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Preface

It has become customary at many colleges and universities to teach undergraduate
courses in boundary value problems, Fourier series, and integral transforms. These
courses usually emphasize the Fourier series or Laplace transforms, and then treat
some problems in partial differential equations as applications.

In teaching such a course, the author has found two detrimental effects on students.
Those who are mathematically inclined are left with the impression that the solution
of partial differential equations consists of some rather dull manipulations with infinite
series or integrals, and is not worthy of further study. Those students who are primarily
interested in technical applications also get the feeling that all partial differential equa-
tions can be treated by separation of variables or integral transforms. When a problem
arises to which such methods do not apply (and this often happens quite soon), they
either use the only methods they know, arriving at wrong results, or they simply give
up in exasperation. After this, they have a strong feeling that the mathematicians have
cheated them, and tend to distrust all mathematical techniques.

This book is an attempt to present the materials usually covered in such courses
in a framework where the general properties of partial differential equations such as
characteristics, domains of dependence, and maximum principles can be clearly seen.
It is intended for a one-year course in partial differential equations, including the ele-
mentary theory of complex variables. (The first seven chapters, or the first six and the
last chapter form a one-semester course, and the first five chapters a one-quarter
course.)

The book is divided into sections, each of which (with the exception of a very few
especially brief ones) contains material for a fifty-minute lesson. There are just enough
of these sections to fill a one-year course. This means that the teacher does not need
to select or skip material. Instructors who are not specialists in partial differential
equations will find this particularly convenient.

A course based on this book can be given at the advanced undergraduate or beg
ning graduate level. The student needs no more preparation than that provided in
any course in advanced calculus. A good course in elementary calculus using, for
example, the book of Apostol, of Johnson and Kiokemeister, or of Protter and Morrey
is adequate.

More specifically it is sufficient that the student have a nodding acquaintance with
the following concepts: the €-8 definition of limit, continuity, and derivative; partial
differentiation, chain rule, gradient, divergence, and the divergence (Gauss) theorem;
convergence and uniform convergence of sequences and series; improper integrals;
and the elementary properties of solutions of linear ordinary differential equations,
particularly those with constant coefficients. The course itself helps students to be-
come familiar with these concepts by using them in practical situations.
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vi Preface

This book presents many of the techniques of applied mathematics. It also contains
most of the concepts of rigorous analysis that are usually found in a course in advanced
calculus. These techniques and concepts are presented in a setting where their need
is clear and their application immediate. For example, the study of complex power
series is motivated by the Fourier series solution of Laplace’s equation in a circle. The
rigorous definitions of limit and continuity are manipulated in the study of the bound-
ary values of the Poisson integral.

Many colleges and universities find the usual courses in advanced calculus inade-
quate for their students of mathematics, engineering, and the physical sciences. It is
my hope that this text will provide the basis for a course that is more suited to the
needs of these students.

I would like to thank those of my colleagues who have borne with me through ditto
and multilith, and who have made many valuable suggestions. These include D. G.
Aronson, H. B. Jenkins, R. K. Juberg, and W. Littman. T am also grateful to the
editorial reviewers, G. P. Carrier, G. E. Latta, L. E. Payne, and G. Springer, and
particularly to M. H. Protter, for many suggested improvements.

Hans F. WEINBERGER

niversity of Minnesota
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CHAPTER I

The One-Dimensional
Wave Equation

1. A Physical Problem and Its Mathematical Models: the Vibrating String.

Partial differential equations are of widespread interest because of their connec-
tion with phenomena in the physical world. We begin by examining this connection
in a simple physical problem.

A string is stretched between two fixed pegs a distance / apart. The string has an
equilibrium position in which it lies on the line segment joining the pegs. In this posi-
tion the pegs pull on the string with force 7.

We introduce rectangular coordinates (x, y) in such a way tha
origin (0, 0) and the other peg is on the x-axis at (/, 0). We shall s

and the other n the x-axis at (/ u

Y4

TN » X

N

the string that is produced by given initial displacements, initial velocity, and body

forces in the y-direction.

Let s be the x-coordinate of a particular point (molecule) when the string is in its
equilibrium position. We assume that the string is so thin that its cross section moves
as a single point. Then the motion of the string can be described by giving the coor-
dinates (x, y) of each point s at each time ¢z. That is, it is sufficient to know the two
functions

x=x(s, 1),
y=y(s, ).

We assume that the string is so flexible that no effort at all is needed to bend it. We
also assume that the string has a continuous linear density p(s) such that for any s,
and s, with 0 = 5, < s, = [ the mass of the portion of the string for which s; < s < s»

is given by fs * p(s)ds. This means that we regard the string as a continuum, ignoring
1

the fact that it is composed of individual molecules.
1



2 The One-Dimensional Wave Equation CHAP, |

We formulate our problem as follows. At a certain time, which we take to be t =0,
we are given the initial displacement

(1.1) y(s, 0) = f(s)

and the initial velocity

(1.2) 2(s.0) =(s)

in the y-direction. Since the initial displacement and velocity are in the y-direction,
we have

(1.3) dx

For t > 0 there is a given external force F(x, f) per unit mass acting in the y-direction
on that portion of the string Which is at x at the time .

Because of the fact that the string offers no resistance to bending, the forces that
parts of the string exert on each other must be tangential to the string; that is, we have
only a tension T'(s, 7) at the point s at time ¢. (This involves the additional hypothesis
that molecules only act on their neighbors. In other words, we neglect long-range
forces.)

We now consider an arbitrary portion s; = s = s, of the string. Taking the com-

T(S], t)

So

T(Sz, f)
ponents of the tensile force in the x-direction, we find that the total force in the x-
direction acting on this portion is

T(ss, t)gf(ﬁ, 0 Tis, z) (s, 1)

G+ @ Vey-@

Setting this force equal to mass times acceleration, we find that

T (so, t) (Sz, ty T(si, t) (Sn, 1) 52 5%y
:J p(s)‘gig(s, I)dS-

N N

\0S/ Y A\GS/ \OS

81

This relation is true for all s, and s.. We differentiate both sides with respect to s.. For
convenience, we replace the symbol s, by s. We obtain the equation
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AT

Similarly, if we balance the components of forces in the y-direction, we find

(1.5) %(TS%/\/(%Y n (g—i’)z) - p%i% —pF(x, 1),

We assume that the string is perfectly elastic; that is, that the tension at any point s is
determined by the local stretching per unit length

BT -

of the string with respect to its equilibrium position:

(1.7) T(s,t)=%(e(s, 1), s).
The function T (e, s) describes the elastic property of the string at s.

Since the position x = s, y = 0 is an equilibrium position, the functions x(s, ¢) = s,
y(s, t) = 0 must satisfy the equations (1.4) and (1.5) when F = 0. We see from (1.4) that

T must be constant. Since e = 0 in this case, we must have
i’Z(O, S) = T().

The tension T can be found from the functions x(s, ¢) and ¥ (s, ¢) by means of (1.6)
and (1.7). Thus (1.4) and (1.5) constitute a coupled system of two partial differential
equations in the two unknown functions x(s, ¢} and y(s, 7). In g.ddition we have the
initial conditions (1.1), (1.2), and (1.3}, and the boundary conditions

x(0, 1) =0,

\re s D

y(0, 1) =y(l, 1) =0.

These boundary conditions assert that the ends of the string remain fixed.

The above problem is extremely difficult to solve, and so we introduce further sim-
plifying assumptions. We shall consider only “small” vibrations about the equilibrium
position.

We assume that throughout the motion dx/ds # O (that is, the string is never vertical),
so that we may express s as a function of x and ¢, and hence y as a function of x and #;

»

o~
[y
o0
p—

y=v(x, 1),
where
vix(s, 1), 1} =y(s, 1).
By the chain rule

oy _ 9v ox

ds  dx as’

by _dvox  dv

ot odx ot at’

Py azv(QJ_c)2 ?Pv dx | v Jv I%x

A axd

ar axor ot "o T ax o
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Thus (1.5) becomes

dx v o*v(ax v d9x | #*v | av a*x
STER/NG + ()= e[3G) + 2 5+ S+ 5 58] o

oxar ot = A ax o
Expanding the left-hand side and using (1.4) and (1.6) gives

Teos) (0 Prdy_ | [yon o0 dx &y o]
e+ 1 (as 6x2+ af ax Plax®\or Jr2axat 6t+ 6tz+ax 6!2] F
or

Z(e, s) (ax)z (ax) ]62 ax 9*v 0%v
(1.9) [ et1 \as) “P\ar) Jar T Poromer Par = P
This is a single partial differential equation for the unknown function v. However, the
coefficients depend upon the unknown function x(s, t), since dx/dt appears explicitly

and
ox ov
\/ — 1.
€= ds L+ (ax)
In order to eliminate this dependence we assume that the slope dv/ox is small, that

dx/at is small, and that dx/ds — 1 = 0 so that x = 5. More precisely, we assume that the
dimensionless quantities.

(;z‘iel)si)"o(a_x -1 %(Q)‘C)? and 2

b

are negligible relative to one. (The first of the: yotheses requires that the
Z (e, s) be continuous at ¢ = 0, and that
d

be sufficiently small.)
Then the partial differential equation

(1.10) To —plx )at2 =—p(X)F(x, 1)

has coefficients and right-hand side close to those of (1.9). Hence we can hope that the

~L - ~ £1 1NN R

function u(x, ¢} which satisfies (1.10) and the initial and boundary conditions
u(x, 0) = f(x),
ou
57 0y =g(x),
u(0, 1) =0,
u(l,t)=20

will be close to that solution v{x, t) of (1.9) which satisfies the same initial and bound-
ary conditions. That is,

y = u(x, t).
If we define
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T,
x =
c(x) p(x)
and divide both sides of (1.10) by —p(x), we obtain the equation
0% 82 .

The initial-boundary value problem

Fu 0%
AL < >
proll Fix,t) for 0 <x<I, >0,
u(x, 0) = f{x),
0
(1.12) g‘f(x, 0) = g(x),
u(0, 1) =0,
u(l, t)y =0

for the approximating function « is called the vibrating string problem.

In deriving this problem we have made hypotheses at various levels:

(1) We have defined a string to be a one-dimensional continuum in which the only
interaction between different parts is a tension, which depends continuously upon the
local stretching. This is, of course, an idealization of an actual string. It is called a
mathematical model.

We have made the physical assumption that an actual string acts like this mathe-
matical model. 'Y

(2) We have assumed that under the given initial conditions and forces the functions
av/ox, (1/c)ox/at, and 8x/ds — 1 turn out to be small. This is a hypothesis upon a
particular solution. Since the solutionis v=0, x = s when f= g = F = (}, we can expect

that t+hi rmnthacig uill lha friva fr g and I’ 1fHcriantly cmall Thie
Liiat LlllD lly PUL]]CDID Wl[[ UC LI uc ].Ul J 6, aliud .l Dulll\/l\/lill_y Slliciil. 1 1110

But whether or not a particular set of data is “sufficiently small” depends upon the
elastic properties of the material; that is, upon the function Z(e, s). Hence, a physical
hypothesis is also involved.

(3) We have assumed that if # and v satisfy partial differential equations of the form

fart can ha nravad
LAML LAl U l.)lUV\.ru

62u
azz =-F
__3%
ax2 oz~ F

with corresponding coefficients which are close to each other, together with the same
initial and boundary conditions, then «# and v are near each other. This assumption is
purely mathematical, and can be proved.

Alternatively, we may simply consider the equations (1.12) as another mathe-
matical model, and assume that an actual string obeys these equations, at least approxi-
mately.

The problem (1.12) is removed from the physical problem by several hypotheses.
Therefore, we cannot conclude from the fact that the physical problem has a solution
(that is, that the motion takes nlﬂ(‘e] that the mathematical problem (1. 12} has a solu-
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tion. Conversely, while the given data may determine the physical motion uniquely,
we cannot conclude that the problem (1.12) does not have more than one solution.

However, if (1.12) is to give a reasonable approximation to the physical situation,
it must have a unique solution for each set of functions f(x), g(x), F(x, t) in some
class of physically admissible functions.

In practice the functions f, g, and F cannot be measured with perfect accuracy, but
only within some margin of error. If the mathematical model (1.12) is to be useful, the
solution # must not be affected too much by small errors in these data.

We say that a system of the form (1.12) consisting of a partial differential equation
together with some initial and boundary values is properly posed if it has the following
three properties:

{a) Existence, For an

u(x, 1) of (1.12).

(b) Uniqueness. There is at most one function u(x, ¢) satisfying (1.12).

(c) Continuity. The solutions u(x, t) corresponding to data which differ by small
amounts also differ by small amounts. (Continuity will actually imply uniqueness,
but it is often advantageous to prove uniqueness first.)

The partial differential equation (1.11) serves as a mathematical model for a great
variety of physical problems. These include:

(a) The one-dimensional motion of an elastic solid. Consider a cylindrical bar of elas-
tic material with its axis in the x-direction. This bar is stretched og contracted in such a
way that planes x = constant move together in the x-direction. Let u(x, 1) be the dis-
placement in the x-direction at time ¢ of the plane whose equilibrium position is at x.

v sufficiently smooth data functions f, F there is a soli

ufficiently smooth data functions f| g,

0 /

The tension T at x (that is the force with which the part of the bar to the left of the
point originally at x pulls on the rest of the bar and vice versa) will depend upon the
elongation per unit length du/dx(x, t) at x. This hypothesis is equivalent to the assump-
tions that there are only short-range forces and that the bar is perfectly elastic.

We make the more drastic physical assumption that T is proportional to du/dx:

_ u
T= Eax(x, t).

The elastic constant E is called Young’s modulus. It is a property of the material.
If p(x) is again the mass density and F(x) is a body force per unit mass in the x-
direction, we find from Newton’s second law of motion that for any x; < x

du g fn [P
Eax(X2, 1) Eax(xl, 1‘)—J;C1 p[arz F]dx.

Differentiation with respect to x: gives

a2 a2
“u o°u

o Pap = PE

Dividing by p gives (1.11) with ¢ = E/p.
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Alnsalo s nnd e tha Facima Fin..In.

At an~h o = RS tha tha ;
1€T UNE Uld PlavCllIC i i OF i€ 101C¢e 1 - D\Gu,‘ 0./{}

At each end we can prescrio

We remark that # = (To/E)x is an equilibrium solution corresponding to a tension
T, at the ends and no body force. This solution describes a uniform stretching. If we
have such a tension, which may not be small, we can find a more general motion by
putting u = (To/E)x + v(x, t). Then v, whose gradient is assumed small, satisfies the
same equation

ﬂ)

This fact is of interest in the case of a stretched spring or rubber band.

All these elastic problems are mathematically the same as the vibrating string
problem.

(b) The propagation of a small disturbance (sound wave) in a gas. The one-dimen-
sional motion of a gas, when viscosity is neglected, is described by

=T SYTEEETS

ou  8p  9p _
Pax T4t 5 =0
diu ou  op

Par + Plax tox — PE

(1.13)

where u(x, t) is the velocity in the x-direction at time ¢, p(x, ) is the mass density,
p(x, t) is the pressure, and F(x, t) is a given body force per unit mass. The first of
these equations is conservation of mass; the second is Newton’s second law of motion.

We make the physical assumption that the pressure p is completely determined by
the density: p = p(p), where the function p(p) is continuously differentiable.

We further suppose that in the motion under consideration u is small, and that,
except for a small disturbance, p is a constant p,. More precisely, we suppose that
the dimensionless quantities

p_, P _

b

Po P’ (po) and | “[V'p' (po)

b

are negligible relative to one.
We eliminate negligible coefficients in the equations (1.13). (That we may dosois a
mathematical assumption.) We thus arrive at the equations

8
Do- L =0,
dx ot

(1.14) o
POE +p (Po)a = poF.

We differentiate p’(po)/po times the first equation with respect to x, and subtract the
result from 1/p, times the derivative of the second equation with respect to z. This gives
#u_ 2u_oF

FZRE T TR
where ¢ = p'(po).
If we differentiate the first equation with respect to r and subtract the second equa-
tion differentiated with respect to x, we obtain
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#p L% 9F
oz Yo Pax

Both the velocity and the density satisfy equations of the form (1.11) with the same
c®=p'(po).

If the space in which the gas is contained is bounded by rigid walls at x=0and x=1,
we have the boundary conditions #u =0 at x=0 and /.

Thus the vibrating string problem (1.12) also serves as a mathematical model for

the propagation of sound.
Remark. The density p is the mass per unit length

given, it must be divided by the gravitational consta t g = 32 ft/sec? = 980 cm/sec?
to obtain mass per unit length. :

3“
e
Yty
=

EXERCISES

1. Show that if F =0 and Z(e, s) is an increasing function of e, the only equilibrium position
of the string described by (1.4), (1.5), and (1.8) (that is, the only solution x(s, f), y(s, ¢} inde-
pendent of 1) is x = s, y = 0. HINT: Integrate (1.4) and (1.5) when 02x/dr*> = d%y/a¢* = 0, and solve
for dy/dx and for T (e, s).

2. Find the equilibrium (time independent) velocity, density, and pressure distributions for
a gas satisfying (1.13) with (0, 1) =0, p(l, t) = po when p = ap” and F =-—g, where «, y, and g
are positive constants (y > 1). (This represents a gas in a vertical tube under the action of
gravity.) HINT: Look at the first equation first.

3. Llet F(x, 1) =eG(s, 1), x(5, 0) = s, v(s, 0) = ax/at(s, 0) = ay/ar(s, 0) =0, where e is a
small parameter. That is, we have a string initially at rest, and a small force. Let the solution of
(1.4), (1.5), (1.8) with these conditions be denoted by x(s, ¢, €), y(s, £, €}. Assuming that these
functions and & (e, s) are continuously differentiable in all their variables and that x(s, 1, 0) = s,
y(s, t, 0) = 0, find a differential equation and initial and boundary conditions for the function

u(s, ) = g—%(s, £, 0).

HINT: Differentiate (1.5) with respect to € and set € = 0. (This is an alternative way of linear-
izing a nonlinear equation.)

4, If F(x, 1) =0, u(x, 0) =0, p(x, 0) = po+ en(x), u(0, t) = u(l, t} = 0in (1.13), and if the
corresponding velocity u(x, ¢, €) and density p(x, t, €) are continuously differentiable with
u(x, t, 0y =0, p(x, t, 0) = p,, find the initial-boundary value problem satisfied by u,(x, 1) =
duloe(x, t, 0) and p,(x, t) = dp/de(x, 1, 0).

i

2. The One-Dimensional Wave Equation.

We consider the problem

Qfﬂ._ 207U
o caxz_O for 0 <x </, t >0,
u(x, 0) = f(x) for 0=x=1,
@.1) Zx,0)=gx) for 0=x=1,
u(0,1) =0 for +=0,

u(l,t)=0 for r=0,
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where c is a positive constant. The solution of this problem approximates the motion
of a uniform string with no external forces. {In order for the initial and boundary condi-
tions to be compatible, f(0), f({), g(0), and g(!/) must all be zero).

The partial differential equation

0%u 62

(2.2) Yy =0
is called the one-dimensional wave equation. It is one of the few partial differential equa-
tions whose general solution can be found explicitly. To do so, we introduce the new
coordinates:

& =x—+ct,
n=Xx—cl
Then by the chain rule
%u _ d*u F*u | Pu

a2 o9& “8kam | an®
L[ 0%u o%u e

3 N
a2 e~ Zagan t o)
Thus, (2.2) becomes
0%u
A2 —_
4c 5Eam 0.
Since ¢ # 0, we must have
Fu
Py 0.

This equation is satisfied if and only if

u=p(¢) +qn),

where p and g are any differentiable functions of one variable.
Therefore, if « is to be a solution of the wave equation it must be of the form

(2.3) ulx, t) =p(x+ct) +qlx—ct).

(By p(x + ct) we mean p(€) evaluated at € = x + ct; g(x — ct) is g(m) evaluated at
n = x — ct.) In order that the second partial derivatives appearing in (2.2) exist, p and
g must be twice differentiable functions. It is easily seen that any « of the form (2.3)
satisfies (2.2). Thus (2.3) is the general solution of (2.2). It was found by d’Alembert
in 1747.

If we consider the time ¢ as a parameter, the transformation ¢ = x + cf represents a
translation of the coordinate system to the left by the amount ct. Since this transla-
tion is proportional to the time, a point ¢ = constant moves to the left with speed c.
That is, a solution of the form

u(x, t) =p{x+ct)
represents a wave traveling with velocity —c without changing its shape. For example

u(x, t) =sin (x+ct)
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represents a sine wave traveling with velocity —c. Similarly, u = q(x — ct) represents
a wave traveling with velocity 4+c without changing its shape.

Equation (2.3) says that any solution of (2.2) is the sum of a wave traveling to the
left with velocity —c and one traveling to the right with velocity ¢. The term wave equa-

tion derives from this fact.
Since the two waves travel in opposite directions, the shape of «(x, ¢) will in general

change with time.

In order to solve the initial-boundary value problem (2.1) we must find the proper
functions p and g. We first set 1 =0 in (2.3). We then evaluate du«/d from (2.3) by the
chain rule and set ¢ = 0. The initial conditions in (2.1} become

(2.4) p(x) + q(x) = flx) for 0=x=/,
A cp'(x) — cq’ (x) = g(x) for 0=x=1[

We differentiate the first of these equations, multiply it by ¢, and add it to the second.
In this way we find that

2cp’(x) = ¢f"(x) + g(x).

Integration of this relation gives
& . _
2.5) PO =36 +5 | s@Ddi+K  for 0=g=1
where K is a constant of integration. From the first equation in (2.4) with x=7 we then
find that
(2.6) atn) =3fm) — - [T e@Ddi—K  for 0=n=L
2 2c 0
Therefore
u(x, ty=p(x+ct) +glx—ct)
T+t
Lt en +flx—en] + i[ f ¢(F)di — f
2 2C 0 0

ory

(2.7)
1 1 T+t o
=z[f(x+ct) + flx—c)] + 5= g(x)dx,
2 2¢ Joet
provided both 0 = x + ¢z = land 0 = x — cr = [. (Note that K cancels.) Thus in the
trianguiar region
X I—x
r= -, t= , t=0
c c

the solution «(x, t) is uniquely determined by the initial data f{x) and g(x), and is
independent of the boundary conditions.

It is easily verified that the function (2.7) satisfies the wave equation if and only if f
is twice differentiable and g(x) is once differentiable. Under these hypotheses, u(x, t)
also satisfies the initial conditions u(x, 0) = f(x) and du/dt(x, 0) = g(x).

In order to obtain the solution for larger times, we use the boundary conditions at

ve—=1 amd I whirh lha~nremaa
A — U alliu {, WIllIV1l UCLULLIC

p(ct) +g(—ct) =0 for r=0,

(2.8) pl+ct)+qI—ct)y=0 for t=0.
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If we set { = —ct, the first of these conditions can be written

(2.9) q({) =—p(f) for {=0.
On the other hand, if we let { = [ + ct, the condition at x = [ becomes
(2.10) p()=—q(2l - Q) for (=1

We already have the solution (2.5) for p(¢) with 0 = ¢ = [. If -/ = n = 0, we can ob-
tain g{n) from (2.9) by observing that 0 = — =/ and using (2.5) with & = —:

eI gl =—3f-m —5; [ e@di-K  for —I=n=0.

We naw havae
¥Y¥ W LIWFYY LicL o A

() for —] < m <] Thara
\"I AR [ 3 l’ & L Llawl W

ve g
to obtain p(¢). From (2.6) and (2.11)

ore ifl < f£<=3]wecannutl=£¢1in
IV’ AL ¥ b -’ L YY W Wwidlkld t’ub b b ARL

2 1M
\&edN)

1 1 =& -
p(&) =—=xf(2— &) + 5= g(x)dx+ K for I=¢&=2I,
(2.12) 2 Zcﬁ’

£-2l
p(é) =%f(£ -2+ ,,l—n f g(X)dx + K for 21=< ¢ =<3
p4 <C Jo

Since we now have p(¢) for 0 = £ = 3/, (2.9) with { = gives g(n) for 3/ = 7n = 0.
Then (2.10) gives p(&) up to & = 51 This process can be repeated to give g(n) for
any n = [ and p(¢) for any ¢ = 0. Thus the solution u(x, ¢) given by (2.3) is deter-
mined for all 0 = x = [, + = 0. Note that the constant K always cancels when p(¢)
and g(n) are added. Hence we may put K = 0.

Example. Let f(x) = x({ —x), g(x) =0 for 0=x=1
By (2.5) and (2.6) we have

p(€) =26(1—§) + K
g(m) =gn(l—m) =K
for 0 <¢ =<1 0=mn =/ From (2.9) with { = we find
g(n) =—%(—n)(1+ 1) — K
=%n(l+n) - K
for —/ = m = 0. Then from (2.10) with { = £
p(&) =—3(2— &) (I— - €) +K
=—JE—D@-H+K for [=£=2
and
p(&) =32 = £) I+ (21— §) + K

%(§m21)(3l—§) + K for 2A=¢=3L

t

Then by (2.9)
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g(n) =2(—n ~ )2 +n) =K

——0+m@+m —K for 2=q=-,

and

gi{n) = —%(*n —2h{(3l+n) — K
z%(zl“""?)(y‘*‘n)“lf for —3/=n=-2L

Continuing in this manner we find that if » is the integer such that nl < ¢ = (n+ 1)/, then
plé) = (=15 —nh)((n+ 1)I— ¢) + K,
while if m is the integer such that —ml < n = —(m — 1}/
q(m) = (1" 30ml+ m) ((m = Dl +m) ~ K.

To determine u(x, 7), we must determine the integers m and »n such that —ml < x — ¢t =
—(m—1} and nl < x+ ¢t = (n+ 1)!, and then use the appropriate formulas for p(x+ ¢t) and
el i tY Dpan ttmctagmmn £ o~ — 1 1 — 1 el i oA axrs Bl o 1 s — 9 il e A LT
grAa Ci). 1O jldiaiee, 11 ¢ — 1, t — 1, A — g, alld { — 4, WE LU A T ¢ — 3¢ >0 LldL ’L—A, WILLIC
x — ¢t =—71 so that m = 2. Then the solution u of the problem (2.1) with ¢ = /=1 and the initial
conditions u(x, 0) = x(1 — x), oujot(x, 0) = 0 has the value

1,179 _9 R SAY SR AT
da2)=2G=2)(-3)+ k-3 -1 -7) -«

_3

16

at the point x =+ at time = 2.

In the preceding discussion we first found p(¢) and g({) for 0 = { = [, found them for
other values of { by means of the recursion formulas (2.9) and (2.10), and then sub-
stituted in the solution formula (2.3) to find u(x, ). We now give a shortcut which
works for the present problem and, as we shall see in Section 4, for some other im-
portant problems. It does not always work (see Exercise 10).

We compare (2.6), which holds for 0 = v = [, with (2.11), which holds for—/ =y = (.
The first terms on the right can be made to agree by defining

(2.13) flx) =—f(—x)

for negative values of x. Since the function f(x) in the initial conditions is defined only
for 0 = x = [, we are free to define it in any way we like for x < 0. We have extended

f(x) as an odd function about x = 0.
If we also define

(2.14) g(x) =—g(-x)

for negative values of x, we have for n < 0

[ sdi=—| " e

— [ s

)
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where we have made the change of variable x = —x. We see then that if we extend f(x)
and g(x) as odd functions about x = 0 (that is, by (2.13) and (2.14)), equation (2.6)
gives g(n) for—I=n=0aswellasfor0 =n = [

Similarly, we find that if f(x) and g(x) are extended as odd functions about x = /
by means of the formulas ‘

fx) =—f(21 = x)
(2.15) 2(x) = —g(2l - x)

for | = x = 2/, then the formula (2.5) agrees with (2.12), and hence gives p(¢§) for
0=¢=2L

If we first use (2.13) and (2.14) to extend fand g to —/ = x = 0 and then use (2.15),
we define f and g for — = x = 3. Another application of (2.13) and (2.14) then gives
f(x) and g(x) for =3/ = x = 3l. The formulas (2.15) then give f and g for x = 5/ Pro-
ceeding in this way, we define f(x) and g(x) for all values of x by means of (2.13),
(2.14), and (2.15).

We can now determine p(&) by (2.5) and g(n) by (2.6) for all values of £ and 7. For
0 = ¢ = [and 0 = 7 = [ they agree with the previous result. Moreover

L
() =20 — 5 | " sDdi—K
— 310 +3, [ s~k
_2 2C og

=170 5, [ sGdE— K
=q(0),

so that (2.9) is satisfied. Similarly, we can verify (2.10). Thus p(¢) and q(n) deter-
mined by (2.5) and (2.6) with f{x) and g(x) extended as odd functions about x =0 and
x = [ are the same as before.

If the problem (2.1) has a solution, we find as in (2.7) that it must be given by

1 1 T+t . _
(2.16) ulx, 1) =3+ o) +fx=en] 4 [ g
The functions f{x) and g(x) are given for 0 = x = [, and are to be extended to other
values by the formulas (2.13), (2.14), and (2.15). Note that it is no longer necessary
to determine p(¢) and g(n) separately to find the solution u(x, t).
From (2.13) and (2.15) it follows that for any x

fix+2h) =—fQ2l — (x+2]))
=—f(—x)
= f(x).
Similarly,
g(x+20) = g(x).

Thus the extension formulas (2.13), (2.14) and (2.15) lead to odd periodic functions
of period 2/. Conversely, a function which is odd about x = 0 and periodic of period
21 is automatically odd about x =/
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To determine f(x) and g(x) we need only find the integer n such that nl = x < (n+ 1}
If n is even, it follows from the periodicity that f(x) = f(x — nl) and g(x) = g(x— nl).
(Note that 0 = x — nl < [.) If n is odd, we first use (2.13) and then the periodicity to
find f(x) =—f((n+ 1)l —x) and g(x) =—g((n+ 1)/—x). Note that the functional form
of f{x) and g(x) may be different in each interval nl = x < (n+ 1)1

Example. We again consider the problem (2.1) with c =/=1, f(x) = x(1 — x), g(x) = 0. By
(2.16)

u(x, 1) =3+ 1) + flx = 0)].

The function g{x) = 0 is clearly odd and periodic. The odd periodic extension of f(x) is given
in the interval nl = x < (n+ 1)l by

fx) = (=1)"(x=n)(n+1—x).

)40 D)

Here n =2 for f(%) and n = -2 for f(——%).

In particular,

We must still verify that (2.16) actually gives a solution of our problem. We have
verified earlier that it satisfies the initial conditions, provided g(x) is continuous and
f(x) is continuously differentiable. Putting x = 0, we have from (2.13) and (2.14)

w(0, 1) =3[f(et) +fl—et)] + 5= Jf “ e(Fydx=0

~ct

l\

Similarly u{l, t) = 0 because of (2.15).

We must still verify that « is twice continuously differentiable and satisfies the wave
equation. This is easily seen to be true if the function f{x) as extended is continuous
and twice continuously differentiable and g(x) as extended is continuous and con-
tinuously differentiable.

Setting x = 0 in (2.13), we see that if the extended function f(x) is to be continuous
at x = (0 we must have f(0) = 0. Similarly we must have f({) = g(0) = g(I) =0.

In order for the extended f(x) to be continuous and twice continuously differentiable
and g(x) as extended to be continnous and continuously differentiable it is necessary
and sufficient that (a) these conditions hoid for 0 < x < /, that (b) fand g be continuous
for 0 = x = [, that (c¢) the one-sided derivatives

£/ (@ =lim Lt

" — 1: f (x) “‘f+'(0)
£ (0) = lim p

x>0
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aswellas £/ (), £" (D), g.' (0), and g_’' (I) exist, and that (d)
fO)=f(D) =g(0) =g(D) =£"(0) =£." (I) =0.

Under these conditions, then, we have shown that the problem (2.1) has a unique
solution given by (2.16). We note that a small change in the initial functions f(x) and
g(x) produces a small change in the solution u(x, ¢). Therefore the solution depends
continuously on the initial data.

It is often of physical interest to look at a limiting case of the formula (2.16), where
f(x) is continuous but not necessarily continuously differentiable, or g(x) is only piece-
wise continuous. The function u(x, ¢) still satisfies u(x, 0) = f(x), u(0, t) = 0, and
u(l, t) = 0. It. can be represented as the limit of a uniformly convergent sequence
un(x, t) of functions satisfying the wave equation and u,{(x, 0) = fo(x), du/dr(x, 0)
= g.(x), where f, and g, are continuously differentiable, f, converges uniformly to f,
and

[ @ [ s

0

uniformly. The function u(x, t) is then called the generalized solution of the problem
2.1).

Example. Let

I—x for §5xsa

g(x)=0.

X for OSxS%l
fx) =

These initial conditions correspond to pulling the string at the point x = 4/ and suddenly re-
leasing it at time 1 = 0. It is an idealization (limit) of a problem where a force per unit length is
applied on a small interval containing x = /.

We find from (2.16) that

u(x, 1) =3[ flx+ et) + flx = en),

where f(x) is the initial function extended as an odd function of period 2/. If for a given x we
define the integer n by

we have

flx)y = (~=1)"(x—nl).

The solution #(x, t) can be described by stating that it is a continuous piecewise linear func-
tion with breaks only onlines x+ ct=(n+3)land x~ct=—(n—3)in=0,1,2, ..., such
that #(0, 1) = u(l, t} = 0 and u(%!, nl/c) = (—1)%l.
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th
5/ u=0
2c
1
u=21
3/ u=0
2c
o T 1,l°
! =2/
_l_ u=0
2c
uzél
1/ [ - X
jl

For a fixed time ¢ with 0 < ¢t < [{2¢ the string looks as follows:

U

i N\

The points of discontinuity in the derivative travel in opposite directions with speed c. At time
[/2¢ they hit the boundaries and then return, with the sign of u reversed. (Note that for t=[/2c,
u# = 0). At time 7 = [/c the disconiinuities meet 1n the center,

EXERCISES
1. If f(x) is defined for 0 = x = 1 by

Jf{x) = e* sinmx

and for other values by the extension

fl=x) =—=f(x),
f2—x)=—f(x),
find
(a) £(3/2),

21\

® A(-3).

(c) f(14).
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2. Show that if g(x) satisfies (2.14) and (2.15), then

Tr+21
f g(x)di=0

for any x. (This means that the limits of integration in the integral in (2.16) may be changed by
any multiple of 21.)
3. A string of iength / = 1 is initiaily fixed in the position ¥ = sin wx, and is released at time
t = 0. Find its subsequent motion.
4. (a) Find u, ) whenl=1,c=1, f(x) =0, g(x) = x(1 — x).
(b) Find u(2,2) whenl=c=1, f(x) = x(1 — x), g(x) = x*(1 — x).
5. (a) Show that the solution (2.16) is an odd periodic function of period 2/ in x.
(b) Show that the solution (2.16) is periodic of period 2{/c in r; that is, that

u(x, t+ 2?1) =yu(x, 1.
6. Show that the solution (2.16) satisfies
u(l —x, t+ %) =—u(x,t).

7. Find the generalized solution corresponding to the initial data

fx) =0,
0 for 05x<‘l1l
glx) =141 for %leS%l
0 for d<x=1

4

Sketch the x-t diagram, and draw the shape of the string for t = {l/c, t = %l/c, and t = l/c.
8. Derive the solution of the initial-boundary value problem

Fu_ LPu .
Yo caxzmo for a<x<b, >0,
u(x, 0) =f(x)  for a=x=ph,
%—?(x, 0)=g(x) for a=x=yp,
u(a, 1) =0,
u(b, 1) =0.
9. Derive the solution of the initial-boundary value problem
Pu_ o0
o caxzmo for 0<x<1, >0,

u(x, 0) = f(x) for 0=x=1,
%(x, 0)=g(x) for 0=x=1,

Ju _
ax(07 t) - 07
u(l, ) =0.

This problem arises when no vertical force is applied at x = 0.
10. Derive the solution of the problem

2 2
%—t‘;——&%x%:o for 0<x<1, t>x,
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u(x, x) = f(x) for 0=x=1,

%(x,x)——-o for 0=x=1,
u(0, 1) =0,
u(l, ) =0

when ¢ < 1. (This problem arises when the position and velocity at the various points of the
string are not measured simultaneously, but by an observer moving at speed 1.)

11. A rod of uniform elastic material of length ¥ liés along the x-axis with its left end held
fixed at x= 0. At time ¢ = 0 an identical rod hits the right end of the first rod with speed v, and
the right end of the second rod is thereafter fixed at x= 1. If the Young’s modulus and the density
of the rods are such that ¢ = 1, and if the displacement u is a generalized solution of the wave
equation, find u(x, ¢t) for t > 0. Sketch the x-¢ diagram.

3. Discussion of the Solution: Characteristics.
We now examine the solution (2.16) more closely. Consider a fixed point 0 < x < [,
For a time ¢ such that

Y R 2
and [ <
c

o =i

1<

the solution at this point depends only upon the initial data on the interval x — ¢f <
x < x+ ct. That is, a change in the initial data at a distance greater than cf from x will
have no effect on #(x, 7). Physically this means that a disturbance on the initial line
is propagated at a speed no greater than c.

It is clear from the formula (2.16) that u(x, 7) is changed only if f(x) is changed at
x — c¢f or x + ¢f. This means that the effect of an initial displacement is propagated at
precisely the speed c.

On the other hand u(x, 7) is affected by a change of va
x —cf < x < x+ ct. Thus the effect of a change in the initlal loc1ty ropagated at
all speeds up to c.

The interval [x ~ ¢f, x + c¢?] is cut out of the initial line by the two straight lines
x — ct = constant and x + c¢f = constant passing through (x, 7). These lines represent
propagation with the maximum speed ¢ in the positive and negative x-directions. They
are called the characteristics of the wave equation (2.2). A pair of characteristics
passes through each point (x, 7) of the (x, r)-plane. The interval [X — cf, x + ¢f] on
the initial line is called the domain of dependence of the point (x, 7).

In order to clarify the concept of propagation we consider some particular initial
value problems. We first consider the problem where g(x) = 0, and f(x) = 0 except
in a small neighborhood of some point x, on the initial line, where f(x) is positive.

4]
[+5)
=

g<1
...
-
¢
=t
—
-
[
s
et
[¢})
"K
=3
[¢"]
"l

1

AN .
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we see from (2.16) that for each fixed ¢, u(x, 1) = 0 except in small neighborhoods of
x = Xxo + ¢t and x = xo — ct. These points lie on the two characteristics x — ¢t = x, and
x + ¢t = xp passing through the initial point (xo, 0). Then for small values of ¢ the set

th

Xo | x+ct=x X—cl =X

where u(x, t) is positive is concentrated on the two characteristics through x,. That
is, the disturbance is propagated along these characteristics.

Suppose for convenience that x, < 4. At time t = x,/c the left characteristic will
hit the boundary x = 0. Consider a point x < xo. To find «(x, ¢t) for a time t > x/c
we must continue f as an odd function of x. This function is zero for — < x < 0 except
in the neighborhood of x = —x,. Therefore, we find that until ¢ is approximately equal
to (xo + x)/c, u(x, 1) =3[ f(x + ct) + f(x — ct)] = 0. However, at a time near ¢ =
(xo + x)/c the term §f(x — ¢t} = —%f(ct — x) will give a negative value for u. This
means that we have a negative pulse aiong the characteristic x — ¢f =—x,. This charac-
teristic hits the boundary x = 0 at r = x,/c, that is, at the same time as the left charac-
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teristic through x,. We can say that the left characteristic has been reflected on the
boundary x = 0 as a right characteristic. After this reflection the pulse 3f(x) is
propagated as a negative pulse, In a similar manner the right characteristic is reflected
from the boundary x = [ as a left characteristic and the sign of the pulse is reversed.
The new left characteristic is again reflected when it hits the boundary x = 0, and the
sign of the pulse is again reversed, restoring its original sign, and so forth. We see,
then, that the influence of a displacement at x, is confined to the characteristics through
xo and their reflections.

Consider now the problem where f(x) = 0, and where g(x) = 0 except in a small

i
neighborhood of x,, and f g(x)dx = 2c. The solution (2.16) now shows that u(x, f)
¢

is constant except in small neighborhoods of the characteristics through x, and their
reflections. It is easily seen that this constant is 1 or —1 inside the parallelograms
formed by the characteristics, and zero in the triangles.

~
\:x

2I+Xc)

Thus a change in the initial velocity at x, affects only the points inside the paral-
lelograms. A change in the initial displacement at x, affects only the boundaries of
these parallelograms. Therefore any disturbance at (x,, 0} influences the solution
u(x, t) only in the parallelograms and on their boundaries. This set is called the do-
main of influence of the point (x,, 0).

To observe another property of characteristics, suppose that a generalized solu-
tion « is continuous, but that it has a discontinuity in its directional derivative

du_ 1ou
dx ¢ ot

in the direction of a characteristic x — cf = constant at some point (x, 7).
Since by (2.16)

ou

1ou _ 1
2 T oot =f'(x+ct) +cg(x+ct),
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it follows that the quantity f'(x) + (1/c)g(x) must be discontinuous at x =x + cf. It
then follows that the directional derivative

du_ 19u
Jdx ¢ of

has the same discontinuity along the whole characteristic x + ¢t = x + ct. Thus, a dis-
continuity in a derivative in the direction of a right characteristic is propagated along
a left characteristic. Similarly a discontinuity in a derivative in the direction of a left
characteristic is propagated along a right characteristic. These discontinuities are
reflected when the characteristics are reflected.

A discontinuity in ' (x) + (1/c)g(x) at x, produces a discontinuity in the derivatives
of u on the characteristic x + ¢t = x, and its reflections for all time. The discontinuity
may be cancelled by another discontinuity at some times, but it will always reappear.

Similar results also hold for higher derivatives. Suppose, for instance, that f(x) =
g(x) = 0 for x < x,, and that a jump discontinuity occurs in the kth derivative of f’(x)
or g(x) at x,. Then the **head” of the wave, that is, the point where u ceases to be
zero by virtue of suddenly having some nonzero derivative, travels exactly with speed
¢, and a derivative of order £ + 1 of u has a jump discontinuity whose magnitude re-
mains constant.

EXERCISES

1. Show that if du/dx has a discontinuity at a point (x, 1), then this discontinuity is propagated
along at least one of the characteristics through (x, 7).

2. Show that a discontinuity in §%u/dx? is also propagated along at least one characteristic
through (x, 7).

3. Suppose that

ou_, 1
[

du
ax t

d
has a jump discontinuity of magnitude one across a characteristic x + c¢f = x, (that is,
ouldx(xo—ct+0, )+ 1/c dufdt(xo—ct+0, 1) —oufdx(xo—ct—0,t) — lfc dufot(x—ct—0, 1) =1),
while u and du/dx — 1/c dufdt are continuous along this characteristic.
(a) Find the magnitudes of the discontinuities in du/ox and du/dt across this characteristic.
(b) Find the magnitudes of the discontinuities in dufdx and du/dt across the characteristic
obtained from the original one by reflection in the boundary x = (0 where u = 0.

4. Reflection and the Free Boundary Problem.

It is easily verified that for any function f{x) that is twice continuously differentiable
and any function g(x) that is continuously differentiable for —» < x < o the formula
(2.16) gives a solution u(x, t) of the wave equation (2.2) satisfying the initial condi-
tions u(x, 0) = f(x), ou/at(x, 0) = g(x) for all x. Thus u(x, t) is the solution of the
initial value problem for an infinitely long string. Once we have solved this initial value
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problem and shown the solution to be unique, we can solve the initial-boundary value
problem (2.1) directly in the following manner.

We first note that the wave equation is unchanged in form if we make the change
of variables

That is, the equation simply becomes

%u 0% _
o

0.

It follows that if u(x, t) is a solution of the wave equation, then so is u(—x, ¢). Now
suppose we have a solution y(x, t) of the initial value problem for the wave equation

with odd initial data:
ulx, 0) = —u(—x, 0),
%y, 0) =-2(—x, 0)
ar "’ ot * o

Then —u(—x, t) is a solution of the same problem. Since the solution is unique, we
must have

ul(x, t) =—u(—=x,t).

That is, the solution is again odd.

In a similar way we show that if the initial data are odd about x = { {that is, f(x) =
—f(2l — x}, g(x) = —g (2l — x)], the same is true of the solution u(x, t).

If the initial data are odd about both x =0 and x = [, the same is true of the solution
u{x, t). In particular, then,

u(0, t) =—u(0, 1) =0,
and
u(l, ty =—u(l, t) =0.

Thus the solution of the initial value problem for a very long (infinite) string with data
which are odd about x=0 and x=/ gives a solution of the initial-boundary value problem
(2.1). (Note that for any particular value (x, 7), the string need not be infinite, but
only long enough to contain the interval [x — c¢t, x + ¢t].) This reasoning again leads
to the extension formulas (2.13), (2.14), and (2.15).

The above reduction of an initial-boundary value problem to an initial value problem
works for a large class of partial differential equations. For example, we may apply
it to the equation

u 9%

e a0

when ¢ depends on x and possibly also on £. We must simply extend ¢ as an even peri-
odic function of x of period 2. (Of course, it is still necessary to establish the unique-
ness of the solution of the initial value problem and of the initial-boundary value
problem. This will be done later.)

The same idea can also be used to solve another type of boundary value problem. In
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the derivation of the string problem we assumed that sufficient vertical force is applied
at the ends to keep the string from moving vertically. This assumption led to the con-
ditions «(0, t) =0and u(/, t) =0. As an alternative, we could say that we apply no force
in the y-direction at x = 0. (We must, of course, still supply the tension T, in the
x-direction.)

Since the y-component of the force of the string on the end is T (dy/ds), the lack of
vertical force means that dy/as = 0 or, in our approximate model

9%, 1) = 0.
ox

This condition is called a free boundary condition in contrast to the condition # = 0,
which is called a fixed boundary condition.

The condition du/dx = 0 also corresponds to the absence of force on the end in the
elastic problem.

Consider now an initial value problem for a long string with initial data f(x) and
g(x) which are even functions:

fl=x) = f(x),
g(—x) =g(x).

If u(x, t) is the solution of this problem, u{(—x, 7) is also a solutien, and hence

e

u(—x,t)y=u(x,t).

That is, u(x, t) is even in x, It follows that

au _
—6;(0’ t) -

Thus we can find a solution of a boundary value problem with a free boundary condi-
tion at x = 0 by extending the functions f(x) and g(x) given for 0 < x < [ as even
functions. If we have u = 0 at x = /, we must extend f and g as odd functions about
x =1, so that

flx) =—f(21 - x),
g(x) =—g(2l —x).

These conditions together with the evenness define f and g for all x. If the end x = [
is also free, we extend f and g by the relations

flx) =f(2 —x),
g(x) = g2l —x).
In either case, we must simply substitute the extended functions f{x) and g(x) in
(2.16) to obtain the solution.
The domain of influence of a point (xo, 0) on the initial line for any of these problems
is on and above the two characteristics through (x,, 0). The domain of dependence of
(x, 1) is on and below the two downward characteristics through (x, 7).

Example. If

2 2
%t—‘;—‘;—x—‘;=0 for 0<x<1, +>0,

u(x, 0) =1 for 0=x=1,
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%—L;(x, 0)=sin®zx for 0=x=<1,
du _ ou _
ax( 7[)_ax(l, t)__O,

find u(3, 2).
By (2.16) we have

(s 2) Q)3 s

where f(x) and g{x) are the even extensions about x = 0 and x = | of the initial functions. They
are clearly given by

flx) =1,
5\-/“/ IDlll "Al-
Then

(1 z)—1+1f"2 |sin® mx] d

ulz,2)= 3 |y, 1510 x| dx
_14+8
=1+
EXERCISES

1. Find u(x, t) corresponding to the initial values f(x) = sinx, g(x) =0, when (0, ) =0
dufox(mi2, £) =0, c = 1.
2. Find u{x, t) corresponding to
- — ou _ du _ _
flx)=20 g(x) =cosx when ax(O, f) ax(ﬂ’ 1)=0,c=1.

3. Find the domain of influence of a point (x,, 0) when
ufox(0, t) =0, u(l, 1) =0.
4. Solve Exercise 11 of Section 2 when the right end x = 1 of the second rod is kept free of

external forces.
5. Show that if f(x) is even about x = 0 and x = [, then f(x) is periodic of period 2/ in x.
6. Show that if du/ox = 0 at x = 0 and x = i, the solution « satisfies the recursion relations

u(x, :+?~—’) —ulx, 1) +2 f’ 2(X)di
C C Jo

I~
=3

Iy _ [
u(!-—x, t+z) =u(x, t) + CL g(x)dx.

7. Show that if dufox = 0 at x=0 and « = 0 at x = [, u is periodic in t of period 4i/c.

8. If Alx) =x2(1 —x)2, g(x) =1, du/ox(0, t) = sufox(1,t) =0, c=1, find u(£, L).

9. If flx) = (1 —x)3, g(x) = (1 — x)%, ufox(0, t) = u(l, t) =0, c =1, find u($, 3).

10. Sketch the x-t diagram of the solution of the problem where (0, 1) = dufox(l, ) =0,

[
f(x) =0, and g(x) = 0 except in a small neighborhood of x = x,, with f g(x)dx = 2c.
0

5. The Nonhomogeneous Wave Equation.

In Section 2 we solved the problem (2.1) in which no external forces are applied to
the string. We consider now the pure initial value problem



CHAP. 1 5. The Nonhomogeneous Wave Equation 25
ﬁ——cla—— F(x,t) for t>0
ar? ax? ’

(5.1) u(x, 0} = f(x),

du _
5 (x, 0) = g (),
which includes the forcing term F(x, ¢), but no boundary conditions.
We again make the change of variables

&E=x+ct,
n=x—ctL

The differential equation then becomes

Pu (£+1 f—n):__F(f f—n)
akam\ 2 ° 2c 4\ 2 ° 2¢ )
Integrating with respect to &, we have

1_93(§+n f*n):iﬁ(
m\ 2 ° 2 an

Ly
+
3
ey
|
=
S —"
[

1 du 1 ou
L[ (E+ f—n)
4¢* nF( 2’ 2 df

We integrate this equation from an arbitrary value of n to ¢ to find

u(, 0) — (S5 N [1 a“(‘, 0~ 1?;;(7), 0)]dn

J7

In the first integral we note that

n 0X

fqﬂﬁxmﬁ=u@ﬂ”‘”moy

In the second integral we let

The domain of integration n = n =

or

ntci=%=¢—df osfszi(g "

The Jacobian determinant (9&/0x) (9m/dt) — (9€/at) (dm/dx) of the transformation from

(£,m) to (x, 1) is —2¢. Therefore
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1 E+7M £-7 fe-mie [E=F
ac Jﬂ Jﬁ F( 16 )dfa"n 5 J JM_ F (%, 7)dxdr.

Making these substitutions and transposing, we find
ou — _
(S5 ET) = Ju(e, 0) + utm, 0] + 3¢ [ oG, 01

2 ' 2
1 [E-mize £-ct N
+ = f _F(x, t)dxdt.

2c 0 n+-ci

We recall that £ = x + ¢t and y = x — ct. We use the initial values u(x, 0) = f(x),
duldt(x, 0) = g(x) to obtain the solution formula

u(x, 1) = %[f(x ren Hfa—el+s [ gz

(52) r+et—1) o
_ F(x, t)Ydxdt.
x—clt—1)
This expression reduces to (2.16) when F = 0. It gives a solution of the problem

(5.1), provided f is twice continuously differentiable, g is continuously differentiable,
and F and aF/dx are continuous, The formula (5.2) is known as the d’Alembert solution
of the nonhomogeneous wave equation.

We note that u(x, ) depends only upon the data at points (x, 7) in and on the bound-
ary of the characteristic triangle |x — x| = c¢(¢ — 7). This, then, is the domain of de-
pendence of (x, ). This fact again means that disturbances are propagated with speed
no greater than ¢. We may think of the domain of dependence as the “‘past” relative to
the point {x, ¢).

In a similar way, we can speak of the domain of influence of a point (x, 7) as that set
of points in space-time which is affected by a change in F at (x, 7). This domain is
easily seen to be the set on and above the two characteristics going up from (x, 7) in
the positive ¢ direction. It is the “‘future” relative to (x, 7).

If we wish to solve the initial-boundary value problem

"’a—ztg—‘—czgz =F(x, t) for 0<x<|, >0,
u(x, 0) =f(x) for 0=x=1,
(5.3) %L;-(x, 0) = g(x) for 0=x=1I
u(0, ) =0,

u(l, 1) =0

we use the methods of the preceding section. That is, we extend the functions F (x, 1),
f(x), and g(x) as odd functions about x = 0 and x = [. Then the solution (5.2) is itself
an odd function about x =0 and x = [, and hence satisfies the boundary conditions.

Example. Find u(%, 1) when F(x, t) =t sin? wx, u(0, H=u(l,1)=0

u(x, 0) = ou

aT(x,0)=0, c=1[=1.

The solution (5.2) gives
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fi (5id—t
o 1 X, 1) dxdi.
(4 ) 2 Jo J—:}/4+J_F(x, fdxdi

To compute this integral we must determine the extended function F(x, ). We find

F(x, t)y =*1tsin’wx,

where the + sign holds for 0 = x = | while the — sign holds for ~-1 = x=0and 1 = x = 2.
We split the r integration into subintervals, on each of which the limits of the integrals with
respect to x remain within one of the intervals —1 = x <0,0=x=1],0r1 < x = 2. Then we have

1 1 0 = o —\ = _ . _ sa-t .
( I) f [ f _ (T sin® mx)di + | 7 sin® wx d¥ + (—F sin? wx)dx}dr
0 o .

4’ 2 -:;/4-4-1
LEAEL s anydi+ [ 7 sin? o% di |dr
2 JI/4 L .} 3/4+1 JO J

54— A o
+ = J f 7 sin? wx dxdr.
2 Jaja —3j4+1

Parts of the integrals cancel, so that the integrals reduce to

(1 N\ [1/4 [‘3/4+T? P 1 (34 {‘5/4 T ;
“ b l/ 2 O Jr’jq l L_\)lll i1 A uﬂ“. 2 J1/4 J.;f“*[ sin? 7 d

5/4—t . _ _
f f T sin? 7x dxdi
2 3/4 —3/44t

64

Ty
>< |
£

ot
At

The above cancellation came about because F(x, t) was extended as an odd function
about both boundaries. At a free boundary where du/ox = 0, FF must be extended as
an even function, and no such cancellation will occur.

EXERCISES

1. Find the value at x = %, t = 3 of the solution of the initial value problem (5.1) when f(x)
=g(x) =0, F(x) = e*

2. If
2 2
%?,%f_ e for 0<x<1, t >0,
u(x, 0) =0 for 0 =x=1,
%(x’()):() fOr OSXSI,
ou _
5(011)—'0

ou _
5(19 't) - 03

find u(3, 3).
3. Find the solution of

u  *u

W—a—z—smﬂ'x for 0 <x<1, t>0,
u(x, 0) = for 0=x=1,
g—‘t‘(x,())mo for 0=x=1,
u(0, 1) =0,

u(l, r) =0.
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4. If
Pu_ u_ o
pYE 4ax2_x for 0 <x<1, t >0,
u(x,0) =90 for 0=x=1,
& (x,0)=10 for 0=x=1,
u(0,1) =0,
ou _
a_x(IJ t)_07
find u(4, 4).
5. 1f
2 2
%ig—ng;:l—x for 0 <x<1, t >0,
u(x, 0) = x*(1 ~x) for 0=x=1,
3—?(/\?,0)=0 for 0 =x=1,
ou —
H(Os t)_(),
u(l, t) =0,
find u(4, 2).

6. Show that if the force function F in (5.3) is a function of x only, the solution « is periodic
in ¢ of period 2//c. That is,

u(x, t+ l) =u(x,1).

A\

("5|N
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CHAPTER 11

Linear Second-Order Partial
Differential Equations
in Two Variables

6. Linearity and Superposition.

The symbol

describes a set of manipulations (differentiation, multiplication, and subtraction) which
assigns to any sufficiently differentiable function u(x, t) a new function of x and ¢.
Such an assignment (or transformation) of one function to another function is called
an operator. Since the basic process is partial differentiation, we call the particular
operator which assigns to each u the function

Pu 0%

ERRFY
a partial differential operator. For brevity, we denote such an operator by L, and the
function it assigns to a particular u by L[u].

The above operator L has a very special property. We note that if u(x, ¢t) and
v{x, t) are any twice differentiable functions, the same is true of a linear combination
au(x, t) + Bv(x, t), where « and 8 are any constants. Thus, L[au + 8v] is defined. By
the rules of partial differentiation

Llau + Bv] = al[u] + BL[V].

An operator having these properties is called a linear operator.
By no means all operators are linear. For example the operator L such that

2 au)2
+ (@

/ YL/

ou

L[u] = (\a)
is not linear. As a matter of fact, most physical problems involve nonlinear operators.
The simplifying assumptions we made in Section 1 were aimed precisely at replacing
a nonlinear operator by a linear one. This is typical, in the sense that it is possible to
approximate the solutions of many problems by replacing nonlinear by linear opera-
tors. We shall be concerned only with such cases.

29



An equation which equates L{u«], where L is a linear partial differential operator, to
a given function F:
Llu]=F

is called a linear partial differential equation. The wave equation is an example of a
linear partial differential equation in which F = 0. A linear equation with F = 0 is called
a homogeneous equation.

As we have seen, the unknown function u(x, ¢) is in general not determined by the
differential equation alone. We must also prescribe initial and/or boundary conditions.
The transformation associating with a function u(x, #) its initial values u(x, 0) is also
a linear operator, which we may denote, say, by Li{u]: Li[u] = u(x, 0). Similarly,

Lalu] = 3%(x, 0)

is a linear operator, as are

L‘;[H] = H(O, t)y
Lilu] = u(l, t).

The initial-boundary value problem (5.3) may thus be written in the form

Llu)=F(x, ),
Ll[u] =f(X),
LZ[“] = g(X),
Lq[u] = 0,
L4[H] =0.

This is a system of linear equations. We call a system consisting of a linear partial
differential equation together with a set of linear subsidiary conditions a linear prob-
lem. We shall deal only with such problems.

We demonstrate some of the simplifications that occur by working with problems
which involve only linear operators.

We consider a linear problem of the form

Llu]=F,
Li[u] = fi,
(6.1) Lz[u] = fa,
Li[u] = fx,

where the first equation is a linear partial differential equation while the others are
linear initial or boundary conditions.
Suppose we can find a particular solution v of the differential equation

Llv]=F

which need not satisfy any of the other conditions. Then we can define the new inde-
pendent variable
w=u—v.

By the linearity of L we obtain the equation
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L[w] =L[u] —L[v]=0.

That is, w satisfies a homogeneous differential equation.

We have thus shown that any solution u of the equation L{u] = F can be written as
the sum of any particular solution v of this equation and a solution w of the correspond-
ing homogeneous equation: ¥ = v + w.

Any solution of a homogeneous linear ordinary differential equation of order »n is a
linear combination of n linearly independent solutions of this equation. This is no
longer true in the case of partial differential equations. This fact accounts to a large
extent for the vastly greater difficulty of solving linear partial differential equations.

If we have a particular solution v of L[v] = F, we can reduce the problem (6.1) to
a new problem of the same kind, but with F= 0. For putting w=u« — v, we have from the
linearity

Liw] =0,
Lilw] = fi — Li[v],

Li[w] = fi — Li[v].

Example. Consider the problem

izf——gi";‘=sin7rx for 0<x<1, >0,
u(x,0) =0 for 0= x=1,
B (x,0) =0 for 0=x=1,
u(0, 1) =0,
u(l, t) =

A particular solution of the differential equation is
|
v = —; sin mwx.
m

If we put w=u — v, we find that w satisfies

3 -
o°w _ o*w

T TR
1 .
wix, 0) = ~ 3 sin mx,
ow _
ET(X’ 0) - 0,
w(0, 1) =0,
w(l, 1) =0,

Solving by (2.16), we have
wix, t) :—#[sin a(x+¢t) +sina(x—1)].
d al

out x =

>

and x = 1). Thus we find the solution

27T2[2 sinfrx —sinaw{x+1¢) —sin w(x—1)]

= —Iﬂ_g sin wx(1 — cos wi)

without performing the integration required by the solution formula (5.2).
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In a similar manner, we may replace (6.1) by a similar problem where some of the
functions fi, . . . , fi are zero by subtracting from u a function which satisfies some of
the boundary conditions.

Example. In section 5 we solved the initial-boundary value problem (5.3) for a string with
fixed ends. We required that # =0 at x=0 and x = . We now wish to move the ends of the string
in the y-direction in a prescribed manner. That is, we give

9> 3
a—t';‘——c2é~x%=F for 0 <x </, 1 >0,
ulx, 0) = f(x) for 0= x=/
B(x,0)=g(x) for 0=x=/,
u(0, 1} = f2(1),
u(l, 1) = fi(1),
where f3(t) and f;(t) are prescribed functions.
A function satisfying the last two conditions is

7= 1160 + =AM,

Putting w = 4 — v we find that w must satisfy

2.5 205 1 " 4
%_t\;)_cng‘g: F =70 () + (1= 0f"(0)],

w(x, 0) = f(x) — Hefa(0) + (I = DAO)],

W (x, 0) = g(x) = 3L (0) + (1= x5 (O],

w(0, 1) =0,
wil, 1) =0.

This s in the form (5.3) and hence we can use the solution (5.2). Then u(x, t) =v(x, t) +w(x, 1).

The linearity of the problem (6.1) can also be used to split it into simpler subprob-
lems. Suppose that u, is the solution of

L[uﬂ] = F',-
Ll[uo] = 05
Lifue] =0,
that », solves
L[u1] - 0,
L[] = £,
(62) Lz[ul] = 0,
Li[u:] =0,
with analogous conditions for u», us, . . . , ux. Each of the functions uy, . . . , ux involves
only one piece of the data F, fi, . . . . fi. By linearity, we find that the function

U=Ug+ 1+ - -+ u

satisfies (6.1). Thus, u is obtained as a sum of terms each of which represents the effect
of one piece of the data. The solution formula (5.2) represents such a decomposition
~into the effects of initial position, initial velocity, and force.



CHAP. It 6. Linearity and Superposition 33

Each of the subproblems may itself be decomposed. Suppose we have a set of func-
tions v!, v2, . . ., all of which satisfy the same set of homogeneous equations, say
L[vd] =0,
L:[v®@] =0,
Li[v?] =0, i=1,2,...

Then if f; can be represented as a finite linear combination of the functions L,[v(V],
Li[v®], ..., thatis, if

S = aili[vV] + a:Li[v®] + - - - + apli [vV],
the function

ul = a]v(l} + . v . + anv(n)

is the solution of the problem (6.2).

fi is the limit of a sequ

infinite series

N

fi=3% al[v'"] =lim % a,L[v].
! n 1

—

In this case the function

x

(63) U, = 3, a;vt
1

will satisfy (6.2), provided the operators L, L,, . . . , Ly may be applied to the series
term by term. Since the operators L, L., . . . , L; are differential operators, this will
be the case if all the series obtained by applying each of the derivatives that appear
in these operators to each term of (6.3) converge uniformly.7

Example. The functions

v = sin iwx COS it
satisfy
aZV(E) a?v(il
ar axt
viD(x, 0) = sin imwx,
gy
5 (0 =0,

0, 1) = vl 1) = 0.
Hence the problem

d*u  Fu

arr  axt

t The series
ﬁl a;L[vi(x)]

is said to converge uniformly on the interval ¢ = x < b if for any € > 0 there is an integer N (¢) independent
of x such that

m

T allv(x)]] < e

i+

throughout the interval whenever n and m are larger than N(e€).
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u(x, 0) = E‘. i~ sin iwx,
i=1

LA

V)

u(0,)=u(l,1)=20

is solved by

20
u(x, t) = X i sinimwx cos iwt.
i=1

A final simplification present in linear but not in nonlinear problems occurs in the
formulation of uniqueness and continuity theorems.

Suppose that « and u are both solutions of the linear problem (6.1). Then by linearity
the function v = i — u satisfies the homogeneous system

Liv] =0,
(6.4) Llv] =0,
L,I;[V] =0.

The system (6.4) has the trivial solution v = 0. If this is its only solution, then u — &
must be identically zero. That is, the problem (6.1) has at most one solution. (It could
also have none).

Suppose, on the other hand, that there is a solution v of (6.4) which is not identically
zero. Then if (6.1) has a solution u, the function i + av where a is any constant is also
a solution. That is, (6.1) cannot possibly have exactly one solution. It may have no
solution, or infinitely many solutions.

Thus the uniqueness problem for (6.1) is reduced to that for the homogeneous
problem (6.4). The latter is independent of the particular data F, f;, . . . , fi appearing
in (6.1).

Similarly the question of continuity of the problem is: Let u« be a solution of (6.1)
and let u a solution of the related problem

L{u] =F,
Li[u] = fi,
LI.-[H] :ﬂ
Is it true that if (F—F), (fi—f), ..., (fi —fr) are small, the difference u — u is also
small? If we let
V=u—u,
G=F—F,
gi=f — N,
g =fi ~Jr,
we see that v satisfies the problem
Lv]=0G,

(6.5) bhﬂfgu

L [‘l’] = g
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Our question now becomes: is it true that the solution v of (6.5) is small if the data

G, g1, . . ., gr are small? This question is a special case of the original one with u=F =
fi="++=f, =0. For linear problems we need only treat this special case.
EXERCISES
1. If
%??-%;%= for 0<x<1, >0,
u(ix,0)=0 for 0=x=1,
B 0)=0  for 0=x=1,
u(0, 1) = sin®¢,
u(l, 1) =0,
find u(%, %)
2.
‘;z—tf—g%”=0 for 0 <x<1, >0,
u{x, 0y =0 for 0=x=1,
%L?l(x,O)———O for 0=x=1,
u(0, t) =0,
(1,1) = re,
find u(l, 2).
2

3. Show that if f(0) = f(I) = g(0) = g(I) = 0, the function v = f(x) -+ tg(x) satisfies all the
initial and boundary conditions of the problem (5.3). Show that if the solution of the problem
for w = u — v is obtained by means of (5.2}, the function ¥ = w -+ v so derived agrees with the
solution by (5.2) of the original problem.

4. Find which of the following operators L are linear

2
(@ Llu] = 94+ 22k
_ou, 0w
(b) L[u] = o TugE
_ (ouy , #u
(© Llu] = (at) 3x®

2 2

A2
TA

(d) Llu] =
5. Show that the problem

2 2
Fu_ 20U _ g for O<x<[ >0

w(0,0)=fi(t) for 0=x=I,
My y=fi(ry for 0=x=1,
ox 7 v

u(x, 0) =fz(x),
%Lf(x, 0) = fi(x)

k4

has at most one solution.
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7. Uniqueness for the Vibrating String Problem.

We consider the linear initial-boundary value problem

%}%{—62( )%=F(x,t) for 0<x<l!, t>0,
u(x, 0) = f(x) for 0 <x=<I,
(71 %(L 0) =g(x) for 0=x=<]|,
u(0, 1) = f3(¢),
u(l, t) = fi(1),
where

ct(x) = Tolp(x)

with a (possibly) variable positive density function p(x).
Since F is the external force per unit mass, the rate of work being done at time ¢ is

Ll F(x, t)p(x)%(x, t)dx.

In order to write a law of conservation of energy, we multiply the first equation by
pou/dt, and note that

R N B R
Potl o~ “axz| a1 2P\ar) T 27" Nox ax| * %x 9t |

The differential equation then becomes

a3 1 (du ou d ou du ou
(7.2) at 2[ ( ) T (ax) ] ax[T %9x ar] Fras
We integrate this equation with respect to x from 0 to /, and with respect to ¢ from
0 to some time 7 > (. This gives

% ﬁ : {p(x) [a—”(x, ?)]2 + To[%(x, ?)]Z}dx
(13) -3 {p(x)[ (%, 0)] 4—7}[Qﬂ(x,0)]2}dx
-frfﬂtn (lndr+f 0, ) 400, 1)t = ] [F¢ﬂnm

The first two integrals represent the difference in energy (kinetic plus potential) at
times 7 and 0. The second pair of integrals represents the work done by the y-com-

ponents of the tensile force on the ends. The right-hand side is the work done by the
""{'\‘l"{‘ﬂ F

If u, and u. are solutions of two problems of the form (7.1) whose data F, f,, f3, fs,
and f; coincide for ¢t < ¢, the difference v = u, — u, satisfies the same problem, but with
F=f=p=fi=fi=0for0 <x <!land 0 < ¢ < 1. Then clearly also dv/at=0at x=0
and x = [, and dv/éx =0 at 1 = 0. The energy balance (7.3) reduces to

(7.4) 5 f { [ (x, t)] +To[g—;(x, ?)]2}dx=0,
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which states that if the string has no energy at time 0 and if no work is done on the
string, the energy remains zero.

We assume that p(x) > 0, Ty > 0. Then the integrand can never be negative. Sup-
pose that the integrand is positive on some interval (x,, x2). Then the integral over this
interval is positive. The integrals from 0 to x; and from x» to / cannot be negative.
Therefore the integral from 0 to [ is positive, contradicting (7.4). This argument shows
that the integrand in (7.4) cannot be positive over any interval. If we assume that the
integrand is continuous, it must actually be identically zero. For if it were positive at
a point, it would be positive in a small interval containing this point.

We have shown that if all the data are zero for ¢ < ¢, then dv/ot(x, f) = 0. We can
apply the same argument for any #; < 7. Then

%;(X,tx):o for 0<1t =1, 0<x<l

Since v(x, 0) = 0, it follows that
vix,t) = wi(x, 1) —u2(x,1) =0 for t=7.

We have proved that the solution u(x, 7) of (7.1) is uniquely determined by the data
for 0 = ¢t = 1. In particular, we have shown that the domain of dependence of a point
(x,7) is containedintherectangle 0 = x=[,0=<(=T.

In the case of the wave equation (¢ = constant) we found that the domain of depend-
ence was only that part of this rectangle which lies on and below the characteristics
through (x, 7). This is equivalent to a finite speed of propagation ¢, and we can expect
a similar result when ¢ varies with x.

We consider a curvilinear pentagon P bounded by t=0, x =0, x=1[, and two curves
C, and C, defined by equations 1 = Q,(x) and 7 = Q.(x), respectively, with Q;(x) =
Q:(x) =1.

th

(x,1)
C /\
/ C,
th
P
12
p > X

We integrate the equation (7.2) over P. We integrate the first term on the left first
with respect to 7 and then with respect to x, and the second term in the opposite order.
We replace u by the difference v of two solutions whose data coincide on P, so that
F=f=g=f;=f;=0 on P. We obtain the equation

L1 foav 1 av av av av
J;)[ip(g;) +2T0( )]d fTog—Ed +f T %y =0,

x,)onCi+ C; (x, 1) on C, (x, 1) on C,
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Second-Order Partial Differential Equations
Since ¢ is given as a function of x on C, and on C., this equation may be written as

38
PI1 favE L L fov avavdt
We obtained the uniqueness from (7.4) by noting that the integrand cannot be nega-

tive. This is clearly true in (7.5) when dt/dx = 0; that is, when C, and C, are parts of the
line 1 =f. We now ask for what other values of dt/dx the mtegrand must be nonnegative

Completing the square, we see that the integrand can be written as
i) |2))
dx ‘

1 dt dv J1  (dt
2'0{[ + Czdx ax] te [c2 (
(We recall that ¢ = Tyfp.) This expression is clearly nonnegative if the factor (1/c¢?*)

(dt/dx)? is nonnegative. That is, if
ﬂ)z <1
dx c*

both on C, and C,. Since we wish to find the smallest possible domain of dependence

we make the curves C; and C; as steep as possible. We therefore let

A4 1
_6 Ul — 1
(7.6) e o Oy
dt 1
_— C..
dx . cx) O™
Then the equation (7.5) becomes
1 fov av\? I fov
Jo, G+ ) st |, (G- S) s =0
We again conclude that the integrands must be identically zero. In particular at
(x, ) we have
ov ov _ av Q
or T Cax =0 ot Sax O
and hence
gy ov
ax otV
Curves satisfying
(@) -=
dx c?
are called characteristics of the differential equation (7.1). The curves C; and C; are
the characteristics through (x, 7). Their equations can be written in the form
Ci:t=1 f —>
! x C(f)
_ [ d¢
Cot=1— f__ .
? x C(f)

(7.7)
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We have shown that if the data of the problem (7.1) vanish on the pentagon P bounded
by the initial and boundary lines and the characteristics through (x, 7), then dv/ot =
0 at (x, 7).

It is clear from (7.7) that for ¢ < ¢ the pentagon P corresponding to (x, ¢) lies inside
that for (x, 7). Hence by the same reasoning dv/ot(x, t) = 0 for all 0 = ¢ = 7. Since
v(x, 0) =0, we conclude that v(x, ) = u(x, ) — u=(x, 1) =0,

We have proved:

UNIQUENESS THEOREM. The value 4 (x, 7) of the solution of (7.1) is uniquely deter-
mined by the part of the data lying on the pentagon P bounded by the initial and boundary
lines and the characteristics (7.7) through (x, 7).

By definition, P is the domain of dependence of (x, 1).

Example. Find the domain of dependence of the point (3, 3) with respect to the problem

2 2
%#_(4_12)3}2231‘"(&1) for 0<x<1, t>0,
Cufx, 0)=%(x, 0)=0 for 0=x=1,

w0, =u(l, )=0.
The characteristics are given by:

1/2
Ci:t=3 —L Wd_ﬁ?: 3 —sin”%-}— sin-l%x,

-=_r_d§_: '—11_..'—1
Co:t=3 Lzm 3+ sin 4 51n12x.

Thus the domain of dependence is the pentagon

05t53—sin‘1%+sin—1%x for OSxS%,
05153+sin“‘%—sin—1%x for %Sxil.

We remark that one or both of the characteristics through (X, 7) may hit the initial
line before hitting the boundary. In these cases the pentagon degenerates to a quad-
rilateral or a triangle. If P is a triangle, we have a pure initial value problem.

th
Domain

of
influence

(1, 1)
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The domain of influence of a point (x;, #;) is simply the set of all points (x, 7) whose
domains of dependence contain (x;, #;). It is easily seen to be the part of the strip
0 < x < /onand above the two upward characteristics through (xi, #;).

It is clear from the equations (7.6) that the characteristics represent propagation with
speed c(x), which may vary from point to point. They are the direct generalizations of
the hines x + ¢t = constant and x — ¢t = constant for the case of constant c.

We can again show that discontinuities in derivatives of u(x, ¢) are propagated along
characteristics.

The boundary integrals in (7.3), which would otherwise also appear in (7.5), vanish
because v and hence dv/dt = 0 on the boundaries. They will also vanish if av/ox =0
instead. Therefore the uniqueness theorem also holds for free boundary conditions at

one or both ends.
EXERCISES

1. Find the characteristics through the point (0, 1) for

A 0%
EYCR ™
2. Find the domain of dependence of the point (7/8, 2) with respect to the problem
2
%—t"z’—c t2 §—=F(x,t) for >0, 0<x<z,
u(x,0)=%7(x,00=0 for 0=x=7,
u(os t) _.fl(t)a

t=fi(e).

3. Find the domain of dependence of the point (1, 3) with respect to the problem
‘;t‘; (1+x) 2% —F(x ) for 0<x<1, >0,
u(x,O)—O for 0=x=1,
Ju
T x,0) = for 0=x=1,
u(0, 1) =0,

du .

E(I’ t) =0.
4. Find the domain of influence of the point (3, 0) with respect to the problem

‘;tfj (1+2)2 =0 for 0<x<1, t>0,
u(x, 0) = f(x) for 0=x=1,
%Lf(x, 0) =g(x) for 0=x=1,

u(0, ) =u(l,t) =0.

5. Show that if A(x, t) and C(x, ¢) are positive continuously differentiable functions and if
A is nondecreasing and C is nonincreasing in f, the initial-boundary value problem

af ,0u o/ du\

E(Aat) a(Ca)—F(x,t) for 0<x<1, t>0,
u(x, 0) =f(x) for 0=x=1,
% (x, 0) = g (x) for 0=x=1,

w0,y =u(l,t) =0
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has at most one solution. Show how to construct the domain of dependence of a point (x, 7).
HINT: Multiply the differential equation by du/d¢, integrate, and use integration by parts to elimi-

nate the second derivatives of u. o
6. Show that the domain of dependence of a point (x, ¢) with respect to the problem

cx )axz—F(x,t) for 0<x<1, r>0

atz L]
u(x,0) =0 for 0=x=1,
%uxn=0 for 0=x=1,
u(0, 1) =0,

au _
E(l’ t) tu(l,)=0

is again bounded by the characteristics C, and C; satisfying (7.7).

8. Classification of Second-order Equations with Constant Coefficients.

The wave equation was solved by introducing new coordinates ¢ and 7 in which
it reduced to the simple equation
2
a*u —0,
o£dm

whose general solution is easily found to be p(£) + q(n).
We consider now the more general differential equation

62 0%u u
(8.1) Llu] = t2 +Baxat+C53c7=0’

where A4, B, and C are given constants. We attempt to find a linear transformation
of coordinates

&= ax+B1,

(8.2) n = yx + 6¢,

so that the differential operator L[u] in (8.1) becomes a multiple of 92u/9édn. By the
chain rule

Llu] = (4@ + Bag + Ca) 74
(8.3) Fu

+ (A8 + Bys + CY) 5

aga

If this is to be of the desired form, we need

A2+ Baf + Ca? =0,
ABE + Byds + Cy2 = 0.

If A = C =0, the trivial transformation & = x, n = gives L in the desired form. We
now suppose that either A or C is not zero. Say A # 0.

Then a # 0 and y # 0, and we may divide the first equation by o® and the second
by v In this way we obtain two identical quadratic equations for the ratios 8/a and
&/y. Solving, we find
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B=L[_Bi\/m],

a 24
S _ L[—B + VB = 4AC}.
vy 24

In order for the coordinate transformation (8.2) to be nonsingular, the ratios 8/«
and 8/y must be different. Hence, we must take the plus sign in the solution in one
case, and the minus sign in the other. Moreover, we must assume that the quantity
B® — 4A4C is positive. For if it were zero, the two ratios would still coincide, while if
it were negative, neither of them would be real.

Thus we may transform L{«] to a multiple of 0%u/d¢0m if and only if

2 _AAf"\n
i AL -~

Whenever this is true, L is said to be hyperbolic. The transformation in this case is
given by

§=2Ax+ [-B+ VB?—4AC]t,

(8.4) n=24x+ [-B — VB — 44C]1,

and the operator becomes

%u

(The case 4 = 0 can be treated similarly, with ¢ =t¢, n=x— C/B t.)
The general solution of L[u] = 0 is again

u=p(§) +qln).

Initial-boundary value problems for the equation (8.1) can be solved in a manner
similar to the treatment of the wave equation.

The lines ¢ = constant and m = constant are the characteristics of L. They again
define domains of dependence and domains of influence, and discontinuities are prop-
agated along them.

In fact, a hyperbolic operator L is simply the wave operator in a coordinate system
moving with velocity —B/24. (See exercise 2.)

If B2 —44C = Q, L is said to be ﬁarahﬁhc In this

Bia which makes the coefficient of 9%4/3&2 in (8.3) vanish. This is
B__B

o 2A4

Since B/24 = 2C/B, this choice also makes the coefficient of 0%«/3¢dn vanish. Thus
the transformation

& =2A4x — Bt,
transforms L{u] into
0%u
(8.7) Llu] = A5

This is the standard form for a parabolic operator.
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The choice of 7 is quite arbitrary. We could choose any yx + 8¢ as long as &/y #
—B/[24. If A =0, we may choose n = x, £ =t to obtain L[u] = Co*u/an>.
The general solution of L{u] = 0 is now

p(€) +nq(f).

This solution can be interpreted as a wave which has a fixed shape and moves with
velocity B/2A4, together with another wave which grows linearly in time and moves
with the same velocity. A parabolic operator has only one family of characteristics
& = constant. Discontinuities in derivatives propagate along these characteristics.

Finally, if B> —44C < 0, the operator L is said to be elliptic. In this case no choice
of B/a or &/v makes the coeflicients of 3%4/9&% or 6*u/dn? in (8.3) vanish. However, the
transformation

£= 2Ax — Bt ,
V4AC — B?
(8.8) B
n=1
makes
*u  d%u
(Since 44C > B* A # 0.) A standard form for an elliptic differential equation L[u]=01s
u | Pu
a_§2 + 6772 = Q.

This is called Laplace’s equation. It has no characteristics at all. The partial deriva-
tives of a solution of this equation can have no discontinuities.
Remark. The quadratic equation

Ax*+ Bxt+CPA=Cx+ At + A

represents a hyperbola, para{bola, or ellipse according as B* — 44C is positive, zero,
or negative. This accounts for the names of the three classes of partial differential
operators.

b § ¥ P . i MR, PR SR
YYC dUllliilal lLC LHC Classlliv

Hyperbolic _ Parabolic Elliptic

Sign of B2 — 44C + 0 -
Families of characteristics 2 1 0
Standard form 0u du *u | 9*u
0éam on* & om?
EXERCISES

1. Classify the following operators and find their characteristics (if any) through the point (0, 1).

o FU L P Fu

(a) ar2 axat ax2

(b) W+4axar+ 45_
2%u

2
(© 5~ axaz+“’
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2. Show that if the operator L{u] in (8.1) is hyperbolic and 4 # 0, the transformation to
moving coordinates

takes L into a multiple of the wave operator. (That is, the wave operator is another standard

form for a hyperbolic operator.)
3. Using the result of Exercise 2, find the solution of the initial value problem

Pu i, Fu_
Age T Bagg T Coe = Fx: 1),
u(x, 0) = f(x),

% (x, 0) = g(x).

In particular, find the domain of dependence of a point (x, 7).
4. Show that if 4 = 0 so that the line r = 0 is a characteristic, the initial values u(x, 0) and

du/at(x, 0) cannot be specified independently in Exercise 3.

9. Classification of General Second-Order Operators.

We consider the linear partial differential operator

2 2 2
U4 B(x, NTL 4 C(x, t)g—fﬁ D(x, n%

Llu} =A(x, D35 axat ot

(9.1) ’ ou
+ E(x, t)a‘x-F F(x, t)u.

This operator L, is said to be hyperbolic, parabolic, or elliptic at a point (x, #,) accord-
ing as B2%(x,, t,) — 4A4(xy, 1) C(x0, 1) i positive, zero, or negative. It is said to be
hyperbolic, parabolic, or elliptic in a domain, if it has the required property at each
point of the domain.

By one of the linear transformations of the preceding section we can reduce the
second order terms of L to a standard form at any one particular point (x,, ;). We shall
now show that the second order terms may be reduced to a standard form in a whole
domain by means of a more general (nonlinear) coordinate transformation.

We introduce new coordinates (¢, ) which are twice continuously differentiable
functions of x and t: ¢ = £(x, 1), n = n(x, 1).

By the chain rule we find

i =[G < #5555 <) e
" [ZAEEJFBE@JFBE%HCQQH]&

ot ot ot dx dx dt 0x dx |0édn
(92) rA /a.’?\2 (')]T) a.,.i /a.ﬁ\ 2132’,4,
Zia B2 el N I
4G B Clax) Jave

+ L[] - Ff]f.j—;‘ +[L[n] - Fn]j—f; + Fu.

If L is hyperbolic, the coefficients of 3%#/0¢* and 3%u/dm* may be made equal to zero
by putting (assuming 4 # 0)
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9 an

QZ—B+ VB2—4AC, _a_£=—B—‘\/B2—4AC
Q_f 2A4 ig 2A4

ax dx

Then the curves ¢ = constant are solutions of

dx _B—VB*—44C
dt 24

(9.3)

while the curves n = constant satisfy

(0.4) dx _ B+ VB*—44C
' dt 24

In both cases dx/dr satisfies

dx\? dx
A("C"E) -"B"C"i';—i- C=0.
(Note the minus sign in front of B.) The speeds of propagation dx/dt at any point
(x, t) are the same as if the coefficients were constant. (See (8.4).)

The ordinary differential equations (9.3) and (9.4) give two families of curves, which
are the characteristics of L. The values of £ and n» may be prescribed arbitrarily along
the initial line ¢ = 0. They are then propagated along the two families of characteristics.

In other words, if we obtain a one-parameter family of solutions x = f(¢; a) of (9.3)
satisfying the initial conditions f(0; a) = a, we can, in principle, solve for « in terms of
x and ¢. That is, we can find the intercept on the x-axis of the solution curve through
any given point (x, f). Then £ can be chosen to be any monotone function of a(x, f).
Similarly, if x = g(¢; b) is the solution of (9.4) with g(0; b) = b, we can solve for
b(x, t) and choose 7 to be any monotone function of b.

Example. Consider

_ Pu i 2 u.
Llu] = Y + (54 2x )axat+ (1+x )(4+x2)ax2

The equations of the characteristics are

dx _ 5+ 2x* = 3
dt 2 2
For ¢ = constant, we have
dx
I+ dt

or
x=tan[ ¢+ tan' a].

For n = constant, we have

- L |
x—2tan2[t+2tan 2].

Thus we can take
E=tan"'x—1t (=tan'a),
1. .1 (_1 -1)
m=s5tan~lzx —t \—Z—tanli .
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-9 2204 | 2x 2204
Llul =1 +x2)(4+x2)[6§an AN TR AU an]'
We must, of course, consider x as a function of £ and 7, given by x = tan'® (jw + £ — n)
—cot3 (ym + £ — n).

Wa hawve chawurm +1-.n nra nhamontaeis e 1 P Py
W€ navc snown i al. ll g a.ll\.l l] aic cnaracieri Bt 1iw \-UUlullldlca, Lllal 1a 11 g - Ullbt

and m = constant are characteristics, then the only second derivative occuring in L[]
is 32u/oéom. From this fact follow the properties of characteristics which were derived
for the wave equation. That is, discontinuities propagate along characteristics, and
domains of dependence and influence are determined by the characteristics. (See Sec-
tion 82.) A uniqueness proof very similar to that in Section 7 can be given for the ini-
tial value problem in this case.

If L is parabolic, the two characteristic equations (9.3) and (9.4) are the same, so
that there is only one family of characteristics. If the coordinate ¢ is chosen so that it
is constant along the characteristics (that is, the solutions of dx/dt = B/2A), then the
coefficients of 62u/0£* and 8%u/déom vanish, so that the only second derivative occurring
in L is 9%u/om®. (Note that n is quite arbitrary.) The domain of dependence lies on one
side of and on the characteristic through the point.

Finally, if L is elliptic, one can make the coefficient of 3%u/d£dm in (9.2) vanish by
choosing 7 arbitrarily and making ¢ constant along solutions of

an
ﬂ Bat+2C-
dt ., 0m  pin

2A61+Bax

The other two second derivatives of u will then have coefficients with the same sign

as A.

Since an elliptic equation has no characteristics, solutions of L[« ] = 0 have no dis-
continuities when L is elliptic. The domain of dependence of a point is the whole
domain in which the equation is given.

EXERCISES

1. Find where the following operators are hyperbolic, parabolic, and elliptic.

o%u u
(a) 8_t2+ tax6t+xax2

6 U
6 U, ou
© t-ét_z + 2axat Tax? + ax
2. Find the characteristics of
*u a u
(@) at2 ax2
3%u du
21 — e
(b) atz "+ 2ex 3% az+ ez + cosxat + smx +x2u

2y — 2
(c) (cos?x —sin x)at2+2 osxaxat+ax2+u

through the point (0, 1).
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3. Find characteristic coordinates £, 1 for

u
a2

*u o%u
2 — 2,02
+ (e*+ ¢ )E)xat +t el'axz,
such that £(x, 0) = n(x, 0) = x.
4. Show that if L is hyperbolic, ¢ and n may be chosen so that the second derivative terms in
(9.2) are a multiple of
u _ u

e amt

w1 vw

A e Fw ¥ ¥ YT A T TE Y A Fu T ol T M T o A T
ADDITIUNAL KEADINU FPUK UHAYL
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CHAPTER III

Some Properties of Elliptic
and Parabolic Equations

10. Laplace’s Equation

In Section 2 we derived an approximate mathematical model for a vibrating string.
The same method can be applied to the two-dimensional analogue of a string, which is
called a membrane. A membrane is defined as a two-dimensional elastic continuum
such that the only interaction forces between its parts are tangent to it.

The mass per unit area is a continuous function p(x, y). The boundary of the mem-
brane is attached to a rigid frame consisting of a closed curve C which lies in the xy
plane. The membrane has an equilibrium position in which it lies in the xy plane and the
frame exerts a constant tensile force T per unit length along the normal to C in the
xy plane.

Initial displacements and velocities in the z-direction are prescribed at t =0, and a
force F(x, y, ) per unit mass in the z-direction is applied after this time.

We make hypotheses similar to those made in deriving the vibrating string equation
in Section 1 (small displacement gradients and velocities in the x- and y- directions and

small slope). Then the motion is approx1mately described by

z=u(x,y,1),
where u is a solution of
d%u Fa?y  Q%u
8[2—6 (x y)[axz ayJ F(xayat)’

with suitable initial and boundary conditions. Here ¢ = Ty/p(x, y).
We consider now the equilibrium shape of the membrane. That is, we give a force
F(x,y) independent of ¢, and prescribe a fixed vertical displacement u = f(x, y) on

he hanndary F We acl far a flrnctian f v ndanandant ~Ff ¢ nnnl-. thaot
Lllv oounda Qi y Yy dSk 101 a IUnciion u\r‘b, _y} jllUCPC 1Genu O1 ¢ SUcCii uniat
0%u 4 d*u Fix, ) _
Tt =—"Fx,y in D
2 2 ?
(10.1) " ay :
u(x,y) = f(x, y) on C,

where D is the domain interior to C. (For convenience, we have taken ¢ = 1.) The func-
tion f need only be defined on the curve C.

By a closed curve C we mean a set of points described in terms of a single parame-
ter 7 by equations of the form

48
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x=x(1), y=y(r) for o =1=1
with
x(Tl) =X(T0), y(Tl) :y(TO)a

where the functions x(7) and y(7) are continuous. We assume that the curve is not
self-intersecting; that is, that for 7o = 7 < 7, no two values of 7 correspond to the same
point (x, y). If x and y are continuously differentiable functions of 7 with x’*+y’* > 0
and x'(70)y' (71) — x'(71)y' (%) = 0, we say that C is continuously differentiable. If they
are continuous and these conditions hold except at a finite number of values of 7, C is
said to be piecewise continuously differentiable. For instance, the square

T for 0=r=1 0 for 0=r=1
(r) = for 1=7=2 (1)=T_1 for 1=7=<2
xTﬂ3-—¢ for 2=71=3 Y | for 2=71t=3

0 for 3=r=<4 4—7 for 3=7=x4

is piecewise continuously differentiable, since x(7) and y(7) have continuous deriva-
tives except at the vertices r =0, 1, 2, 3.

A closed curve C separates the xy plane into an exterior and an interior. The in-
terior D is a bounded set. It does not include the curve C. If C is piecewise continu-
ously differentiable, then D is an open set. That is, for each point (x, ¥) of D, there is
an € > 0 such that every point within distance € of (x, y) is also in D. Such a set D
is called a domain.

The partial differential equation in (10.1) is called Poisson’s equation. In case F = 0,
it is called Laplace’s equation. The operator V2 defined by

u . u

2, =94
Vi ax? = 9y*®

is called the Laplace operator in two dimensions.
Many problems of mathematical physics lead to Poisson’s equation. For instance,
if u is an electrostatic potential, the electric field E is given by

= -—grad u.

By this we mean that the component of E in any direction is given by minus the direc-
tional derivative of u in that direction. In particular, E; = —dufdx, E, =—0du/dy. If the
dielectric constant is one and the charge density (charge per unit area) is F/2m, we find
that
o*u | *u
2, =20 9%
Viu Py + 5y F.

If we have a two-dimensional domain D (that is, an infinitely long cylinder with
cross section D) bounded by a grounded perfect conductor at C, we have the boundary
condition

u=1y0 on C.

* Actually any connected open set is called a domain. We restrict ourselves here to simply connected
bounded domains with piecewise continuously differentiable boundaries. By a simply connected domain
we mean one with no holes.
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On the other hnnd 'S may be comnosed of several conductors at different
ta ent

"
[V Vg ¥ 3 U LLnpUova Ul veral RARA LS i 1XENE WREL B

in which case u is a given functlon fonC.

A slightly different problem concerns conduction of electricity on a conducting
sheet covering the domain D. If E is the electric field and I the current vector, the law
of conservation of charge states that

0

5;[1;3 0.

divi= 2/, +
ox

Ohm’s law asserts that
I1=0E,
where o is the (constant) conductivity. Furthermore,
E = -grad u,
where u is again a potential function. Putting these equations together, we have
Viu=10 in D,

On the boundary C we may again specify the potential u. We may also insulate part
of the boundary so that no current goes across it. This means that the directional
derivative du/on of u in the direction perpendicular to the boundary must be zero. In
terms of the functions x(7), y(r) defining C, this condition can be written as

Other problems of equilibrium flow may be formulated in the same way. If « is an
equilibrium temperature, and if we assume that the heat flux is given by a constant times
the gradient of u, the law of conservation of energy gives

Viu=20

Again we may specify u# on parts of the boundary and say that du/dn = 0 (that is, no
heat flux takes place) on other parts.

The irrotational two-dimensional steady motion of an inviscid incompressible fluid
may be treated in a similar way.

All the above examples except that of the membrane are more naturally formulated
in three dimensions (x, y, z). The closed curve is replaced by a closed surface C
whose interior is a three-dimensional domain D. Poisson’s equation is

Pu *u Fu
2 =
(10.2) V2 ax2+ R

=-F(x, ¥, 2).
Again we specify u or dufon on C.

It is clear that all these problems are linear.

Unlike the wave equation, the Laplace equation is usually concerned with states of
equilibrium. Consequently, we cannot expect any kind of propagation in time. The
natural problems are now boundary value problems, where data are given on a closed
curve or surface. This is typical of elliptic differential equations.

If we attempt to apply the uniqueness proof of Section 7 to the initial-boundary
value problem
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Pu | Pu e O v 1 oy~
?Tai?_u e vs A, YT
ou — <x=

ay(x,()) 0 for 0=ux=1,
M(an):()’

u(l, y) =0,

we find that the integrand in the resulting integral is not nonnegative, so that the proof
does not work. This difficulty suggests that the problem is no longer properly posed.
As a matter of fact, one can still show that this problem has at most one solution.
However, the continuity with respect to the data breaks down, as is easily shown by
the following example due to Hadamard. The function
u,(x, y) = e V7 cosh (4n + 1)y sin (4n + 1) mx,

where n is any positive integer satisfies the problem (10.3) with f=eY"sin (4n+ 1) mx.
By choosing n sufficiently large we can make not only f but any number of its deriva-
tives arbitrarily small. On the other hand,

un(%, y) = ¢ V7 cosh (4n + 1)y

can be made arbitrarily large for any fixed y > 0 by choosing » sufficiently large. This
shows that the problem (10.3) is not continuous with respect to its initial data, and
hence is not properly posed.

This fact has practical consequences. For example, by the uniqueness theorem
mentioned above, the equilibrium temperature in arectangle 0 < x < 1,0 <y <Ais
determined by the temperature distribution on the part y = 0 of the boundary, if this
part is kept insulated. However, because of the lack of continuity, it is impossible to
compute the temperature at an interior point from measurements subject to error of
the temperature on this part of the boundary alone. For any such measurement, no
matter how accurate, will fail to distinguish between the boundary values of two tem-
perature distributions differing by u, if n is sufficiently large. As we have seen, these
temperature distributions differ by an arbitrarily large amount at the interior point
(%, ¥), so that it is senseless even to discuss approximating the temperature theret.

The three-dimensional Laplace operator in (10.2) is the prototype of an elliptic sec-
ond-order operator in three dimensions. We define the operator

%u u d%u
+ F
oxay dxdz + dyoz

*u o%u 2u
= 42U giu | oFu
Llu] = A5G+ B+ Cog+D
NP C LNy S L LN
ax ay 0z

where A, B, C,D,E, F, G, H,J, and K may depend upon x, y, and z, to be elliptic
at a point (x¢, Yo, 2o) if there is a linear transformation to new coordinates (&, n, {)
such that in these coordinates

+ The problem can be made computationally reasonable by adding additional information, such as the
maximum temperature. See L. E. Payne, “Bounds in the Cauchy problem for the Laplace equation,” Archive
for Rational Mechanics and Analysis, 5 (1960), pp. 35-45.
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L[u]Ea[ +m+—]+B§+y—+8—+Ku

at the point (&, no, o) corresponding to {(xo, Yo, Z0), and a # 0. We say that L is
elliptic in a domain D if it is elliptic at every point of D.

More generally, an operator L in n dimensions (x;, X2, . . ., X,) is said to be elliptic
if at each point it can be reduced to the form

L) =o Zhp Sl B g0 g Oy
0&:2  0&2? a2 ag d&n
with @ # 0 by means of a linear coordinate transformation.
A solution of Laplace’s equation (in any number of dimensions) is called a harmonic
function.
EXERCISES

1. Show that the operator

is not elliptic.
2. Show that the operator

is elliptic if and only if the two-dimensional operator

Aﬁﬂ-Bmﬁ-C—

is elliptic, and AD > 0.

3. Find the equation satisfied by the potential «(x, y, z) in a three-dimensional conductor if
E = -—grad u, I = oE, div I = 0, and the conductivity o(x, y, z) is positive. Show that this equa-
tion is elliptic.

11. Green’s Theorem and Uniqueness for the Laplace Equation.

The uniqueness of the solution of the problem (10.1) may again be proved by energy
considerations. We begin with the identity

Ru  du d/( ou d/{ ou ou\? au\?
2, — —— —_
uViu = “(ax”+ 2) ax( ax)+ay( ay) [(ax) + (ay)]

or, in vector notation,

(11.1) u div (grad u) = div (u grad u) — |grad u|2.

(This identity can be verified by performing the indicated differentiations.)

We now apply the divergence theorem, which states that for any vector field v
which is continuously differentiable in a domain D inside a piecewise ‘continuously
differentiable curve C and continuous in D + C,
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ffdwvdxdy-—ff(avw av”)ddy ffv n ds,

C

where n is the outward unit normal vector on C and s is the arc length along C.
If C is described by x = x(7) y = y(7), we have

d
vends= (vwdi Vg, )dr vedy — vydx.

With the integrand in this form the divergence theorem follows formally by integrat-
ing dv./dx with respect to x and then with respect to y, and dv,/0y with respect to y
and then x. The divergence theorem with the right-hand side in the form ¢ [v.dy — v,dx]
is frequently called Stokes’ theorem.

We now integrate both sides of the identity (11.1) over D and apply the divergence
theorem. By definition of the gradient,

gradu - n= ﬂ,
on
the directional derivative of u in the outward normal direction. (As a matter of fact,
since u is only defined in D and on C, this directional derivative is a one-sided deriva-
tive.)
We obtain

(11.2) f J uNV?u dxdy = % ug—gds - f f \grad u|? dxdy
D

for any function u having continuous second partial derivatives in D and continuous
first partial derivatives on D + C, The identity (11.2) is called Green’s theorem.
If u is a solution of the probiem (i0.1), Green’s theorem gives

ffFudxdy=—§f%%ds+ff lgrad u|? dxdy.
D

The left-hand side may be interpreted as the work done by the force F in bringing
the membrance slowly into its equilibrium position. The two terms on the right repre-
sent the work done by forces on the boundary and the potential energy stored in the
membrane, respectively. Similar interpretations can be given in the other applications.

To prove that the problem (10.1) has at most one solution, we apply the above iden-
tity to the difference v = u, — u, between two solutions of the problem (10.1). The
function v satisfies the same equations, but with F = f= 0. Then

(11.3) ff grad v[? dxdy—f”(a") )]dxdy 0.

That is, no energy is stored. Since the integrand in (11.3) is nonnegative, we conclude
as before that it must be identically zero. From this it follows that v is a constant.
Since v=0o0n C, v=u, — u: = 0, which proves the uniqueness.

If, as in the case of heat flux, we divide the boundary C into one or more components
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becomes
Viv=10 in D

x ~y

av/on=10 on (..

In this case vdv/on =0 all over C and, hence, we still find (11.3). We again conclude
that v is a constant. This constant must then be zero, unless there is no part Cy where
u is given. In this case, that is, when only du/an is given on C, two solutions may differ
by any constant.

