors 3e-Lrl and ,T2e-LT2 are the ground-state functions of a hydrogen-like atom. 

7c 7t 

(b) In the presence of another electron, each of the electrons is influenced by a decreased charge from the nucleus. 
We define Z,, = Z - 0, where 0 is the screening charge. We choose the trial function to be 

Since 

then 

(H) = - ( Z - 0 )  - d31-, d3r, 
1'12 

We solve the last integral using the expansion of I / I - , ,  by Legendre polynomials (see the Mathematical 
Appendix): 

The only terms that contribute to the integral are the ones with n = 0 (since the exponent that enters the inte- 
gral depends only on the values of r, and r?, and not on the angle 0); thus, 
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Thus, the expression for ( H )  is 

d ( H )  5 2  7 Using the condition - = 0 we find 0, = 3, and then Z,,, = - d o  16"' 

11.5. Consider a one-dimensional attraction potential V ( x )  such that V ( x )  < 0 for all x .  Using the variational 
principle show that such a potential has at least one bound state. 

For a particle moving in this potential we may choose the following trial wave function: 

Note that the Function is normalized to unity. Thus, for the ground-state energy we have 

Since V(x) < 0 for all x, it remains to prove that E, < 0. Substituting the trial function, we find 

- 2 

- &[ ieXp [-F") (exp ) 1 + V ( X )  exp l -2ax di 
- dx2 1 

- - &[ -- 1% I 1 - 2 o x 2 ]  exp ( - 2 a x 2 )  + ~ ( x )  exp (-2a,y2) 1 d r  

- - - -  a" Z~ &pJl Z m  2 a x 2 e x p ( - 2 a x 2 )  dr + EJ: V(x)  exp (-2ax21 dr ( 1  I S.3)  

We define 

- 
2 

Thus, since the integral ~j 2ux exp ( - 2 n r 2 )  A has a positive value, E,  < E i  . Consider now the minimum 
value of E;: -- 

Combining (/ 1.5.4)  and ( I  1.5.5) we obtain - 
( , ,  = exp i -2ax2j  ( 1 + l a x 2 )  Vix)  dr 

-ce 

since exp ( - 2 a x 2 )  and ( 1 + 4 a x 2 )  are positive functions and V(xj  is a negative function for all x, (E' , )  ,,, < 0, and 
so is Eo.  
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11.6. Consider a particle in a one-dimensional potential V ( x )  = Ax4 Using the variational method, find an 
h2 

approximate value for the energy of the ground state. Compare it to the enact value E, = 1 . 0 6 ~ ~ " ~ .  

where k = 2m3c/h2. Choose as a trial function y = ( 2 ~ / n ) " ~ e ~ " ^ ' .  
r- 

First, note that the trial funaion y ( x )  = ( 2 a / n )  'I4 rm2 is normalized to unity; that is. J lyr12dr = 1. The 
h2 d- -- 

Hamiltonian is H = - - - + Ax4; thus 
2mdx2 

The denominator equals one as [ y ( . r )  is normalizedl: thus, 

The first integral is 

The second integral is 

and the third integral is 

Substituting these integrals we obtain 

i i 2 a  h 2 a  3 h  h2 3 A 
( H )  = = z a + - y  

2nr m 1 6 ~ 2  16aL 

d ( ~ )  h2  3 h h' 3 A 
Hence, - = -- -- Since - = 0 ,  weobtain % - j > = O  4 ao= d a  2m g a ; '  . In terms of 

"0 

l / 3  l / 3  
k = 2 m h / f i 2  we have a,, = ( 3 / 8 )  X. . Substituting this value to (11.6.6), we obtain 

Comparing the last result to the exact value of El,  we see that we have quite a good approximation. The error is 
approximately 2 percent. 

11.7. Consider a particle moving in an arbitrary potential. Assuming that the potential V(r) satisfies the 
semiclassical condition, estimate the number of discrete energy levels that the particle can occupy. 
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m e  number of states that belong to a volume V in the phase space and correspond to a momentum in the range 
4 dV 

0 < p  Sp , ,  and to particle coordinates in the volume dV equals ~ n ~ : , , -  . For fixed r, the particle may 
(21th)" 

assume a momentum that satisfies the condition E = p2 /2m + V ( r )  50 .  Thus, the maximal momentum is 

Pmw. = 4--). Substituting p,,,, we obtain the number of states in volume d V :  

So the total number of states of the discrete spectrum is 

The integration is carried over the region of space where V ( r )  < 0. Note that the integral diverges if V ( r )  decreases 
as rn. where n < 2. 

11.8. (a) Find the condition for applicability of the WKB approximation to the case of the attracting Coulomb 
potential. (b) What are the implications of this condition for the Bohr model of the hydrogen atom? 

(a) We may write the applicability condition in the form 

Omitting the factor 1/2, we obtain 

Note that 

where f. = -dVo is the classical force. Substituting ( I  1.8.3) into (11 ,8 .2) ,  we obtain the following condition: d x  

For the attracting Coulomb field F = - a / r 2 ,  so we can rouglily estimate the momentum by writing 

mfi ( a / r 2 )  hr-1/2 
n u s  (11.8.4)  becomes m l / 2  i2,rv2 

- - , , ,  ,,, <( 1 and finally, 
a m a 

(b) The Bohr radius of a hydrogen atom is given by a,,, = fi2/rna ; thus condition (11.8.6)  becomes r ,> a,,,,. 
For the Bohr model we know that the nth-level distance of an electron from a proton is given by r ,  = n2a,,,,, 
and so the WKB approximation is applicable for the levels n D 1 .  

11.9. Using the WKB approximation find the bounded states for a one-dimensional infinite potential well. 
Compare your results with the exact solution. 

Suppose that the boundaries of the potential well are at .r = + a .  At the boundaries the wave function has value 
zero. From Eqs. ( I  1.15) and (1 1.16) we have 

(0 = cos ( - B , n )  
. , .  

1 0  = cos ( -B,n)  
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and therefore B, = B, = 1 /2. Thus we get, according to ( I  ! . I ! ) ,  
rrto 

We get 

= 2 f i z n 2  

Recall that the exact result is E,, = - 
8rna2 

11.10. Use a WKB approximation to obtain the energy levels of a linear harmonic oscillator. 

Consider the Bohr-Sommerfeld quantization rule: 

J: ~ ( x )  du = fin ( n  + 1 / 2 )  ( n  = 0 ,  1,2,  ...) ( 1  1.10.1) 

where p(x) = y2rn [ E  - V(.T)] is the momentum of the oscillator, E its energy, and V(x) its potential energy. Since 

p dx = 2 p du holds for a linear harmonic oscillator, we may write the BohrSommerfeld quantization rule I 1 

in the form of (11.10.1) .  For the harmonic oscillator we have V = 2rno2x2.  The points a and b are the turning points 

1 
that are determined by the condition p(a)  = p(h) = 0 or E - V = 0; thus, E -  -rnw2x2 = 0, So, we have 2 

We introduce the new variable r = kg, and obtain 

Comparing this result to ( l l . l O . l )  we obtain 

Thus, in the case of the semiclassical approximation the result is identical to the exact one. 

11.11. Using the semiclassical approximation, calculate the transmission coefficient of a potential barrier 

1 O otherwise 
See Fig. 1 1-3. 

Let E be the energy of the particle and rn its mass. The transmission coefficien~ in the semiclassical approxima- 
tion is given by 

'2 

T P -  2 r n [ ~ ( x - ~ ] d u  (11.11.2) 
I 

where x ,  and x,  are the turning points computed using the condition V ( x )  = E. Hence. 

x ,  = - a d F ~  ,r2 = +a /Go (11.11.3) 
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Fig. 11-3 

Thus, ( I  1 .1  I .2 )  becomes 

Computing the integral gives 

Note that the expression of T is valid if the exponent in (11.11.5) is large; that is, 

11.12. The limit f i  -+ 0 corresponds to the transition from quantum mechanics to classical mechanics. Assume 

that the wave function can be written in the form y(r, t) = e'S'r.'''h, and that the system is in a stationary 

state, i.e., we can write S(r, t )  = o ( r )  - E t .  Derive the following conditions for the applicability of the 

semiclassical approximation: (a) ( V o )  * h1v2al and p2 r hlV . pi; (b) in a particular case of one- 

dimensional motion, h ), where h is the wavelength according to the De Broglie relation 

(a)  We begin by substituting the wave function y ( r ,  I) = eiUh into the Schriidinger equation: 

Hence, 
1 ifi 7 as 

-(VS . V S )  - -VLS + V ( r )  = -- 
2 m 2m a t  

Using the assumption that the system is in a stationary state, we substitute S(r,  t )  = o(r) - E t ,  and anive at 

1 2 ih  2 
2-;;;(Vo) -%V o + V ( r )  = I: (11.12.3) 

TO achieve the iransition from quantum mechanics to classical mechanics we must take the limit f i  + 0; then, 
ifi 

the term -%V o in (11.12.3) can be neglected, and we obtain 

This can be considered as an equation of classical mechanics, provided that V o ,  = p. However, the essence 
of the semiclassical approach is to arrive at equations that lead to the classical mechanics ones, even for 
purely quantum systems where the transition f i  + 0 is not justified at all. Looking again at (11.12.3) we note 
that the transition from (11.12.3) to ( I  1.12.4) can be achieved not only by taking the limit f i  -+ 0 , but also by 
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assuming that 

( V O ~ , ) ~  >> filV2ou1 ( I  1 .12.5)  

Therefore, ( I  1 .12.5)  is a condition for the applicability of the semiclassical approximation. Equation (11 .12 .5 )  
can be rewritten as ( p = V a  ): 

,, filv. pl ( 1  1 .12.6)  

d~ 
( 6 )  In the case of one-dimensional motion, V . p = - ; using (11 .12 .6 )  we have d x  

Differentiating the De Broglie relation h = h / p  with respect to x, we obtain 

Then, according to ( 1  1.12.7),  we have - <( 1 ,  from which it follows that 
12ndBI 

The condition (11 .12 .9 )  can be interpreted as follows: Along the distance of h/27c the change in the wave- 
length must be much less than the wavelength itself. 

(c.) From classical mechanics we know that p  = J 2 m  ( E  - V )  . Thus, 

so * = ' dV , Substituting in (11.12.7)  we obtain 
ldxl P ldr l  

11.13. Using the  W K B  approximation, derive the Bohr-Sommerfeld quantization rule. 

Consider a one-dimensional case where E > [ V ( x ) ]  ,,, (see Fig. 11-4). 

I , ,  I I I 
I I I I 

I 
11'7x2 s, bx ,  .Y 

Fig. 11-4 

For any value of E there are only two turning points V ( a )  = V ( b )  = E .  The oscillating solution between two tum- 
ing points is 

where C and p are constants. In small vicinities x ,  s a I x,, x ,  2 b I x,; the WKB approximation is not applicable 
where the wave functions in these vicinities are given by 
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and 

1 1 
where k(x) = J22m [ E  - V(x ) ]  and ~ ( x )  = z J2rn [V (x )  - El . We require a smooth transition from the oscillating 

solution to the solutions in the vicinities of a and h and so the following conditions must be satisfied: 

IC 
I B = ( - 1 ) " " ~  k ( x ' ) d x l = n n + -  where n = 0 , 1 , 2 ,  . . .  2 (11.13.4) 

Recall that p = fik and introduces the loop integral 

(11.13.5) 

This integral can be interpreted as integrating along the line from a to h and then back from h to a. Thus, substituting 
in ( I  1.13.411), we arrive at 

which is the Bohr-Sommerfeld quantization rule. 

11.14. Use the semiclassical approximation in order to  find the radial part of the wave function for  a particle 
moving in a central potential field. 

From the theory of a particle in a central potential, we know that tlie radial part of the corresponding wave func- 
tion can be written in the form R(r)  = u ( r ) / r ,  where u(r)  satisfies the following equation; 

+ 2 ( )  
- dr2 [ h '  

We will write u ( r )  in the fonn 

where C ( r )  and S(r)  are real functions. Substituting (1  1.14.2) into ( I  1.14.1) we obtain 

Setting the real and imaginary parts of the left-hand side of (1 1.14.3) to zero we arrive at 
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dS(r) -I/: 
Integrating (11.14.4). we obtain C(r)  = (const.) x jT) , Since h' is assumed to be a small quantity, we 

-. , 

can solve ( I  1.14.5) approximately. For small values of I-, when the dominant term on the right-hand side of (1 1.14.5) 

h21(1+ 1 )  dS(r) i A , / m  
is , we have - - dr - I' with C(r )  - 4, and we anive at the approximation r2 

We now substitute (1  1.14.6) into (11.14.5) and thereby attain a better approximation: 

and 

Substituting (11.14.7) and (11.14.8) to (11.14.2) we  obtain u(r ) ,  and then R(r) = u(r ) / r .  

Supplementary Problems 

11.15. Using the trial function w = Nexp (-a?), compute a variational upper limit for the ground state of a hydrogen 
atom and compare with the exact value. Ans. (H)  = - 1  1.5 eV. The exact value is - 13.6 eV. 

11.16. Using the variational method compute the energy of the ground state of a hydrogen atom. Use the following trial 

I' -h,,/' functions: ( ( I )  y ,  = A,e-hr /au,  (t)) y ,  = A ,  [ b2 + <)' and ( i )  y, = A,<e 1 1 ,  where n(, is the Bohr radius. 

Compare your results with the exact result and discuss the causes for the differences. Hint: Compare the behavior 
of w,,  yz, and y3  with the true wave function. 

1 

L'- It 3 
Ans. ( n ) b  = I,(H},in = -- = -E . ( b ) b  = - (H} = -0.$IE,,.(c,)b = 2,(H),i, = -0.75EH, 

2% 
H 4' mln 

where E,, is the energy of the ground shte of a hydrogen atom. 

11.17. Using variational calculus, give an estimate for the binding energy of the deuteron. Assume that the potential 
between a proton and a neutron is V ( r )  = ~ e - " ' ~ ~ ,  and use as a trial function y ( r )  = ~ e - ~ ' ,  where A and C are nor- 
malization constants and r, is a characteristic length of the potential. Ans. E = -2.1 MeV. 

11.18. Show that for motion in a central field, the condition for applicability of the WKB approximation is I >> I ,  where I 
is an angular momentum quantum number. Explain why the term "semiclassical approximation" is justified in this 
case. 

Ans. Since an angular momentum equals L = Ih, we obtain relatively large values of an angular momentum, so 
L is "almost classical." 

d" 
11.19. Consider the Hamiltonian of a nonharmonic oscillator H = - - + x2 + x4. Use the WKB approximation to find 

du2 

1 
the ground state for x 4 rn. Ans. w - ; exp (if) as d + -. 
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11.20. Use the WKB approximation to compute the transmission coefficient of an electron going through the potential bar- 
rier depicted in Fig. 1 1-5. 

Fig. 11-6 

where V ,  and k are constant. 

Ans. (a) T = exp J z m ( ~ - v ~ + k ~ ) d u  (V , -  E l 3 " ] .  

11.22. What is the probability of a particle with a zero angular momentum escaping from a central potential 

Fig. 11-5 

11.21. Use the WKB approximation to find the transmission coefficient for the potential 

[ : r ' E ~ p ) d r ]  = exp {-FE [cm-l[ E) - ,/-)I}. Ans. P = exp -- 
u 



Chapter 12 

Numerical Methods in Quantum Mechanics 

12.1 NUMERICAL QUADRATURE 

The term numerical quadrature of the definite integral of a function f (x)  between two limits a and b is 
accomplished by dividing the interval [ a ,  b] into N small intervals, between N + 1 points denoted by 

The points x i  are equally spaced apart using a constant step h = ( b  - a )  / N  

xi = s o +  ih i = O , l ,  . . . ,  N 

The basic idea behind quadrature is to write the integrals as the sum of integrals over small intervals: 
a + h  a +  2h h 

I = J f + a + d + - + Jh-L(x)  dx (12.3) 

and in these small intervals approximate f (x )  by a function that can be integrated exactly. We will demonstrate 
two methods of quadrature. The first method is called the trapezoidal method; i t  is based on the approximation 
of f ( x )  to a linear function, as shown in Fig. 12- 1. 

Fig. 12-1 

h 
In this case, the integral (x) du = Lf(xi + 

+ f  (x i ) ]  3 , so if we denote f (xi) = f, we obtain 

The second method is called Simpson's method. It is based on the approximation of f ( x )  to a second-degree 

X , + 2  1 4  I 
polynomial on three points. In this case, the integral f ( X I  dx = h [$ + ?[, + 54 + , so 
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One should be constantly aware of the fact that these methods are only an approximation of the exact integral. 
The approximation is improved as we consider larger N .  In the trapezoidal method the approximation error is 

2 proportional to 1 / N  , while in Simpson's method it is proportional to 1 ;  i.e., in general, the Simpson 
method is more accurate than the trapezoidal method. 

12.2 ROOTS 

In order to determine the roots of a function f(.r) we must solve the equation f(x) = 0 .  All numerical 
methods for finding roots depend on one or more initial guesses. In each algorithm approximate the root after a 
given number of iterations. Note that by initial guess we do not necessarily mean a close guess for the root, 
though the better the guess is, the faster the convergence will be (and less iterations will be needed). Thus, to 
obtain the initial guess for a given root for the function f'(.r), it is helpful to first plot the function. 

We describe three methods for finding roots. The first is called the bisection method. This method is useful 
when we know that the root we seek is found in a specific interval, say, Ix , ,  .r2] ,  as shown in Fig. 12-2. 

Fig. 12-2 

In this case we know that the signs of /'(a,) and /'(x,) are opposite. In the first iteration we evaluate f ( x )  at the 
midpoint between x l  and x2; then we use the midpoint to replace the limit with the same sign. In each succes- 
sive iteration the interval containing the root gets smaller by a factor of 112, so the maximal error in our 
estimation (if we assume that the midpoint is the root we are searching for) is simply half of the interval between 
the new limits x ,  and x2. Thus, we need n = I O ~ ~ ( E ~ / E )  iterations to obtain the root with maximal error of 
E/2. Note that E~ is the initial interval, E~ = l.r2 - ,vI I . The bisection method will always converge if the initial 
interval [x l ,  ,r2] contains a root (or singularity points). 

The second algorithm, the Newton-Ral>hson method, uses the derivative f ' (x )  at an arbitrary point x. We 
begin with an initial guess wl. Each new approximation for the root depends on the previous one: 

We stop when the value of 1.r" ' -.ril is less than the tolerance we have preset. To understand how the method 
works, we write (12.6) in the form 

f (xi) +f'(xl) (x' + I - .v') = 0 (12.7) 

Notice that the left-hand side of (12.7) is a linear extrapolation to the value of f( .v l+  I), which should be zero. 
The third method, called the secant method, is similar to the Newton-Raphson method. Here we do not 

evaluate the derivative but use the approximation, 

Hence we obtain 
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12.3 INTEGRATION OF ORDINARY DIFFERENTIAL EQUATIONS 

Solving differential equations is of paramount importance in physics. Many key results of physics are for- 
mulated in tenns of differential equations. We introduce several methods for solving differential equations of 
the form 

The methods differ in their accuracy, and in the time needed to obtain the required accuracy. One should decide 
which method to use according to these criteria. Note that higher-order differential equations such as 

can be written as 

Thus they can be solved using the same methods. 
The first method, the Euler method, is the simplest and least accurate method. We write (12.11) approxi- 

mately as a difference equation: 

or 

Ay = f (x, y) Ax (12.14) 

We iterate the value of y(x) from a starting point yo = y(xo) by 

Y n +  I = Yll +f(xn9 Y,) (xn + 1 -xn)  (12.15) 

We set Ax = x, + , - xn = h (constant); thus, 

Yn + 1 = Y n  +f(xn, yn)h (12.16) 

The point (xn + ,, yn + , ) depends only on the previous point (x,, y,) . The accuracy of the iteration depends 
chiefly on the choice of h; a smaller h gives higher accuracy. The error in the approximation of yn + , is propor- 
tional to h2. 

The second method, the Rungr-Kutta method, is based on the Euler method using an approximation of 
f (x, y) by a given order of the Taylor series expansion. The higher the order of the Taylor series (i.e., the higher 
the order of the Runge-Kutta method), the better the accuracy. Consider the second-order Runge-Kutta method: 

Y n + l  = Yn+k2 (12.17) 

where 

with an error proportional to h3. Similarly, the third order of the Runge-Kutta method is 

where 

k ,  = hf(x,t Y n )  

kZ = hf(x,+ h/2, y n +  k,/2) 

k3 = hf (x, + h, y,, - k, + 2k2) 

with an error proportional to h4. The fourth order of the Runge-Kutta method is 
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I k, = hf (xll + h / 2 ,  yll + k,/2) 

k ,  = hf (x, + h, yll + k3) 

with an error proportional to h 5 ,  and so on. 
The Schrijdinger equation is a second-order differential equation. Thus, the methods described above need 

as an initial condition the value of the wave function and its derivative at a given point. Since the value of the 
derivative of the wave function is usually not given, we are left only with the value of the wave function at two 
points (the boundaries). We demonstrate here an algorithm to solve second-order differential equations with two 
boundary conditions-the Numrr-ov algorithm. 

Numerov's method is used to solve a differential equation of the form 

We approximate the second derivative by the three-point difference formula: 

where y: and y': are the second and fourth derivatives at point s,,, respectively. Using (12.23) we arrive at 

d' 2 
y,' = 7 l- k (x)y + S(x)I 1 ,,.=,t,, 

dx' 

Denoting k(x,) = k, and S(X,) = S, we obtain 

Substituting (12.26) into (12.23) we obtain 

where the error is proportional to h 6 .  This error can be shown to be better than that for the fourth order of the 
Runge-Kutta method. 

Comment: All the following programs were written in standard FORTRAN 77 and were compiled on an 
IBM AIX RS-6000 workstation. The precision used was the default precision REAL * 4. 

Solved Problems 

12.1. Write a FORTRAN subroutine: 

subroutine Simpson(~uhiC,N,A,B,S) 
INTEGER N 
REAL FUNC (0:10000) , A , B , S  

This program computes the value of the integral of FUNC from A to B, using N iterations of the Simpson 
method. FUNC(0 : N) is an array of N + I values of the integral at N + I points separated by 
h = (B - A )  / N .  The value of the integral is updated in S. 
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Consider the Simpson rule and note that 

The summation is slightly different for an odd and even N. One way to perform this summation is as follows: 

S = FUNC(0) + FUNC(N) 
Do loop i from 1 to N- 1 
if i is even 
S = S + 2*FUNC(i) 
else 
S = S + 4*FUNC(i) 
end if 
end do 
S = S * ( B - A )  / ( 3 * N )  

This algorithm can be written in FORTRAN 77 as follows: 

C** Subroutine to compute the value of a definite integral. 
Subroutine Simpson (iunc,n,a,b,s) 
integer n 
real func (0:10001 a,b,s 
s = 0. 
s = func(O)+func(n) 
do 1 i=l,n-1 

C** (1- mod(i,2)! equals 0 if i even and equals 1 if i odd 
s = s+2*2**(1- mod(i,2))*func(i) 

1 continue 
s = s* (b-a) / (3*n) 
return 
end 

12.2. Write a program to compute the integral 

e.\ dx (12.2.1) 

using the Simpson method. The program should get as input the boundaries a, h, and N described in the 
Summary of Theory. Use different values of N for n = 0 and h = 1 to obtain accuracy of 1 x lo-'. 