EXERCISES
1. Show that the three-dimensional problem
92 .
Viu = ax2+-———+ﬁ —F(x,y, 2) in D,
u=f on C,

where C is a closed surface and D its interior, has at most one solution.
2. Show that if C is a piecewise continuously differentiable closed curve bounding D, the

problem

Viu=—F(x, ¥} in D,
i =f on C],
ou

5—-+au—0 on C.,

where C, is a part of C and C; the remainder, and where o is a positive constant, has at most

SRRy GiaNa LIS RIS & PUSIULVE PULISIGRILL, LIRS QL iUSs

one SOlIlthI‘l (Th:s problem corresponds to attaching an elastic support with spring constant o
to the part C, of the boundary of the membrane.)
3. Show that the problem

20U w1 5
ax(e ) + ay(e ) 0 for 2+y*<1
u=xt for x2+y*=

has at most one solution.
HINT: Use the divergence theorem to derive an energy identity.
4. Show that the problem

M+ 142+ —eru=1  for 2+y2<2
x| 8x]  9yL 8y ]
u=e¥ for x2+y2=2

has at most one solution.
5. Show that if the operator

L[u] ——[A( ,y) +B (x ,y)——] [Bz(x, y) LT Cx »?2 ]

is elliptic, then the problem

Llu]l=—F in D
u=f on C

has at most one solution.
HINT: Apply the divergence theorem to «L[u], and show that the integrand of the resulting
integral is nonnegative (if 4 > 0) by applying the transformation (8.8) at any particular point.
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12. The Maximum Principle.

We have proved the uniqueness of solutions of Poisson’s equation by using the law
of conservation of energy. We shall now prove a property of solutions of Poisson’s and
many other elliptic equations, which gives not only uniqueness but also continuity with
respect to the data. This property is particularly useful in approximating the solution.

Let u be a solution of

(12.1) Viu=—F(x,y) in D,

and suppose that F < 0 in D. Let u be continuous on D + C. Then it attains its maxi-
mum M somehwere on D + C. Suppose it does so at a point (xy, ¥o) in D. By elemen-
tary calculus we know that

a_u _-a_y— -_—

ax ay ’

d*u 0%u

axz 0 ?SO at (x()s )’0)-

This means that Vu = 0 at (xo, yo), which contradicts the fact that F < 0. Therefore
the maximum of # must occur on C.

Thus if u satisfies (12.1) with F < 0 in D and if u = M on C, we find that u = M in
D. This simply means that a strictly downward force at every point of the membrane
cannot produce an upward bulge.

We now wish to extend this conclusion to the case F = 0, so that in particular, it
will apply to a solution of Laplace’s equation. Suppose, then, that

F=0
in (12.1), and that
u=M on C.

We note that the function x% + y* has the two properties 22+ y* = 0 and VZ(x? + y?)
=4 > 0. Then for any € > 0 the function
v=u+ e(x* +y?)
satisfies

V2v=—(F — 4¢) in D.

Since F = 0 and € > 0, F — 4e < 0. By the above considerations v must attain its
maximum on the boundary. Then

v(x, y) = max [u+e(x* + )]
= M + €R?%,

where R is the radius of a circle containing D. (We assume that D is bounded.) Since
u = v by definition,

u(x,y) = M+ eR?
for any € > 0. Letting € — 0, we find that
ulx,y) =M in D.
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That is, if u is a selution of (12.1) with I = (, the value of # in D cannot exceed its

maximum on C.
This is called a maximum principle. It states that if no upward force is applied,

a membrane cannot bulge upward.
If u is a solution of Laplace’s equation

Viu =0,

we can apply this principle both to # and to —u. We find that if m =< u = M on C, the
same inequality holds in D.
In particular, if ¥ = 0 on C, then # = 0 in D. This is the uniqueness theorem for the
problem (10.1). We also find continuity with respect to the data for the problem
Viu=—F in D,
u=f on C.

For

—Vz[u%% n})ax |F| (%2 +y2)] =0,

and therefore

u+lmax |Fl (x*+y?) < maxf+1R2 max |F|.
4 D C 4 D

It follows that
u= ngaxf+%R2 max |F|.
Applying the same considerations to —u, we find that
lu(x, y)| = max | f| + %Rz max |F|.

This inequality states that if the data f and F are uniformly small, the same is true of
the solution.

More refined arguments due to E. Hopf show that if # is a nonconstant solution of
(12.1) with F = 0, then at points of C where « attains its maximum, the outward nor-
mal derivative du/dn is positive and not zero. In particular, unless « is a constant it
cannot attain its maximum on a part of the boundary where du/an = 0 is prescribed.
This allows us to prove uniqueness and continuity for the problem where du/on = 0
on a part C; of the boundary. See R. Courant and D. Hilbert, Methods of Mathematical
Physics, vol. 2, Interscience, 1962, p. 326.

EXERCISES

1. Show that if
dtu
dx?

then u attains its maximum in the interval 0 = x = 1 eitherat x=0orat x=1.

+A(x)z—;‘=0 for 0<x<1,
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2. Show that if « is a solution of
YV*u + D{(x, y) + E(x, y) = —F(x, y) in D

with F < 0, then u cannot attain its maximum at any point of D.

3. Show that if « is a solution of

L[u] = V*u + D(x, y) + E(x, y)——O in D,
where D and E are uniformly bounded and u is contmuous inD+C,andif u = M on C, then
u=MinD.
HINT: Show that for sufficiently large « the function e** satisfies
L{e] > 0.
4. Show that if

L{u] *A(x,y) +B(x, ) L+ Cx, y)ay2+D—-+E-—

ax2
has continuous coefficients and is elliptic in D + C, then any solution u of
Llu] =
which is continuous in D + C must attain its maximum on C.
HINT: Note the standard form for an elliptic equation. Then show that L[e**] > 0 for « suffi-
ciently large. (Assume that 4 > 0.)
5. Show that a solution «(x, y, z) of

axay

u azu 0%u

2, o — T
Veu = pye) + 372 0
satisfies a maximum principle.
6. Show that if
2
L[] = A—-+-B U, cfu, pou  pou  pdu + G +H———+J—

ay? dz* axay 3x02 dydz

is elliptic and L{u] = satisfies a maxlmum prmc1ple
HINT: Use the defin ifigg\

m
vidw lelllltl A ful ¥

7. Show that if

ven in Saction 10
a8 v lvl‘ A W

ARE WS

d*u
e +A(x )d + B(x)u =0,
with B(x) <O0for0<x < 1l,andif u(0) =0, (1) =0, then u(x) =0for0 =x =1,
HINT: Show that « cannot have a positive maximum.
8. Show that if « is continuous in D + C and

%u 62 .
Erl + e — ety =0 in D,
u=J0 on C,

then ¥ = 0in D.
HINT: Show that u cannot have a positive maximum in D.
9. Show that if

L{u] = A(x, y) +B(x e =+ C(x, y) 2+ D(x, y)~+E(x y)~+ G(x, y)u

axay

is elliptic and if 4(x, y} > 0 and G (x, y) = 0, then any solution of L[«] = 0 in D which is con-
tinuous in D + C and nonpositive on C is also nonpositive in D.
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t show tha cimum in D; then note that for

HINT: First show that if L[v] > 0, v cannot have a positive ma:
sufficiently large «, L[e**

| Ww—— |
Ve
o

13. The Heat Equation.

We consider the temperature «(x, y, z, t) in a slab of material covering a three-
dimensional domain D bounded by a closed surface C. The material at the point
(x, v, z) has the property that the temperature « is attained by storing the energy
E(x, y, t, u) per unit volume in the form of random molecular motion. It has the fur-
ther property that if u is not constant, heat energy flows in the direction of —grad «
(that is, from hot to cold) with magnitude K(x, y, z, u) |grad u«|. (We are assuming here
that the material is isotropic.) The quantity K(x, y, z, u) is called the thermal con-
ductivity of the material.

We write the law of conservation of energy. Let C, be an arbitrary closed surface
with interior Dy lying in D. The rate of change of energy in D, must be equal to the
flux of energy into it. That is,

d
(13.1) fff E(x,y, z, u(x, y, z, t) dxdydz = ff K(x,y, z, u) grad u'ndS,
Do CO

where n is the unit outward normal vector and dS is the element of area on C,.
The divergence theorem ((Gauss’s theorem) states that for any continuously dif-
ferentiable vector field v

r([divvdxdydz=[[v-nds.
J JJ JJ

D() CO

We apply this theorem to the right-hand side of (13.1), and assume that we may
interchange differentiation and integration on the left. This gives

(13.2) fff [%%‘ti—div (K grad u)]dxdydzmo
D,

for any D, inside D. We suppose that the integrand is continuous. If there is a point
(x0, Yo, z0) in D where the integrand is positive, then the same is true of a sufficiently
small sphere centered at (xo, Yo, 20). Taking this sphere for D, makes the integrand
positive, thus contradicting (13.2). Therefore the integrand can never be positive, or,
by the same argument, negative. We conclude that it must be zero. That is,

(. v, 2 ulx, ¥, 7 )5 — div [K(x, y, 2, u(x, 3, 2, 1)) grad u] = 0.

The quantity dE/du is the specific heat.
If we make the simplifying assumptions that 8E/du and K are constant, and put
k = K/(8E/ou), the equation becomes
ou

(13.3) = — kU2 =0,

This is known as the heat equation.
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Physically we can expect to prescribe the initial temperature «(x, y, z, 0), and the
temperature on the boundary C as a function of time. Alternatively, we can insulate a
part of the boundary so that du/on = grad «-n = 0 there, and prescribe u on the re-
mainder of the boundary as well as at = 0. In either case we are dealing with an initial-
boundary value problem.

The same problem also occurs in a diffusion process, where « represents a concentra-
tion. A concentration is an equilibrium concept, and hence we obtain the equation
(13.3) only if the system is at all times essentially in equilibrium. That is, the rate
of change of ¥ must be slow relative to the time scale of the random motion which pro-
duces equilibrium. Temperature is also an equilibrium concept, so that again (13.3)
only holds if the temperature changes sufficiently slowly. We can expect that, in the
time scale we are using, changes in « are propagated with infinite speed.

If we consider a problem where « is independent of y and z, the heat equation reduces
1o

(13.4) = —k—5=0.

According to our classification this equation is parabolic. It has the single family of
characteristics + = constant, which corresponds to propagation with infinite speed.

In fact, the equation (13.3) is said to be parabolic, and its characteristics are the
hyperplanes ¢+ = constant. More generally, a second-order operator L in n variables

(x1, ..., xn) is said to be parabolic if for each point we can introduce new coordinates
(t, &, &, ..., &) so that the second derivative part of L at the particular point reduces
to
n 2y
ey U
i=2 a§ i

The fact that the initial surface ¢+ =0 is characteristic is reflected in the fact that only
u and not du/dt can be specified at = 0. In fact, the initial values of du/d¢ can be found
from those of « by means of the differential equation.

We consider the following uniqueness problem: If for some 7> 0

E—kvzu—() for (x,y,z) iIn D for 0 <t<7%,

u=0 on C for 0=t=1{,
u(x,y,2,0)=0 in D,
show that u = 0 for t = 1. (Here D is a three-dimensional domain bounded by the closed
surface C.)
We can prove this property in either of the two ways used for the Laplace equation.
First we multiply the differential equation by « and integrate with respect to x, y,

and z over D, keeping ¢ fixed. Using the three-dimensional form of Green’s theorem
(11.2), we have

o= | f [ o] 5 — kv | asdyee
dtz”f dedydz—k” ds+kf1f)f1gradu|2dxdydz
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We use the fact that u = 0 on C, and assume that k¥ > 0. Then we find that

%fffuz(x, y, z, )dxdydz = 0.
D

Since this integral has the value zero at ¢ = 0, we find that
ff[uz(x, v, Z, )dxdydz =0 for 0<t="T.
D

The integrand is nonnegative, and we conclude by an argument used previously
that « = 0.

The same proof still works if # = 0 on a part C, of the boundary, while su/on =0,
or even dufon + au = 0, on the remainder of the boundary. (a = 0).

Next we consider the maximum pringciple. Suppose first that a function v satisfies

%—‘f-kvzv<0 for (x,y,2) in D O0<t<7,

and that v is continuous on D + C for 0 < ¢ = ¢, If v attains its maximum at a point in
D for some 0 < ¢ < t, we must have av/at =0, 32v/ax® < 0, 32v/3dy* = 0, 3*v/3z> = 0 at
this point. This gives a contradiction, provided & = 0. If the maximum occurs in D for
t =1, the first condition is replaced by ov/ar = 0, and we still have a contradiction.
Thus, the maximum of v must occur either in D at t=0or on C for 0 =< r =¥, This means
thatif v=Matr=0andonCfor0<¢t=7F thenv=MinDfor0 =t =7

Now consider a solution u of the heat equation

——kViu=0 inD for 0= t=<T7,
with

u=M,att=0 inD andonC for 0=¢r=T7.
Let
=u+e(x+y2+22) (e>0),

and suppose that C lies in a sphere of radius R. Then

W Ty =
Y KV 6ke < 0,

and hence
u(x,y,z,1) =vix,y,2,t) =M+ eR®
for any € > 0. Letting € — 0, we find that
u=MinDfor0= =7

The same result may be applied to (—u) to show that both the maximum and mini-
mum of « on the cylinder {(x,y, z) on (D +C), 0 < ¢ =< ¢} lie on its bottom or its side
walls. That is, the material in D cannot get hotter or colder than a temperature either
occurring initially or applied to the walls.



CHAP. 111 13. The Heat Equation 61

This fact gives not only uniqueness but also continuity with respect to the data for
the problem

au . .

T kKN2u=F(x,y,2,t) in D,
u(x,y,z,0)=f(x,y,2) in D,
I T Y U § ~— ra
HAX, ¥, 2, 1) = g{x,¥,2, 1) on C

The problem where du/dn is given instead of # on a portion of C can be handled by
a refinement of the maximum principle, which states that du/dn > 0 at a point on C
where a maximum of « is attained, unless « is constant.

We note that in both proofs the condition & = 0 is essential. (This case is the physi-
cally interesting one.)

As the example

un(x, v, z, t) = e 37k@n+t%-n gin (4n + 1)arx sin (4n+ 1)y sin (4n + 1) 7wz

shows, the problem, at least when D is a unit cube, is not properly posed for k < 0. For

u, and any number of its derivatives at 1 = 0 are arbitrarily small for » sufficiently large,

while u,(3, T, 7, 1) = o as n — for any ¢ > 0.

The same example with £k > 0 and ¢ < 0 shows that we cannot determine the temper-
[
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LULC dl dll CAIlHCT LTHIIC 1TOI HICASUICITIICILS SUDJCCL LWV CLIVL dL I — V.

4]

EXERCISES

1. Show that a maximum principle holds for solutions of the one-dimensional heat equation

du_ ot _
EY ax2_0 for 0<x<l, r>0.

2. Show that if

2
%—j‘—k%—o for 0<x<l
and
Mo, 1) =0
ax Y b

the maximumof ufor0 =x=land0 =t =Tmustoccuratr=0oratx=1[
HINT; Use reflection as in Section 4.,
3. Show that
*u

d o? a2
Llu] = a_L;— [A(x, ¥, I)gi%Jr 2B(x, v, t)er Clx,y, 1)5);%}

is parabolic if and only if

2 2 2
LY il +C%%

axt axay

is elliptic. Show that if L is parabolic and 4 > 0, a solutionof L[u] =0for0 <:¢=7and (x,y)inD
must attain its maximum either at ¢ = 0 or on the boundary C of D.
4. Show that a solution of the nonlinear equation

%(x, ¥,z ulx,y, z, t))%b-;-—div (K(x,y, 2, u(x,y,2,¢)) grad u] =0

satisfies the same maximum principle as a solution of the heat equation, provided dE/du > 0
and K > 0.
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CHAPTER 1V

Separation of Variables
and Fourier Series

i4. The Method of Separation of Variables.

So far we have been concerned with questions of uniqueness and continuity. These
could be treated for fairly large classes of problems. We now turn to the question of
the construction of a solution. For this purpose we must restrict our scope considerably.

Since we are dealing with linear problems, we can always use superposition. We can
then hope to find so many solutions of the homogeneous differential equation that any
other solution can be represented as a linear combination of these.

We first consider Laplace’s equation

v . v
(14.1) 'é;g"‘ayz:o-

We look for a very specific type of solution; namely, a product of a function of x
only and a function of y only:

v=X(x)Y(y).
We substitute this function v into the differential equation, and divide by v. This gives
X" Y
x Ty Y
or
- X" (x) Y (v)
(14.2) o

X(x) Y0

The left-hand side of this equation depends only upon x. The right-hand side is
independent of x. We say that Laplace’s equation (in rectangular coordinates) is
separable.

If we take the partial derivative with respect to x of both sides of the separated

equation, we find that

dx| X

(Since X"/X depends only on x, the partial derivative is a total derivative.) It follows
that
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where A is a constant. Then by (14.2)

Y

Y=)\.

Thus 4 = X(x)Y(y) is a solution of Laplace’s equation if and only if X and Y satisfy
the two ordinary differential equations

X'+XX=0

(14.3) Y — AY =0

for some constant A.

We obtain particular solutions of the partial differential equation (14.1) by solving
the two ordinary differential equations (14.3). For each value of A each of the second
order equations (14.3) has two linearly independent solutions. Their products form
four one-parameter families of solutions of (14.1). They are given by

e*V v cos \/Xx, e*V®¥ sin VAx for A >0,
1, x, y, xy for A =0,
e*V=A cos V—Ay, eV sin V—Ay  for A <O.

For most domains D it is a very difficult problem to find a linear combination of these

one-narameter familiee of <eolutions which caticfies the riocht honndarv valnes

PP QAN AREAIBRVY VL DVAMMVAITG Villwil DSQLUATIIWY LAV L1l UV uiilaiaa y v Gauwdy

We confine our attention for the moment to the square D: 0 < x < 1,0 <y < 1. We
give the equation (14.1) in D and assign v on the boundary. This can be done by putting

vix, 0) = fi(x),
v(l,y) =£f(),
vix, 1) =fi(x),
v(0, y) = fa(y),

where f1, f2, fs, and f; are given functions.
Since we are dealing with a linear problem, the solution can be found as the sum of

the solution of

Pu  u
(14.4) w+a—),2=0,
u(x, 0) = fi(x),
ll(l y)'_oa
u(x, 1) =0,
u(0,y) =0,

and three other boundary value problems, in each of which u =0 except on one edge.
It is therefore sufficient to solve problems of this kind.

Since we wish to have u = 0 for x =0 and x = 1, we only consider those solutions of
the first equation (14.3) which also satisfy these conditions. We must have

X"+ A =0,
X0)=X@1)=0.

This homogeneous problem always has the trivial solution X = 0, but this is of no
use to us. We are interested in cases where this is not the only solution; that is, where
uniqueness does not hold for the problem (14.5).

If A < 0, the condition X (0) = 0 tells us that X (x) must be a multiple of sinh V~\x.

(14.5)
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Since sinh V—A is never zero, the condition X (1) = 0 shows that this multiple must be
zero. For A = 0, X must be a multiple of x, and the condition X (1) =0 gives X = 0.
For A > 0, X is a multiple of sin V\x. Then X need not be identically zero if and only if

sin VA =0,
that is, if
(14.6) A = n*w?, where n=1,2,....

We have found an infinite set of discrete values of A for which the problem (14.5)
has a nontrivial solution. These values (14.6) are called the eigenvalues of the problem,
and the functions

(14.7) Xp(x)=sinnmx, n=1,2,...

are the corresponding eigenfunctions.
Having found a sequence of values of A, we can look at the corresponding functions
Y(y). By (14.3) and the homogeneous condition # = 0 at y = 1, we seek solutions of

Y’ — nm2Y =0,
Y(1) =o.

These are easily seen to be multiples of sinh nw(1 —y).
We have constructed the particular solutions

which satisfy all the homogeneous conditions of the problem (14.4). The same is true
of any finite linear combination. We attempt to represent the solution u of (14.4) as
an infinite series in the functions u,:

=<

u(x,y)= 3—:1 ¢y Sin nrx sinh nr(1 —y).

We need to determine the coefficients ¢, in such a way that u(x, 0) = fi(x), where
f1(x) is a given function. We must then still check to see whether the convergence of
the series is sufficiently good to ensure the satisfaction of the differential equation
and the homogeneous boundary conditions.

We put y = 0 in each term of the series to obtain the condition

fi(x) = Z ¢y sinh nrr sin nwx.
1
If we let
b, = ¢, sinh nr,

our problem is to determine b,, b:, . . . in such a way that for a given function fi(x)
fi(x) == 2 bn Sll’l nmwx.
H

The expansion of an arbitrary function in a series of eigenfunctions is called a Fourier
series. The particular case where the eigenfunctions are all sines is called a Fourier
sine series. We shall deal with such expansions (that is, the determination of the co-
efficients and the question of convergence) in the following sections.
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Other problems in partial differential equations lead to Fourier sine series.
We consider the initial-boundary value problem for the wave equation

d*u Pu
T czﬁ—o for 0 <x<lI, t>0,
u(x, 0) = f(x) for 0=x=|
%(x,0)=0 for 0=x=I,
u{0,1) =0,
u(l, r)=0.

We seek solutions of the differential equation of the form v =X (x) 7 (¢). Substituting
this v in the wave equation, dividing by v, and transposing, we find

() _ X"(x),
T(1) X(x)

The wave equation is separable. By the reasoning we used earlier, we find that both
sides of this equation must equal the same constant A. The homogeneous initial and
boundary conditions give

X"+ A =0,
X(0) = X() =0,
T"+ AT =0,
T'(0) =0.
We now find the eigenvalues

n*mc?
A= I

and the eigenfunctions X, = sin (nwx/l). Using these values of A, we have

ntmc
Th=cos——t
L

so that we look for a solution of the form

u(x,t) =3 b, sinn—7lr~JE cos ﬂ%r—c-t.
i
Putting ¢ = 0, we see that we wish to determine the constants by, bs, . . . so that
ot . X
f(x) =2 b, sin ﬂflr—
1
That is, we again seek the Fourier sine series for f(x).
For the heat conduction problem
du u
ou_,ou_ < >
v kax2 for 0<x<lI, t>0,
u(x, 0) = f(x) for 0=x=|
u{0, 1) =0,

u(l,t) =0,
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R,

we obtain the separated equation

so that
kX"+AX =0,
X(0)=X(1) =0,
T'+ AT =0.
We now have the eigenvalues
A = n*mk

with the eigenfunctions sin n7rx. The particular solutions are
U, = e ™7kt gin narx,

and we seek a solution in the form
u(x, t) = 2 by e=™"** sin nrx.
1
Putting ¢t = 0, we find that we again must determine b, b, . . . so that

£(x) =3 by sin nmx.

In all these cases we not only must find the coefficients b,, but justify the solution
u(x, t). That is, we must show that the limit #(x, ¢) of the series satisfies the differen-
tial equations and all the initial and boundary conditions.

The fact that the eigenfunctions are all sin nzrx comes from the boundary condi-
tions u = 0. If, for instance, we put du/dx = 0 at x = 0 and x = 1 in any of our three
problems, the eigenvalue problem for X (x) becomes one of the form

X'+ \X =0,
X'(0)=Xx"'(1)=0.

We now find the eigenvalues
A = n?n?, n=0,1,...

Note that » = 0 is added. The corresponding eigenfunctions are X, = cos nmrx. Our
expansion problem then becomes one of Fourier cosine series.
If the series

f(x) =X by sin nmx
1

is considered for all values of x rather than just for 0 = x = 1, it is an odd periodic

function of period 2. Correspondingly, the solution «(x, ¢) is odd and periodic of period

2 in x. Thus, our expansion in sine series corresponds to the trick mentioned in Sec-

tion 4 of solving problems with ¥ = 0 at x =0 and x = [ by extending the initial values,
, and hence also the solution, as odd periodic functions.
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The cosine series in the case du/ox = 0 at 0 and 1 similarly leads to even periodic
functions.
If we have u = 0 at x = 0 and du/dx = 0 at x = 1, the eigenvalue problem becomes

X'+ AX =0,
X(0) =0,
X'(1)=0.

This has the eigenvalues A = (n + $)*a*, n =0, 1, . . . with the corresponding eigen-
functions X, = sin (n + ¥)mx. The expansion of f(x) into a series of these functions
automatically gives an extension to a function which is odd about x =0 and even about
x=1

The method of separation of variables is not confined to equations with constant
coefficients. For example, the equation

*u P*u
o ¢ Wga=0
separates into
X)X+ AX =0,
T" 4+ AT = 0.

If we have the boundary conditions =0 at x=0 and x = 1, we obtain the eigenvalue
problem

() X"+ A X =0,
X(0)=X(1) =0.

This problem cannot be solved in closed form except for some special functions c(x).
In general, we can approXimate the eigenvalues and eigenfunctions, and find Fourier
series for arbitrary functions. (See Chapter VII.)

Whath t tha mathAd AfF #1 £ 1okl 1 1
ywieiner or not iné metnod O separatlon Of variavi€s cam o appiic

problem depends not only on the differential equation but also on the shape of the
boundary and on the form of the boundary conditions. Three things are needed to
apply the method to a problem in two variables x and y:

(a) The differential operator L must be separable. That is, there must be a function
¢(x, y) such that the expression

iad tn o narticviloe
v a Pm iivujal

LIX(x)Y(y)]
d(x, y) X (x)Y (y)

is a sum of a function of x only and a function of y only.

(b) All initial and boundary conditions must be on lines x = constant and y =
constantt.

(c) The linear operators defining the boundary conditions at x = constant must
involve no partial derivatives of ¥ with respect to y, and their coefficients must be inde-
pendent of y. Those at y = constant must involve no partial derivatives of i with respect
to x, and their coefficients must be independent of x.

T However, as we shall see later, the two variables need not be rectangular coordinates. This means that we
can treat some problems on regions other than rectangles. Also, one or more of the boundaries may be “at
infinity.”
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Any of these conditions is easily violated. Thus the operator

Pu  *u Q_z_g

Liu] = ax + dxdy  ay*
violates (a). If
_ *u |, 2*u
Liu] = dx* + ay?

and the domain D is not a rectangle with sides parallel to the x and y axes, (b) is violated.
Finally, if we have Laplace’s equations on a square but the boundary condition

dx dy
'

at x = 0, then (c) is violated. Also, if # = 0 on part of the line x = 0 and du/ox = 0 on
another part, (c) is violated. Such conditions do o¢cur in practice.

We see, then, that the method of separation of variables can only be applied to a
special class of problems. However, this class contains many problems of physical
interest, so that a study of the expansion problems created by the method is well
justified.

EXERCISES
1. Reduce to two ordinary differential equations, one an eigenvalue problem, the other having
one initial condition, and find the particular solutions:
du  %u .
(a)-ét—z—a—g—u—o for 0<x<1, >0,
au _
E(x’ 0) - 01
u(0,t) =u(l,t) =0.
9%u du u _
(b) Sg+25 —4g+u=0 for 0<x<I, 1>0,
u(x, 0) =0,
ou - -
-5;(0, t)=u(l,t) =0,

u , ou

(c)E?+ay2+—gy);—-u=0 for a<x<b 0<y<l,
ufa,y) =0
u(b,y) =0,
u(x,0) =0
@2 0 for O<x<1, t>0
at ax? ? ’
u(0, 1) =0, B
u(l, 1) =0.
2
(e)g—l;——g—i%~2%=0 for 1<x<2, t>90,
u(ll, ) =0,
u(2,1) =0.
2 2
@ TE-wli=0 for 1<x<2, >0,
u(x, 0) =0,
u(l, 1) =0,
u2,1)=0.

HINT: 2ia = pia log2,
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2 62
(g)%g————(tfl)zgx—”;=o for 1<x<2, t>0,
u(x, 0) =0,
u(l, ) =0,
u(2,t)=0.
2. Show that if the polar coordinates
r=VETY
6=tan %
X

are introduced in Laplace’s equation, the resuiting equation separates. Set up and solve the eigen-
value problem for ©(8), noting that ¥ must be periodic of period 2 in 6.
3. Show that the equation
Pu  Pu | u__
o T axay Tayr 0

has solutions of the form X(x)¥(y) and find these solutions by applying the separation proc-
ess twice. That is, find an equation for Y"/Y, take the partial derivative with respect to x, and
note that the resulting equation separates.

15. Orthogonality and Least Square Approximation.

We consider the problem of approximating a given function f(x) in an interval
N
[a, b] by a sum sy(x) of the form {l cndn(x) where ¢:(x), ¢2(x), . . ., dn(x) are fixed

functions of x. The word “approximate™ can have a variety of meanings. Normally,
we wish to choose the coefficients ¢, in such a way that the value of sy(x) is near to
that of f(x) for each value of x in the interval [a, #]. In this case we speak of point-
wise approximation.

If we have an infinite sequence ¢, 2, . . . , if sy(x) = % Cnhn, and if
lim sy(x) =£(x),
we say that the series ? ca@n(x) converges to f(x) pointwise (that is, at each point x).
If for each € > 0 there is an N, independent of x such that | f(x) — sy(x)| < e forall x

in [a, b], whenever N = N, we say that the series 2 capn(x) converges uniformly to
1

f(x), or that sy(x) approximates f{x) uniformly.

Pointwise convergence is usually needed in order to compute the value of a solu-
tion by the method of separation of variables. It is, however, much easier to find
coefficients ¢, in such a way that sy(x) only approximates f{x) in the sense of least
squares or, more briefly, in the mean. By this we mean that for some given positive
weight function p(x) the quantity

f: [F(x) — sx(x) 1P (x) dx
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approaches zero as N —> . The smallness of this integral does not imply that sy(x)
is close to f(x) for all x. It does mean that sy(x) is close to f(x) except for a set of
intervals whose total length is small. If

b
zlvim f (f — sw)%pdx =0,

we say that the sequence sv(x) converges in the mean to f(x). The above integral is
called the mean-square deviation of sy from f.

We shall consider the problem of approximating f(x) in the sense of least squares
for a restricted class of functions ¢.(x).

We say that two functions ¢ (x) and ¢(x) are orthogoenal on the interval (g, b) with
respect to the positive weight function p(x) if

[ smwpmar=o.

For example, the functions ¢(x) = 1 and ¢(x) = x are orthogonal on the interval
(—1, 1) with respect to p(x) = 1, since

(] 1-xdx=0.

-1

If no weight function p(x) is specified, it is understood that p(x) =
We shall deal only with functions ¢:{x), ¢2(x), . . . which are mutually orthogonal
with respect to a fixed positive weight function p(x). That is,

(15.1) [ #n@tap)dx =0

whenever m # n. As we shall see in Section 36, functions arising from separation of
variables have this property.
Because of the orthogonality relations (15.1) we find by squaring and integrating that

[ 10 =3 et o)
(15.2)

fzpdx 2 2 CnJ. fnpdx + E Cnl f dn2pdx.
If we complete the square, the right-hand side becomes

{Cu [ fqbnpdx} p 2{ qunpdx]z_

E an pdx
L $a2pdx

n=1 Ja

The coefficients ¢, occur only in the first sum. Since this is a sum of squares, it is
clearly minimized by making all its terms zero; that is, by choosing

f Snpdx

(15.3)
j“ﬁnpdk
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Therefore, this choice of the coefficients ¢, minimizes the left-hand side of (15.2).
We have shown that the coefficients (15.3) give the best approximation to f(x) in the
sense of least squares. These best coefficients are independent of N. This fact is a con-
sequence of the orthogonality of the ¢.(x). The coefficients c, given by (15.3) are
called the Fourier coefficients of f(x) with respect to the orthogonal functions ¢,(x).
The series % c,pa(x) is called the Fourier series of f(x). Since this series may or may

not converge, we cannot write f(x) = % c.¢.(x). We use the notation
1

fx) ~ 3 ca(x)

simply to denote the fact that the ¢, are the Fourier coefficients defined by (15.3).
We shall investigate the convergence of such series later.
Example. Find the best approximation in the mean to f(x) = x? by a linear combination of

the two orthogonal functions ¢, = 1, ¢p = x on the interval —1 = x = 1.
We have

Thus the function s:(x) = % is the best approximation in the sense of least squares on the in-
terval —1 = x = | to x% among all first degree polynomials.

We remark that the formula (15.3) for the Fourier coefficients can be derived directly
if the series % c.¢.(x) converges to f(x)} uniformly. For in this case we may multiply
1

the series by ¢n(x)p(x) and integrate from a to b term by term. Because of the ortho-
gonality, all the integrals are zero except when n = m. Therefore

f {

b b
Ja fbmpdx = cm J ¢npdx,
which gives (15.3).
EXERCISES

1. Show that the functions sin x, sin 2x, sin 3x, . . . are orthogonal on the interval (0, =) with

respect to p(x) = 1.
2. Find the Fourier series for f(x) = x on the interval 0 = x =< 7 in terms of the functions

¢ = sin nx.
3. Find the Fourier series in terms of ¢, = sin nx of the step function

(0 for 0=x= %Tr,
J(x) = i “

1 for %W<x577.

4, Find the best approximation of the form a + bx in the sense of least squares on the interval
—1 = x = 1 to the function f(x) = e=*.
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5. Show that the functions 1, sinx, cos x, sin 2x, cos 2x, . . . are orthogonal on the interval
(—mr, ) with respect to p = 1.

6. We define the polynomials po(x), p:(x), p:(x), . . . by requiring that p, be a polynomial
of degree n with the coefficient of x” equal to one, and that p,, p1, pe, . . . be orthogonal on the
interval (0, 1) with respect to p(x) = 1. Find pe(x}, p1(x), and p2(x).

7. Find the polynomial of degree 2 which best approximates sin x on the interval (0, 1) in
the sense of least squares with p{x) = 1.

HINT: Use the results of Exercise 6.

8. We define the polynomials Ty(x), T:(x), T2(x), . . . by the following properties: (a) they
are orthogonal with respect to the weight function p = (1 — x2) "2 on the interval —1 < x < 1;
(b) T, is of degree n; (¢) T»(1) = 1. Show that this determines the T, and verify that the functions

Tn{x)=cos (ncos1x)

satisfy the conditions. (The T, are called Tchebysheff polynomials.)

16. Completeness and the Parseval Equation.

By substituting the Fourier coefficients (15.3) in (15.2), we see that

(16.1) f: [f(x) — % cnn(x) P2p(x)dx = Ef"’pdx - % Cn? f: dnpdx.

Since the left-hand side is nonnegative, we have

N b b
(16.2) 2 2 f dn2pdx = f fpdx
1 a a

for any N. This is called Bessel’s inequality. The sum on the left is nondecreasing in N
and is bounded above by [ f?pdx. Therefore, it converges if we know that [ f2pdx is
finite. We may allow f(x) or p(x) to be discontinuous or even infinite at some points
as long as this integral (possibly defined as an improper integral) is finite.

The limit of the sum as N — <« is denoted, as usual, by

o b

2 ca? f dn2pdx.

1 [
Bessel's inequality now becomes

o b ]
(16.3) p I f ¢ lpdx = f pdx.
1 a a

The convergence of the series means, in particular, that its terms approach zero.
Therefore, if f(x) has the property that [ f?pdx is finite, then

-0 as n—> %,

(16.4) ca? fb da2pdx = M
J[a dalpdx

N
If the sequence 2 cnd. converges in the mean to f, the left-hand side of (16.1)
1

approaches zero as N — «. Therefore



74 Separation of Variables and Fourier Series CHAP. 1V

(16.5) E Cn? fb dlpdx = fbf"‘pdx.
1 a a

This is called Parseval’s equation. It holds if and only if

b
If this limit is zero for every function f for which f f?pdx is finite, the set of functions
a
{d1, ¢z, . . . } is said to be complete.
b
We note that if the set {¢1, ¢2, . . . } is complete, if fis continuous and f SfPpdx

is finite, and if

f: fonpdx =10

b
for all n, then f = 0. For in this case ¢, = 0 for all n, and (16.5) gives j frpdx =0,

which implies f = 0. This property implies that two continuous functions having the
same Fourier coefficients with respect to a complete set of functions must be equal.
For their difference has the Fourier coefficients zero. In other words, any continuous

b
function f(x) for which f f?pdx is finite is completely determined by the denumerable
a

sequence of its Fourier coeflicients with respect to a complete set of functions.
It can also be shown that, conversely, if the set of functions {¢:, ¢, . . . } has the

property that f= 0 is the only function with the properties that f ’ f*pdx is finite and that
all its Fourier coefficients are zero, then {¢:, ¢2, . . . } is com;lete.

Consider now any two functions f(x) and f*(x) such that f ’ fPpdx and f ’ [*2pdx
are finite. We observe that ’ ’

L) + 1 (x) 12 = 2[f(x) + f*(x)*] = [f(x) = () ]
= 2[f(x)* + /*(x)*}.

[/]
Therefore, f (f + f*)%pdx is also finite. Now let ¢, and ¢»* be the Fourier coefficients
a

of fand f*, respectively:
(/]
f . forpdx

Cn_ Y L]
f ¢n*pdx
o
| L $npdx

o ¥ = 2a .

n b

f ¢n*pdx

Adding these equations, we find that the Fourier coefficients of f(x) + f*(x) are
Cn + Ca*.
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Suppose now that the set ¢, ¢, . . . is complete. Then by Parseval’s equation
(/] ® b
[[roas=3 ci [} gpax,
a 1 a
(/] » b
f fFpdx =2 Cn*zf ba*pdx,
a 1 a

fb (f+f*)2pdx = ; (cn+ cn™®)? F d2pdx.

We subtract the first two equations from the third one. Since the series contain only
positive terms, they converge absolutely, and may be subtracted term by term. After
cancelling a factor 2, we have

b ] b
(16.6) L J)f*(x)p(x)dx = % CnCn™ fa d2pdx.

This is a more general form of Parseval’s equation. It reduces to (16.5) when f(x)

= f*(x).

If we use the definition of c,*, the formula (16.6) becomes

b e b
(16.7) [ r0r wemdi=3 cn [ dnl0if wpxds
The right-hand side is what one would obtain by multiplying the Fourier series
2 capn(x) of f(x) by f*(x)p(x) and integrating it term by term. The Parseval equa-
1

tion (16.7) asserts that even though the series may not converge uniformly or, in
fact, may not converge at all for some values of x, this term-by-term integration gives
the correct answer.

We note a particular case of (16.7). Let z be any number in the interval [a, b]. Let
p(x) be such that

z 1
J. wo
1 f -
f*(x)={p(x) nrTe

L0 for x> z.

is finite. We let

b
Then clearly f Sf**pdx is also finite. Equation (16.7) becomes
4 -] 2
(16.8) [fde=3 [ cupux)dr.
Je i@

Thus the indefinite integral of f(x) can be obtained as a convergent series for each z
by term-by-term integration of its Fourier series.
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EXERCISES

1. Find the Fourier series for f(x) = 1 on the interval 0 = x = 7 in terms of ¢, = sin nx. By
integrating this series, find a convergent series for the function g(x) = x on this interval, assuming
that the set {sin nx} is complete.

2. Assuming that the set {sin nx} is complete, find

- 1
2 -1

by applying Parseval’s equation to the Fourier series for f(x) = 1. Check this with the result
of evaluating the series for x obtained in Exercise 1 at x = .
3. Show that

lim : log x sin nxdx = 0.

e

HINT: Use (16.4).

17. The Riemann-Lebesgue Lemma

b

We have shown in (16.4) that if f(x) is any function for which f f?pdx is finite and

a

if {¢n} is any orthogonal set of functions with respect to the positive weight function
p, then
b
[ ooz
n—>0
V], uods
a
We give now a slight extension of this result.
Riemann-Lebesgue lemma
.Tq ] L]
If da{x) / f ¢n2pdx is uniformly bounded:
a
X

V[ st

and if f(x) is such that the (possibly improper) integral

f () o (x)dx

is finite, then

f: fonpdx

(17.3) lim e
" \ f ba*pdx

=0.
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Proof.
We define the truncated function

_[fxy if | fx)] = 4,
ff‘(")‘{o it )| > A,

Then by the definition of an improper integral

[/]
tim  [* 1) = fat0) lods = 0.
—_re0 a
Therefore, given an € > 0, we can find an 4 such that

Jr: 1f(x) — fa(x)|pdx < 7% K

Then

f f(x)bnpdx f Sadbnpdx 1
(17.4) \[J’ Sripds \ff ool
for all n.

Furthermore, since |fi| = A, we have

which is finite, Therefore we find by (17.1) that for » sufficiently large

f : fadnpdx

Y f: dn*pdx

Combining this with (17.4), we have

| [} gnods |

ol

for n sufficiently large. This is the meaning of (17.3).

EXERCISE

Show that as n — « f: x* sin nxdx approaches zero for a > -1, has a finite limit for o =—1,
and approaches +« for =2 < a < —1.

18. Convergence of the Trigonometric Fourier Serles.
The functions 1, cosx, sinx, cos2x, sin2x, . . . are orthogonal on the interval

—ar = x = 7 with respect to p = 1, If no other functions ¢,(x) are specified, a Fourier
series means an expansion in these functions.
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CHAP. IV
We note that
w
f 12dx = 2m,
—r
™ m .
f cos2nxdx=f sinf nxdx=mw, n=1,2,..
- -7
Therefore, if we define the coeflicients
1
A == f(t) cos ntdt, n=20,1,2,...
(18.1) 1
ba == f_,f(t) sin ntdt, n=1,2,..
the Fourier series of f(x) is
1 . .
flx) ~ 5a0+a1 cosx+ by sinx+ az cos2x + b, sin2x + - - -
1 - .
= 3do + ? (an cos nx + b, sin nx).
We q‘h_a!! mnvestigate the convergence of this Fourier series. By (18.1) we have the
partial su
1 N
(18.2) sy(x) = 390 + Z (an cos nx + b, sin nx)
1

" N
= % f f(t){% + ? (cos nx cos nt + sin nx sin nt)}dt

=;1;f:f(t){%+§ cos n(x — t)}dt.

To evaluaie the sum, we observe that

N N
{% +3 cos ny}sin 3y = %{sin 3+ = [sin'(n+ %)y — sin (n — %)y]}

1 sin (N + ) y.

2
Therefore
1,7 sin (N + %)y
(18.3) > +§ CoS ny = "o L
and
sin (N+4)(x—1¢)
(18.4) sy(x) = f f(t) Sin3(x—1) dt.

If we let T =t — x, this formula becomes

1 [== i 1
sw(x) =5 f_ " fx+ STy,
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The functions cos nx and sin nx, and therefore sy(x), are periodic of period 2#. This
fact makes it natural to extend f(x) outside the interval [—m, 7] as a periodic function
by defining

fx+2mn) = f(x) for n=0,+1,%2,....

Then the integrand in the integral for sN(x) is periodic, and the integral is over one
period. Therefore

(18.5) sw(x) ._2517; f_: flx+)Sin gan +T7)'r

Integrating (18.3) from — to o gives

f" sin (N+@)~r
2

sin 77'

We multiply this equation by ;lr- f(x) and subtract it from (18.5). We find that

(18.6) sv(x) —f(x) = 2—171—_ ]_: flx tg;_f(x) sin (N + %) rdr.

The set of functions sin (N + ¥)7, where N=0, 1, 2, . . ., is orthogonal and sat-
isfies the conditions of the Riemann-Lebesgue lemma. Therefore if

[ |t =t

sin "fT
is finite, the right-hand side of (18.6) approaches zero. That is, sy(x) = f(x).
Since |7/sin 37| is bounded, we can replace the above condition by

T [flx+1) -f(X)ldT <

- Il

(18.7)

This is known as Dini’s test. The Fourier series converges to f(x) at each point where
it holds.

If f(¢) is absolutely integrable, that is, if f " Lf(¢)|dt is finite, this condition is cer-

tainly satisfied if f(¢) derivative at x. It is also satisfied if fis Holder continuous

as a
at x; that ig, if thare are nositi
yvull—

v1xE30 A0y AL LAZWE W G

ive constants A and o such that
A Y W WAWRLJLURILY 4ATA A% LA JUWwIl LiRCLL

F») — flx)| = Mly — x|

forall—w=y=.

We have shown that if f(x) is absolutely integrable, its Fourier series converges to
f(x) at those points where f is also Holder continuous or differentiable. (It may converge
to f(x) at some points and not at others.)

The Fourter series may actually diverge at points where f(x) is continuous, provided
(18.7) is violated. [See E. C. Titchmarsh, The Theory of Functions, Oxford, 1939.
p. 416.]

If the function f is discontinuous at x, but has the limits f(x + 0) and f(x —0) from
the right and left, respectively, we may proceed as follows. Integrating (18.3) from
—1r to 0 and from 0 to = gives
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1__1/[° sin(N+¥r
2"=2)., singr O
1 _&lf"sin!N“I—%!'r
== . 1 dT.
2 2 Jo SN Z7

We multiply the first of these by -71; f(x—0) and the second by % f(x+ 0), and subtract
them from (18.5). Then we have

sw(x) = 5[ f(x+ 0) +f(x — 0)]
..___1_ “0 f(x+7) "'f(x—‘O) Qin {N"I"%\’Td"'

27 sin g7 .
o [(LEEDZSEED o (4 fyrar
77 Jo SIN 3T
= b [t D St DS 0) SEZO) G (4 g,

In this way we obtain the improved Dini test: If

fﬁ fOor+7) —fx+0) +flx—7) =fx=0)| ,__
0 T ,

(18.8)

then
lim sy(x) =3[f(x+0) +f(x—0)].

That is, the Fourier series converges to the average of the left and right limits.

The condition (18.8) implies that the limits must be approached sufficiently rapidly.
If fis absolutely integrable, a sufficient condition is that f have a uniformly bounded
derivative in an interval (x — e, x + €) except at x. A weaker sufficient condition is that

IFfx+1) —fx+0)| = Mre,
If(x —7) —flx—0)| = Mre

for some M and o > 0, and forall 0 < 7 < €.

EXERCISES

1. Find the Fourier series for

flx) =e* for —w < x <.
2. Find the Fourier series for

flx) =22 for —m<x<m.
3. Find the Fourier series for

flx)=x for —w<x<m.
4. Find the sum of the Fourier series for

flx) = e* for - m<x<mw
atx=rr.
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5. Find the Fourier series for
f(x) =sin®x for —ow <x <.

6. Show that if f(x), extended as a periodic function, is twice continuously differentiable,
its Fourier series converges uniformly. HINT: Apply integration by parts to the formulas (18.1).

19. Uniform Convergence, Schwarz’s Inequality, and Completeness.

We showed in the preceding section that the Fourier series of f(x) converges
to f(x) at each point x where f satisfies the Dini condition (18.7). However, we found
no way of estimating the error made in replacing f(x) by a particular partial sum
SN()C) .

We did not determine when the convergence is uniform. That is, when, given an
e > 0, we can choose N so large that | f(x) — sx(x)| < € for all x. This is the kind of
approximation that is most useful if we wish to replace the function f(x) by its Fourier
partial sum sy(x) in a computation.

If f(x) has a jump discontinuity at a point xo, it cannot be approximated uniformly
by the continuous functions sy(x). For if we take an e less than half the size of the
jump, sy(x,) cannot be within e of both the limiting values f(x, + 0) and f{(x, — 0).
We show in this way that the uniform limit of the sequence sx(x) of continuous func-
tions must be continuous. Since sy{—w) = sv{(7), the uniform limit f(x) must not only
be continuous but must also have the property that f(—7) = f(m).

These conditions are necessary but not sufficient to insure that the Fourier series
converges to f(x) uniformly, We consider now a sufficient condition.

Let f(x) be a continuous periodic function of period 2. Let its derivative f’(x)
be continuous except possibly at a finite number of points, where it may not be de-

fined. The function f’(x) need not be bounded, but we require that f " f'%dx, possibly

defined as an improper integral, be finite. Furthermore, we require that the integra-
tion formula

10 —f-m = [ @rae

hold for all x.
Let the Fourier series of f(x) be

(19.1) flx) ~ —;ao +§13 (an cOs nx + b, sin nx).

We consider the Fourier series of /' (x). Integrating by parts, we find

-

| I . _ —1_ I n T . _
|7 £ cosnxds=fx) cosnx | +2 |7 f(x) sin nxdx = nby,

T -
since f(—r) = f(7). Also

% _: f'(x) sin nxdx =;1;f(X) sin nx}; —% J:r f(x) cos nxdx = —nap.
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Thus

o

(19.2) f'(x) ~ X (nb, cos nx — na, sin nx).
1

This is precisely what would be obtained by differentiating the Fourier series of
f(x) term by term. Thus, even though the Fourier series of f'(x) may not converge
uniformly or even converge at all, it can still be obtained by differentiating the Fourier
series of f(x) term by term, provided the hypotheses on the preceding page are satisfied.

Bessel’s inequality (16.3) shows that

o l T
(19.3) 2 n*(a.’ + bpt) = - f fdx.
1 -7

In particular, the series on the left converges.

We shall now show that the Fourier series for f(x) converges uniformly. For this
purpose we first prove an inequality known as Schwarz’s inequality.

Let ¢ and d be any real numbers, and « any positive number. Then

|cd| = l[cwzc2 + id2 — (afcl — l|d|)1
2 o o
1

1 2 -2 - 2}
Sz{ac +a2d .

We consider two sequences of numbers ¢, and d,, and apply the above inequality to
each term of a sum of products c,d,.

N N 1 N 1 N
n=M+1 M+ 2 M+1 X% M+1

for any positive number a. We suppose for the moment that

N
S 2 #0,

M+1

and let

w={2 /3 ef"

M3 / M+1 J

Then the inequality (19.4) becomes

N N 12 (N 12
(19.5) 2 Cudp = { > cnz} {E dnz} .
M+1 M+1 M+1
If
N
2 cl=0,
M+1

all the ¢, are zero and this inequality still holds. The inequality (19.5) is Schwarz’s
inequality for finite sums. If we deal with infinite series, (19.5) shows that if =c,? and
Xd.? converge, the same is true for Zc,d,. For the right-hand side can be made less
than any given € > 0 by choosing M and N sufficiently large. Taking limits as N — o,
and putting M = 0, we obtain
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® 1/2 (= 1/2
= {E an} {2 dnz} .
1 1

This is Schwarz’s inequality for infinite series.
We now consider a difference of partial sums of the Fourier series for f(x).

N
sn(x) — su(x) = X (a, cosnx+ b, sinnx).
M+1

(19.6)

x Cndn
1

We consider this as a sum of products of corresponding elements of two sequences,
namely the sequence

(M + Damyr, (M + Dby, (M +2)aus, . .., Nan, Nby

cos (M+ Dx sin(M+1x  sinNx
M+ 1 ’ M+1 i N

Then Schwarz’s inequality and (19.3) give the inequality

lsn(x) — su(x)| = {Mgﬂ (@ + bnz)}lﬂ { g i}m

<1 " '2d1/2 ;11/2
—{%f—nf x} {M+1;2.} )

Since X 1/n% converges, we can find for any € > 0 an N, independent of x such that
1

for N= M = N,

(19.7)

lsw(x) — su(x)| <e.

This means that the Fourier series of f(x) converges uniformly. We must still show
that its limit is f(x). By the results of the preceding section this is true if f(x) is Holder
continuous.

TE 5748 neasalsr $lin funncarnlidsr
11 WU apply LIIC 11ncyuaiily
lcd| = Ueper 4 Ly
2 o
to any two functions f(x) and g(x), we have

2] = 30 + e 1)

We integrate both sides of this inequality over some interval x; < x < x», keeping «
fixed. We find

X 1 X 1 [(x
= J;; [fix)g(x)| dx = i{az x12 Sfidx +&§ fxlz gzdx}.

f;‘ f)g(x)dx

If jf Frdx # 0, we let
1

2 X2 o X2 vz
o= {fr v/ frrad
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to obtain
1/2 1/2
(19.8) } f *2 f(x)g(x)dx) < { f 2 dex} { f % gde} .
X1 X1 X1
If ;2 Jdx=0, then ;2 fgdx =0, and the inequality is still true.
1

The inequality (19.8) is Schwarz’s inequality for integrals, It holds for any two func-
tions for which the integrals on the right are finite.
We now return to our periodic function f(x) with f " f'?dx finite. We replace f(x)

by f'(x) and g(x) by 1 in (19.8) to obtain

f(x:) = f(:)]| = ;‘j’ f(x)dx
<pa—nl | [2rGm
{1/2J’ rn' o

= !vr —

provided |x; — x;| < 2m. Thus f(x) is Hlder continuous with exponent « = 3. There-
fore its Fourier series converges to f(x).
We have thus shown that if f(x) is continuous for —7 < x = 7, f(—u) = f(7), and

f " f'*dx is finite, then the Fourler series of f(x) converges to f(x) uniformly.

Example. The Fourier series

E_iicos(Zk—l!x
2 A= (2k—1)F

of f(x) = |x| clearly converges uniformly. In this case

' ___—1 er —‘Yl'<x<0,
f(")‘{ 1 for O<x<m

which is discontiftuous. r Sf'*dx is finite, Note that df/dx does not exist at x = 0.

Uniform convergence implies conivergence in the mean. For if N is chosen so large
that | f(x) — sy(x}| < Ve/2m for all x, then

f—: |f(x) —sy(x)|? dx < e

ks . .
In particular, then, if f(x) is continuous and f f'%*dx is finite, the Fourier series of
-
flx) converges to f(x) in the mean. We shall now show that the Fourier series con-
ko
verges to f(x) in the mean whenever f f*dx is finite, so that the set {1, cos x, sinx,
-
cos 2x, . . . } is complete.

If f(x) is any function such that only f " f2dx is finite, we can for any given € > 0
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find a continuous piecewise continuously differentiable function f:(x) such that £’ (x)
is bounded, and

" e s <]
(f— foyrdx <

N JE7 ‘zé‘
Jw

For example if f(x} is continuous eXcept at a finite number of points, we may take
fe equal to f except on sufficiently small intervals containing the points of discontinuity,

where we let it be linear.
(A —
Since | f.'?dx is finite, fe(x) is approximated in the mean by its Fourier partial sums

-

sv(x). Therefore there is an N. such that

= [ (i fimsyan
=" [2(F=f)r +2(fi — 5x)?dx

—T

< € for N > N..

This means that sy(x) converges to f(x) in the mean for any f(x) with [ i f2dx finite.
|-

™

We have thus shown that the set {1, cosx, sinx, cos 2x, sin2x, . . . } is complete
on the interval —7 = x = 7.

In particular we have Parseval’s equation (16.6). That is, if

flx) ~ %ao + = [an cos nx + by, sin nx],
1

w0

f*lx) ~ 1a0* + Z[a.* cos nx + b,* sinnx],
2
1

then
(19.9) f " A* (x)dx = Tr[%aoao* + 3 (aan + bnbn*)}.
Example. If we take
flx) =x,
f¥(x) =2,

we have

flx) ~—2 § i:nl_)_" sin nx,
1
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frx) ~-2% (ﬁ—i)(—l)" sin nx.

Parseval’s equation gives the identity
ZT'”s:f” xidx= 4 3 (172 —-6—)

If fis continuous with f(—) = f(#) and [f'%dx finite, we can apply Parseval’s
equation to f’ to obtain

2n? (a.+ ba?) = 1 fﬂ fdx.
1 wJ-=

Then for any M
00 M
3 n¥ a2+ b2) = lf f2dx — nz(an2 + b?).
M+1
By Parseval’s equation applied to f(x) = x, we have
e 1 _ 7
25=%

If we let N — « in the first inequality in (19.7) we obtain a bound for the error made
in approximating f{x) by its Fourier partial sum s,/(x):

(19.10) 1) = su(w)] = {2 [7 preax— S (a4 by} 2 - X 1

Example. Let f(x) = |x|. Then fﬂ f'%dx = 2w, and

T 43
flx) =5 ™

cos (2k—1)x
2k~ 1)%

—I%

Taking M = 2, we have (note that a, = b, =0)

T _ 4 167112 (72 12
|xl - [‘i—; COSX] {2 —?} {g‘— 1 —Z} = 0.39.

The actual maximum error occurs at x = 0 and x = %=, and is equal to 0.30.

Putting M = 0 and N = = in (19.7) gives a bound for the deviation at any point of
f{x) from its mean value:

(19.11) 1w 3= [ novde| = [T [ rrerae)”

This inequality is sharp. That is, equality is actually attained for any given point x,
when f(x) is the function

flxy = (w — |x — x})2 — %ar%

EXERCISES

1. Find the Fourier series for f(x) = x*. Find a bound for the error made in replacing x* by
the first three terms of this series.
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2. Find the Fourier series for sinh x. Prove that this series does not converge uniformly for
-T=X= .

3. Find a number N such that the partial sum sy(x) of the Fourier series for f(x) = |x| approxi-
mates f(x) with an error of at most 0.1.

4. Show thatif p(x}) =2 0for—nw = x = m,

fm o f YRz
j-,, p{x)f(x)f*(x)dx = U Pf‘dxj U Pf*‘dXJ

for any two functions f and f* such that the right-hand side is finite.
5. Show that the Fourier series of f(x) = x does not converge uniformly. Compare the

graphs of f(x) and s.(x).

20. Sine and Cosine Series.

As we saw in Section 14, the method of separation of variables often leads to ex-
pansions in sine series or cosine series. We shall now derive convergence theorems

for such series from those for Fourier series.
1t follows from the definition (18.1) of the Fourier coefficients that if f{x) is odd,

that is, if
fl=x) =—f(x),
then a, = 0 for all values of x. In this case the Fourier series for f(x) reduces to a
sine series:
f(x) ~ % b, sin nx.
1
Moreover,

(20.1) by = 2 fﬂ f(x) sin nxdx.
™ Jo

If we are given a function f(x) only on the interval 0 = x = 71, we can expand it in
a sine series. The functions sin x, sin 2x, . . . are easily seen to be orthogonal on
this interval. The b, given by (20.1) represent the Fourier coefficients for f(x) in terms

of these functions. We extend the function f(x) to the interval [—, 7] by defining it

to be an odd function. Then the series 2 b, sin nx is the Fourier series of the extended
1

w
function. If ] [fldx is finite, the results of Section 18 show that the sine series at
0

x = Xxp converges to f(x,) if fis continuous and differentiable at x,. By Section 19 the
Parseval equation holds. It follows that the functions sin nx are complete on the in-
terval (0, o). Moreover, if f(x), extended as an odd periodic function, is continuous

m
and f f'%dx is finite, the preceding section shows that its sine series converges to f(x)
0

uniformly. This will be the case if f(x) is continuous, f " f"%dx is finite, and f(0) =
0
flm) =0.
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In a similar manner, by extending f(x) as an even function we find that the set of
orthogonal functions {1, cos x, cos 2x, . . .} is complete on the interval 0 = x = 7. If

o
f(x) is continuous and f f'2%dx is finite, we find that the cosine series
0

[}

1
0o + 2 dn COS nx
2 1

with
2 T
(20.2) aw=;f,ﬂﬂcmwww:
0

converges uniformly to f(x). Under the weaker hypothesis that f " | fldx is finite, the
i}

cosine series converges to f(x) at points x, where f(x) is continuous and differentiable.

EXERCISES
1. Find the sine and cosine series of
flxy=x for 0=x=m.
2. Find the sine and cosine series of
f(x) =x(m—x) for 0=x=m.

3. Show that the set {sin%x, sindx, sin$x, . . .} is complete on the interval (0, 7).
HINT: Let x = 2¢ and extend f(2¢} suitably to the interval —7 < r < m.

4. Using Parseval’s equation, express L i f2dx in terms of its Fourier sine coefficients (20.1}).

21. Change of Scale.

We have shown that the set of functions {cos nx, sin nx} is orthogonal and complete
on the interval —7 = x < 7. Suppose we are given a function f(x) on any interval
a=x=bh

We introduce the new variable

21r(x _ %(a + b))
(21.1) 3= L

In other words, we define the new coordinate x to be the distance to the right of the
point at the center of the interval measured with the unit of length (b — a)/2«. Then
the interval a < x < b becomes 7 = X = 7.

Solving the linear transformation (21.1) for x, we have

b—“i+ga+by

(21.2) X = —'i?"

The function f(x) gives rise to the function
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- -1
(21.3) F(x) Ef( zwax+§(a + b))

on the interval —7 < x =< 7 in the new coordinate system.
TLis function has the Fourier series

(21.4) F(x) ~ %ao 4 % (ay cos nx + b, sin nx),
1
where
a=1 f F(%) cos nxdx,
(21.9) | e

1
b, = - J F(X) sin nxdx.
The Fourier series converges to F(x) in the mean if f F(x)2dx is finite, and uniformly

if F(x) is continuous, F{—#) = F(w), and F'2dx is finite.

Returning to the variable x by means of (21.1), we find the expansion

(21.6)  f(x) ~ %ao + %:) [an cOos 2ina(x - —~(a + b)) + b, sin 27ma(x — f(a + b))]

b b
where
b
an = 2 f f{x) cos 2an (x — 1(a + b))dx,
b —da a b —d 2
(21.7) " 1
b, = b*a(x—-z-(a—l—b))dx.

b2 na(x - —(a + b)) are clearly or-

(The functions cos [,211

thogonal on the interval a = x = b).
We immediately find that the Fourier series converges to f(x) in the mean if

n 1
a(x —(a+ b)) and sin

b
f f(x)2dx is finite, and that it converges uniformly if f(x) is continuous, f(b) = f(a),

b
and f f"%dx < =, The convergence theorems of Section 18 all hold.

In the same manner, we find that f(x) can be expanded in a sine series:

flx) ~ 2 bn sin (x —a),

b

where

(x—a)d

Or a cosine series

F(x) ~ 1a0 + >: an cos ;7 (x— a),

b
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where

__2
an=p—

- L” £x) cos 372 (x — a)d.

All the convergence theorems still hold.
Linear transformations of the form (21.1) can be used to normalize the constants in

various problems connected with partial differential equations.
Consider for instance the vibrating string problem

2 2
(21.8) GU_ U _F(x 1) for a<x<b, >0,
ot ax2
u(x, 0) = f(x) for a=x=bp,
%”ti(x, 0) = g(x) for a=x=b,

u(a, t) :f3(t),
u(b, t) = fi(1)

on an interval a < x < b, with a constant c. We introduce the new variables

_ _x—a
TP =@
. ¢

F= .

That is, we measure the new x-coordinate from x = a and take the length of the string
b — a as the unit of length. We take the quantity (b~ a)/c as the unit of time. Then if

we define

77 D = ula+ (b - )7 %)
F(x, 1) = (b—za) F(a+ (b—a)x, b— t),
?\E) Ef‘\!l =+ (b - Q);)s
—-—— _b—a
glx) = . gla+ (b—a)x),
o b—a
Aad) = (),
7y = £(2=4%)
\ ¢
the problem becomes
U WU~ - - -
(21.9) ”&?iﬁ=f(_x,t) for 0<f<1’ t>0,
u(x, 0) = f(x) for 0=x=1,
2E 0) =2 for 0=%=1,

(0,7 =% (D,
u(l, t) = fu(1).
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In order to solve the problem (21.8) it is thus sufficient to solve the same problem on
the standard interval 0 = x = 1 with ¢ = 1. If we took the unit of length (b — a)/# and
the unit of time (b — a}/wc, we would obtain the interval 0 = x < 7, and ¢ = 1.

The above process of scaling is useful in obtaining experimental information from
scale models. If we wish to determine the axial motion of a cylindrical beam of a cer-
tain length [ with Young’s modulus E and linear density p under a given axial force
F(x, t), we need only impose the force

INp E' (- | [pE'-
() & B )
at X at time 7 on an experimental mode} of length !’ with Young’s modulus £’ and den-

sity p’. Then the two problems reduce to the same standard problem (21.9). If the
measured motion of the model is u(x, 7), the motion of the beam will be

— L. L [pE),
u(x, t)——u(lx,l pE't)

Considerations of this kind are often called dimensional analysis.
Other problems may be scaled similarly. The heat equation

on an interval of length / may be reduced to one on the interval 0 < x < @ withk=1
by introducing the new unit of length I/7 and the new unit of time 2/#%k.

It is not always possible to normalize all the constants of a problem. Consider,
instance, the Laplace equation

or

Fu, ou_
ax%  3y*

on the rectangle a < x < b, c < y < d. If we let

- _wm{x—a)

T Th—a

— _wly—oc)

y “h—a
we obtain Laplace’s equation

vu P _

axt = dy?

on the rectangle 0 < x < 7, 0 <y < 7w(d ~ ¢)/(b — a). We have chosen the unit of
length (b — a)/#. The new problem still contains the constant (d — ¢)/(b — a). If we
eliminate this constant by choosing a different unit of length (d — ¢) /# in the y-direction,
that is,

— _m(x—a)
T —a
§=1r(y—c)

d—c ’
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the domain becomes a square, but the differential equation becomes

d—c\? d*u |, 3*u _
(b—a) PRl
so that the constant (d — ¢}/(b — a) still appears in the problem. The difficulty may

be summarized by stating that (d — ¢)/(b — a) is dimensionless (that is, it is a ratio
of two lengths), and therefore is invariant under a change of scale.

EXERCISES

1. Reduce the problem (5.3) to the standard form (21.9), solve this problem by means of
(5.2), and show that the solution coincides with the solution (5.2) of (5.3).
2. If the value at (0, 0) of the solution of
o%u | u _

ax2+ay 24y for —1<x<l, —1l<y<l,

u=290 for x==1, or y==1

is found to be

u(0, 0) = a,
find the value at (2, 3) of the solution of
2
gx,_.+——— (x—2)'+ (y—=3)2 for 0<x<d4, 1<y<S5,

v=20 for x—2=%2, or y—3==2.

3. A bar of length [ is initially at temperature T, At time zero its ends are put at temperature

7, and the temperature at its center at time ¢ is found to be f{¢).

If a bar of the same material (that is, with the same k) of length [ is initially at temperature
T,, and its ends are reduced to T, at time ¢ =0, find the temperature at its center as a function of
time. HINT: Observe that any constant is a solution of the heat equation.

4. It is found that it takes two hours to cook a five-pound roast initially at 40° in an oven at
350° until a meat thermometer at its center shows that it is done, How long does it take to cook

a ten-pound roast of the same shape under the same conditions? {Assume that the temperature

is governed by the heat equation (13.3).)
5. Show that the differential equation

3
[
[¢]
|"D
:’J.
a
4]
(=
=t
O
l"D
72}
BJ
|'D
8
®
=
Q

where a and ¢ are constants

[/]
6. Express f f%dx in terms of the Fourier coefficients (21.7). (That is, write the Parseval
a

equation for an arbitrary interval.)

22. The Heat Equation.

We apply separation of variables to the initial-boundary value problem for the heat
equation
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Agy n2,,
(22.1) E—k:':)—x;:() for 0<x<m, >0,
u(0, ¢) =0,
u(m, 1) =0,

MThat 10 1578 capl - Aawmaaca .0+ I i 8 cpanian A
1 lic t 1d, W dUCA tU CAPICOY A, t} 111 a dCLICYD U

(22.2) u(x, t) = 2 b,e " sin nx.
1
Formally putting 7 = 0 in this series, we find that the initial condition becomes
(22.3) flx) =3 b, sin nx.
1

Therefore we let b, be the Fourier coefficient

-~ Fad e
w

(22.4) bn=2 j f(x) sin nxdx
m Jo
of the sine series for f{x).

It is easily seen that each term of the series (22.2) satisfies the heat equation. There-
fore, if the series (22.2) converges and can be differentiated term by term, « will satisfy
this equation.

We first note that if we define

=2 ["1s00 e,

the coefficients b, are uniformly bounded. Namely, |b,| = c. Therefore the series in
(22.2) is dominated by (that is, each of its terms is bounded in absolute value by the
corresponding term of)

<0

3 ce ke,
1

This series converges for all 1 > 0, and uniformly in x and ¢ for ¢ = ¢, with any posi-
tive constant 7, Therefore the same is true of the series for u(x, 1).

The series I (—n?k)bye~"** sin nx obtained by differentiating the series for u# with
respect to ¢ term by term is dominated by the series Z ckn?e~"*¥* which again converges
uniformly in ¢ for ¢ = ¢, with any #, > 0. Therefore du/dr exists for any ¢ > 0 and can be
obtained by term-by-term differentiation. Similarly, the series for du/ox and 9%u/dx® are
dominated by X cn?e~"¥ and therefore converge uniformly in x for any ¢ > 0. Thus

o«

du_  du_ W i (e - P2) —
o kax2—§bne sin nx(—n%*k + n?k) = 0.

This means that the function u(x, ¢) defined by (22.2) satisfies the heat equation for
t >0, 0= x = . Moreover, since the series converges uniformly in x for t > 0, u(x, 1)
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is continuous at x = { and x = 7. Hence it satisfies the boundary conditions u(0, 1)
= y(m, t) = 0 in the sense that lim wu(x, )= Hm wu(x, 1) =0.
) =T

We must still see whether u(x, 1) is continuous all the way to =0, so that it satisfies

the initial condition #(x, 0) = f(x) in the sense that lim u{x, t) = f(x). For this pur-
—0

pose we suppose that f(x) is continuous on the interval 0 = x = 7, that f(0) =f(7) =0,

k.t

and that f f'%dx is finite. Then the Fourier sine series of f(x) converges to f(x) uni-

0
formly.

Let
N

sn(x, 1) = 3 bpe ™k sin nx
1

be the Nth partial sum of the series in (22.2). For any € > 0 there is an N, independent

AE v crrale 2l s
Ul A duULll Udi

|f(x) —sn{x,0)] =z¢ when N = N..

[ S F

Hence
lsv(x, 0) — su(x, 0)] < € when N = N.and M = N..

The function sy{(x, 7) — su(x, ) is a solution of the heat equation, and is zero for
x= 0 and x = 7. Therefore by the maximum principle for the heat equation

|sp(x, 1) —su(x, )| <€ when N=N.andM = N,

for all 0 = x = =, ¢t = (. This means that the sequence sy(x, t) converges uniformly
for 0 = x = o, t+ = 0. Since each sy(x, #) is coniinuous, the limit function, which we
call u(x, 1), is continuous for 0 < x < 4, t = 0. This shows that u satisfies the initial
and boundary conditions in (22.1).

By continuing the reasoning used above, we can show that u(x, 7} has continuous
partial derivatives of all orders with respect to x and ¢ for # > 0, even though the
initial values f(x) may have no derivative beyond the first. This means that the process
of heat flow described by the heat equation is a smoothing process.

Similar results are obtained for other boundary conditions. For example, the problem

ou  ,0%u
a1 kaxz—o for 0<x<m, t>0,
u(0,1) =0,
ou .
ax (7", t) 0!
u(x, 0) = f(x)
with f(x) continuously differentiable and f(0) = 0 is solved by
- ) 1
(22.5) u(x, 1) = 3% cope-ln-W2%t gin (n — —2-)x,
1
where

Cn == % j: f(x) sin (n — %)xdx.
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We note that in the solutions (22.2) and (22.5) the variable 7 only occurs in the

product kz. This is simply due to the fact that the scaling 7 = k¢ replaces k by 1 through-
out the problem.

EXERCISES
I. Solve the problem

au azu
— >
at k3x2~—0 for O<x<m 1t 0,

ul0, t)y =u(mw, t) =0,
u(x, 0) =sin®x.

2. Solve
du Pu _
E_kggz_ﬂo for 0<x<wo, t>0,
u(0, 1)y =u(m, t) =0,
u(x, 0) = x(m — x).
3. Solve
au Pu
E— 5}2—_0 for 0<x<77, t>05
du _
L0, =0,
U ) =0
ax" ?
u(x, 0) = sin x.
4. Solve
ou u_
5 kg = for a<x<b, >0,
u(a,t) =0,
i u(b, 1) =0,

u(x,0)=(x—a)(b—1x)
5. Solve by separation of variables

du  *u _
Y ax2+au-—0 for 0<x<m, (>0,

u(0, 8) =L, 1) =0,

u(x, 0) = x(m — x).

23. Laplace’s Equation in a Rectangle.
We shall now solve the boundary value problem for Laplace’s equation

Pu | FPu _
ax2+8y2_0 for 0<x<w, 0<y<A,
u(0, y) = u(m, y) =u(x, 4) =0,

u(x, 0) = f(x).

We seek a solution of the type produced by separation of variables; that is,

(23.1)

(23.2) u(x,y) =3 cp sinnx sinh n(4 — y).
1
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If we formally put y = 0 and use the initial condition at y = 0, we find that the ¢, are
to be chosen so that

f(x) = X ¢y sin nx sinh nA4.
i

We therefore put

b,
sinh n4’

Cn =
where
b, = 2 fﬂ f(x) sin nxdx
T Jo

is the nth Fourier sine coefficient of f(x). Then (23.2) becomes

<, sinhn{A—y)
(23.3) ux, y) = % bu sinh n4

sin nx.

Again we find that if c:%fﬂ |f(x)|dx then |b.| = c.
1}

We note that
sinhn(4d —y) e4¥ — g nd-y)

sinh n4 et — g—nd
— p—2n{4A-
_ ~ny1 e n{d—y)
I — g~2n4

Ny
ny

=< .
T— o2

Therefore the series for u(x, y) is dominated by a constant times the series 3, e~™,
It converges for y > 0, and uniformly in x and y for y = y, with any positive y,. There-
fore u(x, y) is continuous in x and y for y > 0. In particular, it takes on the boundary
values zero at x = 0, x = 7, and y = 4 continuously.

The series for du/ox, dufdy, 0%u/ox®, and 9%u/dy? are all dominated by a constant
times 3, n’e~™ and therefore converge uniformly for y = y, with any y, > 0. It follows
that these derivatives of u exist and may be obtained by term-by-term differentiation.
Since each term of the series satisfies Laplace’s equation, the same is true for u(x, y).

We now wish to shown that #(x, y) also is continuous at y =0 and that u(x, 0) =f(x).

For this purpose we make the further assumptions that f(x) is continuous, f(0) = f()
=(), and that f f'?%dx is finite. Then the Fourier sine series converges to f(x) uniformly.
)]

We now define

Tl <5 )
mnAaA —y)

N ~
. si
sw(%, ) = 21: b sinh nA

sin nx.

Then sy(x, 0) converges uniformly to f(x). This means that for any € > 0 we can find
an N, independent of x such that

bsm(x, 0) —sx(x, 0)] <€ for M, N = N..
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Clearly sy{x, y) —sy(x,¥y) =0forx=0, x=m and y = 4, and su(x, y) — sn(x, ¥) is
a solution of Laplace’s equation. Then by the maximum principle for Laplace’s
equation

(23.4) lsu(x,y) —sn(x,y)| <e for M,N=N,

everywhere in the rectangle 0 = x = 7, 0 = y = A4, This means that the sequence
sy(x,y), and hence the series for u(x, y), converges uniformly for0=x=7,0=<y =<4,
Since each of its terms is continuous, the limit function u(x, y) is continuous. Putting
y =0, we find

u(x, 0) = ; by sin nx = f(x).

Example. Solve

(23.5) axz+-a—5—o for D<x<m 0<y<m,

u(0,y) =u(m y) =ulx, m) =0,
u(x, 0) =sin®x,

We have
bn='2;fﬂ sin? x sinnxdx=—1-r (1 — cos 2x) sin nxdx
7w Jo w Jo
_4l1=(=Dr
=41 7 n(n®—4) for n+2
0 for n=2.
Hence

.83 sinh (24 — 1) (w — v) . _
u(x, ) =—1 2 TR 1) (2k —3) sinh (0k — 1) S0 (A~ D

This series clearly converges uniformly for0 = x <7, 0=y = .

Ny
Ay

~
-

lu(x, ) — sy(x, y)| = max [f(x) — sn(x, 0)].

We can bound the right-hand side as in (19.10) by means of Schwarz’s inequality and
Parseval’s equation. We find the uniform error bound
/2 e

_ 2" ., ‘N22}1{:_Ni1/2
lutx, ) = sar )] = {2 [7proan =3 o] {23 L1

This tells us how closely the partial sum sy(x, y) approximates the solution u(x, y).
For instance, if we approximate the solution of the above problem (23.5) by s4(x, ),
we find that

8 sinh (7 —y) _ 8 sinh3(m—y) .
u(x,y) = {377 smh sin x 157  sinh3m o0 3x}

Y2 (2 1 1 1 1 1/2
{ 917 22577} {6_ "Z_§“T6}
0.2

i
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The same bound can also be applied to the solution (22.2) of the heat conduction
problem (22.1). As a matter of fact, all our convergence proofs can be extended to
yield explicit error bounds. In most applications of series solutions such error bounds
are needed. The mere fact that a series converges to the solution does not in itself
mean that a particular partial sum that has been computed is a good approximation to
the solution.

The more general boundary value problem

%zﬂ+g§'{~0 for 0<x<mw, O0<y<Ad,
u(x, 0) = fi(x),
u(m, y) = fa(y),

ulx. 4A) = i{x)

ARy L2 SNy

u(0, y) = fa(y)

can be treated by solving four problems in each of which all but one of the four func-
tions f; is replaced by zero, and adding the four solutions. Each of these four problems
is done in the same way as the one just treated. Hence we obtain a continuous solu-
tion if all the f; are continuously differentiable and vanish at 0 and =.

The last condition, that x# must be zero at the corners, is rather artificial. We shall
eliminate it, as well as some of the smoothness conditions on the functions f;, in Section
25.

EXERCISES
1. Solve
Pu |, 3
ax2+_ 0 for 0<x<B, 0<y<Ad,
u(o J’) _u(B; )’) :u(st) :0’
u(x, 0) =f(x).
2. Solve
u 62
] W =0 for O<x<m, O0<y<Ad,
u(0, y)—g(y),
u(m,y) =u(x,0) =u(x,A) =0
3. Solve
82 —
axl 0 for 0<x<m, O<y<umm,

u(ﬂ- )’) - u(xs 77) =u(0, }’) ::0
u(x, 0) =x%(m — x).

Find a bound for the error made in approximating u by the partial sum s.
4. Solve

Pu  ou

axt = ay?

u(x, 0) =ulx, 1) = sin? x,

u(0, y) = sinwy,
u(m,y) =0.

= { for O0<x<w, O0<y<i,
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5. Solve
E’?ﬁ’—‘;—o for 0<x<m O<y<m,
u(x,O)*
u(x,7)=0

0y
%0, y) = (m, y) =0.

Show that the solution obtained actually satisfies all the conditions of the problem, and find a
bound for the error |u(x, y) — s2(x, y)|.
6. Solve

Fu | Fu_
52 T 5yt = 0 for 0<x<l1, O0<y<l,

u(x, 0) = (1 —x)%,

u(x, 1) _""—"'0’
du _
%9, y) =0,
u(l, y)=0.

Find a bound for the error |u(x, y) — s2(x, y)}|.
7. Solve the problem

82
6x+6y =0 for 0<x<m, O<y<m,
u(x,())=x2

u(x, w) = x2,
N Y — N
U, y) =9,

u(m, y) = a2

in terms of a uniformly convergent series by determining constants a, b, c, d in such a way that
the boundary values of the harmonic function

vix,y) =u(x,y) — [a+ bx+ cy + dxy]
vanish at the four corners, and solving for v by separation of variables.

8. Solve
62u+a =0 for 0<x<mwm, O<y<A4d
ax® 6 ? ’
u(0, y)—u(x,A)=0,
Q-Efﬂ' vy =0
ax\ I S
ou _
ay(x, 0) = f(x)
9. Solve
2u  FPu | du
ax2+ +&x 0 for O0<x<m, O<y<a,
u(O,y)=0
u(m, y) =siny.
10. Solve
2 2
ng;+au 0 for 0<x+y<l1, 0<x-—y<l,
ulx, —x) =0,
u(x, l—x)—
u(x,x—1)=20,

u(x, x) = x(l —2x).
HINT: Introduce new coordinates.
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24. Laplace’s Equation in a Circle.

We consider a solution u of Laplace’s equation in the unit circle x> 4+ y? < 1 with
its values given on the boundary x? 4+ y* = 1. It is natural to introduce the polar coor-
dinates r = VxZ+ ¥* and 6 = tan! (¥/x). A computation shows that Laplace’s equa-
tion in these coordinates is

u l1ou 1 0%u
(24.1) W+;5+;W=O.

We seek a solution u(r, 8) of this equation for r < 1 which is continuous for r = 1
and satisfies

(24.2) u(l, 9) = f(6).

The function f(0) is a given continuously differentiable function which is periodic
of period 27r. The solution u(r, 8) must also be periodic of period 27 in 6.
We apply separation of variables to (24.1) by seeking solutions of the form R(r)©(8).
Substituting, we have
PR RO

R TR ="M

where A is a constant. The eigenvalue equation for O is

(24.3) 0"+ 10=0.
We are interested in functions which are periodic of period 27. We consider (24.3)
in the interval (—m, ), and pose the boundary conditions

O(—n) — O(m) =0,

Oy Oy =)
P\ G T A\TTY .

(It then follows from (24.3) that ©"(—7) — 0"(w) = 0" (—w) — 0" (7m) =" - - =0.)
It is easily seen that (24.3) has solutions of period 27 if and only if A=n%, n=20, 1,
2, . ... Corresponding to these eigenvalues n* we have the eigenfunctions cos n6 and
sin nd. There are two eigenfunctions corresponding to each eigenvalue except A = 0.
The eigenvalues A=r%, n=1, 2, ..., are said {0 be double eigenvalues.
We turn now to the equation for R(r). We have
(24.4) PR"+rR' — n*R=0.
For n = 0 this has the general solutiona+ b logr. Forn=1,2, ..., the general solu-

tion is ar® + br-". The equation is to be satisfied on the interval 0 < r < 1. In place
of a boundary condition at r = 0 we simply impose the condition that R be finite there.
(Note that r = 0 is a singular point of the equation (24.4).)

We are left with the product solutions r* cos n@ and r* sin nf. We seek to solve the
problem (24.1), (24.2) by a series

e

1 -, o . .
u(r, 8) = iao + % (anr® cos n@ + b,r" sin n@).

Putting r = 1, we see that the coefficients a, and b, are to be chosen so that
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f(6) = —ag + 2 (a, cos n@ + b, sin nd).

Therefore a, and b, are to be the Fourier coefficients

an= L f(qb) cos nddd,

'

(24.5) 1
by = il f(cb) sin ngpde.

We examine the function

o
s Y S A 1,_ L% n—2 { -~ oo L L oo NN
(440) u\r, vj _EUO‘“T'“L r \ln LUD (lUT Un SI1 71T ).
1

If ¢ =%fﬂ | £(0)|d#0, so that |a.| = ¢, |b.] = ¢, we find that the series for u and its

first and second partial derivatives are dominated by the series 3 2cn?r*-2, This series
converges uniformly for r = r, for any ry < 1. It follows that « is twice continuously
differentiable for r < 1, and its derivatives may be formed by term-by-term differenti-
ation of its series. Then

1ou 1 8%u
ar2+rar+r2302

=3 r*(an cos nf + by sin nd) [n(n — 1) + n — n?]

1

=0,

so that u(r, 0) is harmonic. (That is, it satisfies Laplace’s equation.)
We now suppose that f(#) is a continuous periodic function with j f*de finite.

Defining

N
sy(r, 8) = lao + E r*(a, cos n + by, sin no),

we find that s5(1, ) converges uniformly to f{#). Then for any € > 0 there is an N, inde-
pendent of @ such that

lsn(1, 8) —su(1, 0)]| <€ for M, N > N..

Since sy(r, ) — su(r, 0) satisfies Laplace’s equation for r < 1, it follows from the
maximum principle that |sy(r, 8) — su(r, 8)| < € for r < 1. Thus the series for u(r, 6)
converges uniformly for r = 1, Hence u(r, 8) is continuous for r = 1. Since u(1, 8)
= f(0), the boundary condition is attained continuously, and u is the solution of our
problem.

Example. Solve

10u | 1 0%
ar2+ +ﬁ}§"é§_0 for r<i,

u(1, 8) = cos? 4.
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We ﬁnd_

cos? f = % +% cos 20.

Therefore

u(r, 9) = % + %rz cos 26.

The above convergence proof again leads to a uniform error bound for |« — su|.
The solution (24.6) can be put in the form of an integral by substituting the defini-
tions (24.5) of the Fourier coefficients. The partial sum sx(r, 8) is given by

sw(r, 8) = % f:rf(q&)d(b + 717 ? rnU:rf@,) cos né cos nopdd '

_ % f,,f((b) [% + %N r™ cos n(@ — ¢)]d¢-

For any r < 1 this series converges uniformly, so that we may take the limit as N — o«
under the integral. We find

(24.7) u(r, 6) = % f: £($) [% + % P cos n(8 — ¢)]d¢.

To evaluate the series we compute

[+ 1—2rcos@] 2 r" cos né
1

.-Mg

{[r*2 + r*] cos n@ — r+1[cos (n+ 1)8 + cos (n— 1)6]}

oo

o0 [ <] oc
=3 r*2cosnf+ X rcosnf — 3 rt cos né — 3 r"+2 cos né
1 1 2 ¢

=rcos@—r.
Then
[r2—|—1—2rcosﬂ]lé+2r"cosn0J=%(1—r2),
1
and
| . 1—r2
(24.8) ~2~+§,r cos ne“Z[r2+1—2r cos 8]

Replacing 8 by 8 — ¢ and substituting in (24.7), we find that if [|f(8)|d# is finite,
the series solution (24.6) can be represented as the integral

_1=-f fld)do
(24.9) ulr 0) = | TP =2rcos (0—9)
for r < 1. This is called Poisson’s integral formula.
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It is frequently more convenient (and more accurate) to use this formula rather than
to compute the Fourier coefficients of f(8) and then sum the series (24.6).
The boundary value problem on a circle of radius R
louw , 1 9%
ar2+rar+r2602_0 for r <R,

can be reduced to the unit circle problem (24.1), (24.2) by means of the change of
scale ¥ = r/R. We immediately find that it has the series solution

(24.10)

1 0 n
(24.11) u(r, 8) =za0 + 3, (%) [an cos né + b, sin né],
p 1 FaAN

where a, and b, are the Fourier coefficients of f(#). This series can also be written
in the form (24.9) as

_R -2 flo)de
ulr, ) === | S ¥ RF—2rRcos 6—9)

(24.12)

for r < R. This is the general form of Poisson’s integral formula.

These formulas again represent a continuous solution when we define u(R, )
= f(9) if f(8) is continuous and periodic and [ f"*d@ is finite. (The integral is in general
not defined for r = R.)

If we put r =0 in (24.11) or in (24.12), we find that

w0, 0) =5 " f(#)ds.

That is, the value of 1 at the center of any circle inside which it is harmonic is equal to
the average of its boundary values. This fact is called the mean-value theorem.

As long as r < R, the formula (24.9) may be differentiated any number of times with
respect to r and 6 or with respect to x and y. Therefore u is infinitely differentiable for
r < R.If u(x, y) is a solution of Laplace’s equation in any domain D, we can surround
any point (xo, yo) of the domain by a circle (x —x0)2+ (y — ¥0)2 = R? which lies in D.
Then u« is certainly continuously differentiable on the circle. Hence it may be repre—
sented by Poisson’s formula inside the circle, and is ulfiuucxy differentiable there. In
particular, it is infinitely differentiable at the center (x,, yo). We have shown that any
solution of Laplace’s equation in a domain D is infinitely differentiable throughout D.
It is, in fact, analytic. That is, u is equal to its Taylor series about (x,, yo) in any circle
centered at (xo, yo) and lying in D. The series (24.11) is the Taylor series for » about
x=y=0. (See Exercise 3.)

EXERCISES
1. Solve
1ou , 1 0%u__
al‘2+r8r+_ﬁ—ﬁ_0 for r<l,
u(l, ) =sin3 4.
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2. Solve . .
Fu  u_, 2
ax2+ay2 0 for x2+y? <4,
u=xt for x*+ y*=4.

Find a bound for |u(r, 8) — s:(r, 8)].

3. Show by induction that the functions r* cos nf and r» sin né are polynomials of degree
n in x and y. (They are called harmonic polynomials). Using this fact, show that (24.11) is the
Taylor series for u(x, y) about x =y =0,

4. If

Viu=10 for *+y* <1,
u=ylog(5+ 4x) for 2+y*=1,

find uat x = —%, y = ( by Poisson’s formula.

5. Solve the problem in a semicircle
Pu_ louw  13%_
ar " ror  roag?
u(r,0) = u(r,m) =0,
u(l, 8) =06(m — 0).

6. Solve the problem in a quarter-circle

0 for r<l1, 0<O8<m,

Pu  10u 1% _ 1
u(r, 0) =0,
2u(, 1) o
FY:) I‘,'z"ﬂ' ’
u(l, 8) =8.
7. If
Viu=( for X*+y2 <1,

w = xyeTtvt 4 2 for 22+y2=1,
find 4(0, 0) by the mean value theorem.
8. Solve
Viu=0 for r<i1,
ou _
21, 8) =f(6)

when J’ " f(8)dé = 0 and « satisfies the normalization #(0, 8) = 0, Show that there is no solution

v

T
if ( FIAONAD £ 6
uJ JA\UGU 7T U
—r

9. Solve
Viu=0 for r <1,
ou = qin?
ar(l, #) = sin3 @

with the normalization «(0, 8) =0,
10. Solve by separation of variables

Viu=10 for 1<r<R,
u(l, 6) =0,
U(R, 0) = f(6).

(This is Laplace’s equation on an annulus.)
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25. An Extension of the Validity of these Solutions.

We showed in the preceding section that the series (24.11) gives a continuous solu-
tion of the boundary value problem (24.10), provided f(8) is continuous and f "’ f2de
is finite. The series already satisfies Laplace’s equation under the much weaker E;poth-
esis that f : | f1de is finite.

We shall now show that the solution (24.11) attains its boundary values at all points
where f(8) is continuous in the sense that the limit of u(r, 8) as (r, 8) — (R, 6,) is
f(6o).

We begin by assuming only that [ | f(8)|d6 is finite. Then the series (24.11) converges
for r < R. (The Fourier series for f(#) itself may not converge). For r < R we can write
u(r, 8) in the equivalent form of the Poisson integral (24.12).

The solution of the problem (24.10) with f(68) = 1 is #(r, 8) = 1. Therefore (24.12)
gives

(25.1) PRy S | E—
’ 2@ " )P+ RE—2rR cos (6 — ¢)

For a given function f(8) and a given angle 6, we subtract f(6,)} times this formula
from (24.12) to obtain

_Lipe_ o [” [f(d) — f(680) 1dd
u(r, 8) — f(6o) = 27T(R %) f_ﬂ PP+ R?2—2rR cos (8 — ¢)

We define ¢y = ¢ — 6. Then

— R IR ™60 f(8o + ) — £(6)
u(r, 6) = flbo) =5 (RE=F) | o P+ R — 2R cos (6— 60— )Y
— _1__ R2—p2 [ .f(eﬁ + '\i»") _Jf‘(eﬁ) d
_277( ),,_wr2+R2—2chos(0-~00—¢) v,

since the integrand is periodic of period 2.
Suppose now that f(8) is continuous at # = 6,. Then for any € > 0 thereis a § > 0
such that
1
(25.2) |f(8) —f(60)] <3¢  when |6 — 6o} <8.
We consider an angle 6 such that

,O-GOI < _2-85
' Z

and split the integral as follows:

S S - f(6o + ) — £(60)
u(r, 6) = f(60) =3(R ’2)[ L PETR—2R cos (0— Go— )

® J(6o + ¢) — f(6o)
(25.3) + I-a P+ R? —~02rR cos (6 = @y — ‘If)dlb
i SO + ) — f(6)
+ s P+ R*—2rR cos (6 — 6 — (p)d‘p]'
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The integrand in (25.1) is positive. Therefore by (25.2)

. (8o + ¢) — f(6o)
|—*(R '2)[ P+ R?—2rR cos (8 — Go—ib)d‘p‘

<l lir— o
S€a (R* — 1) *,,,;-2+R2 2rR cos (6 — 6o — )
1

= [E.

2
In the other two integrals of (25.3) the denominator is bounded below by 2 + R% — 2rR

cos %8 because |6 — 6| < %8 while || = 8. Therefore the sum of these integrals is
bounded by

1 Rz —p2
2

| 7 176)1d6 + 271 700} |

2+ R?— 2rR cos %SL

This expression clearly approaches zero as r — R. There is, then, an n > 0 such that

the above expression is less than %e forr >R —mn.

We have shown that

r'd £ N

lu(r, 6) — f(60)| <€ for |6 — 6, <
By definition this means that
lim  u(r, ) =f(6,).

(r, 6)—=(R, 6}

We have assumed only that f | f|d# is finite and that f(#) is continuous at 6.

In particular, if f(8) is continuous, the solution «(r, #) defined for r < R by the series
(24.11) or the Poisson integral (24.12) and for r = R by u(R, 6) = f(8) is continuous
for r = R. :

Uniess f(#) happens to be zero, the Poisson integrai (24.12} is not defined, even as
an improper integral, for r = R. The series (24.11) may or may not converge for r= R,
and certainly need not converge uniformly.

When f(8) is only piecewise continuous (that is, continuous except for a finite num-
ber of discontinuities) the function u«(r, 8) defined by (24.11) or (24.12) is a solution
of Laplace’s equation which attains the boundary values f(#) continuously except at
the discontinuities. Moreover, it is clear from (24.12) and (25.1) that

min f(8) = u(r, ) = max f(6)
throughout the circle.

The nroblem with niecewis
A LIV prL VIV Villl PRV VYLD

as a limiting case. It might be quesuoned 1f th lllthl‘l uis determmed by 1ts boundary
values at all but a finite number of pomts and whether the problem so defined is
properly posed.
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An extension of the maximum principle (the Phragmén-Lindelof theorem) states that
if i(x, y) is harmonic in a domain D and continuous in D together with the boundary
C except at a finite number of points of C, and if « is uniformly bounded in D + C, then
u is bounded above by the least upper bound and bounded below by the greatest lower
bound of its values at the points of continuity on C. [The above inequality is a special
case of this theorem.] For a proof of the theorem see Exercise 5, or M. H. Protter and
H. F. Weinberger, Maximum Principles in Differential Equations, Prentice-Hall,
Englewood Cliffs, New Jersey, 1967, chapter 1.

Applying the Phragmén-Lindelof theorem to differences of solutions gives both
uniqueness and continuity for the boundary value problem with piecewise continuous
data.

We note that the unbounded function

R2—p
R2+r—2Rrcosé

is harmonic for r < R and approaches zero on the boundary r = R except at 6§ = 0.
This shows that a hypothesis of boundedness is essential in the Phragmén-Lindelof
theorem. It can however, be replaced by the weaker hypothesis that ¥ does not ap-
proach infinity too rapidly near the exceptional points.

Suppose now that f{6#) has a jump discontinuity at 6, That is, the limits f(8; —0)

Radin it SRS S35 === itk % 4 S2=E SFF FSS -"'-"J L

and f(6, + 0) exist, but are not equal. We observe that the bounded function

u(r, 8) =

r sin 8

— - Y
W(r, 8) = cot R—rcos®

where 0 < cot™'a < 27 is harmonic for r < R and has the boundary values
Y(R, ) m%@ for 0 <6< 2w.

Extended as a periodic function of 4, ¢(R, #) has a jump discontinuity at 0: ¢(R, 0+ 0)
—y{R,0—0)=0—m=—7

Therefore the functi
u(r, 8) + [f(ﬂo + 0) — f(6o — 0) s (r, 8 — 60)

is harmonic for r < R, and its boundary values are continuous at 8, when u(R, 6,) is
defined to be f(6, + 0). It follows that this function is continuous at (R, 6,), so that
u has the same discontinuity as

_11; Lf(8o + 0) — F(86 — O)JY(r, 6 — B0).

This is a fan discontinuity. That is, « is approximately f(#,— 0) plus a constant times
the angle ¢ between the ray from (R, 6,) to (r, 6) and the tangent to the circle. In
particular,

lim u(r, 00) = 3060+ 0) + (80— 0)].

In the preceding derivation we used the Poisson integral formula (24.12) to verify
the fact that the solution (24.11) obtained by the method of separation of variables is
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valid for a larger class of boundary values than that which one expects from the Fourier
convergence theorems, The solutions in Sections 22 and 23 have the same property,
and we shall now indicate how to verify this fact.

We first consider the series solution (22.2) of the heat equation problem (22.1).
Using the definition of the Fourier coefficients, we find that

ulx, 1) = % %:‘ J f(€)e ¥ sin né sin nxd§.

For t > 0 we interchange summation and integration, which is permissible since the
resulting series converges yniformly in £. Then

(25.4) utx, = [ FOKE, % e,

where we have defined

The formula (25 .4) gives the solution of the heat e

m 22% ARAa nuia Fo® ¥ wily Siritevaifia VA i

tegral. It is the analogue of the Poisson integral formula.
Since we have given the Fourier sine series of K we easily see that

Lﬁ K(&, x, t) sin édé = e~** sin x.

Therefore for 0 < x, < 7

sin ¢
sin x

(25.5) u(x,0) = f() = || K (& % 0] (0) = flam)erEinE |ag

The maximum principle for the heat equation implies that #(x, t) = 0 whenever
f(x) = 0 for all x. We wish to show that X = 0. Suppose that for a fixed (x, ¢) the
kernel K(¢, x, t) were negative for some value ¢ = &,. Since K is the sum of a uni-
formly convergent series of continuous functions, it is continuous. Therefore, there
would be an interval £ — 8 < ¢ < & + 8, where K (&, x, t) is negative. We could then
choose a continuously differentiable initial function f{£¢) which is identically zero out-
side this interval and positive inside it. By (25.4) u(x, t) would be negative, contradict-
ing the maximum principle. We have proved that

K(, x,1) =0.
If we consider the particular initial values
1
nx for x = -
n
n - "
n(1—x) for x= ””;11’
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the maximum principle shows that

[" ke, x, nfuerde = 1.

0

Taking the limit as # —> «, we find that

(25.6) f K& x, 0)dE =< 1

uniformly in x and ¢.
Suppose now that f(x) is bounded for 0 = x = #, and continuous at the point x = x,.
Then the function

sin ¢
sin x

g(é, x, 1) = f(€) — flx)e*
is continuous in £, x, and ¢ at £ = x==xo, t = 0. For any € > 0 there is a 8 > 0 such that
(25.7)  |g(& x, 1) <~;-e whenever |é—xo| <8, |x—x| <8, and 0<r<é.

We take 8 so small that 0 < x, — 8 and x, + & < =, and split the integral (25.5):

CK(& x, g, x, nde+ [ Ke(e, %, 0dE

+ jl Kgd€.
To+6

u(x, 1) — flxa) = f i
(25.8) ¢

We must show that this can be made arbitrarily smalil by making (x, #) close to (x,, 0).
Since K = 0, we have by (25.6) and (25.7)

(25.9)

" Kede| < Le [ Kde <1
fxo—s d f‘ <2€L K =3
when |x — xo| < 8, ¢ < 8.

Since f(x) is bounded, g(¢, x, t) is uniformly bounded for ¢ < 8, |x — xo| < 8. That
is, |g(&, x, t)| = ¢ for some constant ¢. We now consider the function us(x, t) which
is the solution of the initial value problem (22.1) with the initial values

(1 for |x— x| < %6
folx) = 2~-~-2Jx—_6—£cEL for %8< |x — xo| < 8,
0 for |x— x| = 8.

This function is continuous, f5(0) =fs(7) =0, andf f3'%dx is finite. Hence, us(x, t) is
0
continuous at = 0 and us(x, 0) = 1 for |x— xo| < 8. Therefore, there is ann > 0 such that

€

5 whenever |x — x| < 18 and 0< <.

ll-—ua(x, 2‘)|< 5

Since K = 0 and f; = 1 we have by (25.6)



110 Separation of Variables and Fourier Series CHAP. 1V

ro—& T To+8 #
f Kdt+| Kde<1- Kdt
0

Xo+é xo—8

<1- f K(x, Dfs(&)de

=1 us(x, t)
1

€ - ; )
< 5= for |x— x| <2

7 0, O0<t<m.

Then

.'l.‘o—a ko
f Kgd¢ +f Kgde < -1-6 for |x—xo| < -1-6, O<t<m.
0 To+d 2 2

This inequality, together with (25.9) and (25.8), shows that

lu(x, 1) —flxo)| <€  for |x— xol <%8, 0<t<n.
We have shown that if f(x) is bounded for 0 < x < 7r and f(x) is continuous at x = x,,
then the solution u(x, t) defined for + > 0 by (22.2) and for t = 0 by u(x, 0) = f(x) is
continuous at x,.