Consider the following program: 

Program Problem 12.2 
integer n 
real func (0:1000) ,a,b, s 
real x, h 

C** Get the boundaries of the interval. 
write (*,*)'Enter the interval bounds a and b:' 
read ( * , * )  a,b 

C** Prepare file of results. 
open (unit=l,file='results.txt') 
write (I,*) 'The value of the integral of the function exp(x**2i1 

10 format ('from',f4.2, 'to',f4.2) 
write (l,lO)a,b 
write (I,*) ' N S The integral' 
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C** Get the number of points N. 
2 write ( * , * )  'Enter the number of points N (O<Nt1001):' 

write ( * , * )  'Enter N<O to stop' 
rea3 ( * , * )  n 
if (n.gt.1000.or.n.lt.l) goto 3 

C** The step value between points. 
h= (b-a) /n 

C** Compute the value of the function on the N points. 
do 1 i=O,n 

x = a+h*float(i) 
funcii! =exp(x*x) 

1 continue 

C** Compute the value of the integral. 
call Simpson(func,n,a, b, s) 

C** Print. results. 
write (I,*! n,s 
write ( * , * )  n,s 
goto 2 

3 stop 
end 

C** Subroutine to compute the value of a definite integral. 
Subroutine Simpson(func,n,a,b,s) 
integer n 
real func(0:1000),a,b,s 
s=o. 
s=func(0) +func(n) 
do 1 i=l,n-1 

C** (1-mcld(i,2)) equals 0 if i even and equals 1 if i odd. 
s=s+2*2**(l-mod(i,2))*func(i) 

1 continue 
s=s*(b-a)/(3*n) 
return 
end 

Running this program gives the following: 

N S The Integral N S The Integral 
10 1.347725272 100 1.4 50347781 
:!O 1.402942777 110 1.4 51459050 
30 1.422343731 120 1.4 52386498 
40 1.432232141 130 1.4 53171015 
50 1.438225508 140 1.4 53844905 
60 1.442246556 150 1.4 54429030 
'0 1.445130706 200 1.4 56477404 
80 1.447300673 500 1.4 60176587 
40 1.448992372 1000 1.4 61413145 

Notice that we used the subroutine that we have written in Problem 12.1. Using many subroutines makes the pro- 
gram more readable, though it often slows the program. 

The output results show the values of N and the corresponding values of S for A = 0 and B = 1. From these 
results we see that different N values correspond to different S values, though for large values of N the value of S is 
more stable, I.e., the changes in its value are small. We also see that after N = 80 the first two digits after the decimal 
point do not change in S. This leads to the assumption that we have already achieved an accuracy of at least 
I x I o - ~ .  This conclusion is mostly true for well-behaved functions like the one we are dealing with in this problem. 
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12.3. Write two different Fortran programs to solve the equation cosx = x . Consider an accuracy of five dig- 
its after the decimal point. Use the bisection method with x, = 0 and x, = 1 ,  and the Newton-Raphson 
method with x, = 1 .  

Consider the graph of the functions y = cos x and y = x shown in Fig. 12-3. 

Fig. 12-3 

The solution of cos x - x = 0 is the value of x, where y = cos x and y = x intersect. We conclude from Fig. 
12-3 that this happens in the interval [0, 11; hence, a good starting guess for the bisection method would be 
x, = 0 and x, = 1 .  For each iteration we will get a new value XM = ( x  1 + x 2 )  /2,  and we will compare it 
with the value of XM in the previous iteration XMOLD. If the difference between XM and XMOLD is consist- 
ently less than 1 x 10-"hen we have an accuracy of five digits. Consider one way to write the program: 

P r o g r a m  P r o b l e m  12.3-1 
real xl, x2, xm, xmold 
real toler, £1, £2, fm, f 
integer iter 

C** Initialize iterations number. 
i ter=O 

C** Initial guesses. 
x1=0. 
x2=1. 
xm= (xl+x2) /2. 
xmold=xl 

C** Maximal error in the approximation. 
toler=0.00001 

c** If the new iteration does not give the same result of the previous 
iteration 

C** within toler do the following: 
do while (abs(xm-xmold) .gt.toler) 
i ter=i ter+l 

C** Evaluate the f(x) at the different points. 
fl=f (xl) 
f2=f ( ~ 2 )  
fm=f (xm) 
if ((fm*fl) -1t.O) then 

C** If the sign of f(xm) is similar to that of f(x2) then: 
x2 =xm 
else 
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C * *  If t-he sign of f(xm) is similar to that of f(x1) then: 
xl=xm 
endi f 

C** Remember the result of the previous iteration. 
xmold=xm 

C** new iteration: 
xm= (xl+x2) /2. 
end do 

C** Print result. 
write ( * , * )  'The zero of f(x) is:',xm 

10 format ('obtained after ',i3,'iterations.') 
write ( * , l o )  iter 
stop 
end 

C * *  Function for which we want to find the z4zro. 
real function f (x) 
real x 
f =cos (x) -x 
re turn 
end 

This gives the result: 

The zero of f(x) is 0.7390823364 obtained after 16 iterations. 

Similarly, for the Newton-Raphson method we need only one starting guess x I ,  and we will use the same criterion 
for stopping the iterations. Recall that xi+ ' = xi - f(x')/f'(x1). If f (.ul)/f '(x') is less than the tolerance the iterations 
will stop. 

P r o g r a m  P r o b l e m  1 2 . 3 - 2  
real xl 
real f 1, dfl , toler 
lnteger iter 

C** Initialize iterations. 
iter=O 

C** Maxlmal error in the approximation. 
toler=0.00001 

C** Initial guess. 
xl-1. 

C** Evaluate the functlon f(x)=cos(x)-x and its derivative at x=xl: 
£1-cos (xl! -xl 
dfl=-l.*sin(xl)-1. 

C** If the new iteration does not give the same result of the previous 
i teriition 

C** within toler do the following: 
do while (abs(fl/dfl).gt.toler) 

C** New iteration. 
iter=i ter+l 
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C** Evaluate the function f(x)=cos(x)-x and its derivative at x=xl: 
xl=xl- f l/df 1 
f 1-cos ( ~ 1 )  -xl 
dfl=-l.*sin(xl)-1 
end do 

C** Print result: 
write ( * , * )  ' The zero of f(x) is:' ,xl 

10 format ('obtained after' ,i3, ' iterations.') 
write (*,lo) iter 
stop 
end 

This gives the result: 

The zero of f(x) is 0.7390851378 obtained after 3 iterations. 

We see that both methods give the same results after 16 iterations. The Newton-Raphson method gave the 
result after only three iterations, confirming that this method converges faster than the bisection method. This 
is usually the case, though sometimes the Newton-Raphson method diverges, while the bisection method 
converges. 

12.4. Find the lowest bound state energy for an electron moving under the potential 

z < 0 

otherwise 

where o = 2 k. and V ,  = 10 eV (see Fig. 12-4). 

Fig. 12-4 

The Schrodinger equation for bound states, -V, < E < 0, is (see Chapter 3) 

y = O  for z < 0  

- 
f i 2  d2V -- 

- V,,y = E y  for 0  l z l a  
2m dz 

for a < z 

2 
d v -  2 m  Equation (12.4.3) yields -7 - -- ( E  + V,,) y with E + V ,  > 0 . Thus, 
dz f i 2  

~ ( i )  = A ,  sin ( k , z )  + B ,  cos ( k , z )  for O < z < a  
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d2yt 2mE 
where k, = ,/we Similarly, (12.4.4) yields - = -7~. The solution is 

dz2 fi 

yj = Azeli2' + ~ ~ ~ - ~ z ~  for U < Z  (12.4.6) 

where k, = The wave function should satisfy the boundary conditions yr(z +-m) = 0 and 
yr(z + w) = 0. The boundary condition 2 + -m is already satisfied, while the second boundary condition z + m 

is imposed by A, = 0 .  NOW w must be continuous, so we must satisfy the conditions B, = 0 at z = 0 and 

A, sin ( k , a )  + B, cos ( k l a )  = ~ , e - ~ 2 '  (at z = a )  (12.4.7) 

This yields A ,  sin ( k l a )  = ~ , e - ~ ' " .  Similarly, yr' must be continuous; hence 

A,k,cos ( k l a )  = -B,k,e-li2" (at z = a )  (12.4.8) 

So, together we have 
k, cot (k , a )  = -k2 

Solving (12.4.9) gives the eigenenergy states for the electron. Note that minimal energy corresponds to minimal 
k, and k,; thus we should solve this equation numerically to find the minimal values of k, and k,. To do this 
we write k, in terms of k, : 

7 7 2  /?. Thus we obtain c o t  (k , a )  = J m / k ,  . Replacing so, 2mV,/A- = k ;  + k, or, k, = - - 
k,a  by x we amve at 

To find the minimal energy we draw a graph of y , = -cotx and y, = 
w 

and compute the value 
o f x  in the first intersection point between y ,  and y,; see Fig. 12-5. 

, 

Fig. 12-5 

The value of 2m~,a*/f i '  is 10.498597. We can use the program written in Problem 12.3 with the following 
function: 

C** Function for which we want to find the zero. 
real function f(x) 
real x 
f=tan(x)+x/sqrt(l0.49859654100631-x*x) 
rel lurn 
en t i  

From Fig. 12-5 we see that thex-value lies in the interval [ 2 , 3 ]  ; so these will be our initial guesses in the program. 
Running the program with the appropriate changes gives the following result: 

The zero of f ( x )  is 2.336280823 obtained after 16 iterations 
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2 
This means that k ,a  = J2rnu' ( E  + V , )  / h  = 2.33628. Thus, the minimal energy eigenvalue is 

E + V,,  = 5.2 eV (12.4.12) 

12.5. Using the Numerov algorithm, write a program to solve the Schrodinger equation for an electron in a 
potential well: 

O l x l a  
. = { " otherwise 

It is given that a  = 1 A. The progrdm takes as input an initial guess for the energy value and gives as 
output the closest higher-energy eigenvalue. Compare your results to the analytical ones. 

The Schrodinger equation for this case is 

Introducing the nondimensional variable 5 = . r / a ,  we arrive at 

This equation is of the form 

? 2  
where S(x) = 0 and k2(x) = const. = 2mEa'/h . In our program we put in as an input the value of k and compute 
the initial value of y j (<  = 1) - (psip) . Then, using the Numerov method we integrate the equation for k,. We 
start from ~ ( 0 )  = 0 - (ps im) and add to k an amount dk and integrate again. In each iteration we add dk until we 
get a value of psip that has the opposite sign of the initial value of psip. At this point we back up the value of k 
and jump in smaller steps dk  than the value of I x 10"'. We do this since we know for sure that we passed over the 
value of k that we are trying to converge to. Running the following program with k; = 0 gives the results shown 
at the end of the program. Note that we expect the convergence to correspond to the ground state, since it is the 
highest eigenvalue that is close to E = 0. 

P r o g r a m  P r o b l e m  1 2 . 5  
real k 
real toler,psip,psiold 

C** Get initial value of the wave number 
write ( * , * )  'Enter the starting value of the wave number k: 
+ (k<O to stop ) '  

read ( * , * )  k 
if (k.lt.0.) qoto 20 

C** Initial value of the step. 
dk=l . 
toler=l.E-05 

C** Integrate the equation with initial value of k. 
call intgrt (k,psip) 
psiold=psip 

C** Change the value of k 
10 k=k+dk 

C** integrate again with different values of k. 
call intgrt (k,psip) 
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C** If psip changes value backup (the secant method). 
if ((psip*psiold) .It.@) then 
k= k-dk 
dk=dk/2 
endi f 

C** If c:onvergence is not achieved try again. 
if (abs(dk).gt.toler) goto 10 
write ( * , * )  ' ' 
write ( * , * )  ' The result is:' 
write ( * , * )  k 

20 stop 
end 

C** Subr.outine to integrate the Schrddinger equation using the Numerov method 
Subroutine intgrt (k,psip) 
real k,psia,psiz,h,const 
integer ns tep 

C** Number of steps 
nstep=100 

C** Step value of normalized X. 
h=l. /nstep 

C** Left. boundary condition. 
psim=O . 
psiz=. 01 
const=(k*h)**2/12. 
do 10 ix=l,nstep-1 

C** Numerov method equation: 
psip=2*(l.-5.*const)*psiz -(l.+const)*psim 
psip=psip/(ltconst) 
psim=psiz 
psi z =ps ip 
10 continue 

C * *  The result achieved. 
write(*,*) 'The wave number:',k 
re turn 
end 

Running the program with a starting value k = 0.0 yields the following: 

The wave number: 
1.000000000 3.250000000 3.142578125 3.141601562 
2.000000000 3.187500000 3.141601562 3.1.41540527 
3.000000000 3.156250000 3.141113281 3.1.41601562 
4.000000000 3.140625000 3.141601562 3.341571045 
3.500000000 3.156250000 3.141357422 3.141601562 
3.250000000 3.148437500 3.141601562 3.141586304 
3.125000000 3.144531250 3.141479492 3.141601562 

The result is 3.141586304. 

Consider now the analytical solution. The eigenenergies are given by 
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r 2 h 2  
The ground state is E, = - , , which corresponds to k ,  = /s = n = 3.1415926. . . . 

2ma-  

12.6. Consider the Schrodinger equation for potentials with radial symmetry V(x, y, z) = V(r)  and cylindri- 
cal symmetry V(s, y) = V(p), and demonstrate how to solve these equations. 

For a problem with centrai potentials VO-1, the solution of the Schrodinger equation can be written as 

R(r.1 
W(') = 7 Y,m(e,  4)) (12 .6 .1 )  

where Y,,(8, 9) is the spherical harmonic, and R ( r )  is a function of r  satisfying the radial equation 

where E, 1, and M are the eigenenergy, angular momentum, and mass, respectively. One can see that (12.6.2)  is of 
the form of Eq. (12 .23)  with 

S ( r ) = O  and k 2 ( r ) = -  E -  
I ( / +  l )  h2 

h 2  2 M [  ZMr2 
- V ( r )  I 

This equation can be solved numerically using the Numerov algorithm (see Problem 12.5).  Similarly, for problems 
with a potential that has a cylindrical symmetry V ( p ) ,  the solution is of the form 

where m is the angular momentum in the z-direction, n is an integer, and R ( p )  is the solution of 

where E and M  are the energy eigenvalue and the mass, respectively. Also in this case it can be seen that this equa- 
tion is of the form of Eq. (12 .23)  with [*;L2 h2 ( m 2  + n 2 )  

S ( p )  = 0 and k 2 ( p )  = 7 - - 2M + E - V ( r )  I 
Hence this equation can also be solved with the Numerov method. 

Supplementary Problems 

Write a FORTRAN subroutine: 

Subrout ine Trapez (FUNC,  N ,  A ,  B ,  S )  

INTEGER N 

REAL FUNC (0 : 1000), A, B ,  S 

which computes the value of the integral of a function whose values are N + I points, given in the array FUNC in 
the interval [ A ,  B] . The points are separated by h = ( B  - A )  / N  . 
Ans. 
C** Subroutine to compute the value of a definite integral. 

Subroutine Trapez ( func, n, a, b, s) 
integer n 
real func(0:lOOO) ,a,b,s 
s:o. 
s=(func(O)+func(n) ) / 2 .  
do 1 i=l,n-1 

C** (1-mod(i,2))equals 0 if i even and equals 1 if i odd 
s=s+func ( i )  
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1 c o n t i n u e  
s=s* ( b - a )  / n  
r e t u r n  
end 

12.8. Solve numerically the integral obtained in Problem 5.3: 

Use your preferred method. 

Ans. Using the program of Problem 12.2. and changing the line f  unc( i )  = exp (x* x) into 

iunc ( i )  = 2 J s q r t  ( a  c o s  (-1 . ) ) *exp (-x*x) (12.8.2) 

we obtain P, = 0.1578. After calling the subroutine Simpson, we add the line 
s = 1-s (12.8.3) 

12.9. Solve the equation xZ  - 5 = 0 with the initial guesses x 1 = 2 and x2 = 3. Use the secant method 
xi - xi - I 

x i  + 1 = x' - f (A-') 
f ( x ' )  - f (x i  - ' )  

Obtain an accuracy of I x 

Ans. 
Program Problem 1 2 . 9  
r e a l  x l ,  x2,  xtmp 
r e a l  f l ,  £ 2 ,  t o l e r  
i n t e g e r  i t e r  

C** I n i t i a l i z e  i t e r a t i o n s '  number. 
i t e r - 0  

C** Maximal e r r o r  i n  t h e  approx imat ion .  
to le r -0 .00001  

C** I n i t i a l  g u e s s e s .  
XI  =2 .  
x;=3. 

C** Eva lua te  t h e  f u n c t i o n  f ( x ) = x * * 2 - 5  a t  x = x l  and a t  x=x2: 
f  1  = x l * x l - 5 .  
fS=x2*x2-5.  

C** I f  t h e  new i t e r a t i o n  does n o t  g i v e  t h e  same r e s u l t  of t h e  p r e v i o u s  
i t e r a t i o n  

C** w i t h i n  t o l e r  do t h e  fo l lowing :  
do whi le  ( a b s  ( x 2 - x l )  . g t .  t o l e r )  

C** New i t e r a t i o n .  
i t . e r = i t e r + l  
xt.mp=x2-f2* (x2-x1) / (-1) 
x1 =x2 
x2=xtmp 

C** Eva lua te  t h e  f u n c t i o n  f ( x ) = x * * 2 - 5  a t  x = x l  and a t  x=x2:  
f  1  = x l * x l - 5 .  
f2=x2*x2-5. 
erid do 

C** P r i n t  r e s u l t :  
w r i t e  ( * , * )  'The z e r o  of f  ( x )  i s : ' , x l .  

1 0  format ( ' o b t a i n e d  a f t e r  ' , i 3 ,  ' i t e r a t i o n s .  ' ) 
w r i t e  (*,lo) i t e r  
s t.op 
end 



Chapter 13 

Identical Particles 
13.1 INTRODUCTION 

Suppose you have a basketball and your friend has a soccer ball with the same mass; you kick them toward 
each other, simultaneously, with the same velocity. Two things can happen: (a) The balls collide and each ball 
goes back to its owner. (b) The balls travel through parallel paths without touching and exchange hands. Since 
the balls have different shapes and colors you can tell which possibility occurred, (a) or (b).  But if the balls were 
identical, you would not be able to tell what happened! When we consider identical quantum particles the situ- 
ation gets even worse as we cannot even trace the exact trajectories of colliding particles. In this chapter we 
examine the special properties of a system composed of identical particles. 

13.2 PERMUTATIONS AND SYMMETRIES O F  WAVE FUNCTIONS 

Definition: We say that particles of a system are identical (or indistinguishable) if no observer can detect 
any permutation of these particles. 

The property of indistinguishability gives rise to symmetries in the system. Consider a system of n identical 
particles with the eigenvector loi) for the particle i ( i  = 1, . . . , n). We denote the state of the system by a vec- 
tor of eigenvectors lo,), lo2), . . . , Ion), keeping in mind that different ordering of the IQi)'s in two vectors 
corresponds to different vectors, e.g., if n = 2, (lo,), lo,)) # (lo,), lo,)). If a is a permutation on the letters 
1 , .  . ., n, then it canbe writtenas 

meaning that the vector 1,2, . . . , n becomes (lo,), lo,), . . . , lo,)) after the action of o .  Thus, o permutes 
the eigenvectors: 

One can see that a acts as a linear operator. A permutation o may be written as a product of transpositions, 
i.e., permutations that swap two letters. If the decomposition of a consists of an even number of transpositions, 
then (3 is called an even permutation, and we write sgn (o) = 1 ,  and if this number is odd, then o is called an 
odd permutation denoted sgn (a) = -1. The vector lu) = I@,), . . . , lon) is said to be symmetrical if 
olu) = lu) for an arbitrary permutation o . The same vector is said to be antisymmetric if olu) = sgn (o) lu) 
for an arbitrary permutation o . We define two operators: 

0 permutation 

and 

o permutation 

,? and Â  project the entire space of wave functions H on two subspaces: the space of symmetric wave functions 
as, and the space of antisymmetric wave functions a,: 
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and in addition H = HA G3 Hs; that is, every vector is a unique sum of a completely symmetrical vector and a 
completely antisymmetric vector. The verification is given in Problem 13.2. 

An arbitrary antisymmetric wave function can be written lu,) = A lu) for a wave function lu) = 
ti) 

(I@,), , . . , I@,)). Hence, if {(@ )) is a basis of the single-particle space of states, then a basis of the antisym- 
metric space of all n particles is given by applying A on a basis of the entire space, spanned by 1@'1), . . . , 1 ~ ~ ) ;  
thus, 

is a basis of H A .  The last equality comes from the properties of the determinant. (Note that this is sometimes 
given as the definition of a determinant.) This determinant is known as Slater's determinant and is the solution 
for the Schrodinger equation for noninteracring fermions. 

13.3 BOSONS AND FERMIONS 

From experimental observations it seems there are two kinds of particles. The first kind consists of particles 
that have completely symmetrical wave functions; they are called hosons. The second kind consists of particles 
with completely antisymmetric wave functions; they are called fermions. There are no particles with mixed 
symmetry. Pauli's exclusion principle is a basic principle that is valid only for identical particles that are fer- 
mions. This principle states that two identical fermions cannot be in the same quantum state. An alternative 
formulation of this principle asserts that the probability of finding two identical fermions with the same quantum 
numbers is zero. 

Solved Problems 

13.1. (a) Compute the number of permutations on n letters. (6)  Show that a product of two permutations is 
also a permutation. 

(a)  The number of permutations equals the number of different orderings of n distinguished letters; the first letter 
has n places, the second letter has n - 1 places, etc.. and the nth letter has only one place. Hence, there are 
n (n - I )  (n - 2) a . 1 = n! permutations. 

(b)  A permutation is a function o from the set { I ,  . . . , n) to itself that is bijective, i.e., o(i) # ou) if i # j and 
every i equals ~ ( i )  for some j. A composition of two such functions is also a bijective function from 
{ 1, . . . , n)  to itself, and hence a permutation. 

13.2. Show that S and Â  are Hermitian operators. 

k t  be any permutation, and denote lu) = ( I$ , ) ,  . . . , I@,)) and 1") = (lei)? . . . 9 /en)); then 

( ~ 1 0 ~ )  = ((ell, . - - ,  (onI) (I@o(lJ9 . . , , t@o(nJ) = ' *('nl@o(n> 



IDENTICAL PARTICLES 

Hence, ot = o-' and therefore 

[CHAP. 13 

- t  I I 
n! 

a prmuration a permutalion a prmu~er~on 

Also, 

13.3. Prove that Slu) is a symmetric vector and A lu) is an antisymmetric vector for an arbitrary lu) . 

We prove that S III) is a symmetrical vector by showing that for an arbitrary permutation t ,  T(,S lu)) = .$lu), so 

1 1 I 
tSlU) = r;;;Colu) = ?;i_Cro~u) = z C o * l u )  = ilr4) 

a a a' 

Similarly. 

= (sgn r) -"x (sgn o) (sgn r )  orlu) = (sgn r )  7 (sgn or) orlu) n !  '. C 

a' 

Note that the permutations form a group: thus every element has an inverse, and therefore 

We used the fact that sgn (ot )  = ( sgn a) (sgn t ) ,  which can be verified. 

- 2  A a 2  A 

13.4. Show that: ( a )  S = S ;  (b)  A = A ; ( c )  Ai = ii = 0 .  

( a )  Using the results of Problem 13.3 we can write 

(b )  As in part ( a )  we have 

- 2  1 1 
A = zC (sgn a )& = ; C ( s g n  o) (sgn o)A = n !  - I A = A  

a' 

'C  - ' 

a a 

(c) By definition, 

A i  = $ C ( s g n  o ) o ~  = =,,s sgn o = o "C 
and 
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13.5. Use the symmetrization postulate for fennions to derive the Pauli exclusion principle. 

The symmetrization postulate for fermions states that the wave function of a system of n identical fermions is 
completely antisymmetric. Thus, it is a linear combination of vectors of the form la,, , , , These normalized vec- 
tors can be written as 

Hence, if mlo particles are in the same quantum state, two columns are the same, forcing the determinant to vanish; 
consequently, no nontrivial wave function exists in this case. This result proves the Pauli exclusion principle. 

13.6. Show explicitly that Slater's determinant for two particles (fermions) is antisymmetric. 

The Slater determinant for two fermions is given by 

and 
1 

1)) = 2 (I$:)I+~) - I$$)I$:')) 

thus, lu(2. 1)) = -lu(l, 2)). 

13.7. Show that the Slater determinant is a zero-order approximation to the Schrodinger equation of a system 
of n identical fermions. 

Consider thê  Schddingerequation H ( 1, 2,  . . . , P I )  1y1) = EIv). Neglecting the interactions between the par- 
ticles we write Hu ( 1, 2, . . . , n)  for the zero-order approximation of H :  

H O ( I , ~ ,  . . . ,  n) = H ~ ( I ) @ . - . ~ B H : ( ~ )  (13.7.1) 

For every hhi) we have fi;(i)l$:) = E$$:), where i stands for particle number and j counts the different eigenvec- 
tors and eigenfunctions. Since the Slater determinant is a combination of different eigenfunctions such as 

14 ' )  . . I@:) and since the particles do not interact, the function 

A 

is a solution to the equation H,Iv) = EIv) 

13.8. Three imaginary "spinless" fermions are confined to a one-dimensional box of length L. The confine- 
ment potential is 

0 0 5 x l L  
w otherwise 

We assume that there is no interaction between the fermions. (a) What is the ground state of the system? 
(6 )  Find the state of the system. 