In particular, if f(x) is continuous, but does not satisfy f(0) = f(«) = 0, the series
(22.2) gives a solution of the heat equation which is bounded and satisfies

lim  u(x, 1) = f(x) for 0<x <.
(x, 1)=> (x5, 0)

(The series need not converge for t = 0.)

Since if f(0) # 0 or f(w) # 0 this solution is not continuous at (0, 0) and (0, =), the
uniqueness theorems of Section 13 no longer can be applied. However, the energy
method of proving uniqueness can be extended to show that u(x, ¢) is the only bounded
solution for which ling u(x, t) = f(x) uniformly on every closed subinterval of (0, 7).

N

| oI A

if f(x) has a jump discontinuity at x,, (that is, different left and right limits), we can
show that

lim u(x, t) = %[f(xo +0) +f(xo—0)].
t—0

If f(x) has a finite number of jump discontinuities we can show that u(x, t) is the only
bounded solution of the heat equation which attains the initial values f{x) uniformly
on each closed interval where f(x) is continuous.

Similar considerations apply to the solution (23.3) of Laplace’s equation on the
rectangle. We can rewrite this solution as

.

ulx, = | K(& % A,
where now

sinh n{(4 — y)
sinh nA4

K(¢, x,y) = % %03 sin nx sin né.
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We can again prove by the maximum principle that K = 0, and that

f "Kde=1.
0
Again we are given the Fourier sine series of K, and hence

™ . _sinh (4 —y) .
L K sin édé¢ ~einh4 Sinx.

By considering the boundary values

1 for |x— x| < -;—6
flx) = Z*Zlﬂgigl for %8<|x—-xo|<8,
0 for |x— x| > 8,

we see that for any xo and 8 such that 0 < x, — 8, xo+ 8 < 7 and any € > 0 there is an
1 > 0 such that

fw" B Ka!§+fr de‘ <%€ for |x—xo| <28, 0<y<m.
0 Zotd 2

Then we can prove in exactly the same way as for the solution of the heat equation
that if f(x) is bounded, the solution (23.3) of the Laplace equation for y > 0 extended by
u(x, 0) = f(x) is continuous at points of continuity of f(x).

In particular we need not assume that f(0) = f(#) = 0.

If f(x) has a jump discontinuity at x,, we have

lim (o, 3) = 3[f(3+ 0) + = 0)].

More generally, we can show that the harmonic function

has the limit f{x, +0) as (x, y) = (x0, 0). _
The uniqueness of the solution u again follows from the Phragmén-Lindelof theorem.

EXERCISES

1. Solve the problem
%u  1ou 18

—+-——+ 5 —==0 for r<1,

Jr- r dr re og ’

(1, 8) = 1 for 0<6<m,
27 T0 for o= <6< 2m.

In particular, find «(0, 6).
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2. Solve the problem

d 92
a—‘;—b}‘—;=o for 0<x<,

t >0,
u(0, 1) =u(w, 1) =0,
u(x, Q) = x.
3. Solve the problem
2
%—gx—”;:o for 0<x<1, 1>0,
du _
a_x(o, t) - 09
u(l, 1) =0,
u(x, 0) = x.

Prove that the solution is valid. HINT: Use extension by symmetry, and scaling.
4. Solve the problem
Pu , Pu_

u(x, 1) =u(0,y) =u(l,y) =0,
u(x, 0) =1.

In particular, find «(, 3) by using the symmetry.

0<y<l,

5. (Phragmén-Lindelof theorem). Let (xo, yo) lie on the boundary C of a domain D, and let
D be contained in the circle of radius R centered at (xo, yo). Let « be harmonic (that is, VZu = 0)

in D, and continuous in D + C except possibly at (xo, yo). Let « = M on C except possibly at
(XQ, yo) Show that if

2R?
u(x, Y)/log (x —x0)2 + (¥ — yo)? -0
as (x, y) — (xo0, o), then u = M in D. HINT: Write

_ 2R?
u(xs )7) - ¢(xa )’) IOg (x_x0)2 + (y,_yo)z + Ma
obtain a differential equation satisfied by ¢, and show that ¢ satisfies a maximum principle.
6. Let f(8) be continuous and periodic of pertod 27. Show that for any € > 0 there is a finite

N
linear combination %‘, [cn cos n@ + d, sin n8] such that

|.f(8) —% [cn cos n8 + d, sinnf]| < e
for all 8. HINT: Show that there is an r. such that

|£(8) — u(re, 8)] < %e,

where u(r, 8) is defined by (24.6). Then show that u(r., #) can be approximated to within %e
by a partial sum of its series.

26. The Damped Wave Equation.

= <x< t>0
-z T+ 203, pp 0 for 0<x<m, .
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u(x, 0) =f(x) for 0=x=m,
C?,i—l;(x,O)=0 for 0 =x=n,
u(0, 1) =0,

u(m, t) =0,

where a and ¢ are positive constants. The solution of this problem gives the approxi-
mate motion of a string when air resistance is taken into account. The differential
equation is called the damped wave equation.

The method of separation of variables gives product solutions of the form

T,(t) sinnx, n=1, 2, .
where T,(t) satisfies
Tn” + 2aTn’ + nZCZTn = 0 fOI' > 0,

T.'(0) =
Putting T,(0) = 1, we find that
(26.2)
e”“‘[cosh V& — nctt + —2%— sinh V& — nzczt} for n < —,
a? — n*c?
Tw(t) = } e *[1+ at] for n=

o8 ﬁla SIS

e-“‘[cos nc® — a*t +

a .
\/—22——2 sin V n*c? — azt] for n>
n-c—ada

The formal solution is given by

(26.3) u(x, t) =% b,T,(t) sin nx,
1
where
_2 :
(26.4) b, = WL f(x) sin nxdx.

It remains to verify that this is a solution.

Suppose first that f(x) is continuous, f(0) = f(w) =0, and f i f*dx finite. Then by

JU

. 2 (7
Parseval’s equation 3 n%b,* converges to p f f%dx.
1 0

For any finite time interval 0 < t = ¢,, Tx(¢) is bounded uniformly in n. That is,
|T.(2)| = A. It follows from Schwarz’s inequality that

N 2
S baTpsinm] <4* 3 wb2 3 L.
M+1 M+1 M+1 R

The two series on the right converge. Therefore the series (26.3) for u(x, ¢t) con-
verges uniformly for 0 = t = ¢, for any #,. Then u(x, t) is continuous for 0 = x = 7,
t = 0 and satisfies u(x, 0) = f(x) and u(0, t) = u(mw, t) =0.
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To differentiate the series term by term we must make more hypotheses about
f(x). If we assume that f(x) is twice continuously differentiable, that f(0) =f(7) =f"(0)
T

fd — N nam A tlad r Fal e}
\a) — J, aliu uidat J J u
0

ot .6k 2 e
llalL Qg 1>

finite. It then follows from Schwarz’s inequality that the series for the first and second
partial derivatives of u converge uniformly. The series for ¥ may therefore be differ-
entiated term by term, so that the differential equation and the condition du/ot{x,0) =0
are verified.

Thus if f(x), extended as an odd function about 0 and , is twice continuously dif-
ferentiable and [ f"*dx is finite, (26.3) gives the solution of (26.1). By comparing with
the result for a = 0 obtained in Section 2, we can expect that the continuity of f” is
actually needed to give a twice continuously differentiable function. We shall now show
how to eliminate the condition on f.

If we let a =0 in (26.2), T,(¢) becomes cos nct. Hence the solution (26.3) for the
ordinary wave equation becomes

u(x, t) =3 b, COS nct sin nx
1

= % S, ba[sin n{x + ct) + sinn(x — ct)]
= Lflx+ ct) + flx— cn)].
This agrees with the d’Alembert solution (2.16).
When # is large, we find that
T,(t) = e~* cos nct.
More precisely, for any interval 0 = ¢ = ¢,, there is a constant B such that
|T»— e % cos nct| = B/n,

< B,

(26.5) '%[Tn — e % ¢os nct]

d2

W[T" — e % cos nct]| = Bn

for all n.
We write (26.3) in the form

u(x, t) =3 bye® cosnt sinnx + 3 ba[Tn(t) — e cos nt] sin nx
1 1

or

(26.6) u(x,t) = %e-"‘[f(x +ct) +f(x—ct)] + ? bn[T,— e % cos nt] sin nx.

Here we have extended f(x) as a sine series, that is; as an odd function about 0 and 7.
We now assume that f(x) and f'(x) are continuous, f{0) =f(#) =0, and that j fdx
0

is finite. It follows from the estimates (26.5) together with the convergence of 3, n*h,?
and Schwarz’s inequality that the series on the right and the series obtained by taking
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its first and second partial derivatives all converge uniformiy. Therefore, the series
may be differentiated term by term, and represents a twice continuously differentiable
function. It follows that if f(x) (extended) is twice continuously differentiable, the same
is true of u(x, ). It is easy to show by looking at the resulting series that u satisfies
the problem (26.1).

If the second derivatives of f(x) are only piecewise continuous, a discontinuity in
a second derivative of f at x, causes discontinuities in the second derivatives of 4 a
(xo+ ct, t) and (xo— ct, t). In other words, discontinuities in the second (and similarlyr-
in higher) derivatives are propagated along the characteristics x = ¢t = constant and
their reflections, just as in the ordinary wave equation. That is, the characteristics not
only serve to limit the domain of dependence. (This is true by a uniqueness theorem
like that of Section 7, although it is not at all clear from the series (26.3).) They are
also the carriers of discontinuities. This property of characteristics is true of all hy-
perbolic equations.

The series in (26.6) converges uniformly for 0 = ¢ = ¢, if f(x) is only square integrable
(that is, {f2dx finite). When f(x) is not twice differentiable, we can consider (26.6) as

. .
a ganaralizad eanlntinn Af tha nerahlam
a glniilrailZiq 5C.uiOn O Uil ProvsCiil.

The series in (26.6) converges more rapidly than that in (26.3), and is therefore better
suited for computing the solution, and especially its derivatives.

EXERCISES

1. Show that as ¢ — « the solution «(x, ) of (26.1) approaches 0.
2. Solve (26.1) when f(x) = sin? x.
3. Solve by separation of variables

2
2+2—+1bu AE_0  for O<x<m >0,

ot ax?
M(O, t) U("T, t)_oa
u(x 0)=0,
(x 0) = g(x).

(This differential equation arises in the transmission of electrical impulses in a long wire with
distributed capacitance, inductance, and resistance. It is called the telegrapher’s equation.
4. Solve by separation of variables

ou  Fu_
tz+6‘t W_O for 0<x<#w, >0,

u(0,1) =0,
du —
ax(ﬂ-9 I) - Ov

u(x, 0) = sin-"%x,
du _

5. Solve by separation of variables

Pu_ o ou_
at2+2“at Caxz--() for 0<x<a, t>0

u(0, t) = u(m, t) =0,
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ulx ()):0

b S ] Y

L(x,0) = g(x).

Show that a solution is obtained if g{0) = g(#) = 0 and g(x) is continuous and continuously
differentiable.
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CHAPTER V

Nonhomogeneous Problems

27. Initial Value Problems for Ordinary Differential Equations.

The method of separation of variables reduces problems in partial differential
equations to problems in ordinary differential equations. We shall study some of the
properties of the second order differential equation.

ax)u"+ b(x)u" + c(x)u= F(x)

on an interval o < x < 8. We suppose that a(x) is a continuously differentiable posi-
tive function on this interval, and that » and ¢ are continuous. If we multiply the equa-

tion by the functiont

6]
L 6™
a(x) ’
and define f fdf
p(x)=€" ) ,
_clx
gq(x) a(x)p( )
_Fx)
f(x) - a(x)p(x)’
the differential equation becomes
d{ d
(27.1) E(pﬁ) + qu = f(x).

We shall consider the equation in this form, called the self-adjoint form. The function
p(x) is again continuously differentiable and positive, and g(x) and f(x) are continuous

fora <x<g.
The homogeneous second order differential equation

d{ d
(27.2) a(pd—;) +gv=0

has exactly two linearly independent solutions v,(x) and v.(x); any solution of (27.2)
can be written in the form

vi(x) = cvi(x) + c2v2(x),

t While a(x) is positive for x > a, it may approach zero as x — «. Then f gdf may not converge. If it

does not, we simply replace the lower limit of integration by some value between « and g in the definition
of p.
117
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where ¢, and c; are constants. The functions v;(x) and v;(x) are twice continuously
differentiable for o < x < B.
We now consider the function

w(x) = (x) f " V(€ dE — o) f " VL)€ dE.

a

(We assume that v, and v, remain bounded as ¢ — a, so that these integrals converge.)

Differentiating w, we have

W = w0 [ n@fedE—v @) [ wenede
+ vi(xX)ve () A(x) — vo (x) v {x) f(x)
— f ve()F(E)dE — ve' () f Vi (E)f(E) de.

Then

Hro] - Elrw P [ mened - Lpw]| [ wenee

+ p(x) [vi" (x)va(x) — v (x)vi(x) ] fx)
=—q(xX)w(x) + p(x) [vi' (X)v2(x) — v" (x)v1 (x) ] f(X),

L o) n'vs = vl =S (pw 'Y, — <L (puy') v

+ pvi've’ — pw'vy/
=0

by (27.2). Hence the expression
p(x)[v' (X)ve(x) — ' (x)ni(x)] = K
a constant. We have shown that w satisfies the equation

d/{ dw\
dxkp_) + gw = K.

Moreover, if v;’ and v,’ remain bounded as x — «,
w(a) =w'(a) =0.
Dividing by the constant K, we find that the function

(27.3) u(x) = [ " R(x, £)f(€)de,

where we have defined

AP

_ VIUUVZUL'J "—V2(X}v1\g)
RO &) = o v = v m@]

is the solution of the initial value problem

(27.4)
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%(p%) + qu = f(x) for x> a,

ula) =u'(a) =0.

(27.5)

Since the denominator in the expression (27.4) for R(x, &) is a constant, the func-
tion R(x, £) satisfies the homogeneous differential equation (27.2) as either a function
of x or of £, In fact R(x, &) =—R(¢, x).

For a fixed value of ¢, R(x, ¢) is completely characterized as the solution of the
homogeneous initial value problem

d%{[p(x)%] +qg(x)R=10 for x> ¢,

R|x=§ = Oa
dr 1
dx|z-¢ p(£)

The function R(x, &) describes the influence on the value of « at x of a disturbance
(impulse) concentrated at £. It is sometimes called the influence function, or the one-
sided Green’s function.

Example. Consider the problem

u' +u=f(x) for x>0,
u(0} =u'(0) =0.

For a fixed value of ¢ the influence function R (x, £) satisfies
d’R

—~+R=0 for x> ¢,
ax-
R],T=§=0,
dRl _
dx T=£ ’

Thus
R(x, §) =sin (x — £),
and the solution is

u(x) = f " f(€) sin (x — £)d.

If the values of #(a) and ' () are prescribed to be other than zero, we must simply
add a suitable solution ¢;v; + ¢2vs of (27.2) to the expression (27.3). (We assume that
vi{x), vi’(x), v2(x), and v’ (x) have limits as x > a + 0.)

Example. Consider the problem

U+ u = f(x) for x>0,
u(0) =1,
u' (0) =-1.

We must have

u(x) = fo(g) sin {x — £)d¢é + ¢1 sinx + ¢z cos x,

u(Q)=c=1,
u'(0) =¢=-—1.
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Thus
ulx) = J;lf(f) sin (x — £)d€ — sin x + cos x.

The value at a point x of the solution u depends only on f{¢) for ¢ < x. We can say
that the domain of dependence of a point x, consists of the points to the left of it. This
behavior is very much like that of hyperbolic equations.

EXERCISES
1. Solve
W —u=f(x) for x>0,
u(0) =u'(0) =0.
2. Solve
[(x+1)2']) —u=f(x) for x>0,
u(0) =0,
u'(0)=1.
3. Solve
u'+u —2u=e* for x>0,
u(0) =1,
u{(0)=0
by finding the influence function and integrating.
4. Solve

Xu"+ xu' +u=logx for x> 1,
u(1) =0,
w'(l)=1.

HINT: x=t = cos (log x) = i sin (log x).
5. Solve

(1 +x2)20 +u=x for x>0,
u(®) =0

by reducing the equation to the form

[p(x)u]’ = f(x).

28. Boundary Value Problems and Green’s Function for Ordinary Differential Equations.

Frequently the constants ¢; and ¢; in the linear combination ¢,v; + ¢2v. to be added
to the particular solution (27.3) of (27.1) are to be determined not from two initial
conditions at one end « of the interval (a, 8), but from one condition at each end. In
this case we speak of a two-point boundary value problem.

Consider the simplest such problem:
d( du
(28.1) z\;(pa) + gu = —f(x) for a<x<g,
u(a) = u(B) =0.
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Wo have wrmttan the maht_hand
\ YYL 1IAYW ¥YLlIiLLWAl Lilw 1 i

applications.)
Writing the general solution in the form

u(x) = — E R(x, )f(£)dE + c1vi (x) + cana(x),
we obtain the two equations
Clvl(a) + C2V2(O£) = O,
B
em(B) + en(8) = | R(B, OFEdE:

(We have assumed here that v, and v, have limits as x = a and x — 8.)

These two equations determine a unique pair of constants ¢; and ¢z, provided the
determinant of their coefficients is not zero; that is, provided

D = vi(a)v:(B) — vala)vi(B) # 0.

We assume this for the moment. Then
== [ R(g, 1116 dt
-2 ["Rp, rrde -2 " Re6, on@0a,
=" [" rep, 10 de
=2 " rip, oerae 22 [* Re6, 17161

The solution can then be written as

u(x) =— Lf {R (x. &) + vy (o) vi(x) 1_) vl(oc)vz(x)R(B, f)]f(f)df
— jj va(a)vi(x) l—)- V](Q)VZ(X)R(B7 (6 de.

We recall that the denominator in the definition (27.4) of R is a constant K. We find
after some algebraic manipulation that

R(x, §) + 2l onl@vtp g o — Lpu @) - wi@m @)

X [vi(x)va(B) — va(2)vi(B) ].
We define the function

25 Om(@) = @) () (8) — nlIn(B)]

(28.2) G(x, ¢) = - for ¢=x,

2B m(e) = vl ()1 (€ (8) — ve(&)vi(B)]

{

for x=¢&.
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the form

1’.3
(28 ) nly) = s{y EYFIEN AL
\&iu s f AN \ My SIS JUy

The function G(x, ¢) is called the Green’s function of the problem (28.1). It is sym-
metric. That is,

G(x, §) =G(& x).

To determine the Green’s function, we note that for each £ it satisfies the following
boundary value problem.

(a) %[p(x)cfl—(;] +qg(x}G=0  for x# ¢,

(28.4) b)) Glea=Glz-5=0,
©) Gla=t+ro— Gla=g-0=0,
dG dG 1
(d) dx |z=¢+o dx |z=¢-0 N p(f)

By G|r-¢10 we mean the limit of G (x, £) as x approaches ¢ from the right; by G|z-¢-0
the limit from the left. Conditions (c) and (d) state that G (x, ¢) is continuous at x= £,
while dG/dx has a jump discontinuity there.

If we interpret 1 as a displacement and f as a force per unit length, the solution
formula (28.3) shows that G (x, &) is the displacement at x due to aforce of unit magni-
tude concentrated at £&. The symmetry relation G (x, &) = G (&, x) is sometimes called
the reciprocity law.

Example.

Consider the problem
u' =—f(x) for 0 <x<1,

u(0) =u(l)=0.
By (a) and (b) of (28.4) we must have
_ Jai(&)x for x < ¢,
Glx, &) = {ag(f)(l —x) for x> ¢

(Since ¢ is kept fixed in the problem (28.4), the constants a; and a; may depend upon £.) The sym-
metry condition G(x, £) = G(§, x) requires that a,(§) = A(1 — §), a:(§) = A¢, where A is a
constant independent of ¢, Then the continuity condition (¢) is automatically satisfied.

AE(=1) —A(1 =) =—1,

or
A=1.
Therefore,

_[(a—=&€x for x=¢,
G(x’f)_{f(l—x) for x=¢.

The solution is

w) = [T a—xgrede+ [ 1 - orede.
If f(x) = 1, we find
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u(x) =5(1 = )2 +%x(1 — x)?

=%x(1 —x).

Ed;[p(ﬂ%(%( ))] + q(x) (x a)=0 for a<x<§B,
1

p(a)

(B, a) =0,

%(a, o) =

f
;vi[ c;i(af(,ﬁ))}ﬂLq(x) (x,8)=0 for a<x<pg,

3G
66

AF

while

Sz (@ B) =
—1

")

xr

Hence the boundary value problem
(pu') +qu=—f for a<x<g,
(28.5) u(a) = a,
u(B) ==

has the solution

u(x) = f G (x, OF(€)de + ap(@)5 (x, o) — bp(BYS] 2 6).

Once the Green’s function is known, the general problem (28.5) can be solved ex-
plicitly. '
We have had to assume that the determinant

D =vi(a)v:(B) — va(a)vi(B)
is not zero. If D = 0, the equations

clvl(a) =+ C2V2(a) = 09
cvi(B) + v (B) =0

have a solution other than ¢; = ¢, = 0. The corresponding function v{x) = c;v:(x)
+ c2v2(x) then satisfies

~ e

(pv') +gv=0 for a<x<§g,
v(ia) =v(B) =0.
If « is a solution of the problem (28.5), so is u + ¢v for any constant c¢. That is, (28.5)

cannot have a unique solution.
If, moreover, we multiply the differential equation in (28.5) by v and integrate from
a to B, we find that
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B8 <]
—L V(x)f(x)dx=L V() [(pu') + quldx

B 8
= [vpu’ - v’pu]a +L ul(pv') + qvldx
=p(a)v'(a)a —p(B)v'(B)b.

t’\ ic o o _I L

.L‘I"\O Vooal ,.,__- _,_‘.,_A Vi AU Y
1(26.5)1 have a solution, the given function f{x) :
must sati fy h relation

B
pla)v (@)a—p(B)Y ()b =— [ v(a)f(x)dx.
Otherwise there can be no solution of the problem. Thus if D = 0, the problem (28.5)
may have no solution or many solutions, but never just one solution. This phenomenon
is related to the occurrence of an eigenvalue, which we shall study later.
Two-point boundary value problems with more general boundary conditions can
be treated in the same manner. We consider the problem

(pu') +qu=—f(x) for a<x<§g,
(28.6) —mu' (o) + owua) = a,
pait’' (B) + o2 (B) = b.

The Green’s function G (x, ¢) is derived as before, provided the condition

D = [—uvi/'(a) + ovi(a) [peve' (B) + o2va(B)]
— [—me’ (@) + ave(a) 1 [pev:' (B) + a2vi(B)] # 0

is satisfied. The Green’s function G (x, &) is the solution of the problem

(@) dii-[p(x)%g-] +g(x)G=0 for x # ¢,
4G _.dG )
(287) (b) . .r=a+ o-lGlx:a = M2 dx - + G'ZG|.1‘=B - 09
© G!_,1'=§+G - Gl.r:§—0 =0,
dG dGg 1
d uty _ v .
@ dx |z=¢r0  dX |z=¢-0 p(¢)

It still satisfies the symmetry relation G (x, £¢) = G (&, x). These conditions are just
like those in (28.4), except for the substitution of the appropriate homogeneous
boundary conditions.

The problem (28.6) has a unique solution given by

B
288)  ux)= [ Gx €+ EaG(x, ) + EBG (x, ),
a 1 2
1 1 G
provided wu; and u, are not zero. If u; = 0, we replace I (x, a) by p a—{x, a)
1 aG
If u. = 0, we replace ——G (x, B) by — (x B).

(Since D # 0 we cannot have u; = oy = 0 or u: = o= =0).
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Again we find that if D = 0 the problem (28.6) will have either no solution or many
solutions. Thus the problem (28.6) is properly posed if and only if D # 0. In this ~ase,
its solution is given by (28.8) in terms of the Green’s function.

Example. Consider the problem W = —f(x) for 0<x<I,
u(0) =0,
u'(l) +owu(l) = 1.
The solution of this problem describes the transverse displacement of a string under tension
fixed at x =0, and connected to a spring with spring constant o, at x = 1. A transverse force 1 is

applied at x = 1, and a transverse force f(x) per unit length is applied along the string.
From conditions (a) and (b) of (28.7) we find

_ [ar(&)x for x<¢,
G(x,§)—{a2(§)[1+o-2(1-—x)] for x > &

By the symmetry

ar=A[l + 021~ £&)],
a2=A§,

where A is a constant independent of £.
By condition (d)

Af(—o) —A[l + 0= (1 — )] =1,

or
1
A_1+0'2
Hence
[+ o:(1—§))x for x<¢
1+0_2 iUl A = Py
G(x, §) =
’ E(l+ au(1 —x))
T+ o for x = ¢,
and

ux) = P ergag + 2 [ 0+ 0 - (00

X
HET

We note that in a two-point boundary value problem the value of u at x depends on
the values of f(x) in the whole interval @ < x < 8. These problems behave like bound-
ary value problems for elliptic partial differential equations.

Remark. If a particular solution of a problem can be found by inspection, it is, of
course, unnecessary to use Green’s function.

For instance, in the problem

W —u=72% for 0<x<1,
u'(0) =0,
u(l) =90
the function —2x is clearly a particular solution of the differential equation. The general

solution is then
u=—2x-+ qge* + be-7,
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Adjusting the constants a and b to satisfy the boundary conditions, we find

2(e+1) . 2e(e—1)
E+1° &E+1 ¢

u=-—2x+

EXERCISES
1. Solve
U —u=—f(x) for 0<x<1,
u(0) =u(1) =0.
2. Solve
U — u=—f{x) for 0<x<1,
w(0) = w'(1) =0.
3. Solve
u'—u=e* for 0<x<1,
u(0) =1,
W (l)=0.
4. Solve

(1 +x)%') —u=f(x) for 0<x <1,
u(0) = u(l) =0,

29. Nonhomogeneous Problems and the Finite Fourier Transform.

The method of separation of variables led us to treat the heat conduction problem

au  d%u

_a_t__a_xz_=0 for 0<x<m, t>0,
u(0, 1) = u(m, 1) =0,
u(x, 0) = f(x).

by expanding the solution in a Fourier series in terms of the set of orthogonal functions
sin nx. We shall now treat the corresponding nonhomogeneous problem

ou dPu _

Ft-_axz_F(x’t) for 0<x<mw, t>0,

u(0, t) = u(m, t) =0,

u(x,0)=0.

by expanding the solution in a Fourier series in terms of the same set of functions. This
problem arises in the study of the temperature of a slab when heat is produced at
(x, t} at the rate F(x, t) per unit length per unit time.

To solve the above nonhomogeneous problem, we expand the solution (if any) in a
Fourier sine series for each fixed #:

(29.2) u(x, 1) ~ %:, bn(1) sin nx
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The set of sine coefficients
b. (1) = 2 r u(x, 1) sin nxdx,
T Jo

which is a function of the integer n and of ¢, determines u(x, ¢) uniquely. It is called
the finite sine transform of u(x, 7).
If 0%u/ax® is continuous, its finite sine transform is given by
2(du . n 2 (7 .
2 —3 sin nxdx = —[— sin nx — un cos nx] - n?= f u sin nxdx
Tl dx 0 T Jo

= —nzbn(t) ’

because « (0, ¢) = u(m, t) = 0. Differentiating u with respect to x twice corresponds
to the simpler operation of multiplying its finite sine transform by —n?.

If dujor is continuous, we can interchange integration and differentiation to show
that

2 f " Gin nxdx = 9on.
o 8t dt
Taking the finite sine transform of both sides of (29.1) therefore leads to the equation
(29.3) b’y (1) + n*bu(t) = Bu(t),
where
(29.4) B.(t) = % ]: F(x, 1) sin nxdx.
The initial condition «(x, 0) = 0 means that
(29.5) b.(0) = 0.

Taking sine transforms has reduced the problem (29.1) for a partial differential
equation to the problem (29.3), (29.5) for an ordinary differential equation. Solving
this by a method like that of Section 27, Exercise 5, we have

t
bn(1) =f e "*-1B, (1) dr.
0

If the problem (29.1) has a solution u with du/dt and 3%«/dx? continuous, it must have
the Fourier sine series

o t
ulx,t) ~= f e~ "t—1B, (1)dr sin nx.
1 Jo

By Schwarz’s inequality (19.8) for integrals we find that

([ ameng, W [ g2y a,]
J i S B0y

=2—5(1 — g2t f B.2dr
0

2’12] Bdr.

V02 e

e r.
[On\l)]
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Then by Schwarz’s inequality for sums and Parseval’s equation
2 1y g ¢ N
= _{ 2 _2}{ E and’r}
2 M+1 R 0 M+1

lN’ t 7T
3 1 f f F(x, 7)%dxdr.
o Jo

151
T i N?

N
2 b,(t) sinnx

M+1

=

We have proved that if for some 7, > 0 f 0 j "F 2dxdr converges, the series 2b, (1) sin nx
0 [l

converges uniformly for 0 = x =7, 0 = 1 = 1,.
Under this condition

x [4
(29.6) u(x,t) =3 j e MR, (7)dr sin nx
1 0

is continuous, and vanishes for 1 = 0, x = 0, and x = 7. Under suitable hypotheses on
F(x, 1) (F and 8F/ox continuous, F(0, t) = F(m, t) = 0, f" [92F [8x?]2dx uniformly
0

bounded), we can verify that the series (29.6) can be differentiated term by term, so

that u is a solution.
To obtain less restrictive conditions on F, we use the definition (29.4) of B, and
formally interchange integration and summation. This gives

(29.7) u(x, t) =f fr K(x, &, t —1)F (&, 7)dédr.
Here

K(x, & 1) =

3 [0

XK
2 e " sin nx sin né
1

is the function introduced in (25.4) to solve the initial value problem (22.1).

Instead of justifying the interchange of integration and summation, we onfy need to
prove that (29.7) gives a solution of the problem (29.1) with du/dt and 9%u/9x® contin-
uous. For we have shown that any such solution can be written in the series form (29.6).
This justification can be carried out if F and dF/dx are continuous.

If instead of the homogeneous initial condition u(x, 0) = 0 we have u(x, 0) = f(x)
in (29.1), we must simply replace (29.5) by

b, (0) = 2 frf(x) sin nxdx.
T Jjo
Then
t
ba(t) = ] IR, (1)dr + by(0) e,
0
and

[ t oo
u(x, t) =2 f e "U-1B, (1) dr sin nx + 2 bn(0)e" sin nx.
1 Q 1
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The additional series is just the solution (22.2) of the homogeneous initial value prob-
lem (22.1). However, our present derivation leads to the conclusion that if (22.1) has a
solution with du/dt and 9%u/dx* continuous, it must be given by (22.2).

Other nonhomogeneous problems may be treated similarly. Consider for example
the problem

Pu  1ou 108 ¢
(29.8) 52‘4";54—;2-5@——[7(1‘,0) or r <R,
u(R, ) =0.

This is Poisson’s equation in a circle of radius R.

Separation of variables in the corresponding homogeneous equation leads to prod-
uct solutions of the form r* cos n@ and r* sin nf. We therefore expand the solution
u(r, 8), if any, in a trigonometric Fourier series

u(r, ) ~ %ao(r) +§; [@n(r) cos né + b,(r) sinnd],

an(r) :;1]_- J_: u(r, ) cos nfde,
ba(r) =% fﬁn u(r, 6) sin nbde.

The set of functions {a,(r), b,(r)} is called the finite Fourier transform of . It deter-
mines « uniquely.

Since u is periodic of period 27, integration by parts shows that the finite Fourier
transform of 9%u/06? is {—n%a,(r), —n*b,(r) }. Therefore taking the finite Fourier trans-
form of both sides of the differential equation (29.8) gives

| 2
an”-i-;an —%an:—An(r),
P PRV P
bn +rbn r2bn_ B?l(r)v
where
1 T

An(r) = F(r, 8) cos node,

-7

1 (7 .
B.(r) =— F(r, 0) sin nbdo
a J-
ic tha Anite Ranriar tranefnrm
13 LLILIC 11ElItL 1wl 1 tl 1

The boundary condition gives
an(R) - bn(R) == O.

At the singular point r = Q we require that a,(r) and b,(r) remain bounded.

The finite Fourier transform has transformed the boundary value problem (29.8)
into a set of boundary value problems for ordinary differential equations. To solve
these equations by the method of Section 28 we write them in the form
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(rbn')’ —”719,1 =—rB,,
an(R) = b,(R) =0

Constructing the Green’s functions for these problems with the condition that a, and
b, remain bounded at r = 0, we find that

"G5 - (& rma] =,
Y [ e
LG - @ o)

The solution, if any, has this finite Fourier transform. By Schwarz’s inequality we
find that

RZ R
Iaﬂ(r)|2 = 4’1(’12— 1) j; An(p)zpdp

B2 = gt [ Balo)odp

R (7
for n = 2. 1t follows that if f f F(r, 6)%rdrd6 is finite, the Fourier series

(29.10) u(r, ) = —ao(r) + 2 [an(r) cos nb + b.(r) sin né]

converges uniformly. Therefore u is continuous and satisfies the boundary condition
u(R, 0) =

The fact that u satisfies the Poisson equation can be verified under suitable conditions
on F by differentiating the series term by term. However, the existence of a solution
will be proved under weaker conditions in the next section. Then the solution must
be representable in the form (29.10).

If instead of the condition (R, ) = O we prescribe u(R, 8) =f(0), and F = 0, we
again obtain the separation of variables formula (24.11), together with the fact that this
solution is correct if there is a solution at all.

Finite Fourier transforms, then, are simply Fourier coefficients. Whenever a homo-

)
ger“" us problem can be solved by separation of variables in the form of a Fourier series

T.(t)X.(x), the finite Fourier transform

Julx, ) Xa(x)p(x)dx
! =R ()2 () dr
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reduces the partial differential equation to an infinite system of ordinary differential
equations. These equations can then be solved by the methods of Section 27 or 28,

EXERCISES
1. Solve
Viu=y(1—y) sin®x for 0<x<o, O0<y<l,
u(x, 0) =u(x, 1) =u(0,y) = u(n,y) =0
2. Solve
Viu=-2  for x%+y®<R?
u=10 for x2+ y* = RZ
3. Solve
d o2
ﬁﬂéx—f=1~“(x,t) for O0<x<m t>0,
u(x, 0) =0,
u(0, 1) =z, 1) =o.
4. Solve
Viu=—F(x,y) for O0<x<wm, 0<y<A,
u(x, 0) =0,
u(x, A) =0,
u(0, y) =0,
u(mw, y) =0.
5. Solve
Viu=—-F(x, y) for 0<x<a, 0<y<A,
u(x, 0) =0,
du o
ay(x, A) '—Oa
u(0, y) =0,
ou _
a_x-(wa y) _0'
6. Solve
Viu=—F(x,y) for 0<x<1, O<y<],
u(x, 0) = u(x, 1) =u(l,y) =0,
ou _
a(ov y) u(07 )’) =0.
7. Solve

Pu  louw | 1P%u__
W+rar+r2302_ F(r, §) for r <R,

du _
with the normalization u(0, 8) = 0, provided JO Joﬂ Frdrdg = 0. Show that the problem has no

solution if this integral is not zero.
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8. Soive
ou L} 297U
. < < >
af T 95 c—-—-—ax2—tx(l x) for 0<x<1, t>0,
u(0, 1) =0,

au _
51._(19 t) - 0’

ulx, 0) = sin%'n‘x,

ou .
T (x,0) =0
when |a| < =wc/2.
9. Solve

o%u -i--a—i—'—smx—sm3 for 0<x<.im 0<y<2
ax " gy 2™ ’
u(0,y) =0,

dufl =0

ox 577',)’ s

[P —n

ay 01 =0,

du __

5}( :2)=0

30. Green’s Function.

If we substitute a,(r) and b,(r) from (29.9) into the solution (29.10) of the problem
(29.8), we obtain

u(r, 0) = Lr %Ao(p) log§ pdp + g L %{(?)n - (;%)n (-l%)n [A4.(p) cos no
+ Ba(p) sin nblpdp

+ LR %Ag(p) log% pdp + g J:R 51’;:(%)" — (%)nd (é‘)n [A44(p) cos no

+ B.(p) sin n®]pdp.

We recall the definition of the Fourier coefficients 4, and B,, and formally interchange
summation and integration. This leads to the formula

(30.1) utr,0)= [ [* G(r.0: p. 6) Flp. )pdods,

where

G(r, 6; p, ¢) = {logR + 2 [(I;)n — (—l%)n](%)n[cos ne cos n¢g + sin nb sin mb]},

or

(30.2) G(r,0;p, ¢)= 1 {IogR + Z [(I:) — (é—)n](ﬁ—)n cos n{f — d))}
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The series clearly converges uniformly in ¢ for p < r. In fact, for 0 < z < 1

)
1

z A€
" cosna= | 2 ("' cosnadl.
0 1

= |-

Using the identity (24.8) we have

o _ cosa— {
(30.4) Ezz cosna—ﬁ [T —3{cosa

1

d§=—% log [1+ 22— 2z cos a].

Therefore we can write G in the form
2
G(r, 6;,p, )= —logR—i—al—log [1—!—(%%) 2rp cos (B—qb)}

_1 p_2p _ ]
47r10g[1+r2 .~ cos (0 d) |,

or
G(r, 6 p, &) = _{-—log [+ p? — 2rp cos (0 — &) ]
(30.5)
_L]nn[pz_l-.ﬁp—z———’)rn cne (A — rf\\-‘l
[ ] L“ ! R2 Eabll S A R ‘VIJJ

This formula was derived for p < r. Interchanging p and r leads to the same formula
for p > r. We define G by (30.5) forp=r.

We have derived the formal solution (30.1) of the Poisson equation problem (29.8),
where G is given by (30.5). It is not necessary to justify the interchanges of integration
and summation involved. It is enough to verify that (30.1) solves the problem. Since
we have shown that any solution «# can be represented in the series form (29.10), this
will be another form for the same solution.

It 1s easily checked by differentiation that as a function of (r, ), G(r, 0; p, ¢) has
continuous second derivatives and satisfies Laplace’s equation except at the point
(p, ¢). Therefore, if F vanishes in a neighborhood of a particular point (ry, 6o), we
easily find that Vi = Q at (ro, 8). This shows that V2u(ry, 6) depends only on the
values of F in an arbitrarily small neighborhood of (ry, 6s).

Since |dG/ar| and |dG /38| have finite (improper) integrals, in spite of their singular-
ities, we can differentiate under the integral sign to write

——*” =, F (p, ¢)pdpdd

e - ” 2 F(p, ¢)pdpdd,

nravided F( banunded near
proviGaea 1 p, lp} is bounded near (r

The second derivatives |32°G/ar?] and |826/862| do not have finite integrals. There-
fore we cannot differentiate (30.6) directly. Instead, we use the following artifice.
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If F = 1, its Fourier expansion consists of the single term 1. The passage from the
series (29.10) to the integral (30.1) gives no trouble in this case. Therefore

%(Rh—ﬂ) z” G(r, 0; p, &) pdpde.

——r~ f f —. pdpdd,
0= f f 3G | dods.

Multiplying each of these equations by F(r, 8) and subtracting from the correspond-
ing equation (30.6) gives

‘—;ﬁ+—rF(r 9) ” —-(r, 6; p, ®)[F(p, ¢) = F(r, 0) ]pdpde,

au ({aG
JJ —(r, 6, p, ) [F(p, ) — F(r, 8) 1pdpde.

niﬂ"PrPnfmhno we find that

A ELLNE WILLACALARE Ny VY W XRAANE LLIGRGL

(30.8)

If F is continuously differentiable, [F(p, ¢) — F(r, 8)}/[r? + p* —2rp cos (8—¢p) ]2
is bounded. (Note that [#2 + p® — 2rp cos (6 — ¢) ]2 is the distance from the point
(r, 8) to the point (p, ¢).) It follows that the integrals obtained by differentiating (30.8)
under the integral sign converge uniformly. Therefore we may perform these dif-
ferentiations under the integral sign to find

3'u —~F+ 1r aF—”{ [F(p, ¢p) — F(r, 0) aaG aaF(r 0)}pdpd¢

o T
32(; ”{aez [F(p. ¢) = F(r, 9)]_%%;%%(’ 9)}pdpd¢'
Then
52—+1%+%%§——F(n 0)—lra—li(r= 6)
+ ” [2¢ +§%+~;—5’;9—‘§][F(p, $) ~ F(r, 6)1pdpds
r, 0) ” >, Pdpdd
r, 0) ” g pdpdd
=—F(r 6)

by (30.7) and the fact that G satisfies Laplace’s equation.

We have shown that if F is continuously differentiable for r < R, u satisfies V2u=—F.
To show that u satisfies the boundary conditions, we assume that F is uniformly
bounded: |F| = M. Then

jutr, 0 =M | ] G (7, 6; p, $)lpdode
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=Mff Gpdpdd
= IM(R — 7).

(We have used the fact that G is positive.) This inequality immediately shows that

lim u(r, ) =0.
(. 6)= (R, ¢)

Therefore, if F(r, 8) is bounded and continuously differentiable in the circle r < R,
u is the solution of the boundary value problem (29.8).
Since the function

log [R2 + r;2 — 2rp cos (6 — ¢)}

is a solution of Laplace’s equation throughout the circle, we can conclude from the
above proof that for any bounded domain D the function

v(r, 0) =7 f log [ + p — 2rp cos (0 — $) 1F (p, $)pdpded

D
is a particular solution of Poisson’s equation Vv = —F (r, 8) in D, provided F is con-
tinuously differentiable. We can also write the same integral in rectangular coordinates:

v(5,3) =71 [ [ log [tx =1+ (v — m1F (&, mydgn,

D
where v(r cos 8, r sin9) = v(r, 6), F(r cos @, r sin8) = F(r, 6).
For any domain D with boundary C the solution of the nonhomogeneous problem

Viu=—F in D,

30.9

( ) u=20 on C

can be written in the form

(20 10\ v o) — (i o s P VNE(E ) AE A
(L UB L) X, ¥ JJ Gx, y; &, M) (&, pjasan

The function G(x, y; &, m) is called the Green’s function for the problem. Physically
it represents the potential at (x, y) due to a point charge at (£, n), or the displacement
at (x, y) of a membrane due to a point force at (¢, n).

We have shown that the Green’s function for the problem (29.8) where D is a circle
is (in polar coordinates)

G(r, 8; p, d) =21_—;10g [P+ p2—2rpcos (0 —¢)]

(This could, of course, be expressed in rectangular coordinates.)
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In general, the Green’s function in rectangular coordinates for the problem (30.9)
has the form

~1
(30.11)  G(x,y; &, m) =g log[(x—&)*+ (y —m)*] +v(x,5; &, ),
where, for each (¢, n) in D, vy is the solution of the boundary value problem

Py Py
ax2+ay2_0 in D,

(30.12) 1
Y=g, o8 [((x—&*+ (y—mn)?]  for (x,y)onC.

It then follows from our previous considerations that the function (30.10) satisfies
V2u = —F in D. The boundary condition « = 0 on C follows from the fact that G =0
on C.

It can be shown that the Green’s function is symmetric in the sense that G (x, y; £, 1;)
- G (f n, X, y)

If we are dealing with a domain for which the problem is separable, we may find
the Green’s function by solving the problem (30.9) by means of the finite Fourier
transform and using a formal interchange of integration and summation. This was done
in deriving (30.5).

The same result can also be obtained by solving the homogeneous problem (30.12)
by means of separation of variables.

Example. If we again let D be the circle r < R, the problem (30.12) for y becomes, in polar
coordinates,

Viy=0 for r<RK
]
Y(R, 0; p, ¢) =7-log [p* + R* —2pR cos (8 — ) ].

By (30.4) we see that the Fourier series for the boundary value function is

ilog[p2+R2—2pR cos (9_¢)]=2%10gR__2_1_$

an ( ) [cos no cos ng + sin nd sin ned].

tip
n

Therefo

( ) ( )n[cos né cos n¢ + sin né sin ne |

1 1 21
y(r, 8; p, ¢)="2"—10gR—*"7—T§;

L logR+41 Iog[1+ﬁp— Z—Bcos (6 — qb)}

r2
:G log [R2 +7€%_2r‘0 cos (8 — ¢)].

Thus we again find (30.5).

The introduction of Green’s function reduces the nonhomogeneous problem (30.9)
to a two parameter family (30.12) of homogeneous problems. (Note that (£, n) ranges
over D.)

We can also reduce the problem (30.9) to a homogeneous problem by introducing
a particular solution v of VZv = —F, for example,
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v ) =1 [ [ g Lix =7 + (= m*IF (&, m) den,
. ,
and letting

W=u—v.
Then w satisfies the homogeneous problem

Viw =0 in D
w=—y on C.
After finding w, we can compute u# = v + w.

Example. Consider the problem

s e sgsm dasn
on the square of side 'n'.'
We define
v = %)C(?T —x),
so that VZy = —1. We let w= u — v. Then
Viw =0 for 0<x<m, O0<y<m,
wlx, ) =wx, 7)) = —-%x(fr —Xx),

w(0, y) =w(m, y) =0.
Solving by separation of variables, we find

g g Sin 2k Dx cosh (2K H(>-3)

T k=t

(2k — 1)3 cosh (2k — 1)%
80 that

sin (2k — 1)x cosh (24 — 1) _T
u(x, y) z%x('n-—x) - (y 2)

1[4

z

¢ 1

(2k — 1)? cosh (2k — 1)%

We now show how to compute the Green’s function for the rectangle. For this
purpose we first solve the problem

Viu=-—F for 0<x<mr,
(30.13) u=>0 for x=0,

Using the sine transforms

0<y <A,
x=m, y=0, y=A4,

ba(y) = % Lﬂ u(x, y) sin nxdx,

B.(y) = %JO F(x, y) sin nxdx,

we reduce the problem (30.13) to
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bn” - nzbn - _Bn fOr 0 <x < A,
bn(0) = b,(A) = 0.

The solution b, is

_+ v, _ .
b.(y) = A {L sinh n(A — y) sinh nmmB,(n)dn

+ fA sinh ny sinh n(A4 — n)Bn(n)dn}.
Yy

We write the Fourier series for u, substitute the definition of B,, and interchange
integration and differentiation. This process gives the formal solution

u(x, y) = f:ﬁG(x, y; €, m)F (€, n)dédn,

where we have defined

-]

2 sinh n{A — y) sinh n7 sin nx sin né
2 : for =y,
G ) _ 1 7rn sinh nA4
(x’ y; f’ 7)) -
; 2 sinh ny sinh n(A — m) sin nx sin né for -
1 7rn sinh nAd =y
This series can be expressed in closed form only in terms of elliptic functions
However, we note that the series can be written as

; 1 o-nly—nl e "2A+[y—n)) 4 - n2A-|y—n]) — p-n2A-y-m) — en(y+n)}
1 R

1__e—ZnA
X {cosn(x—§¢) —cosn(x+ &)}.

We can evaluate the part of the series coming from the term e~"¥-7 by means of
(30.4). Then

G(x,y;¢,1m) = —217—7 log [1 + e~2lv=nl — 2¢-lv=nl cos (x — £)]

2—ml P T AN |
]

218 COS(x T &)

* o~ n2A+|y—nl} 4 p—nR2A-|y-n]) — p—n2A-y—n) — E—nly+n)

+% R sin nx sin né.

The series in this formula converges uniformly in x and y for any fixed (£, ) in D,
as do all its derivatives. Expanding the argument of the first logarithm in a power series
in (x —¢) and (y —n), we see that G is, indeed, of the form (30.11), with y the solution
of (30.12). Hence G is the Green’s function for the problem (30.13).

Just as we have reduced the nonhomogeneous to the homogeneous problem, we can
go in the opposite direction to solve the boundary value problem

(30.14) Viu=0 in D,
u=f on C

in terms of Green’s function.
Choose any point (x,, y,) in D. Let g(x, y) be any twice continuously differentiable
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e gl s 2 Y aaxaE dbid o L o Y i L — ) s o s Y Y e — — s TL ...
TUNCuuUll i £7 SUuci? Ldl q —J Ul L, dalld q = U licdl {Ap, YoJ. LCL W — U4 q 1
satisfies
Viw =—V3gq in D,
w=0 on C
Therefore,

w(Xo, Yo) = ”G(xo, yo; €, M) V2q(¢, n)dédn.
D

Since ¢ = 0 near the singularity (xo, yo) of G, we can apply the divergence theorem
to the identity

div [G grad g — ¢ grad G] = GV%q — gV3*G
= GV3q

0 oG
ff GViqdédn =§ [ ﬁ — qa]ds.
D C

to find that

On C, G =0 and g = f. Therefore

i, 30) == &7 (x0, 305 €, A&, m)s.
C
(

that

X0, y()) == 9, SO U i nf D, W

1at w(xe, yo) = u{Xxo, ¥o). Since {(xo, ¥o) was any point o we
find that the solution u(x, ¥) of (30.14) can be represented by the formula
8G,
(30.15) u{x, y) =— -5’;(16, y; & n)f(E, m)ds
C

Here 8G/dn is the directional derivative of G in the direction perpendicular to C and
outward from D. It is taken with respect to the variables (£, ).
Example. For the circle r < R, (7 is given by (30.5). Then ¢G/on is just

%-2rcos (0 — @)

&1_ a0 uzf,l,,,,zR_ZrCOS(@“ﬁb) lL
dgp YT 4r R+ P —2rRcos (0—¢) ' 4w RE+ P~ 2rR cos (0 — ¢)
1 R:—P

27R R®*+ > —2rR cos (60 — ¢)
Thus, (30.15) reduces to the Poisson integral formula (24.12).

Remark. The term Green’s function is often used in an extended sense to denote a
function G (x, y; £, n) having the property that the solution of a given problem involv-
ing an elliptic (or parabolic) differential equation with right-hand side —F (x, y) (or
F{x, y)) and with its boundary (and possibly initial) data zero has the solution

u(x, y) =ffG(x, y; €, n)F (€, m)dédn.

G is then called the Green’s function for the particular problem.
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For instance, the solution formula (29.7) shows that the function K (x, &, t — ,,)" is
the Green’s function for the problem (29.1).
The term Green’s function is also generalized to problems in higher dimensions.

EXERCISES
1. Find Green’s function for the semicircle
0<r<R, O<o<n

in closed form.
2. Find Green’s function for the annular ring

l<r<R

in series form.
3. Find Green’s function for the sector

0<r<R, 0<e< w3

in closed form.
4. Find Green’s function for the domain 1 < r < R, 0 < @ < s in the form of a series.
5. Find the Green’s function for the problem

Viu=—F for r <R,

aau+ =0 for r=R

in series form.
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CHAPTER VI

Problems in
Higher Dimensions and
Multiple Fourier Series

31. Multiple Fourier Series.

We have shown that a function f(x) which is periodic of period 2% and for which

27
j Sf?dx is finite has a Fourier series
0

flx) ~ —;-ao + X [an cos nx + b, sin nx]
1

which converges to f(x) in the mean. If, moreover, f(x) is continuously differentiable,
its Fourier series converges uniformly.

We now consider a continuously differentiable function f(x, y) of two variables,
riodic of period 27 in both of these variables:

peri riod 27 h of these variables:

flx+2m,y) =f(x,y+2m) = f(x, y).

For each fixed value of y we can expand f(x, ¥} in a uniformly convergent Fourier
series

flx, y) = —%ao(y) + %Q’ {an(y) cos nx + bu(y) sin nx].
The coefficients
an(y) = f f(x, y) cos nxdx,
buly) =~ f_,, f(x, y) sin nxdx

are continuously differentiable in y. Therefore, they can be expanded in uniformly
convergent Fourier series

1
an(y) = 5@no + E (Gnm cOS my + bum sin my),

b.(y) = -cno + E (Cnm cos my + dyy, Sin my),
141
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where

nm = 1 Jﬂ J.ﬂ f(x, ¥) cos nx cos mydxdy,
bum ; f f f(x, y) cos nx sin mydxdy,
(31.1) iy

Cam = —Zf J. f(x, y) sin nx cos mydxdy,

dnm = purs f_ﬂ _Wf(x, y) sin nx sin mydxdy.

Putting the series for the coefficients into the series for f(x, y), we have

1

flx,y) = “aoo + E [aom cOs my + bom sin my]

2
1 .
5 [ano COS 11X + Cno SIN 1X]

MMB

(31.2)

foe] o0

+ £ Z [awm €OS HX COS My + bym COS nx sin my

n=1 m=1

~+ Cnm SIN X COS MY + dyy Sin nx sin ny].

The Parseval equation (19.9) gives
T . . T . ., > o ) .
J_ fx, y)*dx =7a0(y)* + 7 2 [an(y)* + ba*(y) ].

The series on the right converges uniformly in y. Hence we may integrate with respect
to y term by term:

[ seyrasay =5 [ acdy+a 3| [ar+belay.
gt S —T t J—m
We now apply the Parseval equation to the functions a,(y) and b,(y):

J.ﬂ an(y)zdy = ganoz + 7 2 (anm2 + bnmz)

J bn(y)%zy_?;n0 +r 2 (Crm? + dum?).

Thus
T T 2 e 2 ™
[ ] s sy =Trawt + 5 2 + bont) + 5 5, (a4 cue?)
-7 J-7 m=1 n=1
(31.3) + 7T2 E 21 (anm2 + bm'n2 + Cnmz + dnm2)-
n=1 n=

This is the Parseval equation for double Fourier series. It has been derived under the
hypothesis that f(x, y) is continuously differentiable. However, if we simply assume

] . f@ 7@
that f is such that j j f*dxdy is finite, f can be approximated in the mean by con-

tinuously differentiable functions. It follows that the Parseval equation remains valid
for such functions.
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sin my are orthogonal in the sense that

(7 [w ] ]
j J cos nx cos my cos kx cos lydxdy =0 unlessn=k, m=1,
f f cos nx cos my cos kx sin lydxdy = 0,

and so forth.
Therefore we find as in the derivation of (16.1) that

LT f_ {f(x y) — (aoo 1

M

+5 2 [aom cos my + bym sin my]
1
2

m=1

N
2 [ano cOs nx + cpo sin nx|
n=1

+

M
+ 2 [anm cOS nx cos my + bum COSs nx sin my

1 m=1

M=

2
~+ Cnm SIN X COS MY + dpm Sin nx sin my])} dxdy
T (7 w2 2 M m? N
= f f f(x, y)idxdy — (Z-aooz + > 2 [aom® + bon?] + > 2 [ane® + cno?l
-7 J -7 1 1

N M
772 2 2 [anm2 + bnm2 + Cnm2 + dnmz])v
n=1 m=1

By the Parseval equation the right-hand side approaches zero as N and M — oo,
Hence, the Fourier series converges to f(x, ¥) in the mean as N and M ~»> o,

We have shown that if f(x, y) is continuously differentiable, the series in (31.2)
converges pointwise. However, this convergence is not as a double series but as an
iterated series. That is, we have a sum of terms of the form

>0

2 [anwm cos nx cos my + bym €O nx Sin my

m=1

+ Cam SIN X COS MY + dpm Sin nx sin my],

each of which is already the sum of an infinite series. We must let M ~> « and then
N — o in the partial sums.

In practice one usually only computes a finite number of terms. Therefore, we need
to know that the series in (31.2) converges to f(x, y) as a double series, so that partial
sums with large M and N give a good approximation to f(x, y).

Computing the Fourier coefficients of df/ox from (31.1) and integrating by parts,
we find that

0 1 2
a1 3 [—nane sin nx + neap €OS nX]
0x 2 o
o o
+ % 2 [—napm sinnx cos my — kb, Sin nx sin ny
n=1 m=1

~+ nCum COS X COS My + ndum €OS nx sin my].

That is, multiple Fourier series may be differentiated term by term.
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Suppose now that f and its first partial derivatives are continuous, and that the
second partial derivatives are such that

" T 32 2 2f d d
Lr L [(GTQ M z(axay) + (ayf)] N
is finite. Then by Parseval’s equation

oo 771G o) + (G e

=7T_§ 4 24 p 2)+77_2§ 4(ano? + Cno?)
2 .= m (GOm om ) n=ln ano Cno

+ w? 2 2 (m2 + n2)2(anm2 + bnm2 + Cnn:_2 + dnmz).

m=1 n=1

Since this is a series of positive terms, it may be summed in any order. For example,
we may arrange the terms in increasing order of m? + n?,

We consider the partial sum

Sun(x,y) = laoo [aom cos my + bom sin my]

1
2

M= Mz

[ano cOs nx + cno sin nx]

+
B —

n=1

¥ M
+ 3 2 [awm cos nx cos my + bun €Os nX Sin my
n=1 m=1
+ Cum SiN X COS MY + dum Sin nx sin my].

By Schwarz’s inequality (19.5)

Ny
JSMzNz(xs y) - SM)Nl(xv y) |2 = {l 2 m4(a0m2 + b0m2) + l 2 n4(an02 + Cnoz)
2 m=M+1 2 n=N;+1

N My

+ 2 2 (n2 + ”12)2(‘17!7)12 + bnm2 + Cnmz + dnm2)

n=~N;+1 m=1

My Ng
(315) + 3 3 (flz + m2)2(anm2 + bnm2 + Cnm + dnmz)}
m=M;+1 n=1

1 Y 1 %2 N M
3 3 Ll 3oLt 33 ()

2 m- Mi+1 mt 2, M+l R n=N;+1 m=1

M,y Ny
+ 3 zmwmw}
m=My+1 n=1
The first factor is the difference of two partial sums for #—2 times the (convergent)
series in the Parseval equation (31.4). It approaches zero as M,, M,, N;, and N, — «
independently. The second factor is also the difference of two partial sums for the
convergent double series.

1 ==} [+
3 +3 3 (m+ )
ymt 2 o nt n=1 n=1 ( )
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proaches zero. It follows that the partial sum Syx(x, y) converges as a double series
as M — o N -» «, By (31.2) it converges to f(x, y). Since the right-hand side of
(31.5) is independent of x and y, the convergence is uniform.

We have shown that if f(x, y) is continuous and continuously differentiable and if the
squares of its second partial derivatives have finite integrals, then the double Fourier
series converges absolutely and uniformly to f(x, y) as a double series.

The inequality (31.5) can again be used to bound the error made in approximating
f(x, v} by its Fourier series. We note that

Mz @
2 _1_ = d_x= ___1___
M1 mt M, X0 3MY
Ng M, ) ) My Ng R =T 3 rdr ‘ w
-2 — 7 = .
M—%¢I mzl (m + n ) + m= %J.l mg (m + n ) 2 J[miﬂ (."/!1, Ni) r4 4[min (Mli Nl):{z

Setting M. and N, =« in (31.5) and using (31.4) we have

(GLO)  1fx, ) = Swnlx, 312 = {1(1\/113+_L)+4[min A

L, [ () (o

M
E_ mt (aom?® + bom?) — = 2 n*(ane® + Cno?)

m=1

X{—%

N|n—r——*——«

=

(m2 + nz)z(anmz + bam® + Cum® + dan)}

:ﬁMz

1 1

m

This bound can be used to see how close the partial sum Syx(x, y) is to f(x, ).

The analogous bound (19.10) in one dimension used only a first derivative of f,
while (31.6) contains second derivatives. A bound like (31.6) involving first derivatives
cannot be found because the double series 22 (m? + n?)-! diverges.

If f(x, ¥) is an odd function of x and y, all the Fourier coefficients except the dum
vanish. The resulting series is a double sine series. Similarly if f'is even in x and odd
in y, only the b,, are nonzero. If fis prescribed only for 0 < x < 7, 0 <y <, it may
be continued as either an odd or an even function of each of the variables. Thus it
may be expressed as a double sine series, a double cosine series, a sine-cosine series,
Or a cosine-sine series.

The above results are easily extended to higher dimensions. We may have triple
Fourier series, quadruple sine series, and so forth.

EXERCISES
1. Find the double Fourier series for
fix, y) = x%* for —r<x<w, —w<y<mm.
2. Find the double sine series for
flx, y) = x%y? for 0<x<mwm, O<y<am.
3. Find the double sine series for
Sfx, y) = (1 —y?) sinx for 0<x<m, O0<y<m.
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4. Find the double series in terms of sin nx cos my of
fx,y)=y for 0<x<m, O0<y<m.

32. Laplace’s Equation in a Cube.

We consider the problem

(32.1)
Vzus%+%+%=0 for 0<x<m, 0<y<1T, 0<z<mm,
u=>0 for x=0, x==w, y=0, y=a, and z=,

u(x, y, 0) =g(x, y).

ises in electrostatics when u is the potential whose value
the face z = 0, while the other faces are perfect conductors kept at zero potential.
u can also be interpreted as an equilibrium temperature distribution when the faces
are kept at temperatures 0 and g, respectively.

The maximum principle holds for Laplace’s equation in three as well as in two
dimensions. From this it follows that a three-dimensional boundary value problem for
Laplace’s equation has at most one solution, and that this solution varies continuously
with the boundary values. We proceed to find the solution of (32.1).

We apply the method of separation of variables. Consider a product function
v = X(x)Y(y)Z(z) which solves Laplace’s equation. We substitute in the equation,
divide by v and transpose one term. The result is

Xfr )/ﬂ ZH
XY~ "7

This problem a

[+ 8 %

e

Since the left-hand side is independent of z and the right can depend only on z, both
sides must be constant:

Xﬂ Y” _ Z” .
Y Ty="z "¢
Again,
Xﬂ Y”
x -Gy =G

another constant, by the same reasoning. We must have

X" — CX=0,
Y"_ (C1 - Cz)Yz O,
2"+ C,Z=0.

The homogeneous boundary conditions give

X(0) =X(m) =0,
YO)=Y(m) =0,
Z(m)=0.
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The problem for X is an eigenvalue problem of the type considered in Section 14. We
must have C: = —n?, where r is a positive integer, with the corresponding eigenfunction

X = sin nx.
From the problem for Y we find that C; — C; = —m?, where m is another integer, and
Y = sin my.

Then C, = —m? — n?, so that Z is a multiple of
sinh Vm? + n? (7w — z).

We seek a solution of the form
= 3:, ; e Sinh V2 + n2(m — z) sin nx sin my.
Putting z = 0, we formally obtain
g(x,y) =%° %O, o Sinh Vm2 + na sin nx sin my.
Therefore we make

w v
opm SINh Vi + nPm=dpm = —7% J f g(x, y) sin nx sin mydxdy.
0 0

Then
® o M 2 2
sinh V2 +m?(mr—2z) . .
(32.2) u(x,y,2) =32 dom—— - ( - ) sin nx sin my.
11 sinh Vrn® + m*xw
([
We mnet verifv that this oives a colution to the nrablem (31. 1Y If loldydy ie
¥ S\ AALE T W Wi II.J WAALAL LALAL bl WD A UWALILAIWLIL VW LLLW YLVUIV‘A‘- \—’ i .l} AL IE IW““J FES}

finite, the d.» are uniformly bounded. Then the series (32.2) and all its derivatives
converge absolutely and uniformly for zp = z ==, 0 = x = 7, 0 = y = & for any con-
stant zo > 0. It follows.that u(x, y, z) is infinitely differentiable for z > 0 and satisfies
Laplace’s equation. It also vanishes on all the faces of the cube except z=0.

In order to be sure that u satisfies the boundary condition at z = 0 we assume that
g, extended as an odd periodic function of x and y, is continuous and continuously

differentiable, and that
d*g Pg ]
J f [( ) (axay) +(ay) dxdy

is finite. Then the Fourier series for g(x, y) converges uniformly. Since the partial
sums of the series (32.2) vanish on the other faces of the cube, it follows from the
maximum principle for Laplace’s equation that the series for ¥ converges uniformly
for z = 0. Therefore, u is continuous at z=0 and u(x, y, 0) = g(x, y).

As in Section 25, we can extend this result to show that if g is bounded, the function
defined for z > 0 by (31.2) has the limit g(xo, yo) at each point (x,, yo, 0) Where g(x, y)
is continuous.
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EXERCISES

1. Solve the problem

Viu=0 for 0<x<m, O<y<w 0<z<m,
u=20 for x=0, x=7#, y=0, y=«, and z=m,
u(x,y,0) =sinxsindy,

2. Solve the problem
Viu=0 for O0<x<m, O<y<w, 0<z<1,
u=>0 for x=0, x=#%, and z=1,

ou __ _ _
ay-—O for y=0, y=m,
u(x,y, 0) =x.

3. Solve the problem
Vi —u=0 for 0<x<m, O<y<%'n', 0<z<,

u=190 for x=0, y=0, z=1,

du _ _
s 0 for x=m,
—*‘3" ={ for v= %fn-,
Jay 2

ou e
2 (x,y,0) =2x— .
4. Solve the problem of heat conduction on a square

for 0<x<m O<y<mw, t>0,
u=10 for x=0, x==#, vy=0, y=m,
u(x, y,0) =flx, y).
5. Solve the problem of the vibrating rectangular membrane
2.5 2 2
d“u _ du _ du 0

o A oyt
u=0 for x=0, x=a, y=0, y=A,

u(x, y, 0) =f(x,y), )
Lix, y, 0) = g(x, ).

for 0<x<m O0<y<A, t>0,

6. Solve the problem of heat conduction in a cube with insulated faces:

s rs— =0 for 0<x<mwm O<y<wm O<z<m >0,

ou _ _
o for x=0,m,
u _
ay for y=0, =,
ou _ _
3z for =0, m,

u(x,y,z,0)=flx,y, 2).

7. Solve problem 6 when f(x, y, z) = xyz.
8. A cube of side # initially at constant temperature T, is put at time 0 into a constant
temperature bath at temperature T,. If the equation of heat conduction is

find the temperature distribution at any time ¢ > 0.
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33. Laplace’s Equation in a Cylinder.

We consider Laplace’s equation in cylindrical coordinates

tou 1 0%u 82 _
ar‘2+rar+r2662+ 0 fOI‘ 0<r<R1, O<z<71',
(33.1) u(r, 8, 0) = u(r, 6, 7) =0

H(Rl, 0, Z) = g(O, Z).

By separation of variables we obtain

R”+;R’ +l§.’:_“§f .
R O z
Multiplying by 2 and transposing gives
rZR";- rR’ ~C, =_%_ C,
We have
Z'+ CZ=0,

Z(0)=2Z(m)=0,
which again gives Cir=n?, n=1,2,...,
Z, = sin nz.
Next,
0"+ C,H0=10

with the condition that © be periodic of period 2. This requires O(0) = 6(27)

_________ 4 1119 a1 *INE s

©'(0) =0'(2m). Then C:=m?, m=10, 1, 2, . . . with the corresponding eigenfunctions

O,=1, O, =sinmb, cosmb.

(m=1,2,...are double eigenvalues).
Finally, we obtain the differential equation
" l LA Ln_i 2 o

This equation is singular at » = (. In place of a boundary condition we impose the
condition that R remain finite at » = (). The solution which is one at r = R; is then

_ Ap(nr)
Ronn(r) = In(nR:) "

I is the Bessel function with imaginary argument:

x 1 1 m+21
(33.3) In() = 3 s ),() ,

which converges for all r. (See G. N. Watson, The Theory of Bessel Functions.)
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e write the solution « in the form
1 ot Io nr .
u(r, 8, z) =5 % Cnoy rip)\ sin nz
&~ i LA A S )
(33.4)
[+ I
In{nr . )
+X3 m{(nr) sin nz(cpm cOs MO + dum sin mo),
1 1 In(nRy)
where
2 T 29 .
Cnm = -—2f f g(8, z) sin nz cos midodz,
™ Jo Jo
2 " 2N \ .
dum = -§f f g{(0, z) sin nz sin mAdodz.
T Jo Jo
To see when this series converges we let

Smn(r) = (5}) "B Rmn(r).

Then Sm. satisfies the problem

2 —
Smn” + (_’E,;:_l_ + H)Smn, — [:é(ﬂ — n) 4 M}Sﬂm = 0,

4\ r 2r
(33.5) Smn(0) =0,
Smn(Rl) = 1

for m = 1. The coefficient of S 1s negative. If S, (r) were ever greater than one for
0 < r < Ry, it would have a positive maximum for some r in the interval. At this value
of r, Syn > 0, Sma’ =0, and Su." = 0, which contradicts (33.5). It follows that Sua(r)
= 1. Then

Rum(r) = (RL) g RN for 0=r=R;, m=1.
1

It is clear from the series (33.3) for i, that Rma = 0.
For i = (), we note that 2!/! =2/(2]—2)(2/—4) - - - 2, and that therefore

(2D = (24N < 21+ 1)!
We then see from (33.3) that

sinh r

< Iy(r) = coshr.

Therefore,

Iy(nr) nR, cosh nr

Ron(r) = Iv(nR,) sinh nR,

Both the single series

=~ nR; cosh nr
a=1 SinhnR,
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and the double series

%m “‘%H(Rl““")
EE (Rl) ¢

converge uniformly for » = r,, where r, is any constant less than R,. Therefore, if
I [ |g(8, z)|d6dz is finite so that the cu., and d.., are bounded, the series (33.4) con-
verges uniformly for r = r, for any ro < R,. Similarly, we can show that the series
obtained by differentiating (33.4) any number of times still converge uniformly for
r = ro with any ry, < R;. It follows that the function « is infinitely differentiable with
respect to all its variables for r < R, 0 = z = 7. It satisfies Laplace’s equation and the
boundary conditions at z=0 and z = 7.

To show that the boundary condition at r = R, is satisfied we first assume that g
is continuously differentiable, and that

TG o) + (58 Jases

is finite. Then the Fourier series for g converges uniformly. Since the partial sums of

tha garioe {12 A ara harmanie thoir differancag gaticfy the mavimiim nrincinl HHanra
LllC LIV \JJ.57) dly lldl 11IVIIIV, LIVl Jdutviviived oaum._y L1IIG LilaAaliliuvill yllll\rlylc L1VIINVG

the Fourier series (33.4) for u again converges uniformly, and u is continuous for
r = R, and equal to g for r = R,.

As in Section 25 we can show that u actually attains its boundary values at all points
where g is continuous whenever g is a bounded function.

EXERCISES
1. Solve
V=0 for r<l1, 0<z<m,
u(r, 0,0y =u(r, 0, w)=0
u(l, 8, z) = z{mw — z) cos? 0.
2. Solve
Viu=10 for r<i1, 0<z<m,
u{r, 8,0) =0,
ou L
—a_Z(r’ Bs ﬂ") —0,
u(1, 8, z) = z cos®* 0.
3. Solve
Viu=10 for r<l1, 0<z<lI,
u(r, 9,0)=u(r, 6,1)=0,
%1, 6,2) +u(l, 0, ) = sin® mz sin? 0.
4. Solve

Viu=0
on the half-cylinder
r<l1, O0<O0<m, O0<z<m,
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u(r’ 0’ 0) = u(r’ 6’ 7r) - 0’
u(r,0,z)=ulr,m z)=0,
u(l, 8, z) = z(w — z).

34. The Three-Dimensional Wave Equation in a Cube.

We consider the problem

7 cz(ax”2'+a ”2')=0 for 0<x<m O<y<m, 0<z<m,t>0,
u@©,y,z,t)=u(m,y, z,1) =0,

u(x,0,z, ) =u(lx,m, z,1) =0,

u{x,y,0,t) =ulx,y,m, 1) =0,

u(x,y, z,0)=f(x,y, z),

(34.1)

ou
g(x, ¥, 2,0)=gl(x,y, 2).

The solution of this problem describes the propagation of sound waves from an initial
disturbance in a cubical room.

The differential equation, which is called the three-dimensional wave equation, is
hyperbolic. We can apply the same uniqueness proof as that which we used in one
dimension. We multiply the equation by du/dt and note that

u[Pu  , .. a[1/au 1, 2]_.[2_@1 ]
[aﬂ ¢ div gradu] at[Z( ) +2c tgrad u| div | ¢ 57 grad u ).

We integrate this identity over a four-dimensional domain bounded by the sides
of the cube, the initial plane r = 0, and a three-dimensional surface § which passes
through a given point (xo, Yo, 20, fo). Applying the divergence theorem and using the
conditions in (34.1), we find that if f= g =0,

th (30, ¥0, 20, to)
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o OUfdu au ou
2 2 halotell Bl —_
(34.2) fff{ [( ) + 2 |grad u| ]m c? az(a nx+ayny+az )}dS 0.

Here (nz, ny, n., n;) are the components of the upward unit normal vector on §.
(We suppose that n, > 0 on §.)
Completing squares, we can write the integrand of the above integral as

1 [au 2(au)]
| —n, — ¢
2”; at on
SCRES NCREN NEREN)
+ 2n | \ox  mEan'™*, + ay nton’™, + 9z n? aﬂnf, ]

— 2 __ 2,2 2
+2m(m c*n?) |grad u|?,

where we have defined

u_du  du_ | du

an a—xngr + 3 fy + :ﬁnz,
and
nt = ny*+ nt + nt.
This integrand is nonnegative if
(34.3) nd — c*(ns® + n2+ k) = 0.

If we use a surface S with this property, we can conclude from (34.2) that the integrand
vanishes.

To obtain the steepest surface S with the property (34.3) through the given point
(x0, Yo, Zo, to), We set

(34.4) nt—c*(n2 + nf+n?) =0

except at the point (xy, yo, Zo, fo). Then S is the right circular cone with slope 1/c

(34.5) t=ty— NV x—x + (7 =y F (- 2]

It is called the characteristic cone through the point (xo, Yo, Zo, o). Its cross section
with a plane ¢ = constant is the sphere of radius c(f, — t) centered at (xq, Yo, 20).
For this cone § (34.2) becomes

ou du _ ngy du\? du  ny, ou\?* ou n, ou\?
Tl e 22 492 = an ¥z 2=
f” Zm{[ T ] +em [(ax n? an) +(ay n an) +(az n* an) ]}ds
= (),

Since the integrand is a sum of continuous nonnegative functions, each term must
vanish everywhere on S. Since n? — ¢®1#® = 0 and n? + n* = 1, we find from the fact
that the first square vanishes that

w_ L rra(u, L ou | du
o1 1+¢ (a ne + ayny + aznz)
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on S. At the tip (xo, Yo, 20, fo) Of S the spatial part (n;, n,, n;) of the normal vector
has all possible limiting directions. It follows that du/dx = du/dy = dujoz = dufot =0
at (xo, Yo, 2o, fo). We repeat this argument at each point (xo, Yo, 2o, ) With t = ¢, to
show that du/ot = 0. Since u(xo, Yo, 20, 0) = 0 we find that u(xo, vo, 2o, ) = 0.

We have proved that the solution at (xo, Yo, Z0, to) of the equation is uniquely de-
termined by the data lying below and on the characteristic cone through (xo, Yo, 20, fo).
This cone corresponds to propagation at maximum speed ¢ in any direction. (This
uniqueness theorem is true for any initial-boundary value or pure initial value problem
for the wave equation.)

Any surface whose normal satisfies (34.4) is called a characteristic surface. It can
be shown that discontinuities of solutions of the wave equation travel along charac-
teristic surfaces.

By separation of variables we find the formal solution of (34.1)

u(x, y, 7, 1) = 353 (dmm cos VIEF m F et

(34.6) ~ sinVI2+m?2+ nct\ . i .
+ dimn sin /x sin my sin nz,
VBT TR
where
dimn = 7—783 E Lﬂ f f(x, y, z) sinlx sin my sin nzdxdydz,
(34.7)

—~ 8 T o [m . . .
dimn = o f f f g{x, y, z) sinlx sin my sin nzdxdydz.
4] 0 0

In order to obtain uniform convergence of the series for « and its first and second
derivatives we must assume that f (continued as an odd function) and its partial de-
rivatives up to the third order are continuous, while the squares of its fourth partial
derivatives have finite integrals. Also g and its derivatives up to the second order must
be continuous, and the squares of its third derivatives must have finite integrals. While
this condition is somewhat too strong, it is known that a discontinuity in the third
derivative of f can produce a discontinuity in the second derivative of u. Discontinuities
are propagated along characteristic surfaces. These can degenerate, producing a loss
of derivatives (focussing). (See R. Courant and D. Hilbert, Methods of Mathematical
Physics, Vol. 2, Interscience, New York, 1962, p. 673.)

By our uniqueness theorem u(x, y, z, t) depends only on the part of the data in and
on the sphere of radius cr centered at (x, y, z). However, this is not at all clear from
the form (34.6) of the solution.

The formula (34.6) expresses the solution as a sum of simple harmonic motions, in
each of which u is a product of a sinusoidal function of ¢ with a function of x, y, and z
only. These motions are called the normal modes of the problem. Their frequencies

V1% + m® + n®c[2w are called the characteristic frequencies.

EXERCISES
1. Solve
Pu_ (' ou @)z
at2 (ax2+ay2+azz 0 fOl’ 0<x<'n’, O<y<7r, 0<Z<7T,

u=20 for x=0,w, y=0,w, z=0,m,
u(x,y,z,0) =xyz(m — x)(m— y) (7w — 2),

du .
E('xa ya Z, 0) - 0'
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2. Solve
"2—“—(62—“+-a-2ﬂ+"2—“)=0 for 0<x<A, 0<y<B, 0<z<C
ar ax2 ay2 az? ’ ? ’
u=0 for x=0,4, y=0,B W_o  for z=0,C,

EYe
u(x,y, z,0) =0,
w2

du — sin®% sin ™Y sin2 22
ar(x, v, z,0) sin— sin—p- sin®* <~

3. Show that the value at (xo, Yo, 2o, to) Of a solution u of the damped wave equation

Pu  du_ (0% *u az_u)_
oz T %y C(ax2+ay2+8z2 =0,

is uniquely determined by the part of the data below and on the characteristic cone (34.5).
4. Solve

a>0

0 du  H(*u | *u | Fu

vx e — =+ )= <x<wm, O0<y<mwm O0<z<m,
o T Ay, C(ax2+ay2+az2 0 for 0<x<m y<m z<
u=20 for x=0,7, y=0,w, z=0,m,

u(x,y,z,0)=f(x,y, 2},

9
(6 y,2,0)=g(x, 3, 2).

35. Poisson’s Equation in a Cube.

We consider the problem

A24,

22,, a2,
2= 0¥ OU  du
vu—_ax2+ay2+az2 F(xsysz) for 0<x<’n‘,0<y<7r,0<z<7r,

w(©,y,z)=u(m,y z)=0,
G50 400, 2) = ulx, w, 2) =0,
u(x,y,0)=u(x,y,w)=0.

il v ] e e Qaomdini VO b mvimmmd s nmd Tl Anaalals ol cortme tm e e
YYCO COUIU PIULCCU dd 11 DCLLIUVILL &7 0 CAPAIIU § allU 7 111 UUUDIC JIIIC SCLHICS 111 X dllu
y (that is, take finite sine transforms) and obtain a set of ordinary differential equa-
tions in z. Instead, we expand « and F in triple sine series:

u(x, v, z) = LEX dimn sin Ix sin my sin nz,
F(x,y, z) = XX Dy sin Ix sin my sin nz.

Putting these series into the differential equation (35.1) and assuming « is twice
continuously differentiable, we see that

d — Dlmn .
"t mE 4 n?
Thus
Dimn . . .
(35.2) u(x, y, z) =333 Rl Ix sin my sin nz.

This series and its first and second partial derivatives converge absolutely and uni-
formly, provided the series for F does so. This is the case if F extended as an odd
function is continuously differentiable, and if the squares of its second derivatives
have finite integrals. In this case, then, u is the solution of (35.1).
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By Parseval’s equation we can write the solution (35.2) as

(35.3)  u(x,y,2) = f f j G(x,y, 2, € m, DF (£, m, {)dedndL,

provided G is a function such that

8 sin Ix sin my sin nz sin I sin mm sin rg
(35'4) G(xa ya Z; gv UR C) ~FEEE y12+m2+52 n

To find this function we let

r=V(E—x)+(n—y)+ (23

and choose a constant a depending upon the fixed point (x, y, z) in such a way that
the sphere r = a is inside our cube. We define the function

I

Then ¢ (r) —% has continuous second partial derivatives, bounded third derivatives,

and square integrable fourth derivatives.
We expand ¢ (r) in a triple sine series. Making the change of variable

=¢6—x, 7n'=7n-—y, {'=0—1z,

we let

?Am - r r r (V=02 F (1 — )2+ (L—2)%) sinl¢ sin mn sin n{dédndi
0 4] 0

= fff Y(VER + 92+ ') sin (& + x) sinm(n’ +y) sinn(l + 2)dE dn'dl’
§i g
= “J Y[sinl¢’ cos Ix + cos I¢' sin Ix] [sin mm' cos my + cos mm’ sin my]
[sin ng’ cos nz + cos ng' sin nz]d€ dn'dl’
= sin [x sin my sin nz f[ P cos lE' cos mm’ cos nl'd¢' dn'dl’.
(Since ¥ is even in ¢', 0, and {’, integrals of ¢ sin ¢, ¥ sinm’, and ¢ sin {’ are ze10,)
Now
cos I¢' cos mm' cos nl’' =%[cos (&' +mn’ +nl') +cos (I +mm’ —nl’)
+cos (I — mm' +nl') +cos (&' —mn' —nl')].

Since ¢ is even in £, 0, and {', we find that the integral of ¢ times each of these
cosines gives the same result. Then

3
v Alrrm
8 sin [x sin my sin nz

= [ wNETT T rhcos e + m + n)dg dn dy

e2intepled?
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We now introduce the spherical coordinates (r, 8, ¢) with origin at (x, y, z) and
the polar axis in the direction of the vector with ¢omponents (I, m, n). Then

NGETTE
I +mnm' +nl =rvVIE+ m*+ n®cos b,

and hence
17':‘}Almn
8 sin [x sin my sin nz

a rmw 2w
= f f f Y(r) cos (r/I2 + m? + n2 cos @)r? sin 8drdod¢.
o0 Y0

We integrate first with respect to ¢, then with respect to 6.

e SY
T~ Amn

8 sin Ix sin my sin nz

47
\/lz-}—m + n*

Using the definition of ¢, we find
32 [1_60(2+cosa\/12+ m? + n?)

J Y(r)r sin (r/I* + m? + n?)dr.

Apin =

w2 {12+ m2+n2)[ a*(l®+ m* + n?)?
180 sinaVI+ m? + n2—| gin Iy in mv ]In n7
+ @S2+ m2+n2)sz |77 T T
Thus
1 8 1 __60(2 + cosaVi*+ m* + n*)
47r¢(r) m Z3% [12+ m?+ n? a*(12+ m? + n?)3
180 sinaVit+ m* + ”2] sin [x sin my sin nz sin /¢ sin my sin
as(12+ m® + n2)72 Y ‘ " h

Comparing with (35.4), we see that

5.5 G _ 1 +480§§§r2+cosa\/.2+m2+n2
( . ) (x’ Y, Z; fa n, g)_4ﬂ,lmb(r) _;3_ - l 04(12‘1‘ m2+n2)3

_3sinaVIZ+ m® +n®

a’(I*+ m? + n?)"?

] sin /x sin my sin nz sin /£ sin mm sin né.

The series on the right and its first and second partial derivatives converge uni-
formly. This means that G — 1/(4mr) is twice continuously differentiable, and that
G vanishes on the faces of the cube. It can be verified by direct differentiation that

V2(-};) =0 for r#0,
and that

VO] =2 L) for r 0.
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From this it follows that the Laplacian of the series is the series of — Z%Wap. Hence,
ViG = 0.

The function G is again called the Green’s function. For a general domain D the
Green'’s function G is characterized by the properties

(a) V:G=0 in D,
(b) G=0 on the boundary,

1
(C) G(x’ Y, Z §= n, C): -
drV{(x—*+ (y— )+ (z—{)?
where y is a regular solution of Laplace’s equation. Such a Green’s function exists

for any sufficiently regular bounded domain. However, it can usually not be found
explicitly. As in two dimensions, G is symmetric:

G(x’ y’ Z; g‘) n’ c) = G(§7 T” g; x’ y’ Z)'

Physically, G is the potential at (x, y, z) due to a charge at (£, n, {) inside a cubical
box whose sides are kept at zero potential.
The function vy in condition (¢) is the solution of the boundary value problem

szyZO il'l D’
1
eV (x—€E2+ (y—m?2+ (z—0)?

It is infinitely differentiable in D. Hence the same is true of G except at (x, y, z).

By using the form (35.5) of the Green’s function we can show that the function (35.3)
satisfies the Poisson equation (35.1) if F is continuous and continuously differentiable.
Under these hypotheses we see from Schwarz’s inequality and Parseval’s equation
that the series (35.2) converges uniformly, so that u also satisfies the boundary condi-
tions of the problem (35.1).

v(x, v,z €, m,0),

y= on the boundary.

EXERCISES

1. Solve (35.1) when F(x, y, z) = e*.

2. Solve (35.1) when F(x, y, z) = sin® x.

3. Find Green’s function for the parallelepiped 0 < x < 4,0 <y < B,0<z < C.
4. Solve

Viu=—F(x,y, z) for 0<x<m O<y<mw 0<z<m,
u=10 for x=0,7, y=0,7, z=0,
ou _ 0 for z=r.
az
Verify that your formula gives a solution.
5. Solve the problem (35.1) by taking the sine transforms of i with respect to x and y to ob-
tain an ordinary differential equation in z.
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CHAPTER VII

Sturm-Liouville Theory and
General Fourier Expansions

36. Eigenfunction Expansions for Regular Second-Order Ordinary Differential Equations.

The trigonometric functions arose from separation of variables as the eigenfunctions
of boundary value problems for the second-order equation

W+ au=0.

Separation of variables often leads to other eigenvalue problems.

As we have shown in Section 27, we can put any second-order differential equation
whose highest order coefficient is positive into the seif-adjoint form (27.1) by a simpie
multiplication of the equation.

We consider now the differential equation

d d
(36.1) E(p(x)d—z)—q(x)u+)\p(x)u=0 for 0<x<1,

where p and ¢ are continuous, and p is continuously differentiable. We suppose that
p and p are positive and that g is nonnegative for 0 = x = 1.

In addition to the homogeneous differential equation we are given the homogeneous
boundary conditions

(36.2) u(0) =u(l)=0.

The values of A for which the problem (36.1), (36.2) has a nontrivial solution (that
is, a solution other than i = 0) are called the eigenvalues. The corresponding solutions
are the eigenfunctions.

A solution « of (36.1) is uniquely determined by requiring #(0) = 0, ©’'(0) = 1. The
eigenvalues are those values of A for which u(1) = 0. The eigenfunction is then any
constant multiple of x. The eigenfunction corresponding to an eigenvalue A is deter-
mined within a constant multiplier.

Let A and u be two different eigenvalues with the corresponding eigenfunctions u
and v. Then

(pu')’ — qu + Apu =0,

(pv')" —qv + ppv=20.
160
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We subtract « times the second equation from v times the first, and integrate from
Oto 1.

[ oy —utevy + 0= wpurlax=o.

Since vipu')' — ulpv') = (unu' — upv')’, and since u and v vanish at both ends, the

first two terms integrate to zero. We are left with

ey

1
(A— ) J’ puvdx = 0.
0
Since A and u are different, we conclude that

(36.3) f‘ puvdx = 0.
0

That is, eigenfunctions corresponding to different eigenvalues are orthogonal with respect
to the weight function p.

1
This suggests that one can expand any function f(x) for which f ofdx is finite in a
0

Fourier series in terms of the eigenfunctions. We shall show that this is indeed the case.
That is, the eigenfunctions of the problem (36.1), (36.2) are not only orthogonal, but

also complete.

We first show that all the eigenvalues are positive. Let A be an eigenvalue. We mul-
tiply (36.1) by the corresponding eigenfunction « and integrate from O to 1. Applying
integration by parts, we have

1 1 1
0= f u[(pu')’ — qu+ Apuldx = puu’} + f [—pu'® — qu® + Apu®]dx.
0 0 0

Since u =0 at 0 and 1, we find that

(36.4) A=

Since p and p are positive, g is nonnegative, and u is not constant (otherwise it would
be zero) we conclude that A > 0. That is, all the eigenvalues are positive. In particular,
A = 0 is not an eigenvalue,

According to Section 28 the problem

(36.5) (pw')’ — qw + Apw = —F (x),
w(0)=w(1)=0

oo n 1reimira nliatiam o and I thao e k] (26 1Y 269 hae na enlntinn nthar
Nnas a uniquc sGiulion i1 anag Uul_y i1 uic PLUUIVIM (JU. 1) (JUL) LGOIV SUVLIULIVILL VUivE
than u = 0. That is, the eigenvalues are ex actly those values of A where the Green’s

function of (36.5) fails to exist.
Since A = 0 is not an eigenvalue, there is a Green'’s function G (x, £) for the problem

(36.6) (pw')’ — qw=—F,
w(0) = w(l1) =0.
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That is, the solution of this problem is
1
() = || G, OF ©)de.

If we transpose the term Apu in (36.1), we find that an eigenfunction u satisfies a
problem of the form (36.6) with F = Apu. The eigenfunction ¥ must therefore satisfy
the integral equation

(36.7) u(x) =\ f G (x, £)p(E)u(é)de.

Conversely, if u satisfies (36.7), it is an eigenfunction and X\ is an eigenvalue.
We can think of (36.7) as a formula for a Fourier coefficient in the expansion of

G(x, &) for fixed x in terms of the eigenfunctions. Let A, . . . , A\; be eigenvalues, and
u, . .., u the corresponding eigenfunctions. Then by Bessel’s inequality (16.2)
1 2
([ 6w on@m©aE]
3 2 - = | G?%d¢.
[ punterae ;

s LZEI— f G (x; €)% (£)dE.
= )\nziL Pun(f)zdsf 0

We multiply both sides by p{(x) and integrate from 0 to 1. Then

!

3 L= f ! f G (x; £)%(x)p(€)dedsx.

n=1

hand side is certainly finite. Sinc
£ ro
. b

3t Fallae Lot o€ +L
1 Ul

o awar o ey —~ T I ¥ 4 W P
A: were any eigenvalues of th o ), (36.2), it follows that if there

8

are infinitely many eigenvalues, the infinite series 2 — must converge. In particular,

1 AL
M — = with k. For the sake of convenience, we arrange the eigenvalues in increasing
order:

)\]<)\2<}\3<"‘"‘)w.

(It is, of course, conceivable that there are only a finite number of eigenvalues, but we
shall soon see that this is not the case.)

Let ¢(x) be a twice continuously differentiable function vanishing at 0 and 1. We
write its Fourier expansion in terms of the eigenfunctions i, u., . . . .

b (x) ~ ;g Caltn (X)),

where

1
f pdudx
0

Cn =
f pudx
[H]
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We expand ﬁ[(p(f)’)' — q¢] in a Fourier series. By integration by parts we find
1 1
[ 108 = adlunts = [ 91w’y — quila,

1
0

so that

[(P¢’)’ - a¢] ~ =3 MaCunlln.

g

T | —

Suppose for the moment that the u, are complete. Then by Parseval’s equation
1 1
f p({)zdx == 2 an J‘ punzdx,
0 0
1 1 1
[ o + aglas =] olpe")" — aslax =3 nocit [ pu.

Since the A, are arranged in increasing order, these equations imply that

L " (pd” + qd)dx = A, f ' pds,

0

with equality if and only if c; = ¢3 = - - - = 0; that is, if and only if ¢ = c,u,.
We now reverse this process and seek to minimize the ratio

L " (b + ggP)dx

(36.8) :
fo pd*dx

among continuous, piecewise continuously differentiabie functions ¢ (x) such that
$(0)=¢(1)=0.

If the eigenfunctions are complete, the minimum of (36.8) must be A,.

The ratio (36.8) is called the Rayleigh quotient. It is certainly nonnegative. Therefore
it has a greatest lower bound u. Suppose that this value is actually attained for an ad-
missible function . Then if ¢ is any other admissible function and 7 any constant, we
must have

L p(+ 70) " + g + 1) dx f "0 + qut]dx
1 = : 1 = M.
JO p(+ 7¢)2dx JO pirPdx

The left-hand side is a continuously differentiable function of = (in fact, it is the ratio
of two quadratic polynomials), which attains its minimum at 7= 0. Therefore its deriva-
tive with respect to r must vanish at = 0:

2 [ owsr + qpsrar 2 [ pugax 1 (our+ qytras

[ e [ovay
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or
(36.9) f " LoWd’ + gl — ppdldx = 0

If ¢ is twice continuously differentiable, we integrate by parts to obtain

~[" 610w’ — qu+ mpy1ax=0.

Since this is true for every admissible function ¢, the expression in the bracket must
be zero. For if it were positive (or negative) in an interval x, — € =< x =< x,+ €, and if
we chose ¢ to be positive for xp — € < x < x, + € and zero elsewhere, we would find
that the integral could not be zero.

Thus, ¢ satisfies

(P¥') — q + ppp =0,
$(0) =¢(1) =0

That is, u is an eigenvalue, and ¢ is the corresponding eigenfunction.

If we put ¢ = u, into (36.8) we obtain the value A, Since u is the minimum of (36.8),
it must be the lowest of the eigenvalues.

We have shown that if there is a twice continuously differentiable function s for
which the ratio (36.8) attains its greatest lower bound, then

1
|| oo™+ ag?1ax
(36.10) M= min —f
3(0)= (1) =0 fp¢2dx
0

Moreover, the minimizing function  is a muitiple of the first eigenfunction u,.

The proof of the existence of a minimizing ¥ is somewhat more difficult. We simply
state here that such a ¢ exists, and refer the interested reader to R. Courant and
D. Hilbert, Methods of Mathematical Physics, Vol. 1, Interscience, New York, 1953,
p. 122, where its existence is established on the basis of the integral equation (36.7).

We now seek to minimize the ratio (36.8) among continuous, piecewise continuously

S LU AIRRNAAES LN A QY (S WRILILLCIALARAU LSy PrAW s VY AL W WA LA uu;]

differentiable ¢ which are orthogonal to u,;. That is,

1
J’ ppudx = 0.
0

By the preceding method we can show that the minimum is equal to \: and is attained
when ¢ is a multiple of u,. Proceeding in this way, we can define all the eigenvalues
and eigenfunctions recursively:

f [pd'? + qd®ldx
(36.11) A = min :

J[ pou ac=o J po?dx

E pd;u;;_ldx: 0
(0} =9(1)=0
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where the minimum is taken over continuous piecewise continuously differentiable
functions ¢ satisfying the orthogonality conditions and the boundary conditions. The
minimizing ¢ is a multiple of u,.

For any k there is a polynomial ¢ of degree k + 1 whose & + 2 coefficients satisfy the
k + 1 linear homogeneous equations ¢(0) = ¢ (1) = [ pdusdx="+ - = [ pdur..dx=0.
Therefore the recursion (36.11) does not end. That is, the number of eigenvalues is
infinite.

The characterizations (36.10) and (36.11) of the eigenvalues as minima of the Ray-
leigh quotient are called minimum principles for the eigenvalues.

Let f(x) be any continuous piecewise continuously differentiable furction with
f(0) = f(1) = 0. We expand it in a Founier series

0
f~ 2 Cnlln,
1
where

[ pfusds
=t
f putdx

0

We observe that by the definition of ¢,

1

fl p(f— E cnun)uidx =90

0 1

fori=1,2,...,k—1. Therefore by (36.11)
1 k-1 2 1M k-1 2 k-1 9
f P(f_ 2 Cnun) dx S A._f I:P(f' - Z Cnun') "+" C](f— ? Cnun) :ldx
1

0 k JO 1
e k—1 r1

(36.12) =i” (of'2+ qf)dx—2 3 an (pf 'u’ + qfun)dx
0

0 1

k-1 k-1

+ % % CnCm Ll (pur'un’ + qunum)dx}.
We find by integration by parts that
[ @ + afiny s = [ fl=pun'y’ + quide
= An fo 1 pfundx

1
= AnCn f puntdx.

0

Also,

1

1
[ (ptn'um' + quatin)dx = Ay f PUnlmdx
Jo

0

. 1
_ { An f pufdx  for m=n
- 0

0 for m # n.
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Then (36.12) becomes
1 k—1 2 1 1 k-1 1

f p(f-* 3 Cnun) dx S——{j (pf'?+ qf*)dx — X )\nanf PUnde}.

0 1 )\k 0 1 0
Since we have shown earlier that Ay, — « as k — =, the right-hand side approaches
zero as k — . This means that the Fourier series X c,u.(x) converges to f(x) in the

1

mean.

1
Any f(x) for which f pftdx 1s finite can be approximated in the mean by a continu-
0

ously differentiable function f(x) which, in turn, can be approximated in the mean by

its Fourier series. Therefore the eigenfunctions of the problem (36.1), (36.2) are com-

1 .
plete. That is, any f for which [ pf?dx is finite is the limit in the mean of its Fourier
Jo

series. In particular, Parseval’s equation

x 1 1
3 cat f pu’dx = f pfidx
1 0 0

holds.
If fis twice continuously differentiable and f(0} = f(1) = 0, we have already seen that

TAW] 7~

[{pf")" — af] ~ —Z Ancattn.
Then by Parseval’s equation

3 hert [ putdy=— [ f1ory = aflax
= [ tor + ariax

By approximating with twice continuously differentiable functions we can see that
the equation

@ 1 1
S AnCr? [ plin*dx =f (pf"* + qf*)dx
1 0 0

1
holds for any continuous f(x) such that f pf'%dx is finite and f(0) = f(1) = 0. This is
another kind of Parseval equation. >
By applying this equation to f+ g and f — g and subtracting, we find that if

f~ z Cﬂuﬂ.a
1

g ~ 2 dnlin,
1
then

(36.13) 3, AnCrdln f
1

0

1

1
pux"dx = fo (pf'g" + qfg)dx.
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For fixed x and y, we now put f{¢) =G (x, £), g(¢) =G(y, €). By (36.7)

Cn = )\1 un(x) ’
nf pun*dé
1 Un y)

fm )l e0)

n -’r punga:é-
0
Then (36.13) becomes

o]

p ””f“”m = ["p@%&x, &) 0y, &) + 9®G(x, G, &) |de
o [ pwrerag Flrogeos |

=r(EGC 020, 0 [ +p©6x 0520, 6 |
+[ 6t 0| -2pe%0. 0)+ 9600 |a

0
{V 11\
\As )

Q

by the properties (28.4) of Green’s function. Thus we have the convergent expansion

G(x y) =§ un(x)”n()’) .

(36.14)
! :\nf pu,idé
0

For x =y we obtain
Un(x)*

G(x, x) =
M J( purdé

Consider now the Fourier expansion 3, c.u,(x) of a continuous function f(x) with
f(0)=f(1) =0and such that [ (pf'?+ qf?)dx s finite. By Schwarz’s inequality we have

N N N
(36.15) (2 cnun(x))2 < (2 AuCa f : punzdx)(z __“_12(1)__)
M+1 M+1 0 M+1 A"f pun2dx

N 1
= G (x, x) M%l AnCrl L puxzidx.

1
Since G (x, x) is uniformly bounded, and since 3 Ancy? J pux*dx converges by (36.13),
0

the right-hand side approaches zero uniformly in x as M, N — o,

We have shown that if f{x) is continuous, f(0) =f(1) =0, and [ (pf'?> + qf*)dx is
finite, the Fourier series X c,u,(x) converges to f(x) uniformly.

In particular, the expansion (36.14) of G (x, ¥} converges absolutely and uniformly
in x and y. Therefore if [ |F|dx is finite and

Flx) 2
p(x) ~ % Cnun(x),
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the problem

(pw')" — qw=—F(x)
w(0) =w(1) =0

has the solution

= 2 %un(x) »

and the series converges absolutely and uniformly. That is, a knowledge of the eigen-
functions and eigenvalues gives a convergent series solution for the nonhomogeneous
equation.

If we have the eigenvalue problem (36.1) on an interval a < x < 8 with the boundary
conditions u(a) = u(B8) = 0, all our results remain unchanged when the integrals from
0 to 1 are replaced by integrals from « to 8. This can be seen by a simple change of
scale.

Other boundary conditions may occur in practice. If we have the eigenvalue problem

w(x)

(pu') —qu+ Apu=20,
u{0) =0,
p(Du' (1) +au(l) =0, a=0,

we find that the eigenvalues are defined by the minimum principles

ﬁ (p$" + qd?)dx + ad(1)?