232 IDENTICAL PARTICLES [CHAP. 13 

(a) As shown in Chapter 3, the eigenstates of this system are 

rc2h'n2 
w,, = J s i n ( y )  En=- 2 m ~ '  

Since two fermions cannot occupy the same state, the three fermions are in distinct states, and since the system 

n2h2 2 2 2 
is in the ground state, the states will be vI ,  v2, and W, with a total energy 7 ( 1 + 2 + 3 ) . Schemati- 

2mL 
cally, the structure of the system is depicted in Fig 13-1. 

Energy A 

Fig. 13-1 

13.9. Repeat Problem 13.8 for three electrons. Ignore the Coulomb interaction between the electrons. 

(b) The antisymmetric state is given by 

(a) An electron has spin 1/2: thus, the eigenstates and eigenvalues are 

I v = (normalizing factor) x (Slater determinant) = - f i  

2 
where En = 7~~h'r1~/2rnL .The additional degree of freedom, namely, the spin, allows us to put two electrons 
in the first energy level, since this energy level corresponds now to two different eigenstates: spin up and spin 
down. Thus, there are two possible configurations for the ground state; they are depicted in Fig. 13-2. 

IWI(.~,)) Iw~(xI)) Iw~(xI)) 

I w I ( , ~ ~ ) )  1 ~ 2 ( ~ 2 ) )  IWI(XZ)) 

IwI(,~,)) 1 ~ 2 ( ~ 1 ) )  Iw~(x~))  

Energy 4 

or, 

Fig. 13-2 

(h )  There are three basic functions for each diagram in Fig. 13-2. For the left diagram we have v;, w;, v;. and for 
the right diagram we have v;, v ; ,  w;. Using the slater determinant we get 



CHAP. 131 IDENTICAL PARTICLES 

and 

13.10. A system is composed of two fermions with spin 1/2. Find the "two-particle density function" and the 
"one-particle density function" if both electrons are in different normalized orthogonal states. 

Suppose that each of the electrons has a different spin I@,  (r) :+) and ( @ ? ( r )  ;-). respectively. In this case the 
common wave function has the form 

IW(1, 2, r 1 7  r 2 ) )  = l@l(rl) ;+) 1 @ 2 ( r 2 )  ; - ) - I@I(~I)  ;+) 1 @ 2 ( r 1 )  ;-) (13.10.1) 

So, 
2  2 

P t w o p r ~  2  = W = 1 I @ + 1 @ 1 ( ~ 2 )  2 @ 2 ( r ~ ) l  (13.10.2) 

and 

3 2 2 
Ptwopa, . ( r~~ r 2 ) d - r 2  = 1 @ I ( ~ I ) ~  + 1 @ 2 ( r ~ ) l  (13.10.3) 

If both electrons have spin I+), we obtain 

IW(1, 2, rl, r 2 ) )  = l@l(r~) ;+) 1 @ 2 ( r 2 )  ; + ) - 1 @ ] ( r 2 )  ; + ) 1 @ 2 ( r 1 )  ;+) (13.10.4) 

and 
2  2  

PlwoF,(r19 r-2) = 1 @I(ri)/ 1 @ 2 0 2 ) /  - 2 @ l ( r 1 )  @ 2 ( r 1 ) @ 1 ( r 2 ) @ 2 ( r 2 )  + I @ O ~ ) / ~ I @ ~ ( ~ I ) I *  (13.10.5) 

13.11. A system contains two identical spinless particles. The one-particle states are spanned by an orthonor- 
ma1 system { J o k ) ) .  Suppose that the particles' states are JQi) and JQi) ( i  # j ) .  (a) Find the probability of 
finding the particles in the states 15) and IT) (not necessarily eigenstates). ( h )  What is the probability 
that one of them is in the state It)? (c) Suppose now that the particles are not identical and they are meas- 
ured with an instrument that cannot distinguish between them. Give an answer to parts (a) and (b)  in this 
case. 

(a) The symmetric state of the system is given by 

The new state is also symmetric; it is given by 

Thus, the probability is 

pl = I(*, 1*,)12 = l(clml) (lllm> + {nm,) (clm,)12 

(b) Consider the symmetric state that corresponds to 15) and lo the eigenstate I@,): 
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In order to find the probability of one particle being in the state 16) we multiply @,) on the left-hand side 
with (@,I (the original state) and sum over all k: 

ii 

( c )  The state of the system is now 10,). Hence, by multiplying with the final state (&'1)l(q'2)1 + (6"'l(?111'l we 
obtain 

and 

13.12. Suppose that a domain D contains n identical particles, and outside D there are additional identical par- 
ticles such that the interaction between particles not in the same domain is negligible. Show that in 
discussing region D it is enough to do antisymmetrization of the n particles in D without considering the 
rest of the identical particles. In your answer refer only to the case of n = 2 fermions. (The result for 
bosons is the same.) 

Let 1%) and I$) be physical antisymmetric states of the D-particles. Those functions vanish outside D. 
Neglecting the other identical particles, the probability of getting an eigenvalue of 1%) when the system is at state 
19) is w = I ( X ~ $ ) ~ Z .  We now show that the same result is obtained when we do not neglect the other N - 2 
fermions. 

Let {lei)} be a complete set of orthonormal physical (antisymmetric) vectors of the N - 2 particles outside 
of D; that is, 18,) vanishes in D. Define F as a permutation between two particles in D or between two particles not 
in D. Also, define C as a permutation between particles from D and particles not in D. There are 2! (N - 2) ! per- 
mutations of the F-kind, and N! - 2! (N - 2)  ! permutations of the G-kind. The total physical state of the system 
must be antisymmetric for all N particles. In the basis I x~ , ) ,  

a is the antisymmetrization operator where C is a normalization constant, which we now compute: 
/ \ 

CT \ r. I 

By the definitions of 1%) and lo), the second term vanishes: so 

N! 
The probability of getting an eigenvalue of 1%) for the two fermions when the 

(N - ')-state is I ~ J )  and the D-state is 19) will be 
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Supplementary Problems 

13.13. Prove that the Pauli exclusion principle does not hold for bosons. 

13.14. Show explicitly that the Slater determinant for three fermions is antisymmetric. 

13.15. Show that any function on the real line is a sum of a symmetric and antisymmetric functions. 

Ans. f(s) = f(x) +f 2 (-x) +f(x) -f(-x) 2 

J i 
13.16. What happens to the Slater determinant if there is a linear dependency between I$ ' ) a  a ) $  ) ? 

Ans. It vanishes. 

13.17. Three particles are confined within the potential 

0 O S x S a  and O S y S b  

Find the ground state of the system when the particles are bosons. 

13.18. Refer to Problem 13.14 and find the ground state of the system when the particles are "spinless" fermions. (That is. 
use Pauli's exclusion principle, but neglect the additional degree of spin.) 

13.20. Repeat Problem 13.10, but this time solve for two bosons. 

Ans. IW, 2,  r l ,  r2)) = l + l ( r l )  ;Sl)l+2(r2) is2) + l+l(r,)  ;Sl) l+2(r,)  is2) 
r 

1 
Ans. lyfo(rl, r2, r3)) = - f i  

13.19. Repeat to Problems 13.1 4 and 13.15, but now do not neglect the spin. 

l+ll(r,)) l$l2(rl)) l+2l(rl)) 

I$I I ( ~ z ) )  1$12(~2)) 1+21(~2)) 

I$l 1(!12(~3)) 1@21(r3)) 

and three additional ~oss ible  states by substituting 
I 

Ans. Iy,,(r,, r,, r,)) = - J5? 

+f,, +,,,  and +tl instead of +,,. 

l$;l(rl)) I+; I(r1)) I+i,(r,)) 

I$fl(r2)) 1+,,(r2)) I+;2(r2)) 

l$il(r3)) 1$,1(r3)) I+A~(~A)} 
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Addition of Angular Momenta 

14.1 INTRODUCTION 

Consider two angular momenta j I and j2. These momenta can be angular momenta relating to two differ- 
ent particles or angular momenta relating to one particle (angular momentum and spin). These two momenta act 
in different state spaces, so that all their components are commuting with one another. The individual states of 
j, and j, will be denoted, as usual, as I j , m , )  and I j2m2), so that (see Chapter 6) 

and similarly for j2. The state space of the compound system is obtained by taking the direct product (tensor 
product) of the individual state space of the two angular momenta: 

l j l m l )  @ lj2m2) = ljl j2 ; mlm2)=lmlm2)  (14.2) 

For fixed j, and j2, m, and m2 have the values 

where the set of numbers { j,, m,  ) and ( j,, m,) are either integers or half-integers. The state space of the com- 

pound system is (2j ,  + 1 ) (2j2 + 1 ) -dimensional space. The states Im , m,) are, accordir~g to their construction, 
.2 .2 . 

eigenstates of the operators { J ,, j2, J I ,-, jZz ) .  

In the absence of interaction between j  , and j,, the operators j, and j2 commute with the Hamiltonian, 
and thus l j ,m , )  and 1 j,m2) are also eigenstates of the system. However, if jI and j2 interact with 

H = H ,  + aj , . j2 (where a is a coupling constant) ( 1  4.4) 

then j ,  and j2 are not conserved, but J = j , + j2 is conserved. Thus, it is better to transform to an eigenstate 
2 2  2 

basis of the operators { j , , j2, J , J,). The eigenstates in this basis will be denoted by I j, j2 J M) = I J  M) ,  and 

satisfy 

In this case, 

J = Ij,-j21, l j l - j 2 1 + l .  . . . 3 ~ l + ~ 2  

and for each value of J, 

M = - J , - J + l ,  . . . ,  J 

Note that 

jil JM) = fi2jl ( j ,  + 1) 1 JM) (14.8) 
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Therefore, using the identity 
2 .2 .2 

2 j ,  - j 2  = J - J ]  - J ~  

we have 

As a result, IJM) are also eigenstates of the operators j , . j2 .  In a commonly employed terminology, one refers 
to IJM) as an eigenstate in the coupled representation and to Imlm2) as  an eigenstate in the uncoupled 
representation. 

14.3 CLEBSCH-GORDAN COEFFICIENTS 

The two sets of orthonormal states Im ,m2) and I JM)  are related by a unitary transformation; that is, we 
can write the eigenstates IJM) in terms of Irn m2) by 

where {mlrn21JM) are the Clebsch-Gordan coeficients. It is possible to obtain a general expression for the 
Clebsch-Gordan coefficients. However, it is often simpler to conslruct the coefficients for particular cases. 
They can be calculated by successive applications of J+ - = J, + iJ, on the vectors I JM) ,  using the following 
relations: 

I J, , lrn,m2)= h JJ, ( J I  + 1) - m ,  ( m ,  + I )  lnz, + l ,m2)  

together with the phase condition, 

Some properties of the Clebsch-Gordan coefficients are given below: 

( m , m 2 1 J M ) = 0  unless M = m , + m 2  (14.14) 

(m,m21JM) is real (14.15) 
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Solved Problems 

14.1. Consider two angular momenta of magnitudes j, and j,. The total angular momentum of this system is 
then J = J ,  + J, ,  where J I and J, are commuting operators. Let Im, m,) be the common eigenstates 

2 '  2 2 2  
of the observables { J , ,  J;, J ,  ,, .I2,). Let V M )  be the common eigenstates of { J , ,  J2, J , J-). (a) Find 
all the possible values for m ,  and m2. (h)  Find the possible values for .i and M. ( c )  Show that the state 
space of the compound system has dimensionality 

where j, and j2 are fixed quantum numbers. 
7 

(a) Let us denote by J j , m , )  the eigenvectors common to the observables {J;, J , , } ,  of respective eigenvalues 
2 

h j ,  ( j ,  + I ) and h m , .  Similarly, let ll,n~,) - - be the eigenvectors common to { J2, J,,). The state space of the 
compound system is obtained by taking the tensor product of individual state spaces of the two angular 
momenta. Thus, 

n 1 )  @ I j = I m I  1 )  Imlm2) (14.1.2) 

where j, and j, are fixed quantum numbers. The possible values of Im,m,) are given by 

where the set of numbers { j , ,  n1, ) and {j , ,  m, )  are either integers or half-integers. The dimension of the state 
space of the compound system is ( 2 j ,  + I ) (2j2  + 1 ) (according to the number of independent eigenstates for 
basis Im, m2)) .  

( b )  The state space of the system is a direct sum of orthogonal subspaces of definite total angular momentum J .  
Thus, 

where (m,m,lJM) ..; 6,.n1, + m ,  are Clebsch-Gordan coefficients. Assuming that j ,  2 j Z ,  we have 

J = j , - i z ,  j l - j 2 + 1  , . . . , j l + j Z  (14.1.5) 

Consequently, the possible values of M for each value of J are 

M = -.l, -J+ 1 , . . .  , -1 (14.1.6) 

Clearly, each value of J in  (14.1.4) corresponds to a subspace of dimension (2.1 + 1 ) of definite total angular 
momentum. 

( c )  Consider the left side of (14.1.1). Using the results of part ( h )  and setting J = j, - j, + i ,  we find 

14.2. Two angular momenta of respective magnitudes j, and j2 and total angular momentum J = j, + j2, 
are described by the basis (mlm2) - I j ,  m,)  O ( jzm2). By construction, the states Imlm2) are eigen- 

.2  .2 
states of { J ,, J2, J I  ?, J2z} and J,  = J I q  + J2:. (a) Find all the eigenvalues of the operator J- and their 
degree of degeneracy. (h) consider the* states 
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for which m ,  and m2 both assume either maximal or minimal values. Show that the states (y,) 
2 

and Iy- ) are eigenstates of J (as well as of J -  ) and find the corresponding eigenvalues. 

( a )  The basis states )mi m,) satisfy 

where j ,  and j, are fixed quantum numbers and 

where m l  and m, are either integers or half-integers. Using (14.2.2), we immediately find 

J,lm,m,) = ( J , ?  + J 2 J  Im,m,) = fi ( m ,  + m2) Imlm2)=hMlmlm2) (14.2.4) 

Consequently, the eigenvalues of JZ are hM,  where the quantum number M = m ,  + m, takes the values 

M = - ( j I + j 2 ) , - ( j l + j 2 )  + I , - . .  , j , + j 2  (14.2.5) 

The degree of degeneracy, g(M),  of these values has the following properties: 

1. The value M = M,,, = ( j ,  + j,) is not degenerate: 

g t i I + j z )  = 1 

2. The degree of degeneracy is increased by I as M decreases by 1 ,  until a maximum degeneracy is reached 
for the value M = j, - j,. The degeneracy remains constant as long as 112.11 S j, - j, and is equal to 

g(M) = 2j2 + l - ( j ,  - j2) S .US j, - j ,  (14.2.7) 

3. For M < - (j, - j,) , g(M) decreases by I as M decreases by I .  The value M = M,,, = - (1, + j,) is not 
degenerate. Generally, g(M) is an even function of M: 

g(-M) = g(M)  (14.2.8) 

(h) From (14.2.7) and (14.2.8). the states I \y,) are eigenvectors of J;, with respective nondegenerate eigenvalues 
2 

l, = +fi (j, + J,)  . Since the operators J: and J commute, we have 

2 
Consequently, the vectors I v, ) = J I v, ) are also eigenvectors of J2 with the same eigenvalues h, . How- 
ever, due to the nondegeneracy of l+ (or h- ) the eigenvectors I y+) must be proportional to I v+) (and 
similarly, I$ ) is proportional to Iv-) ). Therefore, J21 v, ) = I y, ), so that I v+) and 1 ~ )  are eigenvectors of 
J, as well as of J,. Indeed. since I y* ) both correspond to the extreme possible values of m ,  and m,, 

(J,+J,.+J,.J,+)Im, = j , ,  m , = j 2 )  = (J l+JZ .+JI .J2+)Im,  = - j , ,  m,=-j,)=O (14.2.10) 

and 

( J I : J 2 r ) I m ,  = j , ,  m ,=j2)  =j , j , lm ,  = j , ,  m,=j,)  

( J l t J ~ t )  I ~ I  = -j , ,  m2 = -J2) = j l j21m,  = -j,, m, = -j,) 

Therefore, 

= h 2 [ ( j 1 + j 2 )  + t i1+j2+ I ) l I v * )  

Thus Iv+) and Iv_) both correspond to the same eigenvalue of J 2  given by h 2 ~ ( J  + I) 
= f i2( j1  + j 2 )  ti, + j 2 +  1 ) -  

14.3. Consider two angular momenta, both of magnitude J. Let J = J ,  + J 2  be the total angular momentum 
A A 

and the interchange operator defined by P Irn,m2) = Im2m,). (a) Find the eigenvalues of P.  (b )  
A A " 2 

Show that P commutes with J ;  i.e., [ P  , J ]  = 0 (and [P , J ] = 0). (c) Obtain the simultaneous 
2 A 

eigenvalues of J and P .  

(a )  Let us denote by Iv) an eigcnvcctor of b with an eigenvalue k; namely, b Iv) = hlv). Therefore, 
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Expanding lv) in the (complete) Im,m2) basis, we have 

[CHAP. 14 

A " 2  However, by the definition of P , ( P  ) Im, m,) = Im, m,), and then 

(1 4.3.3) 

"1 1 .  "I* 

6 

Comparing (14.3.1) and (14.3.3) we find that h2 = 1 and, as a result, the eigenvalues of P must be h = f 1. 
(h) The action of the operator J = J ,  + Jz on the basis states 

Imlm2) = I l lm , ,  ~ z m J = I j l m ~ )  @ Ijzm,) (14.3.4) 

can be written as 

( J l  + J2)ImIm2)  = ( J I I j l m , ) )  @ I i 2 m d  + I J , ~ , )  @ (J21 j2m2) 
(1 4.3.5) 

Therefore, 

~ l m , m , )  = I i zm2)@ (J21j ,m,) )  + (J , l j2m,))  @ I i l m l )  

Similarly [using (14.3.5) with the interchange m ,  w m,], 

~ b l m , m , )  = Jlm2ml) = ( J l I i 2m2) )  @ l ~ l m , )  + l i2m2) @ (JzI J I ~ I ) )  (14.3.7) 

Clearly, the last two expressions. (14.3.7) and (1  4.3.6), coincide. Hence, 

(c) The results of part (h) imply that the VM) basis vector can be taken as simultaneous eigenvectors of the set 
2 2 2  " 

{ J , ,  J,, J , J:;P }. Equivalently, this means that VM) states have definite parity f 1 under the operator inter- 

change ;. Indeed, using (14.3.2) together with the symmetry property of the Clebsch-Gordan coefficients, 

we find 

where in the last line we interchanged the order of the summation index. Therefore, 

In particular, for j, = j, = j, the number J assumes the values J = 0, 1 , .  . . , 2 j ,  and then 

14.4. A system of two independent spin 1/2 particles whose orbital motion can be neglected is described by 
1 1 2 2 

the basis IS, = 3, m 8 IS2 = 3, m 2 )  = J m  , m 2 ) ,  where Irn, m 2 )  are common eigenstates of S ,, S 2 ,  

S , ,  , S 2 z .  Consider the total spin operator S = S , '  + S 2 ,  with components S = (S, ,  S,,, S : )  and magni- 
2 2 

tude S = IS, + S21 . ( a )  Apply the operators S +  - = S ,  f is, and SZ on states Irn,m2) and calculate the 
2 2 2 

results. (6) As in part (a), apply S = S ,  + S 2  + 2 S I . S z Z  + S I + S 2 -  + S , - S 2 +  on Im,rn,) and calculate the 
2 2 2  

results. ( c )  Construct the states ISms), which are eigenstates of S I ,  S 2 ,  S , and S , ,  as linear combina- 
2 2 

tions of I m l m 2 ) .  Find the corresponding eigenvalues and verify that S Ism,)  = f~ S ( S  + 1 )  ( S m , )  and 
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SJSm,) = fim,lSm,). (d )  Discuss the symmetry properties of the Ism,) under the interchange of the par- 

(a) To calculate the action of S = S ,  + S, on the states Im ,m,), we introduce the following notations: 

Here. 1 , and a,, , = (a,. al. a;) denote single-spin operators, which are represented by the 2 x 2 unit 
matrix and the three Pauli matrices (respectively) and satisfy 

h 
The total spin operator. S = S ,  + S,. takes the form S = 7 ( G, O 1, + 1,  O 0,)  and consequently, 

Therefore, using (14.4.31) and (14.4.311), 

I - 

S;I++) = hl++) 

S,l+-) = S,I-+) = 0 

s.1--) = -hl--) 

Similarly, using (14.4.311) and (14.4.2), 

I S+l--) = S.l++) = h ((+-) + I-+)) 

S+I+-) = S+I-+) = hl++) 

S.l+-) = S.1-+) = h(--) 

S+I++) = S.1--) = 0 
2 

(b) In the notations of part (a) the operator s2 = IS, + S,/ equals 

1 2 
where the identities S,,S,, + S,,S2, = 5 (S ,+S2  + S ,  S ,+)  and 0 = ( 3 1 1  have been used. Therefore, from 
(14.4.2) and (14.4.6) we get 

(c) By direct inspection of Equations (14.4.4) and (14.4.7) and in accordance with the results of Problem 14.2, we 
find 
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Moreover, 

S'(I+-) + I-+)) = 2h2 (I+-) + I-+)) 

s ( I+-) - I- +)) = 0 

and 
I :  
S: (I+-) + I-+)) = s: (I+-) - I-+)) = 0 

Therefore, up to the unimportant global phase we obtain 

1 
IS = I,m, = 0) = - (I+-) + I-+)) $2 triplet 
IS = l ,mJ  = -1) = I--) 

1 S = 0 
[S = 0, m, = 0) = - (I+-) - I-+)) 

$2 singlet 

where the states { ISm,)} are orthonormal and they all satisfy 

sZlsm,) = h2s  (S + 1 )  IS^,) S =  l , o  

S,ISm,) = hm, Ism,) m, = I,O, -1 

[CHAP. 14 

(6) The symmetry properties of applying the interchange m, H m, to the Ism,) states follow from the expressions 
in (14.4.1). By direct observation of these equations we can see that the S = 1 (triplet) states are not affected 
by the interchange operation, whereas the S = 0 (singlet) state changes its sign. That is, 

(triplet) = triplet 

P (singlet) = -singlet 

where P Im,m2) = Im2m,) is the interchange operator. 

Note: The expressions of (1 4.4.13) are in accordance with the result (14.3.12), where one only needs to replace 
2 j +  1 and J + s  = 0, 1 .  

14.5. Let S = S ,  + S, be the total angular momentum of two spin 112 particles ( S ,  = S2 = 1/2). Calculate 
the Clebsch-Gordan coefficients ( m ,  mzl Sm,) by successive applications of Sk = S, + i s y  on the vec- 
tors Ism,$). Work separately in the two subspaces S = 1 and S = 0. 

In order to find the Clebsch-Gordan coefficients for the addition of spin S, = S, = 1 /2, we shall use the 
following relations [see Eqs. (14.12) in the Summary of Theory]: 

I S,ISm,) = ~ J s ( s +  1) -m,(m5f1)IS,m,+l) 

We shall also use the phase condition 

IS=S,+S, ,  m , = f ( S , + S , ) )  = I m , = f  S,, m,=+S, )  
2 

Note: The states IS = S ,  + S,, m, = i (S, + S2))  are eigenstates of S and S,, with nondegenerate eigenvalues 
h, = kh (S,  + S,), respectively (see Problem 14.2). Therefore, 

10 I S = S , + S , , m , , = f ( S , + S 2 ) )  = e Im, = f  S , , m , = f  S,) 

and the phase 9 may be chosen as I) = 0. 

i. Subspace S = 1: From (14.5.2) we immediately have 

1 1  
11, 1) = I,, ,> = I++) 
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Then, operating with S.  = S ,  + S?. on both sides of (14.5.3) and using (14.5.1). we obtain 

Thus, 

Similarly, operating with S .  once again on the state I I, 0) , we find 

Therefore, in accordance with condition (14.5.2), 

ii. Subspace S = 0: Since m, = m ,  + rn, (in this case m,, = 0  I ,  we have 

1 1  1 1  
l0,O) = 4 5 ,  - i )  + PI-- 2' -) 2 

Next, due to the orthonormality of Ism,) basis we get 

2 ( O , O ~ O , O >  = I + 1alZ + IPI '  = I + 21a1 = I + a = I / &  
Therefore, we find 

14.6. Let S = S,  + S2 be the total angular momentum of two spin 1 particles. (a)  Represent the vectors iSmS) 
as linear combinations of ] S l m , )  63 IS2mz) = Iml)lm2) in the subspace S = 2. (h)  Repeat part (a), working 
in the subspace S = 1 .  ( c )  Repeat part (a), working in the subspace S = 0. 

(a) For S  = 3, m ,  = 2  ( m y  = m, + m2) , we immediately have 

1292) = ll)ll) 

Applying S  = S,. + S,. to both sides of (14.6.1) we find 

Thus, 

Applying S. = S,- + S,. once more to both sides of (14.6.3) we obtain 
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Hence, 
1 

12.0) = - [1-1)11) + 21O)lO) + 11)l-])I h 
Similarly, we obtain 

[CHAP. 14 

1 
12, -1) = - (l0)l-1) + l-I)lO)) Jz (14.6.6) 

and finally, 
12,-2) = 1-1)l-I) (14.6.7) 

Note: One can, obviously, take (14.6.7) as a starting point and calculate the state 12, -1) "up the ladder" with 
the help of the operator S+ = S , ,  + S+,. 

(h)  For S = 1 the state I I, 1) can be written as 
11, 1) = all)lO> + pi0)ll) (14.6.8) 

where the constants ff and p are determined by orthonormality. Thus, 
1 

( 2 ,111 ,1 )=0  -+ - ( f f + P )  = 0  4 p=- f f  
$2 (14.6.9) 

2 2 
(1,111,1)= 1 -+ l a l 2 + ~ p ~  = 1 + 214 = 1 

which leads to 
1 

11.1) = ~ , ( l l ) r o - m e ) )  

Now, 

so that 

Repeating the process once again we obtain 

(c) The subspace S = 0 contains only one state that can be written as 

l0)lO) = yll)l-1) + 6l-1)11)+ pl0)lO) 

where y, 6, and p are anived at from orthonormality conditions: 

Therefore, 

Note: The states S = 0, 2 are symmetric under the exchange of particles, whereas in S = 1 they are 
antisymmetric. 

14.7. A system of two angular momenta, of respective magnitudes j ,  = I and j2 = 2, is described by the 
1 

basis I j, = 1, m, )  69 I j2 = 2 ,  m J .  The system is in a state VM) ,  where J is the total angular momentum 
3 3 

and M  is the -.-component of J .  Consider, in particular, the states (a) I J = -, M  = -) and (b) 2 2 
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1 1 I J = - M = -). For each state calculate the probability of measuring each pair of possible values 2' 2 
(m,,  m2), ynd find the expectation values of J , ,  and J 2 z .  (c) Calculate the expectation value of J ,  in the 

1 

state v = L M = i). 2' 

(a) The possible values for ( m  ,, m 2 )  are 

The possible values of C/M) are then 

3 3 In particular, for I J = 2, M = 2) we have 

Therefore, 

prob m , # l  or r n 2 # i )  = 0 1 ( 
The expectation values of J , ,  and J I 1  ax given by 

( J M I J , , I J W  = h m ,  

( J M I J 2 , 1 J W  = h m ,  

1 
Hence, for nz, = 1 ,  m ,  = - we find 2' 

( J , ; )  = h, ( J , , )  = h / 2  

1 1 
(6) First, let us write the state I J = 2, M  = 5 )  as a linear combination of Im, m,)  states. Starting from (14.7.3) 

we find 

Thus, 

Consequently, due to orthogonality, 

I I J = - ,  M = - )  = 
1 

2  2 Jf lm, = 0, m, = = 1, m, = - j )  

Hence, 
1 1 ( m ,  = 0 ,  m , =  1 / 2 1 ~ = 5 .  M = ! ) I 2  = - 

2 3 
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where for all the other pairs P(m,,  m,) = 0 .  The expectation values of J , ,  and J2, in the state 

1 1 I J = -, M = -) are given by expressions (14.7.5) and (14.7.10). Indeed, substituting (14.7.9) in (14.7.5) we 2 2 
obtain 

i 1 2 2 
(J,,) = 3 (112, = 0) f i  + 3 (112, = 1) f i  = j f i  

(c) The operator J, can be written as 
1 

J, = 5 (J, - J.) 

Therefore, 

h 
(JMIJ,JM) = I;(JMI(JJ(J+ I )  - M ( M +  l ) l  J ,  M +  1) + JJJ+ I -MM- 11 J ,  M-  1) = 0 (14.7.13) 

1 1 
Alternatively, for ( J = - M = -) we can choose the well-known spin 1/2 representation (see Chapter 7): 2' 2 

This leads to the following expression: 

which coincides with (14.7.13). 

14.8. Consider a system of two spin 1/2 particles whose orbital variables are ignored. The Hamiltonian of 

the system is H = &,G,; + c202_,  where E, and E~ are real constants, and o, , ,  02, are the projections 

n n 
of the spins S, = -o and S2 = 502 of the two particles onto the z-axis. (a) The initial state of the 2 1 

1 2 2 
system, at r = 0, is y ( 0 )  ) = - (I+-) + I-+)). S = ( S  , + S2)  is measured at time r. What are the Jz 
values that can be arrived at and what are their probabilities? (h) If the initial state of the system is arbi- 

2 
trary, what Bohr frequencies might appear in the evolution of (S  )'? (c) Answer parts (a) and (b) for 

s*  = Sl* + S2x '  

2 2 
(a) The eigenstates of S = (S,  + S,) (and S, ) are the IsmS) states. where S = 1. 0 correspond to the triplet and 

2 
singlet states, respectively. The results of the measurement of S are, therefore, 

However, the states ISmS) are not eigenstates of the Hamiltonian and consequently the probabilities 
prob (S = I ) and prob ( S  = 0) are changed as a function of time. The stationary states of the system are 

and its energy levels are given by 

HI -) = ( E  + & 2 0 2 ,  ) I -) = (f E ,  f ~ 2 )  I - ) 
Therefore, taking into account the initial state of the system, 
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Now, writing the states of (14.8.5) in the form 

and substituting (13.8.6) in (14.8.5), we obtain 

Hence, the probabilities prob (S = I ) and prob (S = 0) are 

Moreover, the expectation value of s2 is 
2 

( W  (I) ~ ' 1 ~  (I)) = 2 h  . prob (S = I )  + 0 .  prob (S = 0) 
7 

= 2fi'cos2 [ (El - E,) t/fil = A' [ I + cos (o,l)]  (14.8.9) 

where o, = 2 (E, - E?) t / h  is the Bohr frequency. Note that expressions (14.8.6) and (14.8.7) contain linear 
combinations of the Isml) states with m,, = 0. Indeed, from (14.8.3) and (14.8.4) we find that the operator 
S. = S , ,  + S,: commutes with the Hamiltonian and s .1~  (0)) = 0. Thus, 

Iw(r)) = c, (1) I1*O)+ c?(f)IO, 0) (14.8.10) 

where C', (r) and C, (0  are time-dependent (complex) coefficients. As a result we also have 

I prob(S = I )  = I(S = l ,m,= ~ ~ ~ ( r ) ) l '  = IC, (r)l2 

prob (5 = 0) = I(S = 0, m,,= O l v  (,))I' = /C2 (r)12 

where the sum in (13.8.81) is reduced to a single term (m, = 0) . 
(b)  We consider an arbitrary initial state of the form 

IW (0)) = al++) + PI+-) + ~ l - + >  + 61--> (14.8.12) 

where a. p, y, and 6 are complex constants. In this case the evolution of Iy,/ (r)) is given by 

i ( E l  + t . , ) l / h  ,++) + pe-r \ E l  - c 2 )  l / h  
( y , / ( t ) )=ae-  - 

I I E ~  - - t . + ) r t h  +) + 6 C i ( ~ ,  + E > ) I / ~  I+-)+ye - I- I--> (14.8.13) 

Using expression (14.8.6). we then find 

= a P - I  ( E l  +'.)'/fi I ( E ,  + ~ ? ) l / h  
11, 1)+6e 11, -1) 

3 

Therefore, the expectation value of S- is 

2 
Clearly, (S ) is characterized by a single Bohr frequency that is identical to the one of part (a) and equals 
o, = 2 (E ,  - EZ) /ti. 
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Note: For a = 6 = 0 and p = y = &, expression (14.8.15) is reduced to 

[CHAP. 14 

which coincides with (14.8.9). 
(c) To find the expectation value of S , ,  we return to (14.8.13) andcalculate the ket (S,, + S,,) I W  ( t ) ) .  This gives 

Therefore, 

In this case, the Bohr frequencies that appear in the evolution of (S,) are o,, = 2 & , / h  and a,, = 2&, /h .  

14.9. The total angular momentum of a spin 1/2 particle is J = L + S, where L is the orbital momentum and 
S is the spin (1 is an integer, S = 1/2). Let 11, m,) Q IS = 1 /2, m,) -= Im,, m,) be the eigenstates of 
{L', s', L-, S.} and VM) the eigenstates of {J', JI} . Find the Clebsch-Gordan coefficients 
( m ,  m,l JM) by successive applications of J+ = L, + S ,  to the vectors VM). Work separately in the 
two subspaces J = I + 1 /2  and J = 1 - 1 /2 .  

2 
First we notice that if I = 0 the vectors Im, = 0,  m, = f 1 / 2 )  are eigenstates of {J , J ; } .  In this case 

.! = S = 1 / 2  and M  = m, = + I  / 2 .  Therefore, 

IJ= 1 / 2 , M =  1 / 2 ) = I m , = O , m , = f 1 / 2 ) = 1 m = O , f )  (14.9.1) 

1 1  1 1  
The only nonzero Clebsch-Gordan coefficients are then (0, +I 5, 2) = (0, - 1  - --) = 1.  On the other hand, for 
I # 0 ,  there are two possibilities: 

2' 2 

1 1 
In this case (1 # 0 )  , we will consider the subspaces J = I + - and J = I - - separately, and show that 2 2 

1 
where Im,, mr)  - 1 m, + ) and M  = m, + m,! = m f - 2' 

1 1 i. J = I + -. The subspace J = I + - contains a multiple of 21 + 1 independent eigenfunctions. As usual (see 
2' 2 I 

Problem 13.2). the maximal eigenvalue, M,,, = I + - is nondegenerate. Therefore, 
2 
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Now, applying the operator J .  = L. + S. to relation (14.9.4), we get 

Thus, in accordance with (14.9.31). we obtain 

Expression (14.9.6) can be generalized by recurrence. In general, 

Therefore, the application of J .  = L. + S to both sides of (14.9.31) leads to 

Indeed, the resulting expression (14.9.8) is identical to (14.9.31), where M is changed to M - I. 
I 1 1 .  

ii. J = I -- -. The state V = I- - 2, M = I - -) 1s a linear combination of 11, -) and 11 - 1, +). Note that this is the 2 '  2 
I 

only possible way to obtain rn, + rn-, = I - Z, as in (14.9.6). Thus, 

I I 
V = l - - , M = I - - )  = al l -  I ,+)+PIl.-)  

2 2 

This state must be orthogonal to (14.9.6). Therefore, 

Namely, 

Now, we can apply J .  = L. + S. to (14.9.10) and find all the other coefficients. A calculation similar to that 
of J = I + 1 /2  yields 

The last expression is identical to (14.9.311), where M is changed into M - 1 

14.10. Two spin 112 particles (whose orbital variables are ignored) are described by an unperturbed Harnil- 
tonian H o  = -A (ol; + 02.). We add the perturbation H I  = E (01.,02, + oLvoZv), where o = 
(ox, oy, or') are Pauli matrices, and E c< A are positive constants. (a) Find the eigenvalues and eigen- 
functions of Ho. (h) Calculate (exactly) the energy levels and the corresponding eigenfunctions of the 
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total Hamiltonian H ,  + H , .  ( c )  Using the perturbation theory, calculate the first-order corrections to 
the energy levels of Ho. Compare them to the exact results of part ( h ) .  

1 1 
(a) The two spin 112 particles are described by the standard basis Im, = k ~ ,  m, = k j )  = {I++), I+-), I-+), I--)). 

2 
Since HI, = --A ( S , ,  + S,:) , we find h 

Thus, the eigenvalues of HI, are -2A,  0, and 2 A .  
(b) The total Hamiltonian H,, + H, can be written as 

2 "  
Clearly, H commutes with the operators {S,, SI, S-, S , }  , where S = S ,  + S, is the total spin of the particles. 
Therefore, the eigenstates of the total Hamiltonian are the following triplet and singlet states: 

The corresponding energy levels are, then, 

and 
H(0 ,O)  = (0 + 0-  3& + &)lo, 0) = - 2 ~ 1 0 ,  0) 

E 
(c) The matrix elements of H, = 5 ( o , , ~ ,  . + 0, .02+) in the unperturbed basis { I++), I+-), I-+), I--)) are given 

by the following matrix: 

I++> I+-> I-+> I- -> 
0 0 

I+-) 

1- -> 
The unperturbed energy levels are E,  = -?A, E: = E, = 0, and E, = 2 A .  Therefore, 

where E, and E~ are the nondegenerate energy levels. As for the degenerate zero eigenvalue, we consider the 
determinant 

Thus, 

= 5 2 ~  
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Equations (14.10.7) and (14.10.9) lead to 

I E ,  = E ,  + A & ,  = -2A 

E 2 , ,  = E , , 3 + A E 2 , 3  = f 2 E  

E,  = E~ + A E ~  = 2A 

which agrees with the exact result of part (6 ) .  

14.11. The motion of an electron in a central field of force is described by a Hamiltonian of the form 
pL H  = H ,  + H, , ,  where H,, = - + V(r)  and H,, = 6 ( r )  L . S .  The spin-orbit coupling leads to energy 
2m 

2 2 
differences between levels with the same values of L and S but different values of J', where 
J  = L + S. ( a )  Show that [ H ,  L ~ ]  = [ H ,  S] = 0 but [If. L z ]  f 0 and [ H .  S.1 f 0. (b)  Show that 

.. 
[ H ,  J ' ]  = [ H ,  JL] = 0. (c.) Consider the stationary states of H  that are also eigenstates of the observ- 

2 2 2  
ables { L , S , J  , J - )  . Express the angular part of these eigenfunctions in terms of spherical harmonics 

and two-component spinors. (dl Let the eigenfunctions of part ( c )  be characterized by the quantum num- 
2 

bers I .  J ,  and M (which are related to the eigenvalues of L , J ~ ,  and J:,  respectively). Determine the 

possible values of L- and S T  and find their probabilities and average values. 

( a )  The Hamiltonian H,, commutes with all the components of L and S ,  and the operator L acts only on the angular 
variables (8, 0) (see Chapter 6). Therefore, 

[ H , L ~ ]  = [ H , + ( ( ~ ) L . s , L ~ ]  = ( ( r )  [ L . s , L ~ ]  (14.11.1) 

In addition, [S , ,  L,] = 0 and [ L ,  L ~ ]  = 0 for all the components i,  j = x, y,  z = 1,2, 3 .  Thus, 
3 

[ H ,  L'] = ( ( r )  ( [ L ,  L'] S;  + L, [s , ,  L'] ) = 0 (14.11.2) 
i =  L 

Similarly, by changing the roles of L and S in (14.1 I .2), we obtain 

Furthermore, using the relations [L, ,  L j]  = ih&,,,L,, we obtain 

[ H ,  LIl = I f f ,  + 5 ( r )  L .  S, LZl = ( ( r )  [L,S, + L,S, + L,S,, L,] 

= 5 ( r )  [L,, L,J S., + 6 ( r )  [LY.  L:I S ,  = ih(  ( r )  ( -  L,S, + L,S,) + 0 

and finally, 

[ H ,  S,] = ( ( r )  L ,  [S,, S,] + 5 ( r )  L, [S,, S,l = i h i  ( r ?  (- L,S, + L,.S,) # O  

( 6 )  From (14.11.4) and (14.1 1.51, we immediately find 

[ H ,  J,] = [ H ,  L , +  S,] = 0 

Moreover, 
2 

[ H , J  1 = [ H ,  ( L + S ) ' ]  = [ / I , L ' + s ~ + ~ L . s ]  = 2 [ I I , L . S ]  

= 2 [ H , + ( ( r ) L . S , L . S ]  = [ H , , L . S ]  + 2 ( j r )  [ L . S , L . S ]  = O  (14.11.7) 

( c )  The results of parts (a) and ( 6 )  imply that one can find the basis of states Inl, S, J, M )  = R,, ( r )  V M ) ,  which 
is made up of the simultaneous eigenfunctions of the mutually commuting observables { H ,  L ~ ,  s2, J ~ ,  J , }  . 
The angular part of these eigenfunctions, V M ) ,  had already been worked out in Problem 14.10, where we 
found the following expressions: 

[ 

m 



ADDITION OF ANGULAR MOMENTA [CHAP. 14 

1 
The states 1 M f  5, f) = 1 M f )  on the right side of (14 .1  1.8) denote the product-basis eigenstates 

Ilm) €3 IS = 1 /2, f ) for an electron of an orbital angular momentum 1 and spin S = 1/2. In the coordinate rep- 

resentation, (r ( r ,  8, $) Ilm) = Y? ( 8 ,  @) . where c(8, $) are the spherical harmonic functions (see Chapter 
6). Therefore, 

where -J I M I  J .  By construction, the angular wave functions in (14 .1  1.8) or (14 .11 .9 )  satisfy 

J ~ ~ M )  =  ti'^(^ + 1 )  p ~ )  

J , V M )  = hMIJM)  

Consequently, 

(d )  The operator L: can assume the values h m ,  where m is an integer and -1 I m 51. The operator Sz can assume 
the values + t i / 2 ,  where 5 corresponds to up/down spin states. The probabilities of these values are determined 
by the Clebsch4ordan coefficients of ( 1 4 . 1 1 . 8 ) ,  and depend on the state of the system. 

1 
i. In the state p = I + 5 ,  M )  we find 

where IMI I I + 1/2. If M = I + 1/2, then prob ( m  = I, +) = 1, and all the other combinations have zero 
probability. The expectation value of Lz is 

1 1 K,) = ( I  + 5, MIL,II+ 5, M )  = prob 

Similarly, the average value of S, is 

1 
ii. In the state p = I - ;, M), we find 

where Iml I I - ( 1/2). The expectation values of LZ and S; in this state are, then, 

I 
I 1 

( L , )  = ( 1 - 2 ,  M I L l l l - 2 ,  M )  = h M  

1 1 ti 2M 
I I ( S z )  = (1 - -, MISzll - -, M) = --- 2 2 221+ 1 
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14.12. T h e  spin-orbit interaction for  the electron in a hydrogen-like atom is given by H , ,  = 5 ( r )  L . S, where 

1 ldlf ( r )  2 
r )  = ( )  a n  V ( r )  = -Ze  / r .  (a) Derive an equation for  the energy levels of  such 

2mpc 
atoms in terms of  the quantum numbers 1 and J. (b) S h o w  that the spin-orbit correction to  the unperturbed 

4 
energy levels is proportional to Z . 

(a) The complete Hamiltonian of our problem is H = Ho + H , , ,  where 

and t l , ,  is treated as a small perturbation. For"convenience, we take the unperturbed wave functions of H ,  to 
2 

be the simultaneous eigenfunctions of { L ~ ,  S-, J , J , } ,  where J -= L + S. Thus, 

0 0 
where R,, ( r )  are the radial wave functions of H,, and En, are the corresponding energy levels (see Chapter 
8). The kets VM)  in (14.12.2) represent the angular part of the wave functions of H,, including the spin states. 
In this representation [see (14.11.7), (14.11.8), and (14.11.10)] and for 1 # 0, we have 

where J = I f 1 / 2  and [MI 5 J.  Expression (14.12.3) shows that the perturbation H s o  is already diagonal in 
0 the subspace { n ,  I = J + 1 / 2 1 ,  which corresponds to a degenerate energy level En,. Using the first-order per- 

turbation theory we therefore find 

E (n ,  I ,  J )  = E!, + (nl, JMIH,,(nI, JM) (14.12.4) 

where ( r ln l )  = R!, ( r )  . Defining the integral over the radial functions to be 

<n/s (n l l c ( r ) ln l )  = ( r ) c ( w : / ( r ) d r  (14.12.5) 

and using expression (14.12.3) we obtain 

Since J = I ? 1 / 2 ,  we can distinguish between two cases: 

Each of these energy levels is (2J + 1 )  degenerate. The degeneracy can be removed by a magnetic field (see 
Problem 14.1 3). 

(6 )  The first-order energy correction due to spin-orbit interaction is proportional to the radial integral en,.  For 
I # 0, we have 

Detailed calculation of (r-"),, yields (see Chapter 8) 

where a, = h 2 / z e 2 m p  is the Bohr radius. Therefore, 
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14.13. A hydrogen-like atom is placed in a weak magnetic field B = 3 2 ,  where the interaction is described by 
the Zeernan Hamiltonian, H '  = y,B ( L -  + 2s.) / h .  (a) Assume that in the absence of B, the wave func- 

2 2 
tions of the atom are eigenfunctions of L , S , J ~ ,  and J : .  where J = L + S. Use the first-order 
perturbation theory to calculate the energy splittings due to the magnetic field. (b )  The electron of such 
an atom is excited to a p-state. Into how many components does each of the levels split when a weak 
magnetic field is applied? 

(a) The perturbing Zeeman Hamiltonian can be written in the following form: 

H '  = 
PBB ( L ;  + 2s:) - PBB ( J ,  + S,) 

h 
- 

h 

where pB is the Bohr magneton. The energy levels, E = E (n,  I ,  J )  + AE, of the complete Hamiltonian 
H = H ,  + H,o + H '  are then given by 

I 1 1 1 AE = paB(J = 1 L -, MI ( J ,  + 5;) 11 = 1 L 2, M )  = p R ~  [ M  + (J = 1 f 2, MISzp = I f 2, M)] (14.13.2) 2 

The matrix element of S-  was already calculated in Problem 14.1 1. Combining the appropriate results in Equa- 
tions (14.11.12) and (14:11.14), we find 

Hence, 

(h) In the absence of a magnetic field there are two degenerate energy levels, which are specified by the quantum 
numbers (1 = I, J  = 1/2), respectively [see (14.12.7)]. When the magnetic field B  is applied, the degeneracy is 
removed. The J  = 312 level is split into four components since M  = -3/2, - 1 /2, + 1 /2, +3/2.  Similarly, the 
J  = 1/2 level is split into two components corresponding to M  = - 1 /2, + 1 /2 .  The energy changes are given 
by (14.13.4). Thus, 

AE ( I ,  J )  = g ( I ,  . I )  pRBM (14.13.5) 

where g is the Lande factor. In particular, ,q ( I, 3 /2 )  = 4/3, and g ( I, 1 /2)  = 2/3.  

Supplementary Problems 

14.14. Show that the Clebsch4ordan coefficients satisfy the following recurrence relations: 

J J ( J +  1) - M ( M *  1) ( m , m 2 J ,  M +  I)  = J j ,  ( j ,  + 1) - m ,  ( P I , ;  I )  ( m ,  ; I ,m21JM)  

+Jtz ( j 2  + 1) - m L  (n12 ; I )  jm,, m2 - I I J M )  (14.14.1) 

14.15. Consider a deuterium atom composed of a nucleus of spin 1 = 1 and an electron. The electronic angular momen- 
tum is J = L + S, where L is the orbital angular momentum of the electron and S is its spin. The total angular 
momentum of the atom is F = J + I,  where I is the nuclear spin. The eigenvalues of J' and F' are J  ( J  + I )  h2 
and F ( F  + I ) ,  respectively. (a )  What are the possible values of the quantum numbers J  and F for a deuterium 
atom in the Is ground state? ( h )  Answer the same question in the 2p excited state. ( c )  What are the possible values 
of the quantum numbers J  and F for a hydrogen atom in the 2p level'? The hydrogen atom's nucleus is a proton of 
spin 1 = 112. 