A = min : ,
J'pdhu;dx 0 ( Dd)de
i f?uk dx =0 Jo

where the admissible functions ¢ (x) are again continuous and piecewise continuously
differentiable and vanish at x=0, but need not satisfy any condition at x=1.

PRSP . R S P o ~L el T

The Compneteness of the eigenfunctions and the uniform conver gence o1 ue Fourier
series for f(x) such that J’ pf'%dx is finite and f(0) (but not f(1)) vanishes follow as
0

before.

EXERCISES
1. Find the eigenvalues and eigenfunctions of the problem

((1+x)2') + =0 for 0<x<1,
u(0) = u(l) =0.
HINT: (1 4+ x)ie = ¢ialog(+2) = cog (a log (I + x)) + i sin (a log (1 + x)).

2. Find the eigenvalues and eigenfunctions of the problem
u' + =0,
u(0) =0,
w (1) +u(l)=0.

That is, obtain the eigenfunctions in terms of A and find an equation to be satisfied by A. Show
that this equation has infinitely many solutions.
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3. Find the eigenvalues and eigenfunctions of the problem

W+ Au=10,
u(l) —u(0) =0,
W (1) —u'(0) =0.

37. Vibration of a Variable String.

We consider the problem

2 2
(37.1) «(T:—ﬂ;%g~g—xf‘2-=o for 0<x<1, t>0,
""'(xs 0) =Jf{x):
du
E(xa 0) '"'09
u{0, 1) =0,
u(l, r) =

The solution of this problem approximates the motion of a string whose linear density
is proportional to (1 + x)-2. (See Section 1.)
Separation of variables (¢ = X (x)T(t)) gives the two equations

" ___L_ —
(37.2) X"+ a +x)2X 0,
and
(37.3) T+ AT =0.

For X(x) we obtain the boundary conditions
X(0)=X(1)=0.

Thus we have an eigenvalue problem of the type discussed in the preceding section.
To find the eigenvalues, we note that (37.2) has solutions of the form (1 + x)¢, where

ala—1)+r=0,

a=%(1 +V1—4x).

To satisfy X(0) = 0, we choose
X = (1 +x)%(l+\/l—4k) _ (1 +x)§-(l—\/1—4}\]

The condition X(1) = 0 then becomes
2§(i+\/1—41\) _ 2%(1w\/1—41\) =0

]

or

V14X 1
Z 1.

If A < ¢ so that V1 — 4 is real, this equation clearly has no solution. If A\ =1, our two
solutions are no longer independent. In fact, for A = § two independent solutions are



170 Sturm-Liouville Theory and General Fourier Expansions  CHAP. VII

(1+x)2and (1 + x)¥2log (1 + x). The condition at x= 0 is satisfied by the latter, but
it does not vanish at x = 1. Thus A\ =% is not an eigenvalue.

For A > %, the square root becomes imaginary. We can still obtain two solutions by
the formalism of setting

) HI+V4A—1) )1/28%1'\/4)\—1 log (1+x)

(1+ = (1+

= (1 +x)'/2[cos( A—%log (1 +x))

+isin( )\*%log (1 +x))].

Two independent solutions of (37.2) are given by the real and imaginary parts of this
expression; that is, by

(1+x)1f2cos( A—%log(1+x)) and (1+x)1/28in( )\—ilog(l+x)).
To make X(0) = 0 we put
X(x) = (14 x)12 sin( )\—%log(l+x)).

Then the condition X(1) = 0 gives

212 gin (\/2\ — «}1 log 2) =0.

Thus, /A —% log 2 must be an integral multiple of 7: /A —% log2 = nm, or

n*m? 1

m%-z’ n=I,2,3....
These, then, are the eigenvalues. The corresponding eigenfunctions are

. 10g(1+x))
s 1/2 —
Xn=(14+x) sm(mr g2 /)

An =

By the results of the preceding section these eigenfunctions are complete. We have
the Fourier series

£0) ~ 3 eaa(2),

where

Cn =
fl (1+ x)1sin? (nww)dx
log 2
= 2 [ f(x) (1 + x)-32 sm(n lO_g(_l“l-_x)\d

g2 Jo " fog?2
(Note that p(x) = (1 + x)~2.) The Fourier series converges absolutely and uniformly if
1
£(0) =£(1) = 0 and f f'%dx is finite.
0
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Since the equation (37.3) with T(0) = 1, T’(0) = 0 has the solution cos VA ¢, the
problem (37.1) has the formal solution

2z [ nPx? 1 Y2 < ( log(1+x))
u(x, l‘)wnél Cn COS( (log2)2+4t)(1+x) sin nﬂmlogz .

This series converges uniformly, and hence satisfies the initial and boundary condi-
tions, when the series for f(x) converges uniformly. However, to assure continuous
derivatives and satisfaction of the differential equation, we need to assume that the
series for f” converges uniformly. That is, we must suppose that fand its first two de-

1
rivatives are continuous, that f(0) = f(1) =0, f*(0) =f"(1) = 0, and that f f"dx is
0

finite.

EXERCISES

1. Solve (37.1) when f(x) =V1+ x x(1 — x).
2. Solve the problem

1 u_ du_
T+ )2 or =0 for 0<x<l1, t>0,
u(0, 1) =0,
u(l, t) =0,
u(x,0) =0,

B(x, 0) = g(x).

3. Solve the heat conduction problem
2
W_(1+x098=0 for 0<x<1, £>0,

at
u(0,¢) =0,
u(l, 1y =0,
ul(x, 0) = f(x).

4. Solve the problem

1 Fu df{ 1 ou
(1+x)3w_a(m§):0 for 0<x<1, >0,

w0, 1y =u(1,1)=0,
u(x, 0) = f(x},

du _
at(x, 0)=10.

38. Some Properties of Eigenvalues and Eigenfunctions.

Let u; be the eigenfunction corresponding to the lowest eigenvalue A; of the eigen-
value problem (36.1) on an interval a < x < 8 with u{a} = u(g8) = 0. Then

B
f {(pu'? + qu,®)dx

B
f puZdx

o

A1
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Since u; is continuous and continuously differentiable, its absolute value |u(x)| is
continuous and at least piecewise continuously differentiable. Moreover, since %2 =
|tz |? and |u:|'? = u,"?, the function |u,| still minimizes the Rayleigh quotient. Therefore
it must be a constant multiple of ;. This means that either |u,| = u, so that 4, = 0, or
lur] = —u, so that u; = 0. In either case, we have shown that the eigenfunction «; does
not change sign. If 4, were to vanish at an interior point vy, we would have u,(y) =
u' (v} = 0. It would follow from the uniqueness of the solution of the initial value
problem that #; = 0. We have shown that the first eigenfunction u,(x) does not vanish
for a < x < 8.

Since all other eigenfunctions are orthogonal to u;, they must change sign. Therefore
if « and B are consecutive zeros of any solution of the differential equation (36.1), A
must be the lowest eigenvalue for the interval («, 8).

We shall now compare the lowest eigenvalue A, of the problem

(pu') —qu+rpu=0 for a<x<4g,
u(e) =u(B) =0

on the interval («, B8) with the lowest eigenvalue A; of a second eigenvalue problem

(38.1)

(38.2) (p(x)w) —qu+rpu=0 for a<x<§p,
u(a) =u(B) =0
on the subinterval (a, B). (Thatis,a = a < g = 8.)

The functions p, g, and p satisfy the same hypotheses as p, g, and p. In addition we
suppose that

p(x) = p(x),
(38.3) q(x) = q(x),
p(x) = p(x).

Let A, be the lowest eigenvalue and u, the corresponding eigenfunction of this
second problem. In the minimum principle

8
f (P + q¢*)dx
A= min =—0p
) =(B)=0 f pddx

*

we choose the trial function

0 for «
d(x) = {ﬁl(x) for o
0 for B

-

A A A
A A IA

™ WRI

X
X
x
This function is clearly continuous and piecewise continuously differentiable. Using
(38.3), we find that
m . . o (B e e
J (Po'“ +qo”)ax J_ (pu's* + qu*}dx
[24 < 24

8 == 3 =X1.
J pdidx f_ puidx
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Therefore by the minimum principle

A = A
Moreover, ¢(x) cannot be the eigenfunction which minimizes this ratio unless the
two problems are identical. Hence, unless the two problems are identical,

X1 > As

We have shown that reducing the interval (a, 8), increasing p(x) or g(x), or decreas-
ing p(x) increases the lowest eigenvalue of the problem (38.1).
Now let u be any solution of the differential equation

(38.4) (pu') —qu+ Apu=20,
and v any solution of
(38.5) (pv') — qv+ Apv=0.

Let a and B8 be two consecutive zeros of u(x). Then A is the lowest eigenvalue for
the problem (38.1). Let v(x) have two consecutive zeros «, B in the interval a < x =< 8.
Then A is the lowest eigenvalue for the subinterval (o, 8), and it follows that X > A
unless a = a, B= B, and v is a multiple of u. Thus we have shown:

SEPARATION THEOREM. If u and v are solutions of (38.4) and (38.5), respectively,
with X = X, and if « and § are consecutive zeros of v, there must be at least one zero of
u(x) in the open interval o < x < (3, unless A = A and v is a multiple of u.

If we apply this theorem to the eigenvalue problem (38.1), we find that since Ags1 >
Ak, Uiy, must have at least one more zero than wuy. That is, u; must have at least k— 1
zeros for a < x < 3. We shall now show that u, has exactly k— 1 zeros.

Suppose that u; has zeros at

o= Xo, X1, X2, « « « 5 X121, Xp= 8.
Then each of the functions

ooy — ) Uk(x) for xm-1 = x < xp,
um(x) { 0 elsewhere

is continuous and piecewise continuously differentiable. Therefore the same is true of

14

¢(x) =2 cmu™(x).

We choose the [ constants ¢y, . . ., ¢ to satisfy the / — 1 conditions
8
f pdﬂ:tldx = 07
x

B .
J pd)uzmldx = 0.

(This gives [ — 1 linear equations in / unknowns, and hence has a nontrivial solution.)
We note that for m # n, u™ (x)u'(x) = 0. Since ur{xn) =0,
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!

B Ty
J (pd'® + gd®dx) = X cn® J (pur'® + qui*)dx
@ Tm—1

=1

m=1

{ .l‘m s
= 3 ¢l {pukuk’] —J " uk[(puk’)’—quk]dX},
Tm-1 Tm—1

m=1

! T
=\ 2 Cm® f puxdx
Tm—1

B8
=Akf p¢2dx.

Thus by the minimum principle (36.11) we have A\, = Ax. Therefore, / = k. In other
words, u;. also has at most k — 1 zeros for &« < x < 8. We have proved the following
theorem:

OSCILLATION THEOREM. The kth eigenfunction u; of the problem (38.1) has exactly
k — 1 zeros in the open interval o < x < .

Example. In the problem
W+ =90 for 0<x<1,
u(0)=u(1)=0
we have
ux(x) = sin kwx,

which vanishes at x = 1/k, 2/k, . . . , (k— 1)/k, as well as at the endpoints.

We return to the comparison of the two eigenvalue problems (38.1) and (38.2) when
the inequalities (38.3) hold.

Suppose that Ax =< Ax. Then if o, and 8, are two consecutive zeros of ux(x), Ay is
the lowest eigenvalue for the first equation in the interval (a;, 8:1). Since we have shown
that the lowest eigenvalue for the second equation on a subinterval of (o, 1), must
be higher, u, cannot vanish twice in (a1, Bi1). Thus, there is at least one zero of uy
between every two zeros of u;. Since u, vanishes at k + 1 points (including the end-
points «, 8), ux must vanish at least k times for « < x < 8 which contradicts the oscil-
lation theorem. Therefore, Ax > Ax. We have proved the following:

MONOTONICITY THEOREM. Reducing the interval («, 8), increasing p or g, or
decreasing p increases all the eigenvalues of the problem (38.1).

Example. The problem
W—au+iu=290,
ula) = u(f) =
where a is a constant, has the eigenvalues
kiar®
T(B— )

which clearly increase with a and decrease with (8 — «).

\ J— I
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The eigenvalues of the problem

(38.6) (pv') —gv+ ppv=20 for a<x<8§8,
via) =0,
p(B)V(B) +bv(B) =0

can be characterized by the minimum principle
8
|7 0o+ ag)dx + bo(8)*

(8
[ oo

(38.7) e= min

The oscillation theorem for this problem is proved exactly as before. The kth eigen-
function has & — 1 zeros in the interval & < x < 8.

We can prove a monotonicity theorem like that given above for this problem. It
can also be shown that the eigenvalues increase with b.

If v(x) is a solution of the differential equation in (38.6) with v(a) =0, and if A,y =

. I PP ie 4l Jibh i mccnlia AF /120 A Timan Lo, 4l o m o 2T bt A kT
@ < A;, where A; is the /th eigenvalue of (38.1), then by the oscillation and separation

theorems v(x) must have exactly | — 1 zeros for a < x < 8. Therefore, by the oscilla-
tion theorem

Ak_l < [!.Lk < )\k-

That is, the eigenvalues of problem (38.6) separate those of problem (38.1) and vice
versa. This is called the separation theorem for eigenvalues.

Example. The eigenvalues of
for 0<x<1,

are
A\
e (k i) .

These clearly separate the eigenvalues A = k*a?.

EXERCISES
1. Find upper and lower bounds for the kth eigenvalue A of the problem

(+x3)e') —xu+ A1+ xDu=0 for 0<x<1,
u(0) = u(l) =0,

by comparing with two problems with constant coefficients.
2. Find a lower bound for the lowest eigenvalue of the problem

(A+xH)u’y + M1+ xBu=0 for 0<x<1,
u(0) =0,
u' (1) =0,

by comparing it with a problem with constant coefficients.
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3. Show that if Ay is the kth eigenvalue of

W—qg(x)u+Au=20 for 0<x <1,
u(0) = u(1) =0,

lim 3,:—’; — .

k—o

39. Equations with Singular Endpoints.

In proving the completeness of the eigenfunctions of (36.1) we assumed that the
functions p, g, and p are continuous in the closed interval 0 = x = [, and that p and p
are positive there. In many cases of physical interest these conditions are satisfied in
the open interval 0 < x < 1, but not at one or both of the ends. The functions p and p
may approach zero or infinity, and g may become infinite, say at x = 0.

We shall first study the particular case of Bessel’s equation

mZ
(39.1) (xu’)’—-x—u-i-?\xu =,

where m is a nonnegative constant. We shall be concerned with the interval 0 < x < 1,
so that p and p become zero and q infinite at the left end.
By the method of power series, we find that for m # 0 equation (39.1) has two lin-

nnrlu indenendant calutinne which ]’\F-h';n/p Ill{p rm Qnd X m near x = ﬂ (¢pa QSaction 40

LA W WAL RIL OWAIMLIV AT VY ALl U DWW WAWWLIRL TV g,

The solution which behaves like x™ is singled out by requiring u to remain bounded.
If m = 0, the solutions behave like 1 and log x, respectively. We single out the former
by a boundedness condition.

In lieu of a boundary condition at x = 0, then, we require that ¥ remain bounded,
and that xu' — 0. At x= [ we put

(39.2) u(l) =0.

We now examine the proof of completeness in Section 36. We used the following
two properties:

(a) For any continuous piecewise continuously differentiable functions v and w
satisfying the boundary conditions of the problem the integration by parts formula

(39.3) f vix)[(pw') — qwldx =— f (pv'w' + qvw]ldx

1
holds. This was true because the boundary terms pvw' ] vanished.
0

In the present problem we require v(1) = 0 so that the upper limit is zero. On the
other hand, we require that v remain bounded, while pw' = xw' — 0 as x — 0. Hence
the lower limit is also zero, and the formula is true.

(b) The double integral

L ’ f ' G(x, £)p(x)p(£) drdt

is finite. This was true because G(x, £) was continuous in x and £ for 0 = x, £ = 1.
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Putting A = 0 in (39.1) we see that the equation has the two solutions x™ and x—™

when m > 0. The Green’s function subject to the conditions G bounded, xG' — 0 at
x=0and u(1) =0is

é‘:m (x— m_.xm)

for £ =x
2m ’

G(x g) l i &— m_zm\
—‘—‘i-z—m-gm for £ =x.

Thus,

[ 6w orp@de= (S5 [ emnade+ (5] | ertmeas

l[2x2 1og1——x2(1—x2)] for m=1.
8 X
Multiplying by p(x) = x and integrating, we see¢ that

[1 [1 G (x, £)*p(€)p(x)dédx

JO JoO

is finite. For m = 0 we have

log;lg for ¢ = x,
G(x, &) = ] _
ogE for ¢ = x,

and we reach the same conclusion.

From the finiteness of [ [ G2p(£€)p(x)dédx and Bessel’s inequality follows the fact
that A, — o with k. From this, in turn, follows the completeness of the eigenfunctions
and Parseval’s equation.

Since the integration formula (39.3) holds, we again obtain the second Parseval
equation (36.13). From this, in turn follows the expansion (36.14) of Green’s function.

We can again prove the pointwise convergence of the Fourier series of a function
f(x) for which | pf2dx and [ (pf'?+q/*)dx are finite by means of the inequality (36.15).
The convergence is uniform when m > 0. For m = 0, G (x, x) is not bounded, but
approaches infinity as x —» 0. Hence the convergence is uniform in every interval
€ = x = | with € > 0, but not in the whole interval 0 = x = 1. However, the Fourier

series divided by VG (x, x) = log— converges uniformly to f(x) / \/log =

We can obtain the same results for the case when the boundary condmon at 1is
o

re ed I-“; u {1\ -+ hull\ = ﬂ or when the endnoint 1 isg rnnlnrpr] hy anv R > 0,

¥ Aiwd LiAW WALApSRSIRL LW Uy Ghaiy

plu
More generally, we can consnder any problem for an equation of the form
(pu') — qu + Apu =20,

where p is continuously differentiable and positive, g is continuous and nonnegative,
and p is continuous and positive on the open interval 0 < x < 1. Boundary or bounded-
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ness conditions are given at the ends. These conditions must be such that (39.3) holds
and that [ pv®dx is finite when v and w satisfy them. Then if the problem

(pw")'— gw =—F

with these end conditions has a Green’s function such that

Jol Ll G(x, £)°p(x)p(£) dédx

is finite, the eigenfunctions are complete, and the properties of eigenfunction ex-
pansions proved in Section 36 hold. In general, we can only say that if [ pf2dx and
I [pf'? + qf*]dx are finite, then 1/V G (x, x) times the Fourier series of f converges
uniformiy to f(x)/VG(x, x).

Note that G(x, £) is independent of p(x). We remark that the finiteness of [ [ G?ppdédx
is sufficient but not necessary for completeness. However, if this condition is violated,
there may be no eigenfunctions at all.

Example. Consider the problem
(') +Au=0 for 0<x<,
u(1) =0,
i bounded.
The Green’s function is
' G( [ 1x for ¢
(x; f)"i ll’f for §
Since p(x) = 1, [ | G*p(x)p(¢)dédx = .
The solutions of the differential equation which vanish at x = 1 are x " sin ( A % log x).

X
E
X.

IV - IA

These functions are unbounded, and | pu®dx is not finite. Hence this problem has no eigen-
functions.

EXERCISES
1. Show that the eigenfunctions of the problem
(xeu') +Ax?y =0 for 0<x<1,
u(l) =0,
i and u' bounded
are complete when a > 1.
2. Show that the eigenfunctions of

[(A=x)u') + Au=0 for 0<x<1,
u(0) =0,
u and u’' bounded

are complete.
3. Show that the eigenfunctions of the problem
2
(xu’)’—-mTu+h.xu=O for 0<x<1,

w' (1) +u(l) =0,
u and ' bounded

are complete.
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40. Some Properties of Bessel Functions.

We showed in the preceding section that the eigenfunctions of the problem

2

(40.1) (xu')“—m;u-f—)\xu:() for 0<x<1,
(40.2) u(1) =0,

u bounded,

xu' — 0, as x—0

are complete.
If we let t = xV/X, ( 40.1) becomes

df du\ m? .
(40.3) E(IE) — -;-~u + tu=0,

This is just (40.1) with A = 1. It is called Bessel’s equation of order m.
We obtain the solution which is regular at t = 0 by the method of power series
(Frobenius method). That is, we seek a solution of the form

u(t) =1 3 a,m, ap # 0.

n=0

Differentiating term by term, substituting in (40.3), and collecting like powers of ¢,
we find

=1 { (o — m?)ao+ [(a+ 1)2— m*lawt + i ([(e+ m)? = m)an + an_s) 1" = 0.

Since a power series is identically zero only if all its coefficients vanish, we find
a == m, a =0, and the recursion formula

—m 0 1 . &

r the remaining coeflicients. Choosing a = m and a,=2-%/m!, we obtain the solution?

} (_l)k(;—t)m-mk
(40-4) 0= 2 Kmt e

which is bounded at ¢ = 0. This solution is called the Bessel function of the first kind of
order m. Jm(t) behaves like ™ as t — 0. It follows from the ratio test that the series con-
verges for all values of ¢.

If we multiply the series by ™, differentiate term by term, and multiply by ™, we
find the recursion formula

(40.5) dit[r-me(z)] )

T If m is not an integer, we define m! = I'(m + 1) in terms of the Gamma function.
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If we multiply by r, differentiate, and divide by ™, we find

e Y ] & =2 = Y s

(40.6) g—t[wm(t)] — ().

Recalling that the transformation ¢t = x¥V\ leads from (40.1) to (40.3), we see that
the solution of (40.1) which is bounded at x = 0 is Jn( VA x).
The eigenvalues of the problem (40.1), (40.2) are the roots of the equation

In(VX) =0.

Many of the positive zeros j, ™, ‘™, . ., of Ju(t) are tabulated (See Jahnke and Emde,
pp. 165-168). The eigenvalues Ax™ are then given by

(40.7) A = [fm]2,

We shall derive some inequalities for these eigenvalues. The only function that de-
pends upon m in (40.1) is g(x) = m?*/x, which is increasing in m. It follows that A,
is increasing in m.

Since the derivative of +~"J, must vanish between two zeros of this function, it
follows from (40.5) and (40.6) that the zeros of J» and Jn., separate each other. By
(40.7) the same is true of the eigenvalues:

(40.8) A < N D) < €, Om),

(This is also a consequence of the separation theorem for eigenvalues and (40.6).)
If we introduce the new dependent variable

w(x) = u(x)Vx,

the eigenvalue problem becomes

(40.9) w' — (m2 — %)x‘zw-k Aw =0,
w(0) =w(l) =0.
The cigenvalues are still seen to be increasing in m by the monotonicity theorem. For

m =% we obtain an eigenvalue problem whose eigenvalues are known to be #2k%. Thus
we find

MO < k2, A D > kP
By the separation theorem (40.8)
A0 < R < Aps©
Turning this result around, we see that
w2k — 1)% < MO < 72k2,
Again using (40.8), we find that when m is an integer,
m?(k— 1)* < A < 72 (k + m)2.
Thus for fixed m and large k, A" behaves like 7%k>.
If we put 1 = xV\ in (40.9) the equation becomes

d*w (

(40.10) T

m? — %)t—zw +w=0.
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+1. 1.

PoR P 4+ ¢l

For large values of 1 the term in ¢-2 is small. Hence, we can expect that for large 7 th
function w behaves like a sint + b cos t. Transforming back, we can expect that the
eigenfunction J, (VA" )x), which vanishes for x = 1, will, for large &, behave like

o papraany | Thnwm~n =ifa i Aveeas -

£
1

—
(¢}

=

T Ve x) ~ \—j_— sin V™ (x — 1)
X
C
~ —=sinm7k(x —1).
V; Snmk(x = 1)

This asymptotic form can, indeed, be justified. Of course, it only works for VA, x
large. That is, x must be bounded away from zero for any particular size of A.
In expanding functions in a Fourier series we need to know

fl X (VA e™ x)2dx.
0
Using (40.5) and (40.6), we can verify that
LI = Tnr (s ()] = 20020(0).

Hence,

1 VA
f X (VA x)2dx = L tIm(t)2dt
[t}

WED)

ZAl(m)[zZ{Jm(z)z TANOYAON

A (m)

By definition, J.»(V A (™) = 0. Then by (40.5) and (40.6) Ju—1 (VA:™) = J,/ (VA ™) =
"‘Jm+1( V Ak(m)) . Thus

(
1
f x]m(mx)zdx Z%Jm-H( V Ap™)2,
0

EXERCISES

2\12
1. If Jyp(r) = (W—I) sin 1, find J (1).

1) = Hdua (1) = T (D],
Find the expansion of 1 — x% on the interval 0 < x < 1 in terms of the eigenfunctions
Jo( VM“’ x) of

(xe) + Axu=0 for 0<x<1,
u(l) =0,
u and ' bounded.

HINT: Use integration by parts and (40.6).
4. Find the expansion of x™*2 in terms of the eigenfunctions

HINT: Use integration by parts and (40.6).
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41. Vibration of a Circular Membrane.

We consider the problem

2 2
- [6r2+'1§£+—1—§_]=0 for r<1, t>0,

or? ror  r?oe®
(41.1) au(r7 B; 0) f(ra B)v
_a"}_(ra 05 0) = 09
u(l, 8,1 =0.

The solution of this problem represents the small transverse motion of a stretched
circular membrane fixed on its boundary. For example, it may be the motion of a drum
head.

Applying separation of variables, we find solutions of the form R (r) cos m#f cos cV At
and R(r) sin nf cos cV'\t, where m=0, 1,2, . . ., and R is a solution of the eigenvalue
problem

2
(rR')’ ——’Z';R + MR =0,

R(1) =0,
R and R’ bounded.

(41.2)

We have already examined this problem in the preceding section. Its eigenfunctions
are Jm(VA:™ r), where the eigenvalues \™ are determined by the equation

Jm( \% )\k(m)) = 0

We write the series

u(r, 0, 1) = ;— 2 ckodo (VM@ r) cos (cV A ¢)
1
(41.3) .
+ 3 2 (crm €08 mO + dim Sin mO)Tm(VAL™ ) cos (cV (M),
1 1
where
= - - J J? f(r, 8) cos mbJ (VA" r)rdrds,
wf Jn (VN r)2rdr 70 777
0
1 m
dim 1 f f f(r, 8) sin mOJn (V' A™ r) rdrdo.

1
wf T (VM p)2rdr 7°
0

We must verify that the series actually converges to a solution. Suppose first that f
is twice continuously differentiable, and that f(1, ) = 0. Integration by parts shows that

SIS L sy VA0
o T rart A T 22)"‘ crodo(V A7)

By the argument of Section 31 we see that since the functions sin mé8, cos m# are
complete for —7 = ¢ = & and for each fixed m the functions J,(V A\™ r) are complete
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for 0 = r = 1, the product functions J» (VA" r) cos m# and J,,(V Ax™ ) sin m@ are
complete on the circle —7 = 6 = 7, r = 1. Hence we have the Parseval equation

1
g E Ckoz)\k(o)z f Jo( V )\k(o) r)"’rdr
0
1
(41.4) + 7 2 (ckm® + dim®) Ng™? J I (VNS r)2rdr
r Qzl" 1 af 1 8%f\?
= f_,, fo (aﬁ ror T 7 gge) Trde.
In particular, the series on the left converges.
We now apply Schwarz’s inequality to a finite set of terms in the series (41.3) for u.

We find

{ 2 croJo(VALQr) cos (e VA1)
+ 2’2" (cpm cos mO + dim sin mB)J (VX r) cos (cV A t)}

(41.5) = {Z 2 Ckoz)\k(o)zjo Jo(V AL p)?pdp
1
+ E’E' (C;cm2 + d},-mz)Ak(m)z f Jm( v Ak(m) p)zpdp}
0

(0) py2 (m) p)2
S PR 14Y7i0ls SRS Y MLVl
1© Ao J Jo(V A0 p)2pdp Ay J I (VN ) p)zpdpJ
0

The symbol X’ means that we sum only over a finite set of values of k£ and m.

Since the series (41.4) converges, we can make the first factor on the right arbi-
trarily small by requiring that all terms with ¥ = K and m = M for sufficiently large
K and M are absent. Therefore if the second factor on the right is bounded, the series
(41.3) for u converges uniformly as a double series.

To examine this second factor, we first consider the series of positive terms

; Jm(\/)\k(M)r)z

= AN lm\2 rl

M) In(VN™ p)2pdp

This looks like the expansion (36.14) for G, (r, r), except that A'™ is replaced by
M™? Here

2m
Gm(r’ P) =
rm(p™™ ~ p™)
7 for p=r
when m = 1, and
( 1
log; for p=r
Go(r, p) =

log — for p=r
g P
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D)
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l“
]
]
¥
'y
)
:
)
]
"+
"
)

o

(W) =T =—F(r) for 0<r<I,

w(l) =0,
w and w' bounded.

For the eigenfunction J,(V A™ r) we have the identity
1
(V™ r) = Nl J G(r, p)In(VN™ p)pdp,
0

so that

% A/ ) VA, m)
Gm(r, p) ~ 3 Jm( Ak r)-[m( Ax P)
=1\ m [ IV NS p)Y2pdp

J

Then by Parseval’s equation

1 * AVAWLLONAY
f Gu(r, p)pdp= % nl VAT )
0 k=1 )\k(m)z me(\/Ak(m)p)zpdp

By explicit computation (see Section 39) we find that

1 o P(—rm) (=)
J, Gntr, 1200 = 4~ =T

for m = 2, while
: i 1
|, G0 pyipdo =g (1 = ) + 2 g,
0 8 4 r
and
' Golr, p)2pdp = 1(1 - ) — 112 ogL-
0 olr, p) pap 4 2 r

Thus

1 1 o0 1
3 [ Gtr, oo + 3 f Gn(r, p)*pdp

converges uniformly to a bounded function. It follows that

13 Jo (VA r)2 L33 T (VA r)2
1 1
21y 0 f Jo(VN@p)2pdp ™71 7T pylm? f Jo(VM™ p)pdp
0 0

converges absolutely and uniformly. Hence the second factor on the right of (41.5) is
uniformly bounded, and the series (41.3) converges uniformly. Therefore u is continu-
ous, and u(r, 8, 0) = f(r, 8).

If f(r, 8) is four times continuously differentiable, and if £ and 82f/dr2 + (1/r)dffor
vanish at r = 1, we can conclude by an extension of the above argument that u is twice
continuously differentiable, and solves the problem (41.1).

Again we find that u will, in general, have fewer derivatives than f.
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EXERCISES

1. Find the solution of (41.1) when
@) f(r, 8) = (1 —r*)3
(b) f(r, 8) =J1(VAWr) cosb.

2. Find a series solution for the problem

Pu_ G[Pu 1du 18] _
Pl trarTrRage) =0 for r<1, 2>0,
0

ou _
E(r’ 9; 0) '“g(ra 9)

3. Find a series solution for the problem

BPu_ o[u  1ou 13u  ul_
o7 Ca[arz+rar+r2602+azz]_0 for r<1, 0<z<L, t>0,
u(lseazat)=0’
u(r, 6,0,1)=0,

ou —

E"Z"(ra 9’ L, t) 0’

u(r, 8, z,0) =f(r, 8, 2),

aou . _ P ~

5;(}‘, g, z,0)=0
This problem represents the acoustic motion of a cylinder (for example, an organ pipe) fixed
at one end and free at the other.

4. Solve the heat conduction problem on an infinite circular cylinder

du _ 0% 13w 1] _
at [arz r8r+r2692:| 0 for r<1, £>0,
u(lﬁe’t)zo’
u(r, 8,0) =f(r, 9).

5. Solve the heat conduction problem on a finite cylinder
QE—I—G—%‘-+13“ 1 o%u ‘32“]=0 for r<l1, 0<z<UL, t>0,

.__...._._+__.___ —_—
Lart " rar P ag* a8

u(lv 0, za t) = 0’
au _
gz(ry 8’ 09 t) 0’

u(r, 8, L, t) =0,
u(r, 8,z,0)=f(r, 8, 2).

6. Solve the heat conduction problem on the infinite cylinder

ou_ [ 1ou, 1 0%]_
[ar2+r6r+r2692] 0 for r<i1, >0,

du _
?a—r(l, 8, 0) - Oa
u(r, 8,0) =f(r, 0).

ar |ar

42. Forced Vibration of a Circular Membrane: Natural Frequencies and Resonance.

The series (41.3) represents the solution of the initial value problem (41.1) as a sum
of sinusoidal vibrations with fixed shape. These sinusoidal motions, described by

Jn (VA r) cos m8 cos (¢ VA 1) and Jn (VA r) sinmé cos (¢ VA™ ¢)
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are called the normal modes of the system. The natural or characteristic frequencies
of vibration are ¢V A\,/™[27. They are determined by the eigenvalues of the problems
(41.2). The shapes of the normal modes are determined by the corresponding eigen-
functions.

If we are given initial velocity rather than initial position, the functions cos (¢ V A 1)
are replaced by sin (cV A¢™ 1), so that we have the same frequencies, but a different
phase.

We have already found the normal modes sin nx cos nct for the vibration of a string
and sin Ix sin my sin nz cos ¢V E + m? + n?t for the vibration of a cube. In each case
we have a sequence of natural frequencies (nc/2m or ¢VI?2 + m? + n?/2w) depending
upon the eigenvalues of a certain eigenvalue problem. The shape depends upon the
corresponding eigenfunctions.

We now consider the nonhomogeneous problem

o%u Pu  lou 1 d%u
g% __ 2l04 0¥ OUl__ t fi <1, t>0,
ar [aﬁ TR 302] Fr, 8) cosw orr
u(l,6,H=20
(42.1) u(r, 8,0)=20

ou _
E(r, 6, 0) = 0.

The solution of this problem represents the motion of a membrane driven by an arbi-

trarilu dictrilhntad cinnecnidal farea
L.lal.ll)’ WULIDLL LU UMW W DU aVIUAL VLG,

We expand F as a double series in J,(VA™ r) cos m@ and J,,(VN:™ r) sin m#:
1 o°0 oo 0o .
F(r,0) ~ 3 2 Crodo( VMO 1) + 23 (Crm c0s mB + Dy sin m0)J, (V M™ 1)
1 11
For a fixed ¢ we also expand u to obtain its finite Fourier transform:
1 o oc 0 .
u(r,0,1) ~ 5 2 Cro()Jo(VALD ) + 23 (cxm(t) cos mB + dim (1) sin m8)J (VAL 1),
T 11
Multiplying (42.1) by rJm(V Ai'™ r) cos m# and integrating, we find after an integra-
tion by parts that

(42.2) Cem(1)" + AN epm (1) = Crm €OS wt.

(We have assumed that « is twice continuously differentiable with respect to 7.) Qur
initial conditions give

Ckm(o) = C!cm' (0) = 0.
This initial value problem has the solution

C
crm(t) = mﬁc——}"_‘_—wz[cos wt — cos VA™ ct]

provided  # VA" c. A similar result holds for dim(¢). Thus we have the formal solu-
tion

1 2 Cn()](]( v )\k(o

A 0c2 — [COS wt — cos V' ct]
k

u(r9 Bs t) -
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m"c—i——w“g[ckm cos mb + Dy, sin mB]Jm( A m r)
R —
X [cos wt — cos VA™ ct].

+ 32

We see that if o is different from all the numbers VA ™ ¢, u is a function of r and 8
times cos wt plus a sum of normal modes.

If M ™e? — w? is small, that is, if w/27 is close to a natural frequency, the coefficient
of the corresponding normal mode will be large unless Cr» happens to be zero. A
sinusoidal driving force with frequency /27 tends to excite normal modes whose
natural frequencies are close t0 w/27. In fact, since

cos wt — cos VA M ct =2 Sin%( VA ¢ — w)t siné—( VA e+ w)t,

we find that for @ = VA, (™ ¢ we have a large oscillation of frequency (w+ V A™ ¢)/4xw
modulated by the beat frequency (VA ™ ¢ — w)/4w. This phenomenon is known as
resonance.

In the limiting case w = V™ ¢, we find

C .
Ccem(t) = ﬁ@r sin wt,

ey

D )
dim(t) = ﬁt sin wt.

Unless Crm = Dim = 0, these coeflicients, and hence also the solution, are unbounded
as t — o,

The phenomenon of resonance occurs for any initial-boundary value problem for a
nonhomogeneous wave equation in a bounded domain with a sinusoidal driving term.
The resonant frequencies are in general determined by the eigenvalues of a problem
involving an elliptic partial differential operator.

EXERCISES
1. Solve the problem

-6-2—~—c26u~F(x)coswt for O0<x<#w, t>0
atz ax2 ’ E

u(0,1) =0,

du -

ax(ﬂ-a t) "_09

u(x,0) =0,

ou

at(x) 0) =0.

2. Solve the problem

_(%u \=fo
E-)t2 \ox® ayzj '

u0,y,t)=u(x, w7, 1)=0
du —du -
ax('n” y, I) - ay (x’ 0! t) - 07

0
u(x, ¥, 0) = 3i(x, y, 0) =0.
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3. Solve
2 2
%t%—g—i;=e”cost for g<x<am, t>0,
(0 ) = g £) =0
Hiv, ¢) LAYy v,
—ou —
u(x, 0) = o (x,0)=0.
4. Solve
2 2
%’,—?—%ﬁ-=sin2xcost for 0<x<m, t>0,
u(0,t) =u(m, t) =0,
u(x, 0) =2(x, 0) = 0.
L at 9
5. Solve
2 2 2 2
gig—(gxg+gyg +€3’l;) = g¥+¥ cos 2t for 0<x<w, O<y<m O0<z<m, t>0,

u=20 for x=0,7, y=0,m,
ou
4z

u(x! ¥, 2, 0) 23_1:(x, Y. 2, 0) z0.

= for z=0,m,

43. The Legendre Polynomials and Associated Legendre Functions.

If we introduce spherical coordinates r, 8, ¢ such that

xX=r sinf cos ¢,
y =r sin @ sin ¢,
Z=rcosf,

Laplace’s equation becomes

2 2
(43.1) Ou 20u 1 i(sine‘?—‘i)+——1——a“ 0.

art " ror rsinfod 06/ = r?sin® @ T’;@zx

Applying separation of variables, we find that the equation (43.1) has solutions of
the form R(r)O(8)® (), provided

" 2_ '
KR ooy, @
R Or2sinf &2 sin? 0

Multiplying by #* sin®# and transposing the last term, we see that ®"/® must be con-
stant. Since ¢ must be periodic of period 27, we have ® = cos m¢ or sin ing, where
m=0,1,....Then
" g '
R +rR (sinp©’)' m? =0
R O/ sinf  r*sin?é

Multiplying by r* and transposing the first term, we have the two equations




CHAP. VII 43. Legendre Polynomials and Associated Functions 189

(43.2) P (R” -+ z—R') — AR =0
and
(43.3) 0 90"}’ m? ]
; (sin ) —me-i—)\smﬁé)—o,

where X is a constant.

The equation (43.3) for ©(#) is singular at its two endpoints # =0 and 6 = 7. In lieu
of boundary conditions we impose the condition that © and ©' remain bounded at both
ends. This gives an eigenvalue problem with two singular endpoints.

We introduce the new variable

t=c¢cos0,
and let
0(#) = P(cos8).

Then (43.3) becomes

d _2_d_l: _ m? — _
(43.4) dt[(l t)dt] 1_I‘ZP—H\P—O for -1 < t<1.

We still have an eigenvalue problem with two singular ends. We seek values of A\ for
which there is a solution P of (43.4) such that P and (1 — ¢2)'/2 P’ remain bounded at
t=-—landt=1.

If m # 0, the equation (43.4) with A = 0 is easily seen to have the two solutions
(1+)m2(1 —)~™2 and (1 — ¢)™2(1 + r)-™2. Its Green’s function is

1 1 1 - mj2
_ J Zm[((l j:--))((l-i-tt))] for =1,

G(t, 7} = 1 1 L Y41 — ) Imf2
GRS fer 7=

2ml (1—1)(1 +7)

1
Then G(¢t, ) = 1/(2m), so that f G2dtdr is certainly finite. Therefore the eigen-

-1 J-1
functions are complete for m # 0. Moreover, since G(t, t) is uniformly bounded,
eigenfunction expansions converge uniformly for functions f(#) such that

1 m2f?
2
f—l (f + 1~ fz)dt
is finite.

If m=0and we put A =0 in (43.4), we find the solution P = 1 which is continuously
differentiable for —1 = ¢ =< 1. Hence A = ( is an eigenvalue. In the proof of the fact that
all the eigenvalues are positive given in Section 36 we assumed that the boundary con-
ditions excluded the eigenfunction u = constant. This is not the case here, but the proof
still shows that all the eigenvalues are nonnegative.

Therefore A = —1 is not an eigenvalue. There is a Green’s function G(z, 7) for the
problem

i
1

[(1-8&)w'] —w=—F for —1<t<1,
w and w’ bounded.
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We cannot express G, in closed form. However, as we will shortly see, the solutions
of the homogeneous differential equation

[A—)u'] —u=0
have only logarithmic singularities at the ends. It follows that f f G2dtdr is finite.

Proceeding as in Section 36, we see that Go(t, ) has the Fourier series.

Golt, 7) ~ T —elD) 1 (r)

1 *
! (Ak+1)f w2dt
-1

and that the eigenfunctions are complete.
1
If j [(1 —)f'% + f?]dx is finite, the Fourier series divided by VG (¢, t) converges
-1
uniformly to f(¢)/VG (¢, t).

We now examine the eigenfunctions of (43.4). We first consider the case m = 0.
We have

d
dt

We seek a solution in the neighborhood of t = 1 as a power series in (¢t — 1):

(43.5) [(1 uzz)%’;] +AP=0.

P=(1—1) 3 cp(t— 1)*.
k=0
Substituting in (43.5), we obtain a power series which is to be identically zero:
—co2a?(t— 1) 1— I {2(tk+a+1)2cpa+[A+k+a+ 1) k+a)]er}(t—1)kte=0.
k=0
If ¢ is to be different from zero, we must have a = 0. The fact that this is a double
root indicates that there is a second solution which behaves like log (1 —¢) at ¢t = 1.

Since we are seeking a bounded solution, we discard the second solution.
Setting the coefficient of (+ — 1)* equal to zero, we obtain the recursion formula

[k(k+1) — A}

G =TTk + 1) R
Thus
oo [k = D) = N[(k= D (k=2) =21 - - - 2= N[ (=D
" 2% (k)2 -
By the ratio test we find that
T ep(t—1)%

converges for |t — 1| < 2. Moreover, the same is true for any derivative of this series.
On the other hand, for £ + 1 > A we have
ka+1 1 k —1

Cr >§k+1
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Hence the function will in general approach =w«as ¢ — —1. The only exception occurs
if the series terminates. That is, if for some integer nc, # 0 but cur1 = Cns2 = Cnya =
- = (. Because of the recursion formula, this is true if and only if

A=n(n+1), n=0,1,....

Thus we obtain a function which is bounded for—1 =¢= 1l ifand only if A\=n(n+1)
for some nonnegative integer n. These, then, are the eigenvalues. Setting ¢, = 1, we
obtain the eigenfunction P,(#) corresponding to the eigenvalue A, =n(n +1):

n
+ k)!
Po() = 3 — t— 1)k
W= 2 =t 7D
P,(t) is a polynomial of degree n in ¢. It is called a Legendre polynomial. The first few
of these polynomials are
Pﬂ(t) =1,
P (1) =1,
3 1
P:(t) = itz -
5 3
Pg(t) 2“2‘13 "_‘z‘f.

Since P.(#) is of exactly degree n (that is, ¢, # 0), any polynomial of degree & can be
expressed as a linear combination of P, (f) withn=0, 1, , k. This fact can be proved
by induction, since * = (1/cx VP, (¢) plus a polynomial nf d_eorep k— 1. Since the P, are

ARERSSANALAIRE,y 322N 2 AR E RN FaeS £ PRy i jlalal ~5 (03 J S LUL O B

orthogonal, each P,(¢t) must therefore be orthogonal to all powers of ¢ less than n:
1

(43.6) f P, (t)dt =0 for k=0,1,...,n—1.
-1

These n — 1 linear conditions, together with the fact that P,(¢) is of degree n and the
normalization P,(1) = 1 determine P, uniquely.
From this characterization we can verify the identity

1
2"n! dr™

Pp(t) = (12— 1),

which is called the Rodrigues formula.

It is clear from this formula that P,(z) is even in ¢ (that is, contains only even powers
of ¢) if n is even, and odd if n is odd. It follows from the oscillation theorem that P, (¢)
has » real zeros, all in the interval —1 < t < 1.

We now wish to consider the equation (43.4) with a positive integer m. For this
purpose we first differentiate the equation (43.5) m times with respect to ¢. This gives

(1—=2)Pm+2l —2(m + 1)tPim+ )+ [N —m(m + 1) P = 0.
We now introduce the new dependent variable
Q(1) = (1 — )™= Pimi(y).

The above equation becomes

[(1-2&)Q)
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Thus any solution P(z) of (43.5) leads to a solution (1 — 2)™2Pimi{¢) of (43.4), unless
P is a polynomial of degree less than m.

Suppose that A is not of the form n(n + 1). Then the equation (43.5) has a solution
P(t) which is regular at ¢ = 1, but behaves like log (1 + ¢) at —1. The corresponding
function Q(¢) then behaves like (1 + #)-™2 at t = —1 and is regular at 1. The second
solution @ (—t) is singular at 1. Clearly no linear combination of these two linearly
independent solutions can be regular at both —1 and 1. Hence A is not an eigenvalue
of (43.4) for any m. Thus we have shown that all eigenvalues of this problem are of
the form n(n + 1), where n is a nonnegative integer.

If n = m, the function (1 — )™ (d™/drf") P.(t) and (1 — %)V times its derivative are
bounded. Hence, A = n(n + 1) is an eigenvalue. Since P, is a polynomial of degree n,
(dm/dr™) Pp = 0for n < m, and we get no eigenfunction. By the monotonicity theorem
the lowest eigenvalue must increase with m. Therefore, the eigenvalues are precisely
nn+ 1) withn=m m+1,....

The eigenfunctions

(43.7) Pm(1) = (1= )80 1P (1))
— 1 — f2ym/2 dm+n 2 n
= Sy ™ (= 1)

are called the associated Legendre functions. P, corresponds to the eigenvalue n(n+ 1),
and n = m.

P,"(t) is a polynomial if and only if m is even. However, we note that P,™(cos 0)
is a homogeneous polynomial of degree » in sin # and cos 6.

Putting A = n(n + 1) in the equation (43.2) for R{r), we obtain the two solutions
r* and r=""1, Only the first of these is bounded at r = 0.

The method of separation of variables thus gives the harmonic functions (that is,
solutions of Laplace’s equation) \

rP,m(cos ) cos meo,
rPy,™(cos 0) sin mdo,

which are regular in the whole (r, 0, ¢) space.

We note that P,”(cos ) is sin™ 8 times a polynomial of degree n — m in cos 6 which
is even or odd according as n — m is even or odd. Since r cos § = z, it follows that
ri-m times this polynomial is a polynomial in #2 and z, and hence in x, y, and z.

By definition, r sin # = Vx2 4 y%. Thus r™ sin™ @ cos m¢ and r™ sin™ 0 sin md¢ are the
polynomial solutions in x and y of Laplace’s equation obtained in Section 24 by sep-
arating the two-dimensional Laplace’s equation in polar coordinates. We see then that
the functions r*P,"(cos 6) cos m¢ and r*P,"(cos 6) sin m¢ are homogeneous poly-
nomials of degree nin x, y, and z. They are of degree n —m in z. These polynomials are
called spherical harmonics.

In Fourier expansions it is useful to know the integrals of (P,™)2.

It follows from the Rodrigues formula and » integrations by parts that

w 1 '
(43.8) L Pa(cos 6)? sin 646 = f ] Pa(0)?dt = 55 ﬁl [g;;(l —:2)n]2dz
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Similarly,

(43.9) ]n P,"(cos )2 sin 6d0 = fl P, (t)2dt
0 -1

= f_ll {(1 — )iz d;f:"} dt

= m ! am | — $2\m amP"‘
(—1) J P {(1 ) dtm}dt

_{(n+m)!
(n—m)!

_(n+m)! ,
(n_m),f P22 dt

2 (n+m)!
~2n+ 1 (n—m)!

We have denoted the coefficient of " in P,(t) by c», and used (43.6) and (43.8).

1
f Pncat™ dt
~1

EXERCISES
1. Express the following spherical harmonics as polynomials in x, y, and z:

(a) rPi{cos 9)
b) rP{(cos ) cosg
(c) PPs*(cos 8) sin2¢.

2. Find P5(r) by using the facts that it is of degree 3, that it is orthogonal to 1, 7, and 2, and
that P,(1) = 1.
3. Find the best approximation in the sense of least squares to cos ¢ on the interval (—1, 1)

lIl terms UI a pOlyIlUHlld.l OI ucgree twWO. HINT: DKPI'GSS your I'CSI.UL lIl terms of Iy, 1‘1, anu l’z
4. Show that the introduction of elliptic coordinates £, » such that

= o cosh & cos 7
¥y =« sinh £ siny

renders the problem

u  d*u  du 2y
g _ou ou__ i <
o ok gy 0 for mtpE<l
2 2
u=0 for g;+%;—2=1,

u(x, y, 0) = flx, y),
B(x,y,0)=0

separable. Write the eigenvalue problems associated with the separating functions X(¢) and
Yin).
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44. Laplace’s Equation in the Sphere.

We consider the boundary value problem

2 du 1 4 ou 1 d*u
(44.1) ar2+r ar +r2 sin @ 80(5"165@)+r2 sin® 6 a¢2“0 for r<R,

u(R, 0, ¢) = f(6, ¢)

in a sphere of radius R.
To solve this problem by separation of variables we expand f(6, ¢) in a double
Fourier series:

6.6~ % |

n=0

: 7
anoPr(cos @) + X (anm cOS M + bum sin me) Py (cos G)J,
m=1

b3

where

_(2n+1Y(n—m)!
e 2a(n+m)!

Bom = (2"2:(1”)3_”’;)'!")! f:ﬂ Lﬂf(ﬂ, o) P, (cos 8) sin mo sin 0d6de.

[We have used (43.9).]
The formal solution of the problem is then

u fo " £(8, ¢)Pum(cos 8) cos md sin 0d6ds,

{. 0N

(44.2)  ul(r, 6, ¢)

= 20 (%)"[—zl—anoPn(cos 6) + X (ann cos me + by sin me) P, (cos 9)]-
n= X m=1

Instead of trying to justify (44.2) directly, we shall derive and justify the correspond-
ing integral formula. By Parseval’s equation we can write (44.2) as

27w - - —_ — —
44.3) ur, 0.6) = [ [ K0\ 6, 6: R 8. )10, ) sin 5o,
where
K(r,6,¢; R, 8, d) =éﬂ /-%\"[24 ]P (cos 8) Pn(cos 0)
n 1) (n — m)! .
(44.4) s (Zg;n)i”m) M)p n(cos 9) Pum(cos B)
m=1 "

cos m(¢p — o) }
provided this series converges in the mean. For a fixed » the function

K.(0,¢;0, d) = 2n+ an(cos 0)P,(cos )

(44.5) " 2+ 1) (n—
+ 2z n27'r(n +nm)':n)

P,"(cos 0) P, (cos ) cos m(d — @)
has the property that

27 (7w
L L K. (8, ¢; 0, ¢)r' P/"(cos B) (a cos mdp + b sin me) sin 8d@dd
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- {r"an(cos 8) (a cos m¢ + b sin me) for I=n
0 for [ # n.

(This relation follows from the orthogonality of the functions {P,”™(cos8) sin mdo,
P."(cos 8) cos me}, and (43.9).)

Laplace’s equation gives 4/(I — 1) linear relations between the $(/+ 1) (I + 2) co-
efficients of a homogeneous polynomial of degree I. Therefore, there are 2/ + 1 linearly
independent harmonic polynomials of degree /. This means that any homogeneous
polynomial of degree ! which is a solution of Laplace’s equation can be written as
a linear combination of the 2/ 4+ 1 spherical harmonics r!P/{cos #) cos m¢ and

r'P(cos 0) sin m¢. The kernel K,.(8, ¢; 6, ¢) has the property that it reproduces all
homogeneous harmonic polynomials of degree n, and reduces those of other degrees
to zero. Since rotation of the coordinates axes takes a homogeneous harmonic poly-
nomial of degree [ into another such polynomial in the new variables, the kernel K,
must be unchanged by such a rotation. That is, if the new polar coordinates are r’, ¢', ¢’,
we have K, (60, ¢; 8, ¢) = Kn(0', ¢'; 8', ¢'). In particular, we can rotate our coordi-
nates so that the new z-axis passes through (r, 0, qb) that is, so that ¢’ = 0.

By definition P,(1) = 1. On the other hand P,”(¢) with m = 1 has a factor (1 — r2)™2,

so that P,m(1) =0, for m = 1. Therefore K,(0, ¢’; 8, ¢’') = (2n+ 1) Py (cos 8’} /4w, and

2n+1

(44.6) K.(6, ¢; 8, ) = =——= Pa(cos¥),

where @' is the angle between the directions (8, ¢) and (8, @):
cos 8’ = cos 8 cos 0 + sin 8 sin 6 cos (¢ — ).

Substituting the identity (44.6) in (44.4), we find

K(r,0,¢; R, 0, ) = *1— S(2n+1) %\nP,;(cosy')
4ar \R/

(44.7)
_ 14,3 o [r\" :
WET-(Zr&—_—}- 1) ) (E) Pa(cos@').

0

To evaluate the series, we consider a special case of the solution (44.2). We have
already remarked that the expression

[(x—x0)2+ (¥ — y0)® + (2 — 20)?] 2

is a solution of Laplace’s equation except at (xo, Vo, Z0). In partlcular, if we let xo =
v.o—=N and » — A~ D wa haowva o cnliztinm ~AF T amla~n? s ...“.\ sphere 7 - D
Yo — UV allu o — P ~ I\y WE lla¥e a dULULIVL O1 L. plavec » q Ull lll lllC P 1ICIr€ r = I\,

In polar coordinates it is given by
(r + p* — 2rp cos 6) 12

This function, and therefore also its values on the boundary r = R, are independent
of ¢. Thus we obtain the series solution

(r* + p? ~ 2rp cos 0) 112 =% 20 &no(ﬁ)nPn(cos 6).
n=
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In order to find the coefficients d.o, we set # = 0 in the left-hand side. We obtain
(P + p?—2rp)- 12 = (p— r)~1 = —1[1+£+(£)2+(£)3+. ) ]
P P p PRy p )

which is valid for r < p. Recalling that P,(1) = 1 and comparing coefficients, we find
that

- _ 2R
Ano = pn+1'
Thus we have the identity
(44.8) (2 + p?—2rp cos 8) V2 = :72 &)"Pn(cos 0),
0

which is valid for r < p. (This identity can be used to generate the spherical harmonics
r"P,(cos 8) by expanding the left-hand side in a Taylor series in r.) Since

(2,% + 1)(,-2 + R?— 2rR cos §)-"2 = (R? — 1) (s* + R* — 2Rr cos §') 9%,
we find from (44.7) and (44.8) that

(R?

K(r, 6,6;R, 0, ¢) = R—”z;;:ﬁ(rz + R? — 2rR cos 8')-32,

Thus, the solution formula (44.2) is equivalent to the integral formula
2 - o (7 .

(44.9) u(r, 9, ¢) = R =) f f f(8, $) sinfdfdp
47 o Jo (P2

+ R —2rR cos 9')%2
where
cos 6’ = cos § cos B + sin 8 sin @ cos (p — @),

so that {r* + R* — rR cos #'}'2 is the distance from the point (r, 8, ¢) to the point
(R, 8, ¢). This is Poisson’s integral formula in three dimensions.
It is easily verified by substituting in the differential equation (44.1) that

R:— p2
(r*4+ R*—2rR cos 9')3?

satisfies Laplace’s equation for » < R. Moreover its first and second derivatives with
respect to r, 6, and ¢ are continuous in § and ¢ as long as r < R. It follows that if
f(8, @) is any absolutely integrable function, (44.9) gives a solution of Laplace’s equa-
110N

By the argument used in Section 25 we can show that if fis absolutely integrable,
the function' u(r, 6, ¢) defined by (44.9) for r < R and by f(6, ¢) for r= R is continuous
at all boundary points where f(6, ¢) is continuous. Therefore the function u defined for
r < R either by the integral (44.9) or the equivalent series (44.2) is the solution of the
boundary value problem if f(6, ¢) is continuous.

By setting r =0in (44.2) or (44.9) we find that the value of u at the center of a sphere
is the mean value of u(R, 6, ¢) over the surface of the sphere. Thus we have a mean-
value theorem for three-dimensional harmonic functions.
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EXERCISES
1. Find the solution of Laplace’s equation (44.1) for r < 1 such that
u=x*+y? for r=1.
2. Find the solution of Laplace’s equation (44.1) for r < 1 for which
u=x* for r=1.
3. Find the solution of Laplace’s equation (44.1) for r < 1 for which
u=e* for r=1.

4. Solve the heat conduction problem in the sphere

%?—V%:O for r<1, t>0,
ou _ _
Or_o for r=1,

u(r, 9, ¢,0)=f(r, 0, ).

HINT: Separate variables, and let R(r) = r-125(r).
5. Solve the vibration problem in the sphere

2
GL—Vu=0 for r<l1, 1>0,
u=20 for r=1,
ufe O A DY — £l O AN
BAFy Uy Wy V) JAIy Uy WP,
qu _
at(r, 0, ¢,0) =0.
(See Hint in problem 4.)
6. Solve
Vi =( for r <1,
ou .
A g(0, ¢) for r=1,
where

f” ﬁT g(8, ¢) sin 8dodg = 0.

. . .
neng if thic intaoral ic not zara?
rV.A\J AL RARACT lAll\/&A Ll 1o LIV L WiV,

45. Poisson’s Equation and Green’s Function for the Sphere.

We consider the problem

(45.1)
8%u  20u 1  af. ,0u 1 %
at " rar rPsinb 55(8"19@)_{_ r2sin? 6 agp? Fir. 9, ¢) for r<R,
u(R, 6, ¢) = 0.

We expand u and F in Fourier series in P,™(cos #) cos m¢ and P,"(cos #) sin me.
That is, we take their finite Fourier transforms:

(45.2)

dam(r) = 2n+ 1)(n—m)!

2a(n+ m)!

fﬁ r u(r, 8, ¢)P,"(cos 0) cos me sin 8d0dde,
- JO
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banr) = EEZLIOL [T (7 (7, 6, 4)Pam(cos 6) sinmo sin odsds,
Anm{r) = (an;:(i)_ﬁ_n’;) 'm) ! _T; LWF(r, 6, ¢) P, (cos 8) cos me sin 6d6dd ,
Bum(r) = (znzj;(ln)g?;)??) . f: F(r, 8, ¢ )P,"(cos #) sin me sin 0d@de.

Taking finite Fourier transforms of the differential equation and integrating by parts
leads to the system

2 nin+1
anm” + =@nm' ( 2 ) nm = —Anm,
S IDY — N SR
Upm\ I\ ) — U, am DUU[IUCU
2 nin+1
b + anm’ - ( 2 )bnm = —Bun,

bnm(R) = O, bnm bounded.

These problems have the solutions

R
(45.3) um(r) = f Gn(r, F) A (F)F2F,
0
R
bun(r) = f G(r, ) Bun(FYPdF,
0
where
1 r\™ /r\ 1 r\» —
e @R -G)] e =n
Gn(r9 r)= 1 ni /3 \~n—1 TA\n
artonla) 16T o 7
(2n+ 1)R\R R R
If the problem (45.1) has a solution, 1t is
(45.4) =2z {;anoPn(cos 0) + E (@nm cOs m¢ + by Sin mep) P, (cos ) },
n=9 m=1

where the @, and b are given by (45.3). The series converges uniformly if [ [ [ Fr2
sin @drdfdd is finite.

Instead of investigating the convergence of the differentiated series, we substitute

the definitions of 4,n(r) and Bam(r) in (45.3), and formally mterchange integration
and summation in (45.4). This process gives the formal solution

ss) ur0,8)= [ [ [ G0, 4:7.0,9)F G5, 337 sinddrasas,

where for r < r
(45.6)

K.(6, ¢; 6, @) defined by (44.5). Thus by (44.6)

:l"

wit

@7 G000 =gz 3 (R)|(R) —(F)|Pcose,
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where-

(45.8) cos @' = cos @ cosB+ sinf sinb cos (¢p — P).

For r > r, we must only interchange r and r in this formula.
To evaluate the series in (45.7) we use the identity (44.8). We first replace r by r
and p by r. Then we replace r by rr/R and p by R. We obtain the formula
. _ 1 _
G(r, 0,0, 7,08, d)=-—{rP+7P—2rrcos@'} 12
(45.9) (. 0.457,5.8) =g - }

_ -1/2
R?+ RT 2rr cos U’} ]

47

This, then, is the Green’s function for r < r. It is already symmetric in r and r, so
that the same formula holds for r > r, and even for r = r. We note that G = 0 for r=R.

To verify that G is, indeed, a Green’s function, we use the definition (45.8) of
cos #'. Introducing rectangular coordinates, {x, y, z) and (x,y, z), we find that rr cos '
= xx' + yy + zz. Thus

(45.10) G= (=3 4+ =)+ (=)

__I_.B_ __R_22+ ___R22+ __R_22—1/2
4 7 |\0 T A YT rE TR :

It is easily verified that G is harmonic except when (x, y, z) coincides with (x, v, 7).
The first term represents a point charge at (x, y, z). The second term is an “image
charge” at the point

_RZ _R2 _R2
(55 ¥ 7).

which is outside the sphere. By an argument like that of Section 30 we see that if F is
continuously differentiable, the integral (45.5) and hence also the series (45.4) give a
solution of the problem (45.1).

Just as in two dimensions, we find that the solution of the boundary value problem

Vig=( for r <R,
u=f for r=R

can be written in terms of the Green’s function as
_ oG
u= f f P fds.
F=R

This formula is the Poisson integral formula (44.9).

EXERCISES

1. Solve (45.1) when F=1.
2. Solve (45.1) when F = x* + y.
3. Show that if F is independent of ¢, (that is, axially symmetric) the same is true of u.
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4. Solve
Vi =—F for r<1,
(—M—f— = for r=1
or
5. Solve
Viu=—F for R, <r< .Rg,
u=~0 for r=R,, r=R:
6. Solve

by letting R, — « in Exercise 5.
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CHAPTER VIII

Analytic Functions of a
Complex Variable

46. Complex Numbers.

We consider numbers of the form x + /y, where x and y are real numbers and i is
the usual symbol for V—1. We look upon { as a symbol, so that the complex number
z = x + iy is simply an ordered pair of real numbers.

The number x, which does not have an i next to it, is called the real part of z: x =
Re(z); the number y is called the imaginary part of z: y=1m(z). We emphasize that the
imaginary part is also a real number. It just happens to be next to the symbol i,

Just as we can think of a real number x as a point on a line, so we can think of the

. .
comnlay nitmhar ac o naint in o nlana Wa camnlv talka v and v ae the ractanonlar
V\Jllltllvl\ LIGRILAIL/ WL 43 8 P\Jllll 111 & l—’i“llva LA Qllllt’l: LaAnw A dlisw J QA3 llWw b Wi Lull&ulul

coordinates of z= x + iy. This representation of complex numbers is called the Argand
diagram.

Example.
ya
3p————- 12430
|
|
j
|
-3+ i
e 1 |
! |
] I |
+ t } > X
—~3 : 2
1
[
|
|
|
2 t—md
1-2

We agree to omit either x or y if it is zero. That is, x is the same as x + 0/ and iy is
the same as 0 + iy. We write 0 for the complex number 0 + 0.

201
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We say that two complex numbers are equal if and only if both their real and imagi-
nary parts agree:

x+iy=a-+ib
means
x=a,
y=b.

Thus a complex equation is equivalent to two real equations.
We can also associate the complex number z = x + iy with the vector going from the
origin to the point (x, y) in the Argand diagram. This is simply the vector with com-

e

ponents x and y.

We define the sum of two complex numbers z; = x; + iy; and z. = x2 + iy. as the com-
plex number whose associated vector is the sum of the vectors associated with z;
and z;. Then

(46.1) L+ z2=x1+x2+ i(y: + y2).

In other words, we add real and imaginary parts separately.
To define the product, we require the usual rules of addition and multiplication to
hold, and let 2 = -1. Then

(x1 4+ iy1) (x2 + iy2) = x1x2 + iyixe + ix1y2 + Byiys,

or

(46.2) (x1 +iy1) (e + iy2) = 12 — Y1y2 + i(X1y2 + y1%2).

This is our definition of multiplication. The product (x; + i) (x2 + iy2) is that complex
number whose real part is x1xz — y:y: and whose imaginary part is x;y2 + yux2. It is
easily verified:that this definition makes multiplication commutative (that is, z1z: = z221),
and associative (that is, z1(z223) = (2:122)23)-

These same rules clearly also hold for addition: z; + zo =72 + 71, 71 + (22 + 23) =
(z: + z2) + zs. Furthermore we can verify the distributive (factoring) law

21(ze + 73) = 2122 + 2123.
According to our definitions
x+iy=(x+1i0) + (0+i1)(y +i0),

so that x + iy is actually the real number x plus i times the real number y, as our nota-
tion 1mplies.
We define subtraction by

==+ (—1)z2 =x1— xo + i{y:1 — y2).
Then z = z; — z: is the (unique) solution of

2+ 22=121.

Similarly, we wish to define the quotient z = z;/z; as the unique solution of

(46.3) 2Z=21.
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Writing z; = x1 +iy1 z2=x2 + iy z=x+ iy, we find the equation
XoX — yoy + i(yex + x2y) = x; + iy1.
This complex equation is equivalent to the two real equations

XoX — Y2¥ = X1,
YoX + X2y = yi.

This is a system of two linear equations in the two unknowns x and y. It has the unique
solution
y =51k +yiye
X2 + yo?
_¥ViXz — X1y:
T Xty

unless x;2 + y22 = 0. Since x; and y: are real, this can only happen when x; = y, =0,
that is, when zz = 0. When z; # 0, the equation (46.3) has the unique solution z, which
we call z,/zs:

Z_ (xixe + yiye) + i(yixs — Xiy2)
22 X22 + y22

(46.4)

We thus find that the complex numbers allow all the algebraic operations. We may
manipulate them just like real numbers.
If we put z; = 1(= 1 +i0) in (46.4), we find

1 _x—iy
2 Xt 4yt

We can then write

4 _ 1
—_— == ZI—c
32 ré)

The number z = x - iy is called the complex conjugate of z = x + iy. In the Argand
diagram it is the refiection of z in the x-axis.

J’4r

® I

® 7o

We find that
Z=(x+ i) (x—iy) =x+y*

which is a real nonnegative number.
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If we introduce polar coordinates (r, ) in the Argand diagram, we have

X=rcoso,
y=r sin#,

so that

(46.5) z=r(cos @ +isiné).

This is called the polar representation of z.
The radius vector r is the length of the vector represented by z:

= VETY
It is called the absolute value of z and is denoted by |z]:
2| = Va2 + 32
Then
(46.6) zz=x*+y* = |z|%.
Therefore
1_E_ %
z zz |z

The angle # in the polar representation is called the argument of z and denoted by
arg (z). It is the angle between the vector associated with z and the positive x-axis.
Of course arg (z) is only determined to within an additive multiple of 2.

We can now write (46.5) as

(46.7) z=|z| [cos (arg (z)) + i sin (arg (z))].
Since
zZ=r(cos @ —isin@)
= r(cos (— @) +isin(—8)),
we find that |z] = |z|, and arg (z) = —arg (z). It is easily seen from the definitions that
(Z1 + 22) =E] +22,
(2122) = %122,

(z) =z

The polar representation is useful in multiplication. If

zZ1=ri{cos® +isiné),
Ze = rz{cos @ + i sin @),
we have

wUIo L5 11

-+ irir(cos 6, sin 8 + sin 8, cos &)
= rir2{cos (6, + 6:) +isin (6, + 6:)].

Thus the absolute values multiply:

(46.8) |z122| = |za]|z2],

while the arguments add:

712 = r1r2 (COS 8 cos B — sin 6, sin §.)
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(46.9) arg (z;z2) = arg (z;) + arg (zz).
Clearly also

21| _ |z

22| |zl

arg (%) = arg (z:) — arg (z2).

We reiterate that the arguments are only defined to within multiples of 2#. For
instance if we choose 0 = arg (z;) < 27 and 0 = arg (z;) < 2, it may well happen
that arg (z;) + arg (z:) > 2. Then the formula (46.9) is not true if we take that value
of arg (z1z2) which lies between 0 and 2.

Example, If z; =—1, z, = —i, arg (z;) = m, arg (z2) = 2m. Now (—1) (—i) =i, whose argument
would normally be written as 7. However, to make (46.9) true, we must write it as 47 + 27 = 2.

We now consider the absolute value of a sum of two complex numbers. Putting

Z1=ri(cos 8, +isiné,),
2 = rz(COS #; + i sin 02),

we find that

Iz + 22> = (21 + 22) (Z1 + Z2)
=712+ 2201 + 21% + 2222
= r12 + l‘1r2[COS (02 - 01) + i sin (02 - 01)]
+ rirz[cos (6 — @) + i sin (6, — 62) ] + r2?
=12+ 2rir2 cos (6, — 62) + 2.

We have used the fact that the cosine is even and the sine is odd. Since

~1 = cos(6,—6:) =1,

we find that

(ri—r)?=<la+zl?=(n+nr)
Hence
(46.10) lz1] — |z2| = |zt + 22| = 2] + |z2).

The second inequality is known as the triangle inequality. If we construct the vector

ya

Zy+29

Zy

Zy
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addition geometrically, this inequality states that any side of a triangle is no longer
than the sum of the lengths of the other two sides. Briefly stated, the shortest distance
between two points is a straight line.

The first inequality in (46.10) is the same inequality for the side z,(|z:| = |z1 + z2| +
|z:|) with the length |z| transposed.

The multiplication formulas (46.8), (46.9) give us an easy way to take powers of a
complex number. If we write z in its polar form

z=r{cos 8+ i sin @),

we have

Z2=1r?*(cos 20 + i sin 26},

2= r(cos 38 + i sin 36) ,

= r*(cos n@ + i sin n@).

We can also extract roots. We seek the solution w of

(46.11) wh = Z,
If

z=r{(cos@+isin@),
w=p{(cos¢ +ising),

we must have

prt=r,
cos ngp = cos 0,
sin n¢ = sin 6.

A solution of this set of equations is given by p = r1/» (the real nth root of a positive
number), ¢ = #/n. That is,

NPT U R A\
w= r*'"\cos“ + i sin —}.
n n
However, n¢ is only determined to within a multiple of 27 by its sine and cosine.
We may equally well let
nd = @ + 2k,

where k& can be any positive or negative integer or 0. This is equivalent to the fact
that arg z is only determined to within a multiple of 2.
Thus our equation is satisfied if ¢ = (@ + 2wk)/n, where k=0,+1,=2,....Then

(46.12) W= ,-lln( cos T2k o 0+ zwk)_

\ EE ] /

Increasing k by n increases the argument of w by 2# and hence does not affect the
value of w. Therefore we get all the possible solutions of (46.11) by takingk=0,1, . . .,
n—11in (46.12).

We have shown that a complex number z # 0 has » distinct nth roots. A well known
special case is n = 2. In this case we always have =Vz, so that there are two distinct
roots.
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Example. Find all the cube roots of 1:
Since |1] =1, arg (1) =0, we find

W"cos%T—kJr sng—k k=0,1,2.

Thus w=1, \/51, l\/—

1. Find all solutions of
2. Find all solutions of

3. Find all solutions of

(z—1D3=—1.

4. Show that the equal sign in the second inequality (46.10) holds if and only if the vectors
z: and z have the same direction. When does the equal sign hold in the first inequality?
5. Find

(@ G+ +(7—2)
(b) 2+i)(6+3)
© (—1=85+0)
(d) ?;+l

—3+2
© < 5+i
6. Find (1 + )2,
7. Verify that z:(zz + z3) = z:22 + 2123 for any complex numbers zi, zz, and zs.
8. Verify that z;(z:23) = (2122 ) z3 for any complex numbers z;, z2, and z3.

47. Complex Power Series and Harmonic Functions.

We have seen that if
z=r(cos @ + i sin @},
then
¢ = r*(cos nf + i sin né).
Putting x = r cos 8, y = r sin 4 so that z = x + iy, we have the identity
(x+iy)n=r"cos n@+ir" sin né.

Thus r* cos né and r sin né can be obtained as homogeneous polynomials of degree
n in x and y by expanding (x + iy)™ by the binomial theorem, and separating real and
imaginary parts. For instance

(x + iy)? = x® + 3ix®y — 3xy* —
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and hence

B cos 38 = x® — 3xy?,
r3 sin 38 = 3x°y — y3.

The functions r cos nf and r* sin n@ are the solutions of the two-dimensional
Laplace’s equation which we obtained in Section 24 by separation of variables. We
showed in Section 24 that if u«(r, #) is a harmonic function (that is, a solution of La-
place’s equation) in the circle r = p, it can be represented in terms of its boundary
values u(p, 6) by means of the series

u(r, @) = —21—a0 +3 (i)n(an cos nf + b, sin nd).
1

If we define the complex numbers

Co = =o,

2
Cn = Qn — iby for n=1,2,...,

we find that

(ﬁ)n(an cos n@ + b, sin nd) = Re [cn(g)n] for n=1,2,....

(The symbol Re denotes the real part.)

IR A Awn et P D PR

o~ | -
Yy & €Xamine tne LCULHPICA dCLICD

In order to assign a meaning to such an infinite series, we must first define the limit
of a sequence w, of complex numbers. We say that

Iim w,=w

n—x
if

lim |w— wy| = 0.

Since |w — wy| is a sequence of real numbers, this limit is already defined.
We separate w and the w, into real and imaginary parts: w = u + iv, Wy = Un + vy
Since

[w— wal =V (u— un)?+ (v— )3,

we see that |w — w,| approaches zero if and only if ¥ — u, and v — v, approach zero.
Thus,

lim wo,=w

n=—>x

if and only if

llm Uy = U and llm Vap=— V.

H— H —* 20
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We know that a sequence of real numbers u, has a limit if and only if it satisfies the
Cauchy criterion, That is, if for any € > 0 there is an integer N, such that

|um - un' <e€
whenever m = n = N, Similarly v, converges if and only if
|[vm — val < €

whenever m = n = N, provided we choose N, sufficiently large. If these two in-
equalities are satisfied,

Wi — wa| < V2e.

Thus if w, converges, |wn — wy| can be made arbitrarily small by choosing m and n
sufficiently large. Conversely, if

Wi — wa| < €

whenever m = n = N, the same is true of |um — u,| and |v,x — v4/, and hence the se-
quences u, and v, converge. We see, then, that the Cauchy criterion is true for com-
plex sequences: The sequence w, converges if and only if for any € > 0O there is an
integer N, such that

whenever m = n = N..
We now define

% n N
0 p N2 0 p
if this limit exists. To see whether this is the case, we apply the Cauchy criterion.

Since u(p, #) is bounded, its Fourier coefficients a, and b, are bounded. Hence the
numbers ¢, = a» — ib, are bounded: |c,| = ¢. By the triangle inequality

|i’c/z\" - 2||
"o/ | T % lnl

* n
Choosing |z| < p and noting that 3 E— converges, we see that the Cauchy criterion
[t]

® n
is satisfied. Hence X cn(%) converges for |z| < p. Its real and imaginary parts con-
0

verge separately, and
Cn
u(r, 8) = Re [E E-Z”]

for |z| < p. Thus, if u is a harmonic function in some circle centered at the origin, it
can be represented as the real part of a convergent power series in z inside this circle.
Suppose that u(x, y) is harmonic in the circle

(x —x0)* + (y — o) = p°
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Then we can make a change of variables x' = x — xo, ¥’ = y — ¥, to translate the center
(x0, yo) to the origin. Putting z, = x, + iy,, we find that
, ® o ,
u(x,y) = Re Lz En(z— z)" J
o P

Thus u is the real part of a convergent power series in z — 2.
We now study some properties of power series.

Suppose that the series T dn(z — z0)}" converges at a point z;. By the Cauchy cri-
0

terion we see that |dn(z: — zo)"| must approach zero. In particular, |dq||zy — zo|” is
bounded by some number K independent of n. Now let |z — zo| = al|zi — zo| with
0 < a < 1. Then by the triangle inequality

Nz niy — - in
< % |du| |21 — 2o 12— 2"
1

|Zl - Zo|"

I,
i¥g

3 du(z— z0)"
Ny

2 N1 — N2+l
M — oz
=K3at=K—]—m
N1 1—a
Ko
< .
1«

For any € > 0 there is an N, independent of z such that for N, = N, = N, the right-
hand side is less than e. Therefore the series converges absolutely and uniformly for
|z — zo| = a|z1 — zo|. Since a is any number less than 1, the series converges absolutely
everywhere in the circle |z — zo| < |zy — z2|.

It follows from the above statement that if the series diverges at a point z, it must
diverge for all z such that |z — z4| > |zz — zo|. For if it converged at such a z, it would
converge at zz. Therefore there is a radius R (possibly zero or infinite) such that the
series converges absolutely for |z — zo] < R and diverges for |z— 20| > R. R is called the
radins of convergence of the series. The series converges uniformly in any smaller
circle |z — zo| = aR with @ < 1. It may or may not converge at points on the circle

|z—z0| =R.

Examples. (a) The series 2 z* converges for |z] < 1 but diverges for |z| = 1.
0
® on

(b) The series 2 z: converges at z=~1 but diverges at z = 1.

® on

(c) The series Z i—zconverges for |z| = 1, and diverges for |z] > 1.
1

A power series X dn(z — z0)" defines a complex-valued function of the complex
¢

variable z, which we denote by f(z), in its circle of convergence |z — zo|] < R. Since
each term of the series is continuous, and since the series converges uniformly for
|z — zo] = aR with any « < 1, we find that f(z) is continuous for |z — z¢| < R.

We separate f(z) into its real and imaginary parts

f(2) = ulx, y) +iv(x, ),
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and define

af _ou_ v
Jx ox ox

if these derivatives exist. We differentiate the series with respect to x term by term.

S e .
Since % T ax (x +1iy) nz*1, we obtai

? ndn(z— 7o) 1.

We must show that the real and imaginary parts of this series converge uniformly,
so that term-by-term differentiation is permissible. To prove the uniform convergence,
we choose any positive & < 1, and let z; = z,+ aR. Then the series for f(z) converges at
z = z1. Hence |du| |21 — zo|* = K for some K. For any z such that |z — zo| = o?R =
a|21 — Z()l we find

ik ¥ o(le—z|\"'_ K ¥
S nd(z—z)"Y = Klzi —z0] 1 n( 0 ) == 3 panl.
o n(z 0) [ 1 OI r |Zl _ ZOl aR o

Since Zna" converges for || < 1, this series converges uniformly for |z — zo| = o?R
whenever 0 < a < 1. Hence, the same is true of its real and imaginary parts. Thus
term-by-term differentiation gives df/ax for |z — z)| = «®R whenever 0 < a < 1. Thus,
we obtain df/dx for |z — zo] < R.

We have shown that df/ax exists everywhere within the circle of convergence of the
series. In a similar manner we show that

of _ou, v
dy 9y 9y
exists, and can be obtained by term-by-term differentiation. Therefore,

ou , .ov _ a1
ax+ lax” E ndn(z ZO) a
?_u + iéi—v =X ind,(z — zo)" 1.
ay ady
Hence,
du v _ fou .9V _ _dv  .du
ay+’ay"’(ax+‘ax) ax | lox
This complex equation is equivalent to the pair of real equations
du _ av,
dx ay
(47.1) ou_ o
ay ax

These are called the Cauchy-Riemann equations. They must be satisfied by the real
and imaginary parts of a power series.
Since dffdx = Jufox + idv/dx and 9f/ dy = dufdy + idv/dy are again represented by
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power series, they may be differentiated again. Continuing in this way we find that «
and v are infinitely differentiable for [z — zo| < R.

Differentiating the first equation (47.1) with respect to x and the second with respect

to y, we find

*u | 0’u

PP + e 0.
The real part of a power series must be harmonic. Since v{x, y} is the real part of
—if(z), it is also harmonic.

We have shown that #(x, y) is harmonic in a circle centered at the point (x,, yo)
if and only if it can be represented as the real part of a convergent power seriesin (z—z)
in this circle. (Here z=x + iy, 2o = xo + iyo.)

The function v such that u + iv is a power series is called the conjugate harmonic
function (or harmonic conjugate) of «. It can be determined to within an arbitrary func-
tion of x by integrating the first of the Cauchy-Riemann equations (47.1) with respect
to y. This arbitrary function can then be determined to within a constant by the second
equation. Thus v is determined to within an additive constant by u. Therefore f(z) is

determined to within an imaginary constant bv the fact that y = Rel A2 1

AR LA/ L RRER vy 1ML 8 B L11afRs113iRd ¥ WV LIOLQEIY V¥ iiv AR vl w N A NACY

Example. Find the conjugate harmonic function of u« = xy.

We have
v _ ou_
ay dx Y-
Hence
1
v =50+ b(x).
Then
WV OU_
ax PV T gy 7
Hence
b= —%xz +c
Thaus,
V=302 =) +c.
Then

fD)=u+iv= —%&2 + ic
= —'Iz-l'zo2 + ic —ize(z — 20) — —é—i(z —Z0)%

This is a very simple power series in z — Zo.

EXERCISES

1. Find the conjugate harmonic function of &+ 7
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2. Find the conjugate harmonic function of
er* ¥ cos 2xy.
3. Show that the radius of convergence R of the series d.(z — z,)" is given by the formula
R = lim inf |dy|~Y".

By limit inferior we mean the largest value of R such that for any € > 0 there is an N (¢) such
that |d,|"¥* > R — € whenever n > N (e).
4. Show that if lim |dy|/|dni:| exists, it is equal to R. (This is called the ratio test.)

H o

5. Find the radius of convergence of

x

(@ 3 niz»
n=9J
(b) I 2-nz
n=4¢
© 3 ewp
n=0
48. Analytic Functions.
Let the power series

A

£ {f > _ = \n
Un\& L0/

(=Y —
JA)

o8

converge for |z — zo] < R. Then u(x, y) =Re [f{z)] is harmonic there. If z; is any point
in the circle of convergence, the small circle |z — 21| < R — |21 — 20| is contained in
lz— zo] < R. Therefore, u(x, y) is harmonic in the circle |z — z:] < R — |z — zo|. Hence
u(x, y) may be represented as the real part of a power series in (z — z;) in this circle.

Since the conjugate function v is determined to within a constant by the Cauchy-
Riemann equations, we find that f(z) = ¥ d,(z — zo)" differs only by an imaginary
constant from the power series in (z — z:). Therefore f(z) may be represented in the
circle |z — z;| < R —|z1 — zo| as a convergent power series in z — zi:

A7 — ~,
AL <

Y
Gn is -

Y =
/

o M8

A complex-valued function f(z) = u(x, y) + iv(x, y) of the complex variable z is
said to be analytic in a domain D if in every circle |z — zi| < p lying in D it can be
represented as a power series in z — z;. %

We have shown that a function

2) =3 dn(z— 20)"

defined by a power series is analytic in the circle of convergence |z — z| < R of the
series.

iIf f(z) is analytic, its real and imaginary parts satisfy the Cauchy-Riemann equa-
tions (47.1).

tThe word holemerphic is sometimes used in place of analytic.
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For the analytic function
f(2) = 2 da(z~ zo)"

the common value of df/dx and —idf/dy is given by 2 nd,(z — z,)"!. This series can
be obtained by applying the formal differentiation rule

diz(z —Z)"=n(z— zo)" L

We define the derivative of f with respect to the complex variable z to be the common
value of df]ox and —idf]dy:

£ =) = 2 ndy(z—

f'(z) is an analytic function in the same domain. It can be shown that

d_fm lim f(z + AZ) _f(z)

dz Az50 Az

df/d x, the usual rules of differentiation hold. That is,
d _
gz_(af) - af [
d ot
d ) .
L&) =fetfe,
i([) _feg—rg
dz\g g
n ailso define derivatives of higher order of an anaiyfic functon. If
flz2) =3 di(z—2)" for |z—z| <R,
0
we have
fHE@) = 3 din(n=1) - (n—k+1)(z = 2)"*

for any positive integer k. All these series have the same radius of convergence.
In particular, we have
Jf{k](zc) = k'

i
43k

or
d --_1_ [k}
k= k!f (ZO)-

The coefficients di. are thus uniquely defined by f(z). The power series for f can be
written

fla) =3 LB g g
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The power series in (z — zo) for f(z) is its Taylor series about the point z = z.
Since f'(z) = (du/dx) — i(du/dy), we can write

o'u . J'u
[n] — — .
) =35 faxm1ay

of derivatives of « alone. Thus, f(z) is determined to within an imaginary constant by
u and all its partial derivatives at the single point (x,, vo).
Alternatively, since

Therefore, we can express all but the ﬁ st term in the Taylor series for f(z) in terms

0"V
iz )";nn rwrp

f(z) is determined from its values along any segment y = constant. In particular, if
we have a real function ¢(x) of a real variable x which is equal to its Taylor series
about x, in some interval containing the point x,:

ll(
n\ (x—xo)" for |x— x| <R,

d(x) =2+
0
then there is a unique analytic function

© Hln
f(z) =E¢n—(,x°)(z—x0)” for |z—z| <R,
) !

such that
flx) = ¢(x),
when z is real and |x — xo| < R.
Example. We have the Taylor series
_ v X
We define the analytic extension
et = 3 i,
n=0 Fl.

It is easily seen that this series converges for all z {R = ).

To find the real and imaginary parts of ¢?, we use the binomial expansion

n

=(x+iy)n= 3 mﬂ"(i}’)"‘m-
Then
ot — © n xm(iy)n—m
n=0 m=o m!(n —m)!
o ¢ X"(y)m
B m2=0 § m'(n - m)'
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where we have put / = n— m. We note that (iy)!is real if / is even and imaginary if [ is
odd. Thus

oy My SR, s CDY
o= XS 0w )

We recognize these series as the Taylor series for e, cosy, and siny, respectively.
Hence
et = e*(cosy+isiny).
It is easily checked that the real and imaginary parts of this function satisfy the Cauchy-
Riemann equations. Also ¢* reduces to e* for z = x.
If z, = x1 + iy1, 20 = x» + iy» we find that
es1t% = e¥1t %[ cos (y; + y2) + i sin (1 + y2) ]
= ent2[COoS ¥, COS y» — Siny; siny, + i(siny; cOS y: + €OS y; sinyy) ]

= ¢e*1e*2,

The exponential function thus satisfies the usual rule for multiplication of exponentials.
By our definition,
e =cosf+isinb,

so that the polar form of z can be written
z=re",
Since f'(z) = df]ox, differential relations between analytic functions that hold for
real z also hold for complex z.

Example. We know that {d/dx) (e¥) = e*. It follows that (d/dz)(e*) = €.
tec nf f(v\ ahout 7. be R. Then if

Let the radius of convergence of the Taylor sertes of f(z) about z, be
|z1 — 20| < R, the Taylor series for f{z) about z; certainly converges for |z —
|z1 — zo|- However, it may have a larger radius of convergence R,. Then we have the
analytic function f(z) defined in the union of the two circles [z— zo| < R and |z — z:| <

R,. We have extended f(z) as an analytic function in a larger domain. This process
is known as analytic continuation.

Example. If we solve the initial value problem

(1+x)%+u=0 for x>0,
u(0) =1

by power series, we obtain u(x) = i(—wx)".
0
We have the analytic extension of this function

f@) = 3 (o

Its radius of convergence is easily seen to be 1. So f(z) is defined for |z| < 1, and in particular
u(x) is known for 0 = x < 1. By summing the series for f(%), f' (%), . . . , we find the Taylor

series
ro-§34-3)



CHAP. VIII 48. Analytic Functions 217

Its radius of convergence is 3. Thus we have continued f(z) to the circle |z~ 1| < £. This circle
goes outside the original circle |z} < 1. In particular, we now have the solution u(x) = f(x)
for0=x<2.

By a sequence of circles we can cover any point in the z-plane other than z = — 1. Thus f(z)
is defined as an analytic function for z # —1. In fact, f(z) = /(1 + z). In particular, u(x) =
1/(1 + x)forallx = 0,

Let R be the radius of convergence of the Taylor series for a function f(z) about
z = 2o. Then f(z) is analytic for |z — z| < R. Suppose it is possible to continue f(z)
as an analytic function to a larger circle {z — z,| < p with p > R. Then u = Re f(z) is
harmonic for |z — zo] < p. Hence it is possible to write u as the real part of a power
series in (z — zo) for |z — zo| < p. This power series is determined by u to within an
imaginary constant. Therefore except for d, it is the Taylor series for £(z). Thus the
Taylor series for f(z) converges for {z — 2| < p, which contradicts the definition of
its radius of convergence R.

We have shown that f(z) can not be continued analytically to a larger circle centered
at zo than |z — zo| < R. It follows that somewhere on the circumference |z — z| =R
there is a point at which no continuation of f(z) is analytic. Such a point is called a
singularity of f(z).

The radius of convergence R of the Taylor series of f(z) about z, is equal to the dis-
tance from z, to the nearest singularity of f(z).

Example. The Taylor series
2 (_1 ) ny2n
n=0
for the real function 1/(1 + x®) converges for |x| < 1 but diverges for x= 1, even though 1/(1 + x?)

is infinitely differentiable for all x. The explanation lies in the analytic extension f(z) = I/(1+ z?).

This function is singular at z==i. Hence its Taylor series X (—1)"z2" about z =0 has the radius
n=0 .

| ni __ 1
QL CUNveIgenee |§ — Uy — 1.

If R = o, the function f(z) is analytic for all z. Such a function is said to be entire.

EXERCISES

1. Find analytic functions sin z and cos z having the property that they reduce to sin x and
cos x for y = 0. Show that sin? z + cos? z = 1.
2. Determine whether or not the following are analytic functions

(@) f(z) =z
) () =2
(c) flz) = ze~.
HINT: Use the Cauchy-Riemann equations (47.1).
3. Show that

lm (z+Az—z)"—(z— 20
Az Az

)"___ n(z — zo)" L.

4. Show that if f(z) is analytic,
lim f(Z +- AZ) “f(Z) :f’(Z).

A0 Az
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5. Show that if

lim f(Z+AZ) _f(z)
Az—Q AZ
exists, the Cauchy-Riemann equations must hold. HinT: Take Az pure real, then pure imaginary.

6. Assuming that a ratio of polynomials is analytic except when the denominator vanishes
(See Section 50, Theorem 1) find the radius of convergence of the series for

(@) f(z) = = 1)Z(z_ 7 about z=0

®) f() = ;= F=7) @bout z=i+l.

7. Show that the Taylor series for about z =0 is

11—z
pAFLE
n=0
Hence find the Taylor series for a=7 about z, # a. Find the radius of convergence of this series.
HINT: Note that
1 _ 1 1
a—z a—Zol__Z‘“Zo

. a— 2o
8. Write the following harmonic functions as the real parts of power series in z = x + iy:

(a) e* cosy
(b) coshx siny
(c) e™¥* cos 2xy.

HINT: Find the conjugate harmonic function, and consider the power series when y = 0.

[ R o PR
7. U O

F S

A point set D is said to be connected if any two points z; and z; in D can be joined
by a piecewise smooth curve lying in D. It is said to be open if to each point z, in D
there corresponds a disk |z — zy| < p centered at z, all of whose points are also in D.
The radius p may depend upon z,. A connected open set is called a domain.

Examples. The set |z| < | is open. For if |z0| < 1, all points of the disk |z — zo| < ¥ (1 —|z0])
also satisfy |z| < 1. Thus |z| < 1 is a domain.

The set |z] = 1 is not open. For if |zo| = 1, then for any p > 0 the point z= (1 +4%p)z, satisfies
|z— 20| < p, but not |z] = 1. Thus |z| = 1 is not a domain.

The set |z2 — 1| < I is open. However, it contains the points z=—1 and z= 1 but no point on the
line Re [z] = 0. Therefore it is not connected, and hence is not a domain,

Let u(x, v) and v(x, y) be continuous functions in a domain D. Let I" be a piece-
wise smooth curve in D given in the parametric form
x=x(t),
y=y(), t=t=1n,
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where x(¢) and y(¢) are continuous piecewise continuously differentiable functions

of the parameter ¢.
We define the complex path integral

[ et iz = [* e, y0) + e, 3001 E+ 2

(49.1) = [ [uG0, v = vix(e), y ()%
i [ a0, y )Y+ v,y S ar

This integral gives a complex number for any complex function (u# + iv) and any
path T'. Its value is independent of any particuiar parametric representation of i". For
if we introduce a new parameter v = 7(¢), we simply replace (dx/dt)dt by

dx dxdfrd c_igdt

Pl W R e

and (dy/dt)dt by

4= &y
de'r ar —=dt.

The path integral is linear in the sense that if fi(z) = u,(x, ¥) + ivi(x, ¥), fo(2) =
uz{x, y) +iva(x, y), then for any complex constants e and o

[ @+ assrde=a [ fide+ o [ i

In particular, if we let

0=arg( | fiz)dz),

we find that
[ e#f)dz= e [ fl2)dz
Jr Jr

is real and nonnegative, because its argument is zero. (If the integral is zero, we let
¢ =0.) Thus

= | e ®f()dz= ¥ Re e‘“’f(Z)d—z dt
r f dt

= f e of(2) 2 d

- [ v |% \dr

INGE

4 & @y -4
dt dt dt/ — dr
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(99.2) Ur f(z)dz! < fr F(2)|ds

for complex path integrals. The right-hand side is a real integral.
Finally we note that if we reverse the direction of integration along I', we interchange
the limits of integration ¢, and ¢, in (49.1). Therefore we multiply the integral by (—1).
A path C is called a simple closed contour if the beginning and end points of C
coincide, but no other pair of points of C coincides. That is, C does not cross itself.
We take the arc length s along C as the parameter. Then

dr_
dS Yo
dy _

ds ="

where (n,, n,) are the components of a unit normal vector pointing to the right from
the curve in the sense it is traversed. If we make a counterclockwise circuit, it points
outward. The path integral around such a simple closed contour C in the counter-
clockwise direction is

i (u+iv)dz= i (—uny — vng)ds + if (uny — vny)ds.
c

We apply the divergence theorem to find that

§ w+ivyd=—([ (%‘;+f—f)dxdy+i” (24 ) gedy,
JC JJDp \UY 0Ay Jp, \0X 0¥/

where D, is the interior of C.
Suppose now that # and v are continuously differentiable and satisfy the Cauchy-
Riemann equations

ou _ av

ax ay
(49.3)

.@E _dv

dy ax

in a domain D containing C and D,. Then the right-hand side is zero. We have shown:

THEOREM 1. Cauchy’s theorem. If #(x, y) and v(x, y) are continuously differentiable
functions in a domain D and satisfy the Cauchy-Riemann equations (49.3) there, then
for every simple closed contour C in D whose interior is also in D,

(49.4) SE (u+iv)idz=20
C
A domain D is said to be simply connected if the interior of every closed curve C

which lies in D is also in D. Otherwise D is said to be multiply connected.

Examples. The annulus 4 < |z} < 1 is multiply connected. For the curve |z| = { lies in this
annulus, but the part z = % of its interior does not. Even the pierced disk 0 < |z] < | is multiply
connected, but |z} < 1is simply connected.
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Suppose now that D is simply connected, and that u + iv satisfies the Cauchy-
Riemann equations in D. Let T" be a piecewise smooth curve in D connecting the
two points 2z, and z:

I x=x(t), y=y() for <t <,
x(to) + iy(to) = 2o,
x(h) +iy(t) =z

We shall show that the integral

f (u + iv)dz
r

depends on z and zy, but not on the particular path I connecting them. If I’ is another
path in D connecting zo to z, let C be the closed contour obtained by going from z,
to zon I" and returning on I'’.

z

(C .

T
\/Pr
Zy

The closed contour C may intersect itself one or more times. It can, however,
be decomposed into a number of simple closed contours C;, Cs, . . ., Cr In such a
way that the integral around C is the sum of the integrals around Cy, Cs, . . . , Ck.
Since by Cauchy’s theorem each of these integrals is zero, we find that

J; (u+iv)dz—J’rI (u+iv)dz=£ (u+ iv)dz =0,

and hencet

fr (u+iv)dz= fr (u +ivydz.
If we keep z, fixed, we can therefore define the function of z
F(z)=U(x,y) +iV(x, y) = fz (u+iv)dz,

where the integral is along any path I" in D going from z, to z. If we choose the path I" so
that its final part is in the x-direction, we find that
oF oU | 9V

'é;zﬁ";-i-l-é;:u’%-lv.

1 By an approximation process we can prove this result even if I" and I'" intersect infinitely often.
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Tf wa ~rhance tha lact nmart ~f the nath 1n tha “_rli'ranf:r\n wa And
AL YW W1IVUUVOL LIV LA PCIJ.L Ul Ll Patll Il Ll ‘y il \J\-‘Llull, YL llllu
oFF _oU | oV .
—=—_ti—-=ilutiv)
dy dy Y
Thus
~ATT AT
ou oV _
(49.5) ox oy
all/ oV
ST oo =V
ady ax

Since u« and v satisfy the Cauchy-Riemann equations (49.3), we find that

PU | U _

e T O

Hence U must be the real part of an analytic function. Since U and V satisfy the
Cauchy-Riemann equations (49.5), we conclude that

Flz)=U+1iVv

is analytic.
We have proved the following theorem.

THEOREM 2. If f(z) = u + iv is analytic in a simply connected domain D, then
) = [ Ao

is also analytic, and F'(z) = f(z).

Note the similarity of Theorem 2 to the fundamental theorem of calculus.

We remark that the equation F’(z) = f(z) defines F(z) to within a constant. For if
we have a second function G (z) such that G’'(z) = f(z), then the power series of F
and G coincide except for the constant term.

Moreover, we have seen that the power series of an analytic function may be dif-
ferentiated term by term. It follows that if

2

@) =3 dulz— 2",

its integral must have a power series of the form

% dn .
F(z)=a+§n+l(z~—z@)“.

That is, power series may also be integrated term by term.

In deducing the fact that F(z) is analytic we only assumed that « and v are continu-
ously differentiable and satisfy the Cauchy-Riemann equations. Under these conditions,
then, F(z), and hence also F'(z) = u + iv, is analytic. It follows from the definition of
analyticity that u + iv is analytic in a multiply connected domain D if it is analytic in
every simply connected subdomain of D. Therefore we have the following criterion
for analyticity:
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THEOREM 3. The function f(z) = u(x, y) + iv(x, y) is analytic in a domain D if and
only if # and v are continuously differentiable and satisfy the Cauchy-Riemann equa-
tions (49.3) there.

Remark: The assumption that # and v are continuously differentiable is essential.
The real and imaginary parts of the function f(z) = e~"** with f(0) = 0 have partial
derivatives and satisfy the Cauchy-Riemann equations everywhere. However, f(2)
is not continuous, and hence not analytic, at z= 0.

The Cauchy-Riemann equations (49.5) for U +{I” were derived from the assum ptA n

2 0 Lalcly-XKlemanl CQualluns 10T vere denveal ons

that # and v are continuous and that (49.4) holds for all C in D. We then see from
Theorem 3 that F(z)= U + iV is analytic. Hence F’(z) = u + iv is also analytic.

If D is multiply connected, we only need to show that « + iv is analytic in its simply
connected subdomains. Therefore we only need (49.4) for those contours C whose
interior is also in D. We have proved the following converse of Cauchy’s theorem:

THEOREM 4 —Morera’s Theorem. Let u(x, v) and v(x, y) be continuous in a domain
D.If

(ﬁc (u+iv)dz=0

for every simple closed contour C in D whose interior lies in D, then f(z) = u(x, y) -+
iv{x, y) is analytic in D.

If « is harmonic, the function

ou .ou

ox oy
is analytic. Then we see by Theorem 2 that in a simply connected domain D there is

an analytic function f{z) such that

YY)

A
18 UM.

-

S@) =gy i
and f= u at a point z, of D. It follows that
u=Refl(z).