Ans. (a )  J  = 1 /2, F = 1 /2, 3 /2 .  
(b)  I if J  = 1/2, F = 1/2, 3/2;  I1  if J  = 3/2, F = 1 /2 ,3 /2 ,5 /2 .  
( c )  I if J = 1/2, 1: = 0, I ;  I1 if J  = 3/2,  F = 1, 2. 
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14.16. Let S = S ,  + S, + S, be the total spin of three independent spin 1/2 particles, and let Im,m2m,) be the common 
3 

eigenstates of S,:, SZL, and S,; (there are 2 = 8  states). (a) What are the possible values of the total spin? (h) Find 
2 

a basis of eigenstates common to S and S2, in terms of the Im 2 1  m 2 m s '  ) Hint: First consider the addition of two spins, 
then add the results to the third spin. ( r . )  Do the operators S and S:  form a complete basis? 

I I 1 
Ans. (0) l / 2 ,3 /2 .  (h )  12, 2) = - (I+ - +) - 1 - ++)) = &I++-) - &(I+-+) + 1 -++)), Jz 

1 1  
(c) No, since the states 12, f 2 )  do not have a unique decomposition in Irnlm2m,) basis 



Chapter 15 

Scattering Theory 

15.1 CROSS SECTION 

Consider the typical scattering problem depicted in Fig. 15-1. 

Fig. 15-1 

A beam of particles scatters from the potential V ( r )  with coordinate origin at point 0. We define the dif- 
ferential cross section d o / d R  as the ratio of the number of scattered particles dn(0 ,  9) per unit time within 
the solid angle d R  divided by the incident particle f lux F:  

d o  dn(e ,@) - - -  
J R  - F d R  

where d o / d R  has dimension of a surface. We assume: 
1. Any interaction between the scattered particles themselves is neglected. 
2. Possible multiple scattering processes are neglected. A multiple scattering process is a process in which a 

scattered particle can be scattered multiple times in the same target range. 
3. The incident beam width is much larger than a typical range of the scattering potential, so that the particle 

will have a well-defined momentum. 
The total cross section is obtained by integrating over d R  : 

When the scattering is from a potential, say, V ( r ) ,  the differential cross section is the same in the Lab and 
center-of-mass (CM) frames: 

However, if we consider electric scattering of particle 1 from particle 2, then the differential cross section in the 
two frames will be different, and is given by 
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where 0 in the scattering angle in the CM frame and y = ml / m ,  

15.2 STATIONARY SCATTERING STATES 

Consider a scattering problem relating to particles with mass H. (in this section we use the reduced mass p 
and not the standard mass m) and well-defined momentum p = hk, which scatters from a rime-independent 
potential V = V ( r )  . The Hamiltonian of the system is 

H = H o + V ( r )  (15.5) 

where Ho is the free Hamiltonian, Ho = f i 2 k 2 / 2 p .  The wave function for a scattered particle with energy 
E > 0 is obtained by solving the stationary Schrodinger equation: 

[ V 2 + k 2 - U ( r ) ] Q ( r )  = 0 (15.6) 

where 

For a collision between two particles, V ( r )  is the interaction potential between them ( r  = r ,  - r ,  ), and E is the 
kinetic energy associaled with lhe particle of reduced mass p in  he C M  frame. 

For a potential V ( r )  of shorter range than the CouIomh potential [rV ( r )  + 0 where r + ] the solution 
of the Schrodinger equation can be written as a composition of an incident plane wave and a spherical wave of 
amplitude f ( 0 ,  Q ) :  

e i l r  

Q ( r j  r + w  
+ e i k :  + f ( R  9 )  7 (15.8) 

The scattering amplitucfe is given by 

The amplitude f k  ( 0 ,  Q )  depends on the potential and the scattering angles 0 and Q . This quantity is directly 
related to the differential cross section 

15.3 BORN APPROXIMATION 

The Born approximation is obtained by treating the potential U ( r )  as a small perturbation. Equation (15.9) 
then gives 

e - i q ,  r' U ( r')  Q ( rr ) d3r' (15.11) 

where q = k,- ki and kf, are the final and initial momentum, respectively. Note that in the Born approxima- 
tions the scattering amplitude ff is proportional to the Fourier transform of the potential U ( r )  with respect to 
q. If the potential has spherical symmetric, U ( r )  = U ( r ) ,  (15.1 I )  is simplified by taking q as the polar axis 
and integrating over dR' . For this case, we obtain 

sin ( q r )  rV ( I - )  dr 

where q = 2k sin ( 0 / 2 )  is the inonlenturn transfer and k = Ikf 1 = Ikil ; see Fig. 15-2 
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k; 

Fig. 15-2 

The Born approximation is valid when either of the two following conditions holds:. 

where a is the range of the potential and v is the "averaged" potential defined by 

The second condition shows that the Born approximation is always applicable for sufficiently fast (high-energy) 
particles. This condition is weaker than the first one; hence, if the potential can be regarded as a perturbation at 
low energies, it can always be so regarded at high energies, whereas the converse is not necessarily true. 

15.4 PARTIAL WAVE EXPANSIONS 

Consider a potential with spherical symmetry, V (r)  = V ( r ) .  In this case the stationary wave function 
q k  ( r ,  0)  and the scattering amplitude f k  ( 0 )  can be expanded in terms of Legendre polynomials PI (coso): 

and 

where the coefficients A, ,  f,, and the functions 2, ( r - )  are to be determined. 2, ( r )  satisfies the radial 
Schrodinger equation, 

where the boundary conditions are 2, (0)  = 0 .  In the asymptotic region r --+ - , 
1 

x , ( ~ ) ~ + , , , -  [A,j,(ki-) + B l n l ( k i . ) ] r  = zC, sin (15.18) 

where j, and n, are the spherical Bessel and Neumann functions, respectively. The parameter 6, is called the 
phase shift, since it determines the difference in phase between this solution and the solution of the free radial 
Schrijdinger equation: 

x ! ' ( ~ ) ~ , , - z C ,  ' sin ( k r - -  3 
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Similarly, we can expand the plane waves in terms of the Legendre polynomials: 

I = 0 

Now, substituting the expansions of elk' . f k  (0). and @ k  ( r ,  0 )  in (15.15) we obtain A, = (21 + 1) i'eiS1, and 

I = 0 

Thus, the differential cross section is given by 

I = 0 

From (15.21) and (15.23) we verify directly that 

d o  1 
- = 3 d R  

The last result is called the optical theorem. The phase shifts 6, are completely determined by the asymptotic 
form of the radial function X, (r). Expansion (15.23) is particularly useful for short-range potential that van- 
ishes outside the region r < a .  In this case, the partial waves that satisfy the condition 1 ( I  + 1) > ka may be 
neglected. Moreover, since the radial wave function R, ( r )  = X,  ( r )  / r  and its derivative are continuous at 
the boundary r = a,  we have 

kj,' (ka) - y1 j, (ka)  
tang, = kn,' (ka)  - y, n, (ka j 

and total cross section is 

oe x (21+ 1) r " ~  sin6, f l ( cosO)  

I = O  

where y, is the logarithmic derivative, defined as 

2 

For sufficiently weak potential for which the Born approximation holds, all the phase shifts are small and 
are given by 

sin6,= 6 1 = -- *'SV h2  ( r )  j: (kr) dr 

15.5 SCATTERING OF IDENTICAL PARTICLES 

The case where two identical particles collide requires special consideration. If the total spin of the system 
is even, the differential cross section is 

while if the total spin is odd, the differential cross section is 

d o  
- = I f @ )  - f ( = 0 ) l 2  d R  (15.29) 

For example, if s = 112, the spin wave function can be in singlet (total spin is 0) or triplet (total spin is 1) states. 
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For an unpolarized beam of particles with spin s, the system can be in ( 2 s  + 1 )  spin states that are distrib- 
uted with equal probabilities. From the total number of possibilities, (2s + 1)  spin states are antisymmetric. 
Therefore, the differential cross section is 

Solved Problems 

e - r / a  

15.1. A particle of mass p and momentum p = hk is scattered by the potential V  ( r )  = y V , a ,  where 
V, and a > 0 are real constants (Yukawa potential). (a) Using the Born approximation calculate the dif- 
ferential cross section. (h) Obtain the total cross section 

(a) The range of the Yukawa potential is characterized by the distance a. We assume that VoaZ fi2/p, so that 
the Born approximation is valid for all the values of ka [see (15.13)]. The scattering amplitude is then given by 

Since the potential has spherical symmetry V ( r )  = V (r), we can cany out the integration using the relation 

I r2e-'q 'V  ( r )  dr df2 = - sin (qr)  V ( t - )  r dr 71 (15.1.2) 

where r = Irl and dl2 = sine d e  d @ .  Therefore, 

2pVoa3 1 

1 + [2ka  sin (0 /2 ) ]  (15.1.3) 

d o  
Finally, the differential cross section - = r(8) l 2  is df2 

Note that due to the spherical asymmetry the cross section does not depend on the azimuthal angle. 
(h) The total scattering cross section is obtained by integration: 

Note that the infinite range limit ( a  + 00, Vo + 0 ,  and Voa = Z,Z2e2 = constant) of the Yukawa potential 
corresponds to the Coulomb interaction between two ions of charges Z,e and Z , e .  At this point, (15.14) is 
reduced to the well-known Rutherford formula, 

where E = (fi2k2) / 2 ~  is the energy of the particles in the CM frame and p is their reduced mass. 

15.2. Using the Born approximation, calculate the differential cross section d c / d R  for a central Gaussian 

v, 
potential of the fonn V ( r )  = -e-'-2'4a2. Compare your result with the differential cross section for 

K n  

Voa 
the Yukawa potential V  ( r )  = ~ e - ~ ' " .  
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For the Gaussian potential, in the Born approximation we have 

f (0) = -E J sin (qr)  V ( r )  r dr = - 
1i2q&%J 

cos (qr) e-r'/4aidr 
0 0 

where y = 2k sin (8/2). Therefore, 

For the Yukawa potential we found in Problem 15.1 that 

4p2v,Za6 1 
(15.2.3) 

2 
The differential cross section of (15.2.2) and (15.2.3) are schematically plotted in Fig.15-3 (in a units). 

1 2 3 4 5 

Fig. 15-3 

Note that for qa  cc 1 both cross sections coincide and are given by 

Thus, for a small momentum transfer (i.e., large distance) the specific form of the (short-range) scattering potential 
is not important. On the other hand, for large momentum transfer the Gaussian cross section decreases more rapidly 
as compared to the Yukawa cross section. This is expected since for short distances the Gaussian potential is much 
weaker than the Yukawa potential. 

15.3. Show that if the scattering potential has a translation invariance property, V ( r  + R) = V (r), where R 
is a constant vector, then the Born approximation scattering vanishes unless q . R = 2nn, where n is 
an integer. 

The translation symmetry of the potential, V ( r )  = V ( r  + R), implies 

e-lq - r~ e - ' q . ' ~ ( r  + R)  d3 r  

By changing variables r + r + R on the right-hand side of (15. 3.1) we obtain 
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Therefore, 
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Equation (15.3.3) holds when either of the following two conditions is satisfied 

(arbitrary q ) 

(n is an integer) 

The Born scattering amplitude f (q) is proportional to the Fourier transform of the potential V ( r )  . We therefore 

conclude that f ( q )  vanishes identically, unless the condition (15.3.411) is satisfied. Normally, 

Note that the translation symmetry of the scattering potential corresponds to the scattering form of a lattice. For any 
vector R of the lattice, the set of vectors k that satisfy k . R = 2nn constitutes the reciprocal lattice. Therefore, 
as a result of the conditions of (15.3.411), the scattering amplitude vanishes unless the momentum transfer q is equal 
to some vector of the reciprocal lattice. This is precisely the Bragg-Von Laue scattering condition. 

15.4. Using the  Born approximation, express the differential cross section for nonrelativistic scattering of  an  
electron from a spherical symmetric charge distribution p ( r )  as  the product o f  the cross section for a 
point charge q (Rutherford scattering) and the square of  a form factor F(k), where k is the momentum 
transfer. Evaluate F(k) explicitly for uniform charge  distribution of  radius R and  for a Gaussian charge 
distribution. 

In the Born approximation, the differential cross section is given by 

where p denotes the nonrelativistic electron mass and k is the transferred momentum. By definition, the potential 
of the electron due to a symmetric charge distribution V(r)=V(r) can be written as the convolution integral: 

The first term of the right-hand side of (15.4.2) corresponds to the Coulomb interaction, and leads after regulariza- 
tion (see Problem 15. I) to the Rutherford cross section. Therefore, 

* 

F (lo 
For a uniform charge distribution of radius R we have 

1 0  r > O  
Thus, we obtain 

( k )  = l;(&$)JoRr sin (kr)  d r  FL(- R3k2 A cos (kr j  
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4 
Similarly, for a Gaussian distribution p ( r )  = R,,LR"e-r2/~2 and we find 

2 
, 2 ~ 2  2 1 -- 

r sin (lcrj c-r2/R2 d-1 = [ I ~  ] 

15.5. Consider scattering from a spherical symmetric potential. The solution of the Schrodinger equation is 
m 

given by the expansion $ (r, 8) = CR, ( r )  Pi (cos8). where R(r) is the solution of the radial wave 

I = 0 

equation and P, (cos8) is the Legendre polynomial of order I .  111 the limit r + m the asymptotic form 
of the wave function is 

where f (8)  is the scattering amplitude. Similarly, the asymptotic form of R( r )  is 

where 6 ,  are phase shifts. (a )  Use expressions (15.5.1) and (15.5.2) to obtain the Legendre expansion 

off  (8)  . ( h )  Show that the total cross section is given by 

I = 0 

(a) The asymptotic form of the wave funciion is given in (15.5.1) and (15.5.2): 

I = 0 

Using the Legendre expansion of elk: , 

I = 0 

we find that 
n: 

i n -  / + 5,)  

kr. k r + ; f l (0)  elh PI  (cos0) (15.5.6) 1 
- e1.x -- p-" 

where f (0 )  = C&l: (cos0) . Now we write sin x = - . and obtain 2i  
1 - 0  

Therefore, from (15.5.7 11) we obtainA, = (21 + 1) ilefai and then, by substituting back into (15.5.711). 
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(h)  The total cross section is 
I I 

I 
2 

6 Therefore, Now, d(cosO)P,(cosO)P,(msO) = - 
- I  

15.6. Consider the hard sphere potonriul of the form 

where koro a I . (a )  Assume only s-wave scattering and calculate 60 (k)  , f ( k ) ,  d O / d R ,  and o, . (b)  

Write the radial Schrodinger equation for I = 1 , and show that the solution for the p-wave scattering is 
of the form 

where A and a  are constants. ( ( 9 )  Determine 6,  ( k )  from the condition imposed on ( r O ) .  (d)  Show 

that in the limit k + 0, 6, ( k )  - (k , , r , , )  b a n d  6, ( k )  << 6,) (k).  

(a) The radial Schrodinger equation for r > r, ,  is 

1(1+ I )  
(for I .>  0) 

which due to the infinitely repelling potential must be constrained by the condition x k ,  ( r o )  = 0. The s-wave 
general solution is, therefore, 

The phase shift 6, ( k )  is, by definition, given by the asymptotic form of equation; namely, 6, ( k )  = - k r , .  
Thus, in the s - ~ ' a v e  apprc~sirnurion, 

ii~" 
sin (kr0j  = l-Oe 

311 7 I a, = p sin- (kr , , )  = 4nr-i 

(h) From (15.6.1). the p-wave radial equation is 
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The general solution is given by [see (15.18) in the Summary of Theory] 

Xa l  ( r )  = c l r j l  (kr)  + d l r n I  (kr) 

where j, (kr) and n ,  (kr) are the spherical Bessel functions: 
sin x cos x cosx sinx 

jl (x) = - - - n , (x )  = x2 x x2 S 

For A = c,/k, Aa = -d,/k we obtain 

xkl  ( r )  = A [y - cos ( k r )  + a  

where A and a are both r-independent constants. 
(c) From (15.6.7) and the condition x,, (r,) = 0 ,  we find 

sin (kt-,) 
cos (kr,,) - 

a = 
k r, 

cos (kt-,,) 
+ sin (kr,) 

kr,, 

Furthermore, the asymptotic form of x, ,  ( r )  is 
lt y,, O.),+.. - A [-cos (kr) +os in(kr ) ]  = c , s in (k r -  I + a , )  

= C, cos 6 ,  [-cos (kr) + sin (kr) tan 6 , ]  

Identifying in (15.6.9). A = c ,  cos 6,  and a = tan6, , and using expression 15.6.8 we obtain 
sin (kr,,) 

cos (kr,) - 
k '-0 

tan '1 ( k )  = cos (kr,) 
+ sin (kt.,) k I-,, 

(4 In the limit kr, << I we have 

(kr,J 
sin (kr,) = krO + - (kr,) 

6 cos (kr,,) = 1 - - 2 

and (15.6.10) takes the form 
1 

tan 6, ( k )  = j (kr,) 
I * 6,  (k) = - j ( k r 0 ) "  (15.6.12) 

15.7. A (point) particle is scattered by a second particle with rigid core; that is, the scattering potential is V(r) 
= 0 for r > a and V ( r )  = = for r < a .  The energy of the scattered particle satisfies ka = 1. (a) Find the 
expression for 4. Complete Table 15- 1 (express 6, in radians). 

Table 15-1 

(6)  Calculate the differential cross section do/dR for angles 0 and x: , taking into account only the 
waves I = 0 and I = 1. (c) Calculate the total cross section oT taking into account onIy the waves I = 0 
and I = 1. (d) What is the accuracy of part (c)? 

l = O  

I =  1 

1 = 2  

tan 6, 6, sin 6, 
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(a) The phase shifts for a rigid sphere are given by the equation 

J ,  (ka) 
tan 6 ,  = - 

n, ( k a )  

Using the known expressions of the spherical Bessel functions (see the Mathematical Appendix) 

sin x 
i,, (") = y- 

COS .Y 
n, , (x )  = -- .r 

sin x cosx cos .r s inx  
j ,  ( x )  = - - - 

x2 X 
n ,  (x)  = ---- 

.r X 

3 1 , 3 c o s x  3 1 3 sin x 
j 2 ( , v ~  = (7-;)smx-- .v2 n2 (+r) = -(7 - ;)cos .v - - x 2 

and substituting .u = ka = I ,  we find tan 6,= -1.56, tan 6 , =  -0.22, and tan 6,= -0.02. Therefore, 

Table 15-2 

(h) The differential cross section is given by 

I 

"O - 1 %  (21 + 1) sin 6 ,  P ,  ( C O S ~ )  dl2 - k2 

I = O  

I =  1 

1 - 2  

I I = 0 

For 1 = 0, I and k = a-I, 

tan 6 ,  

-1.56 

-0.22 

-0.02 

4 

-1.00 

-0.22 

-0.02 

do 16 
= allsin 6,,e + 3 sin 6 , e 1 6 1  cos012 

sin 6,  

-0.84 

-0.22 

-0.02 

7 2 2 
= a 2  [ sin' 6,  + 6 sin 6,, sin 6 ,  cos (a , ,  - 6 , )  cos8 + 9 sin 6 ,  cos 81 

Substituting 0 = 0.  rc we obtain 

with 6 ,  and 6 ,  given in Table 15-2. 
(c) The total cross section is given by - 

1 = 0 

For 1 = 0, 1 and k = a-I, 
2 

o, = 4xa2  [sin 6,, + 3sin2 6 , ]  = 0.854rca2 (15.7.7) 

(4 A rough estimate on the accuracy of calculation in part ((.) is given by calculating the additional term 1 = 2: 
0,. = (0.85 + 0.002) 4x0' (15.7.8) 

15.8. Consider the potential of a square well of depth V ,  : 
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Set k = +./m2 , ko = 4-, and K~ = k2 + kb. (a) Calculate the phase shifts 6, and 61 
for low-energy scattering (ka  u 1 ) . (b) Find the condition for resonance scattering of the s-waves and 
p-waves. (c) Calculate the total cross section for "off-resonance" scattering at low energies ( k a  (< 1 and 
6 ,  << 6()<< 1 ). 

(a) We begin from the radial part of the Schrdinger equation: 

(for r > a )  

(for r > a )  

where X/ 1 )  and x , ( ~ )  denote the solutions at r < a and r > a, respectively. The general form of x,(]) and Xj2) 
is given by 

x,") = A,rj, (Kr) + B,rn, (Kr) 

= Clrjl (kr) + Dlrnl (kr) 

where j, and n, are the spherical Bessel functions, and A,, B,. C,, and Dl are constants. In particular, 

I sinx 
j, (1) =, 

I sinx cosx 
jl (x) = - - - x2 x 

cosx 
n- ( r )= - -  

cosx sinx 
n , ( x ) = - 7 - -  x 

Actually, since the radial wave function R, ( r )  = X, ( r )  / r  must be regular at the origin (r = 0). we can set in 
(15.8.3) B, = 0 .  Hence, in the interior region (r < a), we have 

R1 ( r )  = Aljl(Kr)  (15.8.5) 

The phase shifts 6, can now be determined by calculating the logarithmic derivative of R, ( r )  [see Summary 
of Theory Eqs. (15.25) and (15.26)]: 

k;; (ka) - y,;, (ka) 
tan6 - 

- kn; (ka)  - y,n, (ka) 

where y, = (:2)/ . Substituting (15.8.5) for R, ( r )  into (15.8.6) and using (15.8.4). we therefore find 
r = u- 

so that for I = 0, 
k(ka cos (Pa) - sin (ka) 

I knb 2  ,.--, 
tan6, = - f ka sin (ka) + cos (ka) \ cos (ka) 

In the limit ka + 0, so (15.8.8) reduces to 

~ , k a ~  
tan 6, = -- 

1 + Y O ~  

and similarly, 

where y,, and y, are given by (15.8.7). Note that unless you = -1  or y,a = -2,  both 6, and 6 ,  vanish as 
k+O and 6,<<6,  << 1 .  

(b) Resonance scattering occurs when a particular phase shift becomes exponentially large. Resonance scattering 
of s-waves (ka <C 1, I = 0) is found by using (15.8.7) and (15.8.9). Thus, 1 + yOa = 0 3 Ka cot (Ka) = 0 
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and the resonance condition is 

K 
K a = ( 2 n +  1 ) 2  ( n  = 1,2 , .  ..) 

Similarly, resonance scattering of p-waves ( k a  1, i = 1 )  is 2 + y,a = 0 3 Ka cot ( K a )  = -+m and the 
resonance condition is 

Ka = n n  ( n  = 1 , 2 , .  . .) (15.8.12) 

(c) The total cross section is given by 

Recall that unless y,,a = - I  or y,a = -2 [see (15.8.9) and (15.8.10)] both 6 ,  and 6 ,  vanish as k + 0 .  
However, as a consequence of the 1 /k2 factor in (15.8.3) only the 1 = 0 partial wave gives a finite contribution 
to the cross section. Thus, for off-resonance scattering ( k o  cc 1, 6,  ic 6 ,  cc I) we obtain 

n 
where K = ,,/G~L ( 2 n +  I ) % .  

15.9. Refer to the potential of Problem 15.8. ( a )  Find the differential cross section do /dQ for s-wave reso- 
nance scattering ( k a  << 1 , 1 = 0 ). (b) Find do /dQ forp-wave resonance scattering ( k a  << 1 ,  f = I ). 