THEOREM 5. A function u(x, y) is harmonic in a simply connected domain D if and
only if it is the real part of an analytic function.

If D is multiply connected, we can no longer conclude that

(% oo

). Az)dz
[}

is independent of path. However, this is still true in any simply connected subdomain
of D. In general, then, we obtain functions F(z), each of which is analytic on a simply
connected subdomain, and which are continuations of each other. We can consider
this collection of continuations as a single multiple-valued function F(z).
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Example. The function
1
fz) =7

is analytic in the domain |z| > 0. This domain is multiply connected, since the circle |z| = 1
lies in D but the point z = 0 in its interior does not.
To find the indefinite integral of f, we start at z = 1. Then

Hd=ﬁ%@,

where we take for I' a path starting at { = 1 going radially to { = |z|, and then along the circle
|| = |z} from arg { = 0 to arg { = arg z. We have

Fao- [ % f“ﬁmg@

Iz|ei8
= log | zi +iargz.

Thus
F(z)=logz=log|z| +iargz.

Since arg z is only determined to within a constant multiple of 2«, this function is not single-
valued. In fact, its value depends on how many times the path T' from 1 to z winds around the
origin. If we make a cut extending from z= 0 to infinity to prevent any winding, £ (z) is analytic
in the remainder of the z-plane.

If we allow multiple-valued functions, we can say that « is harmonic in any domain
D if and only if it is the real part of an analytic function in D.

Example. # = log (x* + y?) is harmonic for z # 0.

If
u = Ref(z},
we find that
U 5u
fz) = ax ay
_2x—-iy) 2
Xy oz
Hence

u= Re (2logz),

and 2 log z is multiple valued. This fact simply means that the conjugate function v =2 arg z
1s multiple-valued, even though u is single-valued.

EXERCISES
1 Thobomerrtionn sl ndliase e cona 2l o £tV P SRR I
1 AJCLCILIIINIC WIICUICT U 1O LLIIC LOIHIUW] lg 1C dll Iyli\.«
(a) e~
(b) e
(c) e

(d) x® sinxy + iy® cos xy.
2. Find the indefinite integrals of

(a) f(2) =z

) f(z)=¢*
(c) f(z) =sinz.
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3. Compute
fr (x =y + iy?)ds

(a) when I' is the straight-line segment from 0 to 1 + i
(b) when I' is along the x-axis from x=0to x=1, then along the line x=1fromy=0to y=1.

§ &
¢ Z

(a) when C is the circle |z} =1
(by when C is the square bounding |x| < 1, |y| < 1
(c) when C is the circle [z + 2| = 1.

4. Compute

The contours are traversed counterclockwise.

5. Show that if u is harmonic in a doubly connected domain D (that is, a domain contain-
ing one hole) and if z, is a point in the hole, there is a function f(z} analytic in D and a real
constant « such that

u=Re[f(z) +alog(z—2)].

HINT: Show that the integral from any point z around the hole and back to z of 5 —i % is inde-

L_»_ _ O

pendent of z. What would the result be for a domain with two holes?

50. Composition of Analytic Functions.

We have shown that analytic functions f= u + iv are characterized by the Cauchy-
Riemann equations (49.3).

We now give several processes for generating analytic functions from analytic func-
tions. If fi = u, + iv; and fo = us + iv, satisfy the Cauchy-Riemann equations, it is clear
that the same is true of any linear combination a;f1(z) + asf2(z).

By differentiation we can venf‘v the fact that the nrndn(‘t A (7\1‘"( z) is also annlytig_

LSS IV AW) RS UL U A A ESY ~ai2 ~aii il AL il AL AL URILERL 18K/ /20& 7 2 13145

For
ftﬁ = WUz — V1Vg + i(Ll1V2 + uZVI)-

Since u; + iv, and u; + iv, satisfy the Cauchy-Riemann equations,

dJ 0 Ju au av ov
it = viva) = 5L uave o teav) = e g = S — 2
v G, ve  du_
-+ axVZ ulax -+ ale uzax 0,

and similarly,

d ]
E(uluz ~ ) + a(ulw + wvy) =0

Hence, fi(z)f£2(z) is analytic.
We can also verify that if f(z) = « + iv is analytic, the same is true of

1 :u—iv
f(z) W+ v
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whenever f{z) # 0. Thus the quotient of two analytic functions is analytic wherever
the denominator is not zero.
We summarize our results in the following theorem.

THEOREM 1. If f1(z) and f:(z) are analytic functions in a domain D, then
@) ai1fi(z) + azf>(z) is analytic in D for any (complex) constants «; and o».
M) fi(z) f2(2) is analytic in D.
(¢) f1(z)/fa(z) is analytic in D except where f>(z) = 0.

Examples. Since we know that polynomials are analytic, we can immediately conclude that
a ratio of polynomials is analytic except where the denominator vanishes. For instance
Z2+z+1
(z—1)(z—3)

is analytic except at z =1 and z = 3.

If we define log z = log |z] + i arg z in the cut domain —7 < arg z < 1, then f(z) = 1/log zis
analytic in the same cut domain, except at z = 1, where log z=10.

Also by Theorem 1 the function f(z) = (2 + 1)/(e* — 1) is analytic except at z = 2nwi, where
n=0,+1,x2,...

Remark. Since analytic functions are the solutions of the linear Cauchy-Riemann
equations, it is not surprising that linear combinations of analytic functions are ana-
lytic. The remarkable result is that products and quotients of analytic functions are
analytic.

Suppose now thatﬁ(z) = u(x, y) + ivl(x y) is analytic in a domain D, and that
Jg\(_.,) = uz\g, J’} + ivy \g, r” is an aualy tic function of {= f =+ i T} in a domain D* consist-

ing of all points of the form { = f1(z) with zin D. We consider the composite function

F(z) =fL[AD)] =wlu(x, y), vilx, )] + iva[wi(x, ¥), vi(x, ¥)]
=U(x, y} +iV(x, y).

By the chain rule
ol/ aV oUs ouy auz aV1 vy Ou, ave 0V

dx 3y O0F 9x | om dx Of &y  am dy
- d(ous_ow) | duyon, , g
aE\ox  dy an\ox  dy
(OUs  Ove\OVy  [Ous . OV \Su;, .

T\og “an)ay \om Tag)ey O

since both «; -+ iv, and w, + iv. satisfy the Cauchy-Riemann equations. Similarly we
find that

U, oV

ay Tox O

Hence F(z) is analytic in D. We have proved:
THEOREM 2. An analytic function of an analytic function is analytic.

Examples. Since e is analytic and +iz are analytic, e*#* are analytic. The linear combinations
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(50.1) cos 7= %(eiz + e-iz)
and

: — _1_ iz _ p—i2
(50.2) sinz = 2l.(e e )

are analytic. For y = 0, these formulas give the usual definitions of cos x and sin x. Hence their
Taylor series about z = 0 are

(_1 Inz2n

cosz=32 "7 7

. _ x (_1)nz2n+l'
Sinz =2 7, 7

We can also extend the other trigonometric functions. For instance, we define

which is analytic except when cos z == (. The cosine vanishes when

eiz + e—iz = 0,
or
eziz —_ _l
Taking absolute values, we see that y miust be zero. Thus cos z=§ only when zis real, and equal
1 . . .
toln+ 3)7 where n =0, =1, £2, . . . . Hence tan z is analytic except at these points.

We also define the hyperbolic functions

sinh z = %(ez — e~%),
(50.3) "
coshz= E(e"’ + e—?).

We now define the power function z¢ for any complex constant a by
(50.4) 7% = e®log?,

The function log z is analytic for z # 0, but it is multiple-valued unless we restrict z
to a simply connected domain D not containing z = 0. This restriction can be made by
means of a cut. For example, if we agree that —r < argz < 7 in the formula log z =
log |z| + i arg 2, we cut out the negative real axis. If we let 0 < arg z < 27, we cut out the
positive real axis. Other cuts are, of course, possible.

Thus z¢ is in general analytic in the plane when a cut is made from z =0 to z = .
If a is an integer n, we note that ¢27i* = 1, Therefore z* has the same limits as z ap-
proaches the cut from either side. The function can be made continuous by defining
z" to have these limiting values on the cut. Then it follows from Morera’s theorem that
z" is actually analytic across the cut.

Example.

f(Z) — Z2 = p2lo |z|+i arg 2) — ’Z,zezi arg z
We take —7 < argz < = so that there is a cut along the negative real axis.
We note that as z — x < 0 either from above or from below, f(z) — x%. We define f(z) to be

x2 for z =x < Q. If we consider % f{z)dz along a contour C crossing the cut, we can write
v
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g |

G

G,

G,

N

§ foydi=§ e+ § f@dz,

where C, consists of the upper part of C closed by a segment of the x-axis going to the right.
C: is the lower part of C, closed by the same segment of the x-axis traversed to the left. Since
f(z) is analytic above and below the cut,

§ rad=§ fzriz=0,

and therefore
ﬁ Fflz)dz=0.
We conclude by Morera’s theorem that f(z) is analytic everywhere.
Similarly if @ = —n, a negative integer, we find that
flz) =z n=enlez

is analytic everywhere except at z=10.
Finally, if a = 1/n, we have
Zl/n —_ el/n log z

= ’zlllnei are (z)fn_

This coincides with the definition of nth root of Section 46. There are n possible
values of zV/» depending on the choice of the argument.

An analytic function £(z) = u(x, y) + iv(x, y)} consists of two real-valued functions
u and v of two variables x and y. We can consider it as a transformation from the
coordinates (x, y) to curvilinear coordinates (u, v):

u=u(x,y),
v=v(x, y).

If we define the complex variable
w=u-+1iv,
the transformation can be written as

w=f(2).
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We suppose that in some domain D this coordinate transformation is proper in
the sense that no pair (u, v) corresponds to two different points (x1, y1) and (xz, ¥2).
That is, we assume that f(z,) # f(z:) whenever z; # z,. Then x and y are determined
by (u, v). We can write x = x(u, v), y = y(u, v), or

z=gw)=x(u, v) +iyv(u, v).

This is called the inverse transformation. The inverse function g(w) is defined by the
relation

o (F(7)) = »
AV \L)S L)
which is to hold for all z in D. This complex equation is equivalent to the two real
equations

xlulx, y), v(x,y)]=x,
ylulx, y), vix,y)] =y.

If the functions x(«, v) and y{(u, v) are continuously differentiable, we can differ-
entiate each of these equations with respect to x and to y by means of the chain rule:

dx du  ox v _
du dx  9v ox
x du | ax by _
ou dy ' v ay

1,

oy ou_ 9y v _
ou dx  avaox
ay du oy v _ |
ou oy av ay

The first two linear equations are solved for dx/ou and dx/av by

av

9x _ 9y
ou  oudv_ ov ou’
dx ¢y odx oy

_du

ox _ ay
v dudv_ovouw
dx dy ox oy

provided the denominator is not zero. Similarly the second pair of equations gives

v

oy _ dx
du  dudv_ 9vou’
dx ¢y 0Ox dy

ou

ay ax
v dudv_ 9vouw
dx gy dx dy

if the denominator is not zero.
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Since u and v satisfy the Cauchy-Riemann equations, we find that dx/ou = oy/av,
dx/ov = —dy/ou. Therefore, if the denominator is not zero, g(w) = x(u, v) + iy(u, v)
is an analytic function of w = u 4+ iv.

Also because of the Cauchy-Riemann equations,

du av  avou _ [ou\E | [OuNt . .. ..,
axay ax 6y_(ax) +(ay) =If @]

Thus the denominator vanishes if and only if f'(z) = 0. This denominator is the
Jacobian determinant of the transformation. The fact that the functions x(u«, v) and
v(u, v) are continuously differentiable if this determinant is not zero is contained in
the implicit function theorem (see any book on advanced calculus).

We note that

, _dx oy 1 v ovy _ f'(z) _ 1
g =5, Tu= If’(z)lz(ay ‘6x)‘|f'(z)12‘f'(z)

We have proved

THEOREM 3. If f(z) is analytic and f'(z) # 0 in D, and if f (z:) # f(z) for z; # 2, the
inverse function g(w) is also analytic and

g'(w) :f_’:z_)’ where w = f(z).

Remark. The implicit function theorem also states that if /' (zo) # 0, there is a circle
|z — 20| < p in which the condition f(z:) # f(z.) for z; # z is satisfied. Thus the inverse
function g(w) is defined and analytic in some neighborhood of f(z,). However, the
fact that f'(z) # 0 in a domain D does not prevent £(z) from having the same value
at two distinct points z; and z.. When this happens, we obtain a multiple-valued anal-
ytic inverse function g (w).

Example. f(z) = e* is analytic for all z, and f'(z) = e¢* # 0. However, two points z; and z,
differing by a multiple of 2#i give the same value of f(z).
We define the inverse function g(w) = log w by

log (e*) = z.
We can write any w # 0, in the polar form
w= |W|€i argw — plog|w/+i argw_
Setting z = log |w| -+ i arg w, we find
log w = log (eloglwl+i arswy — og |w| + i arg w.

This agrees with our previous definitions of log w found on the basis of power series and by
integration. We note again that this function is multiple-valued, so that we obtain a singie-
valued analytic function only by restricting the domain D in such a way that it does not contain
any two points z; and z; differing by a multiple of 2.

EXERCISES

1. Show that f(z) = (z2 — 1)V2 can be defined so that it is analytic in any given simply con-
nected domain not containing the points z= 1 and z = —1.
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2. Show that a solution z = g(w) of
P2+ +z=w
is analytic in any simply connected domain not containing the points w = %7 (—7 = 4i\/§).
3. Show that the function f(z) = (22 — 1)12 defined by f(z) = etllog (z— 1) +log (z+ )] with —ar

<arg(z—1) <, —m < arg (z+ 1) < m can be extended as an analyuc function to the whole
exterior of the line segment —1 = x = 1, y=0.
4. Find Re (zt).

5. Find the domain of analyticity of cot z.
6. Find the real and imaginary parts of z*.
7. Find all solutions of the equation sin z = 2.
HINT: Obtain a quadratic equation for e¥.
8. Find all solutions of the equation sinz + cosz= 1.
9. Express the inverse function w = sin~! z in terms of a logarithm.

51. Taylor Series of Composite Functions.

We have shown in the preceding section that sums, products, and quotients of ana-
Iytic functions are analytic, and that analytic functions and inverse functions of analytic
functions are analytic. We shall now show how to compute the Taylor series of the
composite functions in terms of those of the original functions.

Let

oo

filz) =2 an(z— 20)",
0
oo

fi(z) = Z bulz — 20)"
0

be the Taylor series of fi(z) and f(z). We suppose that both series converge for

|z — 20| < R. Then clearly
alﬁ(Z) + azﬁ(Z) =3 (enan + Olzbn) (Z - Zo)",
(i}

since the series converge absolutely.
We consider now

2(z) = fi(2)fo(2).

It has a Taylor series
£(2) =2 calz — 20)",
where
C, = —1— [73]( )
n n'g Zo0) -
The product rule for differentiation gives

h
| n! £ im]
Cp=— 3 — T __rm



232 Analytic Functions of a Complex Variable CHAP. VIII

or, since an = f1i"(z0)/n! and b, = ;" (z)/n!,
n
(51.1) cn= 2 ambu_m.
m=0

Thus the nth coefficient in the Taylor series for f,(z)f:(z) is simply the sum of all
those products of ax and b, whose subscripts add up to n. For example,

Co = aobo,
¢t = aob; + ab,,
Co = aobz -+ a1b1 -+ agbo.

We observe that ¢, depends only on those a4y and by with k = n. Therefore if we wish

N
to compute the partial sum 3 ¢,(z — z0)7, it is sufficient to multiply the two polyno-
n=0
N

N
mials 2 an(z — 20)" and %, ba(z — z0)", and to keep the terms having powers of z — z at
0 0

most N.

Example. Find the Taylor series for e* log (1 + z) about z = 0 correct to terms in z2.
We have

22
[+

— 1
- 1

when —7 < arg (1 + z) < 7r. Multiplying the two series correct to terms in zZ, we have

2N 2\, Z_ 2,
(1+z+2)(z 2)—z+2 g

Correct to terms in z2, then,

et log (1+2) =z+% ) -+~
The function is analytic except for the cut at y = 0, x = —1. Therefore the singularity nearest
z=01is at z=—1, It follows that the series converges for |z| = 1.

We now consider the quotient

L) Ly
h()——f(z) %dn(z 20)™.

By definition
f1(z) = fo(2)h(2).

By (51.1) we obtain the set of linear equations

(512) p bn—mdmzan

m=0
in the unknowns dy.. The first few of these are

body = ay,
bod, + bidy = ay,
b()d2 + b1d1 + b2d0 = ds.
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Since we wish fi(z)/fz(z) to be analytic at z,, we must assume that b, = f>(z,) # 0.
Then we can solve the first equation for dj:

_ &
dO - b()’
the second for d;:

_ a,— bldn _ b0a1 - b]ﬂo

d1 - bg - b()z *

and so forth. The nth equation gives d,—, in terms of ax and by with k = n— 1.
Thus we can find the Taylor series for fi/f: correct to terms in (z — z0)" by replacing
the Taylor series for f; and f; by the polynomials
N

N
2 a.{z— z0)" and 2 bu(z— 20)
0 0

The problem is reduced to the division of two polynomials of degree N. The quo-
tient is written in ascending powers of z — zo, and the terms up to (z — zo)" yield the

UCbl[CU ICbUll,
Example. Find the Taylor series for tan z = sin z/cos z about z = 0, correct to terms in z2.
We have
: z
smz=z-—§+- T,

cosz=1— 2,+§,—

We divide the series correct to z3:

3

&N

Z— =
6 ., 2.2 ..
S 2

Hence

tanz=z+%3+---

Since tan z is analytic except when cos z = 0, this series converges for |z] < }=.
We now consider an analytic function of an analytic function. We have

F(z) = f:(fi(z))
= s (ur (X, y), vi(x, ¥)) + iva(u1(x, ), vi(x, ¥)).

We compute the derivative by means of the chain rule.

Fly=%

_ s Juy | duy vy [3"2% v vy
9 dx ' om ox o dx  am ox |

Using the Cauchy-Riemann equations for f>({) gives

o=l 22+ 2)
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or

(51.2) LA =4 (A (2).

This identity is the chain rule for analytic functions.
Suppose now that we have the Taylor series

filz) = % an(z — 2)"
about z = 2o, and
) =3 b({—f(z0))"
about { = f(z0). We wish to expand F(z) = £ (fi(z)) about z = z,:
F(2) =3 eale— 2"

By the chain rule and the product rule

co = F(20) = f2(fi(20)) = bo,

ci1=F'(z0) = f2' (fi (20)) i’ (20) = bra,

1 " 1 " ! ! "
€2 = 5F"(20) = 505" (fi(20))fi" (20)* + f' (1(20) )1" (20) ]
= byas® + bias,

with similar formulas for higher derivatives. We see that ¢, depends only on ax and
br with k = n. Thus we can again compute the Taylor series for F(z) correct to terms

in (z — z0)¥ by replacing fi(z) and f£2({) by the first (N + 1) terms of their Taylor
series, and simply substituting the one in the other.

Example. Compute the Taylor series for s 2 about z = 0, correct to terms in z3.

Wao hava
¥YL Lave

2
fl(Z)=COSz=1-%+...,

flO) =i =etel—1) + 5= D2 +FEL— D2+

o0 ()45 45+

Thus, correct to terms in z2,

Substituting, we find

2
ecosz=ewg§“+....

Since both ¢ and cos z are entire functions, this series will converge for all z.

Finally we consider the inverse function g(w) of a given function f(z). The inverse
function is defined by

(51.3) glfz)] =z
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We start with the Taylor series

flz) = % an(z — Zo)"

We wish to expand g(w) about w = f(zo) in the Taylor series

FEURN I £t \\n
OnlWw — j\Z0})".

g\w) =

o Mg

By definition
bo= g(f(z0)) = zo-

By the complex chain rule (51.2)
g' (Hzo))f ' (z0) = 1,

or

1
ai

blz_’

(We must assume that a, = f"(z) # 0.)
Again applying the chain rule, we have

g" (f(zo))f' (20)* + &' (f(z0))f'(20) =0,

or
beai* + biaz = 0.
Thus,
by = —22.
a’

Proceeding in this fashion, we can find each coefficient b, in terms of ao, ai, . . . , an.

To find
N
%bn(w — flzo))",

it is only necessary to substitute the polynomial

N
% an(Z - Zo)n

% bn(W —f(Zo))n,

and choose by, b, . . . , by to make the resulting polynomial in z— z, coincide with z up
to terms involving (z — zo)¥.

Example. Find the Taylor series for sin-! w about w = 0, correct to terms in w3, We select

the branch of sin—! w for which sin—10 = 0.
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N wra hnera
U, Woe llaveo

~vd o —
Oolt Z

Sinz=z—?+

Letting
sin~!w = by + byw + baw?® -+ baw3 + - -

3 3\ 2 3\ 3
be + bl(Z_%)+ bz(Z—%) +b3(2—%)

=b0+b1z+bzzz+(—%b1+b3)z“+- .

we substitute to find

To make this coincide with z we must take

b():O,
b1= 1,
b2=0,
b;;:%‘

Thus, correct to terms in w3,
3
sin‘1w=w+—“—é—+- IR
The function sin~! w is analytic as long as (d/dz) sinz = cos z # 0. The above series there-

fore converges for |w| < 1 and diverges for |w| > 1.

EXERCISES

Find the Taylor series correct to terms in z3 for 1/(1 — z)(2 — z) about z = 0.

Find the Taylor series correct to terms in z* for sin2 z about z = 0.

Find the Taylor series correct to terms in (z — 1)2 for ¢** about z = 1.

Find the Taylor series correct to terms in (z — 1)3 for e*/(z — 2) about z= 1.

Find the Taylor series correct to terms in z3 for sin z/(1 + €?) about z = 0.

Find the Taylor series correct to terms in w? for cos~! w about w= 0 when cos~'1 0 = /2.
. Find the Taylor series correct to terms in w? for the branch of the solution z = g(w) of
73+ 72 — z=w for which g(0) = 0. Find the radius of convergence of the series for g{w).

R

52. Conformal Mapping and Laplace’s Equation.

Let u(x, y) be a harmonic function. We wish to introduce new coordinates £, 1 by
the transformation

x=1x(¢,m),
y=y(& m)

in such a way that whenever u(x, y) is a harmonic function of x and y, the transformed
function

U, m) =ulx(é,m), y(&, )]

1s a harmonic function of £ and 7.
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By the chain rule we find that

2 2 2 2
020 (] i

a&? o€ dxdy| o€ 0¢€  om dn
o (23] (2| 4], 2
5 G+ () |+ Sl
6uf§2_+ a?ﬂ
Taylee
The right-hand side must vanish whenever
2 2
Fu, Fu_
ax?  ay?

At a particular point, the derivatives du/dx, du/dy, d*u/ox®, and 0*u/3x3dy may have
any values. Therefore, we must have

G 53

ax 4dv ar

vV v vy

(52.1) Bg 85 281) an
LN S
& ’
a%y 62y
Py + = (.
Solving the first two equations for ax/ag and dx/dn, we find that
ox _ oy
aé 81)
(52.2) o _ay
o
aTj (o]

If we choose the + sign in the first equation and the — sign in the second, we have
the Cauchy-Riemann equations, which state that z = x + iy is analytic in { = ¢ + in. If
we reverse the signs, we again find the Cauchy-Riemann equations, but with y replaced
by —y. In either case, the last two equations of (52.1) are consequences of (52.2). We
have shown: The transformation

2= f({)

takes all harmonic functions of x and y into harmonic functions of £ and » if and only
if either f({) or f({) is an analytic function of { = ¢ + in.

Since the change from y to —y is not very interesting, we shall only consider the
transformations z = f({), where f({) is analytic in {. If we wish to have the additional
property that every harmonic function U (£, n) comes from a harmonic function « (x, y)
by means of our transformation z= f({), then f({) must have an analytic inverse func-
tion g(z). We then need to assume that f'({) # 0, and that f({;) # f({) whenever
b # L.

We have considered z = f{{) as a transformation of coordinates. We can alterna-
tively consider both (£, n) and (x, y) as Cartesian coordinates. Then z=f({) associates
a point z= x + iy in the z-plane with another point {= £ + in in the {-plane. The process
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of associating points on a piece of paper with points on the earth is known as mapping.
For this reason, the association of points z = f({) is called a mapping from the {-plane
to the z-plane. We shall study such a mapping by an analytic function.

We consider two curves in the ¢-plane I'y: { = a(¢) and I'z: { = b(¢), a and b being
complex-valued differenttable functions of the real variable ¢. Suppose that I'; and I,
intersect at the point {, = a(t,) = b(1,). The angle between the curve I'; and the &-
direction is arg [a’(¢)]. That between I, and the £-direction is arg [’ (7)]. Hence the
angle of intersection between I'y and I'; at {; is

6=arg[a'(t)] —arg [b'(1)]
=arg [a'(t)b'(#)].
Let f({) be an analytic function. Under the mapping z = f({) the curves I'; and I'; go

into the curves I';: z = f(a(¢)) and T.: z=f(b(1)). The angle of intersection between
these curves at the point zo = f({) is

7= arg [ 4 la VB0

= arg (f'[a(te) 1a'(to)f [b(t:)]1b' (2o)]
= arg [|f" (L) |*a’(to) b’ (t0) ]
=9,

provided f' (%) # 0. Thus a mapping z=/({) with f({) analytic and f’ ({) # 0 preserves
angles between curves. For this reason such a mapping is called a conformal mapping.

In particular, since the level curves x(&, ) = constant and y(&, ) = constant in
the {-plane go into the orthogonal lines x = constant and y = constant, they intersect
at right angles. Also the images in the z-plane of the lines £ = constant and the lines
7 = constant intersect at right angles.

We have already shown that harmonic functions go into harmonic functions under
a conformal mapping.

Suppose now that we have a conformal mapping z = f({) which takes a domain D*
in the {-plane into a domain D in the z-plane, and the boundary C* of D* into the
boundary C of D. That is, if £ is in D*, f({) is in D, and every point in D is of the
form f(¢) with { in D*; a similar correspondence holds for C and C*.

We further suppose that the mapping z = f({) is one-to-one. That is, no point of D
comes from more than one point of D*: f({,) # f({2) when {; # L.

Let D* be a domain such that the problem of finding a harmonic function U (£, n)
in D* with given values on C* can be solved explicitly. For example, D* might be
a circle or a rectangle.

We wish to solve the problem

Pu , Fu

e P 0 in D
with #(x, y) prescribed on C.
We let
U(¢, m) = ulx(&,m), y(& )],
where

L) =x(&, m) +iy(€, n)
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is the conformal mapping. Then
U  *U _ .
o8 + Froa 0 in D.

When (£, n) is on C* the point (x{£, 1), y(&,m)) is on C, and hence U is prescribed
on C* By hypothesis, we can solve for U(£, n).

By Theorem 3 of Section 50 there is an analytic inverse function g(z) such that

flg(n)] =2z

We are using here the fact that f({) is not only analytic, but that also f’ ({) # 0 and that
the mapping is one-to-one.
Then

u(x, y) = Ulé(x, y), n(x, )],
where
g(z) = &(x, y) +in(x, y).
'We have found the solution # by means of the conformal mapping z = f({) and the

inverse mapping { = g(z), which is also conformal.

Example. The conformal mapping
takes the rectangle 0 < ¢ < a, 0 < n < 7 into the annular sector D:

1 < lz] < e,
0<argz <.

We wish to solve the problem

with « prescribed on C.
Defining

U(¢, m) = u(et cosm, ef sinm),
we find a problem on the rectangle to which separation of variables can be applied.
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We note that
£=loglz,
n = argz.

Thus, ¢ and n are essentially polar coordinates. The fact that D is mapped into a rectangle means
that in the coordinates (£, ) separation of variables applies to the boundary conditions as well as
the differential equation. (Since the transformed function U obtained by any conformal mapping
satisfies Laplace’s equation, the differential equation always separates in the coordinates (¢, n).

The Green’s function for the circle || < 1 was found in Section 30. It can be written
in complex notation as

—1 1
Z;log [ — & +35.log |1 — L.

Let { = g(z) be a one-to-one conformal mapping from a simply connected domain
D in the z-plane to the circle [{| < 1. We consider the function

(523)  Glx,yim, 7)) =—3= log lg(e) — g(a)| +5- log |1 — g(2)g @],

where z = x + iy, z; = x; + iy:. Expanding g(z) in a Taylor series, we have

© g5l
g(2) —gln) = El o) n(IZI) (z—z)"
2 sln}
= (=) 3 £ g

The latter series has the same radius of convergence as that for g(z). Hence it repre-
sents an analytic function. Thus the function [g(z) — g(z1)1/[z — z1], defined to be
g'(z) for z = z, is analytic in D. Moreover, since g is ¢ one-to-one mapping,
[g(z) —g(z))/[z— 2] # 0in D.
Thus we can write
G(x,y; x1,y1) = —5—17; log |z — z:]
1

+ Re {277 log [1—g(z)g(z1)] _511; logg(_z);g(_zl_)}

F A
1
=-—z-log[(x—x)* + (y —y)* ] +v.

The function v is the real part of an analytic function. (Note that |g(z:)| <1, |g(2)| =1,

so that neither of the arcuments of the logarithms vanishes.) Hence Vv =0
so that neither of the arguments of the logarithms vanishes.) Hence Voy = L),

If z is on the boundary C, |g(z)| = 1, and hence

1~ (3@ = lg (=5 — ez
= Ig(z—)— g(Zl)'
= |g(z) — g(z)|.

(We have used the fact that (1/¢i) = e~ = ¢%.) Therefore G =0 for (x,y) on C. Thus
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Viy =0 in D,

1 - . .
Vzﬂlogl(x—“xtx)"%- (y — yo)?] on C.

By definition, the function G defined by (52.3) is the Green’s function for D.

Thus if we know the one-to-one conformal mapping { = g(z) from D to the unit
circle, we can easily find Green’s function for D. We can therefore solve boundary
value problems for either Laplace’s or Poisson’s equation.

Remark. The mapping z = f({) must be conformal (that is, f({) analytic, f' (£) # 0)
in D* but not on C*. It must be continuous on D* + C*.

Example. We consider the mapping
z=({+1)?
and its inverse
(=21,

where we choose —7 < argz < ar. Then f/({) =2({+ 1) # Ofor [{| < 1, but f'(—1) =0.
The circle || < 1 goes into the domain

D: 22— 12 < 1.
In polar coordinates D is described by

r+1—2r cosé—ﬂ <1,
r<4 cos2lfi
2 k]

or
D:r < 2(1+4cos#).

Y

Y
=

D is the interior of a cardioid. We note that the boundary C has a cusp at the point z= 0 which
corresponds to { = —1, where f' = 0.
We find the Green’s function

1

1 -
35 108 |2 — 2| + 5 - log |1 — (22 ~ 1) (Z2 — 1)

G=-—
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In polar coordinates, this formula becomes

G(r, 8, n, 6y) =“ZIE log (r+ rn—2Vr cos%(()— 61))

+Z{~”~ log [r+ r o+ e+ ZVm{cos%(e +6,) — Vr cos%el — Vr, cos %HH

This, then, is the Green’s function for the cardioid.
The solution of the boundary value problem

(52.4) Viu=190 for r<2(14cos8)
u(2(1+cos 8), ) = f(0)

is given, according to (30.13), by
_ 27 6G .
u(r, B) == — —‘a (r, 9, r, 61)f(91)dS1.
0 H

The components of the unit normal vector on the cardioid r —2(1 + cos 8) =0 in the r and @

directions are
L = sin @) = (1 siné )

4 \/1 smw \"7 1+ cos#
\/1"”,.—251“20 (1 + cos 8)?

= (1 4+ cos 9, sind).

2 cos=#

2
Then
% = —L (1 + cos el)aG -0 By ga?(;]
2 cos 2_01 1 1 r=2(1+ cos#,)
\/7(\/? — 2 cos %0)
87| r + 4 cos? 1—01 — 4Vr cos 191 cos l((9 —6,) | cos l(91
2 2 2 2
Also,
= [(4Y 4 2 g = 81 6
_lﬁ) 4+ J 92 =8(1 +cos 8)d
= 16 cos? %Bd()z.
Thus the solation of the boundary value problem (52.4) is
u(r, 8) = Vri2 CO; 0 M f f(0:)dé,
i Tr+4 coszilel —4\/;005%81 cos %(0— 8:)

We note that the conformal mapping { = z1# — 1 is equivalent to the introduction
of the new coordinates

/2
= |{| = (1 +r—2r2 cos;—e) ,

\/;sin%()
v=arg {=sin! )”2’

(1 + r—2\/;cos%0
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in which both the differential equation and the boundary conditions are separable.
Any conformal mapping into the unit circle is equivalent to such a coordinate trans-
formation.

Remark. If f'({) # 0 in D* but there are distinct points ¢ and {; such that f({) =
f(&), the inverse function g(z) is multiple-valued. It is easily seen that this can only
happen if the image D is multiply connected, so that the value of g(z) can change
when z goes around a hole. Therefore if D is simply connected, any conformal mapping
that takes D* into D is one-to-one. (It is easy to show that D* must then also be simply
connected.)

A boundary condition of the form du/on = h can also be transferred by a con-
formal mapping. If the curve C in the z-plane is written z = z(¢), we have the identity

ow_ 1 [(@g - duye]
on |dz dx dy/dt

dt

(Note that

Im [(au au)dz] dudy dudx_ |dz
dx dt dydt dr

ax  ‘ayjdt

du )
an

Under the conformal mapping { = g(z), C goes into the curve C*: { = g(z(¢)). By
the chain rule we find that if U(&, n) = u[x(£, n), y(& n)],

i on =[G i = m (3G~ 55) + 5Ce -l

-l

Then the normal derivative of U on C* is given in terms of the normal derivative of
u at the corresponding point of C by

U _
on

dz| du 1 du
dt| an |g | an

If ou/on is given, we can find dU/dn. In particular, the condition du/an = 0 goes into
AT Ay = n

Ui jure

Example. We consider the problem

u, 10w 1% _

6r2+r6r+r2602_0 for 1 <r<er, O0<O@<m,
du _ M0 oy
o (1, 0) =="(e, 6) =0
u(r,0) =1,
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v

AR

The solution of this problem describes the equilibrium heat flow through a curved beam whose
sides are insulated, and whose ends are subjected to two different temperatures. The mapping

{=logz=logr+i0
takes this problem into the problem on the rectangle
*U | 92U _

alU _oU -
U(é:’ 0) = 1’
U(f, W) :O'

The new problem clearly has the solution
U, m) = (m—n)lm
Returning to the original coordinates, we have the solution
u(r, 0) = (w— 0)/m.

Remark. If a conformal mapping z = f({) from D* to D is continuous on D* and its
boundary C*, it takes the latter into the boundary C of D. Usually the easiest way of
finding the image D of D* under the mapping z = f{{) is to determine its boundary C
as the image of C*. It is then still necessary to find the image of one interior point of

D* to see on which side of C the domain D lies.

Example. Find the image of the rectangle 0 < § < 1, 0 < 9 < & under the mapping z=e~*

V4

N
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The boundary consists of segments of the lines £ =0, £ =1, n =0, n =«. These go into
z=e ™ thatis, |z|=1,—m <argz <0,
z=-e¢ "I thatis, jz| = %, —r < argz <0,

z=¢%,thatis, Imz=0, l/e< Rez < 1,
z=e ¥ thatis,Imz=0,—1 < Rez < —1/e.

The boundary C is as shown. We now note that the point { = % + 4i goes into z = —ie—"2 which
is inside this boundary. Thus the image is the annular sector inside C.

EXERCISES
1. Solve the problem

Viu=0 for 1 <r<e, 0<0<m,
u(1, 0) = ufe*, 6) =0,
u(r,0) =1,
u(r,m) =0.

Viu=10 for 1<r<er, 0<O<m,
ou .
ar(lsa)_(),

ou,; ., et
5;(3 ] 3) = Sin 0,

u(r, 0) =0,
u(r,mw)=0.

3. Find the image D of the unit circle || < 1 under the mapping z = ({ + 2)2, and find the
Green’s function for D, Write an integral formula for the solution of a boundary value problem
in D for Laplace’s equation.

4. Find the image of the rectangle —7/2 < £ < 72, 0 < m < 1 under the mapping z= sin {.
HINT: Use the identity sin? £ + cos? £ = 1.

5. Find the image of the rectangle —n/4 < £ < w/4,—1 < 1 < 1 under the mapping z = sin {.
HINT: Use the identities sin® £ + cos? £ = 1, cosh®?  — sinh?np = 1.

6. Show that if (¢} is analytic and f* (&) = 0 but f”(&) # 0, the mapping z = f{{) doubles
the angle of intersection between curves intersecting at . What happens if /(%) = f"({) =
oo = flEU(E) = 0 but fHI(g) # 0?

HINT: Since (d/dt)[f[a(2)]1](d/dt)[f(b(t))] vanishes at to, the limit of its argument as t — f
must be found by taking its derivatives with respect to ¢ until a quantity is obtained that does
not vanish at #,.

7. If G(x, y; x1, y1) is the Green’s function for a simply connected domain D with singularity
at (x1, y1), show how to construct the conformal mapping { = g(z) from D to || < | with
g(z:) = 0. Assume that grad G # 0.

HINT: Write the correcting function y as the real part of an analytic function.

8. If { = g(z) maps a doubly connected domain D conformally into the annulus 1 < |{] < R,
and if G*(&, m; &, m) is the Green’s function for the annulus, find the Green’s function G (x,
y; x1, ¥1) of D. Prove that it is the Green’s function.

9. If the one-to-one conformal mapping { = g(z) takes the domain D into || < 1, find the
function K(x, y; x;, y1) such that a harmonic function with prescribed values on the boundary
C of D is given by

u(x, y) :fc K (x, y; xi, yJu(xs, y1)dsi.
HINT: Use (30.15) and (52.3). Note that —9 G/on = |grad G|.
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53. The Bilinear Transformation.

We have seen in the preceding section that conformal mapping allows us to solve
boundary value problems for Laplace’s equation on any domain that can be mapped
conformally onto one of several standard domains. It is therefore important to know
the geometric effect of various special mappings.

We first note that the linear transformation

(53.1) {=az+b

takes the line segment S connecting any two points z; and z; into the line segment S’
connecting

Li=azi+b
and

{o=az:+ b.
The slope of § is arg (zza — z1). That of S’ is

arg (Lo — &) = arga(z: — 71)
=arga + arg (22 — z1).

The constant value argea is added. In other words, the mapping rotates every line
segment S through the angle arga.
The length of S’ is

|§2_§1|= la| |z —Zl|,

so that S is stretched by the constant factor |al.

Every line segment is rotated by the same angle and stretched by the same factor.
Hence every triangle goes into a similar triangle. More generally, any geometric
figure goes into a similar figure. That is, circles go into circles, squares go into squares,
and so forth.

If |a| = 1, there is no stretching, and hence figures go into congruent figures.

The mapping

1
(53.2) {= p
is called an inversion. It is clearly conformal except at z=0.

It is a useful convention to append to the {-plane an additional point called the
point at infinity, and to consider this point as the image of z= 0 under the inversion
(53.2). The ¢-plane with this addition is called the extended {-plane. An inversion estab-
lishes a one-to-one relation between the unit circle |z| = 1 and the exterior |{| = 1 of
the unit circle in the extended {-plane. Thus, the extended {-plane consists of two
halves in one-to-one correspondence which meet on the circle |{| = 1. We may think
of the extended {-plane as a sphere, the lower half corresponding to |{| < 1, the upper
half to |£| > 1, and the equator to |{| = 1.

If we let the image of the point at infinity in the z-plane be { = 0, the inversion gives
a one-to-one mapping from the extended z-plane onto the extended {-plane.
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Let p be any complex number and « and 8 two real numbers, with o8 < [p[% If
o # 0, the equation

‘_32,EE_E
z )
04 (8 (24
represents a circle of radius
lp]> _ B\
(& —2)

centered at p/a. By squaring out the left-hand side and multiplying both sides by «,
we can write the above equation in the form

(53.3) alz|*—pz—pz+B=0.
We observe that multiplying «, 8, and p by the same real number does not alter the
circle (53.3).

In the special case a = 0 (53.3) represents a straight line. We shall speak of lines
and circles as generalized circles. A line is a generalized circle that passes through
the point at infinity.

Under the inversion { = 1/z the generalized circle (53.3) goes into

(53.4) Bl —pL —pl+a=0,

which is a generalized circle in the {-plane. It is a line when 8 = 0 so that the circle
(53.3) passes through z = 0. It passes through { =0 when o= 0 so that (53.3) is a line.

We see, then, that inversion takes generalized circles into generalized circles. In
particular, it takes lines through z = 0 (that is, « = 8 = 0) into lines through {= 0 and
circles centered at z=0 (that is, p = 0) into circles centered at {=0.

Let z; be any point in the z-plane. The point z; is said to be inverse to z; with respect
to a circle if it lies on the same ray from the center of the circle as z;, and the product
of the distances of z; and z: from the center is the square of the radius of the circle.

Vi

22
1/2\1/
\/ -7

R i

If the circle is described by the equation (53.3), the inverse point z; must satisfy the
two real equations

2
hmq)&_qzm;_g
& & (0 &
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arg(z; — g) = arg(z:z — g)

These two equations are equivalent to the complex equation

(-2

Multiplying by a, we see that z; and z, are inverse points with respect to the circle
(53.3) if and only if

52 §)
JI.0)

and

X132 P

~~

If z» is inverse to zi, z; IS inverse to Z; as can be seen by taking the complex conjugate
of this equation. We say that z; and z are inverse points with respect to the circle
(53.3) if they satisfy Equation (53.5).

We now apply the inversion { = 1/z, and let {; = 1/z1, {o= 1/2. Then (53.5) goes into

35122“P51—I_722+a$0-

We see that {; and {, are inverse with respect to the image circle (53.4).

Inversion takes inverse points with respect to any circle into inverse points with respect
to the image circle.

We remark that if z; =0, then z. = 8/p. Hence, we formally find that the point inverse
to {, = = is {; = p/B, which is the center of the circle (53.4). The center of a circle and
the point at infinity may be considered as inverse points.

If =0 so that (53.3) is a line, the relation (53.5) for inverse points is

—pz1—pz: +B=0.

Subtracting this relation from (53.3) with o = 0, we have

Z— 2 =—%(z—22),

\ ]
o

so that
|z — z1] = |z — z2].

Thius z; and ze are equidistant from all points of the line (53.3). That is, they are mirror
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images in this line. This, then, is the proper definition of inverse points with respect to
a line.

It is clear that the linear transformation { = az + b takes generalized circles into
generalized circles and inverse points into inverse points. If we combine linear trans-
formations with inversions, these properties are preserved.

The mapping

_az+b

(53.6) ‘Tt d

is called a bilinear (or linear fractional or Moebius) transformation. If ¢ = 0, it is just
a linear transformation. If ¢ # 0, we have

(=9 b a7d.
¢ cz+d
Thus the bilinear transformation may be obtained by making the linear transformation
L=cz+d,
then the inversion
1
= o

and then a second linear transformation
_ ad a
(= (b ¢ ) Lre

We see from the last transformation that the whole z-plane goes into a single point
if bc — ad = 0. We shall always assume that

(53.7) ad — be # 0.

Then we find that the bilinear transformation (53.6) is a one-to-one conformal mapping
of the extended z-plane onto the extended {-plane. It takes generalized circles into gener-
alized circles and inverse points into inverse points.

The composition of two bilinear transformations gives another bilinear transforma-
tion. For if

. _az+b

STt d
_a'C1+b'

C_C’§] +d15

we have

{= ' -
c’ (af +-b—) +d’
_(d'a+b'ciz+ (a'b+ b'd)
(cla+dc)z+ (¢'b+ d'd)
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and those of the second as

(a' b’)
c 4l

the coefficient matrix for the composed mapping is the matrix product

a’ b’) (a b)

¢ d'J\¢ dJ
Since the determinant of a matrix product is the product of the determinants, the con-
dition (53.7) is preserved under composition.

If we wish to solve (53.6) for z in terms of {, we need a mapping whose composition
with (53.6) gives the identity map z = z. Thus its matrix is the inverse

1 (d —b)
ad — bc\—c a/’
Multiplying all the coefficients by the same constant does not change the mapping.
Hence we can ignore the factor in front, and write

_di—b
z —c{+a

It is easily verified that this is the equation (53.6) solved for z.

Since the mapping (53.6) depends only on the ratio of the coefficients 4, b, ¢, and d,
it is determined by three complex parameters. We can therefore expect to be able
to prescribe its value at three points. That is, we can prescribe the images {;, {z, and
{s of any three distinct points z;, z2, and z;. Such a mapping may be obtained by solving
the equations

(53.8) E—8)(L—8)_ (z—z)(22—23)

(§— L)Ly — Ls) (z—z2) (21— 23)
for ¢ in terms of z. It is easily seen that this procedure gives a bilinear transformation
satisfying (53.7), provided the points {;, {, and {3 as well as the points z;, z2, and z3 are
distinct. It can, moreover, be shown that the mapping so obtained is the only bilinear
transformation taking z,, z», and z; into {;, {», and {3, respectively.

Since three points determine a generalized circle, one can find a bilinear transfor-
mation taking any prescribed circle in the z-plane into a prescribed circle in the {-plane
by choosing three points z;, z2, and z3 on the first circle and making them go into
points &, {2, and {3 on the second circle.

Example. Find a bilinear transformation that takes the circle |z| = 1 into the line Im ¢ = 0.
We choose the three points z; = 1, z2 =i, zs=—1 on |z] = 1, and make them go into {; =1,
L =0, {z=—1 on Im =0, Then (53.8) becomes

C-DHM_=-D3GE+1)

£(2) (z—1)(2)
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Solving for £ gives

_z—i
(= z 1

We are normally interested not in mapping curves into curves, but domains into
domains. We now exhibit an easy method of making domains bounded by circles go
into other such domains. A conformal mapping preserves angles between curves. In
particular, a bilinear mapping preserves the angle between the boundary curve and a
perpendicular ray going into the domain.

The three points z;, z2, zs on the original boundary curve C define a direction of
traversing C. Namely we go from z; to zz in such a way that we pass through z.. Sup-
pose that D lies to the left of this motion. That is, the ray into D makes an angle i7
with the directed boundary curve C. We map C into C*. The image points {;, L, {3
will define the corresponding direction on C*, and D* will be to the left of this direc-
tion.

For instance in the above example we mapped the points z; =1, 2 =1i, z;=—1 of
|z| = 1. These define the counterclockwise direction on the circle, and the disk |z| < 1
is to the left of C. The image points {; =1, {>=0, {3=—1 on Im { = 0 define a motion
from right to left on this line. The domain to the left is the lower half plane. Hence
the mapping

z— i
C= it 1
maps |z} < 1 into Im¢ < 0.

If we wish to make |z] < I go into Im { > 0, we can choose the same zi, 22, z3, but
(1=—1,0=0, {r=1.

A circle is also determined by one point on it and a pair of inverse points with respect
to it. Thus we may choose z; and z: to be inverse points with respect to the circle in
the z-plane and {; and {; inverse points with respect to the circle in the {-plane. This
often gives the transformation directly without solving the equation (53.8).

Example. Find a bilinear transformation that takes the disk |z| < 1 into the half-plane Im { > 0.
We take the inverse points z; = 0, ze = = with respect to the circle |z| = 1, and the point z3 =1
on the circle. We make z; and z» go into the inverse points ¢, = i, {z = —i with respect to the
line Im { = 0. We make z; go into the point {; = %, which lies on the line. Note that z, lies in D
and ¢ in D*. Since z =1 goes into { = =, the denominator of the bilinear transformation must
be z — 1. Since z = 0 goes into { = i, we must have b= id =—i. Since 7= « goesinto {=—1i, we
must have a = —ic =—i. Hence the transformation is

—Z—1

L===r

This transformation is different from the one we obtained in the earlier example. We
conclude that the transformation is not uniquely determined by the two circles. To in-
vestigate this nonuniqueness, we construct the most general bilinear transformation
from |z} =1to Im ¢ = 0.

The inverse points z; = 0 and z; = % must go into a pair {; = a, {> =a of inverse points.
Some point z; = €¥ on |z| = 1 must go into {3 = . Thus we find that the transformation
must be of the form
az — az

§=
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The choice of the complex number ¢ and the real number @ is arbitrary.

If we wish the disk |z| < 1 to go into the upper half-plane Im { > 0, we must make the
interior point z = 0 of |z| < 1 go into a point with Im { > 0. Since « is the image of
the interior point z=0, it is only necessary to require that Ima > 0.

As an application we give a simple derivation of Poisson’s formula. We wish to solve
a boundary value problem

Viu=10 for x>+ 3y? < R?

with u prescribed on the circle |z|*> = x* + y*> = R

Let z; be the point at which we wish to find u. We map the circle |z| < R into the unit
circle |{| < 1 in such a way that z; goes into { = 0. Then the inverse point z; = R?/ 7,
goes into { == . Let z3 = R go into {3 = 1. These conditions determine the mapping

R2
C___Z*"Z] _—Z__l
R? R—zu

Z— =
V4]

z—2 R(zi—R).
ZEI_RZ R—z

U(g) = ulz(f)]

is again harmonic. Hence by the mean value theorem

1
U0 =3- Ul

= 517; ﬁa:n u(z) ‘%‘ |dz|.

Since |z: — R| = |z: — R|, we find that

|d¢| _ R(R®— |z1?)
|dz| |zz1 — R*|?

In polar coordinates z = Re®, z; = pe'®, |dz| = Rdh. Then

R Lol [ (ko
M(Zl) = > . |Rei9 71— R2|2Rd9a
or
_RI—p? o u(R, 6)
ulp, ¢) = > L R+ p2—2Rp cos(B-qb)de'

This is Poisson’s integral formula (24.12).

EXERCISES

1. Find the image of the circle |z— 1| = 1 under the inversion
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2. Find the image of the line x + y = 1 under the mapping

_z+1
C=7—1

3. Find the image of the wedge 0 < y < x — 1 under the inversion
1
£=7

Draw diagrams of the domains in the z and { planes,

4. Find the image of the domain 4 — (y + 1)? < x* < 4 — (y — 1)? under the mapping { =
(z ~— 3i)/(z + 3i). Draw diagrams of the domains in the z and { planes.

5. Find a bilinear mapping which takes the half-plane x + y > 0 into the circle [{ —~ 1] < I.

6. Find a bilinear mapping that takes the circle |z —2| < 1 into the half-plane Im £ < 0.

7. Find the most general bilinear mapping that takes the unit circle |z| < 1 into the unit
circle |{] < 1.

8. Find a bilinear mapping that takes the circle |z + 2] < 2 into |¢| < 1 and the point z =—1
into {=0.

54. Laplace’s Equation on Unbounded Domains.

It is frequently of physical interest to consider Laplace’s equation on a domain
which extends to infinity. For example, we may consider two-dimensional potential
flow past a finite object in a tank which is so large that it may be considered to be
infinite. In this case the point at infinity is a part of the domain D.

On the other hand, we can consider the flow in a long channel. In this case, we
idealize by saying that the ends of the channel are at infinity. Then the point at infinity
is on the boundary of the domain D,

In either case, if zo is a point lying neither in D nor on its boundary, the bilinear
mapping
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value problem for Laplace’s equation in D is reduced to a boundary value problem
in the bounded domain D*, which can then be solved. The solution is uniquely deter-
mined if we require it to remain bounded at the point { = a which corresponds to z=o.

If z= o is an interior point of D, (that is, if D contains the exterior of some circle)
the image point { = a will be an interior point of D*. Hence the solution U is con-
tinuous there. It follows that the solution « in the z-plane has a limit as |z| — %, which
is uniquely determined by its boundary values.

Example. Consider the boundary value problem for the exterior of a circle

du 82u

el g =% — 2
£y + 0 for x®+y*> I,
u—x+1 for x2+4+y*=
|u| bounded.
The inversion
_1I
t73
transforms this problem into
2
aa;;’+ PU_y for £+m?< 1,

U £+1 for &+ n*=
where
U(€, m) = ulx(€ m), y(€, D]

This new problem has the unique solution U/ = ¢ + 1. Hence

u= + 1.

x2+y

This function clearly solves the original problem. The function # = x + 1 is also harmonic, and
satisfies the boundary conditions, but it is unbounded. The solution

Jc2~|—)72+1

is the only bounded solution of our problem. It has the limit 1 as x2 + 2 — .

If z = = is a boundary point of D, its image { = a will be a boundary point of D*,

The boundary values will be continuous at this point only if the given boundary values

thig 11
have the same limit on all parts of the boundary that go to infinity. In this case « will

have the same limit as |z} — % in D. Otherwise, ¥ will not have such a limit, but will
still satisfy a maximum principle.

Examples. Consider the boundary value problem for the half-plane

3%u | d*u

8x2+_=0 for y >0,
_xt—1
u(x, 0)_x2+ 1’
u bounded.

The bilinear mapping
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takes this problem into

a2U *U
an? =0 for £+n* <1,

U=¢ for g2+n2=1

. z—i\ __ x>+ y*—1
u=Re (z+i)—x2+ (1+y)2
We note that u(x, 0) has the limit 1 as x approaches either + o« or —=. Correspondingly, the
solution u(x, y) has the limit 1 as x* + y* = o,
On the other hand, the problem

Hence U = ¢, or

=0 for y > 0,
for x=0
u(x, 0) = mc = for x=0

has the solution

2
u=1Im I:TlijT) 10g z]
(X2 4+ y3)2 4+ x2—y? Xy

X
TE PRI )T T E I @)

log (&2 + y?).

Here u(x, 0) has the limits 0 at + and 7 at —. The solution has a different radial limit tan—! y/x
along each radial line y/x = constant.

In three dimensions, there are very few conformal mappings. However, we can
verify that if the function U (¢, n, {) is a solution of

U RU | U
oer Tagr tag

=0,
then the function

u(x, y, z)

U( X — Xo — Yo Z— 2o )
A —Xx0)P+ (Y —yo)®+ (2—20)? = x)’F (y yol 2+ (2= 20)% (x— )2+ (y—y0)>+ (2—20)*
V(x—Xo)2+ (¥ —yo)*+ (2— 20)*

is a solution of

*u  *u  d'u

3P+5;§+G_ZE= 0.
Thus the inversion
_ X — Xo ,
N N (R DL PR
n= Y~ Yo
(x—x)2+ (y—yo)2+ (z— 20)2
(= 20

(x— %)+ {y—y)*+ (z—20)?

reduces a boundary value problem for Laplace’s equation in a domain D to a boundary
value problem for Laplace’s equation in another domain D*. If the point (xo, Yo, Zo)
is neither in D nor on its boundary, then D* is bounded.
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If U is to be a bounded solution, # must approach zero like 1/Vx2+ y*+ 22 at in-
finity. The solution x will be uniquely determined if this condition is added to the
boundary conditions. It is, in fact, sufficient for uniqueness to require that i approach
zero as x2 + y* + z2 — . If the boundary extends to infinity, V x2+ y? + z2 times the
boundary values of ¥ must be bounded, so that the boundary values for U remain

bounded.

Example. The conducting sphere x* 4+ y* + z> =1 is raised to electrostatic potential one rela-
tive to the earth. If we consider the earth far away, we may approximate the potential function
by the solution of the problem

%+%+%=0 for x2+y2+22> 1,
u=1 for X*+y2+272=1,
u—>0 as x2+4+y?+z7%—>

Introducing the inversion

g:#,
X2+ yr 42

n= gl

xX24+y 47

gz_zm__“ ,

X4y 42

we obtain the problem
FU | *U | *U _ 2 2 4 g2

a§2+an2+ag2“0 for E+m2+<l1,
U=1 for &+n+2=1.

Its solution is U(¢, n, {) = 1. Hence the potential function u is

u(x,y, z) = —1___

The function ¥ = 1 satisfies the first two conditions of our problem, but does not approach zero
at infinity.

EXERCISES
1. Solve
Pu | Fu _ 2 2
ax2+ay2_0 for x*+3y*>1,
U=x for x*+4+y*=1,
u bounded.
2. Solve
*u , Pu
B 5;2‘-—“0 for v >0,
— x .
ulx, 0) =70,
u bounded

by a mapping into the unit circle.
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3. Solve
Pu | u
ax2+ay =0 for x>0, y>0,
v2
—_ ey
H(Ua )’) y4 + I
—_— x2
ulx, 0) = =77
u bounded
by using the mapping { = z* followed by a bilinear mapping.
4. Solve
Pu  Fu 2 2 2
6x2+8y2+az =0 for *+y*+22> 1,
U=x for x2+y*+z72=1,
u—0 as x*+y*+ 72>
5. Solve
Fu | Fu_ 242y 2
6x2+6y+6z2_0 for X*+y2+22>1,
u=f(x,y,z) for xX®2+y*+z2=1,
u—» as ¥*+y*+722—>x
by using inversion and the Poisson integral formula (44.9).
6. Solve
ax2+5;2'+37u—0 for z>0,

o X
u(x,y, 0) = (x> F % + 1)3/2’
u—>0 as X2+ y?47t > o,

HINT: Invert about (0, 0, —1).
55. Some Special Conformal Mappings.

We present here a few commonly used conformal mappings and their effects on
certain domains. A large collection of such mappings and their effects is found in
H. Kober, Dictionary of Conformal Representations, Dover, 1957.

The exponential function e* gives a mapping

(55.1) [= e

Since d{/dz = e* # 0, it is conformal. It is one-to-one in any domain which does not
contain two points differing by a multiple of 2#i. Since

£ = e,

the vertical lines x = constant go into circles centered at the origin and of radius e~
Since

arg { =y,

horizontal lines y = constant go into radial lines arg { = constant. If y increases by 24
while x is fixed, we return to the same point in the ¢-plane. The mapping (55.1) takes

the semi-infinite strip — < x < 0, 0 < y < 7 into the semicircle |{| < 1,Im{ > 0, and
the infinite strip —© < x < o, 0 < y < 7 into the half-plane Im {>0.

EARiRAlN AR R RKi
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The transformation
(55.2) {=coshz= ;—(ez + e~%) = coshx cosy+isinhxsiny
has the property that d{/dz = 0 for z = nwi, where n =0, =1, 22, . . . . It is conformal

only in domains not containing these points. It is periodic of period 27 in y. Moreover
cosh (—z) = cosh z. Hence the mapping is one-to-one on a domain that does not con-
tain two points z; and z, for which either z; — zo =2nmi wWithn=1,2...,0r 21+ 2=
2nmi, withn=20,1,2,....
We note that
Lt 2L
cosh®*x ~ sinh®*x

=sin’y + cos?y = 1.

Thus each line x = constant goes into an ellipse with major axis cosh x in the &-direction
and minor axis |sinh x| in the n-direction.
Similarly,
£ n’
costy sinfy

Therefore the image of the line y = constant lies on a hyperbola crossing the £-axis
at + cos y and having asymptotes £ = % (tan y)7.

74

X =constant

/ \Y\ y =constant

If x > 0, cosh x and sinh x are positive. Hence { lies in the same quadrant as e,
As y goes from 0 to 27, { goes around an ellipse starting at cosh x and returning there.

If0 < y < 47, cosy and siny are positive, Hence ¢ > 0, while n h = the same sign
as x. As x goes from —o to %, { goes along the right branch of a hyperb :from bottom
to top.

For y = 0 the hyperbola degenerates to the line segment =0, £ = 1 covered twice:
once for —¢ < x = 0 and once for 0 = x < . For y = /2 the hyperbola becomes the
n-axis, and for y = = we obtain the segment n =0, £ = —1 covered twice.
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For x = 0 the ellipse degenerates to the segment n =0, —1 = ¢ = 1 covered twice.

Thus, the transformation (55.2) takes the half-strip 0 < x < », 0 < y < 7 into the
half-plane » > 0. (Note that a half-plane can always be taken into a circle by a bi-
linear mapping.)

It takes the rectangle 0 < x < x¢, 0 < y < 7 into the upper half of the interior of the
ellipse

& 7 _
cosh? x, t Sink? Xo L
and the rectangle 0 < x < xo, 0 < y < /2 into the upper right quarter of this ellipse.
We have seen that the mapping {= e? takes the semi-infinite strip—o <x < 0,0 <y <mw
into the semicircle [{| < 1, Im { > 0. If we compound it with the linear mapping
z=mi— w, we find that

g — em‘—w = —eW

takes the strip 0 < u < o, 0 < v < 71, where w = u + iv, into the same semicircle. On
the other hand, we have seen that the mapping

z=coshw

takes the same strip 0 < u < «, 0 < v < 7 into the upper half plane Imz > 0. If we
compound the inverse of the first transformation with the second, we obtain

o 1/, 1)
(55.3) z=—3(¢+7)

This mapping, then, takes the semicircle |¢| < 1, Im ¢ > 0 into the upper half-plane
Imz > 0.

The mapping (55.3) is conformal on any domain which does not contain { = 0, or
{==1. It is one-to-one if the domain does not contain a pair of inverse points {; and
1/4:. It takes the unit circle [{| = 1 into the line segment y =0, —1 = x = 1, covered
twice. In fact for { = e, z = —cos 0. The interior of the unit circle |{| < 1 is mapped
into the exterior of the line segment y =0, —1 = x = 1. The potential problem for this
domain in the z-plane is useful in approximating potential flow around a thin airfoil,
or an electrostatic potential around a thin conductor.

The exterior |{| > 1 is also mapped into the exterior of the slity =0, —1 = x = 1.

We consider now a circle of radius R < 1 in the {-plane. The boundary { = Re®
goes into

1/ 1

__Iy1 i1 _ :
z= 2(R+R)cosﬂ+2(R R)smﬂ.

Thus

4x2 + 4y*

1 z 1 2
k7] &%)
The interior |{| < R goes into the exterior of this ellipse. The ratio of the axes of the

ellipse is (1 — R%*)/(1 + R?*), which may be made equal to any given number between
zero and one by a suitable choice of R.

=1
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If we solve (55.3) for {, we obtain the inverse mapping
(55.4) {=—z+ (2~ 1)1

As might be expected from the above considerations, this function is double-valued,
and we must make a branch cut. We first cut along the segment y=0,—~1 = x= 1. One
choice of the square root, that for which {=—x+ Vx* — 1 for z==x > 1 leads to a map-
ping of the exterior of this cut into [{| < 1. The choice which makes {=—x— V% — 1
for z = x > I leads to a mapping into |{| > 1.

We may also take the two branchcuts y=0,— <x=—landy=0, 1 = x <, and
define (55.4) as a single-valued function by specifying that { = —x + Vi — x for
z=x,—1 < x < 1. The corresponding physical problem is that of a plane wall with a
slot. The mapping (55.4) maps the domain into the half-plane Im { > 0. This fact can
also be verified by examining the image of the boundary Im { = 0 under the inverse
mapping (55.3).

We remark that by compounding linear transformations with { = cosh z, we can ob-
tain the mappings

{ = sinh z = —i cosh (z + %m'),
{ = cosz=coshiz,

and

{ = sin z = —cosh i(z + g)

As a final example we consider the power transformation

o
(55.5) L=z,
where « is a positive real constant. The mapping is defined bv the relations
where « 18 a positive real constant., 1he mapping is defined by the relations

Thus radial lines go into radial lines and circular arcs centered at the origin go into
circular arcs centered at the origin.

The angle between radial lines is multiplied by «.

The transformation (55.5) is conformal for z # 0. However, unless « is an integer,
it is multiple-valued, so that a branch cut must be introduced. If « > 1, several points
in the z-plane may go into the same point {, so that the domain in the z-plane must be
restricted to make the mapping one-to-one.

The most important properties of the mapping (55.5) are that it takes the wedge
0 < arg z < 7/a into the half-plane Im { > 0 and the sector 0 < argz < mw/a, 0 < |z] < 1
into the semicircle |{| < 1, Im{ > 0. We have already shown that the mapping (55.3)
takes the semicircle into a half-plane, so that the composition of these two trans-
formations takes any sector into a half-plane. From there the domain can be trans-
formed into a circle by a bilinear transformation.

The particular mapping

(= lez
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3
m
O

with 0 < arg z < 27 takes the exterior of the ray y=0, x = 0 into the half-plane 1
MTha A;vaie el AF Tmmtaract s ot sy tho alactractatis natantial
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edge of a plane conductor, or potential flow past a plane semi-infinite wall.
The mapping { = z!'2 also takes the circle |z| < 1 with a cut along the real positive
axis into a semicircle. It is important to distinguish a circle with a cut from a circle
without a cut. For example, in electrostatics the circle with a cut represents a cy-

lindrical conductor with an extra plane conductor inserted.

EXERCISES

1. Find the image of the disk |z| < 1 under the mapping
_ Z_l 1/2
(= (z + 1)
when 0 <arg(z—1) <27, —7 <arg(z+1) <m
2. Find the image of the half-strip 0 < x < «/2, y > 0 under the mapping { = sin® z.
3. Find the image of the right triangle —x < y < x, 0 < x < 1 under the mapping { = z2.
4. Find the image of the rectangle 0 < x < w/4, —1 < y < 1 under the mapping { = sin z.
5. Find a conformal mapping which takes the semicircle |z| < 1, Imz > 0 into the circle

[£] < 1 in such a way that —1, i, and 1 remain fixed.
6. Using the result of Exercise 3, solve the problem

Qﬁz_t._]ﬁau‘ 1 8*u
o " rar P ol
u(l, @) =sing/(1 + singd

%ff(l,e)=o for 7 < @< 2m.

Fay Y o -1
=V 1or r < 1

b

for 0 <6<,

HINT: Note that the condition aU/oy = 0 at y = 0 on a semicircle can be satisfied by extending
U as an even function across this line.
7. Show that the image of the half-plane Im z > 0 under the mapping

C"lr dw
R Y e Y
JO OV W(We - 1}

is a square. The path of integration lies in Im w = 0, and the arguments of w, w—1, and w+ 1
are taken to be between 0 and . (This is a special case of the Schwarz-Christoffel mapping.)
HINT: Consider the argument of d{/dz when z lies on the boundary Imz = 0.

8. Using the result of the preceding exercise, find a conformal mapping from the unit disk
|z < 1tothe square 0 < Re{ < 1,0 <Im{< I

56, The Cauchy Integral Representation and Liouville’s Theorem.

We have shown in Section 49 that if f(z) is analytic inside and on a simple closed
contour C, then

$ flz)dz=0

Suppose now that f(z) is analytic in the domain between two simple closed contours
C and C’, with C’ inside C, as well as on C and C'. However, f(z) is not necessarily
analytic inside C’. That is, the domain where f(z) is analytic may be multiply con-
nected. We cut the domain D between C and C' into two simply connected domains
D, and D; by means of line segments ', and I's.
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C

D,

e
Let C, be the boundary of D,. Then

jﬁcl A2)dz=0

Similarly if C, is the boundary of D,
f(2)dz =
Cp

If both of these contours are traversed in the counterclockwise direction, we find
that the integral over C; consists of line integrals to the right along I';, clockwise around

Mt tha roht alano T nd ~caintarcl Lurica alano tha nnnar nart
the upper pa}”t Gf o, 10 1€ Ngntl aiong 1 2, and CUUULVLCLOCI\W}.S\; aiong inc uppdr part

of C. Similarly, the integral over C; consists of integrals counterclockwise along the
lower part of C, to the left along I';, clockwise along the lower part of C’, and to the
left along I'y. If we add these two integrals, the contributions of I'; and I', cancel, and
we are left with the integrals clockwise around C’ and counterclockwise around C.
Thus we have

(56.1) $ rae=¢ sz

where both integrals are taken in the counterclockwise direction.
In other words, the value of a contour integral is not changed if the contour C is re-
placed by a second contour C' such that f(z) is analytic in the domain between C and C'.
This fact allows us to simplify the evaluation of some contour integrals.

Example. Find

J’zw de .
o a®cos?@+ b?sin? @
We observe that if C is the ellipse

x=qcosf,
y=>bsin8,
then
1, - 2 (—a sin 8 + ib cos 8)d0
< 0 acosf+ibsind
_ [*™ (b* —d®) sinf cos § + iabdﬂ
0 a® cos? 0 + b? sin2 6 ’

whose imaginary part is the desired integral times ab.
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We let C’ be the circle

X=p cosd,
y=psiné,

where p is smaller than g and . Then

1, _ [*™—psinf+ipcosh
ﬁwza'z—ﬁ pcos6+ipsin6d6

2w
= I id6
0

— N?
= 4Tii,

Since 1/z is analytic except at z = 0, we have

§ =dz = § =dz = 2mi.
cZ

Equating real and imaginary parts gives

2w sin § cos 8d6 _
o a2cos?f+ b?sin2d ’

27 de _ gﬂ
o atcostf+ bBsin28  gb

The latter is the desired result.
Suppose now that f{(z) is analytic inside and on a simple closed contour C. If z, is any
point inside C, the function

F(z) = Sz

Z— 2
is analytic inside and on C, except at z,.
Since f(z) is analytic, its Taylor series
® fl=]
f) =L@ ()
0 Fi:
converges uniformly on any disk |z — z,| = p lying inside C. Let C’ be acircle |z— 2] =

p lying inside C.
Then on C’

f@) _ flzo) |G M)
n! 0 .

Z— 20 Z— 2o n=1

This divided series still converges uniformly on |z — zo| = p. Therefore we may inte-
grate it term by term. Since (z — z0)*! with n = 1 is analytic, its integral around C'

is zero. Only the first term contributes to the integral, and we find that
f(z) dz
dz = f(z :
¢ Z— Zo f( 0) c i 2o

We shall always use the convention that the integral around a simple closed contour
is to be integrated in the counterclockwise direction.
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We introduce the angle 6 as the parameter on the circle, so that

1= 20 + Pem,
g~ e
Then
2T il
fﬁ dz_ f e
¢ Z— 2o 0o €
= 2l
Thus
$ Lz — 2mifian).
Hence also

f(z) .
L2 =2 ;
ﬁ? Z— 2o z mif(z)
We have shown:

THEOREM. (Cauchy integral representation) If z, is a point inside a closed contour C
such that f(z) is analytic inside and on C, then

(56.2) W) =5 fﬁ zf(_Z)zodz.

A consequence of this theorem is that | f(z) | cannot attain its maximum in a domain
D where f(z) is analytic unless f{z) is a constant. To prove this assertion we first show
that if |f(z)| is constant, then f(z) is constant. If | f(z)| is constant,

) =21l 12 =
ax|f(2)| - ”ax + "5.?., =0
9 2 —of OH OV
aylf(z)l = (May"*' V@)
Hence by the Cauchy-Riemann equations
SR
“ox
au av _
Yox  Yax 0.

This is a set of two linear homogeneous equations in du/dx and du/dy. At each point
either the determinant — (2 + v2) = 0 in which case f(z) = 0; or du/dx = dv/ox == 0, and
then by the Cauchy-Riemann equations du/dy = dv/dy = 0. Since f(z) and f'(z) are
continuous, both of these possibilities imply that f(z) is constant.

We now suppose that |f(z)| attains its maximum in D and is not identically constant.
Then there must be a point z, in D where |f(z)| attains its maximum, and a circle
|z — zo] = p in D whose interior |z — 7| < p is in D, and on which there is a point
21 = 20 + pei®1, where |f(z)| < [f(z0)|. Since |f(z)] is continuous, |f(z + pe®®)| <
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£ L rrctbatming D N
v < 0O vuutauuug . 1N

f(z)
) =55 ﬁmo\_p z— Zodz

_ 1 "
=5 f flza + pei®)de.

Since by hypothesis |f(z)| = [f(zo)| in D and |[f{zo + pei®)| < |f(20)| fora < 6 < b,
we find that

NOW

&
A

flan)| = 5 f | flz0 + pe) |dB

a b 27
1 " | f(zo + pet®)|db + ( | f(zo + pe®) |do + ( if’zo-i-peie)idﬁ]
271' 1_’ ,’a Jb j
< | flzo)]

This is a contradiction, so that our hypotheses cannot hold. That is, either |f(z)|
does not attain its maximum in D, or | f(z)}|, and hence also f(z), is constant.

This fact is known as the maximum principle for analytic functions. If f(z) is analytic
in a domain D and continuous in the set consisting of D and its boundary C, and if
If(z)| = M on C, then we must have | f(z)| < M in D unless f(z) is a constant.

If « is harmonic in a simply connected domain D, there exists an analytic function

f(z) such that
u=Ref(z).
Then

¥ = |ef(2)|_

The maximum principle for analytic functions now implies that if «#, and hence also
e*, attains its maximum in D, then « must be constant. If D is multiply connected, we
reach the same conclusion by observing that a nonconstant harmonic function cannot
attain its maximum in any simply connected subdomain of D. Thus unless « is constant,
it is strictly less in D than the maximum of its boundary values. This fact is called the
strong maximum principle for harmonic functions. By considering —u in place of u,
we obtain an analogous strong minimum principle.

We now again suppose that C is a simple closed contour in a domain D where f(z)
is analytic. Let 7o be inside C. Then near z,

flz)  _ f(ze) f(Zo)+ s f (Zo)(

(z—z20)% (z-—zO)2 2= 20 n-2

—_ Zo)n—2.

If p is so small that C’: |z — zo| = p and its interior lie inside C, the series converges
uniformly on C'. Integrating term by term, we find that

A2 dz= f(Zo)ﬁ (Z_z)z f(zO)ff;

o (2— 202

Z— Zo

Now

_dz__ =£f2” 040 —
fﬁ (z—z2)? pl € 46=0,
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Hence by (56.1)
f(z) g
fﬁc (z— go)2e=2mif (20)

when f(z) is analytic inside and on C. Similarly we can show that for any derivative
finl(zo), the representation

Y)Y R 09
(56.3) @) = 3§ o

2mi

holds. Thus every derivative can be written as an integral of a multiple of f(z). Note
that (56.3) is the result of differentiating the representation (56.2) under the integral

sign.
If f(z) is analytic for [z — zo| = p, it must aiso be uniformly bounded in this circle:

fz)[ =M.
If we let C be the circle |z — zo| = p in (56.3), we find that

n! [ |f(Zo+Pew)| i
If[n](ZOH = %J; pn+lei(n+1)9 pe ’dd

56.4
(36.4) _ M

pﬂ
If we now consider a smaller circle |z — zo| = ap, @ < 1, we find that

5 [,

N n
fe) = 3 L2 — gy

<3 Mooy
N+1 P
MaN+l

=T

Thus we have a bound involving only M and « for the error made in approximating
f(z) by a partial sum of its Taylor series.

We remark that if £(z) is analytic in a domain D, if |f(z)| = M in D, and if the
distance from z, to the boundary is R, the inequality (56.4) holds for all p < R, and
hence also for p = R. Then the above error bound holds with a = |z — zs|/R.

Suppose now that f(z) is entire (that is, R = «), and that f(z) is uniformly bounded
for all z: |f(z)| = M. Then (56.4) holds for any z, and any p. Taking n =1 and letting
p — o we find that f” (z,) = 0 for every z,. Thus we have proved:

LIOUVILLE’S THEOREM. If f(z) is entire and [f(z)| is uniformly bounded for all z,
then f(z) is a constant.
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In other words, the absolute value of a nonconstant entire function must approach
infinity on some sequence of points.

Since e=f?) are also entire, we can apply Liouville’s theorem to |e=/?)| = e*Re(f(2)),
Thus if f(z) is not constant, the real part of f(z) must approach both 4+ and -~ on
some sequences of points.

Therefore, a nonconstant harmonic function defined for all x and y must approach
both + and — on some sequences of points.

EXERCISES

1. Evaluate by the Cauchy integral representation theorem

By splitting the integral into real and imaginary parts, evaluate two real integrals.

2. Evaluate
e?
3& P 1afz,

where C is the rectangle bounded by x=0, x =3, y=—1, and y = 1. Use this result to evaluate
two real integrals.
3. Evaluate

eZ
3E.z.=2 =De=n%

z+1
ﬁz|=2 (z—1)%z— 4)dz'
5. Evaluate
sin z
ﬁd:u =z dz.

6. Show that if f(z) is entire and if for some integer &, wézz G < M, then f(z) is a polynomial
of degree at most k.
HINT: Use (56.4).

7. By applying (56.4) to ¢® show that if V2« = 0 and m < « < M in a domain D, and if R
is the distance from (x,, yo) to the boundary of D, then
eM-m

lgrad u(xo, yo)| =

8. Obtain the Taylor series for (1 + z)/? about z = 0 correct to terms in z?, and bound the
error made in this approximation when |z| < §-

9. (Fundamental theorem of algebra). Show that any polynomial P(z) = aoz" + a:z* 1+ - - -
+ a, of degree n = 1 (g, # 0) has at least one zero.
HINT: Apply Liouville’s theorem to f(z) = 1/P(2).
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57. Singularities of Analytic Functions.

If z, is a limit point of points z where f(z) is analytic, but if f(z) is not analytic at
2o, then z, is called a singularity of /(z). In order to be analytic at zo, f(z) must be defined
in a neighborhood |z — zo| < p of z, and equal to its Taylor series there. If f(z) is not
defined in any neighborhood of z, but if it can_be made analytic at z, simply be defining
it at some additional points, z, is said to be a removable singularity.

Example. The quotient

22— 1
z—-l

fz) =

is defined and analytic everywhere except at z = 1. If we define /(1) = 2, we have f(z) =z+ 1,
which is analytic everywhere. Therefore the singularity at z =1 is removable.

Example. Let f(z) = (z/2)4. The function z'? is multiple-valued, unless we introduce a branch
cut. If we let —7 < argz < =, then zV? is undefined on the negative real axis. f(z) = z* except
on the negative real axis. If we define f(—a) = & for a = 0, we have f(z) = z2, which is analytic
everywhere. Thus (z'/2)* has removable singularities on the whole axis Imz =0, Rez = 0.

If zo is a singularity of f(z) but f(z) is analytic for 0 < |z — 20| < p for some p > 0,
then z, is called an isolated singularity of f(z).

Examples. 1/z has an isolated singularity at z = 0. On the other hand, if we take —r < arg z < 7,
z'% is undefined (that is, has a branch cut) on the negative real axis. Hence its singularity at
z=0is not isolated.

We consider a function f(z) which is defined in a domain D as the quotient of two
analytic functions:

(z)

where /h(z) is not identically zero. Then f(z) is analytic in D except where h(z) = 0.

Suppose that A(z,) = 0. We have already shown that an analytic function k(z) is

determined by the values of / and all its derivatives at a single point z,. Since A(z) is

not identically zero, at least one of its derivatives at zo must differ from zero. Let the
269
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h(zo) = h'(z0) =+ - + = Klk-11(z,) = 0, hkl(zy) 5 0.

Then £(z) is said to have a zero of order £ at z,. Its Taylor series can be written

o0

h(Z) = (Z_Zo)k 3 ﬁ%g!zL)(Z—Zo)n_k.

n=k

Thus
h(z) = (z — z0)*m(2),

where
n() = 3 B gyn

is analytic in any circle centered at z, and lying in D. Moreover,

m(a) =252 2

Since n(z) is continuous, there is a positive number p such that % (z) # 0 for |z—z| < p.
Hence 4(z) # 0, for 0 < |z — z4| < p.
We have shown that the zeros of an analytic function are isolated.T
It follows that
_8(z)
is analytic for 0 < |z —zy| < p. That is, the singularities of a quotient of analytic functions

are isolated.
Moreover, we have

Lk 2(z),
(z—20)"(2) = )
The right-hand side is analytic for z = z,. Hence (z — 20)*f{z) has a removable singu-
larity at z = zo.
We define:
f(z) has a pole of order k = 1 at z = z, if (z — 20)*f(z) has a removable singularity at
Z0, While (z — z0)%~1f(z) has an unremovable isolated singularity at z,.
We have shown that all the singularities of a quotient of two analytic functions are

poles.?
If 4(z) has a zero of order k at zo, f(z) has a pole of at most order & there. However,

its order may be smaller if g(z,) = 0. In fact, if g(z) has a zero of order m at z,, we can
write

g(z) = (z—z0)™y(2),
where y(z) is analytic in D and y(z) # 0. Then

o vkemg oy = Y2
(z — z0)*™f(2) (2

tThese statements apply only to the common domain of analyticity of g and %, and may be violated on
its boundary, where g and h can have singularities of any kind.
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Thus, if £ > m, f(z) has a pole of order kK — m at zy. If k = m, f(z) has a removable
singularity at z,. If & < m and we define f(zo) =0, f(z) is analytic and has a zero of
order m — k at z,.

— N Z . P ~ s X s ‘e N 4
Examplies. (—Z:I_)Z has a pole of order two (doubie poie) at z = 1.
sin z/(1 — cos z) has poles of order one (simple poles) at z=2nw, n=0, 1,2, . . ..

Not all isolated singularities are poles. An isolated singularity that is not a pole or a
removable singularity is called an essential singularity.

Example. sin(1/z) is clearly analytic for z # 0. It has zeros at z=1/(nw) n==1,%2,=%3,.. .50
that z= 0 is a limit point of these zeros. If there were a k such that z* sin (1/z) has a removable
singularity, then g(z) = z¢*1 sin{1/z) with g(0} = 0 would be analytic everywhere. However its
N T . U, T wmt Ln 2ot tad wxslinl nnamtin Alnbs sxrlhind sxrn oAt aneliae Idama s oK gt £1/2)
LCIV dl £~ U WUUIU HUL DU 13U1dLlCU, WIIIVIL QUILLLAUIVLS Wildl WE PIUVCU CalliCl - LACHVC (0 D1l \ 1))
has an unremovable singularity at z = 0 for all k. That is, sin(1/z) has an essential singularity
at z= 0.

EXERCISES
1. Find the order of the zero of
(a) sinz at z=mx
(b l+cosz at z=m
(c) sinz—z at z=0.
2. Find the order of the pole of
{(a) secz at z= %w
sin z _
® 7= cosz A % 0
e — 1 _
(C) sin 24 at z=10

3. Show that if f(z) has a pole at z,
lim | f(z)| =+ .
Fand )

lim | f(2)| =+ <,
Z*Zn

then f(z) has a pole at z,. HINT: Consider g(z) = 1/f(z), and use Morera’s theorem.

5. Show that e'# has an essential singularity at z= 0.
HINT: Use the result of Exercise 3.

6. Prove I’Hopital’s rule for analytic functions: if A(z) has a zero of order k at zo and g(z)
has a zero of order m = k there, then

. g(z) __ g™(zo)
im 5 = i (z)

58. The Calculus of Residues.

We have shown in Section 56 that if f(z)} is analytic on and between two simple
closed contours C and C’, then

9& 2)dz= i*' f(2)dz.
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Suppose now that f(z) is analytic in a domain D except for an isolated singularity
at a point z; in D. Then if C and C’ are any simple closed contours in D such that z;
is inside both of them, we have

$ fade=¢ f2)dz

Since C’ may be taken to lie arbitrarily close to z,, the value

$ Al2)dz
JC

depends only on the behavior of f(z) in an arbitrarily small neighorhood of z,.
We shall show how to evaluate this integral easily when the singularity is a pole.
Suppose first that f(z) has a simple pole at z;. By definition, the function

d(z) = (z— 21)f(2)

has a removably singularity at z;. We define

¢(z1) = iigl (z— z)f(2).

Then ¢(z) is analytic inside and on C. Hence by the Cauchy integral representation
(56.2)
¢(2) fﬁ
¢lz 1)—2w1§z—z = i fz)dz.
Thus we find that if f{z) has a simple pole at z,
(58.1) ﬁ f(2)dz =2mi lim [(z — z)f(2)].

We recall that contour integrals are always to be integrated in the counterclockwise
direction.

Example. Let f(z) = 1/sin z, and let C be the the circle |z| =37, Then f(z) is analytic inside and
on C except at z =0, where it has a simple pole. Since

lim ~*—= 1,
=06 Sin 2
we have
d
"‘:‘Z— = 27i
c Sinz

Using the definition of a path integral, we find

om € [sm (—w cos @) cosh L 57 sin BL [ coi—'rr cos 0) sinh (—‘ﬂ" sin 6)]d6
7” [ 2 —_
2 )y =2

sin? (TT cos 0) + sinh? (517 sin G) -

Equating real and imaginary parts, we obtain

2 COS 6 8in (lzr cos 9) cosh (Lzr sin 6‘) + sin 6 cos 1 ¢0s ) sinh lﬂ' sin
f 2 2 2 2 46 = 4
0

sin? (%‘n cos 6) =+ sinh? (%17 sin G)
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and

2

sin? (\%ﬂ' cos 0) + sinh? (\?1:17 sin 0) d6=0.

F” sin 6 sin (%‘n‘ cos 0) cosh (lﬂ' sin 0) — cos 8 cos (%‘n cos 9) sinh (%’n' sin 0)
0

The second result is obvious since the integrand is odd about 8 = 7. However, the value of the
first integral would be most difficult to obtain in any other manner.

If f(z) has a pole of order k at z;, we define

d(z) = (z—z)¥(z) for z# z,
¢(z1) =1lim (z — 2)*f(2).

=

Then, ¢(z) is analytic in D. By (56.3) we have

) 1) $(z) — D! é
[k—1] = =
o) = § (z— zl)"d 2m' cf(z)dz'
That is,
_ Q (Zl)

%f(z)dz 2mi G=D)1’

or
2 N

(58.2) rjgcf'( ) = (k fll)' uim Zkil[(z - Z])kf-(z,\l}

Example. Let f(z) = 1/sin? z, C: |z| = ¥m. Then
dz d{ 2z
¢ sin? z = 2mi ?«“3 a’z(sin2 z)

= i lim 2{28in2 — 2 c0s 2)
70 sin® z

Using the Taylor series, we find that

1 1
2(z sing — 22 COSQ=2(§£“§BZG+' . )

ind
sin- Z Za_%zs,{_...
Hence the limit is 0. Therefore,
dz _
¢ 8in® z
In general, the value
5= $ S0z,

where C is any closed contour such that f(z) is analytic inside and on C except at the
point z; inside C is called the residue of f(z) at z;. It is denoted by R.,[f]. We have
shown that if f(z) has a pole of order £ at z,,

(58.3) R[] = (kl y; li lim [;’:I(z Z1) ’“f(z)]
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There is no such formula for the residue at an essential singularity. If f(z) is the ratio
of two analytic functions

"

flz) =8

{
[P

o~
—-

and if 4(z) has a simple zero at z,, we have
h(z) = (z— z)n(2).
Then

_ _8(2)
(Z Zl)f(z) n(z)a

and therefore by (58.1)

_8(z)
mzx[ﬂ - 7](21)’

or

(58.4) ®,.[f] = }%%.

Thus, the residue of f{z) at a simple zero of 4(z) is just g(z1)/h' (z1).
Example. If f(z) = 1/sin z,

Ro[f] = —— = 1.

cos0

At a pole of multiplicity k, the residue (58.3) is the coefficient of (z — z,)*-! in the
Taylor series for ¢(z) = (z — z2)*f(2). If f(z) =g(z)/h(2), and h(z) = (z — 21)*n(2),
this Taylor series can be found by dividing the Taylor series for g(z) by that for n(z).
The coefficient of (z — z:)*~! in this series is the residue, even if g(z;) happens to be
zero. We recall that it is only necessary to use the terms, of the Taylor series of g(z)
and n{z) up to the power (z—z;)}* 'in order to find this coefficient.

Example. Find the residue at z = 0 of f{z) = ¢*/(1 — cos z). We have

2
eZ=1+z+§—;+--~

Then A(z) = 1 — cos z = *n{z), where

1 2
n(z)_-:ft:——%_l—.. -

The residue is the coefficient of z in the Taylor series for e2/n(z).

e _1+z+--:

= =2+2 +....
7(z) zl z

Thus

e* _
9%“[1 — cos z] =2
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The same method will also give the residue of sin z/(1 — cos z) at z = 0, even though this
function has only a simple pole there.

Suppose now that f(z) is analytic inside and on the contour C except for isolated
singularities at points z, z2, . . . , zn. We cut the interior of C into n pieces bounded
by simple closed contours Cy, C2, . . . , C, in such a way that the point z; is inside
C1, 22 is inside C:, and so on.

By the definition of a residue,

where the integrals are all taken in the counterclockwise direction. It is easily seen from
the picture that each cutting segment I';, is traversed once in one direction and once
in the other. Therefore, the integrals along these segments cancel, and

#3 f(2)dz +§ fz)dz+ - -+3§ fz)dz :95 f(2)dz.
Cy Cy Gy C
We have proved the following theorem:

THEOREM. (Residue theorem). If f(z) is analytic inside and on C except for the points
Z1, 22, « .« . , 2n inside C, then

(58.5) if(z)dz = 2 (R[] + R[] + - - -+ R, [A])

The importance of this theorem lies in the fact that if f(z) has only poles, the process
of integration may be replaced by the simpler limiting process (58.3) or, in the case
of a quotient with a simple zero in the denominator, by (58.4)

dz_ _,_. 11 1 11
ﬁzlz.’in e — 1 = 2771{%—211'1[82 — 1] + SRI),:eZ _ l:l +m2wz[ez — l:l}
1,11

= 21ri{T + 1 + T}
= 67ri.

Example.

Writing this result in real form, we have
f 2™ 3riet®de

= 677i.
0 e3rrei9m 1
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Taking real and imaginary parts gives the two integral identities

fz" e’ <038 cog ( — 3 sin ) — cos §
o 1 —2e3cosb ¢cos (3 sin @) + b7 cos?

dg =2,

f2m 3708 gin (# — 3w sing) — sin @

Jo T — 2657 eos9 cos (3m sin §) + ev cosde0 -

The second resuit is obvious, since we: are integrating an odd function of 8 around the circle.
However, the first integral would be very difficult to evaluate in any other way.

We can always evaluate the integral from 0 to 2@ (or —x to m) of a quotient of poly-
nomials in sin & and in cos # by letting z = cos 8 + i sin & and considering the integral
as a contour integral over the unit circle |z| = 1.

Then
o1
cos @ = 2(z + Z),
_ 1/ 1
sm&——zi(z Z),
d0=-.1—dz
iz

Making these substitutions, we obtain an integral over the contour |z| =1 of a ratio of
two polynomials in z, which may be evaluated by the residue theorem.

o d§
o 1+ sin?é

Making the indicated substitutions, we have

Example. Evaluate

Jzn da _ 1 gé
o 1+sin2d  Jiz- 1/ 1\ Fiz
1+ [21’ 1=y
.4 zdz
i z]=1 Z4 - 6Z2 + l

The polynomial in the denominator has simple zeros at

z=%+y3—VE,  */3+VE

The first two of these are inside the contour {z| = 1, the last two are outside. Using (58.4) and
the residue theorem (58.5), we find

gz, z [z ]
ﬁz|=1 —624+1 2ami {[413 - 122] +|_4z3 - 12z

11 §
V8
Thus
2 dé »
L 1+sin20_w\/i'

Because of the symmetry of the integrand we can write

T de 1 fm _d6o 1
L 1+sin26_2J:) TFame— 2"V
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or even
W de 1™  de 1
L 1+gma_4ﬁ T sinEg— 4"V
EXERCISES
1. Evaluate

§ _dz
=3 2(22— 1)

ral identities
.

§ e*dz
|z—1]=2 22(Z - 1)

Write the recnit ac two real inte
YYIILC (N0 TeSULl a5 WO Toal 1N

2. Evaluate

3. Evaluate
9§ _dz
lz]=6 | —CO8 2
4. Evaluate
log
z ZdZy
l[z—2|=1 (Z - 2)
whara tha hranch _— e T (lner =Y = A 1 11cad
YWilwlw Lilw Ul Ailivil (1] T~ LM NIVUE LS T~ 10 UOowd.
5. Evaluate

3§ dz
cz(z— 1D (z—3)%

where C is the boundary of the square |x| < 2, |y| = 2.
6. Evaluate

wa d@
o (a® cos? @+ b? sin? 6)%

where b = a > 0.

7. Evaluate
[z cos28
Jo 5+ 4 cos Ode'
8. Evaluate
™ COosé
o 34 cos Gde'

9. If f(z) = [g(z)/h(z)] and h(z) has a double zero at z;, find R,,[f] in terms of g(z(),
g'(z:), h''(z:), and A" (z1).

HINT: Let h(z) = (z — z1)*n(z).
10. If f(z) is analytic inside and on C and does not vanish on C, show that

AL @),
2w § o BN

where N is the number of zeros of f(z) inside C, with zeros of order k counted k times.

HINT: Find the residue at a zero of order .
11. Using the result of Exercise 10, show that a polynomial of degree n has n zeros if zeros

of order k are counted & times.
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12. Using the result of Exercise 10, show that if f(z) and g(z) are analytic inside and on a
contour C and if

lg(z) — ()] < |F(2)]

on C, then f and g have the same number of zeros inside C. (This is Rouché’s theorem.)
HINT: Prove and use the identity

g @ _[(e=f\N[y_(e=F\,(e=F\_. .1
gz fla \fF /U \VF )70 F) J

on C. Note that if 4(z) is analytic on C, ¢ h'(z)dz = 0.
C

59. Laurent Series.

The Taylor series is the series in nonnegative powers of z — zo which represents an
analytic function in a circle centered at zo. If f(z) is defined and analytic in the ex-
terior |z — zo| > R of a circle, and if the function

1
o0 =flzo+1)
\ 6/
obtained by the inversion

1
Z— 20

4

has a removable singularity at { = 0, we say that f(z) is analytic at infinity. In this case
g{¢) (with g(0) = girg: g () is analytic for |{] < 1/R. It has the Taylor series

g(g) = % bal",
where

T i gn+t

If we return to the variable z, we find that
flzy= % bn(z — 20) 7™,

where

m=£5£&—mﬁﬁhwa

The contour C is such that the circle |z — zo| = R is inside it. The series converges in
the exterior domain |z — zo| > R.

Thus a function which is analytic at infinity can be represented as a series of non-
positive powers of z — z,. We now seek to represent an analytic function f(z) in some
domain D as a series involving both positive and negative powers of z — zo:

(59.1) ﬂﬂ=%%u—mw+§mu—mrm
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Such a series is called a Laurent series.
As before, we find that if the first series converges at a point z, it converges for all
z such that |z — ze| < |z: — z0|. That is, the first series, if it ever converges, converges
inside a circle |z — zo] < R, and diverges outside it. Similarly, we find that the second
series converges in the exterior of a circle of convergence; that is, for |z — zo| > Ro.
If R, = R,, the right-hand side of (59.1) is not defined in any domain. We therefore
suppose that R, < R;. Then the right-hand side of (59.1) converges for

(59.2) R: < |z~ Zol < Ry,

and uniformly in any closed subset of this domain. It follows from Morera’s theorem
that f(z) is analytic in the annulus defined by the inequalities (59.2). (R; may be zero,
and R, may be infinite,)

To evaluate the coefficients a; we multiply (59.1) by (z — z,) %! and integrate over
the circle |z — zo] = R with R, < R < R,. Since the series converges uniformly on this
contour, we may integrate term by term. Let [ be any integer (positive, zero, or nega-
tive). Then

2w
ﬁ -k (z — z0)ldz =L Rlei®i Re'® do

2
=iRl+1J2 [cos (I+1)0+isin(I+1)0]de
0

_ { 27 for I=-1
0 otherwise.
Therefore
_ 1 f(2)
(59.3) ar =5 § L Dz,

Similarly, if we multiply f(z) by (z — zo)*~! and integrate, we find that

(59.4) b = “2“1— % {(z— 2
Tl Jo
The contour C may be the circle |z — zo] = R or, by Cauchy’s theorem, any other
simple closed contour in R, < |z — zo| < R; going around |z — zo| = R..
The formula for a; has the same form as in the case of the Taylor series. However,

1 . . .
om o ¥ zo) unless f(z) is analytic inside
the contour C. In this case the by are all zero, and the Laurent series reduces to the
Taylor series.

If f(z) is an analytic function for R; < |z — zo| < R, the function f(z, + rei) is an
infinitely differentiable periodic function of @ for any r between R: and R;. Therefore

it has the convergent Fourier series
f(2) = f(zo + re'®)
1 2T . ® 1 29 .
(59.5) =5 f fzo+ re®)ddp + ¥ — f f{zo + rei?)
T Jo n=1 T Jo

X [cos ne cos nf + sin ne sin ndldd
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12

sretydp+ 5 L [T fla o) cos n (0 9)dp

| , 1 [ : . )
— id e id in(f—d) —in(f—¢)
27Tf0 Hzo+ re )dc;b-i—%znﬁ flzy + reit) [e +e 1de

o 15 [l e

+=§ (G 2O = 20 gt
Here we have put { = z, + re'¢, z = zo + re®®, and C is the circle |[{ — zo| = r.

This Fourier series is a rearrangement of the Laurent series (59.1) with the coeffi-
cients defined by (59.3) and (59.4). To justify this rearrangement we note that since
(&) is analytic, C can be taken to be any circle |z — zo| = p in the annulus R, < |z — 2o
< R;. If in evaluating a, we take for C the circle |z — zo| = py with R, < p; < R,, we
find that

|ak| = Mp17F%,

where M, is the maximum of |f] on |z — zo| = pr.
Similarly
|bkl = M2F’2k,

where |f{z)| = M: on |z — zo| = p2. Thus the series X a.(z — z0)" converges absolutely
for |z — zo| < p1.  ba(z — 7o) ™ converges absolutely for |z — zo| > p.. Given a z such
that R, < |z — zo| < R, we can choose p; and p; so that R; < p» < |z— 20| < p1 <R\
Then the two series in (59.1) converge absolutely, and hence may be rearranged into
the Fourier series (59.5).

We have shown that f(z) is equal to its Laurent series in any annulus R, < |z — 2|
< R,, where it is analytic. The series ceases to converge at circles passing through
singularities of f(z). The singularities of f(z) determine various annular domains, in
each of which f(z) has a different Laurent series.

Example. Let

f(7\=*,—:1——. zo= |,
;

J A z(zg_l)s Ley

The singularities at z= 0, 1, —1 divide the z-plane into the annuli 0 < [z— 1| < 1,1 <|z—1]| <2,
and |z — 1| > 2. For |z - 1] < 1, we have, using the residue theorem,

i

—_— — —k—2 —1=—1
=5 e tiot (z—1) (z+ 1)"1zdz
_ 1 Fiasul 1
T (k+ 1) dz"“:z(z-{— l):lz i
_ 1 dk+1 _1-— 1
(k+ I)' dz"“_z 2+ 1.0
1
k+
= ( 1) zk+2 (Z + 1)k+2]z=l
= (—1)k+1(1 — 27%-2),
:—1—— — k-2 —1w—1
by 31 P sicrre (z—1)*2(z+ 1) 1z7'dz
3 for k=1

0 for k> 1.
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Thus

+1 ] —_— k l — -1 —
Z(Z+1)(Z“1) E ( 1)’\ ( 2k+2)(Z 1) +2(Z 1) for 0<|z ll<1.

This is simply (z — 1)-! times the Taylor series for z7'(z + 1)1
For 1 < |z — 1| < 2, we must include the pole at z = 0 inside the contour of integration. Then

1 {
= —_ k-2 ~1p-1
T 2 ?Iz~1|=3/2 (z— D7z + D727z
= (—1)k+1(] — 2-k-2) 4 (—])-k-2
= ('—1)"2"‘*2,
bu = ﬁ (2= D*2(z+1)""z7dz

|z—1}=3/2

-12-+ (—=1)  for k=1
=Dk for k> 1.
Thus

N P | U SO )
Z(Z+1)(z—1)_k§0 (—2yk+z 2(7- I)l+k§2( D¥(z—1)7* for 1<|z—1j<2.

This series can also be obtained by multiplying (z — 1)~! by the series for

1 1
zZ{z+1) z z+1

obtained by expandingzlin powers of (z —1)-! andzilin powers of z — 1:
%zz—}-i—l:zll' 11 “zll[l"zlﬁ(z—ll)ﬁ_”']
1+~—Z_
1 1 _1 1 =My _zz 1+z-1)_____
z+1 2+z 1 21 z—1 2 2 2
Tt

Finally for |z — 1| > 2, we must include the pole at z =—1. Then

ap = (—1)"2—"’2 — (_2)—1:—2 —_ 0
[z_,lw_, 2V —1 — e

_ { 7 (<) LY 107
Be= { (Zyk2 = (22 for

Il

>
Y
—

[

and

1 s €1( k-2 — — 1)-k _
DD & CDH@E=De-D o [z—1]>2.