( a )  From Problem 15.8. we have 

I y,ka2 
tan 6,) = - - 

1 + Yo0 

[ y,,a = Ka cot ( K a )  - 1 

k2 112 
where K = /G2 = k,( I + qj) = k,( I + &) . Near the resonance. I - roo = 0 and 6 ,  is not neces- 

2 
sarily small. However, using (15.9.1) and the identity sin 6 ,  = I /  ( 1 + cot 6,) , we find 

2 ( k a )  (Yea) 
sin 6, = 

( k a )  (y,a) + ( 1 + Y,a) 

Furthermore, if ka a I , we can expand y, ( K )  in a Taylor series about K = k, : 

when K - ko = 5 . Using (15.9.1) we then find that in the leading terms of Ko, y, = a, + P,k2, with 
k ) 2  

Hence, 

( k a )  I + you = 1 + a,a + P,ak2 = k,a cot (k ,a)  - - 
2 (15.9.5) 

Finally, substituting (15.9.5) back into (15.9.2) we obtain 

where ka  << 1 and 5, = k,a cot (k,a). Recall that near the resonance 1&,1 I 1, d o / d R  for 5, = 1 and 
2 

1 = 0 is shown in  Fig. 15-4 (in a units). 
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2 4 6 8 10 ko 

Fig. 15-4 

(6)  From Problem 15.8 we have 

( k a )  1 - Y,a 
6 ,  = 2 + y , o  

In this case we find 

2 
sin 6 ,  = 

1 

where I - y,a = 3 . Repeating the calculation steps of part (b), we have 

where near the resonance the coefficients a,  and p, are 

Hence, 

( k a )  ( k a )  2 
2 + y,a = 2 + a , a  + P,ak2 = - ka tan (k,a) - 7 =&,  - 7 

where ka <( 1 and 1&,1 5 1 . The contribution ofp-wave resonance scattering is 

do  9 2 2 

d~ = 9 cos 13 sin 6 ,  

Therefore, substituting (15.9.8) into (15.9.12) with the help of (15.9.11), we find 

15.10. Using the Born approximation, calculate the phase shifts 6, for scattering in a centrally symmetric field. 

The scattering amplitude for a central field in the Born approximation is given by 

r s i n ( k r ) U ( r ) d r  
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This approximation is valid for a sufficiently weak potential when all the phase shifts 6, << 1 .  The expression of 
f (8)  in terms of 6, is 

- 

which reduces to 

Multiplying (15.10.3) by PI  (cos8) and integrating (using the orthogonality relations of Legendre polynomials) we 
1 

261 
find J ,~? (B)  P ~ ( C O S B )  d(cos8) - +T. Therefore. by comparing with (1i.iO.i) we obtain 

Namely, if all the phase shifts are small one has - 
6; = - k j o  r2U ( r )  j f  ( k r )  dr 

112 

Using the relations U = 2pV/fi2 and j i ( r )  = (2) I,+ ,,, (I) leads finally to 

15.11. For the potential V (r) = V , R 8  ( r  - R )  : (a )  Calculate in Born approximation the quantities f (8 )  and 

d o  - 
Specify the limits of validity of your calculation for both high- and low-energy scattering, respec- d R '  

tively. (b) Calculate the phase shifts 8 ,  for all the partial waves in the approximation that corresponds 

to the Born approximation. (c) Find the condition for which s-wave scattering is dominant. Obtain the 
differential cross section for this case and compare with the result of part (a ) .  

(a) The scattering amplitude in the Born approximation is given by 

where p is the mass of the particle and q = kf + k,  is its momentum transfer. For a spherical symmetric poten- 
tial, the angular integration can always be performed and (15.I I . I )  reduces to 

c+, :~~l r sin (qr)  V ( r )  dr  f B ( 8 )  = -- (15.11.2) 

Substituting in (15.1 1.2) the potential V(r )  = V0R6 ( r  - R) we obtain 

2pV,R2 
f (8 )  = -7 sin (qR) 

9n 
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where q = 2k sin ( 8 0 )  and k = d-2. Therefore, 

d o  4p2V;R4 a = IfB(e)12 = fir,r sin ( q ~ )  

The Born approximation is applicable in cases where the scattering potential can be considered as a perturba- 
tion, namely, under the condition 

(e2"* - I ) V ( r )  dr 

In our problem, this condition of validity can be written as 

We can now distinguish between two limiting cases that depend on the value of kR: 

elkr sin (kr) V ( r )  dr 

2pVoR 2V0R 
I --- 

h2k - fiv << 1 (high energies) 

2pV,R (15.1 1.7) 
I I h ' a l (low energies, kR a I ) 

fi2k 
= V,R sin (kR) - 

2P 
(15.11 -6)  

We note that the first condition (kR arbitrary) is less restrictive than the second one (kr <( 1 ). Equation 
(15.1 1.7 1) indicates that Born approximation is applicable for scattering at sufficiently high energies. Equation 
(15.11.711) shows on the other hand that if kR << I . then the Born approximation is valid for all velocities 
v = fik/p (in both cases one must, of course, consider scattering from a relatively weak and short-ranged 
potential). We can also verify, from (15.1 1.4) and (15.11.5), that in the low-energy limit (qR + 0 )  the Born 
scattering cross section is completely isotropic. 

(b) Recall (Problem 15.10) that the Born approximation corresponds to the case where all the phase shifts are. rel- 
atively small ( 6, = sin6, I I ) . Thus, we obtain 

Note that using the asymptotic Bessel function expressions 

1 J,+ (x Ix+-  + g s i n  ( x - x l i 2 )  

we can recover the conditions (15.1 1.7) of part (a). Substituting expression (15.1 1.911) into (15.1 1.8), we find 
that for arbitrary value of kR, 

Thus, the condition 16,l << I for all coincides with (15.11.711). Similarly, substituting expression (15.11.911) 
into (15.1 1.8) for small value kR cc 1, we find 

Hence, the condition 6, ,, 6, coincides with (15.1 1.7II). 
(c) From (15.11.1 I )  we find that if kR I then 6, D 6,. This result is in agreement with the general analysis of 

partial wave expansion, which states that for finite-range potential the main contribution to the scattering 
amplitude comes from values of 1 < kR, where R is the range of the potential. Using (15.1 I .1 I )  fors-wave scat- 
tering (I = 0) we obtain 
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Thus, the leading term of the differential cross section is 

As expected from the previous discussion, (15.1  1 . 4 )  and (15.1  1 .12)  coincide in the limit q R  + 0. In this case, 
both the s-wave approximation and the Born approximation lead to a differential cross section that depends 
neither on the angle of scattering nor on the energy of the incident particle. 

15.12. A particle of mass p is scattered from a spherical repelling potential of radius R: 

( a )  Using the Born approximation. calculate the total cross section in the limit of low energies. ( h )  
Repeat the calculation of 0, by using the partial wave expansion, and considering only the s-wave 
contribution. 

(a) The scattering amplitude in the Born approximation is 

This leads in the limit q R  + 0 to the isotropic cross section: 

so that the total cross section is given by 

(h) In the limit E  + O it is sufficient to consider only s-wave scattering. In order to determine the phase shift 6 ,  
we examine the radial Schrodinger equation for X ,  ( r ) :  

~h ( r )  = Asin (k r  + 6 , )  r > R  

(15.12.4)  
y ; (  r ) = ~ s i n h ( k r J m )  r l R  

where k  = ( 2 p E / f i 2 )  ' I 2  and V ,  ,) E .  These solutions satisfy the boundary conditions 

&!I ( R )  = X i  ( R )  X'A" ( R )  = X'i2) ( R )  

Namely, 

1 A sinh ( k R  + 6 , )  = Bsinh ( K R )  

Acos ( k R  + 6 , )  = Bcosh ( K R )  

where K = k  ( [ ( V , / E )  - 1  1 ' I 2  = k  ( V o / E )  l I 2 ) ,  and thus 

tan ( K R  + 6 , )  = ( E / V , )  ' I 2  tanh ( K R )  

and since kR cc 1 ,  

6,= ( E / V , )  ' I 2  tanh ( K R )  - kR 

1 i6 f, ( 0 )  = i e  " sin 6 ,  

Finally, the total cross section is given by 

4n 2 4x o: = - sin 6,) = -6;  = 4 n R 2  
k  * k2 
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Note that (15.12.3) and (15.12.9) coincide only in the limit of a very short-range potential (kR cc I ) .  Note also 
that although both methods lead to isotropic differential cross sections, the Born approximation involves a vio- 
lation of the optical theorem. 

15.13. Particles are scattered fmm the potential V ( r )  = g / r 2 ,  where g is a positive constant. (a) Write the 
radial wave equations and give their regular solutions. (b) Prove that the phase shifts are given by 

(c) Find the energy dependence of the cross section for a fixed scattering angle. (6) Find 6, for 
2 p g / f i 2  << 1 and show that the differential cmss section is 

where E is the energy of the scattered particle. (el For the same potential, calculate the differential cross- 
section in the Born appmximation and compare it with the above result. 

(a) The radial wave equation is 

with k = d m ,  U = 2pg/h2rz,  and $, = R ( r )  Y;' = x,, ( r )  Y,"'. Substituting the given potential we 

For g = 0 ,  the solution of (15.13.4) is given by a free spherical wave: 

sin (kr  -- d / 2 )  
k r  

Therefore, the asymptotic solution for R (r) = ~ , , / r  is 

where is given by the relation 

(b) By comparing the two sides of (15.13.6), we obtain 

where 7 is found by solving the quadratic equation (15.13.7): 

z! - -  2 ' + 2  I Id- 1 + 4  / ( / + I )  +-  =-;&/=a 
sign (+) + 7 > 0 

Finally, substituting (15.3.8) into (15.13.7) leads to (15.13.1). 
( c )  The cross section is given by 

I m 1 
( 21 + 1 ) e'" sin 6,  P ,  ( cos 0) 

I = O  

Since the 6, are not dependent on k (in our particular case), we have 
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(6) For 2pg/ii2 * I and using (15.13.1) we obtain 
r 1112 

Thus. substituting into (15.13. lo), 

I - 
P, (cos 0) 

In order to sum the series, we will use the generating function of P ,  ( x ) :  

I = 0 

Therefore, 

Finally, using dR = sin 0 d0 do, we get 

This result coincides with (15.13.2). 
(e) In the Born approximation, the scattering amplitude is 

W R  - - 
- -iizq2 [q = 2k sin (0/2)  1 

Therefore, 

d o  lC2p2g2 1 
& = Ifk'0'o)12 = - 

4fi4k2 sin ( 0 /2 j 

which coincides with (15.13.15). This result is expected since all the phase shifts are small [see Summary of 
Theory, (15.27)]. 

15.14. Calculate the total cross section for scattering from a completely absorbing sphere of radius a (ka  >> 1 ). 

The problem of scattering in the presence of absorbing can be treated phenomenologically by introducing the 
complex scattei.ing potential: V ( r )  -+ V, - iv, ( V ,  2 0). Then, one ends up with complex phase shifts 

126 6, = 5, + i l l , ,  such that s,l = Ic '1 5 I ,  where sll = 0 corresponds to the case of complete absorption. (Note that 
the equality  IS,^ = I is satisfied for real phase shifts, i.e., nonabsorbing media.) By introducing complex phase 
shifts one then finds that the total cross section consists of two parts, o, = o,, + o,,,, which are given as 

0.3 
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o,, = ;C (21+ I) ( I  -1sd2)' 

I = O  

Recall that for potential of finite range a, if 
/ ( I +  1) > (ka)2 6, = O+sl = 1 

Hence, in our problem we have 

s l = O  I ( l + l ) < ( k a ) =  

s l = I  l ( I + l ) > ( k a ) 2  

Setting L (L + I )  = ( k a )  and substituting s, of (15.14.3) back into (15.14.1), we find 

Therefore, 
0,. = 2xa2 (15.14.6) 

Note that this result is two times larger than the classical result. However, it is half the result of scattering from a 
hard sphere. 

15.15. Two ions of He' are scattered from each other. The nuclear spin of the ions is zero. The interaction 
between the ions is Coulombic. (a) Write the scattering amplitude in the frame of center of mass. (b) 
Find the differential cross section if the total spin is 0 (singlet). (c)  Repeat part (h) ,  with total spin of one 
(triplet). (4 What is the differential cross section for a system of unpolarized ions? 

(a) The scattering amplitude for Coulombic interactions (see Problem 15.19) is 

e2 
where qo = arg l- ( I + in) and n =pZ'Z- Here, p = rn,,/2 is the reduced mass, k = 4- and ii2k' 

(6)  The nuclear spin is zero. Thus, the ions are identical fermions (each has spin 112 contributed by its electron). 
If the total spin is zero, the system is in an antisymmetric spin state, and hence the orbital wave function must 
be symmetric 

(c) This is the same as in part (h) ,  but now the system is in a symmetric spin state (triplet). Hence, the orbital wave 
function must be antisymmetric: 

n 2  e-21rt ln (sin ( 0 / 2 ) )  e-2tn ln  (car ( 0 / 2 )  ) (%)'=' = ~ ( 0 )  + f ( n - e ) 1 2  = + 
sin2 (0/2)  cos2 (012) 

(d) For an unpolarized ion beam, the probability of having total spin s = 0 is 1 /4 , and the probability of total spin 
s = I is 3 /4 .  Therefore, 

2 

Substituting the result of previous calculations (15.15.2) and (15.15.3) leads to 

do 1 1 - cos [ n  In tan2 (0/2)  ] + 
sin4(e/2) cos4(0/2) sin2(0/2) cos2(0/2) 1 
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Note: In the limit of low energies n >> 1 . (15.15.5) differs from the classical result. However, the term oscillates 
rapidly so averaging over very small angles destroys the interference. 

1 
15.16. The interaction potential of two identical particles of spin 5 is 

V ( r )  =V(r )  [ ( 3 )  1 + a,  . a,] 

where oi are Pauli matrices and 1 is the unit operator (see Chapter 7) in the spin space. V (r)  is given by 

(a) What is the result of applying the spin operator [ (3) 1 + a,  . a2] on the singlet state and on the tri- 
plet state? (b) Two such particles are scattered on each other at low energies, kR ,, 1 ( k  = A m ) .  
What is the dominant phase shift that contributes to the scattering amplitude (and the cross section) if 
the total spin of the system is s = O? (c) For the conditions in part (b), what is the dominant phase shift 
if s = l?  (6)  Calculate the phase shift of part (b) in the limit kR a 1. Find the cross section. (e) Calculate 
the phase shift of part (c) in the limit kR cc 1. Find the cross section. (f) Find the cross section for an unpo- 
larized beam. 

(a) The total spin of the system is S = h 0 / 2 ,  where 0 = 0, + a,.  Hence, 

0 2  = a : + a ; + 2 a 1  . c s 2  
From the properties of Pauli matrices, 

and similarly, a: = 0, . 0, = ( 3 )  1 .  In the singlet state a21xing le t )  = 0 ;  therefore, using (15.16.1) we 
find 

1 
(0 ,  . 0,) lsinglet) = 5 ( 0  - 3 - 3 )  l l r ing le t )  = - ( 3 )  l l s ingle t )  (15.16.3) 

In the triplet state 02( tr ip le t )  = 8ltriplet); hence, similar to the previous calculation, 

1 
( a ,  a,) Irripler) = 5 ( 8  - 3 - 3)  1 Itriplet) = l l t r ip l e t )  (15.16.4) 

Finally, for the operator [ ( 3 )  1 + a, - a,], we obtain 

(6)  For total spin s = 0 the system is in the antisymmetric singlet state. Since the total wave function must be 
antisymmetric (fermions), the orbital wave function is symmetric. In general, only even partial waves contrib- 
ute to a symmetric orbital wave function. In our case V = 0 so all the phase shifts vanish. 

(c) For total spin s = 1 ,  the system is in one of the three triplet states. The spin wave function is symmetric and the 
orbital wave function must be antisymmetric. Thus only odd partial waves contribute, and for kR cr 1 the dom- 
inant phase shift is 6, . 

(4 Let us consider explicitly the phase shift 6 ,  for the s = 0 state. The radial wave function R,, ( r )  = xk,  ( r )  / r  
is found by solving 

The solution Rko ( r )  is found by setting V = 0 and 1 = 0 in (15.16.8). Therefore, 

sin ( k r )  
Rko ( r )  = 7 = jO ( k r )  (15.16.7) 

The logarithmic derivative yo is then 

I k j , ( k R )  
= k cot ( k R )  - - yo Yo Rn d r  r = R  R = - j , ( k R )  
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where ji ( x )  = - j ,  ( x )  has been used. Since V = 0 we expect that all phase shifts vanish. In particular, 

kj; (kR)-yo j ,  ( k R )  -k j ,  ( k R )  -k j ,  ( kR)  - 
tan '0 = kn;, ( k ~ )  -yon, ( k ~ )  - kn;, ( k ~ )  - yon ,  ( k ~ )  = ' (15.16.9) 

and = 0 .  
(e) The dominant contribution for states s = 1 comes from 6,. Substituting 1 = 1 and V = 4 V  ( r )  = t i2/pr2 

[see (15.16.2) and (15.16.5)l back into (15.16.6). we have 

Therefore, Rkl  ( r )  = RkO ( r )  = j, ( k r )  and y, = yo . The phase shift 6 ,  is now given by 

tan 6 ,  = 
kl; ( k R )  -y , j ,  (4 

kn; ( k R )  - y l n , ( k R )  

In the limit kR 4 0 ,  we have 

x2 X 1 +x2 /2  I 
j , ( x ) = I - %  j , ( x )  = j  n, (x)=- -  

2 
j',  (x)  = j n; (.T) = + g  .T2 

I 
Substituting y,R = - ( k R )  2 / 3  in (15.16.11), we find tans,  = 6 ( k R )  L q  1. The scattering amplitude for 6 ,  is 

3 
f ( 0 )  = jp'6i sin SI  p I  ( COSB) (1.5.16.13) 

After antisymmetrization, we obtain 
do " = I  '36 2 

2 (a) = V ( 0 )  + f ( n  - 8)12 = [2 f (B)  I 2  = $sin 6 ,  cos 0 

Finally, substituting s ins ,  = tan6, gives 

(j) The cross section for an unpolarized beam is 

15.17. Consider the scattering of two identical spinless particles of mass m. The interaction potential depends 
on the distance r between the particles and is given by 

where R << a are constants. (a) Find the phase shift h0 ( k )  in the low-energy limit, 

where E is the energy in the center-of-mass frame, and p is the reduced mass. (b )  Calculate the total 
cross section. (c) Repeat your calculation for scattering of two identical spin 1/2  fermions that are 
polarized in the singlet state. (6) Calculate [in the approximation of parts (b) and (c)] the total cross sec- 
tion for unpolarized spin 1 /2  fermions. 

(a)  The reduced mass of the two identical particles of mass m is p = m / 2  . Setting 

l o  
and defining the constants 
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we have (see Problem 15.8) 
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I 
where y, is given by y, = K cot (KR) - . Thus, substituting yo into (15.17.5) we find 

k 
tans, ( k )  = - KR + 2 tan (KR) 

In the limit of (15.17.2), K 4 ko . Hence, 

Therefore, keeping the leading terms of orders kR and Rla in (15.17.6). we find 

2ka 
which in the limit R/a << I leads to tango = -7 << 1 . 

(6) The scattering amplitude in the s-wave approximation is 

For identical spinless particles, the amplitude must be symmetrical and therefore the differential cross sec- 
tion is 

Thus, substituting So in tang0 = - (2ka) /rr and integrating over dl2 we obtain 

(c) For identical fermions in the singlet spin state the orbital wave function must be symmetric. Therefore, the 
result of part (6) remains unchanged: 

(6) For unpolarized spin 112 particles, the probability of total spin 0 is 114 and the probability of spin I is 314. 
Therefore, 

However, due to antisymmetrization of the orbital wave function in the triplet state, does not contribute and 
(no)  S = l  = 0 ;  hence, 

15.18. A particle of mass m l  and a velocity v l  is scattered inelastically by a particle of mass m2 at rest in the 
Lab frame, where m2 > m l  (Fig. 15-51, resulting in two particles of mass m3 and m,, 
m, + m2 = m3 + m,. In this process, an amount of energy Q is converted from internal energy of 
m, + m2 into kinetic energy of m, + m, . (a) Find the relations between the scattering angles of m, in 
CM (0) and Lab (€I0 ) .  (b) Find the relation between the differential cross section d o  (0 )  / d Q  and 
d o  (€lo) / d Q  in the C M  and Lab frames, respectively. 

(a) From the conservation of momentum and the definition of CM we obtain 
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Before After 

Fig. 15-5 

Similarly. from conservation of energy in the CM frame, 

where E is the initial kinetic energy in the CM frame, and Q is the energy gain from the collision. Taking 
V ,  = v - V and vz = -V,  where V is the velocity of the CM frame relative to the Lab, we find that 

Therefore, in the center-of-mass frame where the total momentum is zero, we have u cos0,, = v,' cos0 + V, 
u sin O0 = v,' sin 0. So, 

sin 8 sin 0 
tan 0" = -- - 

c o s ~ + v / v ; - c o s 0 + y  

where y = V /  v ; .  
(6)  From (15.18.1) and (15.18.2), we have 

Therefore, 

The relation between the cross section is found from the condition 

L.I b d o  CM ( )  sin 0,d0, dm,, = (=) sin 0 d e  dm 

However, m C M  = @lab and from (15.18.4) we have 

sine,, d$ ( I + 2y cos 0 + P) "'=I I + y cos 01 sin 0 dB 

Hence, 
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15.19. (a) Write the Schrodinger equation for a system of two charged particles with charges 2, and 2,' that 
interact by Coulombic interaction (use parabolic coordinates). (b) Write the solution in the form 

U (5 ,  q )  = eik'll (5, q )  (15.19.1) 

Show that the asymptotic solution of v (5, q)  for an outgoing wave in the limit r + oe does not depend 
on the coordinate q. (c) Express v ( 5 )  in terms of the confluent hypergeometric function and find the 
asymptotic solution that is regular at the origin. (6) Find the differential cross section and show that it 
coincides with the Rutherford formula. 

( a )  The Schrodinger equation in the CM frame is 

where E = h 2 k 2 / 2 p  and p  is the reduced mass. In parabolic coordinates, 

The Laplacian is given by 

and (15.19.2) is written in the following form: 

(6) From the azimuthal symmetry of the solution we have u = u ( 5 ,  q ) .  In the limit r + - the outgoing wave is 
of the form r.-'etL.'. Therefore, 

Equation (15.19.6) leads to a separation of variables in the form 

(5, Q) = ejL:v ( 5 )  = el k q 1 2 ~ - 1 k c / z  ( 5 )  (15.19.7) 

(c) Substituting (15.19.7) into (I5.19.5), the Schrodinger equation is reduced to an equation for v (6): 

This equation is of the form 

and its solution is the confluent hypergeometric function F ( a ,  h, i), where I = ik% a = - in,  and b  = 1: 

v ( 6 )  = AF (-in. 1, i k c )  (15.19.10) 
The asymptotic solution of F ( a ,  h, z ) ,  which is regular at the origin, behaves like 

Substituting I = i k 5 ,  a = -in, and h = I ,  we find 

where 
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Therefore, 
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(4 Note that 14 is not of the form 

The reason is that the Coulombic potential does not decrease rapidly enough. However, we can generalize the 
result and find the cross section by 

This is the famous Rutherford formula. 

15.20. The scattering amplitude for neutron-proton scattering is given by 

f ( e >  = ($1 ( A  + B o p .  oN> I<,) 

where A and B are "constants," o are Pauli matrices, and { I<;), 15>} are the initial and final spin states 

of the system lc),,l = {I+p+N), N), I -  I- p+N)}. (cz) Calculate the scattering amplitude for 
each of the 16 possibilities. (h)  Find the differential cross section for scattering of I+), + I+)N and 
I+), + I- ), when the spin of the emergent proton is not measured by the detector. (c.)  Find the cross 
section for scattering in the states lsinglet) + [singlet), [triplet) + Itriplet), [singlet) + (triplet). 