The absence of the ax means that f(z) is analytic and has the limit zero at infinity. The fact that
by = b, = 0 means that |f(z)| is of order |z|* at infinity.

Remark. The Laurent series (59.1) can also be written in the form

AD= 3 anlz— 20"

n=-—oo

where we define

= 2m§ (2= 2) " 1f(2)dz

for all n, positive, negative, or zero.
Note that if R, =0, a1 = by =%, [f].
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EXERCISES
1. Find the Laurent series for 1/(z2 — 1) about z = 0 which converges for |z| > 1.
2. Find the Laurent series for 1/(z — 1){z — 2) about z = 0 which converges forz=1+1i.
Find the domain of convergence of this series.

3. Find the Laurent series for z3/(z — 1) (z — 2) about z = 0 which converges at z=3. Find
s domain of convergence.

4. Find the Laurent series for tan z about z = 0 which converges at z = , correct to terms
in z2 and z72. Find its domain of convergence.

5. Find the Laurent series for e?/z3 about z = 0. Find its domain of convergence.

6. Show that if f(z) has a pole of order k at z,, it has a Laurent series about z, converging
with by, # Oand b,=0forn > k

7. th“l that if in a Laure nt

EQAL 1Ly LiD & RoRUMA VR

f(z) has a pole of order k at z,.

60. Infinite Integrals.
The calculus of residues is a very useful tool for evaluating integrals of the form

|7 rxyax,

where f(z) is an analytic function either for Im z = 0 or Im z = 0 except for some poles.
Suppose that f(z) is analytic in the upper half-plane Imz = 0 except for poles

at the n points zy, 22, . . . , Zn With Im (2x) > 0. Let R be a real number so large that
lzs] < R, |z2|l <R, ..., |za] < R. We consider the contour C consisting of the line
Y 1\
PR
*Z;
g - X
R

segment —R = x = R and the upper half I'z of the circle |z| = R. By the residue theorem
b Fzde=2mi(Re[1) + Re[) 4+ -+ B, [},
R
Transposing, we have

J_RR f(x)dx =2mi{R. [f] +-- -+ R, [f]} _jr () dz.
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We are interested in the limit as R — « of the left-hand side. Since the residues are
independent of R, this limit will exist if and only if the integral over I'r has a limit.
A sufficient condition is that this integral approach zero as R — «, We have the bound

JFR flz)dz

= f A2)|1dz]
I'p

=< zR max |f(2)].
Tx

Therefore, if f(z) has the property that R max |f(z)| approaches zero as R — «, we
T

find that [ f(z)dz approaches zero. We then obtain the generalized residue theorem
+Tp

lim [* fo)de=2mi (R[] + - - - + Re [A1].

R—x J—HR

We have set out to find j ) f(x)dx. Such an infinite integral is usually defined as the

result of two independent limiting processes:

f’” Flx)dx = lim L " f(x)dx + lim °M F(x)dx.

[—= Moo J—

If these limits exist, then

f: Fx)dx — FR Fx)dx = [lim L " Ax)dx — L ! f(x)dx]

I —xo

+ [lim OMf(x)dx — ﬁ)Rf(x)dx].

M-re -

By definition, each of the terms in brackets approaches zero as R — «, and hence

lim ) f(x)dxﬂj_w f(x)dx.

R—x -R

R L
It may happen that J’ f(x)dx has a limit, while neither J’ f(x)dx nor j ’ f(x)dx
-R 0 —-M

has a limit. For instance, if f(x) = x,

R
f f(x)dx=10
-R
for all R, and hence has the limit 0. On the other hand,

deleL2
2 ]

0
. . 0 1 . .
which diverges as L — %, and xdx = _EW’ which diverges as M — o,
-M
Thus the limit

(a) lim i f(x)dx

R—x J-R
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is a proper generalization of the usual infinite integral

® [” A

That is, (a) coincides with (b) whenever (b) is defined, but (a) is defined for other
functions as well. We call the generalization (a) the Cauchy principal value:
R

(60.1) Pvfj’ fx)dx =lim |" fx)dx.

R—x -

We have proved the following generalization of the residue theorem:

THEOREM 1. Let /(z) be analytic for Im z = 0 except at the points z,, . . . , z, with posi-
tive imaginary parts. If f(z) approaches zero in such a way that

(60.2) lim [R max (D] =0,
then
(60.3) Pvf_“’ Fx)de = 2mi (R[] + R[] +- -+ R [},

Example. Let f(z) = 1/(1 + z). This function clearly satisfies the condition (60.2). It has
simple poles at z = =i. Only z = i has positive imaginary part. By (58.4) we have

Thus

© dx 4 .1
PVJ:w Tr 2= 21717,2}—— .

It is easily seen that

[“‘ dx
—x 1+ x2

o

= dx _
U B -

= dx —o [” dx
A,,1+x2 0 1+x2’

= dx

o 1+x2 2

exists in the ordinary sense. Hence

Since 1/(1 + x*) is even,

so that

(This reasoning always allows us to replace an integral from 0 to « of an even function by half
of its integral from —o to ®.)

If f(z) is analytic except for a finite number of isolated singularities in the lower
half plane, we can proceed as before, but with the contour C’g consisting of the seg-
ment Im z =0, —R = Re (2) = R and the lower half I''; of the circle |z| = R. If we go
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around C'x in a counterclockwise direction, we traverse the real axis from right to
left, so that we obtain

—~ Jr_RRf(x)dx——— 2mi{ R, [ f1+ -+ R, [F1} — Jrr f(2)dz.

We find as before:

THEOREM 2. If f(z) is analytic for Im z = ( except at the points z;, . . . , z, with negative
imaginary parts, and if
(60.4) lim [R max f(2)|]=0,
R—w  lzl=
Imz=0
Then
(60.5) Pvf fx)dx = 2mi{ R, [F1 +- - - + R [F1).

Example. We note that f(z) = 1/(1 + 22} satisfies (60.4) as well as (60.2). The only singularity
of f(z) with negative imaginary part is at —i.
|1 —_1
®iln=5%|_ =%
Thus
dx

EY _ '_l- _
PV L T1+e- Zm( Zi)—ﬂ, _

which agrees with the result we obtained earlier.

For any f(z) satisfying both (60.2) and (60.4) we can obtain

PV f’; Ax)dx

by either (60.3) or (60.5). It follows that for such a function the sum of all the resi-
dues is zero.

The function f(x) may in general be complex. However, we are usually concerned
with evaluating an infinite integral of a real function. If we are to evaluate the real
integral '

J_: u(x)dx,

we can often find an analytic function f{z) such that f{x) = u(x) for real z. This was
done, for example, in the case of the integral

J‘” dx

o 1+ x2

We simply let f{z) = 1/(1 + z?), which is equal to 1/(1 + x*) when z is real.
It is, however, sufficient to find f(z) so that

u(x) =Re [f(x)].
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For in this case,
PV f‘” u(x)dx = Re {PV f f(x)dx}.

If the integral on the right is evaluated by the residue theorem, we can find the desired
integral by taking its real part.

Example. Evaluate
® Ccos x
f_w X2+ 2x+ de'

If we let

. cOs 2 _ eiz +e—iz
M) =735, 13 2HZ+27+2)°

we find that | f(z)| = = as Im z — =+ so that f(z) satisfies neither (60.2) nor (60.4).
However, if we let

we find that for Imz = 0

1
=
lf(Z)J Hz!2__2 IZ’_ZI’
so that (60.2) is satisfied. Hence

® etr _ . ‘ __ 2qieit-1+) )
f_m FT a3 = 2Bl 1=

Then

® COS X _ * e _m
f_,, F+2xg2dx=Re L Fr o rar=geosl

In general, integrals of the form

[}

fw g(x) cos axdx or f g{x) sin axdx

-0 —

are more easily treated by writing them as the real and imaginary parts of
fw g(x)eier dx.

If g(z) has a simple pole on the real axis, it is still possible to treat the problem by
replacing the part of the real axis within distance € of the pole by a semicircle (iden-
tation) of radius € and letting € — 0.

Example. Evaluate

# _sinxdx
o X{1 + x?)

We write

= ginxdx _ = _eFdx |
L (142 m [‘DV L, (1 +x2)]
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By the residue theorem
elz . eiz
ﬁav+ﬂ zm“tu+fﬁ’

Vi

I'g

[ NN \

- R —€ € R

4

Y
 J
*

where C is the contour consisting of the semicircle ' of radius R, the segment —R = x = —¢
of the x-axis, the semicircle I". of radius €, and the segment € = x = R of the x-axis. Thus

eiz € eiz fid elJ‘ _7”.
frﬂ e f_R * +x2)dx+ f 20+ zZ)dz“"fe A+ %=

As R — o« the integral over I'; approaches 0. On I'., we have

eiz dz — 0 eieewl‘dg
r, 2(1 + z) = (14 e?e®?)

which approaches —i as € — (. (Note that this is just half of the integral around a circle sur-
rounding the pole. This rule is always correct for a simple pole.)
We find, then,

. —€ eu.r R ei.l‘ N i .
Rll_r)l‘lm [f (1535 +L x(l+x2)dx]— - + 7i.
=0
We define the left-hand side as the Cauchy principal value. As an ordinary improper integral,
% ei.‘l‘dx
o x(1 4+ x?)
diverges at 0, although it converges at = «. Thus we have found
= er (i _1);
PV J:m (1 +x2)dx—1r(1 e)l'
Taking real and imaginary parts, we find

® __COsx _
PV LA+ +x2)dx—0

_sinx 1
v |7 e ==(1-2)
Since the second integral converges as an ordinary improper integral, we have the desired result

® __sinx _ _1
J’_m mdx = W(l e).

The calculus of residues may also be used to evaluate one infinite integral in terms
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of another infinite integral which is more easily evaluated. We illustrate with an ex-
ample.

Example. Evaluate
f e~ cos xdx.

We note that

e~ cos x = e~ tRe e~ Hi®,

§ e~#dz,
(_,

where C is the boundary of the rectangle ~-R = x = R, 0 =y = 4.

We consider

Vi

Yo

A

Y
=

Then
§ e #dz=0,
or
R 1z ) -R L 0
f e—f”dx+f e~ R+iidy +f e~ dy 4 j e =R+ilidy = (.
-R 0 R 1/2

We note that

12
J e“””-‘”zidy‘ = %e_(m_ﬂ -0
0

as R — «, and that

jo e~CR+iPidy| = le—(m—}) -0
2 2

as R — «, Letting R — <« we then find that
f T ety = f " ez,

—0 —oc

The integral on the right is known to have the value V'n. Taking real parts, we find that

-] oo
f e~ cos xdx = el/4 f e Tdx = eVigllE,
—o -0

EXERCISES

©  x2
1. Evaluate J:m T+ x4dx.

dx

2. Evaluate \ T+
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3. Evaluate f dx
: Jo T+ +223)

= dx
4. Evaluate f_m m

© x2 COS x
5. Evaluate s 1+ dx.

= _cosx
e X2+ x+ 17

7. Evaluate j B Ll—-*_—xlcib—cdx.

x*+x+1

6. Evaluate

[ <3v v
= sinx
8. Evaluate J_w mdx

9. Evaluate f . 1—_—C:L-S;'Ccix.

—w 4 —x
10. Evaluate : —(;T:%dx

11. Evaluate f B e~T* cos 4xdx.

—co

12. Show that
V[ fladc= [ 100 + =0 ldx

61. Infinite Series of Residues.

In the preceding section we found a formula for

f_”w fx)dx

as a sum of residues at a finite number of singularities. We might expect that this result
could be extended to at least some cases where f(z) has an infinite number of singu-
larities. Of course, the finite sum of residues must be replaced by an infinite series. We
shall now investigate this generalization.

Let f(z) be analytic in the upper half-plane Im z = 0 except at a sequence of points
21, 22, Z3, - . - with Im z, > 0. We order these points so that |z;| = |z| = |z3| =...,and
we suppose that |z — « as k — «. Let Ry, R, . . . be a sequence of radii different
from all the values |zi{, |z2[, . . . and such that R; — = as [ — =, Let C; be the contour
consisting of the segment [—R;, R;] of the real axis and the upper half I'z, of the circle

|z| = Ri. Let k, be the integer such that |zi,| < R; < |zi,+1|- Then by the residue theorem
ky
§ flaydz=2mi 3 R[f),
of k=1
or

fR f(x)dx = 2mi g R [fl— | flz)dz.
-k k=1 rRI
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if

(61.1) lim [R, max If(2)l]1=0,
Imz=0

we find as before that

(

ch

f(z)dz — 0.

However, the sum now also depends upon /. If we wish to be sure that the integral
converges, we must know that the sum converges. We therefore suppose that
Oy

L

Szt |
1 k

TTIAS

converges. Then we find that

R o0
lim | f(x)dx=2mi S R [f].
k=1

>0 _Rl

Since we are taking the limit over the sequence R; rather than over all R, the left-
hand side is a generalization of the Cauchy Principal Value. If the latter exists, the
limit on the left-hand side is certainly equal to it.

We have thus shown:

THEOREM 1. If f{ z) is analytic for Im z = () except at asequence z;, zz, . . . withIm z; > 0,

|zi| = o0, if 3 R, [f] converges, and if there is a sequence of radii R, — « such that
1

(61.1) holds, then

(61.2) tim [ fO)dx=2mi 3 (1]
. =1

[0 -R

Example. Let f(z) = 1/[(1 + z?) cosh z].
This function has poles in the upper half-plane at z =i, gi, %m‘, %m’, ....Let
R,=Im, I=1,2,3,....
We note that
|cosh z|? = cos? y + sinh? x.

For (Z—'}I)WS)}SIW

IV

ST

cos?y

while for y < (1 —l)w and |z = i

4
1\? 1 1 T
I)Cl >\/,2 2_(1_1) 772_-—71'\/5[-'E>Z\/75

so that sinh®x > % Thus on Ty,

cos?y + sinh? x = “l*.

[



CHAP. IX 61. Infinite Series of Residues 291

Then

[res \I/ ‘\/5
max [ f(z)| = 1z =],

FR[

and hence (61.1) is satisfied.
We have

1
Rils1= 2i COShl 2i cos 1

R, 1= [1 ~ (,, - %)ﬁ,zj sinh (n — %)m' - i[(n _E)lz);z — 1]

Then

® dx (="
L, (T7%) coshx~cos1 T 27 nzl ( 1)2 .
n-—i w —1

The integral on the left can be computed by summing the series on the right.

The analogous theorem for the lower half-plane is immediate.

THEOREM 2. If f(z) is analytic for Imz = 0 except at z;’, z;’, . . . with Imz," <0,
{zx'| = oo, if there is a sequence R; — < such that
(61.3) lim [R; max | f(z)|] =0,
Feo |zl=R:
Imz=<4
and if
s R(f]
: V"Zk Ls

converges, then

(61.4) lim . f(x)dx——ZmE R.[f]

o

if both (61.1) and (61.3) hold for the same sequence R;, we can eliminate the in-
tegral to find that the sum of all the residues is zero. Thus, if f(z) is analytic every-

where except at the sequence of points z1, z2, Z3, . . . With lzkl — oo, and if there is a
sequence R; — ¢0 such that
(61.5) hm R max [f(z)|=
=R,
then

%mzk [f ] =.0-
This fact can often be used to find sums of infinite series. The proof can clearly be
carried out even when some of the z; are real.
Example. Evaluate

- _1___, a > 0.
e N2+ a?
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We note that the function

2+ -3 cotmg

flz) =
. We find that

tigandatz=n,n=0, 1, =2

has poles at z =+
Rilf]=
R_ia[f]=—5— cot (—mia) = ~3a
Rl f] = ,7‘—¢—\

3ia cot mia = ~5a coth wa,
L coth ma,

We let
=] l 3
Re—l+2 i1=1,2,..

cos® wx + sinh? 7y

and suppose that these radii are all different from |a|. (Otherwise, we skip one.) We note that
2 :
jcot 72| sin? rx + sinh?

For !+ 1 = |x| = [+ 4, cos® mx =< sin? mrx, so that |coth 7z

On the other hand, for [x| < /+ fand [z|=[+%
| AL 1, 3 _ 1.~
iyl > V\l+ ) _\H_“) =3l +ig = V1L,
so that
1 + sinh2 TV11
2 4 = 2
|cot wz|? = p- = K2,
sinhzzv i1
Thus for |z| = R,,
K
'f(Z)I = ‘RZ— az|
so that (61.5) holds. Hence
—-l coth ra + 2 —-——-1-—-—=0
ne e TN + a?) ’
or
§‘. 1 _7 coth 7a
ne—w N2+ a? ’
By symmetry we can write this result in the form

E = 1 — ;,”L_cothara—-;,l—2
- T ad F4/) P47

In evaluating the series we have used the fact that the function o cot oz has poles
with residues one at all the integers. We can sum alternating series by noting that

m ¢sc 7wz has poles at the integers n with residues (—1)”
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EXERCISES

F dx
—» (24 cosx)(1+ x%)

as an infinite series.
2. Evaluate

@ xdx
e (1 4+ x%) sinhx

AR Azmaimzaee SR AUS.

3. Evaluate

S |

? 1+ nt

by considering contour integrals of
cot w2

(1+29
4. Evaluate

20 _1 ) n .

e
5. Evaluate

TE—a

for 0 < a < 1 by considering an integral of

cothzz
(2 + a*)

62. Integrals Along Branch Cuts.

We consider the function

. 71/2
f =175 O0<agz<2lm,

which has a branch cut along the positive real axis. By the residue theorem

(62.1) }E Az)dz = 2 RLF] +RoLF1),

where C is a contour containing only the poles of f(z). We take for C the contour con-

sisting of the circle
Cr: z=Re?, 0 < 0 < 2m,

the line segment
I:argz=2m, R > |z| > ¢,
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z

Cr

N e,

BTN "o = L

C:z=e€€? 20 >0 >0,
and the line segment
T.iargz=0,¢e < |z] < R.

We define f(z) on I'y as the limit of f(re®) as # — 0, and on I'_ as the limit as
0— 27w Thenon T, f(z)=x"2/(1+x*), whileonT_ f(z) =—x"2/(1+ x?).

Wﬁhno out (&7 1\ we have

L ELELL SIRAR s ¥ W 12l ¥

" i0) R olf ¢
fo f(Re®)Rie d0+fR 1+ 5

i 1"+’ —dx = 2mi (R + RS,

dx+ ] Sf(eei®)eie®dd

+

We now note that

R max [f(z)] >0 as R—>
{ £7Y 2 B fﬁ| \
(62.2) € rlnﬁx |[A2)[—0 as e—0.

The integrals along I', and I'_ add instead of cancelling. This failure to cancel is due to
the discontinuity of f(z) at the branch cut. Letting € — 0 and R — «, we find that

® x1/2 _ em/4 837”/4
ZL 1_|_J£2dx 271'1{ 2 +— }—w\/_

Thus we obtain the result
A aAx vy ALGLEE WAiW 4 Wi AR

() xl/zd_ﬂ-
o 1+ x2 x_\/i

Other integrals along branch cuts can be evaluated similarly, provided conditions
analogous to (62.2) hold to make the extraneous integrals disappear.
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If the branch cut along which f(z) is discontinuous is finite, we can evaluate a finite
integral by means of contour integration.

Example. We consider the function

_ 1
flz) = z+2)(Z—1)"

We take the branch cut by making

O<arg(z—1) <2w
O<arg(z+1) < 2.

Y4

Cr

This cut extends along the x-axis to the right from z = —1. However, it is easily seen that f(z)
is continuous across the part of the cut to the right of z = 1. Hence by Morera’s theorem, its
singularities are removable there. Thus the branch cut is the segment y=0, —1 = x = 1. We
take the contour C as pictured. It consists of the outer circle Cz: |z) =R, 0 < arg z < 2, the
scgment

THoR>x>14¢y=0,arg(z— 1) =arg (z+ 1) =2,
the lower half of the circle

Ce |

&~

— 1| =g,
the segment
I':l—e=zx=z—l+ey=0,arg(z—1)=m, arg (z+ 1) = 2,
the circle
Celz+ 1] =€,
the segment

Fyi—l+e=x=1l-—ey=0arg(z—1)=m,arg(z+1) =0,

the upper half of C., and the segment

Fil+e<x<R,y=0,arg(z—1)=arg(z+1)=0.
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By the residue theorem

ff A2)de = 2miR o[ f] = — 22

~ -
Qs PATE th Timmits 1 T AT o + 1 +h
ulﬁce_; \4,/ nas inf same nmling vaiucs On : + and 1 —, inc INi¢grais over ingse scgments cancel
Moreover,

Rmaxlf(Z)|->0 as R >,
emax |f(z)|]—= 0 as €—0,

emaX |f(z)| =0 as e— 0.

Cc

When we let R — « and € — 0, we are left only with the integrals on I'y and I'-.. On I',,

. 1
= =
while on I'-
B —1
flx) = (x+2)iVI—2®

Since the integral on T', goes to the right and that on I'_ to the left, we find that the integrals
add. The above equation becomes

Jl dx __2m
-1 (x+2)iV1—x2 V3

or

j 1 dx _m
A (x+2)VI—-2 V3
Thus we have evaluated a finite integral involving a square root.

Integrals involving other multiple-valued functions can be treated in the same way.

EXERCISES
1. Evaluate
(' dx
Ja + x)VI1I—x2
2. Evaluate
»  xodx
o b+ x* where -1 <a<1,b>0,a#0.
3. Evaluate
o xI/S
o 1+ x+x2
4. Evaluate

X dx
o 14+x377° where —1 <a<2,a#0orl.
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5. Evaluate
s dx
Jo xZ4+x+1

by considering an integral of _#g_z_ with 0 < arg z < 2@ over a suitable contour.
2+z+1

ADDITIONAL READING FOR CHAPTER IX

CHURCHILL, Complex Variables and Applications, McGraw-Hill, 1960, chapter 7.
PENNISI, Elements of Complex Variables, Holt, Rhinehart, and Winston, 1963, chapter 7.

R. V.,
L. L.
E. G. PaivLLips, Functions of a Complex Variable with Applications, Oliver and Boyd, 1949.



CHAPTER X

The Fourier Transform

63, The Fouri

&' Lo Fiery

A periodic function f(x) on the interval —r < x < 7 can be expanded in a Fourier
series

flx) ~ %ao S (an cOS nx + by sin nx),
n=1

where
dn = % j" f(x) cos nxdx,
b =£ " fx) sin nxds.
Since

1, . . ) 1 . ,
cos nx = i(em'r + e—'m.r) s sin nx = E—;(em-r — e—ln.r) ,

we can write the Fourier series as

fix) ~ Z cpeinE,
n=—co
where we define
%(an ~+ ib,) for n=0

Cp = 1
E(a'—n —ib_,) for n=0.

—_ _1_ 7 inx
Cn=35_- f_ﬂf(x)e dx.

(Note that if f(x) is real, c_, = c».)

Fourier series arise from separation of variables. The most important property of
the Fourier coefficients is the fact that if f(x), extended as a periodic function of period
2, is twice continuously differentiable, then

F1(2) ~ 3 (n)ene .
298
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That is, differentiating f(x) twice corresponds to multiplying its Fourier coefficient
¢, by —n. It is this fact which enables us to reduce partial to ordinary differential
equations by means of the finite Fourier transform.

As a matter of fact, we see that if f(x) is continuous and piecewise continuously

differentiable for —7r = x = 7, and if f(—u) = f(#), then

[* rwremac=pren] —in [ sioresas

== inCn.

Thus differentiating a periodic function corresponds to multiplying each Fourier co-
efficient ¢, by —in:

flix) ~ ? (— incpe-inx),

By using this fact, we can reduce various partial differential equations whose coeffi-
cients are independent of x to ordinary differential equations.

Example. We consider the problem

ou _ du _ -
o ax_‘u._(_)ﬂ for T<x<wm >0,
u(x, 0) = fix),

u(—m, ) =u(m,t).

For fixed ¢ we let
ulx, t) ~ % cp(t)einr,

1f du/ox and dufdt are continuous, we have

du < o

E_t_ —~ E Cn'€ zn.l"
-0

du

s ]
~ 3 — incpe i,
x5 "

Hence the function ¢, (¢) must satisfy

' + (in—1)c, =0.
If

f(x) ~ 3 Cyemine,
the initial condition is

cn(0) = C,.

The solution of this initial value problem is

cnl(t) = Cpe~tin1k,

Thus we have the formal solution
u(x, t) ~ % Cpe-irtzrtigh

Recalling the definition of C,, we find that
u(x, 1) =ef(x+1),
where f(x) is extended as a function of period 2: f(x + 2#) = f(x).
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If f(x), as extended, is continuous and continuousty differentiable, u = e'f(x + t) is clearly the
solution of the problem.
If we wish to represent a function f(x) on an interval —L = x = L as a Fourier series,

we simply introduce the new variable x’ = %x. Then

L - .

—m

=ljﬂ f(éx')einx'dx'_
wm S T

Returning to the variable x, we have

where

oc

f(x) ~ 2 Cn(L)e—in'trx/L

where

L
cat) E.—lr [ f(x)einmxiLdy,
7 P O

The coefficients ¢, define the function f(x) uniquely on the interval (—L, L).
They have the property that

£ ~ 3 (=infen® + L Uf(L) = flor)] e,

so that if f(L) = f(—L), differentiation of f corresponds to multiplication of ¢, by
—inm/L.

Suppose now that f(x) is defined for —» < x < . We can determine f(x) on any
sub-interval (—L, L) in terms of the coefficients ¢,!*). We shall attempt to determine
f(x\ on the whole interval {(—o0, 00) by taking limits as L — o,

L3 S Y —wiL Al i val VOEAAIIS iRi22A03 8O As

Suppose that f(x) is absolutely mtegrable, that is, that the integral

[ 1) lax

converges. Then

L
lent)| = §1Z U f(x)einmziLdy

1
S
5T | )lds,
which approaches zero as L — «. Thus, the limit of each coefficient ¢,*) is zero. We
consider, instead, the limit of 2Lc,". If we fix n, n/L and hence

L
lim 2Lc ™ =lim | f(x)e"m=ildx

1 —x I~ J—1

- [_: flx)dx.
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This limit is a single constant, and hence cannot determine f(x).

We observe that as L. — = the set of numbers of the form nw/L with n=0,+1,+£2, ..
becomes more and more dense on the real line. This motivates us to replace the quan-
tity nw/L by a continuous variable w, and to keep w fixed as L — «. We obtain the

limiting function
Ao) =lim 2Lcur=",

[

or

(63.1) flw) = fw f(x)eivzdn.

hY I‘

Instead of a function ¢, defined for integers n, we now have the function f(w) f
all real values of w.
If the integral in (63.1) converges, it is called the Fourier transform of f{x). It is some-

times denoted by & [ f]. The integral certainly converges if j ) | f(x)|dx does.

In order to be useful, the Fourier transform should have the same basic properties
as the Fourier coefficients. The first of these properties is the fact that differentiation of

F(x) corresponds to multiplication of f(w) by —iw.
Suppose that f(x) is continuous and piecewise continuously differentiable, that

f ) f(x)e'»rdx converges for each w, and that

lim f(x) =

x—>toc

Integrating by parts, we find
L2 ) La Lo '
fr (x) eordy :f(x)elmx ] — lwf f(x)ei“”’dx.
—L =L =1L

Lettlng L, and L, approach 1nﬁn1ty, we see that the rlght-hand side has the limit

ransiorm Lu.y \Wl

(63.2) S[f)=—ieS[f].

The second important property is the fact that f(w) determines f(x) uniquely. We
shall prove this property in Section 67 by showing how to compute f(x) from f(w).

We note that if f(x) is real, f(~w) =f(w). That is, the real part is an even function of
w, and the imaginary part is an odd function of w.

EXERCISES
1. Find the Fourier transform of

(a) eI,

(b) lei— T HINT: Use the Cauchy integral theorem.
(C) e-ar?,
HINT: Use the Cauchy integral theorem to change the Fourier integral from Im z = 0 to the

parallel line Im z = w/2a.
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_ e for x>0
(@ flx) = 0 for x<0.
0 for x<—A
1 for —A<x<A4

(e) flx) =
0

for x> A.
2. Find the solution of the heat conduction problem in an infinite slab
L ne_
Jid o°U
EYRir Y i 0 for t>0,
u(x, 0) =¢e**
by means of the Fourier transform.

. . w .
HINT: The Fourier transform of e—2** is \/—ge"’ﬂ/““ (see Exercise 1¢).

64. Jordan’s Lemma.

Since the Fourier transform is defined as the infinite integral
fm f(x)eozdx,

we shall investigate the computation of such integrals by contour integration.
Suppose there is a function f(z) analytic for Im z = 0 except for poles at 21, z», . . .,
zn (Imz; > 0) such that f(z) agrees with f(x) on the real axis.
For @ = 0 and Im z = 0, we observe that |¢/“?| = 1. Hence if

(64.1) lim R max lf(z)] =0,

Imz=0

the same is true of f(z)ei** for @ = 0. Therefore by Theorem 1 of Section 60 we find
the expression

PVf_m flx)e*rdx = 2mi {Eﬁzl [flzyet=] + - - -+ S‘izn[f(z)ei‘"z]}

for the Fourier transform when @ = 0.

We recall that this result is obtained by applying the Cauchy integral theorem to a
semicircle of radius R and letting R — . The hypothesis R max | f(z)| — 0 is used only
to show that

as R — =, Here I}y is the upper half of the circle |z| = R.
Now

J;Rf(Z)ei‘“zdz < ]F NrCIERIES

< max |f2)] | lewlaz)
Tr Tr
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Only z=Re® 0= 0= Thus |dz| = Rd6, and

|giwz] = | giwRlcos 6+i sin 6|
— p—of sin 9.
Then
™
( !eiwzu__zi =R e~ @R sinb]Q
Jre Jo

T2
=2R f g—wR Sinadﬂ‘
0

We now note that

sin 6

m)

is a nonincreasing function of 8 for 0 = 8 = /2. Therefore

sin 8 = g.
7] m
Then if @ > 0,
/2
J’ |eiwszz| = ZR [ e—-ZmRG/rrdo
I‘R 1]
2R R
= JoRmL e )
<
@)
Thus
w2 =< ™
(64.2) J flz)etesds) = 7 max |11)].

Therefore, the integral over I'r approaches zero if only l}lax | f(z)| approaches zero

R
as R — o, This fact is known as Jordan’s Lemma.

We have proved the following:

THEOREM 1. If f(z) is analytic for Im z = 0 except at points z;, 2, . .

imaginary parts, if
r 1

(64.3) lim lmax | f(z) |J =0,
R—w L [2[=R
Im 2=0
and if @ > 0, then
(64.4) PV f " flx)eiordy = 2mi 12 R, [f(z)e].
e =1

Proceeding similarly in the lower half plane we find:

. » Zn With positive
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THEOREM 2. If f(z) is analytic for Im z =< 0 except at points z,’, z,’, . . . , 2.’ with nega-
tive imaginary parts, if
(64.5) lim [1|n|ax | f(2) I]
R—w | |2|=
Im z=0

and if @ < 0, then
(64.6) PV [m f(x) eim-l‘dx ey —27Ti 12 %zl,[f(z)ein] .
—x [=1

R
It follows from the bound (64.2) that if (64.3) holds, f f(x)ei**dx converges to
—f

oc
D\] ( lwl’ v tiniformly in /. for anvy ca
j ot LALBAANSE llll] AL1 S AT ull] [s L %%

tinuous in @, we find that the limit is also continuous in w.

to=w; >0.S

Thus, under the conditions of Theorem 1, f(w) =PV ) f(x)ei“*dx is a continuous

function of w for @ > 0. Similarly, under the conditions of Theorem 2 it is continuous
for @ < 0. In general, there will be a discontinuity at w = 0. If f(z) satisfies (64.1),
f(w) will be continuous from the right at w = Q. If f(z) satisfies the analogous condi-
tion (60.4) for Im (z) = 0, f(w) will be continuous from the left.

Example. Let

Fw) =PV ( X .

Then f(z) = z/(1 + z*), which satisfies both (64.3) and (64.5), but neither (64.1) nor (60.4). By
Theorem 1 we have

flw) =2mi, [fi"’; ] miews  for >0,
By Theorem 2
flw) =—=2miR_ [ err ] =—giev  for o < 0.
Clearly,
fo)=o.

Note that f(w) is discontinuous at » = 0.
Example. Let

- _ o ein‘ d
flw) = f T+ %
Now f(z) = 1/(1 + z*), which satisfies (64.1) and (60.4). We have
f(w) = 2171'?—2:;: Te Y for >0,
and
flw) = —27Ti—_e——;i= e for o >0.

Thus
flw) = me1l,

which is continuous everywhere.
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EXERCISES
o xﬂeitu.r
1. Evaluate PV e x“
2. Evaluate PV - __xg‘fjf_dx
Jxx*t+x+1
£ x-i fwr
3. Evaluate PV f~x ﬁwdx
4, Evaluate f ) S—de by means of an integral over a contour indented around z = Q.
Y
/—J—\
4 N .
€ L
5. Evaluate PV I ) SmxAxe“”dx where A > 0.

HINT: See Problem 4.

65. Schwarz’s Inequality and the Triangle Inequality for Infinite Integrals.

T E
)
=

ave shown in section 19 that if f(x and g(x) are real-valued functions on a

2
x < b, Schwarz’s ine

=
=
(]
Y
[e]
"
<
5]
0w,
8
A

(65.1)

b 2 (/]
[} fgax = [} 1ot [ lepax

holds. If f(x) and g(x) are complex-valued, this inequality still holds, since

f:f(x)g(x)dx = f 1£(0) |1g(x) |dx,

and | f(x)| and |g(x)| are real-valued.
We shall now extend Schwarz’s inequality to infinite integrals.
A function f(x) is said to be absolutely integrable if the improper integral

[ 1rwlax

has a finite value. It follows immediately that the improper integral f ) f(x)dx also

converges.
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The function f(x) is said to be square integrable if

[ 1500 2

has a finite value.
We first observe that if f(x) and g(x) are square integrable, the product f(x)g(x)
is absolutely integrable. For by definition there is for every € > 0 an A4, such that

Lb]flzdx<e

o1

b
f lg|%dx < €
a

whenever b > a = A, or a < b <—A.. It follows from (65.1) applied to | f(x)] and |g (x) |
that

b

[} 1l o < e

a
whenever b > a > Acora < b = —A4e..

f: |£0)||g () [dx = lim f £ g ()|

a
a——

exists. It follows that

f " f(x)g(x)dx = lim f " fx)g(x)de
~ fim ).

exists. Taking these limits in (65.1), we find Schwarz’s inequality for infinite integrals:
, N I L L L U
(65.2) U_ f(x)g(X)dX| = J_ |f(x) dXJ_ g (x){*dx.

By setting g(x) = 1 in (65.1), we find that on a finite interval a square integrable
function f(x) is also absolutely integrable. For

[ 1rtar={6-a [ 1r00rad]™

This statement is no longer true on an infinite interval. In fact, there are square in-
tegrable functions which are not absolutely integrable because they do not approach
zero sufficiently rapidly. On the other hand, an absolutely integrable function need not
be square integrable.

Examples: f(x) = (1+ x?) Y2 is square integrable, but not absolutely integrable for — < x < o
f(x) = |x|-¥2(1 + x?)-! is absolutely integrable, but not square integrable on any interval con-
taining x = 0.

An immediate consequence of Schwarz’s inequality is that

[T vrgrax= [ \ppax+ [ ggax+ [ o+ [ laras

—oo —
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- S -] 1/2 o0
< [ v+ of [ 1riax [ lgparf "+ [ lgrax,

or

(65.3) ([ 1 gpad™ = {7 1rpad™+{[ tepa]™

This is known as the triangle inequality. It is of particular importance in studying
convergence in the mean.

We say that the sequence of square integrabie functions f,{(x) converges in the mean
to the square integrable function f(x) if

(65.4) lim | [f(x) — fu(x)[2dx = .

n—rw —0

(The fact that f(x) —f,(x) is also square integrable follows from the triangle inequality.)
By the triangle inequality we see that

(fo o QW2 _(fe N2 (f= Y
o Ml =) Weltdxy A 1 faldxg

([ 1™ = [ g+ ([ 1 0™

Combining these, we have

([ o™= [ ravad"| = ([ 1r-arad"

Hence, if the sequence f,(x) converges in the mean to f(x),

and

(65.5) fim [ [£u(x) [Pdx = f’; | (x) 2.

n—ro =)

We also note that since f, — fon=So —f+f— fm,
([t = ([ s ([ -

Hence, if the sequence f,{x) converges in the mean to a function f{x), it satisfies the
Cauchy criterion

(65.6) lim [ £ = ful2dx = 0.

The following theorem relates uniform convergence to convergence in the mean
when the Cauchy criterion holds.

THEOREM 1. If the sequence of square integrable functions f,(x) converges to a func-
tion f(x) uniformly on every finite interval @ = x = b, and if it satisfies the Cauchy
criterion (65.6) then f(x) is also square integrable, and f,(x) converges to f(x) in the
mean.
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Proof. By the triangie inequality we have for any finite intervaia = x < b

{Lb If—fmlzdx}”z = {Lb |f—fn|2dX}1/2 N {Lb |j},-fm|2dx}”2
= |b— a1 max | f(x) — fa(x)| + U—Z s _fm[zdx}”z_

By the Cauchy criterion (65.6) we can make the second term on the right less than
any € > 0 by choosing n > m > N.. Letting n — « and using the fact that f,(x) — f(x)
uniformly for a = x < b, we obtain the inequality

[ 15 fubax < &

w i

for m > N.. Since N, is independent of @ and b, we may let a — —=< and b — = to find
that

(65.7) f 1f(x) — fu(x)2dx < & for m > N..

By definition f,,(x) — f(x) in the mean. The inequality (65.7) together with the triangle
inequality implies that f(x) is square integrable.

Remark. The Cauchy criterion is essential in this theorem. A sequence may converge
uniformly without converging in the mean. (This cannot happen on a finite interval.)

Example. The sequence

falx) = n-12g-etn

clearly converges uniformly to f(x) = 0. However,

j_m | fQx) —~ fulx) |2dx = fw n-le=2antddy = \/7]2,

so that f,(x) does not converge to 0 in the mean.

The Cauchy criterion alone is sufficient for convergence in the mean. This is the
cohtent of the Riesz-Fischer theorem, which we state without proof. For a proof see,
e.g., E. C. Titchmarsh, The Theory of Functions, Oxford (1939), pp. 386-388.

THEOREM 2. (Riesz-Fischer theorem). To every sequence of square integrable functions
f+{x) which satisfies the Cauchy criterion (65.6) there corresponds a square integrablef
function f(x) such that f,(x) converges to f(x) in the mean.

We define a function n{x) to be a null function if it is identically zero with the excep-
tion of such a small set of points that

f:, In(x)|2dx = 0.

It can be shown that this condition is equivalent to the requirement that
Lo
f n(x)dx=20
0

for all x,. (See Exercise 8).

¥ The Riesz-Fischer theorem requires the introduction of the [.ebesgue integral, because the limit function
f(x) may be so highly discontinuous that the concept of Riemann integral cannot be applied to it.
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Example. The function

n(x) = 1 when x==1,
0 otherwise

is a null function.

If the sequence f.(x) converges in the mean to f(x), we find by the triangle in-
equality that

fim [~ 1) + () — (e = lim [ 1700 = fuo s + {7 pnras] ™

=lim | |f(x) — fulx)|?dx
-0

Thus the sequence f,,(x) also converges in the mean to f(x) + n(x).
Suppose, on the other hand that the sequence fi(x) converges in the mean to two
different functions f(x) and g(x). Then by the triangle inequality

J'(oo — o(r 2¢ = I(m Y ” 2 11/2 -+ j[w fm(r\lzdxluz.
lJ - \ / S 7 LJ . Lj_m \ J AN 1 J

Letting m —> «, we see that f(x) — g(x) is a null function.
Thus, the limit in the mean of a sequence of functions is defined to within a null function.

EXERCISES

1. Show that if p(x) is a real nonnegative weight function, then

f mf(x)g(x)p(x)dx = [ 1 RpGdx [ el (xds.

IE [ [7 15 gpeas) ™

3. Show that the sequence of functions f,(x) = n!/4e~"*l converges in the mean to f(x) =
What is the limit of £,(0)?

4. Show that if the sequence f.(x) converges to f(x) in the mean and g.(x) converges to
g(x) in the mean, then the sequence f,(x) + g.(x) converges to f(x) + g(x) in the mean.

5. Show that if f»(x) — f(x) in the mean, then FO fa(x)dx — FO f(x)dx uniformly in x, on
0 1]
any finite interval —L = x, =< L.
6. Show that if f,(x) — f(x) in the mean and g(x) is square integrable, then

[ s [ fagwar

7. Show that if {a.} and {b,} are any sequences of numbers such that = {|a.|% + |ba|?} con-
1

verges, then there is a square integrable function f(x) on the interval —7 < x < 7 whose Fourier

series is 3ao+ X {a. cos nx + b, sin nx}. HINT: Consider the sequence of functions fy(x) defined

n=1
to be 3a, + = {a, cos nx + by, sin nx} for |x| < 7 and O for |x| > =, and use the Riesz-Fischer
1

theorem.
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8. Show that a square integrable function n(x) is a null function if and only if
L e n{x)dx=20

for all xo. HINT: Use Schwarz’s inequality. Then expand n(x) on any finite interval —=M <x < M
in a Fourier series, and use Parseval’s equation (16.5).

66. Fourier Transforms of Square Integrable Functions: the Parseval Equation.
We shall now study the class of square integrable functions f(x). A function f(x)
is said to be square integrable if f ” | f(x)|2dx is finite. We shall show that if f(x) is both

absolutely integrable and square integrable, its Fourier transform is square integrable.
We shall then extend the definition of the Fourier transform in such a way that every
square integrable function has a square integrable Fourier transform.

Let f(x) be a square integrable function. For any integer M > 0 we define

(66.1) futw) = [ fix)eora.

For a fixed M we expand f(x) on the interval —-M = x =< M in a Fourier series. We
write this series in the complex form:

where
o %(a,, + iby) for n=0
Cn = m [—M f(x)einﬁx/de - 1/ _ A \ £ e
[E\a_n ~ib_p) for n=0.

We also expand the function ¢ on the same interval in a Fourier series:

=]
elor ~ 2 cn*e—imr.r/M,

—oD
where

_ sin (Mo + nm)
Mo+ nm

*=_1_fM ix{ wtBF
Cn M PMe( M)dx

(For Mw + nm = 0 we obtain the limiting value 1.)
Applying the Parseval equation (16.6) to the integral in (66.1), we find that
Fulw) = M[%agao* + = {ana,* + bnb”*}]
1
(66.2)
= M[Zcoco* + Z {(cn +c-n)(ca* + cn®) — (€n— C-n) (Cn™* — c_n*)}]
1
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=2M X cpc-p*

_ % sin{Mw— nm)
M —Eno “"Mo — nm
Also by Parseval’s equation
(66.3) 3 fet =557 [ 117 a,
and

o<}

sin®> (Mw — nm
Eo (]\4((0 — mr)z) 2Mf jefor|*dx = 1.

Hence we see by applying Schwarz’s inequality for series to (66.2) that

N

_ Sin(Mco—mr)2 of 1 (M 7 2}
fulw) = 2M 3 o MLHC I < el S0 [* s = X Jeal?),

which approaches zero as N — oo, uniformly in w. That is, the series in (66.2) converges
uniformly.
By means of contour integration we find that

{0 for [ #n

M

{= sin (Mw — nw) sin (Mo — lqr)J
Jow Mo—nm Mo — I

for | =n.

Thus (66.2) represents the function fi(w) as a uniformly convergent series of orthog-
onal functions on the interval —¢ < @ < o,
We consider the sequence of partial sums

)

o(w) =2M 3 cnSin (Mw — ni)
1

Mo — nm

-—

By the orthogonality we have for [ > m > 0
- —m-1
f 101(@) — () [2de = 47TM{ > fef+ X |cn|2}

Since X |c,|? converges, the right-hand side approaches zero as / and m — . Therefore

the sequence oi(w) satisfies the Cauchy criterion. We have already shown that o:(w)
— fu{w) uniformly. Hence by Theorem 1 of the preceding section o7(w) — fu(w) in
the mean. Then by (65.5)
f“ | fos() [Pdew = lim f” |2
- ] —oo
= 477'M 2 |Cn|2.

We now use the relation (66.3) to obtain the identity

(66.4) Jr | fu(w) |2 dew = 2ar Jr | f(x)|2dx.



312 The Fourier Transform CHAP. X

For any M, > M, > 0 we can write the difference fy, (o fM (w) as
@) = fin @) = [ fu, () losd,

where we have put
for |XI <M,

[0
S (x) = {f(x) for |x] = M.
Thus by (66.4)

[* (@) = Fun (w)izdw—zwf | fi[2dx

Jow J -,

- My
=2 [ \fpdx+ 2 [ e
Since f(x) is square integrable, the right-hand side approaches zero as M, and M,
approach infinity. That is, the sequence fy(w) satisfies the Cauchy criterion for con-
vergence in the mean.

If f(x} is absolutely integrable as well as square integrable, the integral defining its
Fourier transform f(w) converges uniformly. That is, fM(w) — f(w) uniformly. Hence
by Theorem 1 of the preceding section fi(w) = f(w) in the mean.

If f(x) is not absolutely integrable, the integral defining its Fourier transform may
not converge as an 1mnrnner inteeral. We then define the Fourier transform {'(m\ of

AW A4l AT ARALS AL 2R AN L2 RALaLVY WAy AL

f(x) to be the limit in the mean of the sequence fi (w):

~ M
(66.5) flw) =lim in meanf f(x) eierdx,
M->o -M
The existence of this limit is assured by the Riesz-Fischer theorem.
In many cases where f(x) is not absolutely integrable the Fourier transform can be
computed as a Cauchy principal value of the Fourier integral. (See Exercise 2.)
Letting M — o« in (66.4) and using (65.5), we find that

(66.6) f | Fw) Pdo = 27 f |F(x)[2dx.

This is called Parseval’s equation. It is clearly the analog of the Parseval equation for
Fourier series.

The Parseval equation shows that f(x) determines f(w) to within a null function,
and that f(w) determines f(x) to within a null function. It is clear that two functions
differing only by a null function have the same Fourier transform.

Example. The functions

0  when |x]
f(x)={+  when |x| =
1 when |x| <1

and

when —1=x<1

0 when x < —1
g(x)
when x =1
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both have the Fourier transform

. .
f pivr gy = 2510 Q
-1

w

If f(x) and g(x) are any two square integrable (possibly complex-valued) functions,
we see from the triangle inequality that f(x) * g(x) and f(x) % ig(x) are also square
integrable. The Parseval equation (66.6) shows that

f_ |f+ 2l2dw= 277] |f+ gl2dx,
[ 1f—apdo=2m [ 17— gltax,
ﬁ |f+lg|2dw“‘2ﬂ'f | f+ ig|3dx,
f_w |f— iglfdo= 277[ |f— ig|dx.

We muitiply the first of these identities by 1/4, the second by —1/4, the third by i/4,
and the fourth by —i/4, and add the resulting equations. Performing the squaring opera-
tions, we find after some cancellation that

(66.7) f: fl@)F(@)dw =2 fi flx)g(x)dx.

This is the general form of the Parseval equation. It holds for any square integrable
functions f(x) and g(x), either real or complex-valued, and reduces to (66.6) when

g=r

EXERCISES

Find the Fourier transform of f(x} = x/(x®> + 1). HINT: Use contour integration to find

fM(m) find the limit in the ordinary sense of f;;(w), and show that this is also its limit in the mean.
2. Show that if f(x) is square integrable and if the Cauchy principal value

3 M iwxr
}}_12 JiM flx)eterdx
converges uniformly to a function g(w) for a = @ < b, then f(w) — £(w) is a null function for

a=w=bh.

3. Find the Fourier transform of sin x/x.

4. Find |~ sin® xdx by means of the Parseval equality (66.6).

e—zm.ro 2 eiwro — }

5. Find f

dw by means of (66.6). HINT: f o ety =
6. Fmdj —mam%ﬁﬂdm by means of (66.7).

iw

. )
HINT: f ewrdy = g—ﬁzﬂ-

—0

67. Fourier Inversion Theorems.

In many cases a problem involving a partial differential equation for a function «
may be reduced to a problem involving an ordinary differential equation for the Fourier



314 The Fourier Transform CHAP. X

transform & of w. It is then possible to use the essentially simpler methods of ordinary
differential equations to solve for 4. We must then determine the solution u from its
Fourier transform. The latter process is known as finding the inverse Fourier transform.
Let f(w) be the Fourier transform of a square integrable function f(x).
For an arbitrary fixed x, > 0, we define the function

0 for x<0
(67.1) g(x) =11 for 0=x=1x
0 for x > x,.

Then

By the Parseval equation (66.7) we find that

(67.2) 2 f Fx)dx = f Flapen=1 R
For x, < 0 we define
0 for x < x
(67.3) g(x) =1—1 for xo=x=0
0 for x> 0.

Then we find that (67.2) also holds for x, < 0. For x,=0, (67.2) reduces to the identity
0=0.
By the fundamental theorem of calculus we find from (67.2) that

(67.4) Flx0) = 3 e [ ) o]

at each point x, where f is continuous. This is an inversion theorem. However, it is
inconvenient for computation.
To derive a better formula we let

fo) = [ e

be the Fourier transform of f(w). The Fourier transform of the function 2(w) =
(e — 1} /iw is easily found to be 2mg(—y}, where g(x) is defined by (67.1) if x, > 0
and by (67.3) if x, < 0. X

The Parseval equality (66.7) applied tof(w) and g(w) and their Fourier transforms
gives

0 A 0 e—iw.ro —_— 1
2 f fy)dy =2m f Ho)——5—de.
Then by (67.2)
fo a2 . fro
J—x fy)dy =2« jo fix)dx

for all x,. Making the change of variable x = —y, we find that
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j [f(—x) — 2mf(x) ]dx =

for all x,. By Exercise 8 of Section 65 f(—— ) — 2xf(x) is a null function. Since we must
neglect such functions in considering Fourier transforms, we can say that
fx) = 5=f(—x),
or
(67.5) f=x) = —3[3 Lf1].

We have proved:

INVERSION THEOREM 1. If f(x) is square integrable, then the Fourier transform of
its Fourier transform is 27f(—x):

(67.6) fx) = 21; fw Alw)e-odw.

This improper integral in general converges to f{x) only in the mean. However, if
f (w) is absolutely integrable, it converges uniformly as an ordinary improper integral,
In most applications the inversion integral {67.6) can be evaluated as a Cauchy principal
value.

_Inversion Theorem 1 applied to f (w) shows that every square integrable function
f(w) is the Fourier transform of some square integrable function f(x) given by (67.6).

For the purpose of computation it is useful to know when the inverse transform
(67.6) can be obtained as a Cauchy principal value. Moreover, we wish to extend
the inversion formula to functions f(x) that are absolutely integrable but not neces-
sarily square integrable.

If f(x) is square integrable, we apply the Parseval equality (66.7) with the function

sin L{x — x)
glx) = —Z———_—)_—

whose Fourier transform is

0 for |w| > L.
We obtain the equation
Lo, © . _
(67.7) f flw)eorodn = f f(x)2 sin L(x xo)dx.
-L -0 X — Xo

If f(x) is absolutely integrable but not nec:ssarily square integrable, its Fourier
integral converges uniformly, and we can der ve (67.7) by multiplying both sides of
the defining equation

flw) =" fexyeisds
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by e-t@*e_integrating with respect to w from —L to L, and changing the order of integra-
tion. Thus (67.7) holds if f(x) is either square integrable or absolutely integrable.

To derive the inversion formula we need the following lemma, which is an exten-
sion of the Riemann-Lebesgue lemma of Section 17,

LEMMA (Riemann-Lebesgue Lemma). If f ) | f(x)|dx converges, then

=2}

lim f(w) = lim | f(x)e“sdx = 0.

w—rtoc wrdee J—

Proof. Since the Fourier integral converges uniformly and ¢ is continuous, f(w)

is uniformly continuous in w. If f(x) is also square integrable, f | f|2dw converges.

oo axradla e Tmaling

This + P 1h the 11 i rrrdiniib of £ shat £4..1 IRV ) N N N WV
L1il>, I.UEULIIUI WILLL LLIC Ul1uULlie bUllLlllUlly ULJ y HIIPIICS Ulal flWw) 77 U dd W =7 .Y,
If f is not square integrable, we consider the sequence of “truncated” functions

Flx) = {J(;(x) whenever |f(x)| = n

whenever |f(x)| > n.

The function f, is square integrable, since

j_o; | fol2dx < n f: | fuldx = n ]Z | fdx.

Hence, its Fourier transform f,(w) approaches zero as |w| — .
It follows from the definition of an improper integral that

ro |f—faldx— 0  asn— .

If we choose an n so large that

j_x- |f— fuldx < %e,

we find that

(@) —fulw)]| = U:o [f(x) — fa(x)]etordx| < %e

We now choose || so large that |f,(w)]| < ie. Then |[f(w)]| < *€ + e = € for |o]
sufficiently large. This proves the lemma.

We now return to (67.7). We suppose that f(x) is continuous at x,, and define the
two functions

(67.8) hy(x) = 0 for |[x—x =1
Sx) for |x— x| > 1,
X — X
and
(67.9) () = { f(x))c :J;f)xo) for |x—xo| =< 1
0 for |x— x| > 1.
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The right-hand side of equation (67.7) can now be written in the form

J' Flx )2 smL(x

— Xo

x°)dx = J_w 2[R (x) + ha(x) ] sin L(x — xo) dx

To+1 Qy L —_
+ () [T HLE =T

Welet y=x—x,and z = L(x — x;). Then

fm f(x)z sin L(x—x) , _ . J‘w By (xo + ) (€ — e-itv) dy

X — X
—i J " by (x0 + y) (e'l¥ — e~il¥)dy

sin z

+2f(x0) f Ml

If f(x) is either absolutely integrable or square integrable, then 4, (x) is absolutely
integrable, and hence the first integral on the right approaches zero as L — = by the
Riemann-Lebesgue lemma.

If f(x) is sufficiently smooth (for example, differentiable or Holder continuous)
at x = xo, hs will be absolutely integrable. Then the second integral also approaches
zero as L — oo,

Finally, it is easily found by contour integration that the last integral approaches
w as L — . Thus, the integral on the left has the limit 27f(xo).

Using (67.7), we have the theorem:

INVERSION THEOREM 2. If f(x) is either absolutely integrable or square integrable,
and if f(x) is so smooth at x, that the function /.(x) defined by (67.9) is absolutely
integrable, then

(67.10) Flxe) = == lim J_ Flw) e @roda,

2 [

If f{x) has a jump discontinuity at x,, we find in a similar manner that if the function

f(x) — flxg — 0)

for xo—1=x<xp

X — Xo
h2(x) = f(X) ;___f_‘(io + 0) for Xo < X = x4+ 1
0
0 for |x— x| > 1
is absolutely integrable, then ~
1 | (Y L .
(67.11) 5[f(x0+0) + f(x0 — 0)] =5 lim | flw)e *vdw.
W (e J-L

Note that the above conditions for the inversion formulas are the same as in the case
of Fourier series.

As we have mentioned earlier, the Fourier transform f{w) determines f(x) only
to within a null function. However, in the solution of differential equations we are
usually only concerned with continuously differentiable functions, which are com-
pletely determined by (67.10).
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Example. Solve the heat conduction problem in an infinite slab:

ou *u _
(67.12) 'é?—a—ﬂ—-o for ~e<x<®, t>0,
u(x, 0} = f(x),

u(x, t) bounded.

It is easily seen that the maximum principle |#(x, ¢}| = max |f(x)| holds. (See Exercise 7.)
It follows that the problem has at most one solution, and that this solution depends continuously
on f(x).

We suppose that f(x) is absolutely integrable. We make the hypothesis that u, du/dt, du/dx,
and 9%u/dx? are continuous in x and ¢, and absolutely integrable in x, uniformly in 7. Then « and
du/dt approach zero as x — *,

If our hypotheses are valid, # has a Fourier transform

i(w, 1) = f " ulx, 1)etveds,
and
& [aulat] = aifot,
& [PPujax?] = —wiii.
Taking Fourier transforms with respect to x in (67.12), we obtain the initial value problem

M on
at+wu—0,

i(w, 0) =f(w)

f(w, 1) =flw)e-v*,

u(x, ) =5 lim fb e~ 2f (03 ey,
This is the solution formula.

We remark that the Fourier transform of an absolutely integrable function need not
be absolutely integrable. For this reason the inversion integral (67.10) is a Cauchy
principal value.

Example. The Fourier transform of the absolutely integrable function

_ 1t for |x|=1
fx) = {0 for |x] > 1
is
2sinw,
(1]}

which is not absolutely integrable.

Since the Fourier integral of an absolutely integrable function converges uniformly
in w, f(w) must be a continuous function of w, even if f(x) is discontinuous, Moreover,
by the Riemann-Lebesgue lemma f(w) — 0 as @ — *». We saw that a given function
g(w) 1s the Fourier transform of a square integrable function f(x) if and only if g is
square integrable. There is no such simple characterization of the Fourier transform
of an absolutely integrable function.
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The computation of a Fourier transform or its inverse, like the computation of any
integrai, can often be done with the aid of an integral table. Because of the many ap-
plications of Fourier transforms there are special tables, called Fourier transform
tables, which list only integrals of the form f f(x)ei**dx. By simply replacing x by o

and w by —x, one can also find inverse transforms with the same table.

The use of Fourier transforms is analogous to that of logarithms. A problem involving
multiplication or division can be reduced to one involving the simpler processes of addi-
tion or subtraction by taking logarithms and then finding an antilogarithm.

In the same way, a problem involving derivatives with respect to x can be reduced to
a simpler problem involving only multiplication by polynomials in w by taking Fourier
transforms and then finding an inverse transform.

However, while it is possible to tabulate the logarithms of all numbers to within a
certain accuracy, it is not possible to tabulate the Fourier transforms of all functions.
Therefore the inversion integral (67.10) for a particular problem must frequently be
evaluated by special means such as contour integration or even numerical integration.

EXERCISES
1. Find the inverse transform by means of (67.10) for
() sinwam_
1 —_
() c;())s aw.
(c) e
@ o
2. Verify (67.10) when
_ |1 for |x|<a
fx) = {O for |x| = a.
3. Solve
92 92
6_;2‘+:9?L2£=0 for —e<x<oo 0<y<],
u(x, 0) = e-21l,
u(x, 1) =0,
u(x,y) >0 uniformly in y, as x — =,
4. Solve
Qg_g_z_g=0 for —= < x < w0, >0,
ot 9x* ’ ’

u(x, 0) = e,
u(x, t) bounded.

HINT: §[e-92%] = ‘\/gg_w’/‘%a
5. Solve

ou  Pu__

Y axz—F(x,l) for —» < x <o, >0,
u(x, 0) =0,

u(x, t) bounded.
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6. Show that if

ou  u
Y ax2—0 for — < x<w, >0,
u(x, 0) = f(x),

u(x, 1) >0 uniformly in ¢, as x — o,

then
|lu(x, 1)| = max |f(x)!
HINT: Apply the maximum principle of Section 13 to the strip
—L=x=L,r=0, and let L — o,
7. By making the change of dependent variables

petilatty=1)
Vte—1’

show that there is at most one solution of the problem

u{x, t) =vix, t)

—=-==0 for 0 <1<y,

which satisfies
u(x, t)e b — uniformly in r, as x — oo,

and that this solution depends continuously on f(x). In particular show that if f and u are
bounded, |u| = max |f]

ceen e Wt Lt N T S T .. 1 s — A
HINT . LJCIIVC a LIdAlIIUL piicipic 101 v, LICILICL g 77 %
8. Solve
*u | *u ”
CE e = —m<x <o, 0<y<Ii,
3x2 + 3y u=20 for x , y
ou .
3y (5, 0) =0,
u(x, 1) = e,
u(x,y)—0 uniformly in y, as x — =0,
9. Solve
Pu | du .
4= = et —o < x <o, 0<y<l,
a2 Ty € for —oo < x y
ui(x, 0) =0,
u(x, 1) = 0’
u(x,y) —> 0 uniformly in y, as x — =0,

68. Sine and Cosine Transforms.

If f(x) is an odd function, so that
(68.1) f=x) = —f(x),

we see by symmetry that

ﬁo f(x) cos wxdx = 0.
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Hence, the Fourier transform reduces to
flw) =i J’: f(x) sin wxdx
=2i fo " f(x) sin wxdx.
If f(x) is given for 0 < x < o, its sine transform is defined as

(68.2) 3.Lf] = L " f(x) sin oxdx.

If we extend f(x) to —= < x < « as an odd function by (68.1), we have
Alw) =2i5[f].
Hence, the inversion theorem becomes

Fx) =~ tim | e-0e2i,[ flde
* 277 f~rae J-L 8 )

The sine transform is clearly an odd function of w. Hence the integral on the right

L
becomes 4 f sin wx$,[ f]dw. Thus the inversion theorem is
0

-~ ~__

(68.3) flx) = .fr. j: sin wx [ f]dw,
or
(68.4) f(x) = 28,[8,011)

A

for a function f{x) defined for 0 < x
h oS

T 1

alzrkhi ™ ~imal ynhia 1o »
auwdly Plilivipal Yadiuw 13 1

. (Note that we only need to know & [ f] for

nfi 1‘\17 b2 % a1 I\FI’I:"GFI) ;mﬂ"f\ﬂﬂ"
U Uy all Oldiflady Lipiopol

W
av\lf)
Cpid

0 <w < and
integral.)
Similarly, we can define the cosine transform

(68.5) F.[f] = L " flx) cos wxdx

for a function f defined for 0 < x < e,
If we extend f{x) to — < x < « as an even function (that is, f(—x) = f(x) ), we have

Alw) =238.[f].

The function & [ f] is even in w. Hence the inversion theorem becomes

(68.6) Fx) = —72; L " cos wx B[ f]dw,
or
(68.7) flx) = 285 £1]

for a function f(x) defined for 0 < x < .
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If f(x) is square integrable, the integrals from zero to infinity used in defining the
sine and cosine transforms may not converge as improper integrals. They are then to
be defined as limits in the mean of integrals from 0 to M. Then & ;[ f] and & [ f] are
square integrable, the inversion formulas (68.4) and (68.7) are valid, and the Parseval
equations

[[1rwea=2 ["15.051d0 =2 [ 15051 o

0 T Jo T

hold.

Sine and cosine transforms are often useful in treating problems with boundary
conditions only at x = 0.
However, we note that

S ] =me'(x) sin wxdx = f(x) sin wx ]: —w mecos wxdx
:_w%c[f]a

provided f(x) — 0 as x — =, Thus differentiation interchanges sine and cosine trans-
forms. Therefore, sine transforms, like sine series, are used for problems involving
only derivatives of even order. After two integrations by parts, we find that

[ L RV AN PR |
UgelJ 1 =J\V)w —w"Os| ]|,

Se[f]=—"(0) — B[ £],

provided f(x) and f'(x) = 0 as x = «. Thus, the sine transform is particularly useful
when f(0) is given, while the cosine transform is useful when f’(0) is known.

(68.8)

Example. Solve the heat conduction problem in a semi-infinite slab

du  Pu _

-5?—5?—0 for 0<x <o, >0,
u{0, 1} =0,

u(x, 0) -_—f(X),

u(x, t) bounded.

We suppose that fis absolutely integrable, and that «, du/az, dufax, and 3*u/dx* are continuous
and absolutely integrable in x for each fixed ¢. Taking sine transforms with respect to x, and

putting U(w, t) = &[u], we find

L+ wU=o,
Uw, 0) =3,[f].
Thus
Ulw, 1) =B ,[fI(w)e -,
and

u(x, t) = % j: B [ F1(w)e ™ sin wxdw.

This solution coincides with the solution of the problem (67.12) of heat conduction
in an infinite slab that was found in Section 67, provided we extend f(x) to—° < x <
as an odd function. The corresponding solution u#(x, ¢) of the problem (67.12) is then
also odd about x = 0, and hence «(0, t) = 0.
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EXERCISES

i. Find the sine transforms of
(a) e
(b) xe~=.
2. Find the cosine transforms of 1(a) and (b).
3. Solve the problem of variable end temperature on a semi-infinite slab

o  o%u
ou _Yvv __ < >
3 I 0 for 0 <x<», >0,
u(0, 1) = g(1),
u(x,0) =0,
uliv 1Y honnded
\A’ l/ vl liviwul
4. Solve Laplace’s equation on a half-strip

Pu . du

5;4—5)7:0 for 0<x<omo, O<y<l,
u(0,y) =0,
u—0 uniformly in y, as x — o,
u(x, 1) =10,
u(x, 0) = f(x).

5. Solve

%u | %u __

ale-f'a—yz—-or fOl' 0<x<<oo, Q<y<l,
u0,y) =yl ~y),
u—90 uniformly in y, as x — <o,
u(x, 0) =0,
u(x, 1) =0.

6. Evaluate the sine and cosine transforms of x=*, 0 < & < 1 in terms of the gamma function
N'l—a)= J i e vy—2dy by means of an integral over a contour consisting of a quarter circle
with an inder?tation.

Y

A

€ L
7. Solve
2
‘3_‘;—2?”+u=0 for 0<x<ow, >0,
du _
u(x,0) =0,

u(x, t) bounded

for u as a single integral involving f(¢). HINT: f " e cos wxdx = %\/ge-wzf“a .
0
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8. Solve
u  du
5 s Tm=0 for x>0, 1>0,
u(x, 0) =e-=,
du _
'53"(()’ t) - 0’

u(x, 1) =0 uniformly in ¢, as x — o,

69. Some Operational Formulas.

We have already shown in Section 63 that if f(x) is absolutely integrable, approaches
zero as x — =+, and has a derivative f'(x), then

(69.1) S [f'1=—iwB[f].

In particular, this formula is true if both f(x) and f'(x) are absolutely integrable.

Since the inverse of the Fourier transformation is again a Fourier transformation,
we can expect the analogous formula in the opposite direction. That is, the derivative
of the Fourier transform of f(x) is the Fourier transform of ixf(x):

(69.2) Blinf(x)] = - BL1].

This formula states nothing but the fact that the Fourier transformation can be differ-
entiated under the integral sign. It is certainly correct if the resulting integral converges
uniformly in w. Thus, if xf(x) is absolutely integrable, &[f] is continuously dif-
ferentiable, and the operational formula (69.2) holds.

We consider now the function

g(x) = flax — b)

obtained by replacing the variable x by ax — b, where a and b are real constants.
This is a linear change of variable. If f(x) is absolutely integrable, so is g(x)}, and

PN
\w)

%>

Putting ¢ = ax — b, we have fora >0

dlw) =5 [ emerming(e)de.

If a < 0, the limits of integration are reversed, which introduces a minus sign. Thus
we have the shift formula

(69.3) S flax —b)] = —I“ei"”’/“f(%).

|al
In particular, if ¢ =1 we see that transiation to the right by b corresponds to multiply-
ing the Fourier transform by eit». If b = 0, we see that multiplying x by a constant a
corresponds to dividing w by @ and dividing the Fourier transform by la|.
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Applying the formula to f‘ instead of f and using the fact that &[ f ] = 2nf(—x), we
formally find

(69.4) Fleerf(x)] = flw + ¢).

That this formula is true for any absolutely integrable f(x) is clear from the fact that

%[eic.rf] --_:‘Iﬂo'3 ei(w+c).rf(x)dx.

—%K

Since the Fourier transform is linear, we find from (69.4) that

Bleos exfx)] =3 Blekefn)] + 5 Bleerf(x)]

(69.5) =%[j'(w+ ¢) +flo—0o)l,

and

(A0 £)
\V.rs.uj

.

The above rules allow us to compute new Fourier transforms or inverse transforms
from known ones without further integration. They greatly extend the usefulness of a
table of Fourier transforms, since each entry leads to many other transform pairs.

Example. The Fourier transform of the function
0 for |x] > 1
7 =1} Hzi

is

f(w) _2 s:: w
The shift formula (69.3) shows that the Fourier transform of the function
0 for x<c
g(x) =11 for c=x=d
0 for x>d
=f 2 _d+ c)
d— ¢ d—c¢

is
sm%d—dg

A = D pild+Clwf2
g(w) =

The Fourier transform of the single sine wave

0 for x=90
h(x) ={sinx for 0=x=nx
0 for x

=sinx f(%x* l)
is then found by (69.6) to be

o) =

) 1
e™2 cos Trw.
1 — w? 2
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EXERCISES

L If & [e-#*] = \/mre~»"4, find the Fourier transform of e-a=-o?,
2. Find the Fourier transform of

e ** sin cx.

3. Find the solution (in the form of an integral) of the difference-differential equation

ulx+1,8) —2ul{x, t) +u(x—1,1) =—é;—b;(x, 1),
u(x, 0) = f(x),

for which fw tu|dx is finite.

HINT: Use the shift formula (69.3).
4. Find the solution (in the form of an integral) of the ordinary differential equation

xt' +u —xu=90

for which | |u|dx is finite.

HINT: Use (69.1) and (69.2). NOTE: The solution is a Bessel function with imaginary argument
K0(|x|).

70. The Convolution Product.

Let f{x) and g(x) be any functions that are both absolutely integrable and square
integrable. Then their Fourier transforms f(w) and 2(w) are square integrable.

By the shift formula (69.3) we see that for a fixed x, the function e%f(—w) is the
Fourier transform of f(x, — x). These functions are again square integrable. There-
fore by the Parseval equation (66.7)

o [ ewnf—o)F@do= [ fixo— 2z

It is easily seen that if we let

h(x) = g(x),
then
hw) = f " g (X) dx
= fw e wrg(x)dx
=g(—w).
Thus the Parseval equation can be written
(70.1) 2—17; f " etwnf(—w) h(—w)do = f " flxe — x)h(x)dx.

The function of x, which appears on the right-hand side of this equation is called the
convolution product of the functions f and A. 1t is denoted by f*4:
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(70.2) frh(xy) = f:f(xrx)h(x)dx-

The convolution product has many of the properties of an ordinary product. It is
linear in fand h:

(afi + bfz)*h = afixh + bfaxh,
f* (ah1 + bhz) = af*h1 + bf*hz,

and it is commutative:
Sfrh = hxf.

The latter identity can be seen by making the change of variables y = xy — x in (70.2).
It is also associative:

fr(g=h) = (fxg)*h.

It follows from Schwarz’s inequality that the defining integral (70.2) converges
uniformly, and that the function f*# is bounded:

o] = \/ [" treax [7 inpa

Since f and & are absolutely integrable as well as square integrable, we find that for
any finite interval (4, B)

Blm

L. f(xo—x)n(x)dxldxo<J J | f(x0 — x) ][ (x) |dxdxo
= [ [F 10— 0 tasin ) las
= [7 7 1= ldnln () lds

" 1 flax fw |h)dx.

T e n e can 1.+ D __x ~~ A am ey B thot L0l 20 alaonlizstnale; tmtacgralala A
llll.Ib WO CAlLl ICL D 7 Y, A1 7 7T Lu 1l G LIl LJ""E 1> UdUILIULCLY 1IICE]L avlc, allu
oo} 0 0
(70.3) | frh|dx, = | fdx |h|dx.
—0 - ]

The formula (70.1) states that the absolutely integrable function f*A is 27 times
the Fourier transform of the absolutely integrable function f (—w)h(—w)

Therefore by the Inversion Theorem 2, the product f(m)h(w) is the Fourier trans-
form of fxh. We have proved:

CONVOLUTION :I‘HEORF:M. If /(x) and h(x) are both absolutely integrable and square
integrable, and if /(w) and /(w) are their Fourier transforms, then the product f(w)/ ()
is the Fourier transform of the convolution product f*A.

Example. We again consider the heat flow problem

b4
%ng—lz‘:O for —w<x<o, t>0,

u(x, 0) =f(x),
u(x, t) bounded.
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Taking Fourier transforms, we obtain the problem

i/
FY; + w?it =0,
i(w, 0) = flw),
whose solution is
i =fe-.

If we write the inversion formula
— L * ~ g, ; — w2l
ulx, t) = I f-x e~ (@) e~ idw,

and if f is absolutely integrable so that f{w) is bounded, the integral may be differentiated under

the integral sign any number of times for ¢+ > 0. In particular, we see that u satisfies the heat

LRSS SR 0L W NS RV B 8 L) i aial oL 224l S2ALIALI0a AT AR al

equation. However, it is not easy to show that u satlsﬁes the initial conditions, since the in-
tegral may not converge uniformly near ¢ = 0.
Now e~* is the Fourier transform of

e—.rZ/«it’
At

which is absolutely integrable, square integrable, and bounded for 1 > 0. Hence,

(704) u(x’ t) = e*(.rvy)zfllrdy’

provided f(x) is absolutely integrable and square integrable. The fact that u(x, ¢) approaches
f(xs) as (x, 1) = (x0, 0) at points x, where f(x) is continuous follows from the facts that for
t>0

1 )
—(r-ylat > Q e—T-¥atdy = |
e y ,
’ Vit J-=
and that
lim e~ tr it = whenever y # x.
;::9‘" dart

In general, it is easier to evaluate the convolution integral (70.4) than it is to find the
Fourier transform f(w) and the inverse transform of fe-«*. Moreover, the solution
(70.4) can be shown to satisfy the differential equation and the initial condition under

tha mich « alar hunnthagie that £+ ) o— al.rl 1ie eontiniiniie and hnnndad for ecaoma ~ > N
Lll\./ lllu\/ll W\Jal\\-!l. Il_y PUL[‘.UDID L[laLJ \A«/: 19 WULLLLLIUVUD Adliu UVULLIVWA LU OULLIC LD - .

The function f(x) need not even have a Fourier transform at all. In particular, the
temperature need not approach the same value when x — — as when x — +oo,

It is very often true that a formula found by the formalism of the Fourier transform
gives a solution under much weaker hypotheses than those necessary to justify the
derivation of the solution formula itself.

The integral (70.4) expresses the solution as a sum of the effects of f(y) at various
points. The heat kernel

1

e*(-r—y}zl'“
V 4t

represents the temperature at x at time ¢ due to a concentrated ‘‘hot spot™ at y at time
zero. This temperature depends only on the difference x — v, because of the fact that
the medium is homogeneous; that is, that the coefficients in the heat equation do not
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depend on x. It is this fact which enables us to use the Fourier transform and allows
us to write the solution as a convolution product.

EXERCISES

1. Find the inverse Fourier transform of

N |
g(@) = Fr
by using the convolution theorem. HINT: F[e 1] = 2/(w? + 1).
2. Find the Fourier transform of

F) = |7 ewmgay,

in terms of g{w).

3. Solve
Pu . du
ax2+ay =0 for 0 <x<ow, 0<y<oo
u(x, 0) = f(x),

u(x,y) =0 as x*+y?P—>w

as an integral involving f(x).

4. Solve
ou u -
o 62+tu 0 for —w < x <o, >0,
u(x, 0) = f(x),

u(x, t) bounded.

5. Show that if f(x) and A(x) both vanish for |x| > M, the convolution theorem can be
obtained by change of the order of integration and a change of variables.

Consider the initial value problem

ou 2u  du 82:‘4]

t— 5| = for t>
ar [ax2 dy? 072 0 r 0,
u(x,y,z,0) =flx,y, 2),
u(x, v, z, t) bounded.

(71.1)

The solution of this problem gives the temperature distribution in a three-dimensional
medium of infinite extent whose initial temperature at the point (x, y, z) is f(x, y, 2).

We suppose that the problem (71.1) has a solution «# such that u, du/dt, 9%u/ox2,
d*ujoy*, and 0*ufdz* are continuous and absolutely integrable with respect to x, uni-
formly in y, z, and t. Taking Fourier transforms with respect to x in (71.1), we obtain
the problem

7 2 2
= [—w2ﬁ+ %y—‘ﬁ%ﬂ] =0,

i(w,y, 2, 0) = flo, ¥, 2).
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This procedure reduces by one the number of variables with respect to which differ-
entiation occurs, but still leaves a partial differential equation. We can remove the
partial derivative with respect to y by taking Fourier transforms with respect to y,
and then the partial derivative with respect to z by taking Fourier transforms with
respect to z. We are led to the following procedure:

Let

U(wh w2, w3, f) mf fw [ ellerrrorasdly (x vy 7z, t)dxdydz,
(71.2) ) Piui e
F((l)l, wWs, (1)3) =J J J ei(wl.r+w2y+waz?f(x, v, Z)dXdde.

Multiply the equation (71.1) by eilwir+ey+waz) and integrate with respect to x, vy, z.

Assuming that the partial derivatives of u occurring in the equation are absolutely
integrable, and that u, du/dx, du/dy, and éu/dz approach zero sufficiently rapidly at
infinity, we can show that

» o [o du al
el(wlr+wzy+w3z)§dxdydz - _;A?’

Jmoe J—w J—oo

£ 0 © . azu N
el(m1.1'+m2y+cusz I__d_.dxdydz — __w12U
cw Jew Jow 0x? ’

and so forth. Then U must satisfy

%f—-]-+(w12+w22+w32)f/=0 for t>0,
U(wi, 03, w3, 0) = F{wi, 0, 03).

This is an initial value problem for an ordinary differential equation, and has the solu-
tion

(71.3) U, ws, w3, 1) = F (w1, w2, ws)e@*+os+osdn,
We wish to return from {7 to the function u. If we define the intermediate transforms
(w1, y, 2, 1) -“—f e Tu(x,y, z, t)dx,

-0

122((1)1, Wz, Z, t) =f eiwzyﬁl(wh ¥y, zZ, t)dy7

-0

we see that U is the Fourier transform of i with respect to z. Similarly, if we define

-1

2 I Y r Foi an IV PRY r
Jilo, ¥, 2, 1) ‘“_“j e x, Yy, 2, 1)ax,

Fa(wr, w2, 2, 1) =f etfy (o1, y, z, t)dy,
then F is the Fourier transform of f» with respect to the variable z. The function
e—(wittw?+oa?) s the Fourier transform with respect to the variable z of
e—(w12+mzz)f.#.e—22]4t
47t
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If we keep w:, w., and ¢ fixed and apply the convolution theorem to (71.3), we find that

(2

fz (@1, @2, 2, t) = \/—f Fe(w1, wa, {)e@rtot—=3dL,

We compute the inverse Fourier transforms of both sides of this equation with
respect to the variable w,. The left-hand side is the Fourier transform of ii; (w1, ¥y, 2z, )
with respect to the variable y. The right hand side is an integral with respect to { of
the Fourier transform of a convolution in the variable y. Interchanging the {-integral
with the inverse Fourier transform, we find that

/\ 1 2} x -~ 2 2+_7.
oy, 0 =g | [ Futon, m, et

We now take the inverse Fourier transform with respect to the variable w;. By the
same reasoning, we find after changing the order of integration that

(x—§)2+(y—'n)LF(Z—C)

14 ux,y, 20 =g | [0 [ fem, ve dedndy,

This, then, is the formal solution of the initial value problem (71.1) for the heat equa-
tion. Instead of justifying the various steps of its derivation, we must only verify that
the formula (71.4) actually solves the problem. This is done in the same way as in the
one-dimensional case of Section 70.

The formula (71.4) solves the heat equation and the prescribed initial condition if

only
f(x,y, z)e Vs

is continuous and bounded for some « > 0. The Fourier transform F (w1, w2, w3)
need not even be defined.

The solution (71.4) was discovered by Laplace.

In the process of deriving (71.4) we have implicitly proved the convolution theorem

(71.5)

flw1, s, wg)g(wl, w2, W3)

_ J“’“ f“’ J"” ei(w1x+wzy+w3z){ J: f: J_""w flE m Dglx— &y —m, z—g)dgdndg}dxdydz

- J—o J-o

for multiple Fourier transforms
flos, w2, w3) = f‘” f°° jw flx, y, z) elenzrotodldxdydz,
T e e = [T [T [ sy, pemenandyd:.

We have also observed the operational formulas

(71.7) f f f (x y, 7) el zrowteddydydy = —iw, f(wr, w2, ©3),

and so on.
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_ We can also show that if f(x, y, z) is square integrable, then the same is true of
f(w1, w2, w3), and the Parseval equality

(71.8)

f—“ ﬁ” ﬁ*’ | f(w1, w2, ws) |2 dwrdandw; = (27)? ﬁo fj j_w |f(x, v, z) |2dxdydz

hoids.
If fis absolutely integrable, it can be shown by methods like those of Section 67
that the inversion theorems

L L n
(119) fix,3, 2 =g lim [ [ [ etorsonason, o, w0)dordasda,

s BN By PRN RS PN ST

and

(71.10)  flx, y,2) = (2 )3 11_1m f ff l(w11‘+wzy+wszf(wl, @3, ws) dordwsdws

Wit w i af < L2
are valid at points (x, y, z) where f has continuous partial derivatives up to order three.
Note that we have here two different notions of the Cauchy principal value.
Because of the operational formula (71.7) the multiple Fourier transform is useful
in solving various problems in partial differential equations in which the coefficients are
independent of x, y, and z. The coefficients may depend upon .

EXERCISES

1. Solve the problem of heat flow in two dimensions
ou d%u
Y [ax2+ay2]~0 for ¢+>0,

u(x,y, 0) =f(x, y),
u(x, y, t) bounded.

2. Solve the problem of heat flow with heat production

?9? [g;z T2 ayz 4+ 872 J F(x,y, 2, 1) for ¢+>0,
u(xa ¥, z, 0) =0,
u(x, y, z, t) bounded.

3. Solve the problem

2 2

%Lti_[gﬁ 82+ ]—au=0 for >0,
u(x ¥, 2,0) =flx, 5, 2),
u(x, y, z, t) bounded.

4. Find the Fourier transform of the Green’s function for the slab —0 < x < 00, —0 <y < o,
0 < z < 1 by considering the problem

;12 ,'12

2
ax'~’+ay +az =—F(x,y,2) for 0<z<1,

u(x,y, 0) =uix,y, 1) =0,
u(x,y,2) =0 uniformly in z as x4+ y?— oo,
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72. The Three-Dimensional Wave Equation.
We consider the pure initial value problem for the three-dimensional wave equation

u S 02u + P 2wl . A
=0 for >0,

o “lax T oy ez
(72.1) u(x,v,z,0)=90

)
gg(x, ¥, 2, 0) = flx, y, 2).

Let
i(wy, we, ws, t) = [m r [ u(x, y, z, t) eilerxroreldydydz,
f(wla Wz, W3) = fw f f flx, y, 7)ellorrrwyroddxdydz,

Then under the usual hypotheses (f absolutely integrable, # and its first and second
partial derivatives absolutely integrable in x, y, z for each ¢) we find that
0%t
or?

+ CZ((M]2 + cuf -+ 0)32)12 =)
i(wy, w2, w3, 0) =0

ol A
5‘;((01, @2, W3, 0) =f(w1, w2, C'Js)'

This problem has the solution

sin Vw2 + w.? + wsict
Va2 + w2+ wi?c

{72.2) (o, w2, w3, 1) =f(w1, w2, ws)

We can then write the formal solution of the problem (72.1) in the form

2 2 2
u(x,y, 2, 1) = _ lim J’ f ff(wi, o, w}}sm Vi + w2+ wgict
(72.3) (2 ) L:‘O:.Hu a3 le + w22 + w32C

e*i(wlr+w2y+w3z)dwldm2dw3_

If we let p = V:? + w2 + w32, and note that
sin pct = %—,(ew‘ — e~ioety
i

we can write this formula in the form

ux, y, 2, 1) =g wa f J'f(wl, ws, W)

(72.4) p<L
o] er—@1, 2w —ip| et Lleh @, 0
{e"’[m—px_py_pz]'” 'p[m?”f”pz]}dmdwzdw&

The function ?°%%%%| is a solution of the wave equation of the type obtained
by separation of variables. For fixed ¢ it is constant along planes perpendicular to the

unit vector (‘;‘ (‘: a;) In space-time it is constant on each characteristic hyperplane
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ct — —;x _—y — %Z = constant. Such a hyperplane represents a plane perpendicular

to the unit vector (F’ %’ —“;—3) moving with speed ¢ in the direction of this normal
vector. Thus the function e“’[“ s } describes a plane wave propagated with
speed c. For fixed (x, y, z), it varies sinusoidally in time with frequency pc/27.

The function e ”’[”* By tlic g plane wave with frequency pc/2m travelling with

speed ¢ in the direction {— 2L, — %2, — 93} Thys the
i PP P/

superposition of plane waves in various directions and with various frequencies.

While this form of the solution is useful in understanding the motion, it is not well
suited for computation. It follows from the uniqueness theorem of Section 34 that the
solution at (x, y, z, t) depends only on the values of f(£, , {) in the sphere (£ —x)% 4+
(n —y)2+ (L—z)% = c22. However f depends on all of £. The formula (72.4) obscures
the fact that the solution of the problem (72.1) has finite domains of dependence.

In order to obtain a better formula we substitute the definition of f into the formula

(72.3). Then
(72.5)
u(x,y,z,1)

Hlwi{é—x)+w2n—y)+ws({—2)] sin \/(1)12 + w2 + 01326‘1
(qu) ll_r,llffff f_m] J& m, e

Vo + wy? + wc
dédndidw,dw.dw;.

We interchange the order of integration in this sixfold integral. We introduce spherical
coordinates (p, ¥, 7) in the (w;, w:, w;) space with the north pole = 0 in the direction
of the vector (¢ — x, n—y, { — z), and let

r=Vx—§r+ (y—n)*+ (z— O~
ws, wy) integral, which we integrate first, becomes

Qy,
2 2 2
f f f ellonE—o)rontn—y)+ost-SI0 Vn? + 0y + w5 ! o1 dwsdos
Vi + w? + wsic

solution (72.4) represents u as a

wn i twt<L?

iyt <L}

L {7 (2w :
= ] f f ¢trocosy SLLEL o i widrdwdp
o Jo Jo pc

27 J’L giro cosw]ﬂ' . ¢ od
=7, [ iy sin pct pdp

L
‘}_f [ sin rp sin pctdp.

€ Jo

To treat the integration with respect to &, n, and { we introduce spherical coordinates
(r, 8, @) in the (¢, 1, {) space with their origin at (x, y, z), so that

E—x=rsinf cosd

n—y=rsinfsing¢

{—z=rcoso.
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Then (72.5) becomes (after the order of integration has been changed)

u(x,y,z,t)m—-z-— {le:)fff(x+rsm9cos¢,y+rsmﬂsm¢ z+ rcosb)

0

L
{ f sin pr sin pCtdp}r sin 0dododr

u(x,y, z,

sm pct[fo sin pr{f j f(E, m, L) rsin 9d¢>d8}dr]dp

The right-hand side is a multiple of the formula (68.3) for the inversion of a sine trans-
form. Hence by (68.3)

(72.6)

u(x,y, z, t)

2 CL—-»

2m w
= # f f flx+ ct sinf cos ¢, y + ct sin 0 sin ¢, z -+ ct cos 9) sin Odpds.
0 0

This solution is ¢ times the average value of f over a sphere of radius ct centered at
(x, ¥, z). This solution formula is due to Poisson, but it is usually called Kirchhoff’s
formula.

We have made various assumptions in the derivation of (72.6). Instead of justifying
them, we shall show directly that the function « defined by (72.6) is the solution of
the problem (72.1).

If fis bounded in a neighborhood of (x, y, z): | f| = M, then

lu(x, y, z, 1) = tM

for ¢ sufficiently small, and hence u — 0 as 1 — 0. To compute du/dt we suppose that
f has continuous partial derivatives, so that we may differentiate (72.6) under the
integral sign. Then

(72.7)
ou

57__[ f flx+ctsin@ cos ¢, y+ ct sinf sin ¢, z + ct cos ) sin 0dpdo

<t of of f)
+ - L fo (sm 0 cos ¢ x + sin @ sin ¢ 3y + cos 0(-3; sin 8d¢de.

As t — 0, the first integral approaches f(x, v, z), and the second approaches zero.
Therefore

ou
E(x, y,2,0)=f(x,y,2).

To verify that u satisfies the wave equation we suppose that f has continuous
second derivatives. By (72.7) and the divergence theorem

ou _u 1 _
(72.8) FTIR +4—-~7Tct fJ’ grad f - ndS

(E=x) 2+ (= )2+ {—2) * =2
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u | [ rr v
=+ j J j VEfdédmdl
(£ = X))+ (g2 < e
w1 fetfmfem o N
7 J JO jo Vif(x+rsmBcose,yt+rsinfsing, 2+ rcosé)

dmct Jy
r? sin 6d¢pdodr.

Hence
Pu _ w Vow 1 [T
512 - +t ot 477Ct2J. f f \Y f’a sin 0d¢d9dr

2
ctf f V3 (x + ct sin @ cos ¢, y + ¢t sin 0 sin ¢, z + ¢t cos 8) sin Odpdo.

By (72.8) the first three terms cancel, and

Fu_ct (7 o
6t2 477 _}0 jo
= Nu.

VEf(x + ct sinf cos ¢, y + ct sin 8 sin ¢, z + ¢t cos #) sin 8dpdo

Thus we have shown that if f is twice continuously differentiable, Kirchhoff’s
formula (72.6) provides the solution of the problem (72.1). The behavior of f at in-
finity is immaterial, so that f need not even exist.

We note that the solution (72.6) is not only independent of the behavior of f(£, 1, {)
outside the domain of dependence (¢ — x)> + (n —¥)2+ {{ —2)% = ¢?f%, but also of its
behavior in the interior of this sphere. It depends only on the values of f on the surface
of the sphere. This fact is known as Huyghen’s principle. Huyghen’s principle asserts
that a signal concentrated in the neighborhood of a point P at time zero is concentrated
at time ¢ near a sphere of radius ¢z centered at P. In particular, a listener at distance d
from a musical instrument hears exactly what has been played at time ¢ — d/c, rather
than a mixture of all the notes played up to this time.

EXERCISES

1. Show that if f(x, v, z) is independent of z in the problem (72.1), the same is true of its
solution (72.6). Hence find a solution of the initial value problem for the two-dimensional wave
equation

su_ L[ | &u ]
it 22| = -
ET [ax2 taz|=0  for >0,

(X, Y, 0) ”03

%‘:(x y, 0) = f(x, y).

(This method of solving another problem in lower dimensions is called the method of descent).
2. Show that if « is the solution of (72.1), then v = du/dt satisfies the wave equation and the
initial conditions v(x, y, z, 0) = f(x, v, z), av/at(x, y, z, 0) = 0. Hence find the solution of the
initial value problem '
2 2
%TL;— [ax2+g?u+ ] 0 for >0,
u(x, y, z, 0) =f(x, ¥, 2),

9
Sy, 2.0 =g(x, ,2).
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3. Solve the nonhomogeneous problem

2
%Elzi_ [ 2+6y2+azz] F(x,y,z,1) for >0,

u{x, y, z,0) =0,
du _
E(x, Y, Z, 0) = (.

u(x,y, 0)=0,
au _
"é?(xa Yy, 0) '“‘f(x! y)
by considering the problem satisfied by v(x, v, z, {) = u(x, y, t)e.
5. Solve the problem in the parallelepiped

*u _ ,0%u | d%u
SE [ax2+ 2+612] 0 for 0<x<A4, 0<y<B, 0<z<C(C,

u=290 for x:O, .x=A, yzO, y:B, z=09 ch9
u(x,y, z,0) =0,

%?(x, ¥, 2, 0) =flx, 5, 2)

by means of (72.6) and a suitable extension of f. State conditions under which the solution is
valid.

6. If

Pu  Pu FPu  du

u(x, y, 2, 0) = 09

gltl(xi y, Z, 0) :;x2+y2+z2’
find #(0, 0, 0, ¢).

7. If
Pu Pu Pu  Fu
dy?

find u(x, y, z, 1).

73. The Fourier Transform with Complex Argument,

Let f(x) be a function and s a real number such that e~*=f(x) is absolutely integrable.
Then

Slewsfn)] = [ etesfiaas.
The right-hand side looks like an ordinary Fourier transform of f, with w replaced by

the complex variable { = w + is. For such an s and all real w, we define the Fourier
transform with complex argument
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(73.1) (w+is) = J iz (x) dx
—e0
If there are two real numbers s, < s: such that both e~ #%f(x) and e-**f(x) are
absolutely integrable, we find that for s; = 5 = s»

[ tespoiar = [

—co

sl f()|de + [ e o)l

so that e~*2f(x) is absolutely integrable. Hence f(w + is) is defined for —o < w <
and s, = s = s5,. Moreover the Fourier integral converges uniformly in w and s in this

strip. Therefore, if C is any simple closed contour in the strip s; < Im { < s,, we find
that

§ roa=§ [ eran

_ fw £x) i et dydy
=0,

since €z is an analytic function of £. Then by Morera’s theorem, f({) is an analytic
function of ¢ for s; < ImZ < s..

Example. If f(x) = e—**l, @ > 0, we can take any s, and s, such that —a < s, < s, < a. Hence
S(&) is analytic for —a < Im { < a. In fact,

Flw+is) = fw gliv—six-aleldy

= (0 plinta—s)r v 4 rw pliw—a—s)xrJyv
Jow b o

I

Tiwta—s iw—a—s

— _mza -

T at+ (w+is)?

Thus

f(g) 2+§2,

which is, indeed, analytic for —a < Im { < a.

As in this example, it frequently happens that there is an obvious analytic continua-
tion of f({) to a function which is analytic in a larger set. The inversion integral can
then be altered and possibly evaluated explicitly by applying contour integration and
the residue theorem.

Example. Let /() = Ez*‘_%_—zg, where g is a real positive constant. If e~**f(x) is absolutely in-

tegrable for —a < 5 < g, the inversion theorem gives

esof(x) =g fim [ S O o,
or
-»1(w+1s)x
fx) = E:l.'fEJL 2+ (w+i5)”
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We first suppose that x > 0, and consider the contour C composed of the line Im = s,
—L =< Re { = L and the part of the circle |¢|> = L? + 5* for which Im { <s. By Cauchy’s theorem
we find that for L? + s > a*

etz . . e~ ix
ﬁﬁ a + czdg = 277’§Rm[az ¥ gz],
where ® _i. is the residue at the pole { = —ia. (We recall that s < q, so that the pole at ia is
outside the contour.) We find that

e‘ﬂl‘

—2ia

On the circular part of the contour we have Im { < s, and hence
es.r

e i \/T2 3
1} a2+c2d€ <L2+s2_a2277 L? + 5%,

which approaches zero as L — «. Therefore

éR—ia =

L e—i(m+1‘s) . Te-ar

ll_l—ch at+ (o +is)? ®T T,
Then
e
flx) = o for x>0,

If x < 0, the integrand approaches infinity on the lower part of the circle. Hence, we must
close the contour with the upper part Im { > s of the circle. In this way we find that

JF(x) :% for x <0,
Thus

1
= —p—a|x|
fx) 24 :

When prescribing an analytic function f({), we must also specify for what values of
Im ¢ it is to be a Fourier transform. Different ranges of Im { may give different inverse
transforms.

Example. We again let /({) = a > 0, but specify that e=**f(x) is absolutely integrable

for s > a. We find

_1
a® + &

1 i fL p—iHlwtis)z
flx) = 2 Lo @+ (w +is)? @
where now 5 > a.
We use the same general contours as before. However, both of the poles are now below the
line Im{=s. Hence if x > 0,

1 .. L e~ ilw+islx Jeax eexr
— lim ———dw = —i +
2 Low f L a? + (o + is)? |—2ia " 2ia

L J=L & 4

On the other hand, there are no poles for Im { > s, so that if x < 0, f(x} = 0. Thus

f(x) = _21; sinh ax for x>0
0 for x=0.
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It is easily verified that the operational rules of Section 69 hold for complex values
of {. For example, if e—5%f(x) is absolutely integrable and continuous, and if e~*%f" (x)
is absolutely integrable, we have by (69.1)

fm g;[e—”f(x)]eiwdx = —iw J’m e f(x)elordx.
Performing the differentiation and transposing gives

foo ei(w+fs)1'f’ (x)dx _ _i((u + iS) fm ei(w+is)mf.(x) dx

—wm

that is,
(73.2) L) =—it Sf].

Similarly we find that for complex ¢

(73.3) Sixf(x)1() = dic%[f],

provided xf(x)e** is absolutely integrable.
We also have the shift rule

a

7349 31f(ax = )] = prremer(5).

AT | AXroawroat RTIO ST | TES RN . S

1U1 reai constaits a aud b. HU WEVEr, wC must Kcep lll uunu that 1
the range s; < Im{ < 8, &[f(ax — )] is analytic for Z/a in this range.
We find that

(73.5) Sler=f(x)]1 =L+ ),

where -y is now any complex constant.
Finally, the convolution formula

(73.6) gl =080

holds when ¢#*f(x) and €'**g(x) are both absolutely integrable and square integrable.
Note that formally [e=3*f(x)]*[e—*rg(x)] = e~s*[ fxg].
We can apply these rules to solve ordinary or partial differential equations.

!-\\
:i

Example. We consider the differential equation

d2 du _

Taking Fourier transforms and applying the operational rules (73.2) and (73.3), we obtain
Lid oy o d
ldg( i) zgu—i—zdgu—o,
or
(1+&a +=0.
Solving this ordinary differential equation, we find that

a(g) =c(+ 172,
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where ¢ is any compiex constant. This function is, of course, multipie-vaiued and we must choose
a particular branch. We write

(73.8) a(t) = c|g? + 1)|-1ze-ilars+vare((- 02

If we wish u(x) to be absolutely integrable, we must choose the branch # which is analytic for
Im ¢ = 0. We obtain this branch by specifying that

—312—’3< arg ({— i) <32T—,
(73.9) ~ i
—y <arg ({+1) <5

Then #({) is analytic except on the line segments Re {=0,Im{= land Re {=0,Im{ =—1,
which are the branch cuts of the function. For convenience we put ¢ = 7.
We consider the inversion integral

ﬂﬁljg _Le iw)dw.

If x > 0, we consider the contour C shown, inside which #({} is analytic.

SO

_..__
A

Then
ﬁ, a()e-itrd = 0,

or -L . 3m/2 . T .
fb i(w)e-ordwy 4 f G (Le®) e—ixLe ([ o0dp

-1- 2 . N .
+ f ) i(is — 0)esrids + f 4(—i + ee®) e-ireieio dg
L 3mf2
—L 2w .
+ J f(is + 0)eszids + f / (i (Lei®) e=isLe’; ] ¢ibdh = ),
_1-¢ 37{2

We first note that

melizelale

= 271“(2_—6)”2'

-mz ) T
f{—i + eet®)e— i jeeifdo
¥
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By Jordan’s lemma we find that the second and last integrals on the left of the above identity
approach zero as L — o« if x > 0. Therefore for x > 0
L -1 —
lim R i(w)e*dy =f i(is — 0)es*ids + f . i(is + 0)eszids.

L—=x | _

By (73.8) and (73.9)

a(is = 0) =
i

Visi—1

a(is+0) =

Thus for x > 0

) L n . _ -1 e&‘l’ _ o0 e 5%
Ill_rg f_L i(w)ewrdy —271'[_m \/s_f-jds = 271-]l V,}f,____lds.

Since 4(w) is square integrable, this formula actually gives 27 times the inverse Fourier trans-
form. In order to apply Jordan’s lemma in the evaluation of the inverse Fourier transform for
X < 0 we must use a contour in the upper half plane. We obtain the same formula, but with x re-
placed by —x. We thus have the solution

= e—sl.rl
o=
This solution of the equation (73.7) is clearly bounded and approaches zero as |x| — . It is

a Bessel function with imaginary argument, and is usually denoted by K,(|x|). If we let s =
cosh ¢, we obtain the formula

(73.10) Ko(lx]) = Jf: ezl cosh oy

Since &(w + is) is square integrable in @ for —1 < 5 < 1, we find that e~s*K,(|x|) is square
integrable for —1 < s < 1. However, Kq(|x|) is not bounded, but approaches infinity like log 1/|x|
as |x| = 0. In particular, #(x) is not continuous and its derivative is neither absolutely integrable
nor square integrable. Thus, the hypotheses used in deriving (73.2) are not satisfied.