(a) The operator W' . oN = ofoy + o~o:  + o!'o>perates separately on the proton and neutron states. For 
example: 

(+lp(+lN ( A  + BOP . oN) I+),I+), = A + B ((+l,,o,,l+),(+lHo,,I+),~ + (+ I l~~~ I+ ) ,~ (+ IN~r I+ )~  + (f INol.I+)N(+Ipo21+)p) 

(15.20.2) 

Using the results or[+) = I- ), o )  = 1 -  ) o,l+) = (+:I, and the orthogonality of the spin states 
(+I- ) = 0, we obtain 

{+l,(+l, ( A  + BOP . oN) l+),l+)N = 14 + B (15.20.3) 

Similarly, 

All the 16 possible scattering processes are then summarized in Table 15-3. 
(6) We consider the case where the incident proton is in a general spin state al+),, + PI- ),, (la12 + IPI2=1). Since 

the state of the emergent proton is not measured (and different componenls do not interfere), 

where j; is the amplitude for having a proton in I+ ), final states, respectively. Using Table 15-3 for the 
entries that correspond to the process I+), + I -),  we find 

)[ ;)=/M( ;) [ 0 A-B 

Therefore, 

We assume now that the incident protons are not polarized. This means that we have equal probabilities of 1 /2  
to find a proton in or I- ), initial states. Therefore, substituting a = 1, P = 0, and a = 0, P = 1 into 
(15.20.7) we obtain 
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Table 15-3 

[CHAP. 15 

Note that this result can be written as 

which is valid for the case of unpolarized particles of spin 112. In order to use (15.20.9) for the process 
I+), + I- ), , we replace the matrix M of (15.20.6) by 

( + l , ( + l ~  
I 

(- l p ( + l ,  

( + I p ( -  IN 

(- l p ( -  I N  

This immediately gives us 

( + I l l ( -  IN 

0 

2B 

A - B 

0 

(c) Consider the system in a singlet state where the total spin is 0: 

(- l p ( -  1 ,  

0 

0 

0 

A + B  

( + l p ( + l ,  

A + B  

0 

0 

0 

Therefore, the scattering amplitude is 

(- Ip(+IN 

0 

A - B  

2 B 

0 

I 
= 5 [ A - B - 2 8 - ' 2 B +  ( A - B ) ]  = A - 3 B  (15.20.12) 

Indeed, a great deal of algebra can be saved by noting the singlet state and the triplet states are eigenstates of 
the operator ON . Op with eigenvalues -3 and 1,  respectively; 

( 0 , .  b,,) J s i n ~ ! e t )  = -3lsinglet) 

( O N .  O,,) Jtriplet)  = Itriplet) 

Thus, the scattering amplitudes are 

f'(sing1et -+ singler)  = (singlerl ( A  + 80, - b,,) Isinglet) = A - 3B 

f ( t r ip le t  -+ tr iplet)  = (triplerl ( A  + B b ,  0,) Itriplet) = A + B 

f ( s ingle t  4 rriplrt)  = (rr,ipletl ( A  + B b ,  . 0,) Isinglet) = 0 

The cross sections are therefore 

15.21. Consider the time-independent Schrodinger equation in one dimension with V ( x )  = 0 only in the 
finite region 1x1 < x,,. (a) Show that for any solution of the Schrodinger equation + ( x )  , the probability 
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current is a constant that does  not depend o n  the position x. (h)  The  asymptotic form of  the wave function 
0 (x) can be written as 

@L ( x )  =Aeik* + Be-ik-v x (( -x0 

~ $ ~ ( ~ ) = ~ ~ i k s + D e - i k w  XD-x  0 

where A,  B, C,  and  D are complex constants that are related by the scattering matrix S: 

Show that S is a unitary matrix. 

( a )  The time-independent Schrodinger equation is 

h2 
- - V 2 i $ +  ( V - E ) i $  = 0 2m 

Since L' and E are real, any solution i$ satisfies the conjugate equation as well: 

f i 2  
- - V 2 i $ * +  ( V - E ) @ *  = 0 2rn 

Multiplying these equations by 4' and I$, respectively, and then subtracting the resulting expressions, we 
obtain 

Thus, 

Namely, 

(h)  In the previous section we showed that the probability current .I ( x )  is conserved and does not depend on x for 
any solution i$ ( x )  of the Schrodinger equation. For large negative values of x  we have 

= 2 i k  (lAIZ - IB12) 

Therefore, 

Similarly, for large positive values of x, 

Now, from current conservation, J ,  = J ,  , and 

I A ( ?  - ( 6 1 2  = I C ( ~  - ( ~ ( 2  - I B ~  + ( ~ ( 2  = 1 ~ 1 2  + ( ~ ( 2  

from which it follows that the scattering matrix is unitary, that is, 

StS = 1 

Supplementary Problems 

15.22. A particle with mass m ,  is scattered elastically by a particle of mass m ,  at rest in the Lab frame. ( a )  Find the relation 
between the scattering angle of mz in the Lab frame and the scattering angle in the CM frame. Show that in the Lab 
frame the particle mz will always recoil in the front half of the sphere. (h) Find the relation between the scattering 
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angle of m ,  in the Lab and CM frames. (c) What is the range of possible angles for scattering of particle m, in the 
Labframeforthefollowingconditions: i .  m I / m 2 <  1, i i .m,/m2= 1, iii. (m,/m,) > I. 

sin 0 K 
Ans. (a) tan 0, = ( 0 r 0 < ~ + t a n 0 , > 0 + 0 6 0 , 6 ~ ) .  

sin 0 
(6)  tang, = - 

cos 0 + y ( Y  = 2). 
K ... 

(c) i. y < I  + 0 < 0 , < n ;  ii. ? = I  + 0 , = ~ + 0 6 0 , < ~ ;  111. y > I  + O 6 0 , < 0 T U  = s i n - l ( ~ / ~ ) .  

15.23. A particle of mass m, is elastically scattered by a particle of a mass m, at rest in the Lab frame. (a) Consider particle 
m,. Find the relation between the differential cross section in the center of the mass frame, d o  (0, @) /dQ,  and the 
differential cross section in the Lab frame, do, (O,, @,) / dR .  (h) Assume m ,  = m,. Find the differential cross sec- 
tion for scattering m, in the Lab frame, if it is given that the cross section in the center-of-mass frame is symmetrical. 
(c) Calculate the total cross section for part (h). Show explicitly that the total cross section is not dependent on the 
related frame. 

do, ( I + y2 + 2y cos 0) 3 / 2  d o  
Ans. (a) - = 

d R  ll +ycos01 

J = J c 0  , sin 0 0 doo = 0. (4 "0 = dQ, J: 
15.24. Assuming azimuthal symmetry, find the relation between the scattering amplitude and the differential cross section. 

Ans. do/dR = I f ,  (0)  1'. 

15.25. Using Fermi's golden rule calculate the probability density (per unit time) of the transition of a particle (mass m and 

energy E) from initial state Ip,) to final state Ipf). Show that the cross section do /dR  = W (p,, pf) /J, , where W 

3 3E, 
is the transition probability density and I,. the probability current density J, = (&) & . coincides with the 

Born approximation. 

15.26. Consider the potential V = -Vo for r 6 a and V = 0 for r > a .  Show that the s-bound states ( I  = 0,  E < 0 )  satisfy 
the quantization condition: tan (Ka) = -K/k, where 

15.27. Following up on Problem 15.26, show that the phase shift for s-wave scattering states ( I  = 0, E = 0) is 
6, = t ( k )  -kr,, where tan Ka = +(K/k)tan [ g ( k ) ] .  

15.B. Find the condition for resonance scattering at low energies (ka I) ,  and demonstrate that for near resonance 

-- 
2 

k' + k: cot (k,a) ' 

15.29. Given the potential well V ( r )  = -V, for r < R and V ( r )  = 0 for r > R ,  (a) show that for 
q = 2k sin (0/2)  the scattering amplitude f (0 )  is 

(h) Show that the differential cross section in the limit Rq (c I is a constant that is not dependent on k or 0 .  (c) Con- 
sider the potential V ( r )  = B 6  ( r ) .  Use the Born approximation to find the differential cross section. Calculate the 
constant B so that the results from parts (h) and (c) coincide. 
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15.30. For the potential V = -V, for r I. a  and V = 0  for r > a ,  find the conditions for 6, = x  . 
Ans. ka cc 1 and tan ( k a )  = ka; k = ,J2mVo/fi2. 

15.31. Derive the optical theorem o,,,, = 4xlmfk ( 0 )  / k  . Hint: Use the partial wave expansion of f  ( 0 )  and the 

15.32. Consider scattering of two identica1 spinless particles of mass m. The energy of the scattered particle is 
Eo = f i2k2/2m,  whereas the target particle is at rest. The interaction potential between the particles is 
V ( r )  = v, /r2 ,  where r is the relative coordinate. ( a )  Find the phase shifts 6,, ' d l .  ( b )  Write the differential cross 
section d o  ( 0 )  / d R  in the center-of-mass frame. (c) Obtain doo  (8,) / d R  in the Lab frame, where the target par- 
ticle is initially at rest. 

Ans. (a )  6  1 -  - - n [  2  I - -  - 1  + J-T-Tj)] 1 + 4  / ( I +  1 )  +- 

d o  ( 00) d o  ( 2 0 )  
1.1 = ( 4 L  + 1) e b 2 ~  sin 6;.PZL (cos 0) ( c )  7 = 4  cos Q07 

15.33. ( a )  Calculate in Born approximation the scattering amplitude of a particle with mass p from a spherical well poten- 
tial with radius a  and depth C',; calculate the boundary of a spherical well "point" when a  + 0 and Vo + m with 
Voa3 = C  for a given constant C. ( b )  A neutron is scattered by a neutron. The neutron mass is m, and we assume 
that the potential between the two neutrons satisfies the conditions given in part (a).  Calculate the scattering ampli- 
tude and the differential cross section (in the center-of-mass frame11 when the neutron pair is in singlet state and in 
triplet state. 

3pC sin ( q a )  - qa cos ( q a )  I m  ~ P C  
Anr. ( a ) f ( 0 ) = T [  ( q a ) ~  ; q = Z k s i n ( 0 / 2 ) ;  p = ~ ;  f ( 8 ) , , , o + j p  

2mC d o  4m2C2 
(b )  singlet: /, ( 0 )  = f  ( 0 )  + f  ( n  - 0 )  = jS;i.: = G F .  

s= l 

t r ip le t ;  fA ( 0 )  = f (8) -f ( R  - 0 )  = 0: (g) = 0. 

15.34. Consider elastic scattering of two helium atoms in their ground state. Assume that we can describe them as impen- 
etrable spheres, each of radius a. Designate by od3, o,,, and o,, the total cross section of (He4, He3), (He3, He3), 
and (He4 ,  He4) ,  respectively. (a )  Using partial waves expansions, derive the three differential cross sections. ( 6 )  
Prove that for ka cc 1, the relations ~ , , : % ~ : f l ,  = 1 : 1:4 hold. 

jl ( k a )  ( k a )  2 1 +  I 21+ 1 
Ans. ( a )  tan 6 ,  = n,o for 1 -t - ( 2 1 + 1 )  1(2!- ~ ) ! ! ~ z ; f i '  -e"l k sin 6 ,  

2 2 2 
ea ea 

' d R  
/ = O  I = 0. even I =  {,odd 

da, d R  - - 4 ) s l  PI (cos 0 )  1 
(b )  o,, = 4xa" C T ~ ~  = 2xa2 ( 2  + 3 ( k a )  4] ; 6,  = 167ca2 



Chapter 16 

Semiclassical Treatment of Radiation 

16.1 THE INTERACTION OF RADIATION WITH ATOMIC SYSTEMS 

The Hamiltonian of a particle with mass m, charge e,  and spin S in an external electromagnetic field is given 

by 

where A is the vector potential, 41 is the scalar potential, and B = V x A is the magnetic field. It is possible to 
choose a gauge for which H will be simpler. The gauge generally employed in problems dealing with radiation 
is the Coulomb gauge. This gauge is also called the rudiation gauge or the transversal gauge. In this gauge one 
chooses 

V . A = O  $ = O  (16.2) 

Thus, the Hamiltonian obtained in this gauge is 

e2  2 e 
H = [ & + Y ( r ) ] + [ - $ A p +  2mc' - S B  rnc 1 = l lo+H'  

where Ho is the unperturbed Hamiltonian (in the absence of an external field) and H' ( t )  is the perturbation 
2 Hamiltonian. For a semiclassical treatment of the radiation we assume that the term A is very small and negli- 

gible (see Problem 16.2). In this case, 

This limit is called the low inrensiry limit. 

16.2 TIME-DEPENDENT PERTURBATION THEORY 

In the low-intensity limit, H' ( t )  can be treated as a small time-dependent perturbation. If the system is ini- 
tially in the state li) and the perturbation is turned on at r = 0, the first-order amplitude for finding the system 
in the state I f )  at time t is given by 

where h a f i  = Ef -Ei .  In a semiclassical treatment one usually assumes that the electromagnetic field A is 
described by a plane wave: 

A (r, t )  = 2 1 ~ ~ 1 6  cos ( k  - r - 0 1  + 0) = A,,eexp [ i  (k - r a t )  ] + A $ ?  exp [-i ( k  - r - wt) ] (16.6) 

10 . 
where A. = lAol e is a complex number, is a unit vector in the direction of polarization, k is the wave vec- 

tor, and . k = 0 (transversal gauge). Therefore, 
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where 

SEMICLASSICAL TREATMENT O F  RADIATION 

See Problem 16.4. 

16.3 TRANSITION RATE 

Consider the transition amplitude aj i l ' ( r ) .  A resonant transition is obtained when the frequency of the 
external radiation field is close to one of the characteristic frequencies o i the  unperturbed system. i.e., w = kfi. 
In this case one can neglect the interference term in (16.7) and distinguish between resonant absorption 
( a f i  > 0 )  and resonant emission (Of( < 0). The transition probability is then given by 

(see Problem 16.4) and for induced emission: 

T { sin [ (afi - W) t /21 
Pfi E , n ( W, + 0)/2 cIlfi < o 

For a strictly monochromatic field, these transition probabilities depend strongly on the difference w - lofi/ ,  
and lead to a nonstationary transition rate. A transition probability that is linear in time (constant transition rate) 
is obtained if one considers the transition from an initial state [i) to u continuum of final states (f ). In this case, 
the transition rate is obtained by using a Fermi golden rule: 

where p(Ef) is the density of the final states. Similarly, when the radiation field is not monochromatic, but rather 
contains a spectrum of frequencies u(W), the transition rate is 

where (i) and If )are the initial and final (discrete) states, and the plus/minus signs correspond to absorption and 
induced emission, respectively. 

16.4 MULTIPOLE TRANSITIONS 
f i k  r In the long wavelength approximation, e = 1 + ik . r - - - so T; is given by the following multipole 

expansion: 

The first term in (15.13) corresponds to an electric-dipole transition. The second term corresponds to a magnetic- 
dipole transition, and the third term corresponds to an electric-quadrupole transition. Usually, the transition rate 
is dominated by the electric-dipole term; in this case the transition rate is 

However, for particular states li) and If ), (f  (6  . rl i) may vanish. This state is called the forbidden transition. 
Note that for an isotropic external radiation field, the polarization vector E is randomly oriented. Averaging the 
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components of the unit vector over all angles gives 

Bfi are known as the Einstein coefSiicienrs for absorption and induced emission. 

16.5 SPONTANEOUS EMISSION 

An excited atomic system can also emit radiation in the absence of an external radiation field. The transition 
rate for a spontaneous transition, in the dipole approximation, is given by 

where Afi is the Einstein coefficient for spontaneous emission. 

Solved Problems 

16.1. The motion of a charged particle in an external electromagnetic field is described by the Hamiltonian 

H = - 2m ( p - - A  ) ?  +V(r)+e$ (16.1 . l )  

where A(r, t )  and $(r, t )  are the electromagnetic potentials, e is the charge, and c is the speed of light. 
av Show that the time-dependent Schrodinger equation i h z  = H y  is invariant under the following 

gauge transformation: 

av' 
Under the gauge transformation (16.1.2), the Schrodinger equation ifix = H'ip', takes the form 

However, 

a 2  a 
2, = (Tip) = T (2' - +- ip -  ;:. 3 

and 
e 

P (Tip) = -ifiV(Tip) =  pip + ; W V X )  

Therefore, the right-hand side of (1 6.1.3) equals 
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and consequently, expression (16.1.3) reduces to 

aw Multiplying (16.1.7) on the left by T' we obtain ifix = H v .  which is the Schr6dinger equation in the original 
gauge. 

16.2. An atomic electron with mass in, charge e and spin S interacts with an external radiation field. described 
by the vector potential A (i . ,  t )  . The Hamiltonian of the system is 

H = H,, + H ' ( r )  (16.2.1 j 

where H, = p 2 / 2 m  + V(r) is the "atomic" Hamiltonian, and H'(t)  is the time-dependent remaining 
interaction. (a) Show that the interaction Hamiltonian can be written as 

where V - A = 0, 41 = 0, and B = V x A .  (h) Consider the low-intensity limit and estimate the rela- 
tive magnitudes of the various interaction terms. 

(a) The Hamiltonian of the electron in an external electromagnetic field is 

where V(r) is the binding potential of the nucleus. (9, A) are the scalar and vector electromagnetic potentials, 
and B = V x A is the magnetic field. Equation (16.2.3) leads to 

This expression is further simplified if we choose the gauge V . A = 0 and + = 0 (the transversal gauge). 
Taking into account that p = -ih-V, and operaling with ( p  . A) on an arbitrary function ~ ( r ) ,  we find 

= - i f i ( V . ~ ) ~ + A . ~ ~ =  A . p \ ~ ( r )  
Therefore, 

where H, ,  is the unperturbed "atomic" Hamiltonian and H'(t)  is the time-dependent interaction. 
(6) Consider, for example, a hydrogen-like atom interacting with a monochromatic radiation field of angular fre- 

quency w = csk. In this case, the magnitude of each term in (16.2.6) can be approximated by its root mean 
square value in a given unperturbed stationary state of H,,.  Let us define the following root mean square 
values: 

and examine the relative magnitudes OF the three in~eraction terms of (16.2.6): 
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where 1 ~ )  is an eigenstate of H, for which A # 0 and p  # 0. Consider first the ratio Hi / H ;  : 

[CHAP. 16 

In the low-intensity limit Hi / H ;  is a small perturbation. Consequently, the ratio Hi /Hi is also small. Note 
that in the high-intensity limit, where the radiation is of the order of the atomic field, H; can become as large 
as R,. Consider now the ratio Hi / H i .  Since B = V x A  = k A ,  we obtain 

Due to the uncertainty relation, h / p  is of order of the Bohr radius (for hydrogen, a,  = 0.5 A) and for optical 
sources A E 5000 A.  Therefore Hi /Hi  = lo4 4 I .  
Note: The results of (16.2.9) and (16.2.10) suggest that Hi and Hi can be neglected in the low-intensity limit. 
This conclusion does not hold in the following situations: 

i. Forbidden transitions where the dipole matrix element of H', vanishes and H', is reduced to the same order 
of magnitude as H: . 

ii. Strictly forbidden transitions where the matrix element of H', vanishes identically. 

16.3. A monochromatic radiation field of angular frequency w = ck is described by the following vector 
potential: 

A ( r , t )  = 2 1 A o l c o s ( k . r - w t + 8 )  

i0 . 
where A. = lAole IS  the complex polarization vector, k is the wave vector, and A. . k = 0. (a) Cal- 
culate the electric field E (r ,  [)and the magnetic field B (r, f )  associated with the potential A (r ,  I ) ,  

C 
(h) Find the Poynting vector S = GE X B.  and verify the relation 

where I is the intensity of the radiation and u is the energy density. 

l a A  
( a )  The electric field E = -;x is given by 

- - ikAo exp [ i ( k .  r -  w t ) ]  - i k  A: e x p [ - i ( k .  r - o t ) ]  
= -2klA,I sin ( k  . r - w t  + 0 )  

The magnetic field B = V x A  is given by 

B ( r ,  1 )  = ik x A(, exp Ii ( k  . r - w t ) ]  - ik x A: exp [-i ( k .  r - m i )  1 

c 
(b) The intensity of the radiation field is found by averaging the Poynting vector S = ZE x B over time. Using 

(16.3.3). and (16.3.4) we find 

where k = k / k  is a unit vector in the direction of propagation. Thus, after averaging S ( r ,  t )  over one oscil- 
lation period, 

where sin2 ( k  . r - wt + 0 )  = 1 / 2 .  Similarly, the mean energy density averaged over time is 
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Indeed. from (16.3.6) and (16.3.7) we recover the relation (16.3.2): 

2 where lAol = A, A,*. 
Note: Following from the definition of the Poynting vector as the energy density flux of the radiation, the inten- 
sity I is the energy per unit area per unit time, which propagates along the k-direction. This quantity can also 
be associated with the number of photons (i.e., the number of enerRy quanrcl of magnitude E = ha) .  which 
propagate along the k-direction. Using (16.3.6). we find that the flux of photons (i.e., the number of photons 
per unit area per unit time) is given by 

16.4. An atomic electron of mass m, charge e = -lei, and spin S interacts with a monochromatic radiation 
field of angular frequency w = ck. The Hamiltonian of the system is 

where H(t) is a small perturbation (the low-intensity limit). The vector potential A ( r ,  I )  is given by 
the following plane-wave: 

A (r, t) = 2 J ~ ~ l i  cos ( k  - r - wc + 0)  
= A,-,; exp [ i  ( k  - r - or) 1 + A;; exp [-i (k . r - of) ] (16.4.2) 

where A, = (A0lrie is a complex number. i is a unit vector in the direction of polarization. k is the wave 
vector, and c .  k = 0 (transversal gauge). Let li) and I f )  be two eigenstates of the unperturbed Hamil- 
tonian Ho, which correspond to the energy levels E, and E j ,  respectively ( E, # Ej  ). Assuming that the 
perturbation H(t) is turned on at f = 0 ,  calculate the probability Pi,([) for resonant transition li) + If ). 

We consider the Harniltonian in (16.4. I), and treat R( t )  as a small time-dependent perturbation. If the system 
is initially in the state li) and the penurbation is turned on at r = 0. the first-order amplitude for finding the system 
in state If  ) at t r 0 is given by 

( 1) 
'/i 

( f )  d = e1"'(fIA(r,r).p+S- [vx*( r . r ) l l i )d '  (16.4.3) 

0 0 

with ho,,. Ef - Ei (see Chapter 10). Substituting A(r, r) from (16.4.21, and integrating over dr', we 

obtain 

Therefore, 

where we define 
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Equation (16.4.5) contains time-factors of the form (see Fig. 16. I) 
i ( W f , * O ) f  

e - I i c w  f o ) / 2  sin [ (afi + w )  r/21 
= ie If  

w, * w (my, k W) / 2  

sin [(w) * w)t/21 

(wfi + w)/2 

I 
I 
1 I 
I I 
I I 

A k-- 
I 
I 

w 

Fig. 16-1 

2  
Consequently, the transition probability Pfi(t) = /a;l') (t)l is appreciable only if la- a,,] i 44nt  = A (or if 

I W  + wfil i A). In this case, and for A a 21wr,l. one can neglect the interference term of Pfi(t) and distinguish 

between two resonant transitions: 

i. Absorption (ofi > 0): 

ii. Induced emission (a f l  < 0): 

I " ; ?  {sin (q + 1/21 
Pf1(t) r 7- 

h- (afl 

Note: It is worthwhile to emphasize that the resonance approximations in (16.4.8) and (16.4.9) are only valid under 
two conditions: 

i. Pfl(t) << I (applicability of first-order perturbation theory). 

2x 
ii. - cc lafi/ = w (no interference term in P,,(t)). 

t 

These conditions are compatible if 

iii.1 T; 1 << hofl .  

16.5. A bounded spinless particle of mass m  and charge e interacts with a nonmonochromatic field of radiation 
that covers a spread of incoherent frequencies in the range w k 6 W 2 .  The particle is described by the 

2 
Hamiltonian Ho = p / 2m + V(r) and the intensity of the radiation is given by 1 = cu(o)6cq 
where u ( o )  is the energy density per unit angular frequency (see Problem 16.3). Consider the transition 
probability Pfi ( t ) ,  where (i) and I f )  are two eigenstates of the unperturbed Hamiltonian Ho. (a) Show 
that the transition rates, for absorption and for induced emission, are given by 

for Ef > Ei 

for Ef > E, 
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where fiwfi a Ef- E,, and lk/ = / c .  (h)  Assume that Ef > E,, and verify the principle of detailed 
balance: 

w;" = w Ind 1s (1 6.5.3) 

(a) We assume that the radiation covers a spread of frequencies with no phase relation between different frequency 
components. Treating each frequency component separately and using the results of Problem 16.4 we obtain 

sin [ ( w f l  f w )  1/23 

n12c2h2 ( w f j +  w ) / 2  
* 

where the pluslminus signs of 6Pf1 ( 1 )  correspond to absorption and induced emission. respectively. The total 
transition ( r )  is then found by replacing 1 ~ ~ 1 '  in (16 5 . 4 )  by the relation (16.3.2): 

and summing over all the incoherent frequencies in the range w f Bw. Thus, 

2ne2 ~ ( w , , )  8~ z sin [ (of[ f w )  1/21 
p;(r)=-& "2 e k  p l ~ l  { ( w f j  + 0)  /2 

6 0  

where (k( = w / c .  The time factor in (16.5.6) has a sharp peak at w = Therefore, we can replace the 
summation over 6 0  by an integral and extend the limits of integration to f m. This gives 

&( TI( ,  sin [ (of; f o) 1/21 
pf: ('1 = 2 2 

m h  

The last term in (16.5.7) can now be replaced by nr 6 [ (ofl + o) /2] . Hence. 