However, once we have obtained the formula (73.10), we can verify that K,(x) satisfies the
differential equation for x > 0. Clearly the integrals obtained by differentiating (73.10) con-
verge uniformly in any closed interval excluding x = 0. Hence for x > 0 '

-]
xKoy"+ Ko' — xKo = f (x cosh? ¢ — cosh ¢ — x)e " coshodgh
0
inh Ao —¥ coshd) Ak
Pe )1ao

The Fourier inversion formula from which we started also gives a formula for K,(|x|):

—iwr

K 1. L e
olxh =3 fim |, Varrde

— > coswx ,
o Vw41

If we let » = sinh ¢, we find
Ko(|x]) = J’: cos (x sinh ¢)dé.

This integral only converges conditionally, and it does so quite slowly. Thus the formula (73.10)
is more useful for computing K,(|x|).
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different solution of (73.7) results if we change the location of the branch

cu‘t for ag . We now define 4({) b (73.8), b tw1th

T <ag-i)=7,
(73.11) I -

—~7<arg(§+z) Sf
and ¢ = 1.

Then i({) is analytic except on the segment Re { =0, —1 = Im{ = 1. We let ii be
the Fourier transform of the solution for Im { > 1, where i is analytic. The correspond-
ing solution is given by the inversion formula

L
u(x) = 51; lim f e (@ + is)do

where s > 1. Again 4(w+ is) is square integrable, so that this will actually give u(x).
If x < 0, we consider the contour integral

§ a@)ewady
along the boundary of a semicircle in the upper half-plane. By Jordan’s lemma the

S

Y

—L+is . L+is

integral along the circular arc approaches zero. Since # is analytic inside the contour,
we find that

u(x) =90 for x <.

If x > 0, we must take a semicircle with the circular part downward in order to make
the integral on the circular arc approach zero. Now the branch cut is inside C, and
Jordan’s lemma gives

. L o 1 -1
lim i{w + is)e Hetlzdy = f i(is — 0)e**ids + f i(is + 0)eszids.
—1 1

L—= J-L
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—L+is

S‘P

L+ is

With our choice of arguments

Hence we find that for x > 0

4(is — 0) = ——

iis +0) = —=—

¥V 1 i

D B Y
u(x) _71'[_1 ﬁ—a'l__s2 s.

If we let s = cos ¢, this becomes

u(x) — % j:r er COSd’d(;b.

This solution of Bessel’s equation is called /I,(x). Since cos (7 — ¢) =—cos ¢, we can

also write I,(x) in the form

Iy(x) = % ET cosh (x cos ¢)dd.

This solution is characterized by the property that it remains bounded at x=0. How-
ever, it behaves like x~12¢* as x —> o, so that e~*%u is integrable only for s > 1. Cor-
respondingly, #({) is analytic only for ImZ > 1.

The function u#(x) we have now obtained is discontinuous at x = 0 since ¥ = 0 for
x < 0 while u(0+) = 1. Therefore the hypotheses used in deriving the equation for &
are violated. However, we can again verify directly that /,(x) satisfies the equation

(73.7) for x > 0.

EXERCISES

1. Find the inverse Fourier transform f(x) of gg—_lpf such that e~**f(x) is square integrable

(a) for 0 < Iml,‘<%\/§
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(b) for —4V3 < Im{ < 0
(¢) forIm¢{ > %\/i

2. Find integral representations for two solutions of
xu" + %u’ — xu = (.

3. Find an integral representation for a solution of Bessel’s equation
x' +u' + xu=0.

4. Show that if e *f(x) and e %7f(x) are bounded, then FO) is analytic for 51 < Im{ < s..
5. Show that if e~'"f(x) and e~**f(x) are square integrable, then f({) is analytic for s; <
Im ¢ < 5. HINT: Use Schwarz’s inequality.
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A. G. WEBSTER, Partial Differential Equations of Mathematical Physics, Dover, 1955.
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G. A. CampBELL AND R. M. FOSTER, Fourier Integrals for Practical Applications, Van
Nostrand, 1948.

F. OBERHETTINGER, Tabellen zur Fourier Transformation, Springer, 1957.



CHAPTER XI

The Laplace Transform

74. The Laplace Transform.

We consider a function f(x) which vanishes for negative values of x:
fix)=0 for x <0.

Then if e=517f(x) is absolutely integrable, so is e=3¥f(x) for s = s;. It follows that the

Fourier transform £(¢) of such a function (if it ever exists) is analytic in a half-plane
Img > 8.

An analytic function is uniquely determined by its values on any line segment. In
particular, /({) is determined by its values on any portion s > s; of the imaginary axis

[=is.
-]

We define the Laplace transform

2Lf1(s) = S[f1Gs),

or

(74.1) Q[f] = L " e=sxf(x)dx.

By integration by parts we find that

fw e s%f' (x)dx = e=**f(x) ] ” + s fm e f(x)dx
0 0 0
=s8[f] - f(0),
provided e—**f(x) is absolutely integrable and continuous for x > 0, and approaches
zero as x — o, Thus we have the operational formula

(74.2) RLf']=s8[f1 —£(0).

If f(0) = 0 so that the function f{x}, defined to be zero for x < 0, is continuous at
x =0, this formula is a special case of the operational formula (73.2) with { = is. The
other operational formulas of Section 73 can also be applied here. Thus we find that

Rxf(x)] = L8[ f]

(74.3) LLflax — b)](s) = Ele—bs/a 2 [f](—fz—) if a>0,b=0,

Rlec2f(x)](s) =L [fAx)] (s —c).
346
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In applying the second formula in (74.3) we must keep in mind that, by definition,
f(x) =0 for x < 0. For instance, since

L € ”dx—~3,-,

1/s is the Laplace transform of the function

{0 when x <0
H(x) = {1 when x = 0.

This is called the Heaviside function. By the shift formula we see that e~%/s is the
Laplace transform of

_ [0 when x<b

Hix—b) _{1 when x = b,
If f(x) and g(x) vanish for x < 0, their convolution becomes
(74.4) freolx) — ” Jeglx—y)dy for x=0.
lo for x=0.

The convolution theorem

R[fgl = 2[f]1lg]
follows from that for the Fourier transform.

Example. Since the Laplace transform of the Heaviside function H{x) is 1/s, we have

¢/ [y |= LH1 = 8111

F(o) = F e~ f(x)dx

0
where o = s + in. If e~**f(x) is absolutely integrable, F (o) is analytic for Re o > s:.
For o = s (real)

F(s) =& [f](s).
Clearly
F(§) = F(=ip).
Inversion Theorem 2 for the Fourier transform, which appears on page 317, shows that
L+is

flx) = 2—‘- lim F (i) e-itzdy
w

Lo JL+is
when s > 5, and the path of integration is a horizontal line.
We make the change of variable o =—i{, which is a 90° clockwise rotation about the

origin. The inversion integral now goes down a vertical line. By introducing a minus
sign we reverse the direction of integration.
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P
i nus

s+iL
(74.5) fx) =5 lim f ™ Fo)esrdor,
where s > s; so that F (o) is analytic for Re o = s,, and the path is vertical. This formula
1$ known as the Mellin inversion theorem. It holds whenever ¢—$*f(x) satisfies the con-
ditions of the Inversion Theorem 2 of Section 67.
The function f(x) whose Laplace transform is F(s) is called the inverse Laplace
transform of F(s), and is denoted by & 1[F].
Let F(o) be analytic except for a finite or denumerably infinite set of poles o, o,
. with Re o; < s;. If F(o) — 0 uniformly on a sequence of semicircles |o —s,| = Ry,
R e o = §; where R, —> © as k — o, we find by the residue theorem and Jordan’s lemma
that

m

A LN L0 — U re \ﬂ;g‘l
14.9) J\.L} T e Jlg’li_ gj)e" |

—~—

b

provided the series on the right converges.

Example. Find the inverse Laplace transform £ 1[(7_1—175]

Clearly F(o) = ——_1—1)-5 Its only singularity is a double pole at o = I, and

(o

— 0as jo—2| —> «.

IF(@)] =2

Therefore,

flx) = [T&‘:TJ _—

i)

If e~51*f(x) is absolutely integrable, |

That is,

|F(a)| = J: e~57| f(x)|dx for Reo = s,

en that | | 1€ Anndad
oV LLIaL |1 | 13 UUU l\-l L.
The blhne r transformation

(Sl_l)W+S1+1
w1

G'=

maps the unit circle |w] = 1 onto the half-plane Re o = s,.

—Dw+ s, +1
w1

tions in this circle. By the Riemann-Lebesgue lemma F(s, + in) —> 0 as n — =,

—Dw+s+1
w+1

w —> —1. It follows from the Poisson integral formula (24.8) as in Section 25 that

The real and imaginary parts of F ((Sl ) are bounded harmonic func-

Hence the boundary values of F ((sl ) on |w| = 1 approach zero as
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—— ) is continuous and approaches zero as w — —I1. Thus we have

\ W+ 1 /

F((sl—l)w+51+1

shown:
If e*17f(x) is absolutely integrable, its Laplace transform F(c) is analytic for

Re o > s;, and
lim F(o) =0

for Reo = gs,.

AV Y
Yy

7
-
<
=t
oW
o

v mtry Aot ot areonalera
IHUYY 1TOHLLIVL UULJICLIVD

[¢8]

and hence if s > 0
IsF'(s)| = fw sxe—s%| f(x)|dx.
0

Noting that the function te¢ attains its maximum at ¢ = 1 and putting r = +sx, we find
that

1
Esxe‘s‘”/2 = el

so that

|sF'(s)| = 2e! fx e~5%2|f(x) |dx
0

= 4e~! ’-m e~Y|f(2y)|dy.

The right-hand side is the Laplace transform of 4e-!| f(2y)|, and e 25wde-1| f(2y)| is
absolutely integrable. Hence the right-hand side approaches zero as s — 0, and so also

lim sF’'(s) = 0.

5300

Suppose now that f(x) is continuous from the right at x= 0, and that f(x) approaches
f(0) so rapidly that for some s. the function

f&) =10 .

X
1ic nhanliitalsy; intaorahla 111 tha infarval N~ + &~ o0 Thom tha fiinctinm £+ £V v lhae
13 UoauviuLe: IIJ.LUE.I aAuile 111 LIV H1Ilte1l val Vv ™ A T~ 4 1IGILE LMD LULEC LIVLL E_J' \J\«}' J \U,de‘« 1nads
a Laplace transform G (s). By the first formula in (74.3)

o
[f(x) = f(0)]es*dx =—G' (s),
0
or

21 -4 =60,
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s@Lf]1 —f(0) — 0, or
lim s2[f] = A0).
That is, the Laplace transform & [f] behaves like f(0)/s for large s. By using this fact
we can find f{0) from & [f] without integrating.
In a similar manner, we can show that if F (s) is the Laplace transform of any func-
tion f(x) with the property that f(x)e—** is absolutely integrable for some s;, then for
any nonnegative integer k

lim s¥F¥l(s) = 0.
>0

From this fact it follows that if f(x) is k times differentiable from the right at x =0, and

M f[k](v\ anntrnacrhag f[kl NY gy ramidly th
i1 j§ \AJ dppLuacllics j v dU Tdpiuly L

-

k n
x—’f‘l[f (x) — = J%(!O)x"]e“s“

is absolutely integrable on the interval 0 < x < o for some s., then

k n
(74.7) lim s++1] 20/) - zof[s,]#] 0.
S0 n=

This formula asserts that for large values of s the Laplace transform F(s) behaves like
the series obtained by term-by-term integration of the Taylor series of f(x). (Note that
Q [x*/n!] = s—*-1.) However, neither the Taylor series of f(x)} nor the corresponding
power series for F(s) need converge. In fact, f{x) need not even be differentiabie
except at x = 0.

Example. Let

0 for x<0
flx) =1e* for 0=x=1

0 for x> 1.

Then
_ 1 e
RIf)= s—1 s—1

The Laurent series for the first term in powers of 1/s. corresponds to the Taylor series about
x = 0 for f(x). The factor e—* makes any power of s times the second term approach zero.

The analytic continuation

1 e~lr-1)
o—1 o—1

F(o) =

has an essential singularity at o = ®, and hence it cannot be expanded in only positive powers
of 1/a.

As in the case of the Fourier transform, there are special integral tables listing func-
tions and their Laplace transforms. (See the bibliography at the end of this chapter.)
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EXERCISES

1. Find the Laplace transforms of
(a) sinx
(b) x*
() (x + b)*

(d) x2-1, @ > 0 (By definition, I'(a) =J:° ye-le-vdy).

2. K for x > 0 f(x) is periodic of period a: f(x + a) = f(x), write the Laplace transform as
an integral from 0 to a. HINT: Write the Laplace transform as a sum of integrals and interchange
summation and integration.

3. Find the inverse Laplace transform of

1 1

@) 52 (d) 53+ g8
®) o= (©
(c) S_zil? (H) t—a%}ﬁ'

4. Find a formula for £[ /"] in terms of 2[f] when f(x) is three times continuously differ-
entiable for x = 0.
S. Show that if F (o) is analytic at infinity so that

F(o) :§ byt for |o| > R,
then

HINT: Use Jordan’s lemma to compute the inversion by integrating over a sequence of contours
containing the circle |o| = R.
6. If

find f(0) and f'(0).

75. Initial Value Problems for Ordinary Differential Equations.

Before applying the Laplace transform to the solution of problems in partial differen-
tial equations, we shall indicate its great utility in the study of ordinary differential
equations.

If we apply the operational formula (74.2) twice, we obtain

(75.1) 2L = s{s&[f] — £(0)}} —F"(0)
' = s28[f] — sf(0) — f'(0).

This formula involves both the values of fand f' at zero, in contrast with the formulas
(68.8) for the sine and cosine transforms which involve only one of the quantities each.
On the other hand, the formulas for the sine and cosine transforms apply only if f(x)
and f'(x) approach zero as x — «. The formula (75.1) for the Laplace transform holds
if only e~**f(x) and e—s*f'(x) approach zero as x —> o for sufficiently large s.
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We see, then, that in order to use the Laplace transform in solving a second order
differential equation we need complete initial data at x = 0, but almost nothing at
x = o, Therefore the Laplace transform is particularly suitable for solving initial value
problems. The sine and cosine transforms are better suited for solving boundary value
problems on the interval 0 < x < o,

Consider for example the initial value problem

u'(x) +2u' (x) +2u(x) =f(x) for x>0,

(75.2) u(0) =
u'(0) =0.
Let
Uls) = &u],
F(s)=&[f].

Taking Laplace transforms and using (74.2) and (75.1), we obtain the algebraic
equation

(s2+2s+2)U=F.
Then

U(s) = F(s).

1
s2+ 25+ 2
We have obtained the Laplace transform of the solution in the form of a product. By
the convolution theorem

(75.3) u(x) = f " ) (x ~ y)dy,

where R[] = 1/(s* + 2s + 2). Note that the polynomial in the denominator can be
obtained by replacing each derivative on the left of (75.2) by the corresponding power
of s. For this reason, the variable D (for derivative) is sometimes used in place of s.

The function ¢ can easily be obtained by the inversion theorem. 2[y/] has simple
poles at —1 = i. Hence by (74.6)

e{ i+i)x e(—lvi)x

P(x) = + 57 e~% sin x.

The function (x) satisfies the homogeneous differential equation
WA 2+ 24 =0

and the inittal conditions

$(0) =0

W (0) = 1.
Thus the solution (73.3) coincides with that derived in Section 27, with R(x, y) =
:h(v-—- \:\_ The Lanlace transform simplv gives a Systema‘ic way Ofunuing the lnﬂuence

L1V LAPIAWW WGy HIpAy /LY

functlon.
The Laplace transform also gives a solution for an initial value problem with nonzero

initial conditions.
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Example. Consider the problem
W+ 2w +2u=0 for x>0,

u(0y =1,
u' (0) =2.
Let U(s) = £[u]. Then by (74.2) and (75.1)
Riu']=sU—-1

Qu'] = s*U — s — 2.
Taking Laplace transforms of both sides of the equation, we obtain
sU—s—-242(sU—-1)4+2U =0,

or
(s?4+2s+2)U=s5+4.
Then
___s+4
U_sz+2s+2

Taking the inverse transform by means of (74.6), we find the solution

(3 + l')e(*li-i)‘l“ + (3 — l‘)e(-l—i).r
2i —2i

ul(x) =

= ¢ *[3 sinx 4 cos x].

Application of the Laplace transform thus gives an easy means of computing that linear com-
bination of the two solutiens ¢~ sin x and e~ cos x of the homogeneous differential equation

which satisfies the given initial conditions.

The Laplace transform is most frequently applied to ordinary differential equations
with constant coefficients, which can also be solved in other ways. However, it can
also be profitably applied to certain differential equations with coefficients that are

polynomials in x.

Example. To solve
't xuw +u=~0 for x>0,

(75.4) u(0) =1,
u (0) =0,
we let
U(s) = R[u].
Then
Qlu'] =sU—1
2u"] = s*U — s.

By the first operational formula in (74.3),
2lxu') ==L U — 1]=—=sU'(5) — Uls).
Thus, the Laplace transform of the differential equation is
—sU' + 820 —s5s=0,
or
U —sU=-1.
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Multiplying this equation by e—**2 we have
(e 52U) = —e 52,

Hence
U(s) = esz/z[ﬁw e "*2do + c},
where ¢ is a constant of integration. Since U must approach zero as s — ¢, we conclude that c=0.
Thus
Ul(s) = fm e =2 gy,
s

Instead of applying the inversion formula, we obtain u(x) by a special trick. We define the new
variable x = o — 5. The integral becomes

U(s) = Lm e—$Te—r*2dy,

Thus U(s) is Laplace transform of ¢-+*2, and hence
u(x) = e =

is the solution of the problem (75.4).

EXERCISES

1. Solve
W+ u' +u=sinx for x>0,
u(0) =0,
u'(0) = 1.
2. Solve
W4+2u'+u=e* for x>0,
u(0) = u'(0) =0.
3. Solve
'+ u 4w = xe* for x>0,
u(0) = u'(0) = u’(0) = 0.
4. Solve
"+ 2u" 4+ u' = fx) for x>0,
u(0) =u' (0) = u"(0) =0.
5. Solve
W—u —~u=0 for x>0,
u(0) =1,
u' (0) =—1.
6. Solve
" +u +xu=0 for x>0,
u(0) =1,
u(0)=0

to find the Laplace transform of the Bessel function J(x).
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7. Solve
xu +axu + (= 1Nu=0 for x>0,
u(0) =0,
w(0) =%

to find the Laplace transform of the Bessel function J,(x).
HINT: Use (74.7).

76. Initial Value Problems for the One-Dimensional Heat Equauon.

We consider the problem of heat conduction on an infinite siab

ou d*u
5 =0 for —e<x<w, >0,
(76.1) u(x, 0) = f(x),

u(x, t) bounded.

This problem was solved in Section 70 by means of the Fourier transform with respect
to x. We shall now derive the solution by means of the Laplace transform with respect
to ¢.

Let

U(x, s) = fx e Bu(x, t)dt.
Q
Then

ro e‘”s%%ldt =sU(x, s) —u(x, 0)
a = sU — f(x).

We suppose that — and are bounded and continuous, so that we may differentiate

under the integral sign to obtam

» 2 2
f U a*U

0 ax2 ox?

Taking the Laplace transform of the differential equation in (76.1) with respect to ¢
thus gives

2
(76.2) sU—fx) — S5 =0.

For each fixed s this is an ordinary differential equation for U (x, s) considered as a
function of x. In place of boundary conditions we impose the condition that U remain
bounded for all x.

The solution of this problem is given by

(76.3) Ulx,s) = \/— _w e Vil f(y)dy,

as can be seen by solving (76.2) by means of the Fourier transform.
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To find u(x, t), we need the inverse Laplace transform of —\17 e~Vsk—I This function
s

has an obvious extension as an analytic function of the complex variable o

g(o—) = o-_ltfe_o'”zix'“y, .

This function is multiple-valued, and we must choose a particular branch of it.
We choose that branch of ¢t which is positive on the positive real axis and cut along
the negative real axis: —7 < arg o < . Then g(o) is analytic for Rea > 0.

The Mellin inversion formula gives

(76.4) g e’w'”‘] l f " ete(g)der, s > 0
. [ v i LT: . e'g(o)do, s .

We apply Cauchy’s theorem to the integral of e®g(o) over the contour shown. Since
g(o) is analytic inside this contour,

N

S~ L

iL s—1L €
Fﬁ e“g(o)do +f e“'g(o)do + e”'g(o)do

§—il, s+iL s—L
le—sl=L arg o=
s—-L §—iL
+ f e”g(o)do + f ev'g(o)do + f evtg(o)do = 0.
ol=¢ - §—L
! argcri—w |‘;,S|:L

We let € — 0. Since

f e’g (o) dal = 2meelet,
lor|=€

this integral approaches zero.

We let L — «. On the branch we have chosen, Re o2 = 0, so that [g(0)| = |o| 12
Hence |g(a)| = (L — s)~¥2 on the semicircle | — s| = L, Re o = s. Therefore by
Jordan’s lemma the integrals over this contour approach zero. The two integrals over
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the negative real axis can be combined. Putting oo = —u?, we have

glo) = %e"“ll’yl for argo=w
glo) = Jﬂemx‘yl for argo = —w.
Thus we find
. S+iL 0 p—pit—iu r—y| w g2t +Hip|x-y| )
lim e”g(o)do =— f ————(2udp) — f ————(2pdu)
Lo Js—il S l“ [} _lﬂ

::Ei fw e #* cos u(x — y)du.
0

Hence by the inversion formula (76.4)

)’ g—ll‘ei\[glr_yrl = % fgo o—u?

L\/.STJ?TJOL “

By means of contour integration we have replaced the slowly convergent inversion
integral (76.4) by a rapidly convergent integral (76.5). In the present case we can
simplify the computation even more. Recalling that the Fourier transform of ¢ ¢ is
Vrrlae=“*4¢ we see that

tn

{76
\WASH

(«]
o
wn
~

2 f e cosu(x—y)ldu= f e * cos u(x — y)du
JO J—
= J’m e—.l-lzt‘i‘iu-ll"‘y'dul

= Vafte (F-yP/%,

Substituting this identity in (76.5), we see that

1 | S
76.6 S#l[___ —\/E[x-vyl:l = (T-yRu
76.6) Vi Vi
We return to the formula (76.3) for the Laplace transform of the solution of (76.1).
If we can interchange the integration occurring in the formula with the inversion of
the Laplace transform, we find the solution formuia

|
2Vt

This agrees with the solution (70.4) obtained by means of the Fourier transform.
Rather than justify the interchange of integration and the preceding steps, we can verify
as in Section 70 that this formula does indeed give a solution of the problem (76.1) for
a very wide class of initial functions f{x). For some f the solution may not even have a
Laplace transform, so that the derivation of the formula (76.7) by means of the Laplace
transform, like that by means of the Fourier transform, is to be regarded as a formalism.

The above problem can be solved with equal ease by either the Fourier or the
Laplace transform. We now turn to a problem that is done more easily by means of the
Laplace transform. Consider the problem

(76.7) utx, 1) =5o= [ e fiy)dy.
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2
%~%-0 for t>0, x>0,

u(x, 0) = f(x) for x>0,
a—”(0 £ — u(0, 1) =0,

u(x, t) bounded.

(76.8)

The solution of this problem describes heat conduction in a semi-infinite slab when heat
is removed at a rate proportional to the temperature at the end. This boundary condi-
tion approximates conductive, convective, or radiative heat loss.

Letting

U(x,s) = Jw e u(x, t)dt,
0

we find as before that U satisfies the ordinary differential equation

*U

ox?

sU(x, s) — flx) — =

for each fixed value of s.
At x = 0 we have the boundary condition

oU B
_é;(()a S) - U(O, S) - 05

while at x = « we require U to remain bounded.
The appropriate Green’s function for this problem is

1 Vs —1
G(x,y)= ——[ =Vl 3 ~\/'s(x+y)]'
x, %) 21Vsl° ¢

Vs+1
Hence
=_1_ * —Velx—y \/;ml —Vs{xty
(76.9) U(x, ) z\GL Iy + 5 | e py)dy

The first integral is the same as that in (76.3), with f(x) = 0 for x < 0. Its inverse trans-

form is
1 L)
= [ e ay.

This function satisfies the heat equation and the prescribed initial condition, but not
the boundary condition. The second part of U{x, s) in (76.9) gives the correction
needed to satisfy the boundary condition. We note that the correcting term involves
x + y rather than x —y. Thus the solution of the problem (76.8) is not a convolution in x,
as is to be expected, since the problem is changed when x is replaced by x + a. (The
coordinate of the boundary is altered.)

By a contour integration of the type used in deriving (76.5) we find that

1 Vs—1
76.10 ﬁ_l Vsl + "\G(X‘H’)jl
( ) [2\/;6 2\/— Vs + 1)

.Hu_zt
_2 J " 1([.(. cos ux + sin ux) (u cos wy + sin wy)du.
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Applying the same contour integration to (76.9) gives the formal solution
(76.11)

-u.zt ® .
u(x, t) = 2 f 7 1 (¢ cos px + sin ux) fo (i cos py + sin wy)f(y)dydu.

This expression looks very much like a solution obtained by means of an integral
transform. The transformation is not with respect to sin ux or cos wx, but with respect
to the linear combination (u cos px + sin ux), which satisfies the boundary condition
at x = 0 for each u. For each u the function e=#* (u cos ux + sin ux) is a solution of

tha Aiffa al ania i nd tha khanndary ndits Far an f{+Y whirh ic twics
l.llC UlllCl CllLlal C‘-iual.lull. Cul\.l ‘.ll\/ UUULI\.ICM -y \«UlluLLlUlla x U‘. [s28 1 \J\,,’ Wlll\/ll 1D L ¥V AGWAS

continuously differentiable and approaches zero together with its first derivative at
infinity, we can show that the integral in (76.11) converges uniformly in ¢ for ¢ = 0.
Hence if, as we shall show, u(x, 0) = f(x), we have the formula

(76.12)  fx) =2 [7OSBYESIE [ (4 cos uy + sin ) (3) dyd
7 Jo w+1 0
This identity is an inversion formula for such a transform.

To verify that the function (76.11) satisfies the heat equation we need only be able
to differentiate under the integral sign. This is certainly permissible for ¢ > 0 even if
f(x) is only absolutely integrable, since both integrals converge uniformly for ¢t = ¢,
with any ¢, > 0. Similarly, « satisfies the boundary condition du/dx (0, ¢t) —u(0,t) =0
for t > 0.

To show that u satisfies the initial condition, we interchange the order of integration.
This is permissible for + > 0 because of the uniform convergence of the integrals,
provided f(x) is absolutely integrable. We obtain the formula

(76.13) u(x, 1) = j " K(x, y, Df(y)dy,

where

2 (o — 2t . .
K(x,y, 1) = ;L :2+ T cos px + sin ) (u cos py + sin py)dp

1 [» ew
=77“fo §+1[("‘2+1) cos u(x —y) + (u2— 1) cos u(x +y)

+ 2;:, sin ,u.(x + y)ldu
= 2—1_ T p-prtvipte- Yy, + 27 f e Wiy gy — — fm . _Mztﬂuuw)dﬂu
s

The first two integrals on the right are Fourier transforms whose values we know.
We simplify the last integral by applying Cauchy’s theorem to move the path of
integration from the real axis to the parallel line Im u = (x+ y)/2¢. Introducing the new
variable v = V1[u — i(x + y)/2t], we obtain the formula

x+y ) L,
+ Vi)e
(76.14) K(x,y,1) =£(r—_gﬂ4—t+e4.r+y)2/4t 1 _ X (2\/— 2d1/ ]
2Vt 2Vt T ~wv2+(x+y+\/;)
2V

The last integral converges uniformly in x and ¢. Therefore for x + y > 0 the second
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term approaches zero as t — 0. Thus forx > 0

_ley)?

lim K(x vy, )f(y)dy = lim —= f @ f(y)dy
~0 ’ =0 2V
= f(x)
at points x where f is continuous, as we have verified in Section 70. It is not even
necessary to suppose Llld.LJ {x) is auamuwly integrable. It is suf flicient that f(x)é_a'“"’

be absolutely integrable for some a > 0.

The function K(x, y, t) represents the solution of the problem (76.8) at (x, ) when
the initial temperature is zero except for a ‘“‘hot spot” (8-function) at y. Once K(x, y, t)
has been computed, the solution for any other initial function f(x) can be found from
the single integral (76.13) rather than by integrating (76.9) and taking its inverse
Laplace transform. To find K(x, y, ¢) explicitly, we need to integrate the last part.
This integration could be done numerically. However, the integral can be reduced to
an integral that is already tabulated. We consider the function

w —p2 ® —_aA2
F(a)st Va— dv2f  —dn,

where we have put v = Va. Then

o }\Ze-ahz
F'(a)=—f_ Sy

—ah\z
=—J —de+j £

w AZ+1

Solving this differential equation with the condition

= d\
F(0)=f_ M+

we find

Fla)=m \/“f <

va
= e — 2 Vrrer f e "dny
0
= zre® erfc (Va).
The complementary error function

% f: e dn = 1—erf (£)
is tabulated. (See E. Jahnke and F. Emde, Tables of Functions, Dover 1945, p. 24
and bibliography on p. 40.)

erfc () =
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2
Putting a = (_)i;v_ + \/E) , we find

2Vt
NS RV N \
J Z}c/i y ;€7 dv = eyt erfe (i-\l—/%’ 4 \/E)
—0 V2 + (___ + ‘\/E) 2
2V

Hence we see from (76.14) that

(e—ww« + e'(“y)zf‘“) — eleruet erfe (" ty, \/;) .
2V

(76.15) K(x,y, 1) = 7=

The solution is given by (76.13). We can p
from this solution. For instance, we can see from the formula (76.14) that

Voo

lim K(x,y, ) =0

o

uniformly in x and y. Hence if f(x) is absolutely integrable,

lim u(x, t) =0

t—
uniformly in x. Infact a closer study of K shows that 32K (x, y, ¢) is uniformly bounded.
Hence u(x, t) approaches zero like =372 as t — .

Remark. The computation given here is somewhat involved because we have
derived the formula for K (x, y, ) from its Laplace transform. We could have looked up
this inverse Laplace transform in a table. We have chosen to present the derivation
because it is needed for more difficult problems.

EXERCISES
1. Solve the problem
du _ d%u _
E—af—o for x>0, >0,
u(x, 0) = f(x),
u(0,1) =0

u{x, t) bounded

by means of the Laplace transform.
2. Solve the problem (76.8) by observing that the function

vix, t) Eg—:—u

satisfies

av v _
ar  axt 0,

v(x, 0) = f"(x) — f(x),
v(0, 1) = 0.



362 The Laplace Transform CHAP. XI

ou  *u _
-5?—-53(—2—0 for 0<x<1, t>0,
u(x, 0) = f(x),

u(0,t) =u(l, t) =0,

by means of the Laplace transform. Obtain the inverse Laplace transform
{a) by means of the infinite series formula

1 o

————=2¢ Ve ¥ e'zn‘/;,

sinh Vo n=0
which converges uniformly for Re o = 5 > 0, together with (76.6). Show that this solution coin-
cides with that obtained by extending f(x) as an odd periodic function and applying the formula
(76.7).

(b) by obtaining a series of restdues, using Jordan’s lemma.
(Note that no branch cut is needed.) Show that the solution obtained in this way coincides with
the solution obtained by separation of variables.
4. Solve the problem

ou *u _
5 " 4e=0 for 0<x<1, >0,
u(x, 0) = x,
ou _
5;(0, t) =3u(0,1) =1,
u(l, ) =0

by means of the Laplace transform.

77. A Diffraction Problem.

In an initial value problem in more than one space dimension the Laplace transform
eliminates the time variable but still leaves a partial differential equation in the space
variables. To solve this new problem, it may be useful to employ Fourier series and
Fourier transforms, so that the various transform methods are used in combination.

As an example we consider the following initial-boundary value problem for the
two-dimensional wave equation in polar coordinates.

Pu Pu 1o 1 Pu_

——————=—=0 for r>0, 0<8<2m, t>0,
. arr ror roe# ’ ’ ’
ou du

(77.1) ag(ra 09 [) - aa(ra 277, t) - 0’

u(r, 0,0) =0,
(v, 6,0) = f(r, 0).

This problem concerns the motion of sound waves in the presence of a rigid semi-
infinite wall at 8 = 0. We assume that everything is independent of the coordinate z.

We first take the Laplace transform of the differential equation in (77.1) with respect
to ¢ to obtain the elliptic boundary value problem
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U 19U 18U 00
ar? r6r+r2602 U =—fr, 6),

(77.2) 1Y _U _
66 (r:-O’ S) 60 (r7 21T5 S)—Oa
U bounded,
where
(77.3) U(r, 0, s) = fw e u(r, 6, t)dr.
()]

In place of boundary conditions we impose regularity conditions on U at the singular
point r =0 and at r = oo,
Applying separation of variables to the homogeneous differential equation (that is,

oy g~

gives solutions of the form J, (irs) cos %n(), n=0,1,2,....Consequently, we expand
2

U and f in the cosine series

U ~ %Ao(r, §) + Z Aa(r, s) cos %ne
(77.4) n=l

f~ 1 ao(r) + 2 an(r) ceslnﬂﬁ

2 n=1 2
where
1 [* 1

A, (r, 5) =_ Ul(r, 0, s) cos —2*n6a’0

(77.5) .

an(r) =;T1-L2ﬂf(r, 6) cos%n()d@.

Multiplying the differential equation in (77.2) by cos 10, integrating, and applying
integration by parts gives the ordinary differential equation

&FA,  1dA, n® _
e ) P

The corresponding homogeneous differential equation is satisfied by the Bessel
functions with imaginary arguments I2(rs) and Kz (rs) of the first and third Kinds,
respectively. I.»(x) is regular at x = 0, while K2 (x} decays like e-*/Vx as x — o,
We find by the method presented in Section 28 that the solution of the above differential
equation which is regular at r = 0 and « (assuming a, is regular and vanishes at in-
finity) is

(77.6) An(r, s) = Jf: Gu(r, p, s)an(p)p dp,
where

__ [ Iwe(ps)Knp(rs)  for p=r
(77.7) Galr, p, 5) = {Inﬂ(rs)Km(ps) for p=r.

We have found the finite cosine transform of the Laplace transform of the solution
u of (77.1). We shall now construct the solution itself, By using the definition of the
coefficients a,(r) we can write the series for U as



364 The Laplace Transform CHAP. XI

1 e 20

zleo JO Go(r, p, $)f (p, &)p dpd¢

U(r, 0, s) ~

+ = ! E{jrwj Ga(r, p, s)f(p, ¢) cos —nqb pdpdd)j Cos—n()

We assume that we may interchange summation and integration. Then
(77.8)
oo ¥ig %0 1
U(r, 8,s)= 1 f f {Go +Z Gn[cos =n(0+¢) + cos ln (60— qb)]}f(p, b)) pdpdd.
2 0 0 1 2 2

We write this integral in the form
(77.9)
o 2
U(r, 0, s) = 51- ( [ [®.(r,p, 0+, s) +Doir,p, 0+ ¢, s) +Pir,p, 06—, s)

+ &2 (r, p, 6 — &, 8)1f(p, ) pdpdd,
where we have defined

®(r,p, a, 8) =5 > Go (r, p, 8) + 2 sz(r p, §) COSs ma,

D2(r, p, a, 5) = 2 Gamna(r, p, 5) cOS (m +%)a,

m=0

Then forp <r

(77.10) D, (r, p, a, 5) = %Io(ps)Ko(rs) + X In(ps)Kn(rs) cos ma,
F9) m=1

(77.11) ®:(r, p, &, 5) = I 1,1 (ps)K 1 (rs) cos (’""’"%)a‘
m=0

For p > r, we must simply interchange p and r.

If there were no wall at @ =0 or = 2+, we would obtain a solution of the form (77.9),
but with the single multiplier 2®, (r, p, 6 — ¢, s) replacing the four terms in the bracket.
This pure initial value problem can be solved by the method of section 72. Comparing
the solutions, we find that

[co e*St
S = =dt.
Jvmamesa VI — (PP +p?> —2rp cosa)

In order to find the function ®, we use the representation formulas (G. N. Watson,
A Treatise on the Theory of Bessel Functions, p. 172).

L(z) = 2 j el = e
F(V+1)F(l) -1

2/ \2

1
F(V + 5) (22) j cos udu

(NS T

(77.12) @y (r, p, o, 5) =

K.,(z) = (2 + zz)u+(1/2)'
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Here I'(«) is the usual gamma function. In particular, F(?l):) =V

Putting these representations into the definition (77.11) of &, and interchanging
integration with summation, we find

M 8

o2 — 2N
(M——T—)) cos (m + %)a} dudr.
0 \

0 w? + rs? u? + r’s?

To sum the series we note that for |x| < 1

m

1 o —psT
@07, p, oy ) =2 [ [Viorsr e
-1
x 2o e 2 )
ol COS(erl)a:%{Exme( 2)+2xm€ (m+3) }
0 o 2

2
_l{' eiafZ 4 efiafz }
T |1 rpia 1 — vp—ia
ad i 3 J

~ L1 AT

_ _(d=x)cossa
I+ x®2 —2xcos «

Hence
A/ .2 1
(77.13)  &(r, p, «, s)=——’;i~cos%aj ¢
-1

”’*’ [t + 25 — rps®(1 — 12) ] cos udu }d
Jo (1 + st 4+ p?rPst (1 — %)% —2prs? (1 — %) (12 + r*s?) cos

We evaluate the u-integral by contour integration:

j‘” [t + s — rps?(1 — 72) ] cos udu

o (12 + r2s?)2 4 p?r2si(1 — 72)2 —2prs* (1 — 72) (i + 13s?) cos a
_lJ’“ [t + r2s® — prs*(1 — %) ] e du
T2 ). (2 s+ pst (1 ~ 72)2 —2prst(1 — 1) (u? + #2s?) cos a
=i Eer,

p

where 23, means the sum of the residues at the poles in the upper half-plane of the
last integrand, considered as an analytic function of the complex variable u. The
integrand has poles when u? + r2s? = prs?(1 — %) e*i®, We assume that « is not a multiple
of 7 so that the quantity pr(1 — 7*)e’® — 2 is not real when — 1 <+ < 1. Then the square
root of this quantity is neither real nor pure imaginary. We define

Vo= {pr(l - Tz)ee‘a . ,.2}1/2

to be that square root whose imaginary part is positive. Then the poles in the upper
half-plane of the integrand in the above integral occur at # = sv and u = — sv. We find
the residues at these poles to be ei®2 ¢»?/[4sv cos (a/2)] and e~ia/2 e=isv/[—4sv cos (a/2)],
respectively. Thus we find that the value of the u-integral in (77.13) is Re {2mieio? eisv/

[4sv cos (af2)}]}, so that
—s(pr—iy
o0, 2% Vpr Re {iei‘"/2 fl et d'r}.
1

- Vv

We recall that
v={pr (1 —71%)eic — P2}112,

so that v is a function of .
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We now define the new complex variable

N=pr—Iv
= pr — i{pr(1 — 7?)ele—r2} 12,

Then

1 ,—-s(pr—iv) 1 d

] € ) T

lelafz f ” dT — leza/2 ﬁ e M— — d,n,
-1

where the path I in the n-plane is defined by —1 =1 = 1. It goesfromn=r—ptor+p.

1 dr
We need to express v dn

v 5;—:_’ = plpr(1 — ) ele—r2]12 + jprreta,

in terms of n. We compute

Then
dn 2 — ia [ 2 —ia io :
v =ere {p*(1 —72) — pre—i@ — pre%eic + 2iprv}
= —prei*{p*7* — prei*(1 — %) + r* + 2iprv
—1* — p? + 2rp CcOS a}
= —preie{n? — (P + p* — 2rp cos ) }.
Thus
jeion LI o L e 24 g2 2ep cosa)} e,
v dn Vpr
with a suitable choice of the branch, and
! e dn .
0= 3 Re{| e Sy

The path I runs from n=r—p to n=r+ p and remains either above or beiow the real
axis. The integrand is analytic except for a branch cut along the real axis from
~(rr+ p? —2rp cos a)V2 to (r* + p? — 2r cos a) 2. Hence by Cauchy’s theorem we may
replace I" by the line segment along the real axis, say n = ¢:

1 r+p e—stdt
— Re .
2 WUr-o V2 — (P 4+ p?—2rp cos ar))

The integrand is pure imaginary for ¢ < (#2 + p? — 2rp cos @) and real beyond this.

Thus we can immediately find the real part in question:

| O est dt
IveETpesa Vit — (P + p* — 2rp cos o)

(77.14) Py =x

(§8]]

Since ®, is a continuous function of «, its sign can only change when @, = 0. This
occurs when a= (2n+ 1)mr so that cos a=~1. When a=2nw so that v=iVr2—pr(l1 —~7?),
®, is a positive multiple of Re {e~*7} = (—1)". Therefore we have the representation

-

(77.15) 1 freo st s f—S‘JT = (84 = _3#,
iJ " € __di fori—m = a=m,
2 W\/tz—(ﬁ+p2—2rpcosa) Ir<a=<S5mn

¢,2("7 g, &, S) =

1 [r+» est dt {_37,- =a=a,

2 Jvarpasema V2~ (P + p? — 2rp cos a) =< 37
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We note that the formulas (77.12) and (77.15) for &, and ®, are symmetric in r and
p. Therefore, even though they were derived for p < r, they apply for all p and r. Of
course, ®; has a singularity for r =p, a = 0.

We now substitute ®, and &, in the formula (77.9) for U. Since ®, and &, are given
by (77.12) and (77.15) as Laplace transforms, an interchange of integration gives
Uf(r, 6, s) as a Laplace transform:

(77.16)  U(r, 0, 5) =L°° et L“’ J:” L(r, 6, p, &, 1)f(p, &)p dpdddt,

where we have defined

H[cos5(0~ $)]

2 2 —_

(77.17) 20VeE— (P +p2—2rp cosl(G $))

H[cos-z-(ﬂ +¢)]
+ for tr<r+p

T(r,0,p,¢,1)= 20VE —~ (P + p2—2rp cos (8 + o))
1
drVe — (P + p?—2rp cos (6 — ¢))
1

+ for t>r+p.
AV = (P + pP — 2rp €05 (6 + b)) ree

The Heaviside step function H %] is defined by

_ 1 if =0
H["]"{o if 5§<0o,
and we have used the convention that 1/V# — R?2=0 for t < R. (Note that the inverse
Laplace transform of ®, is zero except for Vi +p? — 2rp cosa < t < r+ p.)
Recalling that U(r, 6, s) is the Laplace transform of u(r, 6, t), we obtain the formal
solution

(77.18) u(r, 0, 1) = f " f " L(r, 6, p, b, f(p, b)pdodd

of the problem (77.1).

As usual, it is easier to verify that this formula gives a solution than to justify its
derivation. We leave the verification to the exercises. We shall now examine some of
the features of the solution.

We first note that I'(r, 0, p, ¢, ¢) is the limiting solution of the problem when the
initial disturbance f'is concentrated at a single point (p, ¢). We suppose for the sake of
definiteness that this point is above the wall, so that 0 < ¢ < 7.

] , C o
The discontinuities of H[cos 5(0 — ¢) ]} and H{cos «5(0 + ¢)] divide the x-y plane
into three regions:
LO<O0<m— 0o,

.o —¢ <0< 7+ 09,
IHL: 7+ ¢ < 6 < 2m.
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\\ I

\\ /‘ (ps d))

\\ T—¢ .7
T MOXRe
-~

For t < r+ p we have in region 1

1 1

(77.19) r=2ww2“_(’2+p2_2rpcos 0—0)) 2aVE—(PTp® 2Zrpcos (01 0))

The first term represents the solution in free space (that is, without an obstacle). This
solution becomes nonzero at any point (r, 8) at time V72 + p2 — 2rp cos (§ — ¢), which
is just the distance from (p, ¢) to (r, 8). Thus, we have propagation at speed 1. Since
the problem is two-dimensional, Huyghen’s principle is not valid. That is, the disturb-
ance continues after the wave front has passed. This is not too surprising if we recall
that from the point of view of three-dimensional space we are dealing with functions
independent of z, so that the initial disturbance is not at a single point, but along an
infinite line.

The second term on the right of (77.19) is the solution due to the same disturb-
ance at the image point (p, —¢). It can be interpreted as a term due to reflection.
Vi + p? — 2rp cos (0 + ¢) is the length of the broken line path which corresponds to
a reflection on the plane § = 0 with equal angles of incidence and reflection (Snell’s
law). Region I is exactly the set of points reached by rays starting at {p, ¢) and re-
flected from the wall.

Region 11 consists of points which can be connected with (p, ¢) by a straight line

not passing through the walil, but not by a reflected path. In this region cos —;( 6—¢) >0,
but cos %( 6+ ¢) < 0. Accordingly, forr < r-+p

|
20V e — (P + p* — 2rp cos (6 — ¢)

I'(r,0,p,¢,1)=

This is just the solution that would apply if there were no wall. That is, the wall has no
effect on the solution in region Il for r < r + p.
In region III we have

=0

for t < r+ p. That is, the wall completely blocks the disturbance. Region I1II is the
shadow region.

For t < r+ p we thus have incident and reflected radiation, as described by geomet-
rical optics.
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The time ¢ = r+ p is the time it takes for the disturbance at (p, ¢) to reach the edge of
the barrier, r = 0, and then go to (r, ). After this time there is an additional effect,
called diffraction, due to the edge. This effect results in the solution

1 N 1
4V — (B +p*—2rpcos (6 — o)) CdnVieE — (rP+p*—2rpcos (6+¢))

in all three regions. In particular the disturbance penetrates the shadow region I111.
We observe that the Green’s function [ becomes infinite at

t=Vr+p?—2rpcos (0% ¢),

T
i

I

and is discontinuous at ¢t = r + p.
For a more detailed discussion and related problems, see F. G. Friedldander, Sound
Pulses, Cambridge, 1958.

EXERCISES

1. Find some conditions on f under which (77.18) gives a solution of the problem (77.1),
and verify this fact.

2. Solve
u_ [Pu, ou , 18] _
Py [arz r6r+r2692]_0 for r>0, 0<6<2m, >0,
u{r, 0, 1) =u(r, 2w, t) =0,
u(r, 6,0) =0,

du _
_87("9 9’ 0) _f(r’ 0)'
3. Solve the problem of sound in a corner
2 2 2
du _
ag(ra 0: t) - 0!
duf 1 _
'é""é’(r, E?T, I) ={,
u(r, 6,0) =0,
du _
i, 0,0) =£(r, 0).

4. Solve

=tz —w3=0 for O0<x<m, y>0, 1>0,

art  ox® 9y
u(x,y, 0) =0,
u W
'é—?(x, Y, 0) - 09
u(0,y,¢) =0,
u(m, y, t) =0,

%(xa 0, t) + ZH(X, 0, t) = Sinx.

by means of a finite sine transform and a Laplace transform.
Express the solution in terms of a finite integral by deforming the contour in computing the
inverse Laplace transform. BINT: Use an indented contour around the branch cut.
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78. The Stokes Rule and Duhamel’s Principie.

In the preceding section we obtained a solution of an initial value problem for the
wave equation when # = 0 and du/dr is given at t = 0. Suppose we wish to solve the
problem

Pu_[du, Lou, 1o
ark art  radr roe?
du __ou _
E_é-(rioa t)_ae(rvzw, t)_Oa
u(r, 9,0) = g(r, 9),
2y g, 0)=0.

] 0 for r>0, 0<0<2m, t>0,

(78.1)

ou
at

Once we have solved this problem, we can prescribe both u{r. 8. 0) =o{r. ) an

LW LML | iia 8 rs i pavIviivie Ul u\ s V, Uy E\ry V)

dufat(r, 0, 0) = f(r, 8) by taking hnear combinations of solutions of (77.1) and (78.1
Taking the Laplace transform of the above differential equation with respect to ¢,
we now obtain

d
).

oU 18U 102U
5}3*7—a;+72 567

( 0, t)‘"——(r 2w, t) =0,

— U =—sg(r, 0),
(78.2)

This is simply the problem (77.2) with f replaced by sg. Its solution is given by the
formula (77. 16) with f replaced by sg. Since multiplying U by s corresponds to differ-

PR N NIl JPP

: P O
Clllldllllg U Wllll le[)CLL to t wg UUl.dl n tllC solution

(78.3) u(r, 0, 1) f |00, 0.0.6,0 26, 910 dpds,

where I is the function defined by (77.17).

Thus to solve the problem (78.1) we simply must take the z-derivative of the solution
of (77.1) with freplaced by g. This is a special case of the Stokes rule, which we now
state.

STOKES RULE. Let u be the solution of an initial value problem of the form

82

(784) u(xl, R ()) =
%?—(xl, ceen X, O = (X1, ..., Xn),

together with some homogeneous boundary conditions independent of r. M is a linear
partial differential operator involving only differentiation with respect to x;, . . . , x»
whose coefficients do not depend on ¢. Then the function

ad

=

14

Q
~
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satisfies

d%v .
at2 M[V] - 03
(78.5) (X1, ooy X, 0) = f(X0s - -0, Xn),s
av

E(x" v Xn, 0) =0,

together with the same boundary conditions.

It is obvious that v satisfies the first initial condition. By differentiating the differ-
ential equation for « with respect to ¢ we see that v satisfies the same differential equa-
tion as u. Finally, av/ot = 8%u/ar? = M [u]. Since u = 0 at =0 and since the operator M
involves no derivatives with respect to ¢, we find that at ¢t = 0, M{u] = 0 and hence
av/at = 0. Thus v solves the problem (78.5).

The Stokes rule means that in order to solve the general initial value problem it is
sufficient to solve the problem with u = 0 at t = 0.

We now consider the problem with nonhomogeneous differential equation and
homogeneous initial and boundary conditions.
Fu [azu 16w | 1 3%

TG 00 for r=0 0<0<im 10,
du

_0ou _
EY) (ra 07 t) _60 (r7 2775 t) —07
u(rs 69 O) =05

du .
2 (r,0,0)=0.

(78.6)

Taking Laplace transforms, we find

FU 19U LU oy
2 T e TR e s?U=—H(r, 6, s),
oU

auU B
”56— (I‘, 0, S) = 30 (r, 211', S) = (),

This is the same problem as (77.2), but with f(r, 8) replaced by H(r, 0, s), the Laplace
transform of A (r, 6, t). Hence we arrive at the solution formula (77.16), which we write
in the form

U, 0,9 =" [7RITT H (b, 9, )0 dpdo.

{ [T'] denotes the Laplace transform with respect to r of I'(r, 6, p, ¢, t). Wc take the
inverse Laplace transform under the integral sign and apply the convolution theorem.
Then the solution of (78.4) becomes

o0 2w !
(78.7) u(r, 0, 1) = f f f T(r, 6, p, b, t —7) h(p, b, 7) pdrdddp.

To obtain the solution of (78.6) we have replaced the product [’fin the solution of
(77.1) by the convolution product I' * 4. This is a special case of Duhamel’s principle:
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DUHAMEL’S PRINCIPLE. Let the solution of the problem (78.4) with « subject to some
homogeneous boundary conditions independent of ¢ be given by a formula

u(xh Xoy o ooy Xn t) = Tl—.f(fla §21 fr ey gn)](xl, Xzy o - -y Xny t)a

so that T is the linear operator which transforms the initial velocity f into the sohition 4.
Then the function

(78.8)  wi(xy, ..., xn, t) EJ T[h(&, ..., &L )] (x, ..., Xn, t —T)dT
0
solves the nonhomogeneocus problem
2
Y - MIw)=h(x, ..., x5, D),
(78.9) w(xy, ..., X, 0)=0,
aw

—a—t-(xl,.. .,xn,0)=0.

with w subject to the same boundary conditions as u.

Duhamel’s principle is easily verified. Thus the solution of the special problem
(78.4) supplies the solution for the general nonhomogeneous initial-boundary value
problem.

EXERCISES

1. Verify that the function (78.3) satisfies the problem (78.1).
2. Verify that the function (78.7) satisfies the problem (78.6).
3. Verify that if u = T{f] solves (78.4) with u = 0 on the boundary, then the function w
defined by (78.8) satisfies the problem (78.9) with w = 0 on the boundary.
4. Solve
2 2 2 2
gt#~[gx—g+'%?+g—zg]=h(x,y,z,t) for t>0
ulx,y, 2,0 =0,

du _
é}_(xs)’, 2 0) '_0

by applying Duhamel’s principle to the solution (72.6) of the problem (72.1).

5. Derive the solution of the nonhomogeneous initial-boundary value problem (5.1) from
the formula (2.16) for the homogeneous problem by means of Duhamel’s principle.

6. Find a Duhamel principle for the heat equation giving a solution of

W - Tw=h(x,y,z,1) inD for >0,

w(x, y’ z5 0) - 0"
w=10 on the boundary C of D

in terms of the solution of the problem

%—V2u=0 in D for t>0,
u(x,y, z,0) = flx, y, 2},

u=10 on (.
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7. Solve

%:Lj—vzwzh(x’ Y, 4 t) for l>0’
w(x’ y! Z’ 0) = 0,
w bounded

by using the solution in (71.4) of the problem (71.1) and the result of Exercise 6.
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CHAPTER XII

Approximation Methods

79. “Exact” and Approximate Solutions.

The transform and separation of variables methods which have been discussed can
only be applied to a very special class of problems. The solutions which we obtained
have the appearance of being exact. However, in general, they require limiting proc-
esses which cannot usually be carried out, so that an error occurs in an actual computa-
tion.

.
Far inctanra a Fouria
L Wi LIJALIVE G 1 VUIIT

given function (for example, the initial values). This means that an infinity of inte-
grals must be evaluated. Unless the function is particularly simple (consisting, for
example, of polynomials, exponentials, or trigonometric functions) only a finite number
of these integrations can be carried out in a finite time. It may not even be possible to
comptite these integrals exactly, but only to approximate them by numerical methods.
We can then find only an approximation to the Fourier series of the solution, and hence
only an approximate solution. Even if all the Fourier coefficients of the solution can be
found, it is only possible in very exceptional cases to find the sum of the resulting
series in closed form. In general, the solution must be approximated by a partial sum of
its Fourier series.

Similar comments apply to the transform methods,
containing parameters.

Even the exact integral formulas we have derived (and there are relatively few of
these) still involve very difficult integrations which must often be approximated.

In the present chapter we present some methods which can be applied to a very
wide class of problems, but which inherently give only approximate values for the
solution. They simply give the solution by different limiting processes whose difficulty
is not hidden by elegant notations like 2, and [.

The first of these is the finite difference method, which gives the solution as a limit
of solutions of a system of algebraic equations when the “mesh size’’ approaches zero.
In practice, a particular mesh size is used, and hence we can never expect an exact
solution.

The second method is that of successive approximations. This is an iterative process.
The solution is the limit after infinitely many iterations. In practice, one must, of
course, stop after a finite number of iterations, so that only an approximate solution is
obtained.

Finally, we will sketch some variational approximation methods.

374
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EXERCISE

Find three functions f(#) for which the Poisson integral (24.12) can be evaluated in closed
form.

80. The Method of Finite Differences for Initial-Boundary Value Problems.

The partial derivative au/ax is defined as the limit of a difference quotient:

du g WA y) —ulx, y)
ax(x’ y) _lhlg(ly h

By Taylor’s theorem with remainder, we know that if «, du/dx, and 6%ufox® are con-
tinuous,

ou _ulxt+hy) —ulxy) __, Fu
ax(xa y) I’l - h axz(x+0ha )’),

where 0 < 6 < 1. If & is small, the right-hand side is small.

If, then, we replace the derivatives in a linear differential equation by the corre-
sponding difference quotients, the resulting equation will almost be satisfied by a solu-
tion of the differential equation, provided % is small enough.

Consider for example the initial value problem

2]1
Llu] = 9 2+(Slnxl)u—— for 0<x<1, t>0,
(80.1) at "o
' w(,t) =u(l,t)=
u(x, 0) = f(x).

This problem cannot be solved by separation of vanables or by means of integral

trancfnrme
LCACLIEDIN/L LI

The difference quotients

u(x, t+ k) —u(x,t)
k

and

u(x+h, t) —2u(x, t) + u(x—h, t)
h2

where & and 4 are small constants, are approximations to du/ot and 3%u/dx?, respec-
tively. We find from Taylor’s theorem that if L[«] =

u(x, t+ k) —ul(x,t) wu(lx+h,t)—2ulx,t)+ulx—~h,t

Ah[u] = k 2 - > h2
(80.2) + sinxf u(x, t)
k &% h 94
zat‘;(x,wek) 126;(x+¢92h 1),
where 0 < 6, < 1,—1 < 6; < 1. The 'ght hand side is certainly small if 4 and & are
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— 1
Weleth—N

dinates x =0, h, 2k, .. . ,Nh=1,and t=0, k, 2k, . . . . Let v(nh, mk) be a function
defined only at these mesh points x = nh, t = mk. Let it satisfy the equation

(80.3) An[v] =0

at those points where 0 < nh < 1. This equation approximates the partial differential
equation for u. We replace the boundary conditions by

for some integer N, and restrict our attention to the points with coor-

(80.4) v(0, mk) = v(l, mk) =0,
and the initial condition by
(80.5) v(nh, 0) = f(nh).

In view of the definition (80.2) of A,, we can solve the difference equation (80.3)
for v(nh, (m + 1)k) in terms of the values of v at the time mk:

(80.6) vinh, (im+ 1)k) =%[v((n + 1)h, mk) +v((n— 1)h, mk)]

+ [1— %’25 — k sin nmhk]v(nh, mk).
Thus we can compute v(nh, k) in terms of the given initial values, v at time 2k in
terms of its values at k, and so on. This process eventually gives v{(nh, mk) for any n
and m.
We hope that v(nh, mk) is a good approximation to u(nh, mk). To investigate
whether or not this is the case, we define the error w as the difference between the exact
solution # and the approximate solution v:

w(nh, mk) = u(nh, mk) — v(nh, mk).
By (80.2) and (80.3)

k o*u h? 3%u

Ah[w] = “i W(nh, mk + 01k) —“1"2“ a;(nh + 32/1, mk)

If the constants 4 and B are bounds for 1|0*«/0x*| and 3{9%u/a:3|, respectively, we see
that

(80.7) |An[w]| = Ah®+ Bk.

Since both « and v vanish on the boundary and since u(nh, 0) = v(nh, 0) = f(nh),
we have

w(0, mk) =w(l, mk) =0,

(80.8) w(nh, 0) = 0.

We wish to show that w is small as a consequence of the fact that it satisfies the
initial-boundary value problem (80.7), (80.8) with the right-hand side of (80.7) small.
For this purpose we need to show exactly that this initial-boundary value problem is
properly posed.

Sipe to get to any point {(nh, mk) we must only apply the recursion formulia (80.6)
m — 1 times, the value w(nh, mk) for fixed m is certainly small if the data are small.
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However, to get to a particular time 7 we must take m = T/k, which becomes large if £

| . " Th Aaf +h L1 4 bes I A F +h i1 £
UECOMEs Smdii. 1 0usS We Geiine lne prooiCin 16 o€ proplily posed i if the smallness of

Ar[w] implies that w(x, T) for fixed (x, T) is small, provided % and & are small enough.
We suppose that

hZ

2+ Kt

so that the coefficient of v(nh, mk) in (80.6) is nonnegative.
The inequality (80.7) can be written in the form

w(nh, {(m+1)k) — {hz[w((n + 1)h, mk) +w((n— 1)h, mk)]

(80.9) k=

+ [l —%sz — k sin nmhk]w(nh, mk)}.f_:(Ah2 + Bk)k.

For each time level t = mk we define
(80.10) M, = max [w(nh, mk)|.

We transpose all but the first term in the above inequality, and note that by (80.9)
the coefficient of w(rh, mk) is nonnegative. We find that

2k
lw(nh, (m+ 1)k)| = "Mm +[1 —F—k sin nmhk\M,, + (Ah® + Bk)k
= [1 — k sin nhmk M + (Ah* + Bk)k.

In particular, this inequality is true at that value of »n for which the maximum A, of
|w(nh, (m+ 1)k)| is attained. Therefore

We multiply this inequality by (1 4+ k)~"+1) and transpose:
(1 4+ k) m+OM 0 — (1 + k) ™My = (AR®+ Bk k(1 + k)~ (m+D),

We sum both sides from m =0 to % — 1. (We suppose that T/k is an integer.)

(1+ k)=
—a+ k-

(1 + k)Mo — Mo = (AR2 + Blyk 4T k)'

Since w(nh, 0) = 0, we see that M, = 0. Hence

(80.11) \w(nh, T)| = (AR + B[ (1 + k)™ — 1]
< eT(4Ah*+ Bk).

Thus for a fixed T, |u(nh, T) —v(rh, T)| — O uniformly in xas 4 —> O and k — 0,
provided the inequality (80.9) is satisfied. This inequality states that the time step k
must be very small relative to A.

We note that repeated application of the recursion formula (80.6) gives v(nh, mk)
in terms of v(lh, (m—gq)k withl=n—q,n—q+ 1, ..., n+gq. Thus the domain of

dependence of a mesh point (X, T') is the set of mesh points (x, 1) with 1 < T—— |x— X]|.
In particular the computation of v(X, 7) uses only the fact that v(0, t) = ( for
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< T—%X and that v(1, 7} =0forr < T—% (1—X). Since the domain of dependence

of (X, T) for the parabolic problem (80.1) is the whole set t = T, we cannot expect
v to converge to « unless k/h — 0.

It can in fact be shown that an inequality of the form (80.9) must indeed be satisfied
to make the finite difference initial-boundary value problem (80.3), (80.4), (80.5)
properly posed. If this problem is not properly posed, we cannot prove that the error
approaches zero; moreover, we are unable to compute v effectively, since the error due
to roundoff in the various computations piles up and makes the final result meaningless.

An inequality of the type (80.9) is called a stability condition for the problem. Such

conditions were introduced by Courant, Friedrichs, and Lewy [Mathematische

Avmalose 101000 ny 17.747
ARRWEN 1VWIL747) PP S5,

The finite difference method can be applied to hyperbolic as well as parabolic prob-
lems in any number of dimensions.

Example: Consider the problem for the wave equation

Pu _ u  du

(80.12) W_Ex_z_ﬁﬁzo in D,
=0 on C,
vy
1-
C
D
‘ > X
1

u{x, y, 0) =f(x, y) in D,
ou _ .
-éT(xyya 0)—0 m D’

where D is the right isoceles triangle x > 0,y > 0, x+y < L.

We introduce the mesh parameters h = JN and k, and consider a mesh function
v(lh, mh, nk).
We replace the problem (80.12) by the problem

(80.13) An[v] = % [v(ih, mh, (n + 1)k) —2v(lh, mh, nk) + v(lh, nh, (n— 1)k)]
-7}5 [v((I + 1)k, mh, nk) — 2v(lh, mh, nk) + v({I = 1)k, mh, nk)]

-—711-5 [v(lh, {(m+ 1)h, nk) —2v(lh, mh, nh) +v(lh, (m — 1)h, nk)]
=0 for I>0, m>0, and I+ m <N,
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v(lh, mh, rk) =0 for I=0,m=0,orl4+m=N,
v(ih, mh, 0) = f(lh, mh),
v{th, mh, k} — v(th, mh, 0) _ 0-
k

The difference equation leads to the recursion formula

v(lh, mh, (n+ 1)k) =ﬁ—z [v({(I+ 1)h, mh, nk) + v((l — 1)h, mh, nk)
+v(ih, (m+ 1)h, nk) + v(lh, (m — 1)h, nk)]

+ (2 - 4h—k;) v(th, mh, nk) — v(lh, mh, (n— 1)k),
which gives v at the time (n+ 1)k in terms of v at the two preceding times nk and {(n — 1)k. The
initial conditions give

v(lh, mh, k) = v(lh, mh, 0) = f(lh, mh).

Thus we can obtain v at time 2k, then at 3k, and so on.
The Courant-Friedrichs-Lewy condition of convergence and stability can now be shown to be

(80.14) 7 = 1.

This is just the condition that the domain of dependence of a point with respect to the difference
equation coatain its domain of dependence with respect to the differential equation. That is, at
least as much information must be used in computing the value of v at a point (x, y, ¢) as is neces-
sary to determine u(x, y, ).

For details and other finite difference methods we refer to G. E. Forsythe and
W. Wasow, Finite Difference Methods for Partial Differential Equations, Wiley,

EXERCISES

1. Find an approximation to the solution u(3, #%) of the problem (80.1) with the initial values
f(x) = x(1 — x) by means of a finite difference mesh with #=%. Choose k to satisfy the stability
condition.

2. (a) Set up a finite difference problem to approximate the heat equation problem

du_ du _
iy =0 for 0<x<1, t>0,

u(0,1) =u(l, 1) =0,

u(x, 0) = f(x).

(b) Show that the finite difference problem can be solved by separation of variables. That
is, that the solution v(rh, mk) of the finite difference problem can be written as a sum of products
of the form X;(nh) T:(mk), each of which satisfies the finite difference equation and the boundary
conditions.

(c) Show that if k < } k2, the approXimation v converges to u as h-> 0.

(d) Show that if k > 4 2, some of the product solutions increase exponentially in ¢ = mk,
so that the problem is unstable.

3. Find a finite difference approximation to u(4, 1, 1) where u is the solution of (80.12). Let
h = . Choose & to satisfy the stability condition.
4. Set up a finite difference problem corresponding to the pure initial value problem,

2 2
%g——%}c—g—xu=0 for r>0,
u(x, 0) =0,
u -
B—I (x, 0) = X.

Approximate (0, 1) with the mesh parameters k=1, k=14-
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81. The Finite Difference Method for Laplace’s Equation.

We consider the boundary value problem
0%u | 9%u _
ax? + ayr

n C

s — £ -~
i =j On

(81.1) 0 in D,

in a bounded domain D with boundary C. We introduce the square grid x = mh, y = nh

}’ﬂ\

W I:’ |.|

2h

h

in the x-y plane. We replace the Laplace equation (81.1) by the finite difference equa-
tion

An[v] = # [v((m + Dk, nk) — 2v(mh, nk) +v((m — 1)k, nh)]

+ L [v(mh, (n+ 1)h) = 2v(mh, nh) + v(mh, (n— 1)R)]
(81.2) | h
=z [v((m + Dh, nh) +v((m = 1)k, nh) + v(mh, (n+ 1)k)

+v(mh, (n—1)h) — 4v(mh, nh)]
= 0.

The mesh function v(mh, nh) is defined at all mesh points in D and C. We split these
mesh points into two classes:

We call the points ((m + 1)k, nh), ((m — 1)k, nh), (mh, (n + 1}h), and (mh,
(n — 1)h) the nearest neighbors of the mesh point (mh, nh). If (mh, nh) and all its
nearest neighbors lie in D + C, we call (mh, nk) an interior point. If (mh, nh) is in
D + C, but one of its nearest neighbors is not, we call it a boundary point.

At a boundary point we let v have the given value f of u at the nearest point of C.
At an interior point we require that v satisfy the difference equation (81.2).
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Thus the number of unknown values of v, as well as the number of equations (81.2),
is the number (say N) of interior points. We have a system of N linear equations in N
unknowns.

We wish to show that the solution v of this system is a good approximation to u. As
in the preceding section, we find by Taylor’s theorem that
h? [a4u

tu
B2 (om0, ) + S ot (808

where —1 < §; = 1, ~1 = 6; = 1. At boundary points

An[u] =

du ou
u=v+h|la—+ b——},
ox ay
where (ah, bh) is the vegtor from the nearest point of C to the mesh boundary point.
By definition
A+ =1,

d . . .
and % and 5% are to be evaluated at intermediate points.

Thus, if we define the error function

wW=n——11v
L4 “ L4

we find that if B is a bound for the fourth derivatives and 4 is a bound for the gradient
of u, then w satisfies

81.3) |Ar[w]| = 4Bh*  at interior point:s
(w| = Ah at boundary points.
We define the mesh function
qg(mh, nh) = Th*(m? + n?) = 1 (x* + y?).
By direct computation we find that

AT 2T o1
NAp| g = 1.

Thus by (81.3)
An[w + §Bh%q] = 0.

We then see from the definition of A, that the value of w + +BA?%q at an interior point is
bounded by the average of its values at the nearest neighbors. Therefore, w + $Bh%q
cannot attain a maximum at an interior point unless it is constant. In other words, the
finite difference operator A, like the Laplace operator, has a maximum principle.

We have shown that w ++4Bh?qg attains its maximum at a boundary point. But at these
points

w + §Bh%q = hA + 31hW*BR?,

where R is the maximum distance from the origin to any point of C. Hence by our
maximum principle

w = w + tBh%q < hA + #4h*BR?,
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at all mesh points in D. Similarly,

An[—w +3Bh*q] = 0,
and consequently

—w = hA + 3¢h*BR2.
We have shown that if w satisfies (§1.3),
(81.4) |w| = h4 + ssh®?BR>.

The boundary value problem for v is therefore properly posed. As & — 0 the error
w = u — v approaches zero. That is, v converges to u.

We have derived (81.4) from (81.3) without regard to the meaning of 4 and B. If
we let A = B = 0, we see that the only solution of the set of linear equations with zero
right-hand side is w = 0. This means that the determinant of the coefficients in the
linear equations for v does not vanish. Therefore the finite difference problem for v has
exactly one solution v, and v— u as h— 0.

The convergence proof for this elliptic problem is much simpler than that for the
hyperbolic and parabolic problems of the preceding section.

On the other hand, the finite difference equations of the previous section could be
written as recursion formulas, whose numerical solution is easy. In the present case
we are presented with a system of N simultaneous linear equations which do not re-
duce to recursion formulas. Since for small z, N =% 42 where ¥ is the area of D,
the resulting algebraic problem is formidable. It can, in general, not be solved explicitly.

To obtain an approximate solution of the finite difference equation (81.2) with the
given boundary values, we first consider the related parabolic problem

#*U  #U U .
- T e k > 0,
P + o for (x,y)inD,¢

Ulx,y, 1) =f on C,

with any given initial values U (x, y, 0). It can be shown by means of Laplace trans-
forms that

lim U(x, y, t) = u(x, y),
where u is the solution of (81.1).
We keep the mesh that we introduced for the elliptic problem in the x-y plane, and

introduce a +-mesh t =1k, [=0, 1, 2, . . . . We now introduce the analogous finite differ-
ence equation.

An[Vi] E—El,‘_;[Vl((m + Dh, nh) + Vi((m— 1)k, nh) + Vi(mh, (n+ 1)h),
+ Vilmh, (n — 1}h) —4 Vi(mh, nh)],
=%[V;+1(mh, nh) — Vi(mh, nh)],

where we have written V; for the value of the mesh function at time /k. This equation
is to apply at interior points. At boundary points we put

Vi(mh, nh) = v(mh, nh),
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where v is the mesh function introduced in the finite difference equation (81.2). The
initial values are

Vo(mh, nh} = U(mh, nh, 0),

which is an arbitrary function.
The difference equation can be written as a recursion formula

Vipi(nh, nh) = afVi((m+ 1)k, nh) + Vi((m — 1)h, nh)
(81.5) + Vi(mh, (n+ 1)h) + Vi(mh, (n— 1)h)]
+ (1 — 4a) Vi (mh, nh),

where we have defined o = kh~2. We can expect that
lim V,(mh, nh) = v(mh, nh).

l—roc
This can indeed be proved, provided the stability condition 0 < o =< 7 is satisfied.

Since Vy(mh, nh) = U(mh, nh, 0) is arbitrary, the above method of approximating v
may be described as follows: We start with an initial guess ¥, for v. We improve this
guess at each interior point by replacing the value V,(mh, nh) by the linear combina-
tion (81.5) of Vo(mh, nh) and the average value of V), at the nearest neighbors of
(mh, nh). We improve this function V), in the same way to obtain V5, and so forth. A
particularly simple case occurs when o = 1. In this case V,(mh, nh) is just replaced by
its average at the nearest neighbors. The result V;(mh, nh) of the lth iteration con-
verges to the solution v(mh, nh) of the finite difference problem (81.2) with boundary
conditions as [ — .

The above iterative method of solving the finite difference problem (81.2) is only one
of several possible methods of this type. For others we refer to the books of Forsythe
and Wasow and of Varga in the bibliography.

Finite difference methods can also be used to solve other elliptic boundary value
problems, as well as problems connected with other boundary conditions, systems of
equations, and nonlinear equations. In general, the solution of the finite difference
problem itself cannot be computed explicitly, but must be approximated by iteration.

The solution of the original problem, then, is the result of two limiting processes:
one of letting a mesh parameter 4 approach 0, and the other of making the number of
iterations [ approach «.

In an actual computation we work with finite 4 and [, so that two errors are intro-
duced. In order to know the relation between that which is computed and the desired
solution we need bounds for both errors.

EXERCISES
1. Set up a finite difference problem corresponding to
%u , Pu
6xz+—~—~=0 for x>0,y>0,x+y<1,
u(0,y) =0,
ulx,1 —x)=

u(x, 0) = x’(l —x)



384 Approximation Methods CHAP. XII

(a) Solve the finite difference problem exactly.
(b) Start with the initial guess ¥, = 0 at interior points, and do three iterations. Compare
with the solution obtained in (a).
2. Set up a finite difference problem corresponding to

2 2
g—x% g_v%_xzu=0 for —1<x<1,-I<y<]I,

u(—1,y) =u(l, y) =0,
u(x, —1) = (1—x?),
wix, 1) =—(1—x%
with =4,
(a) Solve the finite difference problem exactly, using the symmetry to reduce the number of
unknowns.
(b) Find an approximate solution of the finite difference problem by three iterations, start-
ing with ¥, = 0 at interior points.
3. Set up a finite difference problem corresponding to

Pu | L%u 2 1 .2
ax2+2ay2—0 for x*+y* <1,
u=x* for x*+y:=1

with & = . Solve, using the symmetry of the problem.
4, Set up a finite difference problem corresponding to

au  o*u .
W+W:_F(x’ ¥) in D,
u=290 on C.

Show that the solution of this problem converges to u as h — 0, provided u is sufficiently differ-
entiable.

82. The Method of Successive Approximations.

We consider the initial value problem

2 32
ZTZ_EJ‘C%_¢(X,I)M=F()C,[) for —eo <x <o, t>0,

(82.1) u(x, 0) =0,
du _
a_t'(xa 0) - 0’

where ¢ (x, ¢) is a given continuous function of x and t.
If we transpose the last term on the left, the differential equation becomes

P*u  u
(82.2) F—-W—HF(L t) + du.

1Ly

PR T
Yy C©

I MY Py PSS MG Iy By
IHOW HOW LU dUIVC LUC lililidl vdiuc pi

2 2

9—%——3—;2:6(;:,:) for 1> 0,
u(x, 0) =0,

9 e 0)=0.
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Namely, according to (5.2),

1 [t fx+(-D o
(82.3) u(x, 1) =1 f f "’ G (%, 7)dxdr.
0 Jx—(t-1)
In (83.2) G = F + du. We obtain
t [x+(-0)
(82.4) u(x, £) :% f f t PG D + 9 (% Dulx, D) dwde.
0 Jx—{(t—t

Since the unknown function u appears in the integral, this is not a solution formula,
but an integral equation for u. It can be shown that the only continuous solution of the
integral equation (82.4) is the solution of the problem (82.1).

To solve the integral equation (82.4) we choose an initial guess u(x, #) for the solu-
tion. We then compute a second approximation u, as the solution of

d%u *u
at2l Mdé_x?lz F(x, t) + é(x, Duslx, 1),
/5] (x, 0) = 0’
s gy =
5 % 0 =0.

That is,

e, 1) =3 f: f TR T) + 6, Do, 7)) did.

r—(t—1)

We hope that u; is a better approximation than u, to the solution u of (82.1) or the
equivalent problem (82.4).
We can further “‘improve’ u, by defining u, as the solution of

62u2 azuz _
or e [T,
Us (x, 0) - 0,
auz -
Y (x,0)=0.

We continue this process by defining u,.; as the solution of

Ptnsy _ 0%Unyt _
aF  axt [ TP

un-i-l(x: 0) :03
Ynsr e, 0) =0

at
forn=1,2,3,.... By the solution formuia (82.3)
1 [t [x+@-D o o o o
(82.9) Uns1{x, 1) =§f f o [F(x,?) + ¢(x, Dua(x, 7)1 dxdr.
0 £L—li—

We wish to show that the sequence u, converges to the solution u. We consider the
difference

Vn = un - un—l.
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tract (82.5) with n replaced by n — 1 from (82.5) to find that

F A ReRS MK 41%SL

(82.6) Vass (5, 1) =1 f f “”_:' D b, T)va(E, ) didi.

For some T > 0 we define
M = max ld(x, 1),
=
K =max |vi(x, 1)].
Then by (82.6) with n =1 =T

2+t
[ve(x, t)|£lftf +__”MKd_cf Iyvke for r=T.
2 JoJ x—(F-D 2

Again by (82.6), but with n =2

1 ft £ 2+e-D 1

= = MK Pdxdi = —Mth4
|v3(x, t)' J J r—(t-B 2M2 4!
Continuing in this fashion, we see that
n—1
(82.7) |un(x, 1) — tn—r(x, 1)| = |va(x, 1)| = [2—](\2[_—[1()]—, pin-1) - for =T,
Thus forany m >nandr=T
(82.8) lum(x, £) — un(x, )] = |vm + Vo1 + * * * + Vasa]
= IVmi + le—ll e +|Vn+1|
<K mf; Mktzk.
T k= (26!
®© Mkt2k

The series go 20!

uniformly in ¢. This is the Cauchy criterion. Hence the sequence u,(x, f) converges uni-
formly in x and ¢ (for r = T) to a function u#(x, ). Letting n — = in the recursion rela-
tion (82.5) gives the integral equation (82.4). The limiting function u(x, ) solves (82.4)
and hence the problem (82.1).

The uniqueness of the solution follows from the same considerations. For if v is
the difference of two solutions of (82.1), we have

converges uniformly for t =T to cosh rfVM. Hence um — un— 0

t -0
v, ) =2 [ [T 6z 1wz, 7)dxdr.

z—(t~0)

The derivation of (82.7) leads to the inequality

nt2n
lv(xa t)l = maxlvl (2n)!

for all n. Letting n — %, we find that v = 0,
Letting m — o in (82.8) leads to the inequality.
MFkgk
w (2k)!

n- letzk
[cosht\/ A (2k)']

(82.9) lu(x, t) —un(x, )| = K E
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This is a bound for the error |u — u,| in terms of the maximum K of the difference
| — 1| between the first and second approximations. For fixed ¢ the error bound
approaches zero quite rapidly as n — «,

Example. Consider the problem
2 2
%tg—g—;;—(sinx)u——-sinx for >0,

ulx, 0) -—-%—L; (x, 0) = 0.

We choose the first approximation i, = 0. Then

P N 1 f’ rﬁﬂ:ﬂ SRl el
wlx, t) =5 sin x dxdt
2_ 0 Jx-t=D)

= sin x(1 — cos #).
Thus we have M = max |sin x| = 1, K = max |sin x(1 — cos #)| =2 for all T. Hence we find that

n—1

{u(x, 1) — un(x, £}] = 2(cosh r—3 —(Ztikk)i)

1]
Putting n = 00, we have
lu(x, )} = 2 cosh 1.

Putting n = 1, we find
lu(x, 1) —sinx(1 — cost)| = 2(cosht—1).
We note that for T = 77 we may take K =1—cos T. Then we find thatfort =«
lu(x, t) — sinx(1 —cost)| = (I —cost) (cosht—1),
which is better than the above bound, particularly for small ¢.
If we want a better approximation, we compute
1 't Fx+(t-t) . — . - o
uz{x, ) =-2-J J _ [sinx + sin x(1 — cos ¢) Jdxd!
0 Jxr—-(t-t)
]

= si _ 1o (1.1 -
sin x(1 cost)+4t (2+ 6cost (1 —cos 1)

+§14 cos 2x(1 — cos 27).

Then we have

2
lu(x, t) — u(x, t)| = 2(cosh t—1 —%)
for all ¢, or

lu(x, ) — w2 (x, 1)] = (1 —cos 1) (cosh r—1 ——tzf)

for t =< .

We remark that since the integrals are over characteristic triangles, all the above con-
siderations may be conducted on a characteristic triangle 0 = ¢t = T — [X—x| rather
than the whole strip 0 = ¢ = T.

In particular, the uniqueness theorem we have proved states that u(x,, #) is uniquely
.determined by ¢ und F in the triangle |x — xo| = o — t. That is, the characteristics of
the problem (82.1) determine its domain of dependence.

The maxima in the definitions of X and M need only be taken over this triangle.
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Therefore ¢ and u, need not be uniformly bounded, We can, for instance, treat the
equation

o*u  d%u
e CTHTX
by successive approximations.
. d d . .
By computing L(;”“ and L:';;H from the recursion formula (82.5), we can derive a

, which shows that the derivatives %——- and %L;”

bound similar to (82.7) for and

6 6!

converge uniformly to %- and 797 as n — o, This fact enables us to solve the more

general initial value problem

o? Pu

= e )5 — b, S —$(x, Du=F(x,1) for >0,
(82.10) u(x, 0) =0,

au
at (xs 0) =0
by successive approximations:

+(¢-D - -
unns, =3 [ [T PG + 0 DGR G D+ bE DGR D

()]

+ ¢ (x, Dun(x, 1)]dxds.

Any linear hyperbolic equation of second order in two variables can be brought into
the form (82.10) by introducing new coordinates. (See Section 9, Exercise 4.) We find
in this way that domains of dependence are always determined by the characteristics.

The initial value problem for the parabolic equation

d
(82.11) ﬁ—-——qb(x Nu=0 for —®<x<oo,t>0,

ot
u(x, 0) = f(x),

u(x, t} bounded

can be treated by using the solution of the nonhomogeneous heat equation. (This
problem arises as a first approximation to chemical heat production.) Solving the
initial value problem for the nonhomogeneous heat equation by means of the Laplace
transform, we obtain the integral equation

© o-(r-xPfat ® p—(2—2Rf[40t-D)]

62.12) w(e ) = [~ SO e+ || [ ST 6, Du(s, § i

T e ¥V OWF R Je o T

We start with an initial guess u, and successively define
(82.13)

. e—(xr- T)2/4t e z-2p/late-ol (x-1)2/[4(t—1)]
Unii(X, t) = fm f(x)dx+f f_m ) ¢(x un(x, 1)dxdt.
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Setting v, = up — Un—1, we have

¢ e tr-xRlt-n) —(x-22/[4(t-1)
Vn+1(xa t)=Lf_ 2\/;“—__[' (x tvn(x I)dXdI

Then if again
M =max |¢p(x, t)]
=T

K = max |vi(x, t)| = max |u; — uy|,
=T =T

we find that
|V2(xa t)| = KMI
lva(x, t)| = lK(Mt)2
s, ] = KL,
Thus
(82.14) ltm — 4} = K ; (—"‘%)—

* k
Since the series = (NII;) converges uniformly for 1 = T, we find that the sequence
0 .
un(x, t) converges uniformly to a function u(x, t). Letting n — o in the recursion
formula (82.13), we see that u is the solution of the integral equation (82.12), and hence
of the problem (82.11).

Letting m — « in (82.14) gives the error bound

k
u(x, t) —uz{x, )] = K E (M)t = K| eM — (Mt)
1 1
k=n k k:o k
The initial-boundary value problem
du
5;—-————¢(x Hu=0  for 0<x<ti,t>0,

u(x, 0) —f(X),
u0,)=u(l,t)=0

can be treated by extending f(x) as an odd function and ¢ (x, ¢) as an even function
about x=0and x=1:

fl==x) =—f(x), J2—x) =—f(x)
¢(—=x, 1) = ¢(x, 1), ¢(2—x,1)=d(x, 1).
The solution u of the initial value problem (82.11) with such f and ¢ is automatically
odd about x =20 and x = 1, and hence satisfies the buuﬂdaxy conditions. If the initial
guess uo(x, £) is chosen so that u,(—x, 1) = — ue(x, t), ue(2 — x, t) = —ue(x, t), the

formula (82.13) shows that all the approximating functions u. have these properties.
Therefore, the approximating functions u«, satisfy the boundary conditions.

Similar comments apply to the initial-boundary value problems corresponding to the
hyperbolic problems (82.1) and (82.10).
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The above method of successive approximations, also known as iteration, can be
applied to a large class of initial or initial-boundary value problems in two or more
dimensions. Roughly speaking, it can be used to solve such problems for the partial
differential equation

(82.15) Llu]l + M[u] =
if the corresponding problem
Llu] =

is properly posed and can be solved explicitly, and if M[u«] is an operator involving
only derivatives of lower order than those that occurin L[u].

A boundary value probiem for the equation (82.15) where L is elliptic can in general
only be solved when M is sufficiently small. To see the necessity for such a restriction
we consider the one-dimensional boundary value problem

d*u o
(82.16) d2+"(1+x)“ F(x) for 0<x<1,
u(0) = u(1) =0.
Here L[u] = dx2 “ and the problem
dZ
E=—G),
u(0) =u(1) =0

can be solved explicitly:
u(x) = f: (1 — x)%G (F)dE + L‘ x(1—3)G () dx
Thus (82.16) is equivalent to the integral equation
u(x) = f (1= OF[FE + (1 + ®)u(x)]de
+ F (1 =) [F(F) + A1 + ) u(F)]dx.
We now define the iteration process
e (X) =f (1 = 0)X[F + A(1 + %) un]d
+ f: (1 = F)[F + A1 + B)un] d%.
Then if v, = u, — un—1, we have
Vuer = A f: (1= )%(1 + B)vpdi + A L‘ 21— %) (1 4+ 2) vadi.

If ‘V1| = K,

|vo] = )\K{f: (1 — x)%(1 + B)dx + L x(1=%)(1 +3c2)df}
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-—I§x(1~—x)(7+x+x2)

A

IA
o Chl'—‘ —
=N
M

JVBI

!Vk| =

P
(=
\_/

Then

m-1 k
il = K3 ()

k
The series £ (%) converges if and only if
(82.17) A < 6.

Thus for sufficiently small A the iteration converges to a solution.

According to the results of Section 36 there are eigenvalues \, for which the problem
(82.16) has in general no solution. Hence the iteration cannot converge for all A. An
inequality like (82.17) is necessary. Comparison with the equations «" + Au = 0 and
u" + 2xu = 0 shows that the lowest eigenvalue of (82.16) satisfies $7° < A\; < #2. The

—_2
inequality {(82.17) shows that actually Ay = 6. Thus 6 = A\, < 7%,

Generally speaking, eigenvalues occur in boundary value problems of the form
Llul +\M[u]l=0

associated with an elliptic operator L. For this reason the perturbation operator M
in (82.15) must be restricted in size.

EXERCISES
1. Solve the problem

Pu  Fu
&%“w—xzu=x for t>0,

u(x,0)=0
ou _
at(x, =0

by successive approximations, using 4, = 0 and obtaining u,. Find the maximum error made in
approximating u(1, 1) by u.(1, 1).

2. Solve
ou  d*u
_a_z_a_— (cost)u sin 3x for 0<x<m, >0,
u(0, ) = u(m, 1) =
u{x, 0)=20
by successive approximations for u, starting with e = 0.

""""" Tamatnnd AF sroima mtnneal Frocmaila Alvn 4hn smmamh v mannma s hantd AmtTafimm A eTe

FALNT,. 1I3LCadd UL Ubdlllyg LUC 1IILCSI al (Ul ux'ula, SOIYE Uic HUIBTUITURCLIICUUD llCdL Cyuativir uviul=
ring in each iteration by means of the finite sine transform.
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%“%%—¢(x,t)u=F(x, 1) for t>0,
uix, 0) = jix),
B (x, 0) = g(x).

4. Solve by successive approximations

s a3 — atxu=0 for ¢t >0,

arz  axt ot
u(x, 0) =0,
i _
ar(Jc, 0) =x*

for u, starting with u, = x?¢. Find a bound for the error

g 1y — g 1y
|dt dl |

made in approximating %—?(O, 1j.

83. The Rayleigh-Ritz Method.

We shall briefly sketch a method that can be used to approximate the solution of a
boundary value problem for an elliptic equation.
Let u# be the solution of the problem

Viu=S5+55=0 in D,
(83.1) ox* oy
u=f on C.

Let v(x, y) be any continuously differentiable function in D which is continuous to
the boundary and has the boundary values

(83.2) v=f on C.
We integrate both sides of the identity
2 div [(u — v) grad u] + |grad v|? = |grad u|* + |grad (v — &) |> + 2(u — v)V?u.

over D. Since u — v = 0 on C, the integral of the first term is zero by the divergence
theorem. Therefore,

(83.3) ff |grad v|? dxdy = f j |grad u|?® dxdy +ff lgrad (v — u)|? dxdy.
D D D
Since |grad (u — v)|? = 0, it follows that

(83.4) fJ |grad v|? dxdyzfj |grad u|* dxdy

D D

for any function v having the same boundary values as u. We thus have the following
characterization of a harmonic function.
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DIRICHLET’S PRINCIPLE. Among all continuously differentiable functions v in D

ctwrnce bhmecce ey crnlicn s £ dhan ‘I.A.. Oiii 2 Lazerndines 2. weniovfeeaimno HEV YR EIN |

Wllll BIVCII DUULIUALY VAIugD J, UIv DdlIMVIIC IHICUVIL 4 DINIzed l.llc llll,t:gl a1

f[ lgrad v|? dxdy.

We see from the equation (83.3) that only « gives this minimum value. For if v —« is
not identically equal to a constant, [ [ |grad (v — u)|* dxdy is positive. Since v — u is
zero on the boundary, the only constant value that v — « can have is zero.

The difference between [ [ |grad v|? dxdy for a particular function v and the mini-
mum value [ [ |grad u|® dxdy is, according to (82.3), equal to [ [ |grad (v—u)|? dxdy.
Thus a function v for which [ [ |grad v|?> dxdy — [ [ |grad u|? dxdy is small is, in the
sense of a certain mean, close to the solution u of (83.1). This property suggests looking
for a function v which makes [ [ |grad v|? dxdy as small as possible.

Let v, be any continuously differentiable function satisfying the boundary condition

(83.5) vo=f on C.

It is an initial guess for the solution «. To improve this guess, we choose a function v,
satisfying the homogeneous boundary condition

Vv = 0 on C.
Then if a, is any constant, the function
(83.6) V=1 t+ aW

satisfies v=f on C.

To find the best approximation to u in the sense of the mean [ [ |grad (v — u)|?
dxdy we choose a; so that [ [ |grad v|?* dxdy is as small as it can be for any v of the
form (83.6). We compute

rr T r
J J |grad (vo + aivi)|? dxdy =J J |grad vo|? dxdy
D b
+ 2ay J f grad v, - grad v, dxdy
D

+ a;? fj \grad vi|? dxdy.
D

This is a quadratic polynomial in ;. To minimize it, we simply set the derivative with
respect to a; equal to zero:

vi|2 dxdy =0

LI =

2 [ [ grad ve - grad vi dxdy +2a; | [ |grad
) J

D

The minimizing a, is given by

f J grad v, - grad v, dxdy

a, = —

JI |grad v:|? dxdy
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Example. Approximate the solution of the problem

W-{———O for x>0,y>0,x+2y<2,
u(x 0)—X(2_“X),
(83-7) u(O, y) =0’
u(2—2)’, y):

To satisfy the boundary conditions we choose
vo=x(2—x—2y).
We then pick
vi=xy(2—x-—2y),

which vanishes on the boundary, and seek the best v of the form v, + 4,v;. The minimizing a,
is given by

ff [4y(1 —x—y)2 —2x2(2 — x — 4y) }dxdy
jf [4y2(1 —x — )2+ x2(2 — x — 4y) %) dxdy

Thus

v=x(l —-%y)(Z—x—Zy)

is the best approximation of the form x(1 + a,¥) (2 — x — 2¥) to the solution u in the sense of the
mean [ [ |grad (v — u)|? dxdy.

We can decrease [ [ |grad v|? dxdy and hence [ f | rad (v — u)|? dxdy further by

u“ur()uuClng other funciions Va, V3, - . ., Vg which sa cy the HOI‘ﬁOgeﬁEOHS oounuary
condition

(83.8) vi=10 on C for i=1,...n,

and putting

97 O — \ , :

(085.7) V=V aiVyt+ ot Ay,

Then

I J |grad v|? dxdy = f f |grad vo|? dxdy
D D

~ -~ o

+ 2a; J Jgrad vo * grad vy dxdy +- * + + 2aa J J grad v, + grad v, dxdy
D D
2 J'J |grad v;|2 dxdy + - - - + a.? fj |grad vn|? dxdy
D D
£
+ 2a102 J J grad v; - grad v, dxdy + -
D

+ 2a,-1an [ J grad v,_; + grad v, dxdy.
D
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This is a polynomial of degree two in the variables ay, . . ., @x. To find its minimum

we set the partial derivatives with respect to all the g; equal to zero. We thus obtain the

OWE CLIW prORd LACRE MAWAX YERLE YV wT ¥ WS prwwL B Qs a..: Iea arsianis wi

system of » linear equations in #» unknowns

(83.10)

ax ff |grad v,[? dxdy+a2fjgrad vi - grad ve dxdy + - - -+anjfgrad vy * grad vn dxdy
D D D

_— f [ grad v; - grad vy dxdy
D

a; f f grad v, + grad v, dxdy + a- f f grad v, - grad ve dxdy + -
D D
anff |grad vy|* dxdy
D

— [ f grad v, - grad v, dxdy.

The solution of this system of equations gives the best approximation to « of the form
(83.9) in the sense that [ [ |grad (v — u)|* dxdy is as small as possible. This method of
D

approximating the solution u is called the Rayleigh-Ritz method.

Example. We again consider the problem (83.7). We choose vy = x(2 — x—2y), but we now seek
a better approximation by taking the two functions

vi=xy(2—x—2y),
=xy?(2 — x — 2y).
We seek the best approximation to u of the form v = vy + a,v; + azv.. The minimizing conditions
{83.10) are

42 2 2
hgtazE=15
a2 a2
1315 T 2315~ 745
Solving, we find
4= —k
=713
28
z 143

Thus the Rayleigh-Ritz approximation to u is
/

-y ~O \
vV=ux (1 —ﬁy—%yz)(Z—x—Zy).

The Rayleigh-Ritz method can be used to approximate the solutions of a large class
of boundary value problems with constant or variable coefficients, in one or more
dimensions. It can also be used to approximate eigenvalues and eigenfunctions of ordi-
nary and partial differential equations.

For further details we refer to the books of Collatz, Polya and Szego, and Synge in
the bibliography.
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1 1
in the sense of the mean j j |grad (v — u)|? dxdy to the solution u of
¢ Jo

du , *u _
ax+ay2_0 for 0<x<l1, O0<y<1,

u(0, y) =u(l,y) =0,
u(x, 1) =0,
u(x, 0y =x(1—x).

2. Find the best approximation of the form
2
v=x2+ (x*+ };— —1) (a; + a:x* + azy?)

in the sense of the mean fj |grad (v — u)|% dxdy to the solution u of

Fu  u_ 2 L 2
ax2+ay"’—0 for x+4<1,

2
u=2x* for x2+)—;—~——1.
Show that the resulting function v is the exact solution u.
3. Show that Dirichlet’s principle holds for a three-dimensional problem of the form

2
e tos+os=0 in D,

u=f on C.
Hence find the Rayleigh-Ritz approximation of the form

v=x(1—x)y(1 —y)(1—2)(1 + aiz)

to the solution of

?u , u | du
TS = <x< <y < <z<
oz oy + Y 0 for O<x<l1, O<y<l1, 0<z<I,

u=20 for x=0, x=1, y=0, y=1, z=1,
u(x,y, 0) =x(1—x)y(l—y).

4. Let D be a two-dimensional domain with boundary C and ¢(x, ¥) a given nonnegative

function. Show that among all continuously differentiable functions v such that

v=f on C
the solution « of the problem
0*u |, *u _ .
ax2+ay2 d’(xv y)u—O m -D,
u=f on C

minimizes the integral J J’ {|grad v{* + ¢ v?} dxdy.
D
Hence find the Rayleigh-Ritz approximation of the form

. m . .
Vv = SIn 7x COS 3 Yy + a, sin mx sin Ty
to the solution of

2 2
%ﬁ+37‘5—(x2+y2)u=0 for 0<x<I1, 0<y<l,
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u(0, y) =u(l, y) =0,
u(x, 1) =0,

w(x, 0) = sin mx.
5. Show that among functions v satisfying

3%y av \
ax’+ — F{x,y) in D

'l
and the normalization ? v ds = 0 the solution u of
C

Ou , 0%u

ax2+ s =—F(x,y) in D,

u=10 on C

minimizes the integral

ff |grad vi? dxdy.
Hence find the Rayleigh-Ritz approxim:tion of the form
vz—-(x2+y —-%) + a(x® — y*) + ag(x“ 6x*y% + y* + 10)
to the problem

u | d*u
ou  ou__ <y<
ax2+ay2 2 for 0<x<1,0<y<],
u=20 for x=0,1,y=0,1.
6. Show that among functions v satisfying Laplace’s equation
Pv _ .
ax2 Y+ 372 0 in D
the solution u of
?u | Pu__ .
6x2 + = ay =0 mn D,
u=f on C

maximizes the quantity

Qi =24 5 as— | J lgrad v]? dxdy.

(This is called Thomson’s principle.)

HINT: Consider the difference Q[u] — Q[v], recall that f= u on C, and apply the divergence
theorem,

7. Show that if the boundary C of a domain D is divided into two (not necessarily connected)
subsets C, and C;, the solution u of the problem

62 =0

ax" in D,
u——f on C,

Ju
5;1-*“0 on C:

minimizes the integral [ f |grad v|? dxdy among functions v satisfying v=f on C, and no condi-
J DJ
tion on C.. Hence find the Rayleigh-Ritz approximation of the form
v=x(2~x}(1+ ayy)
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to the solution of the problem

Pu |, 9u

5'):—2+@‘2—=0 for x>0,y>0,x+2y <2,
u(0,y) =0,
u(x, 0) =x(2—x),

5 eu-ny 25 ea-ny=o
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Solutions of the Exercises

Section 1

1. Equations (1.4) and (1.5) with F = ¢%x/01? = 4%y/3#* = (0 imply that

vt BT+ 3 -
(e, s)-éf (ﬁ) + (%) = (2,

where c¢; and ¢; are constants. If ¢; # 0, divide to find that the slope

dy _ ¢
dx C1’

so that the string is in the form of a straight line. Since y = 0 when x =0 and when x =/, the slope
of this line must be zero, so that ¢c;=0and % =(. The first equation becomes X (e, s) = ¢;. Recall
that ¥ is an increasing function of e and that £ (0, s) = T,. Therefore if ¢; > Ty, e = (dx/ds) — 1
> 0, while if ¢, < To, e = (ax/as) —1 < 0. But f eds:fl [(ax/as) — 1]ds=x(l, ) —x(0, 1) —I=0,

We conclude that ¢, = Ty and e = 0. Thus dx/ds = 1, and we obtain only the solution x =5, y=0,
and T=%(0, s} =Tyifc; # 0.

If ¢, =0, we conclude that at each value of s either 9x _ Oor (e, s)=0. Since ¥ is increasing
A
in e and £(0, s) = Ty > 0, e must be negative to make £ = 0. Then

< /( ) ( ) < 1. Thus if ¢; =0, |dx/ds| < 1 for all s, which contradicts the fact that

. (8x/as)ds = [, Therefore ¢; cannot be zero.

2 u=0 p= [(%Q)(w—l)/y 4 bf ;_yllg(lr %) ]1/(7—1’)
p= al:(eg)(v—l)/v + !)f —1 2g(l _ x):ly/(v—l.)
a ay

*u *u
3. Toﬁg—p—a —pG(s, t) for 0<s<,t>0,
u(s, 0) =0,
u -
at (s9 0) 0,
u(0, 5) =0,
u(l, s)=0

399
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duy , 9p _
4. pogt+ 5 =0,

Pogailtl"'%(Po)%:O for 0<x<lt>0,
pl(xa 0) ﬂn(x)’
ul(x, 0) =0,
ul(ﬂ, t) "‘—:09
Ll]([, t) =0
Section 2

1. (@) —e'2, (b) —etf2, (c) 0.
2. Let m be the integer such that x = (2m + 1)/ < x + 2[. Then

z+2l
f g(x)dx =

In the first integral let y = x — 2ml. In the second integral let y = x — (2m + 2)/. Then

(Zm+1)l xr+2l

(R dx + f( ¢(F)dx.

x 2m+1)l
421 _ 1 r~2ml
f g(x)df=f o gly +2ml)dy + ft gly+ 2m+2)Ddy.
peid JT=—2m —_
By (2.14) and (2.15) we see that g(y + 2ml) = g(y + (2m + 2)I) = g(y). Thus

[ ema=[ smay=o,

I
since g 18 odd.