..m 

f 
Finally, the transition rates, W; ( t )  = df,, ( t ) / d f ,  are given by 

2 
d ~ f : ( r )  4x2e2  ~ ( a ~ )  ( e k  pli)l for wf, > o 

wf:" = - dl I - -- ,*h2 4; 
" P O  4 n 2 e 2 ~ ( ~ 1 f ) ~ ~ f l e - l k  r ;  .p\i.i' 

W;, = L--- 
dl - ,2fi2 wjl 

for wfi < 0 

where hwf1 = E,- E, and lkl = Io~;]/c.  
(b) We consider the transitions ii) H If ), where Ef > El. Using expressions (16.5.1) and (16.5.2), we find 

The matrix element in (16.5.12) can now be written as 

(ile-'k 'e p i f )  = ( f / [ ( e - l k  ' ) ( k  - p ) ~ t / i ) *  = ( f l ( 2  p )  ( e  
-;k r {  1 ,  ) (16.5.13) 

f i k  . r 
where t denotes the Hermitian conjugate operator. However, k . = 0 and consequently [ i  . p, e ] = 0. 
Hence, 

k r k r t  h k r  
where [ e  3 = e has been used. Finally, we obtain 

(ile-Ik 'i! . p l f )  = ( f l e lk  r; . pli )*  
lnd 

Therefore, = W i f  . 
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16.6. Consider the matrix element 7; c (f lei' ' [ E  . p + is - ( k x e ) ] li). for a one-electron system in a 
linearly polarized radiation field. Prove that in the long wavelength approximation, T ~ ;  is given by the 
following multipole expansion: 

where $ is the unit polarization vector, k is the wave vector, and L = r x p is the orbital angular 
momentum. The three terms in (16.6.1) correspond to electric-dipole, magnetic-dipole, and electric- 
quadrupole transitions. 

In the long wavelength limit, exp ( i k  . r )  = I + ik . r + . . . . Therefore, 

However, k . = 0, so that k . r and E .  p are commuting operators that satisfy the relation 

( r  x p) . ( k  x 6) = ( k  . r )  ( i .  p) - ( 6 .  r )  ( k  . p) 

Thus, 

2 ( k - r )  ( 6 - p )  = L .  ( k x E )  + ( k . r )  ( 6 . p )  + ( s . r )  ( k . p )  

where L = r x p. Substituting (16.6.3) in (16.6.2) gives 
I I 

~ ~ : = ( f e  . p l i ) + i ( f l ( L + 2 S ) .  ( k x t ! ) l i ) + i ( f l ( k - I )  (t? p )  + ( k - p )  (& . r ) l i )  (16.6.4) 

Therefore, in order to obtain (16.6.1) we only have to verify the following matrix identities: 

To  that end we recall now that J i )  and J f ) are eigenstates of H, = p2 / 2 m  + V(r )  and choose our coordinate system 
fi 

so that the vector & is on the z-axis and the vector k is on the y-axis. In this case, 

and 

Furthermore, 

( f l  Li, HI)] 1;) = ( E ,  - E f )  ( f  l i l i) = - f iw f , ( f  14;) 

( f l  [ Y G  H"1li) = ( E , - E f )  (J'lrsli) = - f iw, , ( f l~z l i )  

Hence. 

( f  I P : ~ ' )  = i m q ,  ( f  l4;> 
v p -  + p,:) 1 i )  = imwf,  ( f  lyzl i) 

which, for & = i and k = k j ,  coincide with expressions (16.6.5). 

16.7. Find the selection rules for emission and absorption of (a) electric-dipole radiation. (h) magnetic-dipole 
radiation, and (c)  electric-quadrupole radiation, by an electron in a central potential. 

(a )  Electric-dipole transitions: To obtain the selection rules for electric-dipole transitions we consider matrix ele- 
ments of the form ( f  Ixli), ( f  lyli), and ( f  Izli) where 1 ; )  and I f )  are eigenstates of an electron moving in a 
central potential. The unperturbed wave function is then given by 
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where Y: (8, $) are the spherical harmonic functions. In this representation, 

Therefore, the matrix element ( f  Izli) is proportional to the angular integral 

which is different from zero only if A1 = I f -  1 ,  = * 1 and Am = m f -  m ,  = 0. Similarly, the matrix elements 
( f  1x1 i )  and ( f  lyl i) are proportional to linear combinations of the form 

which are different from zero only if A1 = + I  and Am = = I .  Grouping these results together we finally 
obtain 

(b)  Magnetic-dipole transitions: The selection rules for magnetic-dipole transitions are found from matrix ele- 
ments of the form ( f  ILrli), ( f  IL,,,li), and ( f  IL,li). From thr: general properties of angular momentum (see 
Chapter 6) we immediately find 

( f l ( ~ ~ + i ~ ~ ) l i )  = ~ n f ~ $ ~ ~ 7 f ~ ~ + ~ ~ ~ 1 7 ~ , ~ ~ , ~ ) - ~ , l , ~  J I (16.7.6) 

Therefore, the magnetic-dipole matrix elements vanish identically unless 

Note: In the presence of spin, one also obtains Am, = ms - m = 0, + I .  However, this selection rule is triv- 
ially satisfied by spin 1/2 particles. 

I $ 1  

( c )  Electric-quadrupole transitions: For electric-dipole radiation, we have to calculate matrix elements of the 
products xz,  yz ,  and z x .  We note, for example, that yz can be expressed as a linear combination of 
r 2 y ;  (0,  $) and r 2 Y i 1  (8,$) . Therefore, the matrix element ( f  lyzl i )  contains angular integrations of the form 

These integrals are different from zero only if A1 = 0, +2 (excluding the case I,, = l i  = 0 ) and Am = f 1 .  
The last condition becomes Am = +2, + 1, 0 if one considers arbitrary polarizations. The electric-quadru- 
pole selection rules are then found to be 

where the case of I, = 1, = 0 is excluded. 
Notes; (i) The electric-dipole interaction is an odd operator, which connects only states of different parities. 

I 
Since the parity of Jnlm) is given by ( -1 )  , AZ must be odd in accordance with (16.7.5). (ii) The magnetic- 
dipole and electric-quadrupole interactions are even operators that connect only states of the same parity. This 
is, again, compatible with (16.7.9) and (16.7.1 I). (iii) The magnetic-dipole and electric-quadrupole transitions 
are never in competition with the electric-dipole transition. (iv) For A1 = 0 and Am = 0, + I ,  there is a 
contribution from both the magnetic-dipole and the electric-quadrupole interactions. However, for A1 = 2 we 
have pure quadrupole transition. 
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16.8. An isotropic three-dimensional harmonic oscillator of mass m, angular frequency oo , and charge e is 
placed in a linearly polarized field of radiation. Calculate the probability per unit time for resonant tran- 
sitions of frequency o,, = w,, and w,, = f 2 0 , ~ .  

Let us choose a coordinate system such that the vector is on the z-axis and the vector k is on the y-axis. The 
transition rate, for absorption (and for induced emission), is then given by 

where Inr, n!,, n,) and Ell , ,, = f i  w,, ( n ,  + 1 1 ,  + n .  + 3/21 are the eigenstates and eigenvalues of the unperturbed 
I ,  I 

harmonic oscillator. Using the results ot' Chapter 5, we find 

Therefore, 

1 

where the higher terms of order h w , , / m c L  e I have been neglected. Note that these terms are important only for 
high-order transitions in which wJl = 3w0, 4 w 0 ,  . . . . Expression (16.8.3) is different from zero only if 

A n , = 0 ,  A t = l ,  and A t ~ . = f l  (16 .8 .4 )  

In particular, there is no competition hetween the electric-dipole ( A n ,  = 0) and the electric-quadrupole transitions 
( A n !  = + 1 ). The energy difference for each transition is w,, = wO ( A n ,  + Anv + An.) . Thus, 

Finally, substituting (Ih.8..7) in (16.8.1) and using the relation k = w,, . / t , .  we obtain 

f f I + 'L? 
(n ,< ,  nv, t ~ J t >  p:ln:, n : ,  11;) = < 

for wI, = mil 

i,/Ffi for wf, = w, 

i JZ for w,, = z w,, 

W,, = 2nLe' x 
( I ( +  1 )  ( n +  I )  for o,, = 2w,,  

2 
Note that for the same incident intensity, W ( 2 w , , )  / W (w,,) - h ~ , , / n ~ c  . 

16.9. A two-level system with eigenvalues E,  - > E l  is in thermodynamic equilibrium with a heat reservoir 
at absolute temperature T. The system undergoes the following transitions: (i) absorption 1 + 2, 
(ii) induced emission 2 + 1, and (iii) spontaneous emission 2  + 1 .  The transition rates for each of 
these processes are given by 

where u ( o , , )  is the energy distribution of the radiation field, P j  is the probability of finding the system 

in level j of degeneracy g, ( j  = 1,  2) . and A , 2  and B , ,  are the Einstein coefficients for spontaneous 

and induced emission, respectively. ( a )  Calculate the probabilities P I  and P2 under equilibrium condi- 
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tions. (b)  Use (16.9.1) together with Planck's formula for  black body rudiurion t o  show that 

R I B : ,  = ~ 2 8 1 2  

(a )  Under thermal equilibrium at absolute temperature I', the probability of finding a system in one of its stationary 
-c, /kT 

states l i) with an eigenvalue E; is proportional to the Boltzman factor e . In this problem E, assumes the 
values E; = El,  E2 with respective degeneracies g ,  = g,, g 2  ((a two-level system). Therefore, 

where C is the normalization constant. Since P I  + P 2  = 1, we immediately find that 

C-' = g l e -  
EI/kT + R 2 e - E , / k T  

Since E ,  - E l  = f i o , , ,  we have 

(b) Suppose that a larger number of systems, such as in part (a ) ,  form a closed cavity that is kept in equilibrium 
with its own thermal radiation at constant temperature T. In this case, 

wqp = w;:_" + w;y (16.9.6) 

Therefore, from (16.9.1), we obtain 

P l B 2 1 u ( o , l )  = P , B ~ , u ( 0 2 ~ )  + f ' 2 A ~ 2  (16.9.7) 

or equivalently, by using (16.9.5), 
f r o * l / k T  

[ g l e  B21 - R ~ B I ~ ]  ~ ( ~ 2 1 )  = ~ 1 A 1 2  (16.9.8) 

The thermal radiation inside the cavity is distributed according to Planck's formula: 

Therefore, (16.9.8) takes the form 

Hence, 

16.10. Calculate the Einstein coefficients, A s Z p ,  B s 2 p ,  and BZpls ,  for an  electron moving in a central poten- 
tial. Recall that 1s = ( n  = 1,l  = 0 )  and 2p = ( n  = 2, 1 = 1) . 

Let us first consider the probability per unit time for the transition 1 s -t 2 p  (absorption). Since the states 2 p  
are degenerate with respect to the magnetic quantum number, we have 

However. 
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2 
( ( n  I - I ,  rn) r )  = lI(n: I -  llrlnl)12 

Therefore, substituting 1 = 0 in (16.10.3) and using (16.10.1), we obtain 

[CHAP. 16 

where ( 2  11,-110) = R: ( r )  ,- R ,, (r) dr is the radial integral. The coefficients for the transition 2p + Is i 
(emission) are found by setting g,, = 1 and g?,, = 3 in (16.9.11). This gives 

16.11. Find the probability per unit time of spontaneous transition for a hydrogen atom in the first excited state. 

The probability per unit time for the transition 2p + Is (emission) is given by 

Wlr?p = ~ ( ~ 2 1 )  Bls2,? +A1.,2,, 

Thus, using (16.10.5), we obtain 

where 12 1 rn') is one of the three 2p states. In particular, for the hydrogen atom in the first excited level, 

where a, = h2/rn$ is the Bohr radius. Therefore. 

2 where a = e /hc  = 1 / 137 is thefine strucfut.e constant. However, 

Hence, 

Expression (1 6. 11.6) leads to a radiative lifetime of the order 1.5 x 1 o - ~  sec. 

16.12. A linear harmonic oscillator of mass m, angular frequency wo , and charge e is excited by a nonresonant 
radiation field of the form { , ,  0 s  (ky - or) 1 > 0 

A (r, r )  = 
t I O  

(16.12.1) 

where o # coo. Let In) and E,  = ho,  ( n  + 1 /2) be the eigenstates and the eigenvalues of the oscillator, 

and let Iy ( 1 ) )  be its time-dependent state vector in the presence of radiation. (a) Use first-order pertur- 

bation theory to find an expression for Iy ( r )  ). Assume that initially Iy ( t  = 0) ) = 10). (b)  Calculate 

the induced dipole moment that is proportional to the amplitude of the external electric field. 
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(a )  The tirne-dependent state vector can be written as 

n # O 

where an ( t )  = 0 for t < 0 .  Using first-order perturbation theory (see Chapter 10) for H ( t )  = 
e 

--A ( r ,  t )  . p ,  we find 
m c 

piUn0"2A, cos (ky - 01) (nb,lO) dr' (16.12.3) 
0 

Therefore (see Problem 16.4), 

~ ( O , , ~ - O ) I  
- I T,'" e 1 (Un0+ W )  I 

( 1 1  e - - 1 T,b a, ( t )  = - - 
Wnn - 0 h - o,,+o h 

(16.12.4) 

where 

e leone i ky  
T:, - - z ( n ~ ~ , @ " y p ~ ~ ~ )  = --Aoe e (nledo) I T  no =--f-( - ,, n 1 ~ , e ' ~ ~ * p 0 )  = -- leWRo 

e ~ , e - ' ~ ~ ( n l e r l ~ )  

Finally, multiplying the ket IW ( t ) )  by a global phase factor e'Eo"L, we obtain 

n # O  

where the coefficients 6, (1) = an ( t )  e-'Uno are given by (16.12.4): 

I W I  - d ~ ~ n O r  T,: eior - i ~ i ~ n O ~  T"; e 
6, ( t )  = - - 

o n 0  - 0 h - on0+o h (16.12.7) 

(6)  The induced dipole moment is given by ( D  ( t ) }  = (; ( r )  leil; ( t ) ) .  Thus, up to the first order in A,, we 
find 

( D  ( 0 )  = (OIezlO} + C b . ( t )  (Olezln) + C b :  ( t )  (Oledn) (16.12.8) 

n # O  n t 0  

Next, we substitute the coefficients 6, ( t )  from (16.12.7) and neglect all the terms that oscillate at frequencies 
+_on,. (These terms disappear in the limit t -+ w due to the finite lifetimes of all the excited states.) This 
gives 

namely. 

- I  ( k y  - W I )  -I ( k y  -01) 

( D  (11) = (OlezlO) - 2 ~ l ( O l e z l n ) l ~ o , ,  i m  + e I 
1 aA 

Finally, since E = --- = -2Aokf sin ( k y  - o r ) ,  we obtain at 

n + O 

In particular, for the linear harmonic oscillator, expression (16.12.11) is reduced to the classical formula: i.e., 
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Supplementary Problems 

16.13. Refer to Problem 16.4 and find the transition rate Wf, (probability per unit time) for the transition from the initial 
state li) to a continuum of final states of energies E, f dEf/2  (Fermi's golden rule). 

dP,;(t) 27L 
Ans. Wf, = - - 

dt 
- ? ; I ( /  I T * [ ~ ) [ ' ~ ( E ~  = E ,  + f io ) ,  where p(E,) = dNf/dEf is the density of final states and 

T; is given in (16.4.6). 

16.14. Find the transition rate for absorption and for induced emission of electric-dipole radiation by a one-electron system 
in an isotropic radiation field. Hint: The transition rate is found by averaging the electric-dipole matrix element over 
all the possible directions of polarization. 

4niei 2 
Ans. Wf i  = u(of,) l ( f  1rIi)l , where ~ ( f  lrli)12 = ( f  Irli) . ( f \ r l i ) * .  

16.15. Tbe oscillator strength of a transition Ik) -+ In) is defined as 

p2 where In) and Ik) are eigenstates of H ,  = - + V ( r ) .  Show that f, ,  satisfies the sum rule 2 m 

16.16. In the presence of a spin-orbit interaction, find the selection rules for emission and absorption of (a) electric-dipole 
radiation, (b)  a magnetic-dipole radiation, and (c)  electric-quadrupole radiation. Note that the selection rules can be 
obtained by expanding the stationary states 11s; JM,)  in terms of Ilm) C3 where J = L + S . 

Ans. (a) Electric-dipole transitions: A1 = + 1, A.l = 0, f 1, AM, = 0, f l . 
( 6 )  Magnetic-dipole transitions: A1 = 0, AJ = 0, + I .  AM,  = 0, f I .  
(c) Electric-quadrupole transitions: A1 = 0, f 2, AJ = 0, +1,  f 2 ,  AM, = 0, f 1, f 2. 
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Mathematical Appendix 

A.l FOURIER SERIES AND FOURIER TRANSFORM 

If f (x)  is a periodic function with a fundamental period L, then it can be expanded in a Fourier series: 

n = -m 

where k, = 2 x n / L .  The coefficients a ,  of the series are given by 

The Fourier transform of a function f (s) is defined as 

1 
F(k) = F [f ( x ) ]  = - f i  f , (x,e-Ikx & 

while the inverse Fourier transform is 

Notice that in quantum mechanics we define the transformations slightly differently, as follows: 

and 

Two formulas of Fourier transform theory are especially relevant. 

Identity of norms: 

Parseval' s theorem: i f ( x )  g*(x)  dr = F(k)G*(k) dk 
-- i -- 
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A.2 THE DIRAC &FUNCTION 

The Dirac &-function is defined by the relation 

Some important and useful properties of the Bfunction are given below: 

6(-x) = 6(x) 

1 
6(cx) = ;6(x) for c > 0 

x 6(x - xo) = xo 6 (x - xo) 

Note that x 6 (x) = 0. Also, 

f (x) 6(x - x") = f (xo) 6(x - xo) 

1 
6(.r2- c2) = [6  (x-L:) + 6 (X +c )  ] for c >O 

I 

where xi are simple zeros of the function f (x). 

-m 

We define 6'(x) by the relation 

Some properties that are connected to S'(x) are given below: 

i f (x) 6"(x) dx = (-I ) "f '"'(0) 

The Bfunction in three-dimensional space is defined by 

where 6(r - r,,) = 6(x - x0) 6(y - yo) 6(z - z , , ) .  In spherical coordinates (r, 8, $) we have 

1 
6(r - rO) = - 6(r - rO) 6(8 - eo) 6(@ - $0) 

r2 sin 8 

(A.18) 

(A. 19) 

(A.20) 
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The integral representation of the &-function is obtained by using the definition of Fourier transform [see Sec- 
tion A.11, so that 

The step function 0(x)  (also called the Heaviside function) is defined as 

1 for x > O 

The relation between 6(x) and 0(x) i s  

Finally, we mention an important relation for &(r): 

A.3 HERMITE POLYNOMIALS 

The Hermite polynomials H,(x) are defined by the relation 

The Hn(x) are the solutions to the differential equation 

d2H,(x) dHn(x) - - 2x- 
dx  

+ 2nH, ( x )  = 0 
dx2 

The orthogonaliry relation for H,(x) is 

e-" H,(s)H,(x) dr = &2"n! 6,, i -W 

Two important recurrence relations for H,(x) are 

dH,(x) - -  
dx 

- 2nH, ( x )  

The first few Hermite polynomials are given below: 

H,(x) = 1 H l (x )  = 2x H2(x) = 4 x 2 -  2 

H3(x) = 8x3 - 12x H4(x) = 1 6x4 - 48x2 + 12 

A.4 LEGENDRE POLYNOMIALS 

Legendre polynomials P, ( x )  are given by Rodrigue's formula, 
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The first few Legendre polynomials are given below: 
I 

P,(x) = 1 PI (1) = X P 2 ( x )  = ? ( 3 x 2 - I )  

1 3  1 p,(x) = 2 (5.3.' - 3 ~ )  P4(X) = 8 (35x4 - 30x2+  3 )  

In terms of cos 0 the first few Legendre polynomials are 

Po (cosO)  = 1 P l ( c o s 8 )  = c o s 0  

I I 
P2(cos 0)  = j ( l + 3 cos 28)  P, (cos 0 )  = 8 ( 3  cos 8 + 5 cos 30)  

The orthogonality relation of the Legendre polynomials is 

A.5 ASSOCIATED LEGENDRE FUNCTIONS 

Associated Legendre functions ~ l f  (x) are defined as 

for - 1 5 x 5 1  (A.33) 
dxm 

where m 2 0. P, (x)  are the Legendre polynomials. Note that 

0 PI (I) = Pi (x)  P; (x) = 0 for rn > 1 

The differential equation that P: (I) satisfies is 

l ( l +  I )  -- P; (x)  = 0 1-3 
The first few associated Legendre functions are given below: 

I P, (1) = J Z  I 
P, (x) = 3xJJ;I;i P:(x) = 3 ( l  - 2 )  

The orthogonality relation of the associated Legendre functions is 

A.6 SPHERICAL HARMONICS 

The spherical harmonics are defined as 

21+ l ( 1 - m ) !  
Y ~ ( B ,  $1 = (-1). JQnPrn)!~;i (cos  0 )  e i m ~  for m 2 0 

and 

~ ; " ~ ( e ,  $1 = (-1 1 "I [ y;(e, 011 * 
The differential equation that Y: satisfies is 
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The c have well-defined parity given as follows: 

- 8, x + $) = (-1) l~;(O, $) 

The orthonormalization relation of Y," is written as 

ind4 j r r,(e. $)I * c(e. w sin 0d0 = tis, 
0 0 

and the closure relation 

Some important recurrence relations are given below: 

Y;"(8")c0s8 = ( 2 1 +  1 )  (21 -  1 )  

The first few are given below: 

0 I 
Y - -  " A  

Y I  = -g sin Be 4' 4 x 

Y: = ( h 0 s 2  8-  1) 
I 

Y2 = -g sin 8 cos eelP 

(5cos3 0 - 3 cos 8 )  c o s 2 0 -  l ) e i "  

Y: = sin2 8 cos 8e2j" 64 x 

An important result for spherical harmonics is 

ni = - 1  

where a is the angle between the directions ( e l ,  0,) and (82, $ , ) .  This result is known as the spherical har- 
monics addition theorem. 

A.7 ASSOCIATED LAGUERRE POLYNOMIALS 

First we shall deal with the Laguerre polynomials given by Rodrigue's formula, 

d' 
LI ( x )  = ex-  (xle-') 

dx' 

The associated Laguerre polynomials are defined as 
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where I and m are nonnegative integers. Note that 

0 L P  ( X I  = L ,  (4 L , ( x ) = o  for m > ~  

The first few associated Laguerre polynomials are given below: 
I I 

L l  ( x )  = -1 L 2 ( x )  = 2x -4  

I 2 2 
L3 ( x )  = - 3 ~  + 1 8 ~ -  18 L 3 ( x )  = - 6 x +  18 

The orthogonality relation of the associated Laguerre polynomials is 

i ( I  !) 
xme-"L;" ( x )  L; ( x )  dw = 6 ( i - m ) !  11,  

0 

A.8 SPHERICAL BESSEL FUNCTIONS 

Bessel's differential equation is given as 

L; ( x )  = 2 

where I L 0. The solutions to this equation are called Bessel functions of order I. J,(x) are given by the series 
expansion 

R = 0  
I 

If I = 0, 1, 2, . . . , J-,(x) = -1  J,(x). If 1 * 0, 1, 2, . . . , Jl(x) and J-,(.r) are linearly independent. In this case 
J,(x) is bounded at x = 0, while J-,(x) is the unbounded Bessel function of the second kind. N,(x) (also called 
Neumann functions) are defined by 

J1 (4 cos (In) - J-I (4 
N1(x) = sin ( I n )  ( l $O ,  1 ,2 ,  . . .) (A .53) 

These functions are unbounded at x = 0. The general solution of (A.51) is 

where A and B are arbitrary constants. Spherical Bessel functions are related to Bessel functions according to 

Also, the Neurnann spherical functions are related to the Neurnann function N ,  ( x )  by 
7 

j, ( .r) and n, ( .r)  are given explicitly as 

/ I d  s inx  
jl ( X I  = ( - X I  (;dx)l(T) 

I I d  cosx  
n/ ( X I  = - (-4 ( iz) l (y)  
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The first few J, (x) and n, (x) are given below: 
sin x 

jo (x )  = 7 
sin x cosx - j l (x)  = 2 - 

X X 

cos X 
no ( x )  = -- 

x 

cos x sinx 
n l ( x )  = 

x X 

The asymptotic behavior of the jl (x) and nl (x)  as x -+ w and x -+ 0 is given by 

where ( 2 1 + l ) ! !  = 1 . 3 . 5 . . .  ( 2 1 - 1 ) ( 2 1 + 1 ) .  
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