3. u=sinmx cos wct
1 3
4. (a) ~13 (b) 16"

Y R

—~&-ct

5. (@) ul—=x, 1) = %[f(—x +ect) + fl—x—ct)] + -216 J’
=S —en —fx+ el =5 [ gay
=—y(x, ).
Similarly, u(2{ — x, t) = —u(x, 1).
®) u(x, t + %’) = %[ Fx+ct+20) + flx—ct — 21)] + 2% f:‘“:t 2(¥)dx
=u(x, t) (See Exercise 2.)
I 1 [l-xsetsl . _

6. u(l—x,t+;)z%[f(l-x+ct+!) +f(l—x-—ct—l)]+ E—C:,I;—I—ct—l g(x)dx

= %[-—f(x —ct) = f(x+ ct)] - % J’;—:_ﬂ g(—y)dy

= —yu(x, t) (See Exercise 2.)

8. Formula (2.16), but with f and g extended as odd functions around x = @ and x = b:
f(2a — x) =—f(x), f(2b — x) =—f(x).
9. Formula (2.16), but with f and g extended as even functions about x = 0 and odd about
x = 1: f(=x) = f(x), f(2— x) = —f(x).
10. u(x, t) =p(x+ ct) + g(x — ct), where

PO =31+ OfE[1+c])  for 0SE=<l+c
q(n) =%(1—C)f(n/[1—c]) for 0=y=1-c
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Solutions of the Exercises

and p and q are extended by the formulas
p(—€) =—q(&) =p(2—¢).
11. The problem is of the form (2.1) withc =7=1, f(x) = 0, and

0 for 0<x<%

—-v for %<x<1.

glx) =

Section 3

I. Since du/ox = %[f' (x+ct) +f (x— ct)] + -zlg[g(x +ct) — g(x — ct)], either the function

%f’ &+ il—c-g(g) must be discontinuous at £ =x+ctor %f’ (m)—~ -Z-I—C:g(n) must be discontinuous at

n=x— ct to produce a discontinuity in du/dx at (x, ). In the first case, du/dx will be discontinuous
whenever x + ¢t = x + ct, that is, along the left characteristic through (x, t). In the second case
there must be a discontinuity along the right characteristic.
2. See the solution to Exercise 1.
3. (a) 1/2; ¢/2.
(b)y —1/2; /2.

Section 4

1. u=sinx cost.
2. u=cosxsint.
3. For t < 2l/c the domain of influence consists of the part of the strip 0 < x < [ for which

Xo=x+ct <xo+2I,
Xo— 2 =x—ct = x

with the exception of the triangle where x — ¢t > —xp and x + ¢t > 21 — x,.
4. Replace the boundary condition «(1, 1) = 0 by du/ox(1, t) = 0.
5. flx+20) =f2l — x —2) = f(—=x} = f(x)}.

6. u(l—x, t-i—é) ——'%[f(l—x+ ct+ 1) +f(l—x—ct—!)] + zl—c-j

lx—

=%[f(2l-—[x—ct])+f(—x—-ct)]+§15ﬁ:_z:c‘ g(

l—z+ctl

oy 8X)dx

x)dx

r—ct-21

=%[f(x—ct) +f(x+ct)]—-§1—c~[ g{—y)dy

T+ct

B PR N

—cé—

g(y)dy
2!

. 1 J’.r—ct d
=ulx, )y +5- ) 8y

The last integral is over a period and g is even, so that this integral is twice the integral from
Otol
Apply this identity twice to obtain

u(x, t+—2c—l) = y(x, t) +%J: g(x)dx.
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7. (x 4+ Zl)
c

l f( 4 + 2!) +f( _ Y 1 x+et+2l 2\ d%

2 x4+ ct x—ct ) ZCIc”, g{X)dx

% —f(—x — ct) +f(2 ~ x + cz)] +x f I g (y — 2 dy
xr—ct

1 1 x+ct+4l

3 —f(x+ct) —flx— ct)] ~ 3 ,L—ct g(y)dy

1 Ttet+2l 1 Ttet+2l
==utr, ) =5 [ gy = [T g+ 20y
=—ulx, 1),

since g(y +2I) =—g(—y) =—g(y). Apply this identity twice to find u(x, ‘4 %) = u(x, ).

%5,

556
485

9% ~ 1536

8.

Section 5

1. elfz(cosh -321: - 1)/(:2.
2. %[3(3 — 2elfz — 1.

1 . _
3.Fsmn—x[1 cos 7rt].

471

© 12288
2.

" 16

ek

. sin? 1.
_S(eafz — eli2),

a,d.
Let v=u; — u, be the difference

for v, and solve as in Section 2.

‘vr.# sv

Section 7

l.t=e*andt=2—e "
2. Thepartofthesm'p()fx<—4—,where0<t<2—
3. The part of the strip 0 = x = 1, where

log cos x — log cos (#/8)}.

0=r=3- tan*‘x-—tan“l;ﬂ.

4. The part of the strip 0 < x < 1 where

1
~1 — -1 —
tan~! x — tan 2|
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5. Let L[u] = :9@- (A %%) - jx (C g;) and observe the identity

du 1 (3uy ] 9 (cduduy 134 (ou\* 14C (ouy?,
ar Llul = at[ZA() 2C( )] ax(cax ar)+2 ot (ar) 2 ot (ax)

Apply this identity to the difference v of two solutions whose data coincide in a pentagon P

- - .
bounded by 7= 0, x =0, x =1, and curves C; and C; through a fixed point (x, ) such that 7=

VCi{A on C,, f;: = -\ (CJA on Cs, and integrate. Recall that 34/3y = 0, aC/ot = 0.

6. Apply the same proof as in the case where u(1, t) = 0 and observe that vav/ox=—* < Qat
x=1

Section 8

1. (a) elliptic (b} parabolic  (c)} hyperbolic.
P (z (;—ﬁ[ﬁ—\/m](r-n

_\7B2____,_,._ - 4AC Jo J= —ﬁ{3+m](,_n X, 1

+ (%+F——~L—*)f(x-——l—[3 — VB~ 44C

VBE= 44C 24 ]
+(o- svpreme/lr — 24 B + VB

x——B—\/mt
: [ ¥
V=T s evr=a), SOE

4. g(x) = ou/at(x, 0) must satlsfy
g () =2 %] == S0 + R 0)

Section 9

1. (a) hyperbolic when 2 > 4x,
parabolic on the parabola # = 4x, elliptic when * < 4x
(b) hyperbolic when x # 0, parabolic when x = 0.
(c) hyperbolic when xt < 1, parabolic on the hyperbola xt = 1, elliptic when xt > 1
2. (@) x+ %t“” = %—, x— :2?33/2 g
(b) t=2 — e¢-* (one characteristic only)
(c) t=sinx+cosx, f=2+sinx—cosx

3. é=—log(e*+1),n=x —-%t:"

Section 10

1. Suppose there is a linear transformation to coordinates (£, &2, £3) so that

2
L{u] Ea[afuz +g§? gfu] a# 0,
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Computing L in the original coordinates by means of the chain rule, we find that the coefficients
of 3%ufax? and 9%u/az* are

G+ G+ Ge)] e o[ GE)+ 68 GE)]
aL I3} o0& aés and « 0¢: + aés * és/) |’
respectively. These clearly have the same sign, so that we cannot obtain the given operator.

2. If the first part is elliptic, there are coordinates (£;, £2) such that it becomes o[ 0%u/9é,2 +
9%u/0¢,?] with ad > 0. Letting &3 = Va/Dz, we obtain the standard form.

If the transformation & = ax + By + vz, i = 1,2,3, reduces the three-dimensional operator
to standard form, choose unit vectors s and » which are perpendicular to each other and to ¥y,
and show that the transformation ¢ = p-ax + p-By, & = v-ax + v Py reduces the two-
dimensional operator to standard form.

3. oV + grad o - grad u = 0.
Section 11

1. If v is the difference between two solutions, V3 =01in D, v=00n C. Apply the divergence
theorem to the identity

vV = div (v grad v) — |grad v|?

to show that f f lgrad v{*dxdydz = 0.
D

2. If v is the difference between two solutions, V2y=0in D, v=00n C,, and (8v/on) + av=0
OHCL

By (11.2) jf |grad v|*dxdy + § avidS = 0.
D

C:

Each of the integrands is nonnegative, and must therefore be zero.

3. If v is the difference beiween two sojutions,
é ( ,ov d av
s gy M leov 22 2 2 <
ax(e ax)+ay(e ay)=0 for x*+y 1,
v=0 for 22+ y*=1.
By the divergence theorem

. f f v[ax(e ax) +6y(ey ay)]dxdy j f {ax("e ax) t ay(ve” ay)

Bty B4y <t
LA AT
~(gz) — Gy Jarey
= CE [ve‘” _glnx-!»veyﬂn..-lds
J L ox oy "]
r4y=1
0 2 2
=[] e el oo
x4yt <]
- _ (VY vy
= ] ) el e
+y <l

Since the integrand is nonnegative, it must be identically zero.
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4. If v is the difference between two solutions,

[(1+ 2&:’ %[(1+x2+y2)%]—e$v=0 for x®+3y*<2,
y=0 for 2+ y*=2.

Muitiply the differential equation by v, integrate over x4 y? < 2, and integrate by parts by means
of the divergence theorem to find

J[ Lo« v nf8) ol =

X+vE<2
Since the integrand is nonnegative, it must be identically zero.
5. If v is the difference between two solutions,

3f , av ], 8 [gav., ~dv]_ :
ax[A ax+B1 By] +ay [Bz I +C ay] 0 in D,
v=20 on C.

Muitiply the differential equation by v, integrate over D, and integrate by parts by means of the
divergence theorem to find

g [A(%)z + (B: + Bz)% % + C( ) ]dxdy =0.

The integrand can be written in the form

4 (g_v N B + B a_v)2 L 44C — (B, + BZ)Z{av)
ax 2y 442 \ay
If the equation is elliptic, 44C — (B, + B:)* > 0. It follows that 4 can never vanish, so that either
A > 0 or A < 0 throughout D. The integrand is 4 times a sum of square and hence is either
nonpositive or nonnegative, Therefore, dv/ax = dv/dy = 0 throughout D.

Section 12

1
1.

Then v* + Av" > 0.
If v had a maximum at an interior point xo, v"(xe) = 0, v'(xy) = 0, which would contradict the
above inequality. Therefore

u(x) = v(x) = max (v(0), v(1))
= max (u(0) + ¢, u(1) + €e?)

for every € > 0. Let € = 0 to find that
u{x) = max (u(0), u(1)).

2. At a maximum du/ox = du/dy = 0, Viu < 0, contradicting the fact that F < 0.
3. L[e**] = (o® + Da)e**. Choose « so large that o> + Da > 0. Then if v = u + €e** with € > 0,
L[v] > 0. By the result of Exercise 2

u(x,y) = vix,y) = maxv(x,y) = M + € max e**
C C

for every € > 0. Hence u < M.
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4, Lle**] = (4a® + Da)e®*. Choose « so large that Ao? + Do > 0. Let v=y+ e€e** with € > 0,

i (i S AR B

so that L[v] > 0. Suppose v has a maximum at a point (xo, ¥o) in D. By definition of an elhptlc
operator there are coordinates (£, n) such that at {xo, yo) L takes the form

L[v]—c[agz anz]+d—+ dv

with ¢ > 0. Since v has a maximum at this point, 3v/3¢ = av/an = 0, 3*v/a¢? = 0, a%v/am? = 0, so
that L[v] = 0, giving a contradiction.

5. Let v=u + ex® with € > 0. Then V2v > 0. Hence v cannot have a maximum in D.

6. Suppose 4 > 0. Let v=u + €e** with a chosen so large that 4o+ Ga > 0. Then L[v] > 0.
If v has a maximum at {x,, ¥o, Zo) in D, reduce the operator to standard form there to show that
L{v] = 0, giving a contradiction.

7. If u becomes positive in the i val 0 have a positive maximum in this in-
"=

ltm

~ 145 2

<X ust si i
0 so that " + Au’ + Bu < 0, contradicting the differ-

LR RATL WS ¥ Lo osifive 1n the 1n

terval. At this maximum u > 0, « 0
ential equation.

8. At a positive maximum u > 0, o%ufox? = 0, 3%u/oy* = 0, giving a contradiction.

9. L[e**] = (4a? + Da + G)e**. Choose « so large that L[e**] > 0. Let v = u + €e** with
€ > 0. Then L[v] > 0. If v has a positive maximum at (x,, yo), introduce coordinates £,  such
that at (xo, ¥o)

L[v]=c[ §2+ ]+d—f +Gv
with ¢ > 0. Since G = 0, L[v] = 0 at (xo, yo), giving a contradiction. Then u(x,y) < v(x,y) <€

max e** for any € > 0. Hence, u(x, y) = 0.
C

Section 13

1. Let vy = u + ee~* with € > 0. Then av/at — ka*v/ax? < 0. Consider the rectangle 0 < x < [,
0 <t = t,. At a maximum in this rectangle dy/or = 0, #*v/ax? = 0, giving a contradiction. Hence
u(x, t) = v(x, t) = max v = max u + ¢, where I' consists of the bottom and sides of the rectangle.

r r
Let € — 0 to find that u(x, ) = max u for ¢t < t,.
r

2. Extend u to the interval =/ = x =< ] as an even function: u(—x, t) = u(x, t). The solution of
the heat equation which coincides with this extended function at t = 0 and x = = [ is even about
x=0. Therefore it is equal to the extended function « for —/ = x = [. By the result of Exercise 1,
it cannot attain its maximum at the interior points x =0, r > 0.

3. If Ad%u/ox® + 2Ba%ujaxdy + Ca%u/ay? is elliptic, then at each point there are coordinates
(£, m) in which it takes the form a(8u/3¢* + 6*u/dm®). Then in the coordinates (£, », ) L takes
the form

L) = el + 3| + 51

so that it is parabolic.
If L is parabolic at a point (x, y, t), there must be new coordinates (£, i, 7) such that the
second partial derivatives become a(d%*u/0€* + 4%u/dn?). By the chain rule
_ du ié) 9¢ 8¢ (_é) [ 4% 9m (_é_zl _i_y) 3 9
Liu] = [A(ax T2yt C + Zagan axox  Plaxay Ty ax 3y ay

ul ,(9m 97 91 om o7 9t a7 ary?
+an2[‘4( )”Bax e+ ) + 55 A( ) ZB(axay)+C(ay)
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Pl B g0 0, 0 0y o]

aéar| ax dx ax dy  dy ox ay dy
ul mdr  yp(dnér  om o @ncﬂ
+ Zanaf[A 0x o0x + 2B(ax ay + ay ax) + Cay dy |

+ first order derivatives.

If L is to have the required form, we must have

ax dx ox dy dx ox ay 8y
Aot B(5 ot )t oy 0
A%%+B(§§%+§§g—;)+c‘—;%g—;=o
A(g—;)2 +2B§£g—§+ C(%)2= 0.

Since the coefficient of 3%#/3€* should not be zero, 9¢/8x and 0£/dy cannot both vanish. The first
two equations are linear in 3£/dx and a¢/dy, so the determinant of their coefficients must vanish
dn dr Odm It

If AC — B? # 0, there must be constants u and » such that wan/dx = var/ox, won/oy = var/ay.
Since the coefficient of 3%u/3m® should not be zero, while that of 3%u/a7> should be zero, we see
that = dr/dx = ar/dy = 0. In this case we return to the problem of transforming the coordinates
{x, ¥} to (£, n) in such a way that 492y /ox? + 2Bd2u/dxdy + Ca%*u/dy* becomes a multiple of the
Laplace operator. Therefore this operator must be elliptic.

If AC— B*=0but 4, B, and C are not all zero, then either 4 or C is not zero. Say A # 0. The
first and last of the above equations become

(42 + B 421 1 g9\
\ ax ay 2\ ay } ’
9T | pdTY
(Aax + Bay) =0.
Thus A4d7/dx + Bar/dy = 0,and either 4a¢/ox + Ba&/ay = 0 or Adn/ax + Ban/dy = 0. Therefore
either a7/ox = uoé/ox and ar/dy = ndéfdy, or 8r/ax = wan/ax, and d7/dy = udn/dy, and we can
again conclude that dr/ox=adr/dy = 0.
Finally, if A = B = C = 0, L has no second order terms, so that it is not hyperbolic.
4, The function u satisfies

du _Kix,y,2,u) _ 1 ) —
m 3Eou Viu 3E/au [grad K + (8K /ou) gradu] - grad u=0.

Once a particular function u is given, the coefficients K/(dE/3u) and [grad K + (6K/du) grad u]
/{8E/au) are fixed functions of x and ¢, so that u satisfies a linear parabolic equation.

Section 14

1. (@) cos Vn*a®— 1t sin nmx, n=1,2,...

(b) e~ sin (2n — 1) 7wt cos (n - %)ﬂ'x, n=1,2,..

(c) e ¥ sinh \/‘§+(f_ﬁ_ﬂ;—)2y sin [nm(x —a)/(b—a)], n=12 ...

(d) et-*m0i3) gin norx, n=12 ...
(e) e~™m =z gin nor(x — 1), n=12,....
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. 1 nim?
(f) x' sin \/z (log 2)2t sin (nm log x/log 2), n=1,2,...
() x”z(t 4+ 1)Y2 sin [nar log (¢t + 1)/log 2] sin (nw log xflog 2),

2y = 1 1ou 1 &u
2 V=G

O = cos n#, sin nd, n=0,1,2,.
R Xn X'y .Y” R
xTxyvTy="

Take 3/dx of this equation:

X” ’ X’ ! Y’ N
() + (%) 7=

L

or

n=1,2,...

This equation is separated, so that both sides must equal a constant A. Therefore Y = ¢**. Going
back to the original equation, we see that X must be a solution of X" + AX' 4+ \2X =0, so that

X = eil—1zx Vi Ax i

Section 15

2. x~—22(——nlﬁsinnx.
1

3. fx) ~ —127 ? ,‘—1[(—1)'2 — cos (nm/2)] sin nx.

4, %(e ~ e ') + 3xfe.

! !
6.pp=lp=x—5 p=x-—x+g

7. (1 —cos 1)po(x) +6(2sin1—cos1—1)p;(x) +30(11 cos 1+ 6sinl— 11)p2(x)
=30(11cos1+6sinl —11)x2—12(28 cos 1 + 14 sin1 —27)x + 57 cos 1 + 24 sin | — 51

8. Conditions (a) and (e) give n + 1 linear equations for the n 4+ 1 coefficients of the polynomial

Ty The determinant of this system of equations is not zero.
Put x = cos 8 to see that

[-11 Tulx)Tm(x) (1 —x%)-12dx = Lﬂ cos né cos mbdé =0

for m # n.
Section 16
11~45% sin (2k — 1)x
b 2k—1
_i E - cos (2k— 1)x
T k= (2k—1)*

16 d T d 1
2 gy — o=t 1 2
f 12dx = g 12(2k Ty ork=21 2k —1° T/8.

3. f (log x)2dx = w[(log w)? —2 log w + 2], which is finite.
0
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Section 17

Let y = nx. Then
v . nw .
= | x*sinnxdx=n"1¢ f ye sin ydy.
0

0

Observe that
f’"’ y sinydyzfo" [y*— (y + 7y + (y 4 2m)e— - - - + (=) (y + (n— D)a)*] sin ydy,
0

and that sin y > 0 for 0 < y < . The series in the bracket is an alternating series, If a > 0, its
terms increase in magnitude. Therefore,

lye—(ytm)e+ -+ (=D y+ (n=Dm)e| = (y+ (n=Dm)* = (nm)°

for @ = 0. Therefore if @ = 0,
lcn| = nt-2(nm)* fﬂ sinydy = 27 %/n,
(1]

which approaches zero as n — o,
If « < 0, the terms of the alternating series decrease, and hence

ye—(t+met+- -+ D+ (n= D] <y~
Then

o

lea| = n-1-e JO y* sin ydy.

When o > —1, the integral converges and the factor in front approaches zero. Hence ¢, — 0
as n —> o for a > —1.
For o =—1, observe that

Yo Em O e e G g

=2 5T UG F R F D)

This series times sin y converges uniformly, so that the integral has a finite limit as » = «. Thus

lim ¢, = [w y~1 sin ydy.

R—*%0 Jo

If « < —1, observe that
y = A m) T (CD) P (= D) >y = (v 4
Then

Ca > nl e J: [y—=— (y+ w)“] sinydy.

The integral is a fixed positive number for &« > —2, while the factor n~'"¢ — = when a < —1.
Hence ¢, — < for 2 < a < —1.

Qthnn 18

sV eARTER A D

sinh 1) )
1. e* ~ ﬂ_ﬂ-{l+22l ,SETL% (cosnx—nsmnx)}.
2. x2 ~%772+4§ (_l)n COSs nx,

3, x~—22—;l—sinnx.
1
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4. 3[f(m = 0) + flm + 0)] =5 ("= ™).

5. sin®x =% sin x _“i' sin 3x.

6. By integration by parts

j— 1 1" 17

lan] = 7-,_7[ fr(x) cosnxdx’ [ | £ |dx.

Similarly,
ool = iz [ 151a,
so that
2 T s 1

2 (an cos nx + by sinnx) | =< |fldx S =5

M+1 ~7 M R
Section 19

1 V4Al._4+§( 1)n{8”2._i§\ "
1

= {3—2—E~ — (872 — 48)2— 4(2m® — 3)2}"2{612 - %}”2

= 30.2.

2. sinhx ~ -2 smharE—zq_Klnsmnx

The function f(x), extended as a periodic function of period 2, is discontinuous at x = —r and
x = 1. Hence its Fourier series cannot converge to it uniformly.

3. By (19.10) we must choose N so that

e U R

This inequality is satisfied by N = 9.
The computation is rendered much simpler by observing that

N % o o
r_ sl z—lgsz L _-% I
6 t A N+1 R N+1 - N+1 l n+1
2 2
1 1
( 1- )+(N+§_N+§)+m
2 2 2
= T
N+3
and that

m_s 1 §( 1 _L)zi.

8 xS (2Zk—1)F = 2.5 \2k—2 2k 4L
Then the number N = 2L — 1 must only satisfy the quadratic inequality 0.01 ( N+ )( N+1)=
32/m*.
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4. Let g(x) = Vp(x) f(x), g*(x) = Vp(x) f(x), and apply (19.8) to g and g*. o
5. f(x), extended as an odd periodic function, is discontinuous at x=—s and x=7. Hence it is
not the sum of a uniformly convergent Fourier series.

Section 20
1 x~—2§.(_—1 nsinnx,
1 n
1 4 Z 1
X~ 5w %—?(Zk_l)zcos(ﬂc x
82 1 .
2. x(mw—x) WEIJWSln(2k*I)x,
xr—x) ~T 5L cos2k
T—X § — > & c0s 2kx.

3. Let g(¢) = f(2t) for 0 < t < «/2. Extend g(¢) to the interval —7 < ¢t < 7 by the formulas
g(—=t) =—g(1), g(m—1t) = g(1), so that g is odd about = 0 and even about ; = /2. Then

J: g(¥) cos ntdt = 0.
Also
er g(t) sin2ktdt =2 Lﬂ g(t) sin 2ktdt
=2 f: g(m—7) sin2k(m — 7)dr
=—2 L" g(7) sin 2krdr,

and hence the integral is zero. Thus g(r) has the Fourier series X by, sin (2k — 1)¢ which con-
1

verges to g in the mean;

N-w -7

fd N 2
lim [g(t) — X bog—; sin (2k — l)t] dt=0.
1
Returning to the variable x = 2r, we find that whenever Jﬁ f(x)2dx is finite,
0
T N . 1 2
Jim f [ FX) = bay sin (k — —)x] dx =0
N—ox jo 1 2
where
boy_y = 2" f(x) sin (k 1 xdx
B wT Jo 2 )

bnz.

.—Mg

a. ﬁ"f(x)zdx e

Section 21

1. Let £ = x/l, r = ct/l. The solution of the standard problem is

ae, ) =3le+0) +fe-n1+3 [Te@de+ L [ [ e e
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where u(¢, 1) = u(l¢, Irfc), f(€) = fUE), B(€) = g(i¢)[c, F(£, 1) = F(I¢, Ir/c)c?. Return to the
vaiables (x, 1) to obtain (5.2).

o, 16aq.

i [T,To Tol, + (To— T)f(B/EY](To— T)).
4. 2553 hours.

5. Letx—ax/c 1= qat.

6. [ fdr=1(6—a)[la¢ +3 (@2 + b |
. Jaj x——2( a)[zan 1 (dn n)J
Section 22
3, | S
1. u(x, t) =3¢ kt sin x — ;e 9kt sin 3x.

2. u(x, 1) = (8/m) ? (2n — 1)-8e~@n-1Pkt gin (2n — 1)x.
3. wlx, 1) = (2m) — (4m) £ (42 — 1)~te=" cos 2nx.
1

4, u(x,t) =873 (b—a)? E (2n — 1)-3e~@n-1Pmkit-a? gin (2n — 1} (x — a) /(b — a).

5. u(x, 1) =8 X [%(2;1 — 13+ (—=1)*(2n— I)Z]e[‘znﬂ)zﬂam“ sin (n — %)x

1
Section 23
sinh nw(4 — y)/B
sinh nrA/B

where b, = (2/B) f " f(x) sin (nmx/B)dx.

sinh nar(m — x)/A
2. u(x Y= sinh nm?/4

where b, = (2/A4) JL g(y) sin (nmy/A)dy.
0
3. u(x, y) =—4 3 [1+ 2(=1)njn-s SO =) G
1

sinh nm

1. u(x, y) =2Z b, sin nwx/B,
1

sin nwyld,

u(x, y) — {4 sinh (7 — y) sin x _ 3 sinh2{m —y) sin 2x}

1/2 1 11/2
{?ﬂ 16—9} {aﬁ“l-z}
621.

sinh 7 2 sinh 27
= 0.
3 cosh (1 - y) sinx cosh 3(l —y|sin3x . .
4 _ 2 2 sinh 7 (7 — x) sinmy
LUl y) = 1 - 3 + sinh ?
4 Cosh§ 4 coshi
_1 _ = (==1)? sinh n(m — y) cos nx
5. u{x,y) = 37r(7r y) + 4% 2 sinh o

1/2 1/2
lu(x, ¥) — s2(x, y)}| = {%ﬁ— 16—4} {%ﬂ— 1 —%} = 1.58.

6. u(x,y) =4 g:: [71--2(n — %)_2 + (_l)n,n.—s(n _ %)“3] sinh (n - %)7;;1(— }’)1308 (n - %)‘n'x
sinh{n —3 |
Ju(x, y) — s2(x, y)|

={% [ v 5 16/ 72(n—3) " + (~1yms(n - %)3](;1 -3 1

={0.20.
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cosh (2n — 1)(%77 —{)
cosh (n - —%)77

% Sinh(n_-%) (A_y) 1
8. u(x,y) =—Z cu i sin (n _ —)x.
3 1 2
n— §)cosh (n - -i)A
9. u(x,y) = em-a)2 sinh V5x/2
uE ) = _sinh V5a/2

— Ar3 ¥ ngSith Cr—Dr(l—x+y) . _
10. u(x, y) =4n 3? 2n—1)-3 sinh 2n — D sin 2n— Dw(x+y).

7. u(x,y) =7mx— (8/m) % 2n—1)3 sin {(2n — 1)x.

sin y.

(Leté=x+y, n=x—y)

Section 24

1. %[Br sin § — 3 sin 360].

2.[6 + 8r2cos 20 + 2r? cos 46].

3. Mt cos (n4 1)8 = xr® cos e — yrt sin nd,
r+lgin (n + 1)8 = yr* sin nf + xr* cos né.

1 _
4, u(—i’ 0) ={.
5. u(r, 0) = (8/m) % (2k — 1) 3251 gin (2k — 1)86.

u(r, ) = (4)m) ? (—1)*-1(2k — 1)-2r21 sin (2k — 1)6.

*® ~
(2

ulr, 8) = = (r*/n) (a. cos nd + b, sin nd).
1
By the divergence theorem

f” 841, 6)do = 9@ gradu-nds=r Ll Vurdrdd = 0.
r=1

9. u(r, 9) =75(9r sin 6 — 1 sin 36).
10. If £(8) ~ Sa0+ 3 (an cos nf + by sin nf),
1

U = g S
u(r, 8) =zao(log rjlog R) + %k—_—n;% (a, cOs nf + b, sin nd).

Section 25

2

o

2. u(x, t) =2 X {—1)*ta-le-" sin nx.
1

L u(r, 0) =3+ (2/m) T @n— D)t sin@n— 18, u(0, 6) =+
1




414 Solutions of the Exercises

3oulx,f)=—-2% [(—1)"77‘1(71 - %)_1 + —n-*2(n - %)—z]e-(znvl)’wztlfi cos (n - %)mc.
1

sinh 2rn— 1w (1 —y)
sinh 2n— 1)7

Since the function u(x, y) + w(x, 1 — y) + u(y, x) + u(l — x,y) satisfies Laplace’s equation

4, u(x,y) =4nr! § (2n— 1)t sin (2n — Drx.

and is equal to one on the boundary, it is identically equal to one. Set x = y = %to find that

JLD L
“22 4

5. ¢ satisfies

2R? . 2 3 3
o8 Gt o O e o Wi 0w =

and ¢ = 0 on the boundary. Hence ¢ = 0 in D.
6. Since f{6) is continuous on the closed interval —7 = 6 = 7, it is bounded and uniformly

contmuous That is, | f(6)| = M, and for any e > 0 there is a § independent of 6, such that | F(9) —
fB)] < e when |8 — 6] < 8. If u(r, 6) = lao + 2 r*(a, cos nf + b, sin nf}, then

jutr, 80) = ft80)| = |((1 = ) 2] f_’:ﬂ‘f’;’j;"’)z,, Ly + [ HOZ W=y,

L ["fBo+ ) — f(6) |
s 1+ —2rcosy )]

M(1-r) 1
T+ —2rcoss ' 4€

Choose r < 1 so large that 2M(1 — ) < %e(l 4 —2rcosd). Thatis, 1 — r < 1
—(8M + €)~'e cos & — (8M + €)1 (64M? — €2 sin? )12,
Observe that

=

=2M E = 2Mrt /(1 —r),

u(r, 6y) — —aq 2 r*{an cos nby + b, sin né,)

and choose N so large that 2Mr¥+1/{1 — r) < %e. Then

< € for all 00.

N
’f(()(,) . %ao — X r*(a, cos nfy + by sin néy)
1

Section 26

1. Observe that e@-Ye*=T, (¢) is uniformly bounded.

2. ulx, t) = —(8/7) ? (4k2 — 1)1 (2k — 3) 1 Tarr (1) sin (2k — 1)x.

3. ulx, 1) = ? b, T, (t) sin nx, where

= (2/mr) j;" g(x) sin nxdx,

T for n*c?=a®*—b

e~"(a® — b — n*c?) 12 sinh (a® — b — n¥c®)12t forn*c® < a*—b
Tolt) =
e ¥ (nict + b — a?)12 sin (n*c® + b — a®)\%¢ for #n%c? > a®> —b.
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4 u(x, f) = %e—f”[?:(l + 1:) sin x — (cos V3t + 3V sin \/it) sin (3x/2)].

2 2
5. u(x, t) =X b,T(2) sin nx, where
1

= st~ for nc=a

e *(a? — n*c*)~V2 sinh (a® — n’c?) 12t for nc<a
Ta(t) =
e (ntc? — a®)~12 sin (n*c® — a?)t for nc > a.

Section 27

—

u(x) = LI sinh (x — &) f(£)dé.
2. u(x) =512 J;m (1+x)"12(1+4¢)12

Vg2 Vsn

{{+x)/(1+&]" = [+ /(1L +x)] 71 f(E)dE
+ 5021+ x)-12[ (14 )V — (14 x)7V2].
3. u(x) =%(x-— I)e* +%el‘+ge—21.
4. u(x) = log x.
5. u(x) =3fx— (x+ VIF ) log (x + VI )],
Section 28

1. ulx) = 1h {smh (1—x) f sinh &f(€)d€ + sinh x f sinh (1 — g)f(.f)dg}
2, ulx)= gﬁ—l {cosh (1—x) J; cosh £(£)dE + coshxf cosh (1 — §)f(§)d§}.

3. u(x) = —xe’ — e sinh x/cosh 1 + cosh (1 — x)/cosh 1.

4 4) = o =y {[{%(ux)}_[mm -{3a +x)}~[1_\/§]/2]

[} T+ o R — (1 IR ey 4 L1+ 0TIV — (1Y

[0+ f)}_[mm -{za+ 6)}_““\/5_]f2]f(§)d§}'

Section 29

( cosh(v—% 1)
(1—-y)+21— }sinx
cosh-—

1l 1 ) cosh?a(y—%) '
&Z_?(l—y)-kﬁl———cos—h:ﬁ-z-— sin 3x.

.s:.l w

1. u(x,y)=
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] =lID2? 22
L. U 2\1\ <.
2z, | A N . [
3. u(x,t) ==3Xsin|n—7x e~ @n-12t-7V4 gin | n — < |EF (€, 7)dédr.
wm 2 0 Jo \ 2
4, u(x,y) =X b,(y) sin nx, where
1
_ 2 P [
ba() = i |, (bt =) [ sinhm FG&, e

+ sinh ny fA sinh n(4 — ) F (€, n)a’n} sin nédé.

)

5. ulx, y)= § ca(y) sin (n —%)x, where
1

-~ Foe € s \ ~ . \

cor= g L [ oo =Y [ smle i
2 o2
+ sinh (n - %)y F cosh (n - %)(A — ) F (€, n)dn} sif (n — %)gdf.

¥

6. ulx,y)= § b.(x) sin nwy, where
1

2
nm(sinh nw + nw cosh nw)

+ [sinh rwx + nar cosh nwx] fl sinh nr (1 — £)F (£, n)d.f} sin nandy.

bu(x) = J’Ol {sinh nm(l - x) Lx [sinh nmé + nm cosh naé F (&, n)dE

7. ulr, 8) =3ao(r) + ? [an(r) cos 1 + ba(r) sin nB], where
a(r) =~ [ 1og (+lp) dotp)pdp
an(r) = g | LRI+ (1R [ pra(p)dp
 [F LRI + (IR Anp)odo ),
ba(r) = s (LRI + 1R [ 1B dp
£ [ LRIpY" + (6IR)")BA(0)pdo .
and

F(r, ) ~ %Ao(r) + ? {Ax(r) cos nd + Bn(r) sin né].

(The function ao(r) is obtained not from a Green’s function but by integrating the relation
(ray’)’ = —rd, from 0 to r, dividing by r, integrating again, and then changing the order of inte-
gration. The integral condition is needed to make a,'(R) = 0. Any constant may be added to
ao(r), but this constant is made zero by the condition (0, 8) =0.)

8. u(x, t) = Z cn(1) sin (n - —%) wx, where
1 3

‘ 1 1 ]
~at/2 22 o g2
[ 4 [ e sin 4'7T C 4a {

17’1’2—6‘2 [t_ 1 : 1 J
202 L 42
47T C 4a
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. ] 1
asin +[-m? — -a* ¢
16a 1 1 4 4
- 1 —e-a2(cos v[-w2c? — <a’t +

et ( VarT 4 N
i i

) | i

T a sin erzcz - Zaz t ]
) 22,2 _ 2 Y i
+ gatiz cos\/4ﬂ'c 4ar+
2 17726'2 - la2
4 4 >

1y 2) 7€
o (421 12 L
(__1.)3 (_1)2 (_l 202 1\ [
13 2 v n 2 w n - 2.2 _ 42
2)7TC 24
1 — g2 cos\/n—lzwzcz—lazt
2 4
L

n - = 1r“c4

]
mic

2

] 2
E

_ZGZI
122.2 l2 )
2\/(.'1 E)Wc —Za

a sin n~

forn=2,3,....
1 . 1
9. u(x,y) =y smx—3—6—sm3x
Section 30
. G(r,0;p, )= ——log[rZer —2rp cos (0 — ¢)]
1
+G log [R2 +TQ%— 2rp cos (8 — qb)]
+$ log (¥ + p* —2rp cos (6 + )]
2.2
—4l 1og[R2+r7{;—~—2rp cos(9+¢)].
2. G(r, 0:p, ¢) = 10BLIERIN) | 5 p" [(R/r)" — (r/R)"] cos n(6 — )
P AL, 2« log R ) 27m(R"— )
forp <r.
3. G(r,80;p,¢) = ——10g[r5+p —2r%? cos 3(0 — ¢)]
-‘-&; 10g[R6+—R£6“ 2P8p8 COS3(9—¢)]
+= log [r* + b — 2r3p3 cos 3(0 + ¢)]

—ﬁ log [Rb + —Rf%; 2rip% cos 3(6 + ¢)].
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4. G(r,0;p, )= %%% [{R/r)* — (r/R)*] sin no sin n¢
forp <r.
1
5. G(r, 0;p, ¢) =2i & +log (R/r)]
z 1 ML (e 1 BN LB In o (e T ol DT o (B A
+21‘27TH(H+R) (p/K)Mn+ K)(RIr)"+ (n— K}{riK)"jcos hit — ¢} '

for p < r.

Section 31

1. fix,y) ~ (w/9) + (4m%(3) % (—1)"n~2 cos nx + (47%/3) ? (—1)™m=2 cos my

o0 oo
+ 16 Z (=1)™™n"2m-2 cos nx cos my.
n=t m=1
2. f(x, y) E E r27.-(—1)"+4[1 — (=D 2= (=™  4[1 — (=] . .
. flx ~ + sin nx sSin my.
flxy n=1 =1[ n mn’ Jl m mm3 J Y

1{;%[14_( 1)”‘(772—1)]+ [1_( 1)’"]} sin x sin my.

k=1 k=1 l=1

3. flx, y) ~ m2=
2

Section 32

2. u(x,y, z) =—2 2 (=1)* sin nx sinh n(1 — z)
n sinh n
3. u(x, y, 2) m% p)

=1 E~:~1 1 1+ 2(_I)In2
n—i W(n—i)

hY

sin (n - %)x sin (2m — 1)y sinh \/(n - %)2 + 2m - 1Y + 1(1—2)

) 7
(2m~])\[(n—%)+(2m—1)2+!cosh\/(n~%) + 2m - 1P + 1

4, u(x,y, t) = £ I dyme "+m gin nx sin my, where

n=1 m=1

dum = iz r frf(x, ¥) sin nx sin mydxdy.
T Jo Jo

5. ulx,y, z) = % §

1 m=1

[dnm cos Vn2+ (mwld)t

+ €nm
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where

[4 (= L . C
J J fix, ¥) sinnx sin (mmy/A)dxdy,
0

=
5
{

3]
3
II

gl g

f f g(x, y) sin nx sin (mwmy/A)dxdy.

X
6. u(x,y, 7) = m% Qomo€ ™ICOS my
o

0

TSN

Qoeo + i 21 awee Picos Ix +

oo

+oo~

doon€~™CO8 nZ + 2 I aimee ®+mcos Ix cos my
l 1 m=1

M e

+

—(B+n¥teng Iy cos i

Fromy -} s
“wiunv i,

=
kI8
-

3ms
M8

ool

Aomne~ " HPCOS my COS nz

=
]

b1
npe-

(3

M [ S L
0
-

+ o+

Apne ™ BrmE+mXe08 [x cos my cos nz,

T

where

QAtmn =3[ fﬁ fﬁf(x, ¥, z) cos Ix cos my cos nzdxdydz.
Ws 0 0 0

7. oo =73, dio = —2m[1 — (= 1)V, aimo = 4{1 — (— I} ][1 — (—=1)"]/(=w2m?),
i = =81 — (=111 = (=171 {1 = ()] (molomtn).

8. u(x,y,2, 1) =To+64m3(Ty—To) £ 3 3 elat1reem vrscn-1ey
=1 m=

m=1 n=1

(20 =1)"'2m—1)"1(2n— 1}~ sin (2! — 1)x sin 2m — 1)y sin (2n — 1)z.

Section 33

4 3 L((2k—1)r) sin (2k—1)z
1. u(r,0,z)= 1T'k=1 2k — D32k — 1)

4 = 1,((2k~ 1)r) sin 2k — Dz,
+ 0820 X e YL 3k — 1)

3 » (v—l)”“l}((n - %)r) sin (n - %)Z
u(r,0,z) =—3-cosf X

2.
2 il 1\ i
" (n=3) 1 =3)
1 , ; (—1)"13((11—%):-) sin (n*%)z
—5- cos 36 Z ~ 1)21 1 ’
(” 2 3(" 2)
4o 42 _ L((2k—=1)mr) sin (2k — D7z
T U T T 2 Rk = 3) (2 — 1) [Io((2k— D) + Ck— Darly ((2k— 1))
4 L((2k— 1)7r) sin Qk— )7z .
tpcos 20 kzl (Zk —3) (@K — ) [I.((2k — D) + (2 — Daly ((Zk— D)
2 =2 Iy ((2k— 1)r) sin (2k — 1)z sin (21 — 1)
4 ulr, 0, 2) =75 2 E = 2k — 132 = )i 1(22k—1)
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Section 34
1. (8/m)3 kE 121 T 2k—-D320—1)32m—1)3sin (2k — 1)x sin (2l — 1)y sin 2m— 1)z
=1 I=1 m=1

cos V(2k—1)2+ (21— 1)2+ 2m — 1)1
1. . sinmVA2+ B~ cos 2az/C) sinaVA2 + B2 + 4C‘2t}

2. 5 sin A) s B { — -
2 Sin (mxjA) sin (my BN\ s s TNAZT+ B+ 4C 2

3. Multiply the equation by au/ét, integrate over the domain inside the cone (34.5) for ¢ > 0,
and integrate by parts to show that if ¥ = ou/at = 0 at f = 0 inside the cone, then the same non-
negative integral over the cone as that obtained in the case of the wave equation plus the integral

of a(du/at)? over the interior of the cone is zero.
© 0 w [ / 1
4. u(x,y,z,6) =e 2 LT | dypy coS \/62(12 + mE + 1E) — =ait
1 1 1 4
sin \/c2(12 + m? + n?) — ‘—ltazt
sin Ix sin my sin nz.

/ \/cz(l2 + m? + n?) —%az

+ (%adlmn + emn

Section 35
2323 3 3 I[1—{(=1)!e"] sinlx sin 2m — 1)y sin 2n — 1)z
by ) =m s L A Er Dem—Dn=- DIF+ @m— D+ Gn— 7]
-~y s s Y . 128 :; :: :‘
by =g B E T
sin (21— Dxsin 2m — Dy sin 2n— 1)z
=3 @E—1)C2m—-1D2n—D[QRI=1)2+ Cm—1)°+ 2n—1)7]
8 oo o o0
3.6(ny, 5 &m0 =ZpF B z Z

sin ({mx/A4) sin (mmy/B) sin (n7z/C) sin (Iwé/A) sin (man/B) sin {nm{/C)
m*[(l/4)? + (m/B)* + (n/C)?]

o0

4 ulx,y,z) =2 X Z E+ mt+ (n—3)°

I=1 m=1 n=1

2

Cimn sinlx sinmy sin (n — 3)z

s N

where

Clmn = 873 J" J" J” F(x,y, z) sinlx $in my sin (n - %)zdxdydz.
0 0 ]

5.u(x,y,z) =2 I cm(z) sinlx sin my,

I=1 m=1
where
_ 4 w 7 . 5 B J‘z . >
cim(2) w?-\/ﬁﬁ i mﬂﬁ L {smh VE+ mi(mr—2z) , sinh V& + m*{F (¢, 3, dL
+ sinh V& + m?z r sinh V2 + m®(w — {F (¢, 7, §)d§} sin I sin mmdédn.
Section 36
L A=+ (nmflog2)®, n=1,2, . ..
uy = (1 + x)~12 sin [nm log (1 + x)/log 2].
2. tan VA = =V\

Un = sin V A,x.



Solutions of the Exercises

3. A=0, 2m)%, (27)%, (47)2, (4m)%, ...
ur =1, uz = cos 2ax, uz = sin 27x,

421

Section 37

e S (2L = 1) 20— 1], mm[A(=1)r = 1]
R e g+ e 1 Tog 7]

cos \/(mrllog 2)2+ %t sin [na log (1 + x)/log 2].

. sin \/ [nmflog2]? + 41
2. u(x, I) _—'§ Cy

\ [nmllog 2] + 4

(1 + x)¥2 sin [nm log (1 + x)/log 2],
where
¢, = (2/log2) L * (14 x)-2g(x) sin [nm log (1 + x)/log 2]dx.
3. ulx, t) = E Cne~lmios2re (Ul (] 4 x)1/2
1

sin [rmlog (1 + x)/log 2],
where
cn = (2/log2) ﬁ (1 + x)-%2f(x) sin [nwlog (1 + x)/log 2]dx.

4. ulx, 1) = i': cn 08 V{nalog 2)2 + 11 (1 + x) sin [nrlog (1 + x)/log 2],
where

cn = (2/log2) J: (1 + x)~¥{(x) sin [nmrlog (1 + x}/log 2]dx.

Section 38

l. 2k’a’r2 < Ak < 2Km 4+ 1.
2. Ay > 728,
. K2® + min (g) < M < B2 + max (g).

(oS ]

Section 39

1 1 1 1
1. f v(x®u') dx = vxou') —f x“u'v’dx=—f x%u'v'dx,
[1] (1] L] 1]
since i’ and v are bounded while x2—0 as x—0.

_Jxte=1)(a—1) for £¢=x
G(x’g)‘{(gw—l)/(a—n for ¢=x.

1 i
Compute fo f G (x, &):=xoéedxdé to show that it is finite.
]
2. Proceed as in Problem 1.

dog [+ e)/(1-91  for £=x
G(x, &) =

%log{(l—i—x)/(l—x)] for &= x.
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3. Proceed as in Problem 1.

mf“[(mﬂ)x—mﬂm—l)xm} for ¢&=x
mxm[(m+l)§*m+(m—1)§m] for £=x,

G(x, &) =

Section 40

1. J52(t) = (2/ar)12[ (31-52—1-12) sin ¢ — 3t-32cos 1].
2. Add # times (40.5) to t~™ times (40.6).

3 1 xz 4 2 JZ( A hk(o )Jo( \ )\k(o x)
k=t NSO (V)2

V)\k a1 (VA — 2 i (VA )
4, ymt? = m+1 k m+2 k \/W'j .
* k= (m)JmH( V (™ )2 ( ")
Section 41

1. (@) u(r, 8,1t)= Ji(VAL) Jo(VAOr) cos ¢V Ax0t,

= ()\k("’)le(th“’)z
(b) u(r, 0, t) = J1(VAr) cos @ cos c VAL

(O)I
2. u(r, 0, 1) —— 2 ceodo(VIgOy) SR CV DT

NV
il sin ¢V Nt
+ 151 mE=1 (Ciem €08 MO + dim sin mB)Jm(V A:r) \/_(:2)_

o W . 4 'l 1; 2
3. u(r,6,z,t) = % ? ? cuondo(V NOr) sin [(n — %)wz/LJ cOSs c\/)\k(") + (n — 5) w2l -2t

+2
1

HMS
r-MS

2
(Crmncos mO + dxmasin ml)Jn(V A™r) sin [(n — %)WZ/L] cos c\/ M)+ (n —%) w2,

where

L (7
—171 L it (V AN™) 2Cpmn = f f f ' f(r, 8, DIn(VA™r)cos mo sin [(n - %)wz/L} rdrdfdz.
o J-w Jo

4, u(r, t) = Ck(;,o( vV )\k“’)r)e""‘"”'

E (cxm cos m6 + dip Sin &) I m (V AlWr) e ™M™,
5. u(r, 8, z, t) = -i- 2 E Ck(mjo('\/kar)c‘)s [(n — _I)WZ/L]E [Mm-‘-(n_i) ’L':|l

1t

0 oo W

+ ? ? ? (CrmncOs M8 + dimasin mo)}Jm(VIr)cos [(n - 1")'n'z/L] [ A + ("*‘z) ”“"-"]

6. u(r, 8, 1) =% kz ciodo( V ®r) et
=1
+ r; %1 (Ckm €OS MO + dicrm SN MO) TV paTr) e
=1 m=

where Jo' (V™ ) = 0.
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L u(x,y}=2Z lcz" {cos Wl — COS (n - %)ct] sin (n - %)x,
l ( ) o

- —)xdx

o
ST
cos  — cos [~ T [ -3} i = Y cosm - 2]

where cum = ﬁi f f F(x, y)sin (n - —)x cos( — m)ydxdy

3.u(x, t) = %? (:2[1 1%51121"

4. u(x, t) = %[qos t — cos 2t]sin 2x.

5. u(x,y,z,t) = % é} m% l?;z[_l!—-;)((mlz)i:"l])[(lp—_'_(;lzl’Le 1[cos 2t — cos VE + m¥]

1

m
er] [cos wt — cos nt]sin nx.

sin Ix sin my.

Section 43

1. @ z (b) x (c) 30xyz.
2. Py(1) =%(5t3 - 3.

3. —15P:(¢) [+
4. The problem becomes

o®u 2 2 22
a2 L cosh? £ — a®cos? ]!

u(tanh-1(b/a), n, t) = 0,

Fu + Pu [cosh? ¢ — cos? ] bounded

EYZRAF e n ’
u(f, n + 277, t) - u(ga m, t) = 0?

ou du _
%(-’f, n+ 2w, 1) —5;](-5, n, 1) =0,

u(€, n, 0) = fla cosh £ cosn, a sinh &, siny),
e, m, 0)=0

where 0 < b < g and a = (4% — b2)12,

Separation of variables gives solutions of the form X(£)Y(n) cos wt of the homogeneous con-
ditions, where

l_'_l
QJ

2
u} for 0 < £ <tanh-'{(bfa), 0 =% =< 27,1t >0,

Gc’

X' + [ePw? cosh®? £ + AlX = 0 for 0 < £ < tanh™! (b/a),
X (tanh~' (b/a)) = 0
Y" — [ePw?cos’n + A)Y =0 for 0 < n < 2w,
and either X(0) = Y(0) = Y(ow) = Y2m) =0
0.

or X'(0) = Y(0) = Y(w) = Y2wm) =

The £-problem can be solved for each fixed w to give eigenvalues \; (@), As(w), . . . as functions
of w. Then the n-problem is used to determine a discrete set of values of o.
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Section 44
1. u =-§-— %rsz(cos 0) =5— —(ZZ —xt—y?).
2. u= %rl’ll(cos 0) cosd — :3P31(cos 6) cos ¢ + r’P33(cos 6) cos 3¢
Lu=3 3 (2n+1) 3 ﬁ%[e(—z)—k — (—1)me-12-] P, (cos 6)

- 2
4 ulr, 6, 6, 1) = nz:o JEI ek 2y (V)

M1 n A
ﬁankoPn(cos ) + 21 (Gnkm cOS M + burm sin me) Py™(cos 6)}
m=

where /™ VT (VT D) ~ (U2 e~ T)= 0,k = 1,2, . ..

27 w1
@n + )(n — m)! f j f £, 8, ) 20w o S5 T PPr)P, 7 (cos 6)r* sin 0drd6d .
0 0 Jo

1
2ar(n+ m)!f T a2f(\J1l" ¥ TPr)2rdr
)
S.u(r, 6, ¢,0)= 2 I cos VI tr i am (VM T)
n=0 k=1

Anim =

{%ankoPn(cos 8) + £ (ankm c0s me + buim sin me) Py (cos 9)} .
m=1

6. u(r,.6,¢)= 3 n 1
n=1

n
{%a,,oPn(cos 8) + 21 (@nm cos m¢ + bum sin me ) Pr™(cos 0)}.
m=
By the divergence theorem

f f fV”urz sin 6drd6d¢ = f f (1 0, ¢) sin 6d6dd.

Therefore if the integral on the right is not zero, u cannot satisfy Laplace’s equation

Section 45

L u=HR = p).
2. u—~—(R‘*—r‘)Po(cosf)) I'z(Rz—rz)Pz(COSG)
= (R?— rz)[—R2+35(x2+y2 — 4 ]

4 ulr 6. ¢) =L, L E G(r, 0, ¢;7, 8, ®)F(r, 8, §)F sin 0drddds,

where

Gir,6,4:7.8,8) = X L F"[r—"'l y

forr <r.
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5. utr,6,0) = [ [ [ G, 6.4, 7. 8. 9)F (7.5, )7 sin dardbdd,

where
G(r, 0, ¢; T, 6, ¢) = al‘ 5 3 [R:(R:/Ri )" — Ri(Ri/R:)"1-(r/R )" — (Ry/r)"+1]
[ (Re/r)m+' — (r|Rs)"] Pn(cos 8')

forr < r.

6. G(r,0,$:7.8,) =25 I [(F/R)" = (RIH™1(RIr)"Pa(cos )

Il”[r2 +7 — 2rrcos 8']712 — 4—;-[R2 + %-r; — 2rrcos @’ ] o

Section 46

1. (1+)/V3, (-1 +)/VZ, (-1 —DIVE, (1= DIVE.

2. (1+D/V32, (-1 —D/V2.

3. 3+ V3)/2,0, (3— V32

4. cos (6, — 6;) =1 only if 6, — 6; is a muitiple of 2.

S.@ 10—i () 9+12 (c)—4—6i (@ 2+DH5 () (—1+DH/2

6. —64.
Section 47

a0 = )/ (62 + )2,

2. ex-¥sin 2xy.
3. Let p = liminf |d,]-Vn.

(a) Suppose |z —zo| < p. Choose e=¢.1~[p— |z— zo|]. Then for n > N(€), |da| V" > |z — 20| + ¢, 50

that |d.(z — zo)* < [1+ (e/lz—2])] ™= [% + %p/lz — z(,l]w". Therefore the series converges

when |z — 20| < p. That is, R = p.
(b) Suppose that the series converges at z. Then |dy(z — 2z0)?| = K for some constant K, and
hence |dn|~Y" = K-Y*|z — z,|. Therefore p = |z — zo] whenever |z — z| < R, so that p = R,

4. Let p = lim |dy|/|dp+1|. Then for any € > 0 there is an N(¢) such that ||d,|/|dp+1| —p| < €
when n > N(e). Therefore for n > N(¢), Ki(p + €)™ < |dy| < Kz(p-—e)‘" where K, = |dN(e)|
(p + €)M, and K, = |dwol(p — €)™, If |z — zo] < p — € the series is dominated by the series
2Ki[|z — zo|/(p — €)]* which converges. If |z — zo| > p + €, du(z — o)™ does not approach zero,
and therefore the series diverges. Thus p — e = R =< p + € for every € > 0.

51 (B2 (o)

Section 48

1. sinz = sinx coshy + i cos x sinhy; cos z = cos x coshy — i sin x sinh y.
2. (a) no (b) yes (c) no.
3. By the binomial theorem

-Al—z[(z +Az—2z20)"— (z—z2)"] = nr(z— 20)" 1 + %n(n — D{z—z0)" Az ++ (Az)"1.
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Then
A+ 82) — flzo)] = dn(22)™ .

. . 1 .
The power series converges uniformly for |Az| = ER’ and hence represents a continuous func-

tion at Az = 0. Therefore,
Jim A fla + 82) = fle)] = di = £ ().

S. For Az real the limit is 8f/ax. For Az pure imaginary it is —idf/dy.

6. a1 (b) 1.
dn 1 = — -n-1
7. d_z"(f-:—z) = n!(l Z) .
1

= —_ -n~1 —_ n = —
s %‘.(a 20)" Yz —2)" R = |a — z|.

8. (a) %z"/n! ®) =iz 2n+ 1) (©) %zz"/n!
0

Section 49
1. (a) yes (b} no (c) yes (d) no.
2. (a) —1/z b) e {c) —cos z.
3. (&) (—-1+0)/3 (b) (1+3i)/6.
4. (a) 2mi (b) 2#i (c) 0.
5. Let C be a simple closed contour in D with the hole inside it. Let

2mi ¥ \ox  ‘ay )
C

Choose a point z, inside the hole, and a point z; on C, and let

_|? (ou_odu__ «
f(Z)_L (3x 9y Z"—Ze)dz‘

If C' is any other simple closed contour in D with the hole inside it, the region between C and C'
is in D. Connect C with C’' by means of a line segment vy, and let C” be the contour consisting of
C, vy, C', and vy again, which bounds the region between C and C’. Then the integral over C” of
dufdx —idu/dy — a/(z — zo) is zero. The integrals over y go in opposite directions, and therefore
they cancel. The integral over C is zero by the definition of «. Therefore, the integral over the
arbitrary contour C’ is also zero. Hence f{z) is single-valued.

Section 50

1. The function (z — 1)*2 is analytic in any simply connected domain not containing z=1. The
function (z + 1)¥2 is analytic in any simply connected domain not containing z =—1. f(z) is de-
fined as the product of these two analytic functions.
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=
A
}
S
=
(g
e
o
0 s

real segment —1 = x = 1.

e-arez cos (log lz]).

’(w) 1/(3z% + 2z + 1). Singularities occur when the denominator vanishes.

inn ac definad hac a ~ut alano tha raal cnnc for vy < 1 unurﬁunr if we dafine fiy) =
W, S WL I 44 WL ululls VilW LWl

GALD LWL A — L+ LAV YWY Wiy 4L ¥¥ W alidilivw j gy

ontinuous and hence by Morera’s theorem analytic outside the

S. z # nm, n=0*1,+2 ...
6. z¢ = e~loslzl~varez[ cog (y log |z| + x argz) + i sin (y logjz] + x argz)}].
7. im+ 2w xilog(2+V3), n=0,%1,%2,..
8. 2nr, (%+2n)7r n=0,x1,x2,....
9. sintz=—ilog [iz + (1 — 2Z)2].
Section 51
1,3 7,15,
1.2+4z+81 16% ral o
2. zzd-%z‘*-%-
3.e+2e(z— 1) +3e(z— 1)+
4. —e—2e{z—1) —ée(z—- l)z—ge(z— 1)3—--
L 1. 14
R TE TR
1 1
6.511' w 6w3+ .

7. —w+w?2—3ud+- .- R =15/27.

Section 52

1.

ulr, e)=% §
e*

sinh [(2k — 1)m(w — 0)/a] sin [(2k — 1)n(log r)/a]_
(2k — 1) sinh [k — D n¥/a]

—(3 < 6 < wf3.

2. ulr, 0) = £ a(r+%) sin 6.
3. D: 1+4cosl9-— [(1+4cos@®)2—9]"2<r<1+4cosf+ [(1+4cos)?—9],
(r, 8; 3\:——1—10“rr+r —2‘v/?::cosl’6‘—31‘]
\r, v, n, vy) 4 Bl_ 1 1 2\ }J
+317; log [9 +4(r+r+2Vm cos%(() +61))+rn
—12(\/; cos %9 +Vn cos%el) +6Vrm cos%(ﬂ —6)
—4V'rry (\/; cos %01 + Vr cos %B)]
ulr H)=4\/;cos 6—r~—3 ("3 { Vri(3cos 6, — Du(ry, 6,)
’ 4mV2 -3 V2 cos 6, — 1(r+rn—2Vrrcost(8 — 6))

\/I’;(:; cos &, — I)Jh, 91)

\/2 cos 6, — L{r+r.—2Vrr cos (6 — 01))]

ri=1+4 coasd -
TECOsViIiTT

r1=1+4cos8 +{(1 +4cosﬂg)=—9]1/2

Lo,
dogsdy 2-9jl/2
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4. The upper half of the ellipse
x* 4 y?
cosh?1 ' sinh?1

< 1.

5. The curvilinear rectangle containing the origin which is bounded by the ellipse (x/cosh 1)2+
(y/sinh 1)2 = 1 and the hyperbola x? — y* = %

6. The angle is the argument of

lim L/(a(0)] /LB

By I’'Hépital’s rule this limit is equal to

L flatt)] / L Fb(10))] = LF' (@) a (1)L (L) b (10)?]
ar 0 ar 0 0 o 0 0)°],

since f'({) = 0. Therefore the angle is arg [a'?/b'2],= 2 arg (a'b’).

7. G(x, y; x1, y1) = (—1/2m) log |z — z| + y{x, y), where vy is harmonic. Theny = Re[h(z)],
where h(z) is an analytic function. Thus G(z) = Re[(—1/2#%) log (z — z1) + h(z)]. By (52.3)
(—1/27) log g(z) = (—1/27) log (z — z1) + h(z). Hence

g(z) = (2 — z)) e7>m&:

8. G(x,y; x1, 1) = G*(Re [g(z)], Im [g(z)]; Re [g(z1)], Im [g(z1)]).
9. K(x, y; x1, y1) = (12w} |g' (z) 1[1 — |g(2)|1%/g(z1) — g(2) |2

Section 53

1. The line Re { =
2. The line ¢ —n = 1.

3. The part of the disk (f _ %) + (n —%) < % which lies below the £-axis.

DI —

. The part of the disk |{ + 1|> < 1 to the right of the line Re { = ~L

4 2
5.0=(Q1+di{z+1).

6. {=i(z—3)/(z—1).

7. {=é%(z—a)/(az—1), la] <1,

8. t=2(z+ 1)/(z—2).

Loou=x/(x%+ y).

2. u=x/[x*+ (y + 1)%].

3. u= (2~ [(x2—y)2+ (2xy+1)2].

4. u=x{x*+y*+ %)%, 3 B 5 o

5. ulx,y, 2= (4m) (X +y*+ 22— 1) ff [(x—x)2+ (y — ¥)*+ (2 — 2)*]¥*(x, ¥, 2)dS.

T2+y24a2=l

o

u=x[x*+ y + (74 1)2]-92.
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Section 55

[. The wedge #/4 < arg { < 37/4.
2. 0 <argl < 3a/2.

3. The region 0 < £ < 1 _,%,,,2

4. The curvilinear quadrilateral bounded by the line ¢ = 0, a part of the hyperbola & — 2 =
% to the right of £ = 0, and two arcs of the ellipse (£/cosh 1)2 + (n/sinh
5. {= (24 2iz+ 1)/(i*+ 2z+z).

=201+ Re [{(L = D2+ ({— ) (2 = 2)R}/({ + 0)?]), where = el and Tm (22— 2)1

N2 =1
1) 1.

> Q.
7. To find the image of the boundary, let z be real and take the path of integration along the
real axis. Then d{/dx = i(x + 1)-12x~12(x — 1)-¥2 and so

—17 for x < -1
)] —l1 <x<0
arg (d{/dx) = E"/ gg; 0< xx< 1
/2 for x> 1.

Therefore, the images of the segments x < —1 and 0 < x < 1 are horizontal line segments, while
—1 < x < 0 and x > 1 go into vertical line segments. By symmetry the images of ~1 < x < 0 and
0 < x < 1 have the same length, and { approaches the same limit as x approaches either — or
4+, Therefore the image of the boundary is a square. The above values of the arguments show
that the square is traversed in a counterclockwise direction when x goes to the right. Therefore
the image of the upper half-plane is the interior of the square.

. —i(z-1)/(z+1) dw ) z
8. mlAj — =34 smmf +— 1)-ii2dg,
s . R =1 e ] (g )"2dg

where A = w=~—i(g—1)/(g+1),

1 'x -1
{L Vx(l——xz)} ’
w2 <arg (g—1) <3w2, w2 <arg(g+ 1) <a2,0<arg (g+i) <=, 7 <arg (q—i) <2m.

Section 56

1. f fzfdz = 2mi,
jzl=1

29
f 3% sin (sin 8)dé =0,
[/}

{2 "
J €Y cos (sin 8)d6 = 2.

S
z—
C

dz = 2rel,

1 -3 1 9-y2
| yeZdy ye
R +f_1 % +4(y cos 6y — 2 sin6y)dy =0

2z 9y
ygil j ¢ 4(2 cos 6y -+y sin 6y)dy+2f W[cos 2x— (x—1) sin 2x]dx=2me.
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3. —rei.

4. —104i[27.

S. 2mi.

6. By (56.4)|f+1)(z0)| = (k+ 1)'M[1 + (p + |z0])*])/p*+! for any z, and any p. Let p— = to
how that f1x+1)(z,) = 0 for all zo.

7 Let u = Re [f(z)]. Then, by (56.4) applied to &¢@, | f'(z)e/®| = |grad u| e* = e/R. Then

ul < oM-U/R =< ﬂM_m]p
Bl Gl u| [+ FEAS
1 1 5
Y3 = E N ST
8. (1+2) 1+3z % +81z
(1+2) =41+ L ——-l-z2 + iz:’ = qusp-e 1 o goms
39 81 2 ;
{(Notie that (1 + z)* has a singularity at z =—1, so that R = 1.)

9. If P(z) is never zero, 1/P(z) is entire. Moreover, when |z| > 1 and |z| > 2(Ja\| + |az| +- - -
+ |aa|)/|ao|, |P(2)| > +lao||z|™ Therefore 1/P(z) is bounded. By Liouville’s theorem it is con-
stant, so that P(z) is not of degree n.

Section 57

1. (a) 1 by 2 (c) 3.

2. (a) 1 (b) 3 (c) 2.

3. If f(2) has a pole of order k at zo, 4(z2) = (z — z0)*f(2) is analytic at zq. If A(zo) were zero,
h(z)/(z — zo) = (z — 20)*~'f(z) would have a removable singularity, so that the order of the pole

would not be k. Hence h(zo) # 0, and by continuity there is a p > 0 such that |2(z)| > %Ih(zo)l

for |z—zo| < p. Then | f(z)| > %|h(z0) |/|z— zo)* for |2 —zo| < p. Let 2>z to see that | f(z) |-,
4. If ll_r_l;l | f(z)| = = the function g(z) = 1/f(z) with g(z0) = 0 is analytic in a disk |z — z) < p,

where f(z) # 0. Let the order of the zero of g(z) at zo be k. Then h(z) = (z— z0) *g(z) is analytic
and h{zo)} # 0. Therefore (z — zo)%f(z) = 1/h(z) is also analytic. Thus f(z) has a pole of order k
at zo.

5. | f(z)|=> as z—->0 through real positive values, so that f(z) has an unremovable isolated
singularity at 0. f(z)—0 as z—0 through negative real values, so that the singularity is not a pole.

6. Write g(z) = (z2— z0)*y(2), h(z) = (2 — 20)*7n(z), where 'y and » are analytic and 7 (z,) # 0.
Then g(z)/h(z) = y{z}/%(z), and the right-hand side is analytic and hence continuous at z,.
Therefore, the limit is given by y(zo)/n(z0) = g¥1(z0) /A¥1(2,).

Section 58

0.

2mi(e — 2).

0.

i,

5i/18.

w(a?+ b))/ adbhd.

/6.

—(3V2 — 4)=/4.

[6g'(z1) 1" (z:) — 2g(z) A" " () 130" (z1)2.

A ol



o
0w
-
)
%
o
%
E
(F% ]
am—

10. At a zero of order k, f(z) = (z — zo)*[ax + axs1(z— 20) + - - -].
Then
£42) _ (2 —zo)*tkai + (k+ 1) ap. (2 — Zo_l + -]
f(z) (z—~ zo)*lax + axs1(z — 20) + - - *]
Therefore f'/f has a simple pole with residue k. By the residue theorem, the integral is 27ri times
the sum of these residues.
11. Let P(z) = apz® + aiz® ' + - + -+ an, With g, # 0. When |z] > 1 and |z| > (la:| + - - - + ||}/
]aﬁle’

|P(z) — aoz"| < e€|allz|”,
where € is any positive constant. Similarly, for z sufficiently large
|P'(2) — nawz™| > enlaol|z|**.

Then for a sufficiently large value of R

I f __(_ld % naoz"~ Id , ‘ f {P’(z) — nae?™! _ naez"'[P(z) — a"zﬂ}dz!
| a R

P(z) aoZ" P(z) P(z)aez"

<€ fz { n|ao|R"“ __I_nlaoiR"“IaolR"}Rda

0 Iaol(l "‘E)R” (l —'E)‘ao‘ZRz”
= 4mnef(1 — €).

Note that f nae"1/(avz")dz = 2min, and that e can be taken arbitrarily small by making R suf-
2]=R

ficiently larg:a. Therefore by the result of Exercise 10 P(z) has n zeros in a sufficiently large circle.
12. Since |g —f| < |f] on C, the series converges uniformly and may be integrated term by
term. Then

fieg i JHEF a1 L {17
=0.

Apply the result of Exercise 10.

Section 59

1. Z z7%,
1
2. —Z2mlgn— % 77 1 <jz] <2.

34+z4+32 (2w~ 1)z lz| > 2.
1
(1—-872)z~2 z7% w2 < |z| < 3a/2.
3+ 2+ Y2+ E 2 (n+ DY |z} > 0.
[H]

& v oA W

{z — 20)%f(z) has a removable singularity. Therefore
(z— z)¥(2) = 2 cn(2 — Z0)".
Since the pole is of order &, co # 0. Then

) =colz—20)*tcr(z—20) ¥+ - - -+ ex(z—20) " + E Crix(Z = Zo)™
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7.

Iff(z) =bi(z—z0) %+ b1 (z—20) F*+ - -+ bi(z—20) ' + % an(z— zo)", clearly R, =0.

Moreover, (z—20)*f(z) = bi+ bi1(z— 20} + -+ * + b1 {2 — 20)* ! +§ an-1(Z— 20)". The right-hand

side is analytic at z,.

Section 60

bt

10.
11.

1

[\0]

.4'*5'*50:*

212,

23,

(2v2 — 1)w/2.
eI\

'l'J

2

2312~ V3i2gos %
. T3 1/ze”‘/_‘f’"(cos 1 + V3 sin %)

. w[1 — e "VZcos (1/V2).
0.
1/(8m).

mize1,

N sas= [ 1w + fen)an

Section 61

1.

2.

m/[2 +coshl] +2#3-12 X

1+ (2n+ 1) — [log (2 — V3)]?

dre-1vcos (%w + 2“/2) = 72-32e~1VE(cos 2712 — sin 2-12),

{1+ (2n+ D272 — [log (2 — V3)12)}% + 4(2n + 1)27%[log (2 — V3)]?

w sinh (1/V2) cos (1/V?2) PP o D
sinh? (1/V2) + sin? (1/V?2) T Tt 1

{1\/— sin (m/V2) cos (w/V2) + sinh (7/V2) cosh (m/V2)

sinh? (7/V2) + sin? (7/V2)

{lv— sin (7/V?2) cosh (7/V2) + cos (w/V2) sinh ('n'/\/—)

sinh? (7/V2) + sin? (7/V?2)

. E[a‘2 — (m/a) cot ma].

Section 62

bl S

17/\/5.

wb?-1/[2 cos (mwaf2)].

(2/V3) = sin (w/9)/sin (7/3).

—mr[1+ 2 cos 2@r(a + 1)/3]/[3 sin 7a].
2wV3/9.

i
i
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Section 63

1. (a) 2/(1 +w2) (b) e ol (C) (w-fa)lme—mz/n}a
(d) 1/(a—iw) (e) (2/w) sin Aw.
2. (1+ dr)-tizg-s+an,

Section 64

1. mi sgn (w)e-1¢l"? cos (w/V2), where sgn (w) = 1
form > 0 and —1 for @ < 0.

2. -%'n'[-—\/i + 3i sgn (o) Je-lelVBrio)2,

3. %ﬂrie-l”|(2 — lw|) sgn (w).

4. .
5. @ for |w| < A4, 0for |w| > A4. (Write the integrand as elw+4*[2ix — eilw-12/2ix and evaluate
the two separate integrals in each of the ranges w < —4, —4 < w < A4, and > A4.)

Section 65

1. Let F(x) = Vpf(x), G(x) = Vpg(x), and apply (65.2).

2. Apply the triangle inequality to each of the pairs of functions (f, g —f) and (g, f—¢g), and
transpose.

5. By Schwarz’s inequality

’ Lzofn(x)dx—-fof(x)dx lz = |xo| LIO | fo = fl2dx < L fw | fu — f 2.

6. By Schwarz’s inequality
] oo 2 oa 9
[ s [* gpae | = [ lgpax [~ 1= fitax

o0 N
7. f |fy = ful®dx== ME (Gn? + b?)—0 as M, N—w,
—po +1
so that the sequence fv(x) is a Cauchy sequence in the sense of the mean, By the Riesz-Fisher

theorem it has a limit in the mean f(x). By the result of Exercise 6, f(x) ~ %ao
+ Z (an cos nx + b, sin nx).
1
8. If n{x) is a null function, Schwarz’s inequality shows that

Io 2 0 0
L ndx|” = x| f” Inf2dx < |xo| f Inf*dx = 0.

If J; ™ ndx = 0 for all Xo, integration by parts shows that for any M > 0

[ ntx) cos (maiyd=cos Ukt [ nierde | —Chmiva) [ sin Gemxine) [ e de

M
Similarly, the sine coefficients of n are all zero. Therefore by Parseval’s equation f u jn|?dx=0

for all M.
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Section 66

1. i sgn (w)e~'*. By the inequality which precedes (64.2),
[fu(w) — i sgn (w)e~l|2 = 72(1 — e~¥)2M?[w(M?2 — 1) ]?,

whose integral appro?ches zero as M — o,
2. By the triangie inequality

{[[ 1 pan™ = {17 —dutra] ™+ { [} 17— ]

for any integer M. Let M—. The first integral on the right approaches zero by the definition of
f. The second integral approaches zero because fu—¢ uniformly. Therefore the integral on the
left is zero.

3. o for lw| < 1, 0 for || > 1.

4. m.

5. 21TIX()|.

6. o min (|«f, |8]).

Section 67
I. (a) %for x| < a, 0 for |x| > a.

(b) —3i sgn (x) for |x| < a, 0 for [z > a.
(C) (dm)-V2g—3%4,

(d) *%ie"xl sgn (x).

sinh w(1 — y) iz
3. ulx,y) = e (4+m2) sinh @~ do.

4. u(x, t)= (1 + 4t) -1/2g-72(1+4D),

5. u(x, 1) =ﬁfj e‘i""”fo et f_ et F(£, t)dédrdw.

6. Choose L so large that |u(=L, )| = max | f{x)|. Then by the maximum principle |u(x, 1)| =
max | f(x)| for |x| = L for any sufficiently large L. Hence |u(x, )| = max | f(x)| for ali (x, ?).
7. The function v satisfies

L x(ty — 1)-32 &Y ov

= , = .
Jat  dx* v dx

Therefore it satisfies a maximum principle for ¢ < ¢,. Moreover, for any « < 1, v—0 as x>+
uniformly in ¢ when ¢ < at,. For any given value of x choose a constant L so large that |x| < L and
[v(L, )] = max [ty/2e—**40| f(x)|]. Then by the maximum principle |v(x, £)| = max [,/2e-*4%
| f(x)]] for t = at, whenever a < 1, and hence for all ¢ < ¢,. Thus |u(x, )] = e=*/Mlte-Dlg /2 (1, — )12
max [e-#*| f(x)|]. Apply this bound to the difference u between two solutions to show that
u = 0for z = ¢,. Repeat the argument on the intervals ¢, =< ¢ < 21y, 21y = t = 34, . . . to show that
u = 0forall 1.

If f and « are bounded, #, can be taken arbitrarily large. Fix ¢ and let z, = Bt. Observe that
e~*"% = 1. The above bound becomes

lu(x, 1)| < er*laB-DIgL2(B — [)-12 max | f(x)].
Let f— to show that |u(x, 1) = max | f(x)].

1 [= e “/4e-iwr cosh my do.

PAVL T cosh w

8. ulx,y)=
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. e—“’zf'*{cosh w(y — ;\ — cosh (w,/2)]
* L \ </

9 ulx,y)= N ) ®? cosh (w/2)

Section 68

1. (a) w/{] + »?)

(a) 1/11 4+ %) {
A AN J A\

o t
3. u(x, 1) E%J; w sin wa; e~ (1) drdw.

o

b) 2w/(1 + w?)2.
b) (1—

w1 4+ 22
W iy T Wy

e~iorda,

4 u(x,y) =-72;f sinwx sinh (1 = y) ff(g) sin wédédw.

sinh @

5. u(x,y) Z%J:D sin wx
6. §.Jx°) =019 cos (7e/2) T(1 — a)
& [x-2] = 0 1= sin (7waf2) T(1 — a).

% t
7. u(x, t) =—12—Tf cos wxf e~ NI () drde
0

0

(i
— L J (t — 7)M2g-THAt-Dlg-t=7f( 1) 7.
Vo 10
x p—wi C X
8. ulx, 1) =;2;e"2’2J; E—-i'Toa%‘)—dw.

Section 69
1. Var/aewbe-w*4a,
2. iVare-w*+cl4 giph {(wcf2).
=L
3. u(x, 1) = 217[

4 u(x) =5 PV f (2 + 1)-Vee-toxde

=1 fw (w® + 1)-12 cos wxdw.
T Jo

Section 70

L2+ et
2. g(w)/{] —iw).

3. u(x,y)= % j_: G—_%df.

4. u(x, 1) = (dat) V2o 2 "m e~ == Eref(£)dE.

T pmiwr-21—coswit J‘x e'tf(€)dEdw.

y(1 —y) 2[cosh w(y - %) — cosh (w/2)]
{ ® + u;3 cosh (w/2)
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Section 71

= | [ evmersemiagie, ) agan,

2. u(x,y,z,1) =jf j B [dar(t—7)] ¥2e e Er+@—npsa—tRNACDIF (& 0, L, 7)dEdndldr.
0 J—o J—x J—m
3. ulx, y, 2, 1) = e f ) f ) f " (dmt) -t te-ERstumnree-UIN(E, 7, {)dEdmdl.

sinh Ven? + w2z sinh V2 + w:2(1 — {)
Vw:? + @? sinh Va? + w?

Loulx,y, 1) =

ei(m1f+m2n)

4. Glwy, o, 2; €, m,0) =

forz < ¢.

Section 72

oGy, 0 =gaz [ [ S+ p cosd,y+p sind) (= p?) Vipdods,

where we have let p = cf sin 6.

b} al o1
L 05 U sin

u(x,y, z, t) = [ JX
ar l4m Jo o

+_:; J’ w J'w g(x+ctsind cos¢, y + ct sin b sin ¢, z + ct cos §) sin 0dode.
0 0

t (2= T
3, ulx,y,z,8) ZZI;L L j; (t—7)F(x+ crsinf cos ¢, y + cr sin 0 sin ¢,
z + c7 cos ) sin 8dbdddr.

2w (7
4. u(x, v, t) = [te%/(4m)] f J f(x+ ct sinf cos ¢, y + ¢t sin 0 sin ¢)
0 0
ea(z+ct cos 6) sin Gdgdd)

= [1/(2mc)] (% [ flx+p cosd, y+ p sing) (¢ — pb)-12

Jo Jo
cosh (aV it — p?) pdpdd.
5. u(x, v, z, t) is given by (72.6) with f extended as an odd function about x=0, x=4, y=0,
y=B,z=0,and z=C,
6. .
7. u(x,y, z, 1) = xt.

Section 73
j__l(ez.r + e~ (\/_+t).r1262mf3) for x > 0.
1. (@) f(x) = L% [ VB-i)x/2p—2mif3 for x < 0.
._glem(\/"ﬂ).r/zehn/s forx > 0.
(b) flx) =
File + eVB-tafte=2mif3y  for x < Q.
m_l(eu + e (V3+i)x/2 p2@if3 | e(\/ﬁwi):c/ze 27ri/3) for x > 0.
() flx) =
0 for x < Q.
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3. Uls, 1) = m {f sinh V3¢ sinh V3 (1 — x)f(£) de

+ f " sinh Vsx sinh V(1 — g)f(g)dg}-
(a) u(x’ t) = (477[)_1’2 [‘1 E [e—($—f+2n)2/4t J— e—(.l'+f+2ﬂ)’/4f]f(§)d§.

JO n=—w

b) u(x, t) = :2:‘.1 [2 ﬁ F(E) sin nnfdf]e‘"’"" sin nrx.

_ . _ a1 [Vscosh (Visx[2) + 6 sinh (Vi5x/2)
4oulbe ) =x— R [s(\/E cosh (Vs/2) + 6 sinh (\/3/2))]

Section 77

2. ulr, 6, 1) = ] Z" f “T(r, 8, p, &, f(p, $)pdpds, where

H[cos—;—(f) - qb)}
2aVEeE = (P + pf—2rpcos (6 —¢))

H,cos—é—(ﬁ-i—q‘))]'
- ' fort<r+p
2 9" "
T(r, 8, p, b, 1) = - | 2aVE— (P ¥ p* —2rp cos (6 + ¢))
4V E— (F + pF = 2rp cos (§ = )

— fort>r+p.
| A7Vt~ (P + p? — 2rp cos (0 + ¢)) or ree
3. u(r, 8,1 3-2"1;;]—:” f: {[tz— (P+p*—~2rpcos (8—¢))] 1

+[2—(P+p*—2rpcos (84 ¢))] 2
+[2—(P+p*+2rpcos(8—¢))] 2
+ [#— (P + p*+ 2rp cos (8 + ¢))]‘"2}f(p, ¢)pdpds.
— @1 e ]
4. u(x,y, ty= 8 [s(Z— \/m] sin x

[0 for t <y,

) EII[VI—wzcosh V1 — w?y — 2 sinh V1 — o?y] sinwtd
BRRCEA w(w? + 3) @

+ %(e” + 3eV - 4e‘2"+‘/5‘)} sin x for t>y.

Section 78
3. Clearly w(xy, ..., x,, 0) =0.

owfot=T[h(&, . .., & )] (1, . . ., Xn, 0) +f0t%{T[h](xl, c ey Xn, E—T) }dT

- ﬁ TR (a3, £ =) Y,
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since T[#] = 0 at ¢ = 0 by definition. Therefore ow/dr =0 at ¢ = 0.

7=t

azw/at2=%{T[k(§1, N N D[P ’_T)}]
+ﬁaﬁ;{r[h] (X1, .« oy Xu, t—T)}dT

R, . . Xe f) +L’ M[T[h]}dr
=h+ M[w],

since 3/0t{T[h]} = h att=0and 3%/9r*{T[h]} = M[T{h]] by definition. On the boundary T'[h] =
0, and hence its integral w is also zero.

. t 2m T s s . ,
4, u(x,y,z,t) =$L t—1) L L h(x+7sinf cos¢,y+ 7sinf sing, z+ 7 cos ) sin b
dédedr.

6. Deriote the solution of the second problem by

il e a5 = Y TFofe o S L o 2N T
UNX, Vy L, ) =1 J\&, N, ()] WAy Yy Ky ) LICIE

wix, v, 2, 1) = f TUh(E, m, & D)1 (x, ¥, 2, £ — 7)dr,

7. w(x’ ¥, Z, t) =J: jw jm ® [477(1‘-_.T)]—3/2e—[(x—f)’+()"'TJ)“+(Z—§)2]/[4(A‘—T)]h(g, n, dg, 1-)
e e e dednd,

OV _av ___ O30
Secron asv

_ 1 1) _
1. Choose k = 1/40. Then v(z, 20) = 0.1498.

2. (@ v(nh, (m+ Dk) =kh2[v({n+ 1Yh, mk) +v((n—1)h, mk)]
+ [1 — 2kh~2] v(nh, mk)},
v(0, mk) = v(1, mk) =0,
v(nh, 0) = f(nh).

(b) Xi(nh)Ti(mk) = sinminh [1 — 2kh=2(1 — cos mwik)]™, i=1, 2, . .., (1/h)~". Then
[

v(nh, mk) = 2 a;Xi(nh)Ti(mk), where the (1/h)—1 coefficients a; are determined from the
i=1

h 1oy
(1/h)—1 linear equations _zla,- sinwinkh = f(nh), n=1, 2, . .., (1/h)~1. The solution of this

=1 P Rg ey |
n H

system of equations is a; = 2h X, f(nh) sin winh.
n=1
(c) Same proof as for the problem (80.1).
(d) If k > %hz and h is sufficiently small, there is an integer i so close to 1/A that } — 2kh2

(1 — cos wih) < —1. At time T the solution with initial value f(x) = sin mix is sin mix [1 — 2kh~2
(1 — cos wih) ]7*, whose magnitude grows exponentially as k — 0.

1 111 1f 41 1 11
3. Letk= -g Then v(z_, Z, '4*) = Z[f(Z’ 5) +f(—2-, Z)]
4. v(nh, (m+ 1)k) =kht [v((n+ D)k, mk) +v((n—1)h, mk)]
+ [2(1 — k2h~2) + nhk?®] v(nh, mk) —v(nh, (m — 1)k),
v(nh, 0) =0,
v(nh, k) = nhk.

For h=1, k=%, v(0, 1) =0.
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Section 81

v(i(m + 1), 211") + v(;ll-(m -1, %n) + (lm, 4(n-+- 1)) + v(l m, 4(n l)) —-4v(i—m, %n)

= for m>0,n>0 m+n<i4,

v(O, 21{”) =,

1 ., (1 1y_ 35 _ 11
®) ffa=g Viz Z)“‘ 17725 " (4’4)’
Vll.mé_ 3511 Vll=i_111
N\2°4) Ted” 36"\203) \42) e84 2)
2. v(%(m-}- 1), %n) + V(E(m— 1), %ﬂ) + v(%m, %(n + 1)) + v(%m, %—(n— )) -

1 1\
[4 + ﬁm vam, in) =0.
@) v(—- ,0) = (0, 0) = v(% 0) ~0

PN _ (1 nhy_ 16
———v(i, —i)—“v( 2 2) 57 = 0.280.

N (o V8 _
v0,§)-~ v(O, 2)—- R = 0.390.
-1
(b) Ifa-~4,
V3(—'%a ) V3(0 0) (;9 0)=09
vl Dop(l oyl ~-\—-v(-l—l\=—17667m—nm
202 TR 2) “\z N2 2 65536 oe e
1 - NN _ 765
V;,(o, 5)- VS(O, 2)- T3 = 0373
1. _ 1 8Vs
(o) =o(-L o) -84
2 N\ (2 \N_52V5 14
"(5’ 0)— "( 3 0)" ERR

Y-y 20 i
4, v((m+ Vh, nh) +v((m—13}h, nh) +v(mh, (n+ 1)h) +v(mh, (n— 1)h)

9
—-dufmh nh\ __-—thfmh, nh\ at } iterior poi nts
v=10at boundary points.

Section 82

1 1
5008 + e 0"

24 i

1. wfx, t) = —xt2 +

Ju(1, 1) —ue{1, 1} = [cosh 1—1 *-%]j max x> max %x,z

r-1<l-t |r-1|<i-t

= 2(cosh 1 — %) = 0.086.
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2. ws(x, t} = [11—8—— %e‘f + Tzlﬁe*’”] sin x

+ %[1 — 9] sin 3x

A Y e
+[ =€~ '+800e ]sme.

750 788
3 e (x, 1) = S+ —0)+3 [ e@a

f f:*: O IFG, D) + 6, DunlE, T)1dEdF.
4. Let

Unii(x, t) = X2t + —t3 +5 f fﬁ(t K [a”" — Xua(x, ?)]dfdi.

x—(t—1)
i 1 1 i

1
= 22 e e L -
3t3+2xt -+ 121‘4 6x313 20xt .

To estimate the error, observe that

Then u,(x, t) = x%t +

Ity 11
At
Ve

e

=24+ 2+ 3 [ |-—y—x+t—t 1) —(x+
L

2 )
—(x—t+Dua(x—1t+7, ?)]di
Therefore if v, = us — un-1,

IVa

(x—-t+t )

L 2] [av”(x—l—t—"t = (4t —Dya(e+1=7,7) + 2

—(x=t+)va(x—t+1, ?)]a't_.
In the characteristic triangle corresponding to (0, 1) |[x+¢—7 = l and |x — ¢+ 7| = 1. Also,

[ve| = max |dv,/3t| for t = 1, Therefore if [dv,/df] = K in this characteristic triangle, |dv./dt| =
K(2t)"-1/(n — 1)! by induction. Then

%f‘t-(o, 1) — a"“1(0 D= K(et—1) < 11.

Section 83

B0
2. a1 =—4/5, ;= az; = 0.
3. a,=-5/3.

_ |3 2 16 121 1 i 1
4 a= [ 9 T 0n? T 3 ]/[v'"z*é“JmJ'
5. Jrf lgrad vi?dxdy — JJ \grad u|2dxdy = “f lgrad (v — u) |2dxdy

D D
+2U div [u grad (v — ) dxdy — 2 ” (V% — V2u) dxdy
D

= ff |grad (v — u)}|*dxdy

by the divergence theorem.
a; =0, ay =—7/72.
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6. Q[u] —Qlv]=2 f (u—v)fds + ff [grad (u — v) |*dxdy
D
—2 H div [u grad (u — v)]dxdy +2 ” (VP — V2u) dxdy
D D
=ff |grad (« — v) |2dxdy

by the divergence theorem.

7. [f |grad v|2dxdy — jf |grad u|*dxdy = ff |grad (u — v)|*dxdy
-2 jf div [(u — v) grad u]dxdy + 2 jf (u — v)Viudxdy
= ff |grad (u — v) |*dxdy — 2 f (u— v)—ds

=fj |grad (& — v)|?dxdy.

a = “12/19



Index

Absolutely integrable function, 305, 306

Absolute value, 204

Analytic at infinity, 278

Analytic continuation, 216

Analytic extension, 215

Analytic function, 103, 213

Approximation, in the mean, 70, 72
pointwise, 70

Argand diagram, 201

Argument, 204

Associated Legendre functions, 192, 193

Asymptotic behavior of the T aplace transform

30y A IULIL USia VIl UL UG & i caiaSaRJiidl,

350

349

3

Bessel function, 149, 179~181, 340-344
with imaginary argument, 149, 340-344
Bessel's equation, 176, 179
Bessel’s inequality, 73
Bilinear transformation, 249
Boundary mesh point, 380
Boundary value problem, two-point, 120-126, 168
Branch cut, 227, 293-296

Calculus of residues, 282-292, 303, 304

Cauchy criterion, 209, 307

Cauchy integral representation, 264, 266

Cauchy principal value, 284, 287, 290,291, 313,332

Cauchy-Riemann equations, 211, 213, 223, 237

Cauchy’s theorem, 220, 262

Chain rule for analytic functions, 234

Change of scale, 88-92, 95

Characteristic cone, 153

Characteristic coordinates, 46

Characteristic (natural) frequency, 154, 186, 187

Characteristics, 18-21, 38, 42, 43, 45, 59, 115

Characteristic surface, 154

Characteristic triangle, 26

Characteristic values (eigenvalues), 65, 124, 160-
168, 171-178, 180, 186, 187, 391

Circle of convergence, 210

Classification of partial differential operators, 41-46,
51, 52, 59

Closed curve, 48, 49

Completeness of eigenfunctions, 166, 176-178

Complete set of functions, 74, 75, 84, 85, 166, 176~
178

Complex conjugate, 203

Complex derivative, 214

Complex numbers, 201-206

Complex path integral, 219

Conformal mapping, 238-245, 257-261

Conjugate harmonic function, 212

Connected set, 218

Conservation of energy, 36

Continuity with respect to data, 6, 15, 34, 56, 61,
107, 318, 382

Contour integrals, 220, 261, 262, 263, 271-277,

282-296
Convergence, in the mean, 71, 84, 85, 143, 166,
307, 308, 309

of Fourier series, 79, 80, 81-88
pointwise, 70
uniform, 33, 70, 72, 81, 83, 84, 145, 167, 177,
178, 307
Convolution product, 326, 347
Convolution theorem, 327, 331, 340, 347
Cosine series, 67, 87, 88
Cosine transform, 321

d'Alembert solution, 9, 13, 26, 114
Damped wave equation, 112-115
Derivative of an analytic function, 214
Derivatives of Bessel functions, 179, 180
Descent, method of, 336
Difference quotient, 375
Diffraction, 369
Diffusion, 59
Dimensional analysis, 91
Dini’s test, 79, 80
Dirichlet’s principle, 393, 396
Discontinuities, propagation of, 21, 40, 42, 43, 46,
115, 154
Divergence theorem, 52, 58
Domain, 49, 218
of dependence, 18, 23, 26, 37, 39, 42, 46, 115,
120, 377, 387, 388
of influence, 20, 23, 26, 40, 42, 46

Double Fourier series, 141-145
Duhamel’s principle, 371

Eigenfunction, 65, 160-168, 171-178, 186

Eigenvalue, 65, 124, 160-168, 171-178, 180, 186,
187, 391

Elastic bar, 6, 91
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Elliptic coordinates, 193

Elliptic differential operator, 43, 44, 51, 52

Energy, 36, 53, 110, 152-154

Entire function, 217, 266

Error bounds, 86, 97, 98, 102, 1453, 266, 386, 389
Essential singularity, 271

Existence, 6

Exponential function, 215, 216, 257

Extended plane, 246
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Finite difference approximation, 375-383

Finite Fourier transform, 129, 13¢, 186, 197

Finite sine transform, 127

Fixed boundary condition, 23

Focusing, 154

Fourier coeflicients, 72

Fourier cosine series, 67, 87, 88

Fourier inversion theorems, 314,315,317, 321, 332,
338, 359

Fourier series, 65, 66, 67, 77-88, 141-145, 298

Fourier sine series, 65, 66, 67, 87, 88

Fourier transform, 301, 310-313, 329-332,337-345

Free boundary condition, 23

Frobenius method, 179

Gauss’s theorem (divergence theorem), 52, 58
Generalized circle, 247
Green’s function, 122-125, 135-140, 158, 161, 167,
i77, 178, 197, 240, 241
one-sided, 119
Green’s theorem, 53, 59

Harmonic conjugate, 212

Harmonic function, 52

Harmonic polynomials, 104

Heat equation, 58, 60, 66, 92-95, 108-110, 126,
318, 322, 327, 329-332, 355-361

Heat flow, 50, 58

Heat kernel, 328

Heaviside function, 347, 367

Holder continuity, 79, 84

Holomorphic function, 213

Homogeneous equation, 30, 31

Huyghen’s principle, 336

Hyperbolic differential operator, 42, 44

Hyperbolic functions, 227, 258, 259, 260

Imaginary part, 201

Implicit function theorem, 230

Improperly posed problem, 51, 61

Infinite series evaluated by residues, 289-292

Influence function, 119, 352

Initial value problems for ordinary differential equa-
tions, 117-120

Intaoral sanation RS
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Integral of an analytic function, 222

Interior mesh point, 380

Inverse Fourier transform, 314, 315, 317, 319, 321,
332, 338

Inverse function, 229, 230, 239

Inverse Laplace transform, 348

Inverse points, 247, 248

Inverse transformation, 229, 230, 239

Inversion, 246, 247

Isolated singularity, 269

Iteration, 383, 384-391

Jacobian determinant, 25, 230
Jordan’s lemma, 303

Kirchhoff’s formula, 335

Laplace operator, 49

in cylindrical coordinates, 149

in polar coordinates, 100

in spherical coordinates, 188
Laplace’s equation, 43, 49, 63, 95-107, 110-111,

149-151, 194-196, 236-245, 253, 380-383

Laplace’s solution of the heat equation, 331
Laplace transform, 346, 349, 350
Laurent series, 278-281
Least squares approximation, 70, 72
Legendre functions, associated, 192, 193
Legendre polynomials, 191, 192, 193
I'Hopital’s rule, 271
Limit of a complex sequence, 208
Linear fractional transformation, 249
Linear operator, 29
Linear partial differential equation, 30
Linear problem, 30
Linear transformation, 246
Liouville’s theorem, 266, 267
Logarithm, 224, 230

Mapping, 238
conformal, 238245, 257-261
one-to-one, 238
Mathematical model, 5
Maximum principle, 55-57, 59, 61, 94,97, 101, 108,
111, 265, 320, 381
Mean convergence, 71, 84, 85, 143, 166, 307, 308,
309
Mean-square deviation, 71
Mean value theorem, 103, 196
Mellin inversion theorem, 348
Membrane, 48, 54, 182-184
Mesh point, 376
Method of descent, 336
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Method of successive approximations, 384-391

Minimum pringiple for eigenvalues, 164-165, 168

Moebius transformation, 249

Monotonicity of eigenvalues, 173, 174, 175

Morera’s theorem, 223

Multiple Fourier series, 141-145

Multiple Foutier transform, 329~332

Multiple-valued analytic function, 223, 224, 227,
293-296

Multiply connected domain, 220

Natural (characteristic) frequencies, 154, (86, 187
Nearest neighbors, 380

Nonhomogeneous wave equation, 25

Normal modes, 154, 186, 187

Nuil function, 308, 309, 310

One-sided Green’s function, 119

One-to-one mapping, 238

Open set, 49, 218

Qperational formulas (rules), 324-325, 331, 340,
346, 351

Operator, 29

Qrder, of a pole, 270

of a zero, 270

Ordinary differential equations, 117-126, 167-168,
351-354

Orthogonal functions, 71, 143, 161

Qscillation theorem, 174, 175

Parabolic differential operator, 42, 44, 59

Parseval’s equation, 74, 75, 85, 142, 166, 177, 312,
313, 322, 332

Partial differential operator, 29

Path integral, 219

Phragmeén-Lindelof theorem, 107, {11, 112

Point at infinity, 246

Pointwise convergence, 70

Poisson’s equation, 48, 49, 50, 129, 155-158, 196-
199

Poisson’s integral formula, 102, 103, 139, 196, 199,
b N4 |
- L

Poisson’s solution of the wave equation, 335

Polar representation of a complex number, 204, 216

Pole, 270

Power function, 227, 260

Power series, 179, 190, 209-219

Principal value, 284, 287 290, 291, 313, 332

Principle of superposition, 33

Propagation of discontinuities, 21, 40, 42, 43, 46,
115, 154

Properly posed problem, 6, 51, 61, 125, 377, 382

Radius of convergence, 210, 213, 217

Ratio test, 213

Rayleigh quotient, 163

Rayleigh-Ritz method, 393-395

Real part, 201

Reciprocity law, 122

Recursion formulas for Bessel functions, 179, 180
Removable singularity, 269

Residue, 273, 274

Residue theorem, 275, 283, 284, 285, 290, 303, 304
Resonance, 187

Riemann-Lebesgue lemma, 76, 316

Riesz-Fischer theorem, 308, 309

Rodrigues formula, 191

Rouché’s theorem, 278

Scaling, 88-92, 95
Schwarz’s inequality, 82, 83, 84, 306
Self-adjoint form of an ordinary differential equation,
117

Separable partial differential operator, 63, 66-68
Separation of variables, 63-69, 92-103, 379
Separation theorem, 173

for eigenvalues, 175
Series evaluated by residues, 289-292
Sgn, 433
Shift formula (shift rule), 324, 340
Simple closed contour, 220
Simply connected domain, 49, 220
Sine series, 65-67, 87, 88
Sine transform, 321
Singular differential equation, 176, 177
Singularity, 217, 269

essential, 271

isolated, 269

removable, 269
Sound waves, 7, 336, 362
Specific heat, 58
Spherical harmonics, 192, 193, 195
Square integrable function, 306, 310
Stability condition, 378, 379
Stokes rule, 370
Stokes’ theorem, 53
String, 1, 5
Strong maximum principle, 265
Successive approximations, 384-391
Superposition, 33

Taylor series, 214, 215, 231235

Tchebysheff polynomials, 73

Telegrapher’s equation, 115

Temperature, 50, 58

Term-by-term integration of Fourier series, 75

Thermal conductivity, 58

Thomson’s principle, 397

Three-dimensional wave equation, 152-154, 333-
336

Triangle inequality, 205, 307
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Trigonometric functions of a complex variable, 227, 152-155, 318, 382

260

Two-dimensional wave equation, 362 -371, 378-379
Two-point boundary value problem, 120-126, 168

Unbounded domains, 253-256
Uniform convergence, 33, 70, 72, 81, 83, 84, 145,
167, 177, 178, 307

Vibrating membrane, 48, 54, 182184
Vibrating string, 1, 3

Wave equation, damped, 112-115
one-dimensional, 9-27, 66
three dimensional, 152-154, 333-336
two-dimensional, 362-371, 378-379



